FROM STABLE EQUIVALENCES TO DERIVED EQUIVALENCES FOR TWISTED MULTIFOLD TRIVIAL EXTENSIONS OF PIECEWISE HEREDITARY ALGEBRAS

HIDETO ASASHIBA

Dedicated to Professor Yukio Tsushima on the occasion of his 60-th birthday

Throughout this paper k denotes an algebraically closed field. All algebras considered here are basic connected finite-dimensional k-algebras. The stable category mod Λ of the category mod Λ of finite-dimensional right modules over a selfinjective algebra Λ has the canonical structure of a triangulated category. We say that selfinjective algebras Λ and Π are stably equivalent in case the stable module categories mod Λ and mod Π are equivalent as triangulated categories. It is well-known that if two algebras are derived equivalent, then they are stably equivalent (Keller-Vossieck [12, 2.3], Rickard [14, Theorem 2.1]). We are interested in the cases when the converse statement holds. In [2] we classified representation-finite selfinjective algebras, and as a corollary we have obtained that two such algebras are derived equivalent if and only if they are stably equivalent, namely the converse statement holds for these algebras.

Here recall that the frequency of a representation-finite selfinjective algebra Λ(≠ k) is equal to the rational number s/n where s is the number of isoclasses of simple Λmodules and n the number of vertices of the tree class of Λ (see [2, 2.1]). In this paper the converse statement for algebras with integral frequency will be generalized to a wider class containing representation-infinite algebras.

Let A be an algebra and n an integer ≥ 1. Then an algebra of the form T^n_ϕ (A) := Â/⟨ϕ̂νn_A⟩ for some automorphism ϕ of A, is called a twisted n-fold trivial extension of A, where Â denotes the repetition (= the repetitive algebra in Hughes and Waschbüsch [10]) of A, ϕ̂ is the automorphism of Â induced by ϕ in an obvious way, and ν_A is the Nakayama automorphism of Â (see [2, 2.3] in which Â and ϕ̂ were denoted by A^Z and ϕ^Z, respectively). A twisted m-fold trivial extension of A for some integer m ≥ 1 is called a twisted multifold trivial extension of A, and it turns out to be a selfinjective algebra. Note that if ϕ is the identity automorphism 1l of A and n = 1, then T^1_{1l} (A) is isomorphic to the trivial extension T (A) := A ⋉ DA of A by the A-A-bimodule DA := Hom_k(A, k), from which the terminology was taken. Using this notion representation-finite selfinjective algebras with integral frequency are characterized as follows (see [2, 6.1]):

Proposition. Let Λ be an algebra and n an integer ≥ 1. Then Λ is a representationfinite selfinjective algebra with frequency n if and only if it is (isomorphic to) a twisted n-fold trivial extension of an algebra which is tilted from a hereditary algebra kQ defined by a Dynkin quiver Q. 1

An algebra A is called piecewise hereditary if it is derived equivalent to a hereditary algebra H (Happel [8, IV.1]). Note here that the ordinary quiver Q of H has no oriented cycles and H ∼= kQ. This Q is called a type of A (type is uniquely determined up to “reflections”). We are now in a position to state our main result in this paper.

Main Theorem. Let Λ and Π be twisted multifold trivial extensions of piecewise hereditary algebras A and B, respectively. Assume that a type of A is an oriented tree. Then Λ and Π are derived equivalent if and only if they are stably equivalent.

Note that a type of a piecewise hereditary algebra A is an oriented tree if and only if the first Hochschild cohomology H^1(A) := H^1(A, A) of A vanishes (see, e.g., Happel [9, Theorem 2.2]).

In section 2 we recall fundamental facts about the repetition of an algebra, the repetition of an isomorphism and right modules over the repetition of an algebra; and prepare Lemmas 2.5 and 2.6 to investigate the action of an automorphism of a hereditary algebra A on the stable Auslander-Reiten quiver of the repetition of A. In section 3 we collect necessary facts on derived equivalences from [2]. We make full use of Proposition 3.2 (= [2, Proposition 5.4.3]) to deduce derived equivalences between twisted multifold trivial extensions. In section 4 we first recall facts about trees, and then give a special orientation on a tree, which is needed in later sections. Section 5 is devoted to a reduction of the problem on piecewise hereditary algebras to hereditary tree algebras. In section 6 we show that the underlying graphs and folding numbers are invariant under stable equivalences (Lemma 6.2). In section 7 we show that in many cases stably equivalent twisted multifold trivial extensions of a hereditary tree algebra are isomorphic. Finally in section 8 we give a proof of Main Theorem.

1. Preliminaries

In the sequel every tree considered here is assumed to be finite and connected. For a quiver Q we denote by Q, by Q_0, by Q_1 and by kQ the underlying graph of Q, the set of vertices of Q, the set of arrows of Q and the path-category defined by Q, respectively. An algebra A is called a tree algebra if its ordinary quiver is an oriented tree.

For an additive category A, we denote by H(A) and H^b(A) the homotopy category of differential complexes and the homotopy category of bounded differential complexes in A, respectively; and when A is an exact category, we denote by D(A) and by D^b(A) the corresponding derived categories.

Recall from Gabriel-Roiter [7] that a small category A is called a spectroid (= a locally finite-dimensional category in [6]) if the following three conditions are satisfied:

(i) Distinct objects of A are not isomorphic;

(ii) Every object of A has a local endomorphism algebra; and (iii) The space A(x, y) is finite-dimensional for every x, y ∈ A.

For a spectroid A, A is called finite if A has only a finite number of objects; and A is called locally bounded if for every x ∈ A, there are only finitely many y ∈ A such that A(x, y) ≠ 0 or A(y, x) ≠ 0.

For a spectroid A, we denote by Mod A the category of all (right) A-modules (= contravariant functors from A to the category Mod k of k-vector spaces); by mod A the full subcategory of Mod A consisting of finitely presented objects; and by pro A the full subcategory of Mod A consisting of finitely generated projective objects. In addition, mod A denotes the stable category of mod A. By D := Hom_k(-, k), by Ω_A, by τ_A, by Γ_A and by_sΓ_A we denote the usual selfduality of A, the loop functor mod A → mod A, the Auslander-Reiten translation of A, the Auslander-Reiten quiver of A and the stable Auslander-Reiten quiver of A, respectively.

As in [1] we regard every algebra A as a finite spectroid, namely fixing a set obj(A) := {e_1, . . . , e_p} of orthogonal local idempotents of A with e_1 + · · · + e_p = 1, A is identified with the finite spectroid c(A) defined as follows: the set of objects of c(A) is obj(A) and c(A)(x, y) := yAx for all x, y ∈ obj(A) and the composition of c(A) is given by the multiplication of A. Therefore, in particular, automorphisms of A are required to preserve the set obj(A). The expression x ∈ A stands for x ∈ obj(A).

By Aut(X) we denote the group of automorphisms of a quiver, a graph, a translation quiver or a spectroid X.

2. Repetitions

First we recall the definition of the repetition of an algebra (from [2, 1.2] to fix the notation) and the way how to compute repetitions for tree algebras from a more general construction in [2, 1.3, 1.5].

Definition. Let A be an algebra.

(1) A k-category Â, called the repetition of A, is defined as follows (Cf. [10], [7]).

Objects are the pairs x^{[n]} := (x, n) with x ∈ A and n ∈ Z.

Â(x^{[n]}, y^{[m]}) :=

{f^{[n]} := (f, n)|f ∈ A(x, y)} if m = n; {φ^{[n]} := (φ, n)|φ ∈ DA(y, x)} if m = n + 1; and 0 otherwise.

The composition Â(y^{[m]}, z^{[l]}) × Â(x^{[n]}, y^{[m]}) → Â(x^{[n]}, z^{[l]})

is given as follows:

(i) If m = n, l = m, then this is the composition of A: A(y, z) × A(x, y) → A(x, z).

(ii) If m = n, l = m + 1, then this is given by the right A-module structure of DA(−, ?):

DA(z, y) × A(x, y) → DA(z, x).

(iii) If m = n + 1, l = m, then this is given by the left A-module structure of DA(−, ?):

A(y, z) × DA(y, x) → DA(z, x). (iv) Otherwise the composition is zero.

(2) For each n ∈ Z, we denote by A^{[n]} the full subcategory of Â formed by x^{[n]} with x ∈ A, and by 1l^{[n]} : A^∼→ A^{[n]} → Â, x → x^{[n]}, the embedding functor.

(3) The Nakayama automorphism ν_A of Â is defined by

• ν_A(x^{[n]}) := x^{[n+1]}; • ν_A(f^{[n]}) := f^{[n+1]}; and • ν_A(φ^{[n]}) := φ^{[n+1]} for all x ∈ A and for all f ∈ A(x, y), φ ∈ DA(y, x) with x, y ∈ A.

Note that Â is a locally bounded spectroid.

A path μ from y to x in a quiver with relations (Q, I) is called maximal if μ ∉ I but αμ, μβ ∈ I for each arrow α of Q with tail x and each β with head y. (This was called complete in [2].) For a k-vector space V with a basis {v_1, . . . , v_n} we denote by {v^∗_1 , . . . , v^∗_n} the basis of DV dual to the basis {v_1, . . . , v_n}. In particular if dim_k V = 1, v^∗ ∈ DV is defined for all v ∈ V \{0}.

Lemma 2.1. Let A be a tree algebra and Φ: kQ → A a display-functor ([7, 8.1, 8.3a]) with I := Ker Φ. Then

(1) Φ uniquely induces the following display-functor Φ̂: kQ̂ → Â for Â:

(i) Q̂ is obtained from the disjoint union Q × Z of copies Q^{[i]} of Q by adding arrows α^{[i]}y,x : x^{[i]} → y^{[i+1]} for all i ∈ Z, whenever there is a maximal path μ from y to x in (Q, I) (we sometimes denote this α^{[i]}y,x by μ^{∗[i]}).

(ii) Φ̂ is defined as follows:

• Φ̂(x^{[i]}) := (Φx)^{[i]}; • Φ̂(α^{[i]}) := (Φα)^{[i]}; and • Φ̂(α^{[i]}y,x) := (Φ(μ)^∗)^{[i]} for all i ∈ Z, all vertices x of Q, all arrows α of Q and all pairs (x, y) of vertices of Q such that there is a maximal path μ from y to x in (Q, I).

(2) Ker Φ̂ is equal to the ideal Î defined by the full commutativity relations on Q̂ and the zero relations μ = 0 for those paths μ of Q̂ for which there is no path from the head of μ to the x^{[i+1]} with x^{[i]} the tail of μ. (Therefore note that if a path α_n . . . α_1 is in I, then α^{[i]}n . . . α^{[i]}_1 is in Î for all i ∈ Z.)

To recall the repetition of an isomorphism we cite the following from [2, 2.3] without proof.

Lemma 2.2. Let ψ : A → B be an isomorphism of algebras. Denote by ψ^y_x : A(y, x) → B(ψy, ψx) the isomorphism defined by ψ for all x, y ∈ A. Define ψ̂ : Â → B̂ as follows.

For each x^{[i]} ∈ Â, ψ̂(x^{[i]}) := (ψx)^{[i]};

For each f^{[i]} ∈ Â(x^{[i]}, y^{[i]}), ψ̂(f^{[i]}) := (ψf)^{[i]}; and For each φ^{[i]} ∈ Â(x^{[i]}, y^{[i+1]}), ψ̂(φ^{[i]}) := (D((ψ^y_x)^{−1})(φ))^{[i]} = (φ ∘ (ψ^y_x)^{−1})^{[i]}.

Then

(1) ψ̂ is an isomorphism.

(2) Given an isomorphism ρ: Â → B̂, the following are equivalent.

(a) ρ = ψ̂;

(b) ρ satisfies the following.

(i) ρν_A = ν_B ρ; (ii) ρ(A^{[0]}) = A^{[0]};

(iii) The diagram A^ψ−−−→ B

1l^{[0]}

1l^{[0]}

A^{[0]} −−−→_ρ B^{[0]}

is commutative; and (iv) ρ(φ^{[0]}) = (φ ∘ (ψ^y_x)^{−1})^{[0]} for all x, y ∈ A and all φ ∈ DA(y, x).

Lemma 2.3. Let ρ : A → B and σ : B → C be isomorphisms of algebras. Then we have (σρ)^= σ̂ρ̂.

Proof. This is straightforward by the definition of the repetition of isomorphisms.

We recall a presentation of right modules over the repetition of an algebra. For an algebra A define a category E = E_A as follows (cf. [8, 2.1]) (note that we are dealing with right modules, not with left modules as in [8]). The objects of E are the sequences (M_i, m_i)_{i∈Z} with M_i ∈ mod A for all i, M_i = 0 for almost all i, and m_i ∈ Hom_A(M_i ⊗_A DA, M_{i−1}) for all i satisfying m_{i−1} ∘ (m_i ⊗_A DA) = 0, and for each (M_i, m_i)_i, (N_i, n_i)_i ∈ E the morphism space E((M_i, m_i)_i, (N_i, n_i)_i) is defined as the set of all (f_i)_{i∈Z} ∈ ∏ i∈Z Hom_A(M_i, N_i) such that n_i ∘ (f_i ⊗_A DA) = f_{i−1} ∘ m_i for all i ∈ Z.

Then the following is well-known.

Lemma 2.4. Let A be an algebra. Then the category mod Â of finite-dimensional (right) Â-modules is equivalent to the category E_A.

We identify mod Â with E_A by this lemma.

Using this description of mod Â the canonical embedding mod A → mod Â is defined by M → (M_i, m_i)_i with M_0 = M, M_i = 0 for all i ≠ 0 and m_i = 0 for all i ∈ Z. Denote by η : mod A → mod Â the composite of this embedding and the canonical functor mod Â → mod Â. Then by [8, Lemma 2.3] η is a full embedding. The following is easy to verify.

Lemma 2.5. Let A = kQ for some quiver Q. Then Q^′_0 := {η(A(-, x))|x ∈ Q_0} forms a section of the component of_sΓ_Â containing Q^′_0. Therefore if we put Q^′ to be the full subquiver of_sΓ_Â defined by Q^′_0, then the component of_sΓ_Â containing Q^′ is identified with ZQ^′.

Let A be an algebra and ϕ ∈ Aut(A). Then ϕ induces an equivalence^ϕ(-) : mod A → mod A defined by^ϕM := M ∘ ϕ^{−1} : A → mod k for all M ∈ mod A. Similarly ϕ̂ ∈ Aut(Â) induces an equivalence^^ϕ(-) : mod Â → mod Â. With this notation we have the following, which is used to investigate the action of ϕ on components of the stable Auslander-Reiten quiver of Â.

Lemma 2.6. Let A be an algebra and ϕ ∈ Aut(A). Then we have^{ϕ̂}(η(X)) ∼= η(^ϕX) for all X ∈ mod A.

Proof. This is straitforward.

3. Derived equivalences

For a group G acting on a class S we say that a subclass E of S is G-stable if gx ∈ E for all g ∈ G and x ∈ E.

Let A be an algebra and ϕ ∈ Aut(A). Then ϕ acts on mod A as^ϕ(-). In particular for A(-, x) with x ∈ A, we have^ϕ(A(-, x)) = A(ϕ^{−1}(-), x) ∼= A(-, ϕx), and the last isomorphism is given by ϕ itself. Therefore the subset {A(-, x) | x ∈ A} of pro A is not ⟨^ϕ(-)⟩-stable in a strict sense. This makes it difficult to give explicitly a complete set of representatives of isoclasses of indecomposable objects of H^b(pro A) which is ⟨H^b(^{⟨ϕ⟩}(-))⟩-stable. To avoid this difficulty we used in [2] the formal additive hull ⊕A of A defined below instead of pro A.

Definition. Let A be a spectroid. Then by ⊕A we denote the following category ([7, 2.1 Example 8]). Objects are finite sequences (x_1, . . . , x_n) of objects of A; morphisms are defined by (⊕A)((x_1, . . . , x_n), (y_1, . . . , y_m)) := {(μ_{ji})_{i,j}|μ_{ji} ∈ A(x_i, y_j), for all i, j} for all objects (x_1, . . . , x_n), (y_1, . . . , y_m); and the composition is given by the matrix multiplication. We regard that A is contained in ⊕A by the embedding (f : x → y) → ((f): (x) → (y)) for all f in A.

Remark. Let A and ϕ be as above.

(1) Define a functor η_A : ⊕ A → pro A by (x_1, . . . , x_n) → A(−, x_1) ⊕ · · · ⊕ A(−, x_n) and (μ_{ji})_{i,j} → (A(−, μ_{ji}))_{i,j}. Then η_A is an equivalence, called the Yoneda equivalence.

(2) Let F : A → B be a functor of spectroids. Then F naturally induces functors ⊕F : ⊕ A → ⊕B and F̃ := H^b(⊕F ): H^b(⊕A) → H^b(⊕B), which are equivalences if F is an isomorphism. Namely, ⊕F is defined by (x_1, . . . , x_n) → (F x_1, . . . , F x_n) and (μ_{ji}) → (F μ_{ji}) for all objects (x_1, . . . , x_n) and all morphisms (μ_{ji}) in ⊕A; and F̃ is defined by ⊕F componentwise.

(3) The automorphism ϕ acts on H^b(⊕A) as ϕ̃, and^ϕH^b(η_A)(X·) ∼= H^b(η_A)(ϕ̃(X·)) for all X· ∈ H^b(⊕A).

We cite the following from [2, Proposition 5.1] which follows from Keller [11] (Cf. Rickard [13], [1, Proposition 1.1]).

Proposition 3.1. Let A and B be spectroids. Then the following are equivalent:

(1) There is a triangle equivalence D(Mod B) → D(Mod A); and (2) There is a full subcategory E of H^b(⊕A) such that

(a) For any T, U ∈ E and any n ≠ 0, H^b(⊕A)(T, U[n]) = 0; (b) A is contained in the smallest full triangulated subcategory of H^b(⊕A) containing E that is closed under direct summands and isomorphisms; and (c) E is isomorphic to B.

Definition. We say that spectroids A and B are derived equivalent if one of the equivalent conditions above holds. In (2) the triple (A, E, B) is called a tilting triple and E ⊆ H^b(⊕A) is called a tilting spectroid for A.

The following statement which we proved in [2, Proposition 5.4.3] is very useful.

Proposition 3.2. Let (A, E, B) be a tilting triple of locally bounded spectroids, η : E^∼→ B an isomorphism and ϕ ∈ Aut(A). Assume that E is ⟨ϕ̃⟩-stable. Then T^n_ϕ (A) is derived equivalent to T^n_ψ (B) for any integer n ≥ 1, where ψ is an automorphism of B defined by the commutativity of the diagram

E^η−−−→ B ϕ̃ ψ E −−−→_η B .

4. A special orientation of a tree

Let T be a tree with the set of vertices T_0. Then we denote by Aut(T ) the group of all automorphisms of T . For each f ∈ Aut(T ) we set Fix(f) := {x ∈ T_0|f(x) = x}. Consider the set Aut_0(T ) := {f ∈ Aut(T )| Fix(f) ≠ ∅}. Then it is well known that the set ⋂ f∈Aut_0(T ) Fix(f) is non-empty. Therefore Aut0(T ) forms a subgroup of Aut(T ); and

Aut_0(T ) = Aut(T ) holds if and only if T has a fixed vertex, i.e., ⋂ f∈Aut(T ) Fix(f) ≠ ∅

(an element of this set is called a fixed vertex of T ). Further it is well known that if Aut_0(T ) ≠ Aut(T ), then Aut(T )/ Aut_0(T ) has order 2 and T has a unique edge α : x—y such that f(α) = α for any f ∈ Aut(T ), and T has the following form

� � L x � � � � . .^α y � � � � . . � � R , (4.1)

where L and R are subtrees of T isomorphic to each other. Here both vertices x and y are fixed by all f ∈ Aut_0(T ), and g(x) = y and g(y) = x for all g ∈ Aut(T )\ Aut_0(T ).

Note that if a quiver Q is obtained from T by giving an orientation ρ, then each automorphism of Q is considered as an automorphism of T preserving the orientation ρ, i.e., the group Aut(Q) of all automorphisms of Q is a subgroup of Aut(T ). By the remark above we further have Aut(Q) ⊆ Aut_0(T ). We call the orientation ρ admissible if Aut(Q) = Aut_0(T ).

Lemma 4.1. Let T be a tree. Then there is an admissible orientation ρ of T such that the quiver Q := (T, ρ) has a unique source.

Proof. Take x ∈ ⋂ f∈Aut_0(T ) Fix(f). Define an orientation ρ as follows: for each edge

a : y—z in T , make a to be an arrow y → z if and only if d(x, y) < d(x, z), where d(x, t) is the distance between x and t for each t ∈ T_0.

(1) x is a unique source of Q. Indeed, since d(x, x) = 0 and d(x, y) = 1 for all neighbours y of x, x is a source. If y ∈ T_0 is not equal to x, then there is a unique shortest linear subtree combining x and y of length (= the number of edges) d(x, y) > 0. Let z be the neighbour of y in this subtree. Then d(x, z) = d(x, y) − 1 < d(x, y). Thus Q has an arrow z → y. Hence y is not a source.

(2) ρ is admissible. Indeed, let f be in Aut_0(T ), and y → z an arrow in Q. Then f(x) = x and d(x, y) < d(x, z). Since f preserves the distance we have d(x, f(y)) = d(f(x), f(y)) < d(f(x), f(z)) = d(x, f(z)). Thus we have an arrow f(y) → f(z) in Q. Hence f ∈ Aut(Q).

5. Reduction to hereditary tree algebras

For an algebra A recall from [8, III.1.4] that the dimension vector dim X· of an

X·_{= (X} i_{, d}i_{)i∈Z ∈ D}b_{(mod A) is defined by}

dim X· = ∑ i∈Z (−1)^i dim X^i,

(5.1)

where dim X^i is the usual dimension vector of the A-module X_i for all i.

We denote by ⋁ i∈I X_i the disjoint union of a family (X_i)_{i∈I} of translation quivers, thus X_i forms a connected component in ⋁ i∈I X_i for each i ∈ I.

In the next lemma we collect fundamental facts on the Auslander-Reiten quiver of the derived category of a piecewise hereditary algebra.

Lemma 5.1. Let A be a piecewise hereditary algebra having a type Q and let n = rank K_0(A). Then

(1) The Auslander-Reiten quiver Γ_Db_{(mod A)} of D^b(mod A) has the form

Γ_Db_{(mod A)} = ⋁ i∈Z (X_i ∨ R_i),

where X_i ∼= ZQ and R_i is isomorphic to the union of all regular components of the Auslander-Reiten quiver of kQ (R_i = ∅ if Q is Dynkin, and is a union of quasi-serial components otherwise) for all i ∈ Z, and the shift maps X_i to X_{i+1} and R_i to R_{i+1}; and further D^b(mod A)(X_i ∨ R_i, X_j ∨ R_j ) = 0 if i > j and D^b(mod A)(R_i, X_i) = 0 for all i.

(2) The map dim : X_i → Z^n defined by X· → dim X· is injective for each i ∈ Z. (3) If F : D^b(mod A) → D^b(mod A) is an equivalence of triangulated categories, then there is a unique j ∈ Z such that F (X_i) ⊆ X_{i+j} and F (R_i) ⊆ R_{i+j} for all i ∈ Z. We call this j the jump of F .

Proof. (1) Using a derived equivalence between A and kQ the assertion is reduced to the corresponding statement on kQ, which follows from [8, Proposition I.5.5].

(2) By [8, Proposition III.1.5] the assertion is also reduced to the corresponding one on kQ, which is easy to verify using (5.1).

(3) Since X_0 is not isomorphic to any component of R_i for any i ∈ Z, there is some j ∈ Z such that F (X_0) ⊆ X_j . Then since F commutes with the shift, we have F (X_i) ⊆ X_{i+j} for all i ∈ Z. Further since for each i ∈ Z there exist nonzero morphisms X· → Y · → Z· with X· ∈ X_i, Y · ∈ R_i and Z· ∈ X_{i+1}, we have nonzero morphisms F X· → F Y · → F Z· with F X· ∈ X_{i+j} and F Z· ∈ X_{i+j+1}, which shows that F Y · ∈ R_{i+j} by (1). Hence F (R_i) ⊆ R_{i+j} . The uniqueness of j is obvious.

Lemma 5.2. Let A be an algebra that is derived equivalent to an algebra kQ defined by a tree Q oriented by an admissible orientation. Then there is a tilting triple (A, E, kQ) such that E is ⟨ϕ̃⟩-stable for all ϕ ∈ Aut(A).

Proof. Put B := kQ. Since A has finite global dimension, we have identifications D^b(mod A) = H^b(pro A) = H^b(⊕A) in an obvious way. We keep the notation of the previous lemma. Since A is derived equivalent to B, we have an equivalence

F : H^b(⊕B) → H^b(⊕A)

of triangulated categories. Let E be the full subcategory of H^b(A) with {F (x) | x ∈ B} the set of objects. Then (A, E, B) is a tilting triple. Since the objects of B are contained in a component of the form ZQ, we may assume that E ⊆ X_0. Let Q_E be the full subquiver of X_0 formed by the objects of E. Then Q_E is a section of X_0 because the full subquiver Q_B of Γ_Db_{(mod B)} formed by the objects of B is a section of the component of Γ_Db_{(mod B)} containing it. Of course Q_E ∼= Q_B ∼= Q, and by these isomorphisms we identify Q with Q_E . Then X_0 = ZQ. Let ϕ be an automorphism of A. We show that E is ⟨ϕ̃⟩-stable.

Now since A has only finitely many objects and the automorphism ϕ of A induces a permutation of objects of A, there is some integer m ≥ 1 such that ϕ^m(a) = a for all a ∈ A. Thus we have ϕ̃^m(a) = a for all a ∈ A.

(5.2)

This implies that ϕ̃^m(X) = X for all X ∈ ⊕A. Therefore by (5.1) we have dim ϕ̃^m(X·) = dim X· for all X· ∈ H^b(pro A) = H^b(⊕A). Again by (5.2) the jump of ϕ̃ must be zero, i.e., we have ϕ̃(X_0) = X_0. Then ϕ̃ induces an automorphism ρ of X_0 = ZQ. Hence for each X· ∈ X_0 we have ρ^m(X·) ∈ X_0 and dim ρ^m(X·) = dim X·. Therefore by Lemma 5.1(2) we obtain

ρ^m(X·) = X· for all X· ∈ X_0.

(5.3)

By Riedtmann [15, Theorem 4.2], we have an exact sequence

1 −−−→ ⟨τ⟩ −−−→ Aut(ZQ)^p−−−→ Aut(Q) −−−→ 1,

(5.4)

where p is the canonical morphism. Put ψ := p(ρ) ∈ Aut(Q). We show the following.

ψ ∈ Aut_0(Q)

(5.5)

Suppose that ψ ∉ Aut_0(Q). Then Q has the form (4.1). We show that ρ^m does not have any fixed vertex, which contradicts (5.3). If m is odd, then since ψ exchanges L and R in (4.1), so does ψ^m = p(ρ^m), which shows that ρ^m cannot have fixed vertex. If m is even, then there is some 0 ≠ t ∈ Z such that ρ^2(i, z) = (i + t, ψ^2(z)) for all (i, z) ∈ ZQ. Then also in this case ρ^m cannot have fixed vertex, and (5.5) is proved. Since Aut_0(Q) = Aut(Q), (5.5) enables us to define Zψ ∈ Aut(ZQ) by Zψ(i, z) = (i, ψ(z)) for all (i, z) ∈ ZQ. Then since p(ρ) = ψ = p(Zψ), we have ρ = (Zψ)τ^l for some l ∈ Z by (5.4). But by (5.3) we have l = 0, thus ρ = Zψ. As a consequence Q = Q_E is ⟨ρ⟩-stable, which means that E is ⟨ϕ̃⟩-stable.

The following proposition says that a twisted multifold trivial extension of an algebra derived equivalent to a hereditary tree algebra is derived equivalent to a twisted multifold trivial extension of a hereditary tree algebra.

Proposition 5.3. Let A be an algebra that is derived equivalent to an algebra kQ defined by a tree Q oriented by an admissible orientation. Then for any ϕ ∈ Aut(A) and any integer n ≥ 1 there is some ψ ∈ Aut(kQ) such that T^n_ϕ (A) is derived equivalent to T^n_ψ (kQ).

Proof. This is immediate by the lemma above and Proposition 3.2.

6. Invariants under stable equivalences

Let A be a locally bounded spectroid. We denote by N_A the Nakayama functor mod A → mod A, which is known to be an equivalence when A is selfinjective. It is well-known that N_A ∼= Ω^{−2}_A τ_A on mod A. Further when A = B̂ for some algebra B, N_{B̂} ∼=^{νB} (-) on mod B̂.

The next lemma is a special case of [5, 3.5]. We give an alternative proof of it in this case using [8, Theorem 4.9].

Lemma 6.1. Let H be a hereditary algebra. Then Ĥ is locally support-finite.

Proof. By [8, Theorem 4.9] there exists an equivalence D^b(mod H) → mod Ĥ such that the restriction to mod H is the identity. By this equivalence we identify Γ_Db_{(mod H)} and sΓ_Ĥ . We use the notation in Lemma 5.1. We may assume that Γ_H is contained in X_0 ∨ R_0 ∨ X_1. Then, in particular, the Ω_Ĥ -shifts of Γ_H cover the whole_sΓ_Ĥ , i.e., ⋃ i∈Z Ω^i_Ĥ ((Γ_H )_0) = (_sΓ_Ĥ )_0

(6.1)

because the shifts of Γ_H cover the whole Γ_Db_{(mod H)}. By the definition of the canonical embedding mod H → mod Ĥ the supports of modules in Γ_H as Ĥ-modules are contained in H^{[0]}. Since the supports of the projective covers of modules supported in H^{[0]} are contained in H^{[0]} ∪ H^{[−1]} by definition of repetitions, the Ω_Ĥ -shifts of modules in Γ_H are supported in H^{[0]} ∪ H^{[−1]}. Now by (6.1) for any module X in_sΓ_Ĥ there is some m ∈ Z such that N^m_Ĥ (X) = Ω^{−2m}_Ĥ τ^m_Ĥ (X) belongs to Γ_H ∪ Ω_Ĥ (Γ_H ) and is supported in H^{[0]} ∪ H^{[−1]}. Hence X is supported in H^{[−m]} ∪ H^{[−1−m]} because N_Ĥ =^{νH} (-). Accordingly, Ĥ is locally support-finite.

Lemma 6.2. Let A and B be algebras derived equivalent to kQ and kR for some oriented tree Q and some quiver R, respectively. Assume that a twisted m-fold trivial extension of A is stably equivalent to a twisted n-fold trivial extension of B for some integers m, n ≥ 1. Then we have Q ∼= R and m = n.

Proof. We may assume that the orientation of Q is admissible. Put H := kQ. Let ϕ_A ∈ Aut(A) and ϕ_B ∈ Aut(B) and put Λ = T^m_{ϕA} (A) and Π = T^n_{ϕB} (B). Assume that Λ is stably equivalent to Π. We show that Q ∼= R and m = n. By Proposition 5.3 there is a ψ ∈ Aut(H) such that Λ is derived equivalent to Λ^′ := T^m_ψ (H). By Lemma

6.1 Ĥ is locally support-finite. Then by [4, Proposition 2.5] and [6, Theorem 3.6] the canonical Galois covering functor Ĥ → Λ^′ with group ⟨ψ̂ν^m_H ⟩ gives an isomorphism sΓ_Ĥ /⟨^{ψ̂νmH} (-)⟩ ∼=_sΓ_Λ′ . Since the jump of^{ψ̂νmH} (-) is equal to 2m, we get

sΓ_Λ ∼=_sΓ_Λ′ ∼=

2m−1⋁

i=0 (X_i ∨ R_i),

where X_i ∼= ZQ and R_i is empty or a union of quasi-serial components for each i. Similarly by [6, Theorem 3.6(b)] the canonical Galois covering functor B̂ → Π with group ⟨ϕ̂_Bν^n_B ⟩ yields an isomorphism of the quotient

sΓ_{B̂} /⟨^{ϕ̂B νnB} (-)⟩ ∼=

2n−1⋁

i=0 (X^′_i ∨ R^′_i),

onto the union of some components of_sΓ_Π, where X^′_i ∼= ZR and R^′_i is empty or a union of quasi-serial components for each i. But since Λ and Π are stably equivalent, we have sΓ_Π ∼=_sΓ_Λ ∼=_sΓ_Λ′ , which implies that

⋁_{2n−1}

i=0 (X^′_i ∨ R^′_i) is isomorphic to the union of some components of

⋁_{2m−1} i=0 (X_i ∨R_i). Therefore ZR ∼= X^′_0 ∼= X_i ∼= ZQ for some i. Then by [8, I.5.7] we have Q = R. Thus R is also an oriented tree. Applying the argument above for Q to R we see that_sΓ_Π ∼=

⋁_{2n−1} i=0 (X^′_i ∨ R^′_i). Hence we have

2m−1⋁

i=0 (X_i ∨ R_i) ∼=

2n−1⋁

i=0 (X^′_i ∨ R^′_i).

Counting the number of components isomorphic to ZQ we get m = n.

7. Hereditary tree algebras

Let Q be an oriented tree and put A := kQ. Note in this case that if there is an arrow α : x → y in Q, then A(x, y) = kα. If ϕ ∈ Aut(A), then ϕ induces an isomorphism rad A(x, y)/ rad^2 A(x, y) → rad A(ϕ(x), ϕ(y))/ rad^2 A(ϕ(x), ϕ(y)). This shows that there is a unique arrow ϕ(x) → ϕ(y) in Q, which we denote by π(ϕ)(α). Since A(ϕ(x), ϕ(y)) = kπ(ϕ)(α), we have ϕ(α) = ϕ_απ(ϕ)(α) for a unique ϕ_α ∈ k^× := k\{0}. By setting π(ϕ)(x) := ϕ(x) for all x ∈ Q_0, we can define a π(ϕ) ∈ Aut(Q). In this way we obtain a homomorphism

π : Aut(A) → Aut(Q)

of groups, which is called the canonical map. Moreover ϕ ∈ Ker π if and only if ϕ(x) = x for all x ∈ Q_0, and then the correspondence ϕ → (ϕ_α)_{α∈Q1} provides us an identification

Ker π = (k^×)^{Q1} .

For a morphism β : Q → R of quivers, we denote by kβ the induced algebra homomorphism kQ → kR. Note that if Q^β � R^γ � S are morphisms of quivers, then we have k(γβ) = (kγ)(kβ).

Proposition 7.1. Let Q be a tree oriented by an admissible orientation, ϕ, ψ ∈ Aut(kQ) and n an integer ≥ 1. Assume that T^n_ϕ (kQ) is stably equivalent to T^n_ψ (kQ). Then π(ϕ) is conjugate to π(ψ) in Aut(Q).

Proof. Put A := kQ, Λ := T^n_ϕ (A) and Π := T^n_ψ (A). Let F : mod Λ → mod Π be an equivalence (of triangulated categories). Then F commutes with both the Auslander- Reiten translations and the loop functors, i.e., we have τ_ΠF X ∼= F τ_ΛX; and Ω_ΠF X ∼= F Ω_ΛX for all X ∈ mod Λ. Since N_B ∼= Ω^{−2}_B τ_B on mod B for any algebra B, we have N_ΠF X ∼= F N_ΛX,

(7.1)

for all X ∈ mod Λ. Now let λ_Λ : mod Â → mod Λ and λ_Π : mod Â → mod Π be pushdown functors. Then since they are exact and preserve projectivity and almost split sequences, they commute with both the Auslander-Reiten translations and the loop functors. Hence we have N_Λλ_ΛX ∼= λ_ΛN_ÂX,

(7.2)

N_Πλ_ΠX ∼= λ_ΠN_ÂX,

(7.3)

for all X ∈ mod Â. Since Â is locally support-finite by Lemma 6.1, we have_sΓ_Λ ∼= sΓ_Â/⟨^{ϕ̂νnA} (-)⟩ =_sΓ_Â/⟨^{ϕ̂}(-) ∘ N^n_Â ⟩ and_sΓ_Π ∼=_sΓ_Â/⟨^{ψ̂}(-) ∘ N^n_Â ⟩. Thus

sΓ_Λ =

2n−1⋁

i=0 (X_i ∨ R_i), and

sΓ_Π =

2n−1⋁

i=0 (X^′_i ∨ R^′_i)

with X_i ∼= X^′_i ∼= ZQ and R_i ∼= R^′_i ∼= ⋁ (regular components of A) for all i. Define Q_Λ (resp. Q_Π) to be the full subquiver of_sΓ_Λ (resp._sΓ_Π) with the set of vertices {λ_Λη(A(-, x))|x ∈ Q_0} (resp. {λ_Πη(A(-, x))|x ∈ Q_0}). Then by Lemma 2.5 we can identify, say, X_0 = ZQ_Λ and X^′_0 = ZQ_Π. Since Ω_Π : mod Π → mod Π is an equivalence of triangulated categories, we can replace F by Ω^a_ΠF , if necessary, for some a ∈ Z to have F (X_0) = X^′_0 . Then F induces an isomorphism ZQ_Λ → ZQ_Π. Since ϕ̂ (resp. ψ̂) commutes with ν_A by Lemma 2.2, we see that^{ϕ̂}(-) (resp.^{ψ̂}(-)) commutes with^{ϕ̂}(-)∘N^n_Â (resp.^{ψ̂}(-) ∘ N^n_Â ). Therefore we can define ϕ^′ ∈ Aut(_sΓ_Λ) and ψ^′ ∈ Aut(_sΓ_Π) by the commutative diagrams

sΓ_Â

ϕ̂(-)

−−−→_sΓ_Â

λ_Λ λΛ sΓ_Λ −−−→_{ϕ′ s}Γ_Λ , sΓ_Â

ψ̂ (-)

−−−→_sΓ_Â

λ_Π λΠ sΓ_Π −−−→_{ψ′ s}Γ_Π

(7.4) of translation quivers. Define an isomorphism f_Λ : Q → Q_Λ (resp. f_Π : Q → Q_Π) of quivers by f_Λ(x) := λ_Λη(A(-, x)) (resp. f_Π(x) := λ_Πη(A(-, x))) for all x ∈ Q_0. Then by Lemma 2.6 and (7.4) we have commutative diagrams:

Q^{π(ϕ)} �

f_Λ

∼

� Q f_Λ

∼

� Q_{Λ ϕ′|QΛ} � Q_Λ , Q^{π(ψ)} �

f_Π

∼

� Q f_Π

∼

� Q_{Π ψ′|QΠ} � Q_Π .

These yield commutative diagrams: ZQ^{Zπ(ϕ)} �

Zf_Λ

∼

� ZQ Zf_Λ

∼

� ZQ_{Λ ϕ′} � ZQ_Λ , ZQ^{Zπ(ψ)} �

Zf_Π

∼

� ZQ Zf_Π

∼

� ZQ_{Π ψ′} � ZQ_Π . (7.5)

Next we show the commutativity of the following diagram. ZQ_Λ^{ϕ′}−−−→ ZQ_Λ F F ZQ_Π −−−→_{ψ′} ZQ_Π

(7.6)

Since F, ϕ^′, ψ^′ are quiver morphisms, and since X_0 = ZQ_Λ has no double arrows, it is enough to show that F ϕ^′x = ψ^′F x for all vertices x of X_0. Let x be a vertex of X_0. Then there exist vertices y and z of_sΓ_Â such that λ_Λ(y) = x and λ_Π(z) = F x. Since λ_Λ(^{ϕ̂}(N^n_Â y)) = λ_Λ(y) = x and λ_Π(^{ψ̂}(N^n_Â z)) = λ_Π(z) = F x, we have F λ_Λ(^{ϕ̂}(N^n_Â y)) = λ_Π(^{ψ̂}(N^n_Â z)).

Now by (7.2), (7.1) and (7.4) we have F λ_Λ(^{ϕ̂}(N^n_Â y)) = F λ_ΛN^n_Â (^{ϕ̂}y) = F N^n_Λ λ_Λ(^{ϕ̂}y) = N^n_Π F λ_Λ(^{ϕ̂}y) = N^n_Π F ϕ^′λ_Λy = N^n_Π F ϕ^′x.

Further by (7.3) and (7.4), we have λ_Π(^{ψ̂}(N^n_Â z)) = λ_ΠN^n_Â (^{ψ̂}z) = N^n_Π λ_Π(^{ψ̂}z) = N^n_Π ψ^′λ_Πz = N^n_Π ψ^′F x.

It follows from these equalities that N^n_Π F ϕ^′x = N^n_Π ψ^′F x for all x ∈ X_0. This verifies the commutativity of (7.6) because N_Π is an equivalence.

Define an isomorphism α : ZQ → ZQ by putting α := (Zf_Π)^{−1}F Zf_Λ. Then by (7.5) and (7.6) we have a commutativity of the inner central square of the following diagram

Q^{π(ϕ)} �

p(α)

∼

�

Q

p(α)

∼

�

ZQ pr � � � � Zπ(ϕ) �

α

∼

� ZQ pr � � � � � α

∼

� ZQ_{Zπ(ψ)}� pr � � � � ZQ pr � � � � � Q_{π(ψ)} � Q

,

where pr : ZQ → Q and p : Aut(ZQ) → Aut(Q) are the canonical morphisms. Since the four trapezoids are commutative and since pr is surjective both on vertices and on arrows, the outer square of the diagram is also commutative. Hence π(ϕ) is conjugate to π(ψ) in Aut(Q).

Proposition 7.2. Let Q be an oriented tree with a unique source and n an integer ≥ 1. Then we have T^n_ϕ (kQ) ∼= T^n_{kπ(ϕ)}(kQ) for all ϕ ∈ Aut(kQ). Therefore T^n_ϕ (kQ) is determined by π(ϕ).

Proof. Put A := kQ and ψ := π(ϕ) ∈ Aut(Q). Let Φ : kQ → A be the identity, which is a display-functor. Then we have a display-functor Φ̂ : kQ̂ → Â where Î := Ker Φ̂ is generated by full commutativity relations and some zero relations by Lemma 2.1. We put β := Φ̂(β) for all morphisms β in kQ̂. Since π(ϕ) = π(kψ), there is some λ ∈ Ker π = (k^×)^{Q1} such that ϕ = λ · kψ. Put g := (kψ)ν̂^n_A. Then ϕ̂ν^n_A = λ̂g by Lemma 2.3 and we have to show that Â/⟨λ̂g⟩ ∼= Â/⟨g⟩. To this end it is enough to construct an automorphism μ of Â such that the diagram Â^μ−−−→ Â g λ̂g Â −−−→_μ Â

(7.7)

is commutative.

First we construct an automorphism ρ of kQ̂, and then we verify that ρ(Î) ⊆ Î, which makes it possible for ρ to induce an endomorphism μ of Â. Here μ turns out to be an automorphism because Î is locally finite-dimensional. Finally we check that this μ makes the diagram (7.7) commutative.

Now set ρ(x) := x for all vertices x in Q̂ and ρ(γ) := ρ_γ · γ for all arrows γ in Q̂, where ρ_γ ∈ k^× are defined as follows:

(i) In the case where γ = α^{[i]} with α ∈ Q_1 and i ∈ Z, define ρ_γ inductively using the rules ρ_α[i] := 1 for i ∈ {0, 1, . . . , n − 1}; ρ_α[j+n] := ρ_{(ψ}−1_{α)}[j] · λ_α for i ≥ n; and ρ_α[j−n] := ρ_{(ψα)}[j] · λ^{−1}_{ψα} for i ≤ −1.

Then for all α ∈ Q_1 and i ∈ Z, we have ρ_{(ψα)}[i+n] = ρ_α[i] · λ_{ψα}.

(7.8)

(ii) In the case where γ = β^{∗[i]} with β = α_m . . . α_1 a maximal path in Q and i ∈ Z, define ρ_β∗[i] := (ρ_α[i]_m . . . ρ_α[i]_1 )^{−1}.

(7.9)

Next we show that ρ(Î) ⊆ Î. For zero relations α_m . . . α_1 ∈ Î, we have ρ(α_m . . . α_1) = ρ(α_m) . . . ρ(α_1) = ρ_{αm} . . . ρ_{α1} · α_n . . . α_1 = 0.

Hence it is enough to check that ρ(μ_1) = ρ(μ_2) for each pair of parallel paths μ_1, μ_2 from a vertex x^{[i]} to a vertex y^{[i+1]} for some x, y ∈ Q_0 and some i ∈ Z with μ_1 ≠ 0, μ_2 ≠ 0. For a path α_m . . . α_1 in Q̂ (resp. in Q) we set ρ_{αm...α1} := ρ_{αm} . . . ρ_{α1} (resp. λ_{αm...α1} := λ_{αm} . . . λ_{α1} ). Now μ_1 and μ_2 have the form { μ_1 = ε^{[i+1]}α^{∗[i]}γ^{[i]} μ_2 = ζ^{[i+1]}β^{∗[i]}δ^{[i]} for some paths γ, δ, ε, ζ in Q and maximal paths α, β in Q as in the following diagram ( a^σ � b denotes that σ is a path from a to b):

x^{[i]}

δ^{[i]} � � � � � � γ^{[i]} � � � b^{[i] β} [i] � w^{[i]}

β^{∗[i]} � � � � � � � a^{[i] α[i]} � z^{[i]}

α^{∗[i]} � � � � � � �

b^{[i+1]}

ζ^{[i+1]} � � � a^{[i+1]}

ε^{[i+1]} � � � � � � y^{[i+1]} By definition of ρ we have ρ(μ_1) = ρ(ε^{[i+1]})ρ(α^{∗[i]})ρ(γ^{[i]}) = ρ_ε[i+1] ρ_α[i]^{−1}ρ_γ[i] · μ_1, and ρ(μ_2) = ρ_ζ[i+1] ρ_β[i]^{−1}ρ_δ[i] · μ_2 = ρ_ζ[i+1] ρ_β[i]^{−1}ρ_δ[i] · μ_1.

Hence it is enough to show that ρ_ε[i+1] ρ_α[i]^{−1}ρ_γ[i] = ρ_ζ[i+1] ρ_β[i]^{−1}ρ_δ[i] .

(7.10) Since 0 ≠ μ_1 ∈ Â(x^{[i]}, y^{[i+1]}) ∼= DA(y, x), we have A(y, x) ≠ 0, which means that there is a path θ : y � x in Q. Therefore we have the following paths in Q: a ε � � � α � z

y^θ � x γ � � � δ � � � b ζ � � � β � w Hence α = γθε and β = δθζ because Q is an oriented tree. Then ρ_ε[i+1] ρ_α[i]^{−1}ρ_γ[i] = ρ_ε[i+1] (ρ_γ[i] ρ_θ[i] ρ_ε[i] )^{−1}ρ_γ[i] = ρ_ε[i+1] ρ_θ[i]^{−1}ρ_ε[i]^{−1}, and ρ_ζ[i+1] ρ_β[i]^{−1}ρ_δ[i] = ρ_ζ[i+1] ρ_θ[i]^{−1}ρ_ζ[i]^{−1}.

Note that both a and b are sources in Q. Hence by assumption, we have a = b, thus ε = ζ. Therefore the equality (7.10) holds. Hence the automorphism ρ of kQ̂ induces an automorphism μ of Â. It remains to verify the commutativity of the diagram (7.7). This is obvious on objects . Therefore it is enough to check the commutativity on arrows in Q̂, namely to show the following two facts: μ(g(α^{[i]})) = (λ̂g)(μ(α^{[i]})) for all α ∈ Q_1 and i ∈ Z; and

(7.11) μ(g(β^{∗[i]})) = (λ̂g)(μ(β^{∗[i]})) for all maximal path β in Q and i ∈ Z.

(7.12)

The statement (7.11) follows from (7.8). Indeed, using (ψα)^{[i+n]} = (ψα)^{[i+n]} in Â, we have μ(g(α^{[i]})) = ρ((ψα)^{[i+n]})

= ρ_{(ψα)}[i+n] · (ψα)^{[i+n]} = ρ_α[i] λ_{ψα} · (ψα)^{[i+n]} in Â by (7.8) and (λ̂g)(μ(α^{[i]})) = (λ̂g)(ρ_α[i] · α^{[i]}) = ρ_α[i]λ̂((ψα)^{[i+n]}) = ρ_α[i] λ_{ψα} · (ψα)^{[i+n]} in Â.

Thus (7.11) holds.

For (7.12) put β := α_m . . . α_1 : y � x . Then g(β^{∗[i]}) = (kψ)^(β^{∗[i+n]}) = (β^∗ ∘ (kψ)^{−1})^{[i+n]} = ((ψβ)^∗)^{[i+n]}.

The last equality follows from (β^∗ ∘ (kψ)^{−1})(ψβ) = 1. Thus μ(g(β^{∗[i]})) = ρ((ψβ)^{∗[i+n]}) = ρ_{(ψβ)}∗[i+n] · (ψβ)^{∗[i+n]} = (ρ_{(ψαm )}[i+n] . . . ρ_{(ψα1 )}[i+n] )^{−1} · (ψβ)^{∗[i+n]} = (ρ_α[i]_m . . . ρ_α[i]_1 λ_{ψαm} . . . λ_{ψα1} )^{−1} · (ψβ)^{∗[i+n]} = ρ_β∗[i] λ^{−1}_{ψβ} · (ψβ)^{∗[i+n]}.

On the other hand, g(μ(β^{∗[i]})) = g(ρ_β∗[i] · β^{∗[i]}) = ρ_β∗[i] · g(β^{∗[i]}) = ρ_β∗[i] (ψβ)^{∗[i+n]}, and (λ̂g)(μ(β^{∗[i]})) = ρ_β∗[i] · λ̂((ψβ)^{∗[i+n]}) = ρ_β∗[i] · ((ψβ)^∗ ∘ λ^{−1})^{[i+n]} = ρ_β∗[i] λ^{−1}_{ψβ} · (ψβ)^{∗[i+n]}.

The last equality follows from ((ψβ)^∗ ∘ λ^{−1})(λ_{ψβ} · ψβ) = 1 = (λ^{−1}_{ψβ} · (ψβ)^∗)(λ_{ψβ} · ψβ). Thus (7.12) holds. As a consequence, the diagram (7.7) is commutative. Remark. (1) The proposition above is still valid even if we replace the word source by the word sink. In this case we can use the formula ρ_β∗[i] := (ρ_α[i+1]_m . . . ρ_α[i+1]_1 )^{−1}. instead of (7.9).

(2) The proposition above can be generalized by a similar proof as follows: Let (Q, I) be a commutative directed quiver such that two nonzero paths in (Q, I) starting from distinct tails of some maximal paths do not have the same head. Then T^n_ϕ (kQ/I) ∼= T^n_{kπ(ϕ)}(kQ/I) for all ϕ ∈ Aut(kQ/I).

Corollary 7.3. Let Q be an oriented tree with a unique source, ϕ, ψ ∈ Aut(kQ) and n an integer ≥ 1. If π(ϕ) is conjugate to π(ψ) in Aut(Q), then we have T^n_ϕ (kQ) ∼= T^n_ψ (kQ).

Proof. By assumption there is a β ∈ Aut(Q) such that βπ(ϕ) = π(ψ)β. This implies that (kβ)^(kπ(ϕ))^ = (kπ(ψ))^(kβ)^. Put A := kQ. Since (kβ)^ commutes with ν_A by Lemma 2.2, we have a commutative diagram

Â^{(kπ(ϕ))^ νnA}

−−−−−−→ Â

(kβ)^

(^{kβ)^}

Â^{(kπ(ψ))^ νnA}

−−−−−−→ Â.

This shows that T^n_{kπ(ϕ)}(A) ∼= T^n_{kπ(ψ)}(A), from which the conclusion follows by Proposition 7.2.

Theorem 7.4. Let Q be a tree with a fixed vertex oriented by an admissible orientation with a unique source. Then two twisted multifold trivial extensions of kQ are isomorphic if they are stably equivalent.

Proof. In this case we have Aut(Q) = Aut_0(Q) = Aut(Q). Hence this is a direct consequence of Lemma 6.2, Proposition 7.1 and Corollary 7.3.

8. Proof of main theorem

It is enough to show that if Λ and Π are stably equivalent, then they are derived equivalent. By assumption A and B are algebras derived equivalent to kQ and kR for some oriented tree Q and some quiver R, respectively; and Λ is a twisted m-fold trivial extension of A and Π is a twisted n-fold trivial extension of B for some integers m, n ≥ 1. By Lemma 4.1 there is an admissible orientation ρ of Q such that the quiver Q^′ := (Q, ρ) has a unique source. Since kQ and kQ^′ are derived equivalent, we may assume from the beginning that Q is a tree oriented by an admissible orientation and with a unique source. Now assume that Λ and Π are stably equivalent. Then by Lemma 6.2 we have Q = R and m = n. Therefore kQ and kR are derived equivalent, and hence we may assume that Q = R, and that both A and B are derived equivalent to kQ. By Proposition 5.3 Λ is derived equivalent to T^n_ϕ (kQ) and Π is derived equivalent to T^n_ψ (kQ) for some ϕ, ψ ∈ Aut(kQ). Since Λ and Π are stably equivalent, T^n_ϕ (kQ) and T^n_ψ (kQ) are stably equivalent. By Proposition 7.1 there is a ρ ∈ Aut(Q) such that

ρπ(ϕ) = π(ψ)ρ.

(8.1)

Case 1. ρ ∈ Aut_0(Q). In this case ρ ∈ Aut_0(Q) = Aut(Q). Thus by (8.1) π(ϕ) is conjugate to π(ψ) in Aut(Q). Then by Corollary 7.3 we have T^n_ϕ (kQ) ∼= T^n_ψ (kQ). As a consequence, Λ and Π are derived equivalent.

Case 2. ρ ∉ Aut_0(Q). In this case Q does not have a fixed vertex, and ρ fixes a unique edge, say α : x—y. Further ρ(x) = y and ρ(y) = x, and Q has the form (4.1). The quiver Q was obtained from Q by letting x or y a unique source as in the proof of Lemma 4.1. We may assume that x is a unique source of Q. Let Q^′ be a quiver obtained from Q by letting y a unique source, and put A^′ := kQ^′. Then (8.1) yields a commutative diagram

Q^{π(ϕ)}−−−→ Q ρ ρ Q^′ −−−→_{π(ψ)} Q^′

of quivers, which gives the following commutative diagram by Lemmas 2.3 and 2.2.

Â^{(kπ(ϕ))^ νnA} −−−−−−→ Â

(kρ)^

(^{kρ)^} Â′ −−−−−−→

(kπ(ψ))^ ν^n_A Â′ Hence we have

T^n_{kπ(ϕ)}(A) ∼= T^n_{kπ(ψ)}(A^′).

(8.2)

Next we show the following.

Claim. T^n_{kπ(ψ)}(A^′) and T^n_{kπ(ψ)}(A) are derived equivalent.

Clearly T := ⨁ z∈L_0∪{x}

τ^{−1}_A A(-, z) ⊕ ⨁ t∈R_0∪{y}

A(-, t)

is a classical tilting module with End_A(T ) ∼= A^′. Let E be the tilting spectroid in H^b(⊕A) corresponding to T , i.e., E is the full subcategory of H^b(⊕A) with the set of objects {H(z)|z ∈ L_0∪{x}}∪R_0∪{y}, where H(z) ∈ H^b(⊕A) corresponds to a minimal projective resolution of τ^{−1}_A A(-, z) under the Yoneda equivalence H^b(⊕A) → H^b(pro A) (section 3). Then the triple (A, E, A^′) is a tilting triple and there exists an isomorphism Φ : E → A^′ sending H(z) to z and t to t for all z ∈ L_0 ∪ {x} and t ∈ R_0 ∪ {y}. It is easy to see that (kπ(ψ))~(H(z)) = H(ψz) for all z ∈ L_0, that (kπ(ψ))~(t) = ψt for all t ∈ R_0 and that (kπ(ψ))~ fixes both H(x) and y. Thus E is ⟨(kπ(ψ))~⟩-stable. Then by Proposition 3.2 T^n_{kπ(ψ)}(A) is derived equivalent to T^n_ψ′ (A^′), where ψ^′ ∈ Aut(A^′) is defined by the commutativity of the diagram

E^Φ−−−→ A^′

(kπ(ψ))~

ψ^′

E −−−→_Φ A^′ .

In addition, it follows from the commutativity of this diagram and the definition of Φ that π(ψ^′) = π(ψ). This implies T^n_ψ′ (A^′) ∼= T^n_{kπ(ψ)}(A^′) by Proposition 7.2. Thus the claim follows.

This claim together with (8.2) implies that T^n_{kπ(ϕ)}(A) and T^n_{kπ(ψ)}(A) are derived equivalent. Hence T^n_ϕ (A) and T^n_ψ (A) are derived equivalent again by Proposition 7.2. As a consequence Λ and Π are derived equivalent.

Acknowledgments

The author would like to thank Manuel Saorin for inviting him to Murcia in 1998 and for having a helpful discussion about automorphisms of algebras, from which Proposition 7.2 was obtained. This work was completed while the author visited the University of Bielefeld in 1999/2000. He would like to thank Professor C. M. Ringel for the hospitality, and Sonderforschungsbereich 343 for the support.

References

[1] Asashiba, H.: A covering technique for derived equivalence, J. Alg., 191 (1997), 382–415. [2] Asashiba, H.: The derived equivalence classification of representation-finite selfinjective algebras, J. Alg., 214 (1999), 182–221.

[3] Bretscher, O., Läser, Ch. and Riedtmann, Ch.: Selfinjective and simply connected algebras, manuscripta math. 36, 1981, 253–307.

[4] Dowbor, P. and Skowroński, A.: Galois coverings of representation-infinite algebras, Comment.

Math. Helv. 62, 1987, 311–337.

[5] Erdmann, K., Kerner, O. and Skowroński, A.: Self-injective algebras of wild tilted type, SFB preprint 97-080, The university of Bielefeld.

[6] Gabriel, P.: The universal cover of a representation-finite algebra, in Lecture Notes in Mathematics, Vol. 903, Springer-Verlag, Berlin/New York (1981), 68–105.

[7] Gabriel, P. and Roiter, A. V.: Representations of finite-dimensional algebras, Encyclopaedia of Mathematical sciences Vol. 73, Springer, 1992.

[8] Happel, D.: Triangulated categories in the representation theory of finite dimensional algebras, London Math. Soc. Lect. Notes 119, Cambridge Univ. Press, 1988.

[9] Happel, D.: Hochschild cohomology of piecewise hereditary algebras, Colloq. Math. 78, no. 2, 1998, 261–266.

[10] Hughes, D. and Waschbüsch, J.: Trivial extensions of tilted algebras, Proc. London Math. Soc.

(3), 46, 1983, 347–364.

[11] Keller, B.: Deriving DG categories, Ann. scient. Éc. Norm. Sup., (4)27 (1994), 63–102. [12] Keller, B and Vossieck, D.: Sous les catégories dérivées, C. R. Acad. Sci. Paris, 305, Serie I, 1987, 225–228.

[13] Rickard, J.: Morita theory for derived categories, J. London Math. Soc., 39 1989, 436–456. [14] Rickard, J. : Derived categories and stable equivalence, J. Pure and Appl. Alg. 61, 1989, 303–317. [15] Riedtmann, Ch.: Algebren, Darstellungsköcher, Überlagerungen und zurück, Comm. Math. Helvet. 55, 1980, 199–224.

Department of Mathematics, Osaka City University, 3-3-138 Sugimoto, Sumiyoshiku, Osaka, 558, Japan

E-mail address: asashiba@sci.osaka-cu.ac.jp