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Abstract

In this paper we show that invariant center-stable foliations are
preserved in the CY-topology under numerical approximations. Re-
sults on partial linearization are also given.
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1 Introduction

In recent years there has been a considerable effort to understand the be-
havior of invariant objects of dynamical systems under discretization. The
topic of the present paper fits well in the list of these works. We refer only
to [6] (results on various invariant manifolds around equilibria under numer-
ics), [7] (results on CY-closeness of global invariant manifolds), [8] (results
on structural stability under numerics), [10] (a recent monograph on quali-
tative properties of numerical approximations). This list is not intended to
be exhaustive or complete.

It is known that in the vicinity of a hyperbolic equilibrium point the
discretization mapping conjugates to the time-h-map of the flow (h is the
step-size), see [6]. (Related results in the case of delay differential equations
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can be found in [5].) The proof goes via putting the problem into the gen-
eral framework of the Hartman-Grobman theorem. If hyperbolicity is lost
one would work the with generalized Hartman-Grobman theorem, see [9], or
with partial linearization, see [1]. Since the linearization procedure around
nonhyperbolic equilibria goes via constructing invariant foliations, it is worth
investigating these invariant foliations under numerical approximations. This
is the core of the present work.

The generalized Hartman-Grobman theorem tells us that the crucial part
of the dynamics is concentrated on the center-manifold. Indeed, the whole
dynamics is topologically equivalent to the flow on the center-manifold times
a linear saddle, see [9]. Thus, if we have conjugacy between the discretization
and the time-h-map restricted to center-manifolds then we would obtain
conjugacy between the discretization and the time-hA-map. Using center-
manifold reduction near a fold bifurcation point, it can be shown that this
conjugacy exists, see [4]. In that case the conjugacy is O(h?) close to the
identity (p is the order of the method), thanks to its construction on the
center-manifolds and to the C’-closeness of center-manifolds under numerics,
see [2].

The paper is organized as follows. Some general notations will be fixed
in this section. Then section 2 contains a result on partial linearization with
a small parameter. Section 3 is devoted to the center-stable foliations with
a small parameter. We apply these results to the discretization problem in
Section 4.

Let 7, m1, mg € N and define

C/(R™, R™) :={w: R™ — R™

w is j times continuously differentiable with bounded derivatives }.

Equipped with the usual C?-norm
l[|w]|l; = max{sup{|wP(z)| : 2 € R™} : i=0,...,5}
the space C7(R™  R™2) is a Banach space. We also need the following space
X/(R™ x R™ R™) = {w: R™ x R™ — R™

w is j times continuously differentiable in its second variable and bounded}.

Equipped with the norm
[wl; := max{sup{|w’(z,y)| : (z,y) € R™ x R™} : i=0,...,5},

X7(R™ x R™,R™) is a Banach space.
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2 Partial linearization

Let mq, ms be two natural numbers and set m = mq;+msy. With some hg > 0
let p' : [0, hg] x R™ — R™ and ¢ : [0, ho] x R™ — R™2 (i = 1,2) be given
mappings. For A € R™>*™ and B € R™*™ we consider the following
mappings

X =" 4 pi(h,z.y) (1)

Y =e" 14 (hay)

and
X = et 4 pP(h,z,y) (2)

Y ="+ ¢*(h,z,y),

where z, X € R™ ¢, Y € R™ and h € [0, hy).
We have the following assumptions.

(A1)
sup{ReX | A € 0(B)} < B < a < inf{Re\ | A € 0(A)},

and a > 0.

Remark. From assumption (A1) it follows that, by passing to an equivalent
norm,

e < 1—ha, [P <1+h8, |e P <1—h(a— ).
From now on we fix this norm.

(A2) The functions £ = p%, ¢!, i = 1,2 are bounded and satisfy the following
global Lipschitz property

&(h, 2, y) — &(h, 2, 9)| < ph(|z — 2] + |y — 9]).
Moreover, p is so small such that
bo = (1 —ha)(1+2ph) <1

and
by = (1 —ha)(1+ Bh+4ph) < 1

hold for every h € (0, hy).

Remark. Note that there is a constant [ > 0 independent of h such that
bp <1—1h and by <1 —Lh.



(A3) With some constant K > 0 (independent of (z,y) and h) and with
some integer p > 1

|p1(h, Zz, y) - pQ(ha z, y)| < Khot!
and
' (h.z,y) — ¢*(h, 2. y)| < KR
hold true for all h € [0, hy].
Theorem 1 Assume (A1)-(A3). Then for all h small enough there are
functions v, 8, - R™ — R, i = 1,2, such that Hi(r,) = (4(z.).5) and

Ji(z,y) = (6 (z,y),y) are homeomorphisms, (H.)™" = J} and z = ~} (z,y),
Z=~(X,Y),u=y, U=Y transform (1) and (2) into

7 = ety (3)

U = ePu+ gi(h, 8} (2, u), u),

respectively. Moreover, with some constant Ky > 0 (independent of (z,y)
and h)
|0 (,y) — Gz, y)| < KihP

hold for all h small enough.
Proof. Let BC be the Banach space of bounded continuous mappings from
R™ into R™ with the usual sup (|| - ||) norm. Define the following function

space V' as
Vi={v:R™—=R™ : thereis av € BC,

v(z,y) =z + v(z,y) for all (z,y) € R™}.

As in [1], we are looking for solutions in V' of the following functional equa-
tions

vi(ez + p'(h, 2, y), € + ¢'(h, z,y)) = el (z,y) (4)

and

5 (eMx, ey + ¢ (h. 6}z, y),y)) = €6} (x,y) + p'(h, 64 (x,y),y)  (5)

where 1 = 1, 2.
First we claim that (4) has a unique solution in V. By setting v} (x,y) =
vi(z,y) — x, vi € BC and (4) has the form

v (z,y) = e~ (e +p'(h, 2, y), ey + ¢ (h, 2,y)) + e~ "D’ (h, 2,y). (6)



For v € BC we define
Fi(v)(z,y) = e Mo(eMz + p'(h, z,y), "y + ¢'(h, 2,y)) + e *"p'(h, 2, ).

Then (6) is equivalent to the fixed point setting F} (v})(z,y) = v} (z,y). It
is easy to see that F} : BC' — BC'is a contraction with Lipschitz constant
LipF} <1 —ha < 1, and the claim follows.

Next we claim that (5) has a solution in V. By setting wj(z,y) =
8! (z,y) — z, w), € BC and (5) has the form

efAh z( Ah

wp(z,y) = e wp (e, ey + ¢ (h.x +wi(2,9),y)) (7)

A (hy o+ wy(2,y),y).
We define the following function space
W= {we BC : |w(a.y)—w(z,g)| < ly—g| for all (z,y), (z,5) € R"}.

Endowed with the metric inherited from the sup norm, the space W is a
complete metric space. For w € W define

Gh(w)(z,y) == e Mw(ez, ey + ¢'(h,x + w(z,y),y)) (8)

“Api(h,a +w(z,y),y).

Thus we have a fixed point setting G, (w})(x,y) = w},(z,y). In what follows

we show that Gj, : W — W is a contraction with Lipschitz constant LipGj, <

by < 1 which proves that (7) (and thus (5)) has at least one solution in V.
On one hand

|G (w)(2,y) — G (w) (2, 9)| < e "[(|e"*]]y — g
+Hg'(h,x +w(z,y). y) — ¢ (h,x + w(z, 7). 7)
Hp'(h.z + w(z,y),y) = p'(h.z + w(z,9).9)))
< (I = ha)((1+hB) + 4ph)ly =yl = bily — 9 < |y — 7
which proves that G}, : W — W. On the other hand
|Gl (w) (2, y) — Gl (@) (2, y)| < e
(|w(ez, Py + ¢'(h, z +w(z,y),y)) — w(e Pz, ePry + ¢ (h, x +w(z,y),v))|
+w(ex, Py + ' (h,x +w(z,y),y)) —w(eMz, Py + ¢ (h, x +w(z,y), )|
+phlw(z,y) —w(z,y)|)
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< e "|(Jw - w]|
Ha'(h.x +w(@y).y) — ¢ (h,x + w(z,y),y)| + phllw — w])
< (1 = ha)(1 + 2ph)[|w — @ = bollw — @

which proves the desired contraction property.
Now let 74 € V be the unique solution of (4) and let 6 € V be an
arbitrary solution of (5). We claim that ~; (0} (z,vy),y) = z for all (z,y) € R™.
Set ¥i (x,y) =i (5 (z,y),y). Then ¢} € V and since

V(65 (e, Py + ' (R, 8} (2, ). y)), "My + ¢ (h. S} (z,y), y))

= (e*"S) (z,y) + p'(h, 6} (2, 9), y), €™y + ¢'(h. 0} (7, y),y))
- eAh’WZL((S;'L(‘ra y)a y)

the function 4 is a solution of
Uy ez, e + (R, 6}, (2,y),y)) = e (2, y).
Set ¢} (z,y) := ¥} (x,y) — x. Then ¢} € BC and
on(x,y) = e oy (e, ey + ¢ (h. 6} (2, y). y)).
By taking supremum of the norm in the right-hand side we have

[0 (2, )] < le™"*[[|6}]

and thus

[onll < (1 = ha)| ¢4
which shows that ¢} = 0. Note that we have proved that (5) has a unique
solution in V' as well.

Finally we claim that Range(d},(-,y0)) = R™ for all yo € R™2. But this
is a simple consequence of the homotopy property of the degree applied to
d¢(z,yo) = =+ twj,(z, o). By using 6} (z,y) = 6,(74(5} (2. y),y), y) we obtain
that &} (v} (z,v),y) = = which proves (H})™! = J}.

It remains to prove the closeness result. With w € W consider the fol-
lowing estimates

|G (w)(2,y) = Gi(w)(z,y)] < e

(Ig" (h,z +w(z,y).y) — ¢*(h.z + w(z,y),y)]

+p' (hyz + w(z,y), y) — p*(h.z + w(z,y),y)|)
< 2KhPTL.



Now we compare w; and w? as
lwy, = will = Gy (wy) — Gr(w})]
< G (wy) — Gr(wp) |l + 1G4 (wi) — Gh(wi)|
< bo|lwy, — wi|| + 2K R

Thus
[wy, — wi|| < 2KRPT /(1 —bo) = (2K/1)h?

and we are done.

3 Invariant foliations

Let n € N and assume that p‘(h,-,-) € C"™PTL{R™ R™), ¢(h,-,-) €
C™PH(R™ R™2). Furthermore, we impose conditions:

(H1) (p+n+1)8 < a.

(H2) The functions £ = p’, ¢!, i = 1,2 are bounded and satisfy the following
global Lipschitz property

€(h,,y) — (. 3,9)] < ph(le — 7] + |y — 3)).
Moreover, p is so small such that
b == (1 — ha)((1+ Bh + 2ph)F +2p) < 1
forall k=0,1,....n+p+ 1.
(H3) With some constant K > 0 (independent of z = (z,y) and h)
(PHY® (b, z,y) — ()P (h, 2, y)| < KAPYY k=0,1,...,n

|(p") ") (b, 2, y) — (P (b2, y)| < KRPTR kb =0,1,...,p+1

and
(@) (hy2,y) — ()P (h,2,y)| < KR k=0,1,...,n
(@) (b, y) = ()P (hw,y)| < KWHF k=0.1,. . p+ 1.
(H4) With some constant Ky > 0 (independent of z = (x,y) and h)
() B (h,z,y)| < Koh k=0,1,....n4p

where £ = p',¢', i =1,2.



Remark. There is a constant [ > 0 such that b, < 1 — [h for all k£ =
0,1,....,.n+p+ 1.

Since (H1)-(H3) implies (A1)-(A3) we can apply Theorem 1 in this sit-
uation. As a result we obtain functions §) € W (i = 1,2). With these
functions we define the invariant foliations as follows: Let ¢ € R™ and set
Si(c) :=={(z,y) e R™ : x=20,(c,y)}. We call the set S;(c) the leaf of the
foliation corresponding to c. It is easy to see that mappings (1) and (2) send
one leaf onto another, thus the family of sets (manifolds) {S}(c)}eerm form
invariant foliations. Only one leaf remains fixed (the one corresponding to
0 € R™) which is called the center-stable manifold.

In what follows we prove that the fibers of foliations are smooth (i.e.
functions 4} (x,y) are smooth in y) and are close in the X’-topology. Namely,
we have

Theorem 2 Assume (H1)-(Hj). Then for all c € R™ we have that
52(07 ) c Cn-i—p—l—l(RmQ’ le)
and
16(c. ) = G, Minn < Ksh?™,  k=0,1,....p
with some constant K3 > 0 independent of ¢ and h.

Proof. Set c(0) =1, W, © — W. Given a finite sequence of positive numbers
{c(j) ;L:{’ we inductively define, for j = 1,2,....,n+ p,

I/Vjc(j) ={we chfjl_l) : w is J times continuously differentiable in y,

[y (@, y) —wi (2,9)] < c(j)ly —l}-
Note that if w € I/Vjcfjfl) and w is j times continuously differentiable in y

then |wg(,j )(ac./ y)| < c(j—1). Further, an inductive application of Arzela-Ascoli

theorem shows that Wﬁ(f;p ) C W is a closed subset.

Ifwe W, W then G (w) is continuously differentiable in y and
(G (w))y, = e~y (e + ('), + (¢');w))

Y Yy Ty
—e~ () pwy + ('),)s
where @ means w with argument (e?z, e®"y + ¢'(h, 2 + w(z,y),y)). Recall

that |w,(z,y)| < 1 for all (z,y) € R™. A simple calculation shows that

(G}, (w));, is globally Lipschitzian in y with Lipschitz constant ¢(1)by + 71,

where 7 is a polynomial in the variables ¢(0), ¢(1) and the coefficient of each
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term is a nonconstant polynomial of |(p?).], |(p9)”], |(¢*).] and |(¢%)”|. Now

set (1) = r1/(1 = by). Then Gi (W) ¢ Wi, Since ¢(1) < r1/(Ih) and
[(p%)], 1 ()], |(¢%).] and |(¢%)”| are of order h (see (H4)), we obtain that c(1)
can be choosen independently of h (and ¢ = 1, 2).

We proceed by induction. If w € VV]-CQ) (j=2,...,n+p) then G} (w) is
j times continuously differentiable in y and

(G (w)Y) = e~ (" + (¢'), + (¢
+e~ M) (@, (¢), — (0),) + Ry,

where R; is a polynomial function in the variables wy, .. wéj 1), ()., ...,

(), () (@) -
The global Lipschitz property of (G (w))¥) with respect to y easily follows
with Lipschitz constant ¢(j)b;+1+7r;, where r; is a polynomial in the variables

c(0),..., c( j—1) and the coefficient of each term is a nonconstant polynomial
i 1) G+
of [PVl - [PV AW - (@) V) Now set e(f) = 75/ (1= bya).

Then Gj (W, C(J)) C Wj( ) j = 1,2, .,n+p. Since ¢(j) < r;/(lh) and (by
(H4)) r; is of order h for j = 0,1,...,n+p — 1, we obtain that {c(j )};ig !
can be choosen independently of h (and i = 1,2).

From this construction we see that the fixed points of G are in W,f(fp*p ),
For a proof of existence and continuity of the remaining (n+p+ 1)th derivative

we refer to [1], [3], [L1].
In order to compare the derivatives of §; we build up fixed points settings.
To this end we pass to an equivalent norm | - |[; on X7(R™ x R™, R™).
First observe that

J
(G () = (Gl (@) < D Liwf — ()i
k=0

whenever w, w € ch(j ) §=0,1,...,n+p. Tt is readily checked that L§ can

be choosen for by. Moreover, Lj: can be choosen for b;, j = 1,2,...,n + p.
Finally, L;? (for j = 1,2,...,n+p, k =0,1,...,57 — 1) can be taken as a
polynomial in the variables ¢(0), ..., ¢(j—1) where the coefficient of each term
is a nonconstant polynomial of |(p°).], ..., ()Y V], |(p Vigls - @)

For w € X7(R™ x R™ R™) we set

|w]; = Zd Nwll, j=0,1....n+p,



where d(0) = 1 and {d(k)}; 2P is a finite sequence of positive constants spec-
ified later. It is easy to see that || -||; and |- |; are equivalent norms on
XI(R™ x R™ R™). On the other hand

Gh(w) = Gi(@)]; =Y dR)|(Gh(w)P — (G (@)

Jj o7
<Y AL wl — P

< S dmb+ S LB — ).

w—al; =) dk)|wy — o).

_(k

Comparing the coeflicients of ||w?gk) | and using (H2) we obtain that

(with a suitable choice of {d(k)}727)

forall j =0,1,...,.n+pand k=0,1,...,5. Thus
|G (w) — G (0)]; < max{(1+b)/2 : k=0,1,...,5}w—w|;

for all w,w € WV, j =0,1,...,n+ p.

Now we claim that {d(k)}}Z*~" can be choosen independently of h. Re-
call that d(0) = 1. As before, it is enough to prove that L¥ is of or-
der h for k = 0,1,....n+p—1,7 =k+ 1, k+2,....,n+ p— 1. Since
{c()}ZE ~!is independent of h, L% is a nonconstant polynomial in the vari-

ables ()], ..., [0S0 - 1(@)y V], thus the desired result fol-

al?

lows from (H4).

Finally, for w € W (n+k)

, consider the estimates

1(Gh(w)) = (Ghw)F | < KoY (10D P (h 2. y) = (0°) P (b2, y)

k=0
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HI(@HP (h 2, y) = ()P (b2, 9)])

with some constant Ky > 0 and 7 = 0,1,...,n + p — 1. Using the above
estimates, (H3) and the definition of | - |; we have that

|G111(w) - Gi(w)|n+k < K5hp+17kﬂ k= 07 17 Y 2 L.

Now we are in a position to prove the closeness of the invariant foliations.
First, the k = p case follows from the facts that ¢(n + p — 1) is independent
of h and &} € X7,

If k # p then

[wh — Whlnsr = |Gh(wh) — Gh(wi) lnr
< |Gh(wh) = GR(Wy) sk + |G (wi) — Gi(w)) s
< (1= ([/2)h)[wy, — Whlngr + KsRHE

Thus
|wy, — Wil ner < (2K5/D)AP "

and we are done.

4 Applications

In this section we show that Theorems 1 and 2 can be applied to the problem
of discretization.

Let f : R™ — R™ be a globally Lipschitzian mapping and consider the
differential equation

z = f(2). (9)

By its h-discretized equation we mean equation
Z=¢(h,z), (z2,Z€R", h>0)

where ¢ is a fixed one-step method with stepsize h. Assume that ¢ is of
order p > 1, i.e. there exist constants hg and Kg such that

|®(h, z) — @(h, 2)| < Kgh*** for all h € (0, hg], z € R™ (10)

where ®(h,-) is the time-h-map of the induced solution flow of (9).
If we assume that f, ¢ € C"™PTHR™ R™) then (for details see [6]) there
is a constant K7 > 0 such that

@9 (h,2) =P (h2)] < KehTh j=0,....n

‘ / , 11
90D (h2) — D (b)) < KehHS, =0, prl D
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for all h € (0, ho] and z € R™.

Consider a globally Lipschitzian C*° cut-off function p with p(z) = 0
whenever |z| > 2 and u(z) = 1 whenever |z| < 1.

From now on we assume that f,o € C'Y(R™ R™), f(z) = Cz + g(z),
where C' € R™™ and ¢(0) = 0, ¢'(0) = 0. Let g(z;¢) = u(z/e)g(z),
z € R™, ¢ > 0. Consider the differential equation

2=Cz+g(z¢). (12)

Denote the h-discretized equation of (12) by Z = ¢(h, z;¢). Write the flow
induced by (12) as

d(t,z;e) = ez + st (t,z;¢), tER, z€R™, £ > 0. (13)

We consider a modified h-discretization equation of (12) as follows

7 = e+ s2(h, z;€) (14)
where
s*(h, z;€) = p(2)(p(h, z;6) — ®(h, z;€)) + ' (h, z;6), h >0, z€R™, >0,

Notice that (14) coincides with the one-step method for |z| < e and with the
flow (13) for |z| > 2e.

It is known, see Prop. 1.2 and 1.3 in [6], that there exist a bounded
continuous function € : (0,00) — R* with Q(¢) — 0 as ¢ — 0 such that
(with i = 1,2)

|s'(h,;e)] < Qe)eh
Lip(s'(h,s¢)) < Q(e)h

whenever h € (0,h(¢)], ¢ > 0. For sake of simplicity, set s*(0,z;¢) = 0.
(We note that although the one-step method is defined only for h we can set
¢(0, z) = z by continuity thanks to (10).)

Assume that C' admits a splitting C' = diag(A, B) such that (A1) holds.

Now we want to apply Theorem 1 with mappings (13) and (14) (with
(p'(h,2,y), 4" (h,z,y)) = s'(h, (z,y);€)). Property (A2) is direct consequence
of (15) (with € small enough) while (A3) follows from (10). Thus our Theorem
1 applies to maps (13) and (14).

Secondly assume that f,p € C"™PTH(R™ R™) and that C' admits a split-
ting C' = diag(A, B) such that (H1) holds. Now we want to apply Theorem 2
with mappings (13) and (14) (with (p'(h,z,y), ¢ (h,z,vy)) = s'(h, (z,y);€)).
Property (H2) is a direct consequence of (15) (with e small enough) while
(H3) follows from (11). Finally (H4) holds because of (11) and the fact

(15)
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that (51)9 ) is continuously differentiable in ¢ and s'(0,2;¢) = 0. Thus our
Theorem 2 applies to maps (13) and (14).

Remark. It is known that invariant foliations (manifolds) constructed via
the time-h-map of a flow are independent of A and are the invariant foliations
(manifolds) for the flow as well, see e.g. [9].

Remark. Concerning the C7 closeness of the leaf corresponding to 0 € R™
we get Corollary 3.7. in [6].

Remark. By reversing time the results show the C7 closeness of center-
unstable foliations as well.
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