Tame two-point algebras without loops

Thomas Brüstle and Yang Han

Abstract

We determine the representation type of the algebras whose quiver has precisely two vertices and admits no loops by listing all maximal tame and minimal wild algebras of this form. It turns out that such an algebra A is tame if and only if A/rad^3A is tame, and in this case A degenerates to a biserial algebra. Moreover, A is wild if and only if it is controlled wild.

2000 Mathematics Subject Classification: 16G10, 16G60

1 Introduction.

Let k be a fixed algebraically closed field. By an algebra we mean a finite-dimensional associative k-algebra with an identity, which we assume (without loss of generality) to be basic and connected. Let A be an algebra and Q be the quiver of A. Then we can write A = kQ/I where I is an admissible ideal of path algebra kQ ([Ga1]).

The representation type of algebras is one of the main themes of representation theory of algebras. The representation type of local algebras, i.e. algebras whose quiver Q has just one vertex, has been completely determined ([BD,Br,D,Ge2,GP,HR,R1,R2]). Next, it is natural to determine the representation type of two-point algebras. The complete list of maximal representation-finite two-point algebras was given in [BG]. Concerning tame representation type of two-point algebras, there exist only partial answers so far: the tame triangular matrix algebras with two points were determined in [HM], and the tame two-point distributive algebras were classified in [HM], [Ge1] and [DG].

In the present paper, our aim is to determine the representation type of two-point algebras without loops, i.e. the algebras whose quiver Q = Q(i, j) has two vertices 1 and 2, together with i arrows α_1, ..., α_i from 1 to 2 and j arrows β_1, ..., β_j from 2 to 1.

Denote by k^nQ the ideal of kQ generated by the paths of length n. We say an algebra A is of type T_1 (resp. of type T_2) if A is, up to isomorphism and duality, of the form kQ(2, 1)/(α_1β_1 + σ_1, β_1α_1 + σ_2, σ_3, ..., σ_s, k^nQ(2, 1)) (resp. of the form kQ(2, 1)/(α_1β_1 + σ_1, β_1α_2 + σ_2, σ_3, ..., σ_s, k^nQ(2, 1)) with arbitrary elements σ_p ∈ k^3Q(2, 1). Likewise, A is of type T_3 if it has (up to isomorphism and duality) the form kQ(2, 2)/(α_1β_1 + σ_1, α_2β_2 + σ_2, (x_1β_1 + x_2β_2)(y_1α_1 + y_2α_2) + σ_3, (x_3β_1 + x_4β_2)(y_3α_1 + y_4α_2) + σ_4, σ_5, ..., σ_s, k^nQ(2, 2)) with arbitrary elements σ_p ∈ k^3Q(2, 2) and numbers x_p, y_p ∈ k such that x_1x_4 ≠ x_2x_3 and y_1y_4 ≠ y_2y_3. The following theorems are the main results of this paper:

Theorem 1. Let A = kQ/I be a two-point algebra without loops. Then the following are equivalent: (1) A is tame;

(2) A is a factor of an algebra of type T_1, T_2 or T_3; (3) A degenerates to a biserial algebra; (4) A/rad^3A is tame.

Theorem 2. Let A = kQ/I be a two-point algebra without loops. Then the following are equivalent: (1) A is wild;

(2) A has one of the algebras W_1, W_2, W_3 from the following list as a factor (up to isomorphism and duality); (3) A is controlled wild.

quiver Q generators of the ideal I

•1 • 2

•1 • 2

•1 • 2

W_1

W_2

W_3

� � α_1, α_2, α_3

� � α_1, α_2

β_1 � � α_1, α_2

β_1, β_2 β_1α_1, β_1α_2.

β_1α_1, β_1α_2, β_2α_1, β_2α_2, α_1β_1, α_1β_2 − α_2β_1.

2 Tameness and wildness

Lemma 1. The algebras W_1, W_2 and W_3 are controlled wild.

Proof. It is well-known that the algebra W_1 is wild hereditary. Using covering theory ([BG], [DS], [Ga2], [MP]), we will prove that the remaining two algebras are controlled wild. In case of W_2, we construct a Galois covering ~W_2 with Galois group Z given by the quiver

1 1 1 1

2 2 2 α_2 α_2 α_2 α_1 α_1 α_1 β_1 β_1 β_1

� � � � � � � � �

� � � � � �

· · · · · · � � � � �

and the relations α_1β_1 = 0 = α_2β_1. Then ~W_2 has a wild hereditary algebra of type ~A_2 as factor (indicated by thick lines in the figure above). By [H; Theorem (3.3)], the algebra W_2 is controlled wild with controlling index c(W_2) ≤ 1.

For the algebra W_3, we construct the universal covering ~W_3. Its Galois group is the free group (non-commutative) with two generators. The following figure shows only a finite part of the quiver of ~W_3, and the relations are the same as for the algebra W_3.

� � � �

� � � �

� � � � � � � �

� � � � � � � � � � � � � � � � � � � � �

�

� � � � � �

� �

α_2 α_2 α_1 α_1 β_2 β_2

β_1 β_1

� � � � � � � � � � � � � � � � � � � � � �

� � � �

� � � � � � � �

� � � � � � � � � � α_2 α_2 α_1 α_1 β_2 β_2

β_1 β_1 α_2 α_1 β_2

β_1

� � �

� � �

� � � �

� �

� �

�

�

Now ~W_3 has a wild concealed algebra of type ~E_8 as factor (indicated by thick lines in the figure above). By [H; Theorem (3.3)], the algebra W_3 is controlled wild with controlling index c(W_3) ≤ 17. �

Lemma 2. The algebras of type T_1, T_2 and T_3 degenerate to biserial algebras, and they are tame.

Proof. Let A be of type T_1. Given an element δ ∈ k^3Q(2, 1), we write δ = ∑ m≥3 δ_m where each δ_m is homogeneous of degree m (i.e., is a linear combination of paths of length m). Then for ξ ∈ k we set δ(ξ) = ∑ m≥3 ξ^{m−2}δ_m.

Further, we define λ(ξ) = α_1β_1 + σ_1(ξ) and ρ(ξ) = β_1α_1 + σ_2(ξ). Finally, we denote by A(ξ) the algebra kQ(2, 1)/J(ξ), where J(ξ) is the ideal of kQ(2, 1) generated by k^nQ(2, 1) and λ(ξ), ρ(ξ), σ_p(ξ), p ≥ 3. Clearly A = A(1), and for ξ ≠ 0 all the algebras A(ξ) are isomorphic to A. Thus the algebra A degenerates to the algebra A(0) which is a string algebra ([BR]). By Geiß’s Theorem we have that A is tame. (Of course, we may also apply [CB; Theorem B]). Similarly, an algebra A of type T_2 also degenerates a string algebra, thus it is tame, and an algebra A of type T_3 degenerates to the algebra A(0) = kQ(2, 2)/(α_1β_1, α_2β_2, (x_1β_1 +x_2β_2)(y_1α_1 +y_2α_2), (x_3β_1 +x_4β_2)(y_3α_1 + y_4α_2), k^nQ(2, 2)) with x_p, y_p ∈ k, x_1x_4 ≠ x_2x_3 and y_1y_4 ≠ y_2y_3. By replacing y_1α_1 + y_2α_2 and y_3α_1 + y_4α_2 with α_1 and α_2, one sees that A(0) is isomorphic to the algebra T := kQ(2, 2)/((z_1α_1 + z_2α_2)β_1, (z_3α_1 + z_4α_2)β_2, (x_1β_1 + x_2β_2)α_1, (x_3β_1 + x_4β_2)α_2, k^nQ(2, 2)). Choosing an appropriate bisection of the quiver Q(2, 2), the algebra T becomes a balanced homogeneous model biserial algebra, thus it is tame ([CB,VFCB]). �

3. Classification

Recall that we are dealing with algebras with quiver Q = Q(i, j). It is well-known that in the cases (i, j) = (1, 0), (0, 1) or (1, 1) the finitedimensional algebras with underlying quiver Q(i, j) are of finite representation type. Furthermore, for (i, j) = (2, 0) or (0, 2), the corresponding algebra kQ(i, j) is just the Kronecker algebra, hence tame. If i ≥ 3 or j ≥ 3 then each algebra with quiver Q(i, j) admits the wild algebra W_1 as a factor. Clearly, for all the cases above our theorems hold. Thus it remains to consider the cases (i, j) = (2, 1) and (2, 2) (The case (i, j) = (1, 2) is dual to the case (i, j) = (2, 1)).

We say that the algebra A^′ = kQ/I^′ is obtained from A = kQ/I by arrows replacement if I^′ is obtained from I by substituting γ_1 and γ_2 with x_1γ_1 +x_2γ_2 and x_3γ_1 + x_4γ_2 respectively, where γ_1 and γ_2 are two different arrows in Q with the same start point and end point, and x_p are elements in k satisfying x_1x_4 − x_2x_3 ≠ 0. Moreover, we say that the algebra A^′ = kQ/I^′ is obtained from A = kQ/I by relations replacement if I^′ is obtained from I by replacing λ_1 and λ_2 with x_1λ_1 + x_2λ_2 and x_3λ_1 + x_4λ_2 respectively, where λ_1 and λ_2 are two generators of I, and x_p are elements in k satisfying x_1x_4 − x_2x_3 ≠ 0. Clearly, in both cases the algebra A^′ is isomorphic to A.

First, we consider two-point algebras with quiver Q(2, 1).

Lemma 3. Let A = kQ/I be a two-point algebra with quiver Q = Q(2, 1). Then, up to isomorphism and duality, either A is a factor of an algebra of type T_1 or T_2, or A has the algebra W_2 as its factor.

Proof. Denote by m (resp. n) the dimension of the k-vector space (I/k^3Q) ∩ ((kQ/k^3Q)(1, 1)) (resp. (I/k^3Q) ∩ ((kQ/k^3Q)(2, 2))). Note that m = 2 − dim_k rad^2P_A(1)/rad^3P_A(1), n = 2 − dim_k rad^2P_A(2)/rad^3P_A(2), and 0 ≤ m, n ≤ 2, where P_A(1) and P_A(2) are the indecomposable projective A-modules corresponding to the vertices 1 and 2 respectively. Up to duality, we can assume that m ≤ n. If m = 0 or n = 0 then A has the algebra W_2 or its dual as a factor.

Case (m, n) = (1, 1): Take λ = x_1α_1β_1 + x_2α_2β_1 + σ_1 to be an element in I with x_1, x_2 ∈ k and σ_1 ∈ k^3Q such that λ̄ = x_1ᾱ_1β̄_1 + x_2ᾱ_2β̄_1 is a k-basis of (I/k^3Q) ∩ ((kQ/k^3Q)(2, 2)). Through arrows replacement, namely replacing x_1α_1 + x_2α_2 with α_1, and replacing α_1 with α_2 in case x_2 = 0, we can choose the relation λ to be α_1β_1 + σ_1. Take ρ = y_1β_1α_1 + y_2β_1α_2 + σ_2 to be an element in I with y_1, y_2 ∈ k and σ_2 ∈ k^3Q such that ρ̄ = y_1β̄_1ᾱ_1 + y_2β̄_1ᾱ_2 is a k-basis of (I/k^3Q) ∩ ((kQ/k^3Q)(1, 1)). If y_2 ≠ 0, then replacing xα_1 + yα_2 with α_2 yields an algebra of type T_2. If y_2 = 0, then A is an algebra of type T_1.

Finally, for n = 2, the algebra A is a factor of a two-point algebra with quiver Q(2, 1) and (m, n) = (1, 1), therefore, up to isomorphism and duality, A is a factor of an algebra of type T_1 or T_2. �

Next, we consider two-point algebras with quiver Q(2, 2)

Lemma 4. Let A = kQ/I be a two-point algebra with quiver Q = Q(2, 2). Then, up to isomorphism and duality, either A is a factor of an algebra of type T_3, or A has the algebra W_2 or W_3 as a factor.

Proof. Again denote by m (resp. n) the dimension of the k-vector space (I/k^3Q) ∩ ((kQ/k^3Q)(1, 1)) (resp. (I/k^3Q) ∩ ((kQ/k^3Q)(2, 2))). Up to duality, we can assume that n ≤ m. Obviously 0 ≤ m, n ≤ 4.

Case (m, n) = (4, 1): Since m = 4, the ideal I contains elements β_1α_1 + σ_1, β_1α_2 + σ_2, β_2α_1 + σ_3 and β_2α_2 + σ_4 for some σ_p ∈ k^3Q. Take ρ = x_1α_1β_1 + x_2α_1β_2 + x_3α_2β_1 + x_4α_2β_2 + σ_5 to be an element in I such that ρ̄ is a k-basis of (I/k^3Q) ∩ ((kQ/k^3Q)(2, 2)). Through arrows replacement, it is easy to see that A has the algebra W_2 or W_3 as its factor. In fact, we distinguish the following two cases: If the vectors (x_1, x_2) and (x_3, x_4) are linearly dependent, then we replace the arrows β_1, β_2 such that ρ has the form ρ = x^′_2α_1β_2+x^′_4α_2β_2+σ^′_5, and hence A has the algebra W_2 as factor. If (x_1, x_2) and (x_3, x_4) are linearly independent, then we apply an arrows replacement on β_1, β_2 such that ρ has the form ρ = x^′_1α_1β_1 + x^′_2α_1β_2 + x^′_2α_2β_1 + σ^′_5. Then the algebra A has W_3 as factor.

Case n ≤ 1: In this case, the algebra A has a two-point algebra with quiver Q(2, 2) and (m, n) = (4, 1) as factor, hence it admits one of W_2 or W_3 as its factor.

Case (m, n) = (3, 3): Let ρ_1 = β_1α_1 + x_1β_1α_2 + σ_1, ρ_2 = β_2α_2 + x_2β_1α_2 + σ_2 and ρ_3 = β_2α_1 + x_3β_1α_2 + σ_3 with σ_p ∈ k^3Q be elements in I such that {ρ̄_1, ρ̄_2, ρ̄_3} is a k-basis of (I/k^3Q) ∩ ((kQ/k^3Q)(1, 1)). Through arrows replacement, we can choose ρ_1 = β_1α_1 + σ_1 and ρ_2 = β_2α_2 + σ_2. Further take elements λ_1, λ_2 and λ_3 in I such that {λ̄_1, λ̄_2, λ̄_3} is a k-basis of (I/k^3Q) ∩ ((kQ/k^3Q)(2, 2)). By relations replacement we obtain one of the following possibilities: Either λ_1 = α_1β_1 + y_1α_2β_2 + σ_4, λ_2 = α_1β_2 + y_2α_2β_2 + σ_5 and λ_3 = α_2β_1 + y_3α_2β_2 + σ_6, or λ_1 = α_1β_2 + y_1α_1β_1 + σ_4, λ_2 = α_2β_1 + y_2α_1β_1 + σ_5 and λ_3 = α_2β_2 + y_3α_1β_1 + σ_6, or λ_1 = α_1β_1 + y_1α_2β_1 + σ_4, λ_2 = α_1β_2 + y_2α_2β_1 + σ_5 and λ_3 = α_2β_2 + y_3α_2β_1 + σ_6, or λ_1 = α_1β_1 + y_1α_1β_2 + σ_4, λ_2 = α_2β_1 + y_2α_1β_2 + σ_5 and λ_3 = α_2β_2 + y_3α_1β_2 + σ_6. In any case, up to isomorphism and duality, A is a factor of an algebra of type T_3.

Case n ≥ 3: In this case, the algebra A must be a factor of a two-point algebra with quiver Q(2, 2) and (m, n) = (3, 3), therefore, up to isomorphism and duality, A is a factor of an algebra of type T_3.

In the following, we always assume that n = 2, and we take elements λ_1, λ_2 in I such that {λ̄_1, λ̄_2} is a k-basis of (I/k^3Q) ∩ ((kQ/k^3Q)(2, 2)). Up to isomorphism, we can choose the coefficient of α_1β_1 in λ_1 to be 1. then we obtain the following possibilities: either λ_1 = α_1β_1 +x_1α_2β_1 +x_2α_2β_2 +σ_1 and λ_2 = α_1β_2 + y_1α_2β_1 + y_2α_2β_2 + σ_2, or λ_1 = α_1β_1 + x_1α_1β_2 + x_2α_2β_2 + σ_1 and λ_2 = α_2β_1 + y_1α_1β_2 + y_2α_2β_2 + σ_2, or λ_1 = α_1β_1 + x_1α_1β_2 + x_2α_2β_1 + σ_1 and λ_2 = α_2β_2 +y_1α_1β_2 +y_2α_2β_1 +σ_2. Through arrows replacement and relations replacement, we can show that either A has the algebra W_2 or W_3 as a factor, or that the relations have the form λ_1 = α_1β_1 + σ_1 and λ_2 = α_2β_2 + σ_2.

We suppose from now on that λ_1 = α_1β_1 + σ_1 and λ_2 = α_2β_2 + σ_2. If m ≥ 3 then it is easy to see that A must be a factor of an algebra of type T_3. Thus we only need consider the case m = 2. Take elements ρ_1 and ρ_2 in I such that {ρ̄_1, ρ̄_2} is a k-basis of (I/k^3Q) ∩ ((kQ/k^3Q)(1, 1)). The following cases have to be considered: ρ_1 = β_1α_1 + x_1β_2α_1 + x_2β_2α_2 + σ_3 and ρ_2 = β_1α_2 + y_1β_2α_1 + y_2β_2α_2 + σ_4, or ρ_1 = β_1α_1 + x_1β_1α_2 + x_2β_2α_2 + σ_3 and ρ_2 = β_2α_1 + y_1β_1α_2 + y_2β_2α_2 + σ_4, or ρ_1 = β_1α_1 + x_1β_1α_2 + x_2β_2α_1 + σ_3 and ρ_2 = β_2α_2 + y_1β_1α_2 + y_2β_2α_1 + σ_4. As above, by arrows replacement and relations replacement one can show that either A has the algebra W_2 or W_3 as a factor, or A is an algebra of type T_3. �

Example. We consider the algebra A = kQ(2, 2)/(α_1β_1 − α_2β_2, α_2β_1 − α_1β_2, β_1α_1, β_2α_2, k^nQ(2, 2)). Denote by ρ and λ the relations α_1β_1 − α_2β_2 and α_2β_1 − α_1β_2 respectively. Replacing ρ + λ by ρ, we can choose ρ = (α_1 + α_2)(β_1 −β_2). In case char k = 2, we rewrite λ as λ = α_2(β_1 −β_2)−(α_1 +α_2)β_2 and, replacing α_1 + α_2 and β_1 − β_2 with α_1 and β_1 respectively, one sees that the algebra A has a factor which is isomorphic to the dual of W_3, hence A is wild. In case chark ≠ 2, however, replacing 2λ − ρ with λ, we have λ = (−α_1 + α_2)(β_1 + β_2), i.e. the algebra A is of typ.e T_3, thus it is tame. This example also shows that if an algebra with quiver Q(2, 2) is not of the form as the algebras W_p and T_p then its representation type depends on the characteristic of the field k.

Proof of Theorem 1. By Lemma 1, Lemma 2, Lemma 3 and Lemma 4, we have (1) ⇔ (2) ⇔ (3). (1) ⇒ (4) is trivial. Note that all W_1, W_2 and W_3 are radical cube zero. Therefore if A is wild then A/rad^3A is wild, i.e. (4) ⇒ (1). �

Proof of Theorem 2. By Lemma 1, Lemma 2, Lemma 3 and Lemma 4, we have (1) ⇒ (2) ⇒ (3). By [H; Proposition (2.2)], (3) ⇒ (1). �

Acknowledgements

The research was done during the visit of the second author to Bielefeld University. The financial support of the SFB 343 and the hospitality of Bielefeld University are gratefully acknowledged.

References

[BD] V.M. Bondarenko and J.A. Drozd, Representation type of finite groups, Zap.

Naučn. Sem. LOMI 71 (1977), 24–41.

[BG] K. Bongartz and P. Gabriel,Covering spaces in representation-theory, Invent.

Math. 65 (1982), 331–378.

[Br] S. Brenner, Decomposition properties of some small diagrams of modules, Symposia Mathematica Ist. Naz. Alta Mat. 13 (1974), 127–141.

[BR] M.C.R. Butler and C.M. Ringel, Auslander-Reiten sequences with few middle terms and applications to string algebras, Comm. Algebra 15 (1987), 145–179.

[CB] W. Crawley-Boevey, Tameness of biserial algebras, Arch. Math. 65 (1995), 399– 407.

[D] Yu.A. Drozd, Representations of commutative algebras, Funct. Analysis and its Appl. 6 (1972), Engl. transl. 286–288.

[DG] P. Draxler and Ch. Geiss, On the tameness of certain 2-point algebras, CMS Conf. Proc. Vol. 18 (1996), 189–199.

[DS] P. Dowbor and A. Skowroński, Galois covering of representation-infinite algebras, Comment. Math. Helv. 62 (1987), 311–337.

[Ga1] P. Gabriel, Auslander-Reiten sequences and representation-finite algebras, In:

Representation Theory I, Springer Lecture Notes 831, 1980, 1–71.

[Ga2] P. Gabriel, The universal cover of a representation-finite algebra, Springer Lecture Notes 903, 1980, 68–105.

[Ge1] Ch. Geiss, Tame distributive two-point algebras, CMS Conf. Proc. Vol. 14 (1993), 193–204.

[Ge2] Ch. Geiss, On degenerations of tame and wild algebras, Arch. Math. 64 (1995), 11–16.

[GP] I.M. Gelfand and V.A. Ponomarev, Indecomposable representations of the Lorentz group, Usp. Mat. Nauk 23 (1968), 3–60.

[H] Y. Han, Controlled wild algebras, To appear.

[HM] M. Hoshino and J. Miyachi, Tame two-point algebras, Tsukuba J. Math. 12 (1988), 65–96.

[HR] A. Heller and I. Reiner, Indecomposable representations, Ill. J. Math. 5 (1961), 314–323.

[MP] R. Martinez-Villa and J.A. de la Peña, The universal cover of a quiver with relations, J. Pure Appl. Algebra 30 (1983), 277–292.

[R1] C.M. Ringel, The indecomposable representations of the dihedral 2-groups, Math. Ann. 214 (1975), 19–34.

[R2] C.M. Ringel, The representation type of local algebras, Springer Lecture Notes 488, 1975, 282–305.

[VFCB] R. Vila-Freyer and W. Crawley-Boevey, The structure of biserial algebras, J.

London Math. Soc. 57 (1998), 41–54.

Thomas Brüstle Fakultät für Mathematik, Universität Bielefeld P.O.Box 100 131, D – 33501 Bielefeld, Germany E-mail: bruestle@mathematik.uni-bielefeld.de http://www.mathematik.uni-bielefeld.de/~bruestle/ Yang Han Institute of Systems Science Chinese Academy of Sciences Beijing 100080, P.R.China E-mail: yanghan@lsc02.iss.ac.cn