A CHARACTERIZATION OF HEREDITARY CATEGORIES WITH TILTING OBJECT

DIETER HAPPEL

Introduction

Let k be an algebraically closed field and H a connected abelian k−category. We assume that H is hereditary, that is the Yoneda Ext^2(−, −) vanishes, and we assume that H has finite dimensional homomorphism and extension spaces. In addition H has a tilting object, that is some object T with Ext^1_H(T, T ) = 0 such that Hom_H(T, X) = 0 = Ext^1_H(T, X) implies X = 0. This concept was introduced in [HRS] to obtain a common treatment of both the class of tilted algebras (compare [HRi]) and the class of canonical algebras (compare [R2] or [LP]). This common treatment lead to the definition of a quasitilted algebra. A quasitilted algebra is the endomorphism algebra End_HT of a tilting object T ∈ H. In [HRS] quasitilted algebras are characterized by the following homological property. This class coincides with the class of finite dimensional k−algebras of global dimension at most 2 whose finitely generated indecomposable modules have either projective or injective dimension at most 1.

It was shown in [HRe1] that any hereditary category which is derived equivalent to a hereditary category with tilting object automatically has a tilting object. So one is interested in a description of hereditary categories with tilting object up to derived equivalence. Possible approaches to this problem include a thorough investigation of quasitilted algebras via the homological characterization or a detailled inspection of the essential features of the main examples. We will follow here the second approach.

There are two main known types of such categories H; those derived equivalent to mod H for some finite dimensional hereditary k−algebra H and those derived equivalent to some category coh X of coherent sheaves on a weighted projective line X, in the sense of [GL]. Because of the simple description of the corresponding bounded derived category D^b(H), it is possible to give a description of those in the same derived equivalence class (see for example [H1] and also [LS]). Note that the tilted algebras are those coming from mod H using an arbitrary tilting object, in this case called tilting module, and the canonical algebras are those coming from coh X using a special type of tilting object. The first type of hereditary categories is characterized by the existence of some indecomposable directing object C [HRe1]. Recall that C is directing if it does not lie on a cycle of nonzero nonisomorphisms between indecomposable objects.

The aim of this paper is to show that these two types are the only possible hereditary categories containing a tilting object, and thereby proving a conjecture stated for example in [Re].

The result has quite a number of consequences. We only mention that it follows that a connected quasitilted algebra Λ (or even a connected piecewise hereditary algebra) satisfies that either H^1(Λ) = 0 or H^2(Λ) = 0, where we have denoted by H^i(Λ) the i−th Hochschild cohomology space of Λ. Clearly, H^0(Λ) ≃ k and

I would like to thank Idun Reiten and also Helmut Lenzing for a careful reading of a preliminary version of this article. Their comments were very helpful in improving the article. 1

H^i(Λ) = 0 for all i ≥ 3. For details we refer to [H2] and [Re]. Moreover we have that the characterization of tame quasitilted algebras in [Sk] is an easy consequence.

This conjecture was previously shown under additional assumptions. In joint work with Reiten (see [H1]) it is proved that a hereditary category with tilting object which contains nonzero projective objects is equivalent to mod H for some finite dimensional hereditary k−algebra H. In [HRS] it was shown that representationfinite quasitilted are in fact tilted algebras, so the conjecture holds for this representation type. It was shown in [Sk] that tame quasitilted algebras can only arise as endomorphism algebras of tilting objects in hereditary categories from the list above. In [L] it was shown that any noetherian hereditary category with tilting object which does not contain a nonzero projective object is a category coh X of coherent sheaves on a weighted projective line X. This was generalized in [HRe2] in the following way. Any hereditary category with tilting object which contains a simple object is derived equivalent to a category of coherent sheaves or derived equivalent to mod H for some finite dimensional hereditary k−algebra H.

We point out that the main result of this article implies that any hereditary category with tilting object is derived equivalent to a noetherian hereditary category with tilting object.

Note that any tilting object T in H induces a torsion pair (T (T ), F(T )) on H, where T (T ) = Fac T, the factors of finite direct sums of copies of T. We say that X ∈ H is torsionisable, if X ∈ T (T ) for some tilting object T ∈ H. We also say that E ∈ H is exceptional, if Ext^1_H(E, E) = 0.

The basic strategy of the proof of the main result is as follows. Assume that H is not equivalent to some mod H where H is a finite dimensional hereditary k−algebra. When H has some simple object, then we know that H is derived equivalent to some category coh X [HRe2]. Note that the converse does not hold. So we may assume that H does not contain a simple object. But then it was shown in [HRe2] that for an indecomposable torsionisable exceptional object E ∈ H the right perpendicular category

E^⊥ = {X ∈ H | Hom_H(E, X) = Ext^1_H(E, X) = 0}

is equivalent to mod H for some finite dimensional hereditary k−algebra H. We will recall some more features on perpendicular categories in section 1. It is easy to see that one may assume that H is wild [HRe3]. In this case we will construct a directing object in H, and the result will follow from [HRe1]. Actually we will assume to the contrary that there are no directing objects and will come up with a tilting object and an infinite chain of proper epimorphisms over the corresponding quasitilted algebra. We should point out that some arguments were inspired from the presentation of the results in [Ke]. These more technical results will be presented in section 2. The main result will be dealt with in the final section.

The category H is known to have Auslander-Reiten sequences (almost split sequences), and (when H is not equivalent to some mod H for a finite dimensional hereditary k−algebra H) there is an equivalence τ : H → H with the property that if 0 → A → B → C → 0 is an almost split sequence, then τC ≃ A. It is also known that the Grothendieck group K_0(H) is free abelian of finite rank [HRS]. For more basic facts on hereditary categories with tilting object we refer to [H1], [HRS] and [HRe2].

We denote the composition of morphisms f : X → Y and g : Y → Z in a given category K by fg. When dealing with finite dimensional k−algebras we will consider finite dimensional left modules. For unexplained representation-theoretic terminology we refer to [R1] or [ARS].

1. Perpendicular categories

In this section let H be a connected hereditary abelian k−category with tilting object T . Denote by H_0 the full subcategory of H whose objects are those of finite length, and by H_∞ the full subcategory of H where each indecompoable summand of the objects has infinite length. Let H_{dir} be the full subcategory of H where each indecomposable summand of the objects is directing. Recall that an indecomposable object X ∈ H is said to be directing, if X does not lie on a cycle of nonzero nonisomorphisms in H between indecomposable objects.

We will frequently use the concept of minimal right (resp. left) approximations (compare [AS]). Given two objects X, Y ∈ H, then we have a map f : X^t → Y (resp. g : X → Y^t) with the property that the induced map Hom_H(X, f) : Hom_H(X, X^t) → Hom_H(X, Y ) is surjective (resp. Hom_H(g, Y ) : Hom_H(Y^t, Y ) → Hom_H(X, Y )) is surjective. Note that t = dim_kHom_H(X, Y ) and that as components of f (resp. g) one uses a k−basis of the vector space Hom_H(X, Y ). We call f the minimal right add X−approximation of Y, where add X is the full subcategory of H formed by finite direct sums of direct summands of X. We call g the minimal left add Y −approximation of X. In case that End X = k we also have that the induced map Hom_H(X, f) is an isomorphism.

If T ∈ H is a tilting object we have the associated torsion pair (T (T ), F(T )) where

T (T ) = Fac T = {X ∈ H | Ext^1_H(T, X) = 0} and F(T ) = {Y ∈ H | Hom_H(T, Y ) = 0}. Recall that for an indecomposable exceptional object E ∈ H there are defined the right and left perpendicular category E^⊥ and^⊥E by

E^⊥ = {X ∈ H | Hom_H(E, X) = 0 = Ext^1_H(E, X)}

⊥E = {X ∈ H | Hom_H(X, E) = 0 = Ext^1_H(X, E)}

If H is not equivalent to mod H for a finite dimensional hereditary k−algebra H, we know that the Auslander-Reiten translation τ = τ_H is an equivalence on H. In this case it easy to see that τ induces an equivalence from^⊥E to E^⊥.

If E is indecomposable we have the Auslander-Reiten sequence 0 → τE → M → E → 0. The following collection of known results is essential for the subsequent development. The first two assertions are contained in [HRe2] as 4.11 and 2.10. The third follows from [LM] and [R1], while the last is contained as 3.4 in [HS].

Theorem 1.1. If E ∈ H_∞ is an indecomposable torsionisable exceptional object, and 0 → τE → M → E → 0 is the Auslander-Reiten sequence, then the following holds.

(i) E^⊥ = mod H for some finite dimensional hereditary k−algebra H with M ∈ E^⊥ and rk K_0(H) = rk K_0(H) − 1.

(ii)_H H ⊕ E is a tilting object in H and End_H(_H H ⊕ E) = H[M] (the one-point extension algebra of H by M).

(iii) If H is a tame algebra, then H is derived equivalent to coh X for a weighted projective line X or to mod H^′ for a finite dimensional hereditary k−algebra H^′. (iv) If H[M] is not a tilted algebra and M is decomposable, then M = M_1 ⊕ M_2 with M_1, M_2 indecomposable. M_1, M_2 are pairwise orthogonal and exactly one of the indecomposable summands is a direct summand of H.

We point out that in the situation of 1.1 (iv) it was shown in [HS] that one component of E^⊥ is representation-finite of type A_r for some r ∈ N. Later we will assume that the other component is not of tame representation type, i.e. that the underlying graph is not a Euclidean diagram.

The following two easy lemmas will be useful in the next section. They give for special tilting objects alternative descriptions of the torsion and torsionfree classes.

Lemma 1.2. Let E ∈ H_∞ be an indecomposable torsionisable exceptional object with E^⊥ = mod H for some finite dimensional hereditary k−algebra H. If T =_H H⊕ E, then T (T ) = {X ∈ H | Ext^1_H(E, X) = 0} and F(T ) = Sub τE, the subobjects of finite direct summands of copies of τE. Moreover for each X ∈ F(T ) there exists an exact sequence 0 → X → τE^r → Y → 0 with Y an injective H−module and some r ∈ N. Proof: Trivially, T (T ) ⊂ {X ∈ H | Ext^1_H(E, X) = 0}. For the converse inclusion let X ∈ H with Ext^1_H(E, X) = 0. If Hom_H(E, X) = 0, then X ∈ E^⊥, so Ext^1_H(_H H, X) = 0 and so X ∈ T (T ). If Hom_H(E, X) ≠ 0 consider the minimal right add E−approximation f : E^t → X. Then cok f ∈ E^⊥ ⊂ T (T ) and im f ∈ Fac T = T (T ), so X ∈ T (T ), since T (T ) is closed under extensions.

Trivially Sub τE ⊂ F(T ), since τE ∈ F(T ) and F(T ) is closed under subobjects. For the converse inclusion let X ∈ F(T ), so 0 ≠ Ext^1_H(E, X) ≃ DHom_H(X, τE). Consider the minimal left add τE−approximation g : X → τE^r of X. Thus we have that Hom_H(ker g, τE) = 0, so ker g ∈ T (T ) by the first part. But then Hom_H(ker g, X) = 0, so ker g = 0, hence X ∈ Sub τE.

For the last part of the assertion, consider for X ∈ F(T ) the minimal left add τE−approximation g : X → τE^r which we know to be injective. So we have an exact sequence (∗) 0 → X → τE^r → Y → 0. Apply Hom_H(E, −) to this sequence and use that X, τE ∈ F(T ) then yields that the following sequence

0 → Hom_H(E, Y ) → Ext^1_H(E, X)^ϕ−−−−→ Ext^1_H(E, τE^r) → Ext^1_H(E, Y ) → 0

is exact. Since End E ≃ k, we infer that ϕ is an isomorphism, so Y ∈ E^⊥. Let Z ∈ E^⊥. Apply Hom_H((Z, −) to the exact sequence (∗). This yields a surjection Ext^1_H(Z, τE^r ) → Ext^1_H(Z, Y ) → 0. Now Ext^1_H(Z, τE^r ) ≃ DHom_H(τE^r , τZ) ≃ DHom_H(E^r, Z) = 0 shows that Ext^1_H(Z, Y ) = 0, hence Y is an injective H−module.

We will also need the dual of 1.2.

Lemma 1.3. Let E ∈ H_∞ be an indecomposable torsionisable exceptional object with^⊥E = mod H for some finite dimensional hereditary k−algebra H. Then T = E ⊕ D(H_H ) is a tilting object where D(H_H ) is the injective cogenerator in mod H. Moreover T (T ) = Fac E and F(T ) = {Y ∈ H | Hom_H(E, Y ) = 0}.

Proof: Let 0 → E → τ^−M → τ^−E → 0 be the Auslander-Reiten sequence starting at E. Then it is straightforward to check that τ^−M ∈^⊥E. But then it follows that Ext^1_H(T, T ) = 0, since Ext^1_H(τ^−M, D(H_H )) = 0, for D(H_H ) is injective.

Let 0 ≠ X ∈ H with Hom_H(T, X) = Ext^1_H(T, X) = 0. Then Hom_H(τ^−X, T ) = Ext^1_H(τ^−X, T ) = 0 shows that τ^−X ∈^⊥E and so Hom_H(τ^−X, D(H_H )) ≠ 0, a contradiction. So T is a tilting object in H.

Trivially F(T ) ⊂ {Y ∈ H | Hom_H(E, Y ) = 0}. Conversely, let Y ∈ H with Hom_H(E, Y ) = 0. So Ext^1_H(τ^−Y, E) = 0. If Hom_H(τ^−Y, E) = 0, then τ^−Y ∈ ⊥E. But then 0 = Ext^1_H(τ^−Y, D(H_H )) ≃ Hom_H(D(H_H ), Y ), so Y ∈ F(T ). If Hom_H(τ^−Y, E) ≠ 0 consider the minimal left add E−approximation f : τ^−Y → E^r of τ^−Y. Then ker f ∈^⊥E, so Ext^1_H(ker f, D(H_H )) = 0. Since im f is cogenerated by E we infer that Ext^1_H(im f, D(H_H )) = 0. Thus also 0 = Ext^1_H(τ^−Y, D(H_H )) = Hom_H(D(H_H ), Y ), hence Y ∈ F(T ).

Trivially Fac E ⊂ T (T ). Conversely let 0 ≠ X ∈ T (T ). Thus Hom_H(τ^−X, T ) = 0. So τ^−X /∈^⊥E, since D(H_H ) is an injective cogenerator. Thus we have that 0 ≠ Ext^1_H(τ^−X, E) ≃ Hom_H(E, X). Consider the minimal left add E−approximation g : E^s → X of X. By the first part of the proof we deduce from Hom_H(E, cok f) = 0 that cok f ∈ F(T ). Since X ∈ T (T ) we infer that cok f = 0, or equivalently that X ∈ Fac E. We will also need the following consequence of 1.2.

Corollary 1.4. Let E ∈ H_∞ be an indecomposable torsionisable exceptional object. If X ∈ H satisfies Ext^1_H(E, X) = 0, then X is torsionisable.

2. Special torsion pairs

We keep the notation from the previous section. From now on we will assume that H is a connected hereditary abelian k−category with tilting object satisfying (a) H = H_∞, (b) H_{dir} = ∅ and (c) if E ∈ H is an indecomposable torsionisable exceptional object with E^⊥ = mod H for some finite dimensional hereditary k−algebra H, then no connected component of H is tame.

Note that these assumptions in particular imply that τ is an equivalence. Note that under the assumption (b) it follows from [HS] by using the result in [HRe1] that the perpendicular category of any indecomposable torsionisable exceptional object has at most two connected components and that for any tilting object T ∈ H we have that End_HT is quasitilted and not tilted again using [HRe1].

The main aim of this section is to show Corollary 2.11. For this we will need a series of lemmas which will show certain properties of the torsion pair associated with an indecomposable torsionisable exceptional object E ∈ H. If E is such an object with E^⊥ = mod H for some finite dimensional hereditary k−algebra H, then we put T_E =_H H ⊕E and denote by (T_E , F_E ) the associated torsion pair. As above we denote by 0 → τE → M → E → 0 the Auslander-Reiten sequence ending at E. Let Λ = H[M] = End_HT_E be the corresponding quasitilted algebra. We denote by Hom_H(T_E , −) the functor from H to mod Λ. We will use that this functor is an equivalence from T_E onto a certain subcategory of mod Λ. For details we refer to [HRS]. If the middle term M is decomposable, we know from 1.1 that M = M_1 ⊕M_2 where M_1, M_2 are both indecomposable. We denote the unique direct summand of M which is a direct summand of T_E by M_1.

Lemma 2.1. Using the above notation we have that the induced map M_1 → E is mono and that End_HM_2 = k. Also we have that the induced map M_2 → E is epi. Moreover there exists an integer r ≤ rk K_0(H) − 3 and a chain of irreducible monomorphisms

M^{(r)}_1 ↣ M^{(r−1)}_1 ↣ · · · ↣ M^{(1)}_1 ↣ E

where M^{(r)}_1 has an indecomposable middle term in the Auslander-Reiten sequence ending at M^{(r)}_1 . Moreover E is filtered by τ^{−j} M^{(r)}_1 for 0 ≤ j ≤ r.

Proof: Indeed, since M_1 is indecomposable exceptional we have that End_HM_1 = k and so dim_kHom_H(M_1, E) = 1. Since 0 = Ext^1_H(M_1, T ) ≃ DHom_H(T, τM_1), we infer that τM_1 ∈ F_E . So it follows by using 1.2 that the induced map τM_1 → τE is mono and so is M_1 → E. Since there exists an irreducible map f : M_2 → E we have that f is either epi or mono. Since M_2 ∈ E^⊥ the map f is epi, since otherwise M_2 would be projective in E^⊥ in contradiction to 1.1 (iv). Since H[M] is quasitilted we conclude from [HRS] and [HS] that End_HM_2 = k.

Iterating this argument gives for each indecomposable torsionisable exceptional E ∈ H, with E^⊥ = mod H for some finite dimensional hereditary k−algebra H, a chain of irreducible monomorphisms

M^{(r)}_1 ↣ M^{(r−1)}_1 ↣ · · · ↣ M^{(1)}_1 ↣ E

where M^{(i+1)}_1 ∈ M^{(i)⊥}_1 is projective for 1 ≤ i ≤ r − 1. We prove by induction on i that M^{(i)}_1 ∈ E^⊥. For i = 1 this holds by assumption. Since M^{(i+1)}_1 ↣ M^{(i)}_1 is mono and M^{(i)}_1 ∈ E^⊥ we have that Hom_H(E, M^{(i+1)}_1 ) = 0. By induction, applied to the pair M^{(i+1)}_1 , M^{(1)}_1 , we have that M^{(i+1)}_1 ∈ M^{(1)⊥}_1 . Also τE ∈ M^{(1)⊥}_1 . Moreover τE and M^{(i+1)}_1 belong to different connected components of M^{(1)⊥}_1 , hence 0 = Hom_H(M^{(i+1)}_1 , τE) ≃ DExt^1_H(E, M^{(i+1)}_1 ) shows that M^{(i+1)}_1 ∈ E^⊥. So the M^{(i)}_1 are pairwise nonisomorphic indecomposable H−projectives for 1 ≤ i ≤ r. Since H is assumed to be wild it follows by using 1.1 (i) that r ≤ rk K_0(H) − 3. Choose r maximal then M^{(r)}_1 has an indecomposable middle term in the Auslander-Reiten sequence ending at M^{(r)}_1 .

We will show the last assertion by induction on r. For r = 0 there is nothing to show. By induction we have that M^{(1)}_1 is filtered by τ^{−j} M^{(r)}_1 for 0 ≤ j ≤ r − 1. We consider the Auslander-Reiten sequence starting at M^{(1)}_1

0 → M^{(1)}_1 ( π, μ^) −−−−→ τ^−M^{(2)}_1 ⊕ E μ^′ π^′ −−−−→ τ^−M^{(1)}_1 → 0

Again by induction we infer that cok μ^′ = τ^{−r}M^{(r)}_1 . But then also cok μ = τ^{−r}M^{(r)}_1 , hence the assertion.

In analogy to the theory of wild hereditary algebras we will call objects X, whose middle term in the Auslander-Reiten sequence is indecomposable, quasisimple objects.

Dually, given E ∈ H indecomposable torsionisable exceptional, with^⊥E = mod H for some finite dimensional hereditary k−algebra H, there exists an integer s ≤ rk K_0(H) − 3 and a chain of irreducible epimorphisms

E ↠ N^{(1)}_1 ↠ N^{(2)}_1 ↠ · · · ↠ N^{(s)}_1

with N^{(s)}_1 quasisimple. Moreover E is filtered by τ^j N^{(s)}_1 for 0 ≤ j ≤ s.

For later reference we state the following result which was basically shown in [HRe3].

Lemma 2.2. Let E be an indecomposable torsionisable exceptional object, then E is not τ−periodic, so τ^iE ≠ E for all i ≠ 0.

Proof: If E is τ−periodic, then each object in the connected component of the Auslander-Reiten quiver of H containing E is τ−periodic (see for example [HPR]). By the previous lemma we thus have a quasisimple torsionisable exceptional F which is τ−periodic. Let M be the indecomposable middle term in the Auslander- Reiten sequence ending at F. Then it was shown in the proof of 1.1 in [HRe3] that M is τ_F ⊥ −periodic. Thus F^⊥ is tame which contradicts the assumption (c).

We will first consider this special type of objects and will then extend these results to arbitrary objects.

Lemma 2.3. Let E be an indecomposable torsionisable exceptional quasisimple object. Then Ext^1_H(E, τ^iE) = 0 for all i ≠ 1, i ≥ 0 and Hom_H(τ^iE, E) = 0 for all i ≥ 1. In particular τ^iE ∈ T_E for all i ≠ 1 and i ≥ 0.

Proof: Since E is exceptional we have that Ext^1_H(E, E) = 0. Since E is quasisimple the Auslander-Reiten sequence 0 → τE → M → E → 0 satisfies that M is indecomposable. Since End_HM = k and E is exceptional it follows that Hom_H(τE, E) = 0. But then Ext^1_H(E, τ^2E) ≃ DHom_H(τE, E) = 0. We will show the assertion by induction on i. So assume that Hom_H(τ^j E, E) = 0. for all 1 ≤ j ≤ i and i ≥ 1. Then Ext^1_H(E, τ^{i+1}E) ≃ DHom_H(τ^{i+1}E, τE) = DHom_H(τ^iE, E) = 0. If Hom_H(τ^{i+1}E, E) ≠ 0 then any nonzero map f : τ^{i+1}E → E is either mono or epi, since Ext^1_H(E, τ^{i+1}E) = 0 by [HRi]. First we assume that we have a monomorphism τ^{i+1}E → E. By 2.2 this map is proper. Then Hom_H(E, τ^{i+1}E) = 0 and so τ^{i+1}E ∈ E^⊥ = mod H for some finite dimensional hereditary k−algebra H. Moreover it follows from 2.3 in [HRe2] that τ^{i+1}E is a projective H−module. Let Λ = H[M] be the one-point extension algebra of H by M. Since Λ is quasitilted and not tilted we infer that M is a regular H−module. Let Γ be the connected component of the Auslander-Reiten quiver of Λ containing M. We have a unique (up to isomorphism) non-split exact sequence 0 → τ^2E → N → M → 0 in H, since dim_kExt^1_H(M, τ^2E) = dim_kDHom_H(τ^2E, τM) = 1. Since τ^2E, M ∈ T_E , we have that N ∈ T_E . Let

0 → τM ( π, μ^) −−−−→ τE ⊕ X μ^′ π^′ −−−−→ M → 0 be the Auslander-Reiten sequence in H ending at M. Then τ^2E = ker π = kerπ^′ shows that N ≃ X. Since τE ∈ F_E it follows that 0 → τ^2E → N → M → 0 is a relative Auslander-Reiten sequence in T_E .

Using the tilting functor Hom_H(T_E, −) we see that Hom_H(T_E , τ^2E) ∈ Γ. By the inductive hypothesis we have that τ^j E ∈ T_E for 2 ≤ j ≤ i + 1. Since T_E is closed under extensions we also have that 0 → τ^{j+1}E → τ^j M → τ^j E → 0 for 2 ≤ j ≤ i are relative Auslander-Reiten sequences in T_E . Using again the tilting functor we see that Hom_H(T_E , τ^j E) ∈ Γ for 2 ≤ j ≤ i + 1. But τ^{i+1}E is a projective H−module. So M and Hom_H(T_E, τ^{i+1}E) both lie in Γ. This shows that Γ coincides with the preprojective component of mod H, hence M is a preprojective H−module, a contradiction.

If τ^{i+1}E → E is an epimorphism it follows that E ∈^⊥(τ^{i+1}E) is injective, or equivalently that τ^{−i−1}E ∈^⊥E is injective. So the dual argument applies by using the tilting object T^′ = E⊕D(H_H ), where D(H_H ) is the injective cogenerator in^⊥E. The inductive hypothesis then shows by using 1.3 that τ^{−j} E ∈ F(T^′) for 1 ≤ j ≤ i. Also M ∈ F(T^′). As above we may show that Ext^1_H(T^′, M) and Ext^1_H(T^′, τ^{−j} E) for 1 ≤ j ≤ i both lie in the same connected component of the Auslander-Reiten quiver of Λ = End_HT^′. Note that this endomorphism algebra is isomorphic to the one-point coextension algebra [τ^−M]H of H by τ^−M. Since Λ is not tilted we infer that τ^−M is a regular H−module. Now Ext^1_H(T^′, τ^{−i}E) is an injective H−module, so Ext^1_H(T^′, M) = DHom_H(τ^−M, D(H_H )) = τ^−M is preinjective, a contradiction.

Hence τ^iE ∈ T_E for all i ≠ 1 and Hom_H(τ^iE, E) = 0 for all i ≥ 1, i ≥ 0 which finishes the proof of the lemma.

Lemma 2.4. Let E be an indecomposable torsionisable exceptional quasisimple object. Then there exists m ≥ 0 such that Hom_H(E, τ^j E) ≠ 0 for all j ≥ m.

Proof: By the previous lemma we have that τ^j E ∈ T_E for all j ≠ 1. Assume to the contrary that for each m > 1 there is some j ≥ m with Hom_H(E, τ^j E) = 0. Since τ^j E ∈ T_E we have that τ^j E ∈ E^⊥ = mod H for some finite dimensional hereditary k−algebra H. If Hom_H(E, τ^{j−1}E) ≠ 0, then any nonzero map f : E → τ^{j−1}E is either mono or epi, since Ext^1_H(τ^{j−1}E, E) ≃ DHom_H(E, τ^j E) = 0 (see [HRi]). If f is epi, then τ^{j−1}E ∈^⊥E is injective. Since τ :^⊥E → E^⊥ is an equivalence, we infer that τ^j E is injective in E^⊥. If f is mono, then E ∈ (τ^{j−1}E)^⊥ is projective, or equivalently τ^{−j+1}E ∈ E^⊥ is projective. Since E is not τ−periodic by 2.2 and there are only finitely many indecomposable projectives and injectives in E^⊥ up to isomorphism there exists m > 1 such that Hom_H(E, τ^j E) = 0 for all j ≥ m. But then τ^j E ∈ E^⊥ for all j ≥ m. As above let Λ = H[M], so we have that τ^i_ΛX = τ^i_H X for all i ≥ 1 and X = Hom_H(T_E, τ^mE). But then Hom_H (M, τ^i_H X) = 0 for all i ≥ 0 by 2.5.5 in [R1]. Since H is wild, X is not a regular H−module by 10.5 in [Ke]. Since τ^{−j}_H M is a sincere H−module for all j sufficiently large by 10.3 in [Ke] we infer that X is not a preinjective H−module. So X is a preprojective H−module, but this contradicts the fact that τ^i_H X is indecomposable for all i > 0.

The next two assertions extend the two previous results to not necessarily quasisimple exceptional objects.

Lemma 2.5. Let E be an indecomposable torsionisable exceptional object. Then there exists m ≥ 0 such that Hom_H(E, τ^j E) ≠ 0 for all j ≥ m.

Proof: Let π : E ↠ F be the composition of the chain of irreducible epimorphisms such that F is quasisimple. Assume that there are r such irreducible epimorphisms in this chain. By 2.4 there exists m ≥ 0 such that Hom_H(F, τ^j F ) ≠ 0 for all j ≥ m. Now there is a monomorphism μ : τ^r F → E. Let j ≥ m and consider for 0 ≠ f ∈ Hom_H(F, τ^{j+r} F ) the composition g = πfτ^j (μ) : E → τ^j E. Clearly g ≠ 0, so Hom_H(E, τ^j E) ≠ 0 for all j ≥ m.

Lemma 2.6. Let E be an indecomposable torsionisable exceptional object. Then there exists m ≥ 0 such that τ^j E ∈ T_E for all j ≥ m.

Proof: Let π : E ↠ F be as above the composition of the chain of irreducible epimorphisms such that F is quasisimple. Assume that there are r such irreducible epimorphisms in this chain. Let F̃ = ⊕^r_{i=0}τ^iF. By 2.3 we have that Ext^1_H(F̃ , τ^j F ) = 0 for all j > r + 1. But then it follows that also Ext^1_H(E, τ^j F ) = 0 for all j > r + 1, since E has a filtration by τ^r F, . . . , F (compare 2.1). For j ≥ 0 we have that τ^j E is filtered by τ^{j+r} F, . . . , τ^j F, thus Ext^1_H(E, τ^j E) = 0 for all j > r + 1.

We will also need the dual of the last lemma, which we state without proof.

Lemma 2.7. Let E be an indecomposable torsionisable exceptional object. Then there exists m ≥ 0 such that Hom_H(E, τ^{−j} E) = 0 for all j ≥ m. So for j ≥ m we have that τ^{−j} E is torsionfree for the torsion pair induced by T^′ = E ⊕ I, where I is an injective cogenerator for^⊥E.

The last two assertions of the next lemma will be quite essential in the proof of the main theorem.

Lemma 2.8. Let E be an indecomposable torsionisable exceptional object. Then the following hold.

(i) There exists m ≥ 0 such that τ^j E ∈ Fac E for all j ≥ m. (ii) For X ∈ T_E there exists m^′ such that τ^j X ∈ T_E for all j ≥ m^′. (iii) For X ∈ H with Hom_H(E, X) = 0 there exists an integer m ≥ 0 such that Hom_H(E, τ^{−j} X) = 0 for all j ≥ m.

Proof: Let E^⊥ = mod H for some finite dimensional hereditary k−algebra H. Let S_1, . . . , S_{n−1} be the simple H−modules. Since mod H ∈ T_E by 1.2 we have that all S_i are torsionisable and clearly exceptional, since H is finite dimensional. By lemma 2.5 there exists m_i such that Hom_H(S_i, τ^j S_i) ≠ 0 for all j ≥ m_i and 1 ≤ i ≤ n − 1. Also we choose by 2.5 and 2.6 an integer r such that Hom_H(E, τ^j E) ≠ 0 and τ^j E ∈ T_E for all j ≥ r. Let m = max(r, m_1, . . . , m_{n−1}). Let j ≥ m and consider f : E^t → τ^j E the minimal right add E−approximation of τ^j E. By the choice of m we infer that f ≠ 0. Assume that f is not epi and let Q = cok f. Since τ^j E ∈ T_E we have that Q ∈ T_E and by construction we have that Hom_H(E, Q) = 0, hence Q ∈ E^⊥. Thus Q has a simple factor S_i. So we have an epimorphism π : τ^j E → S_i. Since j ≥ m ≥ m_i we have that Hom_H(S_i, τ^j S_i) ≠ 0, so Hom_H(τ^j E, τ^j S_i) ≠ 0, since π is epi. But Hom_H(τ^j E, τ^j S_i) = Hom_H(E, S_i) = 0, since S_i ∈ E^⊥, a contradiction, and so f is epi, and therefore τ^j E ∈ Fac E for all j ≥ m.

The second assertion now follows easily from the first part. Let X ∈ T_E . So there exists T̃ ∈ add T_E and an epimorphism π : T̃ → X. By (i) there is m ≥ 0 such that τ^jT̃ ∈ Fac T_E for all j ≥ m, just take m as the maximum of the corresponding numbers for the indecomposable direct summands of T_E . Since τ^j π : τ^jT̃ → τ^j X is epi for all j ≥ 0, we have that τ^j X ∈ T_E for all j ≥ m.

Finally, let X ∈ H with Hom_H(E, X) = 0. By (i) we may choose m such that τ^j E ∈ Fac E for all j ≥ m. Thus for all j ≥ m we have an epimorphism π : τ^{−j}Ẽ → E for some Ẽ ∈ add E. But then 0 = Hom_H(E, X) = Hom_H(τ^{−j} E, τ^{−j} X) shows that Hom_H(E, τ^{−j} X) = 0.

Lemma 2.9. Let E be an indecomposable torsionisable exceptional object and let P be an indecoposable projective in E^⊥ with Hom_H(P, E) ≠ 0. Then the minimal add P −approximation f : P^t → E of E is either mono or epi.

Proof: Assume that f is not epi, then im f is a proper subobject of E which lies in E^⊥ and therefore is projective. If ker f ≠ 0, then 0 → ker f → P^t → im f → 0 is an exact sequence in E^⊥, hence splits, but this contradicts the minimality of f.

The following lemma and its immediate corollary are crucial for the proof of the main theorem in the next section.

Lemma 2.10. For each integer n ≥ 2 there exists E indecomposable torsionisable exceptional such that Hom_H(E, τ^nE) = 0.

Proof: Let n ≥ 2 and assume that for all torsionisable exceptional objects E we have that Hom_H(E, τ^nE) ≠ 0. Consider f : E → (τ^nE)^r and g : E^s → τ^nE be the minimal left (resp.right) approximations. We claim that f is mono and g is epi.

First we show that f is mono. Assume that ker f ≠ 0. Consider the induced exact sequence 0 → ker f → E → im f → 0. By construction we infer that Hom_H(ker f, τ^nE) = 0. Thus Ext^1_H(τ^{n−1}E, ker f) = 0, shows that ker f is torsionisable by 1.4. Since Hom_H(ker f, τ^nE) = 0 and im f → (τ^nE)^r is mono we have that Hom_H(ker f, im f) = 0. Now Ext^1_H(ker f, E) = 0 shows that ker f is exceptional by applying Hom_H(ker f, −) to the exact sequence from above. Now also

0 → τ^nker f → τ^nE → τ^nim f → 0 is exact, so Hom_H(ker f, τ^nker f) = 0, since Hom_H(ker f, τ^nE) = 0. But this is a contradiction, so ker f = 0, and thus f is mono.

Next we show that g is epi. Assume that cok g ≠ 0. Consider the induced exact sequence 0 → im g → τ^nE → cok g → 0. By construction we infer that Hom_H(E, cok g) = 0. Now Ext^1_H(τ^nE, cok g) = 0, shows that cok g is torsionisable by 1.4. Since Hom_H(E, cok g) = 0 and E^s → im g is epi we have that Hom_H(im g, cok g) = 0. Now Ext^1_H(τ^nE, cok g) = 0 shows that cok g is exceptional by applying the functor Hom_H(cok g, −) to the exact sequence from above. Next we apply Hom_H(−, τ^ncok g) to the exact sequence from above. This shows that Hom_H(cok g, τ^ncok g) = 0, since 0 = Hom_H(E, cok g) = Hom_H(τ^nE, τ^ncok g). But this is a contradiction, so cok g = 0, and thus g is epi.

Now we choose E an indecomposable torsionisable exceptional object such that the vector space Hom_H(E, τ^nE) is of minimal k−dimension. Let E^⊥ = mod H for some finite dimensional hereditary k−algebra H and let 0 → τE → M → E → 0 be the Auslander-Reiten sequence. By [H1] we may assume that M is a sincere H−module. Let P (α) be a simple H−projective and let I(ω) be a simple injective in^⊥E. Consider f : P (α)^t → E and g : E → I(ω)^r the minimal right (resp. left) approximations. Since M is sincere both maps are nonzero. By 2.9 and its dual we know that f is either mono or epi and that the same holds for g. Since P (α) is simple projective in E^⊥ we have that τ^−P (α) is simple projective in^⊥E. We may choose α and ω auch that 0 = Hom⊥_E (τ^−P (α), I(ω)) ≃ DExt^1_H(I(ω), P (α)). If f is epi, then Ext^1_H(I(ω), P (α)) = 0 implies that g is not mono, hence g is epi. So we have that either f is mono or g is epi.

We will first assume that f is mono. So we have an exact sequence 0 → P (α)^t → E → Q → 0. Clearly Q ∈ T_E and Hom_H(P (α), Q) = 0. This implies that Q is exceptional. Since End E = k and Ext^1_H(E, P (α)) = 0 we infer that Hom_H(E, Q) = k, and so Q is indecomposable. We also consider the exact sequence 0 → τ^nP (α)^t → τ^nE → τ^nQ → 0. Since P (α) ∈ T_E and the fact that the minimal right add P (α)−approximation P (α)^s → τ^nP (α) is epi by the first part of the proof we infer that τ^nP (α) ∈ T_E . Applying Hom_H(E, −) to the second sequence then yields that

0 → Hom_H(E, τ^nP (α)^t) → Hom_H(E, τ^nE)^π−−−−→ Hom_H(E, τ^nQ) → 0 is exact. Applying Hom_H(−, τ^nQ) to the first sequence yields that

0 → Hom_H(Q, τ^nQ) → Hom_H(E, τ^nQ) is exact. The minimality assumption on E now implies that π is injective, or equivalently that Hom_H(E, τ^nP (α)) = 0, and so τ^nP (α) ∈ E^⊥. Since P (α) is simple projective in E^⊥ there is no proper epi from P (α)^s onto τ^nP (α), so s = 1 and P (α) = τ^nP (α). But this contradicts 2.2.

Next we consider the case that g : E → I(ω)^r is epi. So we obtain an exact sequence 0 → K → E → I(ω)^r → 0. By construction we have that 0 = Hom_H(K, I(ω)) = Ext^1_H(τ^−I(ω), K), hence K is torsionisable. As above we may show that K is also indecomposable and exceptional.

We als have the exact sequence 0 → τ^{−n}K → τ^{−n}E → τ^{−n}I(ω)^r → 0. Now Ext^1_H(I(ω), E) = 0. By the first part of the proof we have that τ^{−n}I(ω) is cogenerated by I(ω). Therefore we obtain by applying Hom_H(−, E) to this exact sequence an exact sequence Hom_H(τ^{−n}I(ω)^r, E) → Hom_H(τ^{−n}E, E)^π−−−−→ Hom_H(τ^{−n}K, E) → 0. Also we have from the first exact sequence that

0 → Hom_H(τ^{−n}K, K) → Hom_H(τ^{−n}K, E) is exact. Thus by the minimality assumption on E we have that π is injective, or equivalently we have that τ^{−n}I(ω)^r ∈^⊥E. But then as above we conclude that I(ω) = τ^{−n}I(ω), a contradiction to 2.2.

The proof of the next corollary is clearly inspired by some wing arguments in the theory of wild hereditary algebras (compare for example [Ke]).

Corollary 2.11. There exists an indecomposable torsionisable exceptional object E and some integer n ≥ 2 such that Hom_H(E, τ^{n+1}E) = 0 and Hom_H(E, τ^nE) ≠ 0.

Proof: Let n > rk K_0(H). By 2.10 choose E an indecomposable torsionisable exceptional object with Hom_H(E, τ^{n+1}E) = 0. Assume that Hom_H(E, τ^j E) = 0 for all j with 2 ≤ j ≤ n.

First we show that we may assume without loss of generality that E is quasisimple. Indeed, let E = E_r → E_{r−1} → · · · → E_1 → E_0 be the chain of irreducible epimorphisms such that E_0 is quasisimple which exists by the dual of 2.1. For each 1 ≤ i ≤ r we have that E_0 ∈^⊥E_i. Since τ^iE_0 is a subobject of E_i we have that Hom_H(E_0, τ^iE_0) = 0 for 1 ≤ i ≤ r. If r < j ≤ n + 1, then τ^j E_0 is a subobject of τ^{j−r} E_r and the epimorphism E_r → E_0 then shows that Hom_H(E_0, τ^j E_0) = 0 for all j with 2 ≤ j ≤ n.

So we have an indecomposable torsionisable exceptional object E which is quasisimple and satisfies Hom_H(E, τ^j E) = 0 for all j with 2 ≤ j ≤ n + 1.

We now show by induction on r that for all r ≤ n we have a chain of irreducible epimorphisms

E_r ↠ E_{r−1} ↠ · · · ↠ E_1 ↠ E_0 = E with all E_i exceptional for 1 ≤ i ≤ r.

Let E_1 be the indecomposable summand of the middle term of the Auslander- Reiten sequence ending at E_0. We know that E_1 is not a direct summand of T_{E0} . First we claim that Hom_H(E_0, τ^2E_0) = 0 implies that E_1 is exceptional. We consider the exact sequence 0 → τE_0 → E_1 → E_0 → 0. Indeed, 0 = Hom_H(E_0, τ^2E_0) ≃ DExt^1_H(τE_0, E_0), shows that Ext^1_H(τE_0, E_1) = 0 by applying Hom_H(τE_0, −) to the Auslander-Reiten sequence and using that τE_0 is exceptional. Since E_1 ∈ E^⊥_0 this shows that E_1 is exceptional by applying the functor Hom_H(−, E_1) to the above sequence.

Assume inductively that we have constructed a chain of irreducible epimorphisms

E_{r−1} ↠ E_{r−2} ↠ · · · ↠ E_1 ↠ E_0 = E with all E_i exceptional for 1 ≤ i ≤ r − 1 and exact sequences

0 → τE_{j−1} → E_j → E_0 → 0

0 → τ^j E_0 → E_j → E_{j−1} → 0 for 1 ≤ j ≤ r − 1 and that Ext^1_H(τ^j E_0, E_j ) = 0 for 1 ≤ j ≤ r − 1.

Let E_r be the unique indecomposable summand of the middle term of the Auslander sequence ending at E_{r−1} which is not a direct summand of T_{Er−1} . By 2.1 we have an epimorphism E_r → E_{r−1}. We claim that Hom_H(E_0, τ^{r+1}E_0) = 0 implies that E_r is exceptional. Let

0 → τE_{r−1} ( μ, π^) −−−−→ E_r ⊕ τE_{r−2} π^′ μ^′ −−−−→ E_{r−1} → 0 be the Auslander-Reiten sequence in H ending at E_{r−1}. Then by induction we have that E_0 = cok μ^′ which is isomorphic to cok μ. Thus we have an exact sequence

(∗) 0 → τE_{r−1} → E_r → E_0 → 0.

Since 0 = Hom_H(E_0, τ^{r+1}E_0) = Ext^1_H(τ^r E_0, E_0) and Ext^1_H(τ^{r−1}E_0, E_{r−1}) = 0 by the induction hypothesis we infer that Ext^1_H(τ^r E_0, E_r) = 0 by applying the functor Hom_H(τ^r E_0, −) to the sequence (∗).

By induction we have that τ^{r−1}E_0 = ker τ^−π. So τ^rE_0 = ker π = ker π^′. Thus we also have an exact sequence

(∗∗) 0 → τ^rE_0 → E_r → E_{r−1} → 0.

Applying Hom_H(−, E_r) to (∗∗) and using that E_r ∈ E^⊥_{r−1} and Ext^1_H(τ^r E_0, E_r) = 0 then shows that E_r is exceptional.

So we have constructed a chain of irreducible epimorphisms between exceptional objects of length equal to rk K_0(H), which contradicts the dual of 2.1.

Thus we have an indecomposable torsionisable exceptional object E and some integer n ≥ 2 such that Hom_H(E, τ^{n+1}E) = 0 and Hom_H(E, τ^nE) ≠ 0.

3. The main result

We keep the basic notation from the previous sections. We are now able to show the characterization theorem of hereditary abelian k−categories containing a tilting object.

Theorem 3.1. Let H be a connected hereditary abelian k−category with tilting object. Then H is derived equivalent to mod H for some finite dimensional hereditary k−algebra H or derived equivalent to coh X for some weighted projective line X.

Proof: As pointed out in the introduction we may assume without loss of generality that H satisfies the extra assumptions stated at the beginning of section 2 by using the results from [HRe1], [HRe2] and [HS]. By 2.11 we have an indecomposable exceptional object E and some integer n ≥ 2 with Hom_H(E, τ^{n+1}E) = 0 and Hom_H(E, τ^nE) ≠ 0. As before we see that any nonzero map f : E → τ^nE is either mono or epi. We will first deal with the case that f is epi. So we have an exact sequence 0 → K → E → τ^nE → 0. Now τ^nE ∈^⊥E is injective, so τ^{n+1}E = I(α) ∈ E^⊥ is injective. We also have an exact sequence (∗) 0 → τK → τE → τ^{n+1}E = I(α) → 0.

We claim that there exists an indecomposable torsionisable exceptional object F such that the exact sequence (∗) is contained in T_F .

If there exists an indecomposable projective E^⊥−module P (β) with the property that Hom_H(P (β), I(α)) = 0, then we apply Hom_H(P (β), −) to the sequence (∗) and obtain the following exact sequence

0 → Ext^1_H(P (β), τK) → Ext^1_H(P (β), τE) → Ext^1_H(P (β), I(α)) → 0. Now 0 = Hom_H(E, P (β)) ≃ DExt^1_H(P (β), τE) shows that for F = P (β) we have that (∗) is contained in T_F .

If for all indecomposable projective E^⊥−modules P (β) we have the fact that Hom_H(P (β), I(α)) ≠ 0, then we infer that P (α) is simple projective, where P (α) is the projective cover of the socle of I(α). But then there exists a simple injective E^⊥−module I(ω) with Hom_H(I(ω), I(α)) = 0. Apply Hom_H(I(ω), −) to the sequence (∗). So we obtain the following exact sequence

0 → Ext^1_H(I(ω), τK) → Ext^1_H(I(ω), τE) → Ext^1_H(I(ω), I(α)) → 0. Now 0 = Hom_H(E, I(ω)) ≃ DExt^1_H(I(ω), τE) shows that for F = I(ω) we have that (∗) is contained in T_F .

By 2.8 (ii) there exists an integer m ≥ 1 such that 0 → τ^iK → τ^iE → τ^{n+i}E → 0. is contained in T_F for all i ≥ m. So we obtain an infinite chain of proper epimorphisms τ^mE^π−−−−→ τ^{m+n}E^{τ nπ}−−−−→ τ^{m+2n}E^{τ 2nπ}−−−−→ · · · contained in T_F . Moreover we infer that ker τ^{jn}π ∈ T_F for all j ≥ 0. Let F^⊥ = mod H^′ for some finite dimensional hereditary k−algebra H^′ and let Λ = H^′[M^′] be the corresponding quasitilted algebra where M^′ is the middle term of the Auslander- Reiten sequence ending at F. Then Hom_H(T_F , τ^{jn}π) is an infinite chain of proper epimorphisms of Λ−modules, a contradiction.

Next we consider the case that the map f : E → τ^nE is mono. Now P (α) = τ^{−n}E ∈ E^⊥ is projective. We also have an exact sequence (∗∗) 0 → τP (α) → τE → Q → 0. We claim that there exists an indecomposable torsionisable exceptional object F such that the sequence (∗∗) is torsionfree for the torsion pair associated with the tilting object T^′ = F ⊕ I, where I is an injective cogenerator of^⊥F. We denote this torsionfree class by F.

If there exists an indecomposable injective E^⊥−module I(β) with the property that Hom_H(P (α), I(β)) = 0, then we apply Hom_H(I(β), −) to the sequence (∗∗) and obtain the following exact sequence

0 → Hom_H(I(β), τP (α)) → Hom_H(I(β), τE) → Hom_H(I(β), Q) → 0.

Now Hom_H(I(β), τE) ≃ DExt^1_H(E, I(β)) = 0 shows that we may choose F = I(β).

If for all indecomposable injective E^⊥−modules I(β) we have the fact that Hom_H(P (α), I(β)) ≠ 0, then we infer that I(α) is simple injective, where I(α) is the injective envelope of the top of P (α). But then there exists a simple projective E^⊥−module P (ω) with Hom_H(P (α), P (ω)) = 0. Apply Hom_H(P (ω), −) to the sequence (∗∗). So we obtain the following exact sequence

0 → Hom_H(P (ω), τP (α)) → Hom_H(P (ω), τE) → Hom_H(P (ω), Q) → 0. Now Hom_H(P (ω), τE) ≃ DExt^1_H(E, P (ω)) shows that we may choose F = P (ω).

By 2.8 (iii) and 1.3 there exists an integer m ≥ 1 such that 0 → τ^{−i−n}E → τ^{−i}E → τ^{−i−1}Q → 0. is contained in F for all i ≥ m. So we obtain an infinite chain of proper monomorphisms · · · τ^{−m−3n}E^{τ −2nμ}−−−−→ τ^{−m−2n}E^{τ −nμ}−−−−→ τ^{−m−n}E^μ−−−−→ τ^{−m}E contained in F. Moreover we infer that cok τ^{−jn}μ ∈ F for all j ≥ 0. Let^⊥F = mod H^{′′} for some finite dimensional hereditary k−algebra H^{′′} and let Λ^′ = [M^{′′}]H^{′′} be the corresponding quasitilted algebra where M^{′′} is the middle term of the Auslander-Reiten sequence starting at F. Then Ext^1_H(T^′, τ^{−jn}μ) is an infinite chain of proper monomorphisms of Λ^′−modules, a contradiction.

This finishes the proof of the theorem.

References

[ARS] M. Auslander, I. Reiten, S. Smalø, Representation theory of artin algebras, Cambridge University Press 1995.

[AS] M. Auslander. S. Smalø, Preprojective modules over artin algebras, J. Algebra 66 (1980), 61-122.

[GL] W. Geigle and H. Lenzing, A class of weighted projective curves arising in representation theory of finite dimensional algebras, in: Singularities, representations of algebras and vector bundles, Springer Lecture Notes 1273 (1987) 265–297.

[H1] D. Happel, Quasitilted algebras, Proc. ICRA VIII (Trondheim), CMS Conf. Proc., Vol.

23, Algebras and modules I (1998) 55–83.

[H2] D. Happel, Hochschild cohomology of piecewise hereditary algebras, Coll. Math 78 (1998), 261-266.

[HPR] D. Happel, U. Preiser, C.M. Ringel, Vinberg’s characterization of Dynkin diagrams using subadditive functions with application to DTr-periodic modules, Proc. ICRA II (Ottawa), Springer Lecture Notes in Mathematics 832 (1980), 280–294.

[HRe1] D. Happel and I. Reiten, Directing objects in hereditary categories, Proc. Seattle Conf. on representation theory, Contemp. Math., Vol. 229 (1998) 169–179.

[HRe2] D. Happel and I. Reiten, Hereditary categories with tilting object, Math. Z 232, 559–588 (1999).

[HRe3] D. Happel and I. Reiten, A characterization of the hereditary categories derived equivalent to some category of coherent sheaves on a weighted projective line, preprint.

[HRS] D. Happel, I. Reiten and S. O. Smalø, Tilting in abelian categories and quasitilted algebras, Memoirs Amer. Math. Soc. 575 (1996).

[HRi] D. Happel and C. M. Ringel, Tilted algebras, Trans. Amer. Math. Soc. 274 (1982) 399–443. [HS] D. Happel, I. H. Slungård, One-point extensions of hereditary algebras, Proceedings ICRA VIII, Can. Math. Soc. Conf. Proc. (1998), Vol 24, 285-291.

[Ke] O. Kerner, Representations of wild quivers, CMS Conference Proceedings 19 (1996), 65– 107.

[L] H. Lenzing, Hereditary noetherian categories with a tilting complex, Proc. AMS 125(1997)1893-1901.

[LM] H. Lenzing, H. Meltzer, Tilting sheaves and concealed canonical algebras, Proceedings ICRA VII, CMS Conference Proceedings, Vol. 18, 455-474.

[LS] H. Lenzing and A. Skowronski, Quasitilted algebras of canonical type, Colloq. Math.

71(1996)161-181.

[LP] H. Lenzing and J. A. de la Peña, Wild canonical algebras, Math. Z. 224 (1997), 403-425. [Re] I. Reiten, Tilting theory and quasitilted algebras, Proceeding of ICM, Berlin 1998, Vol.II, 109-120.

[R1] C. M. Ringel, Tame algebras and integral quadratic forms, Springer Lecture Notes in Mathematics 1099, Heidelberg 1984.

[R2] C. M. Ringel, The canonical algebras, In: Topics in Algebra, Banach Center Publications, Vol.26 PWN, Warsaw 1990, 407-432.

[Sk] A. Skowroński, Tame quasi-tilted algebras, J. Algebra 203 (1998), 470-490.

Fakultät für Mathematik, Technische Universität Chemnitz, D-09107 Chemnitz, GER- MANY

E-mail address: happel@mathematik.tu-chemnitz.de