L^p-Uniqueness for Infinite Dimensional Symmetric Kolmogorov Operators:

The Case of Variable Diffusion Coefficients

Vitali Liskevich

School of Mathematics University of Bristol University Walk Bristol BS8 1TW United Kingdom

Michael Röckner

Fakultät für Mathematik Universität Bielefeld Postfach 100131 33501 Bielefeld Germany

Zeev Sobol

School of Mathematics University of Bristol University Walk Bristol BS8 1TW United Kingdom

Oleksiy Us

School of Mathematics University of Bristol University Walk Bristol BS8 1TW United Kingdom

Abstract. The problem of strong uniqueness in L^p for infinite dimensional Kolmogorov operators is studied. The case of variable diffusion coefficients is considered. An analytic approach based on a priori estimates is employed. An application which is not covered by previous results is presented.

Key words and phrases: Infinite dimensional Kolmogorov equation, strong uniqueness, Dirichlet form, C_0-semigroup, a priori estimate.

Mathematics Subject Classification: 35R15, 47B25, 47B44, (primary), 31C25, 60H15 (secondary). 1

1 Introduction

In this paper we study the Cauchy problem for infinite dimensional symmetric Kolmogorov operators of the form

Lu = ∑ k,j a_{kj}

∂^2u ∂x_j ∂x_k + ∑ k,j ∂a_{kj} ∂x_k ∂u ∂x_j + ∑ k,j β^μ_k a_{kj} ∂u ∂x_j , where u ∈ FC^∞_b , i.e. the set of smooth finitely based functions on a locally convex vector space X. Here the entries of the symmetric positive definite diffusion matrix (a_{kj}) are functions on X satisfying certain conditions specified below, and β^μ is the logarithmic derivative of a given probability measure μ on X. This operator is associated with the pre-Dirichlet form

E[u, v] = ∑ k,j ∫ X a_{kj} ∂u ∂x_k ∂v ∂x_j dμ = − ∫ X Lu vdμ, u, v ∈ FC^∞_b .

Let L be the Friedrichs extension of L on L^2(X, μ). It is well-known that the semigroup e^{tL} is sub-Markovian (i.e. positive and L^∞-contractive). Thus e^{tL} ↾ L^∞ extends to a C_0-semigroup on every L^p(X, μ) for every p ≥ 1, with generator L̂_p. Hence the Cauchy problem ∂u ∂t = L̂_pu, u(0) = f,

is well-posed in L^p, and its solution is given by

u(t) = e^{tL̂p} f.

However, one should realize that the above procedure is only one of the possibilities to solve the Cauchy problem related to the operator L with domain FC^∞_b . More precisely, there might be other closed extensions of L generating C_0-semigroups on L^p. The aim of this paper is to give geometric conditions on a_{kj} and on the “large” part of the logarithmic derivative (cf. the next section) implying that L̂_p is the only such extension. We would like to mention that by a result due to W.Arendt (see [13], Theorem AII, 1.33) this uniqueness is equivalent to the property that FC^∞_b is a core of the operator L̂_p.

Our main result is formulated in Theorem 2.2 in the next section to which we also refer for the precise framework. In Section 3 we present the proof of the result on strong uniqueness which is based on a-priori estimates for the first order derivatives of solutions of elliptic equations with smooth coefficients. These estimates are derived in Section 4, whereas certain auxiliary results are contained in the Appendix.

The problem we treat is refered to as the strong uniqueness problem in L^p. There are numerous publications on this problem (for the case where X is infinite dimensional, which we are most interested in, see, e.g. [1, 2, 3, 4, 10] for the case p = 2 and a_{kj} = δ_{kj}, [5, 8] for p ≥ 1, a_{kj} = δ_{kj}, [7] for variable a_{kj} if p = 2, and [9] for arbitrary p). In [8] an approach was developed to combine the conditions on the logarithmic derivative from [3] and [10]. However, due to technical difficulties certain restrictions on the “large” part were imposed. The present paper is an extension and generalization of the main result in [8] in several directions. Firstly, we consider variable diffusion coefficients a_{kj}, and the matrix (a_{kj}) is not supposed to be uniformly bounded and uniformly elliptic. Secondly, we remove the said restrictions on the logarithmic derivative (see condition (ii(b)) of Theorem 2.2 below in comparison with condition (iv) of Theorem 1 in [8]). This was possible due to a new method of obtaining estimates for gradients of smooth approximating solutions. In comparison with [9], apart from the greater generality of the results in the present paper, we simplified the framework in order to make the conditions used more transparent. For illustration of the main result of this paper we include an application which could not be treated by previous results.

2 Framework and Main Results

Let X be a separable locally convex Hausdorff topological vector space such that its topological dual X^∗ contains a sequence (l_n)_{n∈N} of linearly independent functionals separating points. We assume that X is Souslinean, hence l_n, n ∈ N, generate the Borel σ-algebra B(X) of X (cf. [14]).

Given N ∈ N and m ∈ N ∪ {∞}, let UC^m_b := UC^m_b (R^N ) stand for the class of m-times differentiable functions on R^N , whose derivatives up to order m are bounded and uniformly continuous. Now let

FC^{m,u}_b (R^N ) := {f(l_1, . . . , l_N ) : f ∈ UC^m_b (R^N )}.

¿From now on FC^{m.u}_b := ∪_N FC^{m,u}_b (R^N ) and FC^∞_b := FC^{∞,u}_b .

Let μ be a probability measure on B(X). Suppose that supp μ = X. For 1 ≤ p ≤ ∞ let L^p = (real) L^p(X, μ). Since B(X) = σ(l_n, n ∈ N), the set FC^∞_b is dense in L^p for all p ∈ [1, ∞). Throughout the paper we use the following notation: ‖·‖_p is the norm in L^p, ⟨·, ·⟩ is the inner product in L^2, and ⟨f⟩ = ∫ fdμ.

Let (e_k)_{k∈N} ⊂ X be the unique sequence of linearly independent vectors such that l_m(e_k) = δ_{mk}, m, k ∈ N and μ is differentiable along every e_k in the sense that there exist measurable functions (β^μ_k )_{k∈N} in L^2, satisfying

⟨ ∂v ∂e_k ⟩ = −⟨v, β^μ_k ⟩, v ∈ FC^{1,u}_b , k ≥ 1.

β^μ_k is called directional logarithmic derivative of μ along e_k. Further on we treat (e_k)_{k∈N} as the canonical basis in the space R^N of all real sequences. Hence, we identify the linear span of (e_k)_{k∈N} with the space R^{fin} of all finite sequences. The space R^{fin} can be considered as the tangent space T_xX to X for all x ∈ X in the sense that we shall take derivatives only along the elements of R^{fin}. We introduce the spaces (H_0, (·, ·)_0) = l^2, (H_+, (·, ·)_+) = l^2_{γk} and (H_−, (·, ·)_−) = l^2_{γ−1k} for a sequence (γ_k)_{k∈N} in (0, +∞) (where l^2_{γk} := {h ∈ R^N : ∑ k h^2_kγ^2_k < ∞} and l^2_{γ−1k} is defined in the same way). It is obvious that H_+ and H_− are mutually dual w.r.t. the (·, ·)_0-duality pairing.

For N ∈ N we define the projection P_N : R^N → R^{fin}:

P_N h := N∑ k=1 h_ke_k.

Here and below we denote the linear span of (e_k)^N_{k=1} by R^N . This notation is consistent with the definition of FC^{m,u}_b (R^N ) since for x ∈ X we have

P_N x := N∑ k=1 l_k(x)e_k.

For u ∈ FC^{1,u}_b , u(x) = f(P_N x) let ∇u stand for the Frechet derivative of u:

∇u(x) := N∑ k=1 ∂f ∂e_k

(P_N x)e_k ∈ R^N .

Furthermore, if u ∈ FC^{2,u}_b then D^2u stands for the second derivative of u:

D^2u(x) := N∑ k,m=1

∂^2f ∂e_k∂e_m

(P_N x)e_k ⊗ e_m.

We introduce the following notation: ∇_k :=^∂_{∂ek} , ∇^2_{kj} :=^{∂2}_{∂ek∂ej} . Let {a_{kj}, k, j ∈ N} be a family of cylindric functions on X. The following conditions (A0) -(A4) on (a_{kj}) are assumed to hold throughout the paper.

(A0) For every N ∈ N the matrix (a_{kj}(x))^N_{k,j=1} is symmetric and uniformly elliptic. For every i ∈ N there exists ε_i ∈ (0, ∞), such that for μ–a.e. x ∈ X, ∞∑ k,j=1

a_{kj}(x)h_kh_j ≥ ε_ih^2_i , ∀h = (h_k)_{k∈N} ∈ R^{fin},

and the completion H_a(x) of R^{fin} with respect to the norm ‖ · ‖_a := (·, ·)^{1/2}a , where

(h, g)_a(x) := ∞∑ k,j=1

a_{kj}(x) h_k g_j, g, h ∈ R^{fin}, embeds one–to–one and continuously into R^N (the latter being equipped with the product topology).

Note that assumption (A0) is fulfilled if the infinite matrix (a_{kj}(x))^∞_{k,j=1} is block diagonal and each block is uniformly elliptic. By HS and HS(a) we denote the spaces of Hilbert-Schmidt operators over H_0 and H_a respectively.

(A1) For every n ∈ N

a_{kj} ∈ FC^{1,u}_b (R^{Kn} ), k, j = 1, . . . , K_n,

for a sequence (K_n)_{n∈N} ⊂ N, K_n ↗ ∞.

(A2) For every k ∈ N

c̄_k := sup_{x∈X, j∈N} |a_{kj}|^2(x) < ∞.

For every k ∈ N we assume that β^μ_k can be decomposed as β^μ_k = ξ^μ_k + η^μ_k , with ξ^μ_k and η^μ_k Borel measurable and satisfying the following conditions.

(A3) The series η^μ(x) := ∑ k∈N η^μ_k (x)e_k converges in H_a(x) for a.a x ∈ X and

|η^μ − P_N η^μ|_a → 0 in L^2 as N → ∞.

Note that, for all k ≤ N < d, the Cauchy inequality gives | | | d∑ j=N a_{kj}η^μ_j | | | ≤ (_d∑ l=1 α^2_{kl}

) 1_2 (_d∑ l=1 (^d∑ j=N α_{jl}η^μ_j

)_2)^1_2 = √ a_{kk} |(P_d − P_N )η^μ|_a,

where (α_{jl})^d_{j,l=1} is the square root of the matrix (a_{jl})^d_{j,l=1}. Therefore (A3) implies that the series ∑ j≥1 a_{kj}η^μ_j converges in L^2 for all k ∈ N.

(A4)The series ξ^μ_{a;k} := ∑ j∈N (∇_j a_{kj} + a_{kj} ξ^μ_j ) is convergent in L^2 for all k ∈ N.

The latter enables us to introduce ξ^μ_a (x) := ∑ k≥1 ξ^μ_{a;k}(x)e_k ∈ R^N. ξ^μ_a is refered to as the “large” part of the collection (β^μ_k )_{k∈N} of the directional logarithmic derivatives of μ, since it is not a section of the “co-tangent bundle” (H_a(x))_{x∈X} .

For d ∈ N and x ∈ X we introduce the quantities υ_d(x) and ν_d(x):

υ^2_d(x) := sup_{|h|a≤1} d∑ i,j,k,l,m,n=1

a_{kl}(x)a^{mj} (x)(∇_ka_{ij} (x)h_i)(∇_la_{mn}(x)h_n), (1)

and ν^2_d (x) := sup_{|h|0≤1} d∑ i,j,k,l,m=1

(γ^{−2}_l a^{ij} (x)(∇_ka_{il}(x)γ_kh_k)(∇_ma_{jl}(x)γ_mh_m), (2) where h = (h_n)_{n∈N} and (a^{ij})^d_{n,j=1} is the matrix inverse to (a_{ij} )^d_{n,j=1} (which exists due to (A1)). Note that if a_{kj}(x) = δ_{kj}σ_k(x) one has

υ^2_d(x) = sup_m d∑ l=1 σ_l(x) ( ∇_lσ_m(x) σ_m(x)

)_2 . If one assumes, in addition, that σ_k(x) = σ_k(x_k), then

υ_d(x) = sup_k σ^{− 12}_k (x_k)|σ^′_k(x_k)| and ν_d(x) = sup_k

|σ^′_k(x_k)| σ_k(x_k) .

Consider the operator

Lv = ∑ k,j≥1

(a_{kj}∇^2_{kj}v + a_{kj}η^μ_j ∇_kv) + ∑ k≥1 ξ^μ_{a;k}∇_kv, v ∈ FC^∞_b .

Observe that since v is cylindric, it follows from (A1), (A3) and (A4) that Lv ∈ L^2 for all v ∈ FC^∞_b . Hence, the operator L is densely defined in L^2. Observe that the following equality holds:

−⟨Lu, v⟩ = ∑ k,j≥1

⟨a_{kj}∇_ku∇_jv⟩, u, v ∈ FC^∞_b . (3)

Indeed, for u, v ∈ FC^{2,u}_b we have − ∫ X v [^∞∑

k,j=1

a_{kj}∇^2_{kj}u + ∞∑ k=1 ∇_ku

(^∞∑ j=1 (∇_j a_{kj} + a_{kj}ξ^μ_j ) + ∞∑ j=1 a_{kj}η^μ_j )] dμ.

= − ∞∑ k,j=1 ∫ X v (∇_j + β^{mu}_j )(a_{jk}∇_ku)dμ,

since the sum in k is finite and the series in j converges in L^2 due to (A3) and (A4). Hence, (3) follows from the integration by parts formula. Therefore, L is a symmetric operator and the form

E[u, v] = ∑ k,j≥1

⟨a_{kj}∇_ku∇_jv⟩, u, v ∈ FC^∞_b

is a closable symmetric form on L^2 whose closure (E, D(E)) is a Dirichlet form (cf. [12] or [6] for the terminology). We will not distinguish between E and its closure unless it leads to confusions.

It follows from the Beurling-Deny criteria that E is associated with a family of consistent sub-Markovian C_0-semigroups of contractions e^{L̂pt} on L^p, 1 ≤ p < ∞. We refer the reader to [6, 12] for corresponding definitions and standard results. By construction L̂_2 ⊃ L (in fact L̂_2 is the Friedrichs extension of L). Moreover, the following simple statement holds.

Lemma 2.1. Let s = max(2, p). Then L̂_p ⊃ L provided |η^μ|_a, ξ^μ_{a;k} ∈ L^s for all k ∈ N.

Proof. Our assumptions imply that Lv ∈ L^2 ∩ L^p for all v ∈ FC^∞_b . Therefore,

Lv = L^p- lim_{t→0} 1 t ∫_t 0 e^{L̂ps}Lvds.

On the other hand,

∫_t 0 e^{L̂ps}Lvds =

∫_t 0 e^{L̂2s}Lvds =

∫_t 0 e^{L̂2s}L̂_2vds = e^{L̂2t}v − v = e^{L̂pt}v − v.

Thus, Lv = L^p-lim_{t→0}^1_t (e^{L̂pt}v − v) and L̂_p ⊃ L.

Now we are ready to formulate the main result of the paper. Recall that conditions (A1) - (A4) are still in force.

Theorem 2.2. Let p ≥ 1, (K_n) be as in (A1). Set s := p if η^μ ≡ 0, and s := max(2, p) otherwise. Let ξ^μ_{a;k} ∈ L^s for all k ∈ N and sup_n ‖ ν_n ‖_∞ < ∞.

Assume that

(i) there exists a sequence ξ^n_j ∈ FC^{1,u}_b (R^{Kn} ), j = 1, . . . , K_n, n ∈ N, such that

(a) |ξ^n − P_{Kn} ξ^μ_a |_− → 0 in L^s as n → ∞;

(b) there exists a constant c_+ ∈ R independent of n such that for all x, y ∈ R^{Kn} the following inequality holds

K_n∑

j,l=1

γ^2_l (∇_lξ^n_j )(x)y_j y_l ≤ c_+

K_n∑

k=1 γ^2_k y^2_k;

(ii) either η^μ = 0 or (a) sup_d ‖ υ_d‖_{2p} < ∞, |η^μ − P_N η^μ|_a → 0 in L^{2p} as N → ∞;

(b) there exist a sequence (ξ̂^m_j )_{m,j∈N} ⊂ FC^{1,u}_b and numbers ε_0 ∈ [0, 1) and c(ε_0) ∈ R such that ξ̂^m_j → ξ^μ_j as m → ∞ weakly in L^2 for every j ∈ N, and for all n ∈ N and w_j ∈ FC^{1,u}_b (R^n), j = 1, . . . , n, the following inequality holds

lim inf

m,d→∞ d∑ i,k=1 n∑ j,l=1

⟨(∇_kξ̂^m_j )a_{jl}w_l, a_{ki}w_i⟩

≤ ε_0 n∑ i,j,k,l=1

⟨a_{kj}∇_iw_j, a_{il}∇_kw_l⟩ + c(ε_0) n∑ j,k=1

⟨a_{kj}w_k, w_j⟩;

(c) p ∈ ( 3 − 3 1 + √ 1 + 3ε_0 , 2 ε_0 ) . Then the operator L ↾ FC^∞_b has a unique extension which generates a C_0- semigroup on L^p.

Remark. The uniqueness result in [8] can be obtained as a particular case of Theorem 2.2 if one puts a_{jk}(x) ≡ δ_{jk}. (Note the difference in the interval in the L^p-scale, which was incorrectly stated in [8], Theorem 3.) In [9] the special case of ξ^μ_k = 0, k ∈ N, was studied and strong L^p-uniqueness of the extension of L has been proved under weaker assumptions on the coefficients a_{jk}, namely, their derivatives need not be either continuous or bounded. If we confine ourselves to this situation then we can employ estimates (6) and (7) (see Proposition 3.3 below and note that in this case ε_0 = 0) and prove the uniqueness under the same assumptions as in [9].

3 Proof of Uniqueness

Our strategy to prove the uniqueness result is as follows. We take an arbitrary extension L̂ ⊃ L ↾ FC^∞_b , which generates a C_0-semigroup on L^p. Then we take sequences (ξ^m_j ), (η^m_j ) ⊂ FC^{1,u}_b and deal with the corresponding family of Cauchy problems: { u^{(m)}_t =

∑_{Km}

k,j=1(ajk∇ 2 kju^{(m)} + a_{kj}η^m_j ∇_ku^{(m)}) + ∑ k≥1 ξ^m_k ∇_ku^{(m)} u^{(m)}(0) = f,

with an arbitrary 0 ≠ f ∈ FC^∞_b and (K_m) as in (A1). Then we show that u^{(m)}(t) → e^{L̂pt}f strongly in L^p provided ξ^m_j , η^m_j approximate ξ^μ_{a;j}, η^μ_j , j ∈ N in a proper way. This will prove strong uniqueness for the generator. The core of the proof is estimates for the gradient ∇u of the solution u to the following Cauchy problem over R^K { u_t = L_{ξ,η}u :=

∑_K

k,j=1(akj∇ 2 kju + a_{kj}η_j ∇_ku) +

∑_K k=1 ξ_k∇_ku, t > 0, u(0) = f, (4) with a uniformly elliptic matrix (a_{jk})^K_{j,k=1}, a_{jk}, ξ_j ∈ UC^1_b (R^K ), j, k = 1, . . . , K, N < K, η_j ∈ UC^1_b (R^N ), j = 1, . . . , N, η_j ≡ 0, j = N + 1, . . . , K, f ∈ C^∞_b (R^K ).

In order to obtain the required estimates we need the following result from [11].

Proposition 3.1. ([11], 3.1.9, 3.1.17, 3.1.18.) Set D = {u ∈ ∩_{p≥1}W^{2,p}_{loc} (R^K ) : u, L_{ξ,η}u ∈ C_b(R^K )}. Then

(i) L_{ξ,η} ↾ D generates a positive analytic semigroup U(t) on C_b , which is continuous at zero on elements from D̄ = UC_b(R^K ). In particular, problem (4) has a unique classical solution u ∈ C_b (in the sense of [11], 4.1.1(iii));

(ii) the functions t → u(t) and t → L_{ξ,η}u(t) are analytic (0, ∞) → C^1_b (R^K ) and u(t) → f, L_{ξ,η}u(t) → L_{ξ,η}f in C^1_b (R^K ) as t → 0;

(iii) For all t ≥ 0 we have u(t) ∈ ∩_{p≥1}W^{3,p}_{loc} ∩ UC^2_b .

By the maximum principle we have ‖u‖_∞ ≤ ‖f‖_∞. The estimates are given in the following two propositions.

Proposition 3.2. Let u be the solution to (4). Assume that there exists a constant c_+ independent of x such that for all x, y ∈ R^K the inequalities K∑ j,l=1

γ^2_l (∇_lξ_j)(x)y_j y_l ≤ c_+ K∑ k=1 γ^2_k y^2_k,

ν_K (x) ≤ c_+

hold (ν_K is as in (2)). Then

‖ |∇u|_+‖_∞ ≤ exp(C_+t)‖ |∇f|_+‖_∞,

with C_+ = c_+ +^1_4 c^2_+ +

( ∑_N

k=1 c̄_k

) 1_2 ‖ |∇η|_{HS}‖_∞ + c_+‖ |η|_a‖_∞ and η = (η_1, . . . , η_K ) (recall that |h|^2_+ = ∑ k≥1 γ^2_kh^2_k, h ∈ H_+).

Proposition 3.3. Let u be the solution to (4). For 3 −^3_{1+}^√_{1+3ε0} < p <^2_{ε0} set s = max(p, 2). Let sup_d ‖υ_d‖_{2p} < ∞, |η^μ − P_dη^μ|_a → 0 in L^{2p} as d → ∞ and ξ^μ_{a;k} ∈ L^s, k = 1, . . . , K. Set G_p := ‖ |η|_a + |η^μ|_a‖^{2p}_{2p} + sup_d ‖υ_d‖^{2p}_{2p}. Let C_+ be as in

Proposition 3.2. Then there exists a constant C_{ε0,p} > 0, depending only on p and ε_0, such that

∫_t 0 ‖ |∇u|_a‖^{2p}_{2p}(τ)dτ ≤ C_{ε0,p} [ t‖f‖^{2p}_∞ ( G_p + 1 ) + ‖f‖^2_∞‖ |∇f|_a‖^{2p−2}_{2p−2} + e^{sC+t} − 1 sC_+

‖f‖^p_∞‖ |∇f|_+‖^p_∞‖ |P_K ξ^μ_a − ξ|_−‖^p ] . (5)

(Recall that |∇u|^2_a =

∑_K

k,j=1 akj∇ku∇ju.)

Furthermore, for p = 2,

∫_t 0 ‖ |AD^2u|_{HS(a)}‖^2(τ)dτ ≤ C_{ε0} [ ‖f‖^2_∞t(G_2 + 1) + ‖ |∇f|_a‖^2 + e^{2C+t} − 1 2C_+

‖ |∇f|_+‖^2_∞‖ |P_Kξ^μ_a − ξ|_−‖^2 ] . (6)

and, for 3 −^3_{1+}^√_{1+3ε0} < p < 2,

∫_t 0 ‖ |AD^2u|_{HS(a)}‖^p(τ)dτ ≤ C_{p,ε0} [ t‖f‖^p_∞(G_p + 1) + ‖f‖^{2−p}_∞ ‖ |∇f|_a‖^{2p−2}_{2p−2}

+ ‖f‖^{p−2}_∞ e^{2C+t} − 1

2C_+

‖ |∇f|_+‖^2_∞‖ |P_K ξ^μ_a − ξ|_−‖^2 ] , (7)

where |AD^2u|^2_{HS(a)} =

∑_K

i,j,k,m=1 aij akm∇ 2 jku∇^2_{mi}u.

We postpone the proof of Propositions 3.2 and 3.3 till the next section.

Proof of Theorem 2.2. Let f ∈ FC^∞_b . For N ≥ 1 let η^N_j ∈ FC^∞_b (R^N ), j = 1, . . . , N satisfy ‖ |η − η^N |_a‖_{2p} ≤ 1/N, with η^N := ∑ j η^N_j e_j .

Let (ξ^n_k ) be the sequence satisfying condition (i) of the theorem. Choose n to be such that K_n ≥ N.

By u^{(Nn)} we denote the solution to the Cauchy problem on R^{Kn} { u^{(Nn)}_t = L_ξn_{,η}N u^{(Nn)} =: L_{Nn}u^{(Nn)}, u^{(Nn)}(0) = f (8)

Let L̂ with D(L̂) stand for an arbitrary extension of L ↾ FC^∞_b , which generates a C_0-semigroup on L^p. It is easy to show that D(L̂) ⊃ FC^{2,u}_b and

L̂u = ∑ k,j≥1

(a_{kj}∇^2_{kj}u + a_{kj}η^μ_j ∇_ku) + ∑ k≥1 ξ^μ_{a;k}∇_ku, u ∈ FC^{2,u}_b .

It follows from Proposition 3.1(ii)-(iii), that the function s → e^{L̂(t−s)}u^{(Nn)}(s) is a continuously differentiable map [0, t] → L^p. Thus we arrive at the Duhamel formula

u^{(Nn)}(t) − e^{tL̂}f = e^{(t−τ )L̂}u^{(Nn)}(τ)|^{τ =t}_{τ =0} =

∫_t 0 e^{(t−τ )L̂}(L̂ − L_{Nn})u^{(Nn)}(τ)dτ.

Since L̂ is the generator of a C_0-semigroup on L^p there exist numbers M, γ ∈ R, such that ‖e^{tL̂}‖_Lp_{→L}p ≤ Me^{tγ} .

Now we have

‖e^{tL̂}f − u^{(Nn)}(t)‖_p ≤ Me^{tγ} [ ‖ |ξ^n − P_{Kn} ξ^μ_a |^2_−‖_s

∫_t 0 ‖ |∇u^{(Nn)}|_+‖_∞dτ

+ ‖ |η^μ − η^N |_a‖_{2p}

∫_t 0 ‖ |∇u^{(Nn)}|_a‖_{2p}dτ ] . (9)

In order to complete the proof of the theorem we need to show that

lim_{N→∞} lim sup n→∞ ‖e^{−tL̂}f − u^{(Nn)}(t)‖_p = 0.

If η^μ_k = 0 for all k, then one can take η^N_k = 0 and the result follows from

Proposition 3.2 since ‖ |∇u^{(Nn)}|_+‖_∞(t) ≤ e^{(c++ c} 2 + 4 )t‖ |∇f|

+‖_∞.

In case η^μ_k ≠ 0 we employ Propositions 3.2 and 3.3 with the constant

C_+ = C_+(N) = c_+ + 1 4 c^2_+ +

(^N∑ k=1 c̄_k ) ‖ |∇η^N |_{HS} ‖_∞ + c_+‖ |η^N |_a‖_∞

to estimate ‖ |∇u^{(Nn)}|_+‖_∞ and

∫_t 0 ‖ |∇u^{(Nn)}|_a‖_{2p}ds. Then we get

lim sup n→∞ ‖e^{tL̂}f − u^{(Nn)}(t)‖_p ≤ C‖ |η^μ − η^N |_a‖_{2p} [ ‖ f‖_∞t(‖ |η^μ|_a + |η^N |_a‖_{2p} + sup_d ‖υ_d‖_{2p})

+ t^{2p−12p} ( ‖ f‖_∞‖ |∇f|_a‖^{p−1}_{2p−2}

) 1_p ] . Taking the limit as N → ∞ we complete the proof.

4 Proof of A-priori Estimates

Throughout this section (a_{kj})^K_{k,j=1}, a_{kj}, ξ_k ∈ FC^{1,u}_b (R^K ), k, j = 1, . . . , K, η_i ∈ FC^{1,u}_b (R^N ), i = 1, . . . , N for some N < K, and η_i ≡ 0, i = N + 1, . . . , K, f ∈ FC^∞_b (R^K ), f ≠ 0; u(t) ∈ FC^{2,u}_b (R^K ), t ≥ 0 is the solution to the Cauchy problem (4). Unless otherwise indicated, all the sums are from 1 to K. We also assume that the measure μ satisfies the conditions of Theorem 2.2.

We are now heading towards establishing the estimates for the derivatives of the solution to (4).

Proof of Proposition 3.2. Let us differentiate equation (4) in the direction e_k (observe that u is three times differentiable by Proposition 3.1(iii)), then multiply by γ^2_k ∇_ku and sum up from 1 to K. We arrive at 1 2 d dt ∑ k γ^2_k(∇_ku)^2 = ∑ i,j,k

(a_{ij} (∇^3_{kij}u)γ^2_k∇_ku + η_ia_{ij} ∇^2_{kj}uγ^2_k∇_ku) + ∑ i,k ξ_i∇^2_{ik}uγ^2_k∇_ku + ∑ i,j,k

((∇_ka_{ij})∇^2_{ij} uγ^2_k∇_ku + (∇_kη_i)a_{ij} ∇_juγ^2_k∇_ku) + ∑ i,j,k

η_i(∇_ka_{ij})∇_j uγ^2_k∇_ku + ∑ i,k (∇_kξ_i)∇_iuγ^2_k∇_ku. (10)

Note that (10) is an equality in C_b(R^K ) since ∇_ku, (∇_kL_{ξ,η}u) ∈ C_b(R^K ) due to Proposition 3.1(ii).

Recall that ∑ k γ^2_k (∇_ku)^2 = |∇u|^2_+. A straightforward computation shows that 1 2 ∇_j |∇u|^2_+ = ∑ k ∇^2_{kj} uγ^2_k(∇_ku), ∑ i,j,k

a_{ij} (∇^3_{kij}u)γ^2_k∇_ku = 1/2 ∑ i,j,k

a_{ij} ∇^2_{ij} (γ^2_k(∇_ku)^2) − ∑ i,j,k

γ^2_ka_{ij} (∇^2_{ik}u)(∇^2_{jk}u).

Therefore one can rewrite (10) as follows d dt |∇u|^2_+(t) = L_{ξ,η}|∇u|^2_+(t) + 2F (t), (11)

where

F (t) = ∑ i,j,k

((∇_ka_{ij} )η_i∇_j uγ^2_k∇_ku + (∇_kη_i)a_{ij}∇_j uγ^2_k∇_ku) + ∑ i,k (∇_kξ_i)∇_iuγ^2_k∇_ku + ∑ i,j,k

(∇_ka_{ij})∇^2_{ij} uγ^2_k∇_ku − ∑ i,j,k

γ^2_k a_{ij} (∇^2_{ik}u)(∇^2_{jk}u).

Observe that |∇u|^2_+ ∈ D, where D is as in Proposition 3.1. Indeed, by Proposition 3.1(iii) we have |∇u|^2_+ ∈ ∩_{p≥1}W^{2,p} ∩ UC^1_b . Moreover, Proposition 3.1(iii) implies that F (t) ∈ C_b(R^K ) for all t > 0, and from Proposition 3.1(ii) we conclude that^d_{dt} |∇u|^2_+(t) ∈ C_b(R^K ) for all t ≥ 0. Hence, (11) yields L_{ξ,η}|∇u|^2_+(t) ∈ C_b(R^K ), t > 0 and |∇u|^2_+ ∈ D by Proposition 3.1(i). Therefore, |∇u|^2_+ is the classical solution to the non-homogeneous problem for the operator L_{ξ,η} ↾ D.

Furthermore, since t → u(t), t → ∇_ku(t), t → ∇_kL_{ξ,η}u(t) are continuous functions [0, ∞) → C_b, k = 1, . . . , K, the function t → ∇^2_{km}u(t) is continuous. Hence, F is a continuous function (0, ∞) → C_b. By [11], 4.1.2 it follows that

|∇u|^2_+(t) = U(t)|∇f|^2_+ + 2

∫_t 0 U(t − s)F (s)ds.

The first assumption of the proposition implies that ∑ k,j (∇_kξ_i)(∇_j u)γ^2_k∇_ku ≤ c_+|∇u|^2_+.

Next we estimate the terms in the expression for F , containing ∇_ka_{ij}. For an arbitrary symmetric matrix (b_{ij} )^K_{i,j=1} and any vector g ∈ R^K the following inequality holds: ∑ i,j,k

(∇_ka_{ij} )b_{ij} γ^2_kg_k

≤ [ ∑ i,j,l

γ^2_l a_{ij} b_{il}b_{lj}

] 1_2 [ ∑

i,j,l

γ^{−2}_l a^{ij} ( ∑ k (∇_ka_{il})γ^2_kg_k

)( ∑ m (∇_ma_{jl})γ^2_mg_m

)] 1_2

≤ [ ∑ i,j,l

γ^2_l a_{ij} b_{il}b_{lj}

] 1_2

|g|_+ν_K . (12)

In order to derive (12) we have applied the Cauchy-Schwarz inequality and used definition (2) of ν_K . From the boundedness of ν_K (the second assumption of the proposition) we conclude ∑ i,j,k

(∇_ka_{ij} )(∇^2_{ij}u)γ^2_k(∇_ku) ≤ ν_K |∇u|_+ ( ∑ i,j,k

γ^2_ka_{ij} ∇^2_{ik}u∇^2_{jk}u

) 1_2

≤ (c^2_+/4)|∇u|^2_+ + ∑ i,j,k

γ^2_k a_{ij} ∇^2_{ik}u∇^2_{jk}u

and ∑ i,j,k

(∇_ka_{ij} )η_i∇_j uγ^2_k∇_ku ≤ ν_K |∇u|_+ ( ∑ i,j,k

γ^2_ka_{ij} η_i(∇_ku)η_j(∇_ku)

) 1_2

≤ c_+|η|_a|∇u|^2_+.

Thus, it remains to estimate the term in the expression for F , which contains ∇_kη_i. Let A and ∇η be the operators in R^K associated with the matrices (a_{ij} )^K_{i,j=1} and (∇_kη_i)^K_{i,k=1} respectively, and T be the operator defined by the diagonal matrix (δ_{jk}γ_k)^K_{k=1}. Then one obtains ∑ i,j,k

a_{ij} (∇_kη_i)(∇_ju)γ^2_k(∇_ku) = (T ∇u, (T (∇η)AT^{−1})T ∇u)_0

≤ |T (∇η)AT^{−1}|_{K,0}|T ∇u|^2_0 = |(∇η)A|_{K,0}|∇u|^2_+, where | · |_{K,0} stands for the operator norm (R^K , | · |_0) → (R^K , | · |_0). (Here we used the property that for any matrix W sp(W ) = sp(T W T^{−1}).) It is wellknown that, for the operator W in R^K associated with matrix (w_{jk})^K_{j,k=1}, we have |W |^2_{K,0} ≤ sup_j ∑ k |w_{jk}|^2. Therefore,

|(∇η)A|^2_{K,0} = sup_j ∑ k (^N∑ i=1 a_{ij} (∇_kη_i)

)_2

≤ sup_j

(_N∑

i,k=1

(∇_kη_i)^2

)(_N∑ i=1 a^2_{ij} ) ≤ (_N∑ i=1 c̄_i

)(_N∑

i,k=1

(∇_kη_i)^2 ) . In order to obtain the last inequality we have made use of (A2). Combining the derived estimates we arrive at ∑ i,j,k

a_{ij} (∇_kη_i)∇_juγ^2_k∇_ku ≤

(_N∑ i=1 c̄_i

) 1_2

|∇η|_{HS}|∇u|^2_+.

Since |∇u|^2_+ is non-negative and the semigroup U(t) is positivity preserving and contractive we have ‖ |∇u|_+‖^2_∞ ≤ ‖ |∇f|_+‖^2_∞ + 2C_+

∫_t 0 ‖ |∇u|_+‖^2_∞(s)ds.

Hence the assertion follows from Gronwall’s lemma.

For d > K we set η_j ≡ 0, j = K + 1, . . . , d, and introduce the quantities

ξ^{μ,d}_{a;k} := d∑ j=1 (a_{kj}ξ^μ_j + ∇_j a_{kj}), k = 1, . . . , K,

B_d := ∑ k (ξ_k − ξ^{μ,d}_{a;k} )∇_ku + d∑ j=1 ∑ k a_{kj}(η_j − η^μ_j )∇_ku,

For p ≥ 1 we set [∇u]^2_{ε,a} := |∇u|^2_a + ε^2 with ε > 0. Set χ_ε := [∇u]^{p−2}_{ε,a} . We introduce the following quantities: T_{ε,a} := ‖ [∇u]^{p−1}_{ε,a} |∇u|_a‖^2 , J_{ε,a} := ‖ [∇u]^{p−3}_{ε,a} |∇|∇u|^2_a|_a‖^2 , I_{ε,a} := ∑ i,j,k,l

⟨χ^2_εa_{ij} ∇^2_{jk}u, a_{kl}∇^2_{li}u⟩ .

Note that I_{ε,a} = ‖χ_ε|AD^2u|_{HS(a)}‖^2 and (p − 1)^2J_{ε,a} = 4‖ |∇[∇u]^{p−1}_{ε,a} |_a‖^2.

Lemma 4.1. Let u be the solution to (4). Then

‖χ_ε du dt ‖^2 + 1 p − 1 d dt ‖ [∇u]_{ε,a}‖^{2p−2}_{2p−2} ≤ 2‖χ_εB_d‖^2 + 2(p − 2)^2J_{ε,a}. (13)

Proof. It follows from (4) that ⟨ u_t − ∑ k,j a_{kj}∇^2_{kj}u, χ^2_εu_t ⟩ = ⟨ ∑ k,j a_{kj}η_k∇_ju + ∑ j ξ_j ∇_ju, χ^2_εu_t ⟩ . Integration by parts yields − ∑ k,j ⟨a_{kj}∇^2_{kj}u, χ^2_εu_t⟩ = d∑ k=1 ∑ j ⟨a_{kj}∇_j u, (∇_k + η^μ_k )χ^2_εu_t⟩ + ∑ j ⟨ξ^{μ,d}_{a;j} ∇_ju, χ^2_εu_t⟩.

Hence we obtain

‖χ_εu_t‖^2 + 1 2p − 2 d dt ‖ [∇u]_{ε,a}‖^{2p−2}_{2p−2} = d∑ k=1 ∑ j ⟨a_{kj}(η_k − η^μ_k )∇_ju, χ^2_εu_t⟩ + ∑ j ⟨(ξ_j − ξ^{μ,d}_{a;j} )∇_j u, χ^2_εu_t⟩ − ∑ k,j ⟨a_{kj}∇_ju∇_kχ^2_ε, u_t⟩ ≤ 1 2 ‖χ_εu_t‖^2 + ‖χ_εB_d‖^2 + (p − 2)^2J_{ε,a}. (14)

The last inequality in (14) follows from the estimate

4⟨ |(∇u, ∇χ_ε)_a|^2⟩ ≤ 4‖ [∇u]_{ε,a}|∇χ_ε|_a‖^2 = (p − 2)^2J_{ε,a}, (15)

and (14) implies the assertion.

Lemma 4.2. Let u be the solution to (4). Then for any δ > 0 we have

‖χ_ε|∇u|_a‖^2 + δ p − 1 d dt ‖ [∇u]_{ε,a}‖^{2p−2}_{2p−2} ≤ 3δ‖χ_εB_d‖^2 + 3δ(p − 2)^2J_{ε,a} + 3 4δ ‖χ_εu‖^2 (16)

Proof. Let ψ_ε be defined by ψ_ε := −

∑_d k=1 ∑ j(∇_k + β^μ_k )(χ^2_εa_{kj}∇_ju). It follows from (4) that

ψ_ε = χ^2_ε [ − u_t + d∑ j=1 ∑ k a_{kj}(η_j − η^μ_j )∇_ku + ∑ k (ξ_k − ξ^{μ,d}_{a;k} )∇_ku ] − ∑ k,j a_{kj} (∇_kχ^2_ε)∇_ju

≡ χ^2_ε(B_d − u_t) − 2χ_ε(∇u, ∇χ_ε)_a. (17)

Integration by parts yields

‖χ_ε|∇u|_a‖^2 = ⟨u, ψ_ε⟩ = ⟨u, χ^2_ε(B_d − u_t) − 2χ_ε(∇u, ∇χ_ε)_a⟩ (18) We estimate the RHS of (18) as follows. ⟨u, χ^2_εB_d⟩| ≤ δ‖χ_εB_d‖^2 + 1 4δ ‖χ_εu‖^2 , 2|⟨u, (∇u, ∇χ_ε)_a⟩| ≤ δ(p − 2)^2J_{ε,a} + 1 4δ ‖χ_εu‖^2 , |⟨u, χ^2_εu_t⟩| ≤ δ‖χ_εu_t‖^2 + 1 4δ ‖χ_εu‖^2, (where we have used (15) in the second term). Applying Lemma 4.1 we complete the proof.

We introduce the following quantities.

Υ_d := |η^μ|_a + |η|_a + υ_d, Ξ^2_d := |∇u|^2_+ K∑ k=1 γ^{−2}_k (ξ_k − ξ^{μ,d}_{a;k} )^2,

Ξ^2 := L^1- lim_{d→∞} Ξ^2_d = |∇u|^2_+ K∑ k=1 γ^{−2}_k (ξ_k − ξ^μ_{a;k})^2 = |∇u|^2_+|ξ − P_K ξ^μ_a |^2_−,

where υ_d is as in (1) and the limit in d exists due to (A4).

Lemma 4.3. Let p ∈ (3 −^3_{1+}^√_{1+3ε0} ,^2_{ε0} ). Then there exist positive constants K(ε_0, p) and r(p) such that r(p) d dt ‖[∇u]_{ε,a}‖^{2p−2}_{2p−2} + K(ε_0, p)J_{ε,a} ≤ C_{ε0, p} [ ‖χ_εΞ‖^2 + sup_d ‖χ_ε|∇u|_aΥ_d‖^2 ] + C_p‖χ_εu‖^2.

If p < 2 the same estimate holds for J_{ε,a} replaced by I_{ε,a}. Proof. It follows from (4) that

⟨u_t, ψ_ε⟩ − ∑ k,l ⟨a_{kl}∇^2_{kl}u, ψ_ε⟩ = ∑ k,l ⟨a_{kl}η_l∇_lu, ψ_ε⟩ + ∑ l ⟨ξ_l∇_lu, ψ_ε⟩, (19)

where the function ψ_ε was defined in Lemma 4.2. It is easy to see that the second term in the LHS of (19) equals − d∑ k=1 ∑ l ⟨∇_k(a_{kl}∇_lu), ψ_ε⟩ + d∑ k=1 ∑ l ⟨(∇_ka_{kl})∇_lu, ψ_ε⟩.

The key point is to evaluate the first term in the above expression. Successive integration by parts and a straightforward computation give d∑ i,k=1 ∑ j,l ⟨∇_k(a_{kl}∇_lu), (∇_i + β^μ_i )(χ^2_εa_{ij} ∇_ju)⟩

= − d∑ i,k=1 ∑ j,l ⟨∇_i∇_k(a_{kl}∇_lu), χ^2_εa_{ij} ∇_ju⟩

= d∑ i,k=1 ∑ j,l [⟨∇_i(a_{kl}∇_lu), (∇_k + η^μ_k )(χ^2_εa_{ij} ∇_ju)⟩ + ⟨∇_i(a_{kl}∇_lu), ξ^μ_k χ^2_εa_{ij}∇_j u⟩]

= S_1 + S_2, with S_1 = d∑ i,k=1 ∑ j,l ⟨∇_i(a_{kl}∇_lu), (∇_k + η^μ_k )(χ^2_εa_{ij} ∇_ju)⟩,

S_2 = d∑ i,k=1 ∑ j,l ⟨∇_i(a_{kl}∇_lu), ξ^μ_k χ^2_εa_{ij} ∇_ju⟩.

It is easy to see that

S_1 = I_{ε,a} + ∑ i,j,k,l [ 2⟨χ^2_εa_{ij} ∇^2_{kj}u, (∇_ia_{kl})∇_lu⟩ + ⟨a_{ij}∇_j u∇_k(χ^2_ε), ∇_i(a_{kl}∇_lu)⟩ ]

+ d∑ i,k=1 ∑ j,l [ ⟨χ^2_ε(∇_ia_{kj} )∇_ju, (∇_ka_{il})∇_lu⟩ + ⟨χ^2_εa_{ij}∇_j u η^μ_k , ∇_i(a_{kl}∇_lu)⟩ ] . We transform S_2 as follows

S_2 = d∑ i,k=1 ∑ j,l ⟨χ^2_ε∇_i(a_{kl}∇_lu), ξ^μ_k a_{ij} ∇_ju⟩

= lim_m d∑ i,k=1 ∑ j,l ⟨χ^2_ε∇_i(a_{kl}∇_lu), ξ̂^m_k a_{ij} ∇_ju⟩

= lim_m d∑ i,k=1 ∑ j,l ⟨ξ̂^m_k a_{kl}∇_lu, (∇_i + β^μ_i )χ^2_εa_{ij}∇_j u⟩

− lim_m d∑ i,k=1 ∑ j,l ⟨(∇_iξ̂^m_k )a_{kl}∇_lu, χ^2_εa_{ij} ∇_ju⟩

= d∑ k=1 ∑ l ⟨a_{kl}ξ^μ_k ∇_lu, ψ_ε⟩ − lim_m d∑ i,k=1 ∑ j,l ⟨(∇_iξ̂^m_k )a_{kl}∇_lu, χ^2_εa_{ij}∇_j u⟩.

Thus we have − ∑ k,l ⟨a_{kl}∇^2_{kl}u, ψ_ε⟩ = S_1 + ∑ l ⟨(ξ_l − ξ^{μ,d}_{a;l} )∇_lu, ψ_ε⟩

− lim_m d∑ i,k=1 ∑ j,l ⟨(∇_iξ̂^m_k )a_{kl}∇_lu, χ^2_εa_{ij} ∇_ju⟩.

Observe that

⟨u_t, ψ_ε⟩ = 1 2 ⟨ χ^2_ε d dt |∇u|^2_a ⟩ = 1 2p − 2 d dt ‖ [∇u]_{ε,a}‖^{2p−2}_{2p−2}.

So we infer from (19) that 1 2p − 2 d dt ‖ [∇u]_{ε,a}‖^{2p−2}_{2p−2} + I_{ε,a} + p − 2 2 J_{ε,a} = [ p − 2 2 J_{ε,a} − ∑ i,j,k,l

⟨a_{ij}∇_j u∇_k(χ^2_ε), ∇_i(a_{kl}∇_lu)⟩ ]

− ∑ i,j,k,l [ 2⟨χ^2_εa_{ij} ∇^2_{kj}u, (∇_ia_{kl})∇_lu⟩ + ⟨a_{ij} ∇_ju∇_k(χ^2_ε), ∇_i(a_{kl}∇_lu)⟩ ]

− d∑ i,k=1 ∑ j,l [ ⟨χ^2_ε(∇_ia_{kj})∇_ju, (∇_ka_{il})∇_lu⟩ + ⟨χ^2_εa_{ij}η^μ_k ∇_ju, ∇_i(a_{kl}∇_lu)⟩ ]

+ lim_m d∑ i,k=1 ∑ j,l ⟨(∇_iξ̂^m_k )a_{kl}∇_lu, χ^2_εa_{ij} ∇_ju⟩ − ∑ k,l ⟨a_{kl} η_l∇_ku, ψ_ε⟩ − ∑ k ⟨(ξ_k − ξ^{μ,d}_{a;k} )∇_ku, ψ_ε⟩. (20)

In order to estimate the RHS of (20) we use the following inequalities: | d∑ i,k=1 ∑ j,l (∇_ia_{kj})∇_ju(∇_ka_{il})∇_lu| ≤ υ^2_d|∇u|^2_a, (21) ∑ i,j,k,l

a_{ij} (∇^2_{kj}u)(∇_ia_{kl})∇_lu ≤ δ|AD^2u|^2_{HS(a)} + C_δυ^2_d|∇u|^2_a, (22) | ∑ i,j,k,l

⟨(a_{ij}∇_j u)∇_kχ^2_ε, ∇_i(a_{kl}∇_lu)⟩ − p − 2 2 J_{ε,a}|

≤ δ(p − 2)^2J_{ε,a} + C_δ‖χ_ε|∇u|_aυ_d‖^2, (23)

for any positive δ. (Recall that (h, g)_a := ∑ k,j≥1 akjhj gk.) The estimates (21),

(22) are immediate from the definitions and the Cauchy inequality. We postpone the proof of (23) to Appendix. It follows from assumption (ii(b)) of Theorem 2.2 that the limit in m and d in the third term from the end in (20) does not exceed

ε_0 ∑ i,j,k,l

⟨a_{li}∇_i(χ_ε∇_j u), a_{jk}∇_k(χ_ε∇_lu)⟩ + c(ε_0) ∑ k,j ⟨χ^2_εa_{kj}∇_ku∇_ju⟩

≤ ε_0 ( I_{ε,a} +

(p − 2)^2 4 J_{ε,a} + |p − 2| √ I_{ε,a}J_{ε,a} ) + c(ε_0)‖χ_ε|∇u|_a‖^2. (24)

Here we used the fact that ∑ i,j,k,l

⟨a_{jk}(∇_iχ_ε)∇_ju, a_{li}(∇_kχ_ε)∇_lu⟩ = ‖(∇u, ∇χ_ε)_a‖^2,

and applied (15).

In order to estimate the terms containing ψ_ε we use (15), (17) and the inequality B^2_d ≤ 2(Ξ^2_d + Υ^2_d|∇u|^2_a).

Hence, for any positive δ we have | ∑ k,l ⟨a_{kl} η_l∇_ku, ψ_ε⟩ + ∑ k ⟨(ξ_k − ξ^μ_{a;k})∇_ku, ψ_ε⟩|

≤ δ(p − 2)^2J_{ε,a} + δ‖χ_εu_t‖^2 + C_δ‖χ_εΞ_d‖^2 + C_δ‖χ_ε|∇u|_aΥ_d‖^2

Making use of Lemma 4.1 we arrive at | ∑ k,l ⟨a_{kl} η_l∇_ku, ψ_ε⟩ + ∑ k ⟨(ξ_k − ξ^μ_{a;k})∇_ku, ψ_ε⟩|

≤ 2δ(p − 2)^2J_{ε,a} − δ p − 1 d dt ‖ [∇u]_{ε,a}‖^{2p−2}_{2p−2} + C_δ‖χ_εΞ_d‖^2 + C_δ‖χ_ε|∇u|_aΥ_d‖^2. (25)

Combining (21)-(25) and using Lemma 4.2 (to estimate ‖χ_ε|∇u|_a‖^2 in (24)) we get 1 p − 1 ( 1 2 + δ + c(ε_0)δ) d dt ‖[∇u]_{ε,a}‖^{2p−2}_{2p−2}

+ (1 − ε_0)I_{ε,a} +

2(p − 2) − ε_0(p − 2)^2 4 J_{ε,a} − ε_0|p − 2| √ I_{ε,a}J_{ε,a}

≤ δI_{ε,a} + 3δ(1 + c(ε_0))(p − 2)^2J_{ε,a} + C_{δ,ε0} sup_d ‖χ_ε|∇u|_aΥ_d‖^2 + C_{δ,ε0} lim_{d→∞} ‖χ_εΞ_d‖^2 + C_δ‖χ_εu‖^2. (26)

Note that Ξ_d → Ξ as d → ∞ in L^2 due to (A4). Now applying Lemma A2 (see Appendix below) we complete the proof.

Proof of Proposition 3.3. First let p ≥ 2. Lemma A1 states that

‖ |∇u|_a‖^{2p}_{2p} ≤ 2‖u‖^2_∞‖ |∇u|^{p−2}_a d∑ k=1 ∑ j (∇_k + β^μ_k )(a_{kj} ∇_ju)‖^2 + 2(p − 1)^2‖u‖^2_∞J_{0,a}.

(Here and below J_{0,a} := lim_{ε→0} J_{ε,a} = 4(p − 1)^{−2}‖ |∇|∇u|^{p−1}_a |^2_a‖^2.) Making use of equation (4) and the maximum principle we get

‖ |∇u|_a‖^{2p}_{2p} ≤ 2‖f‖^2_∞ [ ‖ |∇u|^{p−2}_a u_t‖^2 + ‖|∇u|^{p−2}_a B_d‖^2 ] + 2(p − 1)^2‖f‖^2_∞J_{0,a}. (27)

Observe that in Lemma 4.1 one can pass to the limit as ε → 0 provided p ≥ 2:

‖ |∇u|^{p−2}_a u_t‖^2 ≤ 2‖ |∇u|^{p−2}_a B_d‖^2 + 2(p − 2)^2J_{0,a} − 1 p − 1 d dt ‖ |∇u|_a‖^{2p−2}_{2p−2}.

Hence, estimating ‖ |∇u|^{p−2}_a u_t‖^2 in (27) we arrive at the inequality

‖ |∇u|_a‖^{2p}_{2p} ≤ C_p‖f‖^2_∞(‖|∇u|^{p−2}_a B_d‖^2 + J_{0,a}) − 4

‖f‖^2_∞ p − 1 d dt ‖ |∇u|_a‖^{2p−2}_{2p−2}. (28)

Note that

lim sup d→∞ ‖|∇u|^{p−2}_a B_d‖^2 ≤ 2‖|∇u|^{p−2}_a Ξ‖^2 + 2 sup_d ‖|∇u|^{p−1}_a Υ_d‖^2.

It is easy to see that we can also pass to the limit as ε → 0 in Lemma 4.3. Applying Lemma 4.3 to (28) we obtain

κ_1(ε_0, p)‖f‖^2_∞ d dt ‖ |∇u|_a‖^{2p−2}_{2p−2} + κ_2(ε_0, p)‖ |∇u|_a‖^{2p}_{2p}

≤ C_{ε0,p}‖f‖^2_∞ ( ‖|∇u|^{p−2}_a Ξ‖^2 + ‖|∇u|^{p−2}_a u‖^2 + sup_d ‖|∇u|^{p−1}_a Υ_d‖^2 ) , (29)

with some positive κ_1(ε_0, p) and κ_2(ε_0, p). We estimate the RHS of (29) from above by

δ‖ |∇u|_a‖^{2p}_{2p} + C_{p,ε0,δ}‖f‖^p_∞ ( ‖f‖^p_∞ + ‖Ξ‖^p ) + C_{p,ε0,δ}‖f‖^{2p}_∞ sup_d ‖Υ_d‖^{2p}_{2p},

for any positive δ. Choosing δ small enough we arrive at the inequality

κ_1(ε_0, p)‖f‖^2_∞ d dt ‖ |∇u|_a‖^{2p−2}_{2p−2} + κ_2(ε_0, p)‖ |∇u|_a‖^{2p}_{2p}

≤ C_{p,ε0} ‖f‖^p_∞‖Ξ‖^p + C_{p,ε0} ‖f‖^{2p}_∞ ( sup_d ‖Υ_d‖^{2p}_{2p} + 1 ) . (30)

Now we assume that p < 2. As in the case p ≥ 2 we employ Lemma A.1, equation (4), the maximum principle and Lemma 4.1. Then

T_{ε,a} ≤ ε^{2p−2}‖u‖^2 + 4(‖u‖^2_∞ + ε^2) [ ‖χ_εu_t‖^2 + ‖χ_εB_d‖^2 ] + 2(p − 1)^2‖u‖^2_∞J_{ε,a} ≤ ε^{2p−2}‖f‖^2_∞ + C_p(‖f‖^2_∞ + ε^2)(‖χ_εB_d‖^2 + J_{ε,a}) − 4 ‖f‖^2_∞ + ε^2

p − 1 d dt ‖ [∇u]_{ε,a}‖^{2p−2}_{2p−2}.

Setting ε := ‖f‖_∞, passing to the limit as d → ∞ and employing Lemma 4.3 we arrive at the estimate

κ_1(ε_0, p)‖f‖^2_∞ d dt ‖ [∇u]_{ε,a}‖^{2p−2}_{2p−2} + κ_2(ε_0, p)T_{ε,a}

≤ C_{ε0,p}‖f‖^2_∞ [ ‖χ_εΞ‖^2 + sup_d ‖χ_ε|∇u|_aΥ_d‖^2 + ‖χ_εu‖^2 + ‖f‖^{2p−2}_∞ ] . (31)

Observe that χ_ε ≤ ε^{p−2} and (χ_ε|∇v|_a)^{p′} ≤ |∇v|^{p−1}_{a,ε} |∇v|_a. The Young inequality implies that

‖χ_ε|∇u|_aϕ‖^2 ≤ δT_{ε,a} + C_{p,δ}‖ϕ‖^{2p}_{2p} , (32)

for all ϕ ∈ L^{2p} and any positive δ. We apply (32) to (31), choose δ small enough and obtain

κ_1(ε_0, p)‖f‖^2_∞ d dt ‖ [∇u]_{ε,a}‖^{2p−2}_{2p−2} + κ_2(ε_0, p)T_{ε,a}

≤ C_{ε0,p} [ ‖f‖^{2p−2}_∞ ‖Ξ‖^2 + ‖f‖^{2p}_∞ ( sup_d ‖Υ_d‖^{2p}_{2p} + 1 )] . (33)

In order to complete the proof of (5) we apply Proposition 3.2. to estimate ‖Ξ‖^s in (30) and (33) and integrate the derived inequalities from 0 to t.

When p = 2 we apply the Hölder inequality, Proposition 3.2 and (5) to (26) in order to obtain (6).

If p < 2 it follows from the Young inequality that

‖|AD^2u|_{HS(a)}f‖^p ≤ ε^{−p}‖ [∇u]_{ε,a}‖^{2p}_{2p} + C_pε^{2−p}I_{ε,a}. (34)

We employ the Young and the Hölder inequalities to estimate the first term in the RHS of (34).

‖[∇u]_{ε,a}‖^{2p}_{2p} ≤ T_{ε,a} + ε^2‖ [∇u]^{p−1}_{ε,a} ‖^2 ≤ T_{ε,a} + (1/2)‖[∇u]_{ε,a}‖^{2p}_{2p} + C_pε^{2p}. (35)

We take ε := ‖f‖_∞. Now making successive use of (34), (35), Lemma 4.3, (26), (33) and Proposition 3.2 one completes the proof.

5 Example

Let X = R^N, H_0 = l^2, H_+ = l^2_{γk} and H_− = l^2_{γ−1k} with (γ_k)_{k∈N} ⊂ (0, ∞), where l^2_{γk} and l^2_{γ−1k} are described in Section 2.

Let (s_k)_{k∈N} ⊂ (0, ∞). We define an operator S on R^{fin} in H_0 by setting s_{jk} := δ_{jk}s_k, j, k ∈ N. This operator is positive. Let μ_S stand for the Gaussian measure with correlation operator S. Recall that

μ_S = ∏ k≥1 e^{− x} 2 k 2sk dx_k √ 2πs_k . Let μ be a probability measure on R^∞ given by

μ := ∏ k≥1 1 m_kΓ(m_k/2) x^{mk}_k e^{− x} 2 k 2sk dx_k √ 2s_k .

It is easy to see that, for k ∈ N, β^μ_k (x) = −s^{−1}_k x_k + m_k|x_k|^{−1} = ξ^μ_k (x) + η^μ_k (x) with ξ^μ_k (x) := −s^{−1}_k x_k and η^μ_k (x) := m_k|x_k|^{−1}, x ∈ R^N.

For δ > 0 we introduce functions

a_{jk}(x) := δ_{jk} x^2_k + δ x^2_k + 1

, x ∈ R^∞.

Note that for every N ∈ N the matrix (a_{jk})^N_{j,k=1} is cylindric, smooth and uniformly elliptic.

It is obvious that ξ^μ_{a;k} = −

(x^2_k + δ)x_k (x^2_k + 1)s_k + 2(1 − δ)x_k (x^2_k + 1)^2

, k ∈ N.

A straightforward computation shows that |η^μ − P_N η^μ|_a → 0 in L^{2p} := L^{2p}(R^N, μ) as N → ∞, provided m_k = 2k + 2p − 1, k ∈ N and numbers (s_k)_{k∈N} are such that ∑ k≥1 m 2p−1 2p k ( Γ(m_k/2 + 1 − p) Γ(m_k/2)

) 1_{2p} s mk/2−p 2p k < ∞.

For example this condition is satisfied if we take the sequence (s_k)_{k∈N} to be bounded.

One can verify directly that υ_N ≤ 2|1 − δ| and ν_N ≤

|1 − δ| δ , N ∈ N.

We choose ξ^n_k := −

(x^2_k + δ)x_k (x^2_k + 1)s_k + 2(1 − δ)x_k (x^2_k + 1)^2

, n ∈ N, k = 1, . . . , n. Then condition (i)(a) of Theorem 2.2 is satisfied. A straightforward computation shows that that if δ ∈ (0, 3] ∪ [9, ∞) then condition (i)(b) holds for arbitrary positive (s_k)_{k∈N}. of Theorem 2.2. It is also readily seen that the sequence ξ̂m_k := −s^{−1}_k x_k, m ∈ N, k = 1, . . . , m satisfies condition (ii(b)) with ε_0 = 0 and c(ε_0) = 0.

Hence, by Theorem 2.2 the operator L ↾ FC^∞_b is strongly unique in L^p for all p > 3/2.

Appendix: Auxiliary inequalities

Let v ∈ FC^{2,u}_b (R^K ) and quantities T_{ε,a}, I_{ε,a} and J_{ε,a} be defined as in the previous section (with v replacing the solution u of (4)). (Recall that then χ_ε = [∇v]^{p−2}_{ε,a} ). We use the same summation convention as in section 4.

Below we present several estimates which are used in the proof of Proposition 3.3. It is noteworthy that Lemma A.1 is an extension of the Gagliardo–Nirenberg inequality to the case when the matrix of coefficients is not the identity. Let us stress that the function v need not be a solution to a Cauchy problem. Lemma A.2 is an elementary statement which is needed in the proof of Lemma 4.3. Lemma A 1. Put Δ_av :=

∑_d k=1 ∑ j (∇_k + β^μ_k )(a_{kj}∇_j v), d ≥ K. Then

T_{0,a} = ‖ |∇v|_a‖^{2p}_{2p} ≤ 2‖v‖^2_∞‖ |∇v|^{p−2}_a Δ_av‖^2 + 2(p − 1)^2‖v‖^2_∞J_{0,a}, for p ≥ 2 (J_{0,a} := lim_{ε→0} J_{ε,a} = 4(p − 1)^{−2}‖ |∇|∇u|^{p−1}_a |_a‖^2), and

T_{ε,a} ≤ ε^{2p−2}‖v‖^2 + 2(‖v‖^2_∞ + ε^2)‖χ_εΔ_av‖^2 + 2(p − 1)^2‖v‖^2_∞J_{ε,a}, for 1 ≤ p < 2.

Lemma A 2. If 3 −^3_{1+}^√_{1+3ε0} < p <^2_{ε0} then there exist positive constants K(ε_0, p) and C_{ε0,p} such that for sufficiently small δ > 0

(1 − ε_0)I_{ε,a} +

2(p − 2) − ε_0(p − 2)^2 4 J_{ε,a} − ε_0|p − 2| √ I_{ε,a}J_{ε,a} − δI_{ε,a} − cδ(p − 2)^2J_{ε,a} ≥ K(ε_0, p)J_{ε,a} − C_{ε0,p} sup_d ‖χ_ε|∇v|_aυ_d‖^2. (36)

Moreover, if p < 2 then

(1 − ε_0)I_{ε,a} +

2(p − 2) − ε_0(p − 2)^2 4 J_{ε,a} − ε_0|p − 2| √ I_{ε,a}J_{ε,a} − δI_{ε,a} − cδ(p − 2)^2J_{ε,a} ≥ K̂(ε_0, p)I_{ε,a} − C_{ε0,p} sup_d ‖χ_ε|∇v|_aυ_d‖^2.

Proof of Lemma A.1. Integration by parts yields

T_{ε,a} = ⟨v[∇v]^{2p−2}_{ε,a} , Δ_av⟩ − (p − 1)⟨v[∇v]^{2p−4}_{ε,a} (∇[∇v]^2_{ε,a}, ∇v)_a⟩. (37)

Note that ∇[∇v]^2_{ε,a} = ∇|∇v|^2_a. Therefore, |(∇[∇v]^2_{ε,a}, ∇v)_a| ≤ |∇v|_a|∇|∇v|^2_a|_a by the Schwarz inequality. Thus, the absolute value of the last term in the RHS of (37) does not exceed

|p − 1|‖v‖_∞⟨[∇v]^{2p−4}_{ε,a} |∇v|_a|∇|∇v|^2_a|_a⟩ ≤ 1 4 T_{ε,a} + (p − 1)^2‖v‖^2_∞J_{ε,a}. (38)

Consider the first term in the RHS of (37). Using the Young inequality we estimate it by

⟨χ_εε|v|, χ_εε|Δ_av|⟩ + ⟨χ_ε|∇v|^2_a, χ_ε|Δ_av||v|⟩ ≤ 1 4 ‖χ_ε|∇v|^2_a‖^2 + ε^2 4 ‖χ_εv‖^2 + (‖v‖^2_∞ + ε^2)‖χ_εΔ_av‖^2. (39)

If p ≥ 2 then we can pass to the limit as ε → 0 in (39). This yields the first assertion. If p < 2 we observe that ε^2‖χ_εv‖^2 ≤ ε^{2p−2}‖v‖^2 and |∇v|^2_aχ_ε ≤ [∇v]^{p−1}_{ε,a} |∇v|_a and combine (37)-(39) in order to obtain the second statement.

Proof of Lemma A.2. Let first p ≥ 2. Setting r := ( I_{ε,a} J_{ε,a}

) 1_2

we rewrite the LHS of (36) as follows

J_{ε,a} 4 ( 4(1 − ε_0 − δ)r^2 − 4ε_0|p − 2|r + 2(p − 2) − (ε_0 + 4cδ)(p − 2)^2 ) = J_{ε,a} 4 F (r).

(40)

We need to find all p such that F (r) > 0, r ≥ 0. A direct computation shows that if p ∈ [2, 2 ε_0

) then the discriminant of the quadratic function F is negative, provided δ is small enough.

Now we assume that p < 2. The following inequality holds.

J_{ε,a} ≤ (4 + δ_1)I_{ε,a} + C_{δ1} ‖χ_ε|∇v|_aΥ‖^2, ∀δ_1 > 0. (41)

We give the proof of (41) below.

Making use of the Cauchy inequality and (41) we estimate the LHS of (36) from below by [ 2(p − 2) + 1 − ε_0 + 2ε_0(p − 2) − ε_0(p − 2)^2 − C_{ε0,p}δ ] I_{ε,a} − C_δ‖χ_ε|∇v|_aΥ‖^2 = [G(p) − C_{ε0,p}δ]I_{ε,a} − C_δ‖χ_ε|∇v|_aΥ‖^2,

for every δ > 0. It is easy to verify that G(p) > 0 provided p ∈ (3− 3 1 + √ 1 + 3ε_0

, 2).

Hence K̂(ε_0, p) := G(p) − C_{ε0,p}δ > 0 provided δ is small enough. This proves the second assertion. Inequality (36) now follows from (41).

Now we prove inequality (41). First we notice that for any f, g, h ∈ R^d the following inequality holds d∑ i,k,j,l=1

f_i a_{il}(∇_la_{jk})g_jh_k ≤ υ_d|f|_a|g|_a|h|_a. (42)

We observe that

∇_k|∇v|^2_a = ∑ j,l≥1

2(∇^2_{kj}v)a_{jl}∇_lv + (∇_ka_{jl})∇_jv∇_lv. (43)

Hence,

|∇|∇v|^2_a|^2_a ≤ 2|AD^2v|^2_{HS(a)}|∇|∇v|^2_a|_a|∇v|_a + υ_d|∇|∇v|^2_a|_a|∇v|^2_a.

This yields (41).

Finally, we prove inequality (23). Since ∇[∇v]^2_{ε,a} = ∇|∇v|^2_a, one gets ∑ i,j,k,l

a_{kj}∇_kv∇_j(a_{li}∇_iv)∇_l[∇v]^{2p−4}_{ε,a}

=(p − 2)[∇v]^{2p−6}_{ε,a} ∑ i,j,k,l [ a_{kj}∇_kv(∇_j a_{li})∇_iv∇_l|∇v|^2_a + a_{li}a_{kj}∇_kv(∇^2_{ji}v)∇_l|∇v|^2_a ] .

Using (43) we obtain ∑ i,j,k,l

a_{li}a_{kj} ∇_kv∇^2_{ji}v∇_l|∇v|^2_a = 1 2 |∇|∇v|^2_a|^2_a − 1 2 ∑ i,j,k,l

a_{kj}(∇_k|∇v|^2_a)(∇_ja_{li})∇_iv∇_lv.

Recall that J_{ε,a} = 4⟨[∇v]^{2p−6}_{ε,a} |∇v|^2_a|∇|∇v|_a|^2_a⟩. In order to estimate the remaining terms we employ (42): | ∑ i,j,k,l [ a_{kj}∇_kv(∇_ja_{li})∇_iv∇_l|∇v|^2_a| ≤ υ_d|∇|∇v|^2_a|_a|∇v|^2_a ≤ υ_d|∇v|_a|∇|∇v|^2_a|_a[∇v]_{ε,a}.

The last term is estimated in the same manner. This yields (23).

Acknowledgements. This research was supported by the British Council through the British-German Academic Research Collaboration Programme (Project 1040). The support is gratefully acknowledged. The second named author would like to thank his colleagues from Bristol for a very pleasant stay at their university as well as G. Da Prato for his hospitality during a visit to Scuola Normale Superiore in Pisa where for the first time the results of this paper were presented at a workshop.

References

[1] S.Albeverio, Yu.G.Kondratiev, M.Röckner: An approximate criterium of essential self-adjointness of Dirichlet operators, Potential Analysis 1, (1992), 307–317.

[2] S.Albeverio, Yu.G.Kondratiev, M.Röckner: Addendum to: An approximate criterium of essential self-adjointness of Dirichlet operators, Potential Analysis 2, (1993), 195–198.

[3] S.Albeverio, Yu.G.Kondratiev, M.Röckner: Dirichlet operators via stochastic analysis, J.Funct.Anal. 128, (1995), 102–138.

[4] G.Da Prato, L.Tubaro: Self-adjointness of some infinite dimensional elliptic operators and application to stochastic quantization, Preprint (1999).

[5] A.Eberle: Uniqueness and non-uniqueness of singular diffusion operator, Lecture Notes in Mathematics, Springer-Verlag, Berlin, 1999.

[6] M.Fukushima, Y.Oshima, M.Takeda: Dirichlet forms and symmetric Markov processes, de Gruyter, Berlin-New York, 1994.

[7] Yu.G.Kondratiev, T.V.Tsikalenko: Dirichlet operators and associated differential equations, Selecta Mathematica Sovetica 10, (1991), 345-397.

[8] V.A.Liskevich, M.Röckner: Strong uniqueness for a class of infinite dimensional Dirichlet operators and applications to stochastic quantization Ann. Scuola. Norm. Sup. Pisa Cl.Sci(4), Vol. XXVII (1998), 69–91.

[9] V.A.Liskevich, M.Röckner, Z.Sobol: Dirichlet operators with variable coefficients in L^p spaces of functions of infinitely many variables, Infinite Dim. Anal., Quantum Prob. and Related Topics, Vol.2, No.4 (1999), 487–502.

[10] V.A.Liskevich, Yu.A.Semenov: Dirichlet operators: a-priori estimates and uniqueness problem J.Funct.Anal. 109, (1992) 199-213.

[11] A.Lunardi: Analytic Semigroups and Optimal Regularity in Parabolic Problems, Birkhäuser, Basel-Boston-Berlin, 1995.

[12] Z.-M. Ma, M.Röckner: Introduction to the theory of (non-symmetric) Dirichlet forms, Springer-Verlag, Berlin-Heidelberg-New-York-London- Paris-Tokio, 1992.

[13] R.Nagel (editor): One-parameter Semigroups of Positive Operators, Lecture Notes in Mathematics, vol. 1184, Sringer, Berlin, 1986.

[14] L.Schwartz: Radon measures on arbitrary topological space and cylindrical measures, Oxford University Press, London, 1973