COHERENT FUNCTORS AND COVARIANTLY FINITE SUBCATEGORIES

HENNING KRAUSE

Let A be an additive category and suppose that every map in A has a cokernel. Following Auslander [2], a functor F : A → Ab into the category of abelian groups is coherent if there exists an exact sequence

(Y, −) −→ (X, −) −→ F −→ 0,

where (X, A) denotes the maps from X to A. The coherent functors form an abelian category which we denote by ^A. Next we recall from [3] that a full subcategory B of A is covariantly finite if for every object X ∈ A there exists a map X → Y such that Y ∈ B and for every Y^′ ∈ B the induced map (Y, Y^′) → (X, Y^′) is surjective. In addition, we require that every direct factor of an object in B belongs to B. We are interested in a classification of all covariantly finite subcategories. The following observation leads to a reformulation of this problem in terms of colocalizing subcategories. Recall from [7] that a full subcategory S of an abelian category C is a Serre subcategory if it is closed under subobjects, quotients, and extensions. A Serre subcategory S is colocalizing if the corresponding quotient functor C → C/S has a left adjoint.

Proposition 1. Let A be an additive category with cokernels. Then there exists a bijection between the class of covariantly finite subcategories of A and the class of colocalizing subcategories of ^A. This bijection sends a covariantly finite subcategory B to {F ∈ ^A | F |_B = 0} and a colocalizing subcategory S to {X ∈ A | F X = 0 for all F ∈ S}.

In this paper we study certain covariantly finite subcategories of an additive category which is locally presentable in the sense of Gabriel and Ulmer [8]. Every module category is locally presentable, and the covariantly finite subcategories which arise in practice have the additional property that the corresponding colocalizing subcategory of coherent functors is generated by a single object. For example, recent work of Eklof and Trlifaj [6] which led to a proof of Enochs’ Flat Cover Conjecture, is based on an analysis of such subcategories. The following result provides a characterization.

Theorem 2. Let A be a locally presentable additive category. Then the following are equivalent for a full subcategory B:

(1) B is covariantly finite and there exists a functor F : A → Ab such that the coherent functors vanishing on B form the smallest colocalizing subcategory of ^A containing F .

(2) There exists a set of coherent functors F_i : A → Ab such that X ∈ A belongs to B if and only if F_iX = 0 for all i.

(3) There exists a set of sequences U_i → V_i → W_i in A such that X ∈ A belongs to B if and only if the induced sequence (W_i, X) → (V_i, X) → (U_i, X) is exact for all i.

(4) There exists a regular cardinal α such that B is closed under taking products, α-filtered colomits, and α-pure subobjects. 1

We follow Crawley-Boevey and call a subcategory definable if it satisfies the equivalent conditions of the preceding theorem. In [5], Crawley-Boevey used some model theory to prove a special case of Theorem 2 for module categories (the equivalence of (2) and (4) for α = ℵ_0).

Next we ask for a classification of the definable subcategories of a locally presentable additive category A. To this end denote for every regular cardinal α by A_α the full subcategory of α-presentable objects in A. This subcategory is closed under taking cokernels and α-coproducts (that is, coproducts of less than α factors). The inclusion i: A_α → A extends to an exact functor i^∗ : ^A_α → ^A sending (X, −) to (iX, −) and we write F̄ = i^∗F for each F ∈ ^A_α. The category ^A_α has α-products and we denote by Σ_α the set of all Serre subcategories S of ^A_α which are closed under α-products and admit a faithful exact and α-product preserving functor ^A_α/S → Ab. Let Σ = ⋃ α Σ_α and define S_1 ∼ S_2 for S_1 ∈ Σ_{α1} and S_2 ∈ Σ_{α2} with α_2 ≥ α_1 if S_2 is the smallest Serre subcategory in Σ_{α2} which contains F̄ |_{Aα2} for all F ∈ S_1.

Theorem 3. Let A be a locally presentable additive category. Then there exists a bijection between Σ/∼ and the class of definable subcategories of A. It sends S ∈ Σ to {X ∈ A | F̄ X = 0 for all F ∈ S}.

The proof of both theorems is based on a filtration of the category D(A) = ^A^{op} which seems to be of independent interest. In fact, a similar project has been carried out for triangulated categories by Neeman [10]. We may think of the Yoneda functor

A −→ D(A), X → (X, −),

as the universal colimit preserving functor to a cocomplete abelian category with exact coproducts since any other functor A → A^′ with this property has a unique factorization

A −→ D(A)^F−→ A^′

such that F is exact and preserves coproducts. However, the category D(A) is too big. For instance, a complete analysis of all localizing subcategories involves certain set-theoretic problems; it is not possible within the usual axiomatic framework of Gödel- Bernays (see the remark at the end of Section 2). Therefore we introduce a filtration of D(A) as follows.

Theorem 4. Let A be a locally α-presentable additive category. Then the Yoneda functor A → D(A) has a factorization

A −→ D_α(A) −→ D_{α+1}(α) −→ · · · −→ D_β (A) −→ · · · −→ D(A)

where β runs through all regular cardinals (β ≥ α) and

(1) D(A) = ⋃ β≥α D_β(A);

(2) each D_β(A) is a locally β-presentable abelian category with exact coproducts and exact β-filtered colimits;

(3) each inclusion D_β (A) → D(A) has an exact and coproduct preserving right adjoint G_β : D(A) → D_β(A) which induces an equivalence D(A)/Ker G_β → D_β(A).

Note that the construction of D_β (A) is classical for β = α = ℵ_0. It goes back to Gruson and Jensen [9] for module categories, and was later extended by Simson [11] and Crawley-Boevey [4]. We hope to convince the reader that the case β > ℵ_0 is of some interest as well.

This article is organized as follows. In Section 1 we provide background material about locally presentable categories and functor categories. In Section 2 we study the filtration of D(A). In Section 3 we characterize coherent functors A → Ab. In Section 4 we describe covariantly finite subcategories in terms of colocalizing subcategories and prove a general criterion for a subcategory to be covariantly finite. In Section 5 we study definable subcategories and provide proofs for the main results of this paper. In the final Section 6 we explain how to make a functor exact, a problem which arises in the classification of definable subcategories.

1. Functor categories

Locally presentable categories. We recall from [8] some basic facts about locally presentable categories. Let A be a cocomplete additive category and α a regular cardinal (that is, α is not the sum of fewer than α cardinals, all smaller than α). A colimit of a functor I → A is α-filtered if (F1) the isoclasses of objects in I form a set, (F2) for every set I of less than α objects in I there exists an object j ∈ I and a map i → j for all i ∈ I, and (F3) for every set Σ of less than α parallel maps i → j in I there exists a map τ : j → k such that τ^∘ σ_1 = τ^∘ σ_2 for all σ_1, σ_2 ∈ Σ.

An object X ∈ A is α-presentable if (X, −) preserves α-filtered colomits and we denote by A_α the full subcategory of α-presentable objects. The category A is locally α-presentable if the isoclasses of α-presentable objects form a set and every object in A is an α-filtered colimit of α-presentable objects. Note that a locally α-presentable category is locally β-presentable for every regular cardinal β ≥ α and that A = ⋃ β A_β. Finally, A is locally presentable if A is locally α-presentable for some regular cardinal α.

For example, ℵ_0-filtered colimits are precisely the usual filtered colimits. In a module category the ℵ_0-presentable objects are precisely the finitely presented modules. Therefore every module category is locally ℵ_0-presentable.

Left exact functors. We fix a regular cardinal α and a small additive category C. Suppose that C has kernels and α-products (that is, products of less than α factors). A functor F : C → Ab is called α-left exact if it is left exact and preserves α-products. We denote by (C, Ab) the category of additive functors C → Ab and Lex_α(C, Ab) denotes the full subcategory of α-left exact functors.

Lemma 1.1. Let C be a small additive category with kernels and α-products.

(1) Every α-filtered colimit of α-left exact functors C → Ab is again α-left exact. (2) Every α-left exact functor C → Ab is an α-filtered colimit of representable functors.

(3) The inclusion Lex_α(C, Ab) → (C, Ab) has a left adjoint L: (C, Ab) → Lex_α(C, Ab).

Proof. See Section 5 in [8].

Lemma 1.2. Let C be a small additive category with kernels and α-products. Then Lex_α(C, Ab) is a locally α-presentable category and the representable functors are, up to isomorphism, precisely the α-presentable objects.

Proof. We apply Lemma 1.1. The category A = Lex_α(C, Ab) is cocomplete. In fact, colimits are first computed in (C, Ab), and then one applies the left adjoint of the inclusion A → (C, Ab). The representable functors are α-presentable since α-filtered colimits are computed in (C, Ab). Moreover, every α-left exact functor C → Ab is an α-filtered colimit of representable functors. Writing an arbitrary α-presentable object X as α-filtered colimit of representable functors (C_i, −), one sees that X is a direct factor of (C_i, −) for some i, and therefore isomorphic to (C, −) for some direct factor C of C_i.

Next observe that the category A_α is α-cocomplete since the α-presentable objects are closed under taking cokernels and α-coproducts in A.

Lemma 1.3. Let A be a locally α-presentable additive category. Then the functor

A −→ Lex_α(A^{op}_α , Ab), X → (−, X)|_{Aα} ,

is an equivalence.

Proof. Korollar 7.9 in [8].

Exact functors. We fix a regular cardinal α and a small abelian category C with αproducts. A functor F : C → Ab is called α-exact if it is exact and preserves α-products. The category of α-exact functors is denoted by Ex_α(C, Ab).

Lemma 1.4. Let C be a small abelian category with α-products and let A = Lex_α(C, Ab).

(1) A is a cocomplete abelian category and the functor C → A, X → (X, −), is exact. (2) Every α-filtered colimit of exact sequences in A is again exact. (3) F ∈ A is an exact functor if and only if Ext^1((X, −), F ) = 0 for all X ∈ C. (4) If α-products in C are exact, then coproducts in A are exact.

Proof. (1), (2) The category A is complete and cocomplete. In fact, limits in A can be computed in (C, Ab), and colimits are first computed in (C, Ab), and then one applies the left adjoint of the inclusion A → (C, Ab). Given an exact sequence 0 → X → Y → Z → 0 in C, the induced sequence 0 → (Z, −) → (Y, −) → (X, −) is automatically exact. The last map is an epimorphism in A since ((X, −), F ) → ((Y, −), F ) is a monomorphism for every left exact F : C → Ab by Yoneda’s lemma. Therefore the Yoneda embedding C → A is exact. Next observe that an α-filtered colimit of left exact sequences is again left exact by Lemma 1.1. To show that A is abelian, one needs to check that for every map ϕ: X → Y in A the canonical map

Coker(Ker ϕ → X) −→ Ker(Y → Coker ϕ)

is an isomorphism. This is clear if X and Y are representable functors since C is abelian. Now write ϕ as α-filtered colimit of maps between representable functors, using Lemma 1.1. The claim follows since taking kernels and cokernels commutes with taking α-filtered colimits.

(3) Let F ∈ A and suppose first Ext^1((X, −), F ) = 0 for all X ∈ C. Let 0 → X → Y → Z → 0 be exact in C so that 0 → (Z, −) → (Y, −) → (X, −) → 0 is exact in A. Applying (−, F ) to this sequence shows that F is an exact functor. Now suppose that F is exact and let ε: 0 → F → E → (X, −) → 0 be an exact sequence in A. Writing E as α-filtered colimit of representable functors (Y_i, −), one finds some i such that the composite (Y_i, −) → E → (X, −) is an epimorphism. Taking a cokernel Y_i → Z of the map X → Y_i, we get the following commutative diagram with exact rows. 0 −→ (Z, −) −→ (Y_i, −) −→ (X, −) −→ 0 ‖ ‖ ‖ 0 −→ F −→ E −→ (X, −) −→ 0 Applying again Yoneda’s lemma, the exactness of F implies that the sequence ε splits.

(4) Let (ε_i)_{i∈I} be a family of exact sequences ε_i : 0 → X_i → Y_i → Z_i → 0 in A. We write each ε_i as α-filtered colimit ε_i = colim_{ai∈Ji} ε_{ai} of exact sequences of representable functors. This is possible since each map in A is an α-filtered colimit of maps between representable functors and α-filtered colimits are exact. Now let I be the category of families (a_i)_{i∈K} of objects a_i ∈ J_i where K ⊆ I runs through all subsets of less than α elements. For a = (a_i)_{i∈K} and b = (b_i)_{i∈L} let (a, b) = ∏ i∈K (a_i, b_i) if K ⊆ L and (a, b) = ∅ otherwise. The category I is again α-filtered and we have ε = ∐ i∈I ε_i ∼= colim_{(ai)i∈K} ( ∐ i∈K ε_{ai} ).

The assumption on C implies that ∐ i∈K ε_{ai} is exact for all K, and we conclude that ε is exact.

The next lemma requires some notation. The cardinality of a set X is denoted by |X|. Choose a representative set C_0 of objects in C and let |C| = | ⨆ C,D∈C_0 (C, D)|. For

a functor F : C → Ab define |F | = | ⨆ C∈C_0 F C|. Given a cardinal κ, we define for every

ordinal ν with |ν| < α a new cardinal κ_ν by transfinite induction. First define

κ^′ = inf{|LF | | F ∈ (C, Ab), |F | ≤ κ},

where L denotes the left adjoint of the inclusion Lex_α(C, Ab) → (C, Ab). Now let κ_0 = κ and κ_{ν+1} = (κ_ν + |C|)^′. For a limit ordinal λ let κ_λ = ∑ ν<λ κ_ν . Finally, let κ_α = ∑ |ν|<α κν .

Lemma 1.5. Let C be a small abelian category with α-products. Let G: C → Ab be α-exact, and F ⊆ G be a subfunctor. Then there exists an α-exact subfunctor F^′ ⊆ G containing F such that |F^′| ≤ |F |_α.

Proof. We define by transfinite induction a sequence

F = F_0 → E_0 → G_0 → F_1 → · · · → F_ν → E_ν → G_ν → · · ·

of maps in (C, Ab) where ν runs through all ordinals with |ν| < α. To define E_ν from F_ν , choose for every exact sequence U^ϕ→ V^ψ→ W in C and every y ∈ Ker F_ν ψ \ Im F_ν ϕ some x ∈ GU such that Gϕ(x) = y, and denote by Γ_ν the set of all such elements x. Define E_ν = F_ν + ∑ x∈Γ_ν Gx where Gx denotes the image of the map (U, −) → G

corresponding to x ∈ GU under the Yoneda isomorphism. Let G_ν = LE_ν . The inclusion E_ν → G factors through the canonical map E_ν → G_ν via some map γ_ν : G_ν → G and we define F_{ν+1} = Im γ_ν . For a limit ordinal λ let E_λ = F_λ = colim_{ν<λ} F_ν . Finally, define F^′ = colim_{|ν|<α} F_ν . This functor is exact by construction. It preserves α-products by Lemma 1.1 since F^′ ∼= colim_{|ν|<α} G_ν is an α-filtered colimit of α-left exact functors. We have |F^′| ≤ |F |_α since |F_ν | ≤ |F |_ν for all ν.

Functors on locally presentable categories. We collect in two lemmas the basic properties of functors on locally presentable categories.

Lemma 1.6. Let C be a small α-cocomplete additive category and fix the Yoneda functor C → Lex_α(C^{op}, Ab). Let A be an additive category with α-filtered colimits. Then every additive functor f : C → A has a (essentially) unique factorization

C −→ Lex_α(C^{op}, Ab)^{f ′}−→ A

such that f^′ preserves α-filtered colimits. Moreover, f^′ preserves all colimits if and only if f preserves α-colimits.

Proof. It is clear how to define f^′. Let F ∈ Lex_α(C^{op}, Ab) and write F = colim_i(−, X_i) as α-filtered colimit of representable functors. Then define f^′F = colim_i fX_i. We refer to [8, Satz 5.5] for details.

Lemma 1.7. Let C and D be small α-cocomplete additive categories, and let f : C → D be a functor which preserves α-colimits. Then the functor f_∗ : Lex_α(D^{op}, Ab) −→ Lex_α(C^{op}, Ab), F → F^∘ f, has a left adjoint f^∗ : Lex_α(C^{op}, Ab) → Lex_α(D^{op}, Ab) which sends (−, X) to (−, fX) for all X ∈ C.

Proof. It is well-known that the functor (D^{op}, Ab) −→ (C^{op}, Ab), F → F^∘ f, has a left adjoint (C^{op}, Ab) → (D^{op}, Ab) which sends (−, X) to (−, fX) for all X ∈ C. Both functors preserve α-left exactness, and therefore the assertion follows.

2. A filtration of the category D(A) The universal property of D(A). Let A be a cocomplete additive category and denote by D(A) = ^A^{op} the opposite of the category of coherent functors A → Ab. We may think of D(A) as an abelian completion. To make this precise we need the following lemma.

Lemma 2.1. Let C be an additive category with cokernels and fix the Yoneda functor C → ^C^{op}. Then any additive functor f : C → D into an abelian category D has a (essentially) unique factorization C −→ ^C^{op f ′}−→ D such that f^′ is left exact. Moreover, f^′ is exact if and only if f is right exact. Proof. The category ^C is abelian since C has cokernels. Now let f : C → D be an additive functor into an abelian category. We obtain a left exact functor f^′ : ^C^{op} → D if we send G ∈ ^C with presentation (Y, −)^{(ϕ,−)}−→ (X, −) −→ G −→ 0 to the kernel of fϕ. Using the snake lemma, one shows that f^′ is right exact if and only if f is right exact.

The universal property of D(A) is a direct consequence. Proposition 2.2. Let A be a cocomplete additive category.

(1) The category D(A) is abelian, cocomplete, and coproducts are exact. Moreover, the Yoneda functor A → D(A) preserves colimits.

(2) Suppose that A^′ is abelian, cocomplete, and coproducts are exact. Then any functor f : A → A^′ which preserves colimits has a (essentially) unique factorization A −→ D(A)^{f ′}−→ A^′ such that f^′ is exact and preserves coproducts.

Proof. (1) The category ^A is abelian since A has cokernels. If (X_i)_{i∈I} is a family of objects in A, then ( ∐ i X_i, −) ∼= ∏ i (X_i, −).

Therefore ^A has products and they are exact since the products are computed in Ab. We conclude that D(A) has exact coproducts.

(2) Suppose f : A → A^′ preserves colimits. We obtain an exact functor f^′ : D(A) → A^′ from Lemma 2.1, and f^′ preserves coproducts since coproducts in A^′ are left exact.

The category D_α(A). Let A be a locally α-presentable category and let C = A_α. We show how A can be identified with the category of α-exact functors C → Ab. This construction is classical for α = ℵ_0; it was introduced by Gruson and Jensen [9] for module categories and later extended by Simson [11] and Crawley-Boevey [4]. Consider the category D_α(A) = Lex_α( ^C, Ab). The Yoneda functor

h: C −→ ^C^{op}, X → (X, −),

extends to a functor h^∗ : Lex_α(C^{op}, Ab) −→ Lex_α( ^C, Ab) by Lemma 1.7, and we consider the composite

d: A^∼−→ Lex_α(C^{op}, Ab)^{h∗}−→ D_α(A).

Proposition 2.3. Let A be a locally α-presentable category. Then D_α(A) is a locally presentable abelian category with exact coproducts and exact α-filtered colimits.

Proof. This follows from Lemma 1.2 and 1.4.

Proposition 2.4. Let A be a locally α-presentable category. Then d: A → D_α(A) has the following properties:

(1) d preserves colimits and products. (2) d induces an equivalence A → Ex_α( ^C, Ab).

(3) d sends a sequence 0 → X → Y → Z → 0 in A to an exact sequence if and only if 0 → (C, X) → (C, Y ) → (C, Z) → 0 is exact for all C ∈ C.

Proof. (1) Since h^∗ is a left adjoint, it preserves colimits. A product of α-exact functors is again α-exact, and therefore d preserves products by the following part (2).

(2) Since h is fully faithful, it follows that h^∗ is fully faithful. Therefore d is fully faithful. The Yoneda functor h identifies C with the full subcategory of injectives in ^C^{op}. It follows that dX is an exact functor for every X ∈ C. An arbitrary object in A is an α-filtered colimit of objects in C. But d preserves α-filtered colimits and an α-filtered colimit of exact functors is exact. Thus dX is exact for all X ∈ A. Now suppose that F ∈ D_α(A) is exact. Then h_∗F : C^{op} → Ab is α-left exact, hence isomorphic to (−, X)|_C for some X ∈ A. Now dX and F are both α-exact and agree on the representable functors. Thus F ∼= dX.

(3) Fix a sequence ε: 0 → X → Y → Z → 0 in A. Suppose first that 0 → (C, X) → (C, Y ) → (C, Z) → 0 is exact for all C ∈ C. Write Z = colim Z_i as α-filtered colimit of objects in C. It follows that ε is the α-filtered colimit of split exact sequences 0 → X → Y_i → Z_i → 0. Therefore dε is the filtered colimit of exact sequences since d preserves α-filtered colimits by (1), and we conclude from Lemma 1.4 that dε is exact.

Now suppose that the sequence 0 → dX → dY → dZ → 0 is exact in D_α(A) and let C ∈ C. It follows from Lemma 1.4 that Ext^1(dC, dZ) = 0 since dZ is exact by (2).

Therefore the sequence 0 → (dC, dX) → (dC, dY ) → (dC, dZ) → 0 is exact. The functor d is fully faithful, again by (2), and therefore 0 → (C, X) → (C, Y ) → (C, Z) → 0 is eaxct.

Definition 2.5. Let A be a locally presentable additive category and α be a regular cardinal.

(1) A sequence 0 → X → Y → Z → 0 in A is called α-pure exact if the induced sequence 0 → (C, X) → (C, Y ) → (C, Z) → 0 is exact for all α-presentable objects C.

(2) A map X → Y in A is called α-pure monomorphism if there exists an α-pure exact sequence 0 → X → Y → Z → 0.

Note that an α-pure exact sequence in A is a kernel-cokernel sequence provided that A is locally α-presentable.

Lemma 2.6. Let A be a locally α-presentable additive category and let ϕ: X → Y be a map in A. Then d: A → D_α(A) sends ϕ to a monomorphism if and only if ϕ is an α-pure monomorphism.

Proof. We apply Proposition 2.4. It follows from part (3) that dϕ is a monomorphism if ϕ is an α-pure monomorphism. Now suppose that dϕ is a monomorphism and let F be the cokernel of dϕ. The functors dX and dY are exact by part (2), and an application of the snake lemma shows that F is exact. Thus F ∼= dZ for some Z ∈ A and we get a sequence 0 → X → Y → Z → 0 which is α-pure-exact, again using (3). It follows that ϕ is an α-pure monomorphism.

The inclusion i: A_α → A extends to an exact functor i^∗ : ^A_α → ^A sending (X, −) to (iX, −) and we write F̄ = i^∗F for each F ∈ ^A_α.

Lemma 2.7. Let A be a locally α-presentable additive category. Then

F̄ X ∼= ((F, −), dX) ∼= dX(F )

for all F ∈ ^A_α and X ∈ A.

Proof. The second isomorphisms follows from Yoneda’s lemma. For X ∈ A_α we have dX = ((X, −), −) and therefore

F̄ X = F X ∼= ((X, −), F ) ∼= ((F, −), ((X, −), −)) ∼= ((F, −), dX),

again by Yoneda’s lemma. The general case follows since every object in A is an αfiltered colimit of α-presentable objects and both functors, F̄ and d, preserve α-filtered colimits.

The universal property of D_α(A). The category D_α(A) has a universal property which is a variation of the universal property of D(A), involving the cardinal α.

Proposition 2.8. Let A be a locally α-presentable additive category.

(1) The category D_α(A) is abelian, cocomplete, and α-filtered colimits are exact.

Moreover, the functor d_α : A → D_α(A) preserves colimits.

(2) Suppose that A^′ is abelian, cocomplete, and α-filtered colimits are exact. Then any functor f : A → A^′ which preserves colimits has a (essentially) unique factorization A −→ D_α(A)^{f ′}−→ A^′ such that f^′ is exact and preserves coproducts.

Proof. (1) follows from Proposition 2.3 and 2.4.

(2) Suppose that f : A → A^′ preserves colimits. The restriction A_α → A^′ induces an exact functor ^A_α^{op} → A^′ which preserves α-colimits. Now apply Lemma 1.6 to get a colimit preserving functor f^′ : D_α(A) → A^′ which extends f. The exactness of f^′ follows from the fact that each exact sequence in D_α(A) can be written as α-filtered colmit of exact sequences of representable functors.

Remark. The proof of Proposition 2.8 shows that f^′ : D_α(A) → A^′ is already determined by the fact that f^′ is left exact, preserves α-filtered colimits, and f = f^{′ ∘} d_α.

The filtration of D(A). Fix a locally presentable additive category A. We have a filtration A = ⋃ α<∞ A_α and we denote for regular cardinals β ≥ α or β = ∞ by i_{βα} : A_α → A_β the inclusion functor where A_∞ = A. To simplify our notation we write C_α(A) = ^A_α^{op} and put C_∞(A) = C(A) = D(A) = D_∞(A).

We denote by c_α : A_α → C_α(A) the Yoneda functor which sends X ∈ A_α to (X, −); it makes the following diagram commutative

A_α^{cα}−→ C_α(A) i_α j_α

A^{dα}−→ D_α(A) where j_αX = (−, X). Each inclusion i_{βα} induces a fully faithful exact and α-colimit preserving functor c_{βα} : C_α(A) → C_β (A) with c_{βα}(X, −) = (i_{βα}X, −) for all X ∈ A_α. Thus c_β = c_{βα}^∘ c_α, and if γ ≥ β, then we obtain c_{γα} = c_{γβ}^∘ c_{βα}. The next lemma shows that we have a functor d_{βα} : D_α(A) → D_β(A) which completes the following diagram.

A_α^{cα}−→ C_α(A)^{jα}−→ D_α(A) iβα cβα dβα A_β^{cβ}−→ C_β(A)^{jβ}−→ D_β(A)

Lemma 2.9. Let A be a locally α-presentable additive category, and let β ≥ α be a regular cardinal or β = ∞. Then there exists a (essentially) unique colimit preserving functor d_{βα} : D_α(A) → D_β(A) such that d_β = d_{βα}^∘ d_α. If γ ≥ β, then d_{γα} = d_{γβ}^∘ d_{βα}.

Proof. The functor C_α(A)^{cβα}−→ C_β(A)^{jβ}−→ D_β (A) preserves α-colimits. We apply Lemma 1.6 and obtain a unique colimit preserving functor d_{βα} : D_α(A) → D_β(A) such that j_β^∘ c_{βα} = d_{βα}^∘ j_α. The equality d_β = d_{βα}^∘ d_α follows from c_β = c_{βα}^∘ c_α, and d_{γα} = d_{γβ}^∘ d_{βα} follows from c_{γα} = c_{γβ}^∘ c_{βα}.

We have also functors D_β(A) → D_α(A) for β ≥ α.

Lemma 2.10. Let A be a locally α-presentable additive category, and let β ≥ α be a regular cardinal or β = ∞. Then there exists a (essentially) unique exact and coproduct preserving functor e_{αβ} : D_β(A) → D_α(A) such that d_α = e_{αβ}^∘ d_β. If γ ≥ β, then e_{αγ} = e_{αβ}^∘ e_{βγ} .

Proof. We have exactness of coproducts and α-filtered colimits in D_α(A) by Proposition 2.3. So we can apply the universal property of d_β : A → D_β(A), formulated in Proposition 2.2 and 2.8, to obtain e_{αβ} : D_β(A) → D_α(A).

Next we exhibit the relation between the functors e_{αβ} and d_{βα}. Recall that a Serre subcategory S of an abelian category C is a full subcategory such that for every exact sequence 0 → X^′ → X → X^{′′} → 0 in C we have X ∈ S if and only if X^′, X^{′′} ∈ S. There is an abelian quotient category C/S and S is colocalizing if the exact quotient functor C → C/S has a left adjoint [7].

Proposition 2.11. Let A be a locally α-presentable additive category, and let β ≥ α be a regular cardinal or β = ∞.

(1) e_{αβ}^∘ d_{βα} = id_{Dα(A)} and e_{αβ} is a right adjoint for d_{βα}.

(2) S_{αβ} = {X ∈ D_β (A) | e_{αβ} X = 0} is a colocalizing subcategory of D_β (A) and e_{αβ} induces an equivalence D_β(A)/S_{αβ} → D_α(A).

Proof. (1) The definition of e_{αβ} implies the following factorization of d_α|_{Aα} = j_α^∘ c_α:

A_α^{cα}−→ C_α(A)^{jα}−→ D_α(A)^{dβα}−→ D_β(A)^{eαβ}−→ D_α(A).

The composite f = e_{αβ}^∘ d_{βα}^∘ j_α is exact since d_{βα}^∘ j_α = j_β^∘ h_{βα}, and this implies f = j_α since both coincide on the full subcategory of injectives in C_α(A). We conclude e_{αβ}^∘ d_{βα} = id_{Dα(A)} from Lemma 1.6 since e_{αβ}^∘ d_{βα} preserves colimits.

Next, we show that e_{αβ} is a right adjoint for d_{βα}. Suppose first that β < ∞. With the notation of Lemma 1.7, we have d_{βα} = c^∗ for c = c_{βα}, and this has a right adjoint c_∗ with c_∗^∘ c^∗ = id_{Dα(A)} since c^∗ is fully faithful by the first part of this proof. Therefore d_α = c_∗^∘ d_β, and Lemma 2.10, in combination with the remark after the proof of Proposition 2.8, implies e_{αβ} = c_∗. Thus e_{αβ} is a right adjoint for d_{βα}.

Now suppose β = ∞ and let F ∈ D_α(A) and G ∈ D_∞(A). If the objects in a presentation of G are γ-presentable, then G = d_{∞γ} H for H = (G|_{Aγ} , −) in D_γ (A), and we may assume that γ ≥ α. Using that e_{αγ} is a right adjoint for d_{γα} we obtain

(d_{∞α}F, G) = (d_{∞γ} (d_{γα}F ), d_{∞γ} H) ∼= (d_{γα}F, H) ∼= (F, e_{αγ} H) ∼= (F, e_{αγ ∘}(e_{γ∞ ∘} d_{∞γ} )H) ∼= (F, e_{α∞}G).

Thus e_{α∞} is a right adjoint for d_{∞α}.

(2) is a consequence of (1) and the fact that e_{αβ} is exact; see Proposition III.5 in [7].

Corollary 2.12. Let A be a locally presentable additive category. If α is a regular cardinal such that A is locally α-presentable, then d_{∞α} : D_α(A) → D(A) identifies D_α(A) with the full subcategory of colimits of functors F ∈ D(A) having a presentation

(Y, −) −→ (X, −) −→ F −→ 0

such that X and Y are α-presentable. Therefore ⋃ α<∞ D_α(A) = D(A).

3. Coherent functors

In this section we fix a locally presentable additive category A and characterize the coherent functors A → Ab.

Definition 3.1. Let α be a regular cardinal. A functor F : A → Ab is called α-coherent if there exists an exact sequence

(Y, −) −→ (X, −) −→ F −→ 0

such that X and Y are α-presentable objects.

Note that every coherent functor A → Ab is α-coherent for some regular cardinal α since A = ⋃ α A_α.

Proposition 3.2. Let A be a locally α-presentable category. Then a functor F : A → Ab is α-coherent if and only F preserves products and α-filtered colimits.

Proof. Suppose first that F is α-coherent. Each representable functor (X, −) preserves products and α-filtered colimits provided that X is α-presentable. Clearly, this property is preserved if we pass to the cokernel of a map (Y, −) → (X, −) where X and Y are α-presentable.

Now suppose that F preserves products and α-filtered colimits. Let C be the full subcategory of α-presentable objects in A. Recall that there exists a tensor product

(C^{op}, Ab) × (C, Ab) −→ Ab, (F, G) → F ⊗_C G,

where for any functor G: C → Ab, the tensor functor − ⊗_C G is determined by the fact that it preserves colimits and (−, X) ⊗_C G ∼= GX for all X in C. Now take G = F |_C and observe that

F X ∼= (−, X)|_C ⊗_C G (∗) for all X ∈ A since F preserves α-filtered colimits and every object in A can be written as α-filtered colimit of α-presentable object.

Next we use the fact that a module M over any ring R is finitely presented if the corresponding tensor functor − ⊗_R M preserves products. In fact, it is sufficient to assume that − ⊗_R M preserves products of finitely generated projective modules (cf. Lemma I.13.2 in [12]). This result generalizes to rings with several objects. The finitely generated projective C-modules are up to isomorphism of the form (−, X) with X ∈ C and the assumption on F implies that the natural map ( ∏ i (−, X_i)) ⊗_C G −→ ∏ i ((−, X_i) ⊗_C G)

is an isomorphism for every family (X_i)_{i∈I} in C. We conclude that G has a presentation

(Y, −)|_C −→ (X, −)|_C −→ G −→ 0

with X, Y ∈ C. Combining this presentation with the isomorphism (∗) gives a presentation (Y, −) −→ (X, −) −→ F −→ 0

of F . Thus F is α-coherent.

4. Covariantly finite subcategories

A full subcategory B of a category A is covariantly finite if for every object X ∈ A there exists a map X → Y such that Y ∈ B and for every Y^′ ∈ B the induced map (Y, Y^′) → (X, Y^′) is surjective. We require in addition that every direct factor of an object in B belongs to B.

Colocalizing subcategories. Fix an additive category A with cokernels so that the category ^A of coherent functors A → Ab is abelian. We describe the covariantly finite subcategories of A in terms of colocalizing subcategories of ^A. Note that a colocalizing subcategory of ^A is the same as a localizing subcategory of D(A) = ^A^{op}.

Proposition 4.1. Let A be an additive category with cokernels. Then there exists a bijection between the class of covariantly finite subcategories of A and the class of colocalizing subcategories of ^A. This bijection sends a covariantly finite subcategory B to {F ∈ ^A | F |_B = 0} and a colocalizing subcategory S to {X ∈ A | F X = 0 for all F ∈ S}.

Proof. Denote by i: B → A the inclusion of a full subcategory. Suppose first that B is covariantly finite and let S = {F ∈ ^A | F |_B = 0}. We obtain a functor i_∗ : ^A → ^B sending F to F |_B which induces an equivalence between ^A/S and ^B. The right exact functor i^∗ : ^B → ^A which sends (X, −) to (iX, −) for all X ∈ B provides a left adjoint for the quotient functor ^A → ^A/S and therefore S is colocalizing.

Conversely, let S ⊆ ^A be colocalizing and let B = {X ∈ A | F X = 0 for all F ∈ S}. Then the quotient category ^A/S has enough projectives which the left adjoint identifies with the representable functors (X, −) such that ((X, −), F ) = F X = 0 for all F ∈ S. Thus ^A/S and ^B are equivalent, and the quotient functor sends (X, −) to (X, −)|_B which is a quotient of (Y, −) in ^B for some Y ∈ B. This gives the desired map X → Y so that B is covariantly finite.

A criterion. Fix a locally presentable additive category A. The following proposition gives a general criterion for a subcategory of A to be covariantly finite.

Proposition 4.2. Let A be a locally presentable additive category and let B be a full subcategory which is closed under taking products. Suppose that there exists a set C of objects in A such that for every Y ∈ B a subobject X ⊆ Y belongs to B provided that the cokernel sequence X → Y → Z → 0 induces an epimorphism (C, Y ) → (C, Z) for all C ∈ C. Then B is covariantly finite.

Proof. Suppose that A is locally α-presentable. Choosing α sufficiently large, we may assume that C ⊆ A_α. Therefore the condition on B implies that B is closed under taking α-pure subobjects. To prove that B is covariantly finite we use the embedding d: A → D_α(A) and Lemma 1.5. Extending the notation introduced before Lemma 1.5, we define |X| = |dX| for every X ∈ A. Now let ϕ: X → Y be a map with Y ∈ B. Let κ be a cardinal such that |F |_α ≤ κ for every quotient F of dX in D_α(A). We claim that ϕ factors through some Y^′ ∈ B with |Y^′| ≤ κ. In fact, it follows from Lemma 1.5 that dϕ factors through some exact subfunctor G ⊆ dY with |G| ≤ κ. Now G ∼= dY^′ for some Y^′ ∈ A by Proposition 2.4, and Y^′ ∈ B since the map Y^′ → Y is an α-pure monomorphism by Lemma 2.6. Let

ψ : X −→ ∏ |Z|≤κ

Z^{(X,Z)} where Z runs through a set of isoclasses of objects in B with |Z| ≤ κ. The product ∏ |Z|≤κ Z

(X,Z) belongs to B, and every map X → Y with Y ∈ B factors through ψ by

construction. Thus B is covariantly finite.

Corollary 4.3. Let A be a locally presentable additive category and let B be a full subcategory. Suppose that B is closed under taking products and α-pure subobjects for some regular cardinal α. Then B is covariantly finite.

Every covariantly finite subcategory of a locally presentable category is automatically closed under taking products and direct factors. Therefore it is attempting to ask whether the converse is true. Unfortunately, an answer to this question requires some set-theoretic assumptions. To be precise, consider the following statement. (CF) A full subcategory of a locally presentable category is covariantly finite if and only if it is closed under taking products and direct factors.

This statement cannot be proved in the set theory GBC (Gödel-Bernays plus axiom of choice). However, assuming the existence of certain large cardinals one can find a model for the set theory GBC where (CF) holds true. We refer to [1] for details.

5. Definable subcategories

The concept of a definable subcatory has been introduced by Crawley-Boevey for module categories [5]. For his definition he used coherent functors F : Mod R → Ab having a presentation (Y, −) −→ (X, −) −→ F −→ 0 such that X and Y are finitely presented R-modules. The following definition is more general.

Definition 5.1. Let A be an additive category. A full subcategory B of A is called definable if there exists a set of coherent functors F_i : A → Ab such that X ∈ A belongs to B if and only if F_iX = 0 for all i.

A characterization. Our aim is to characterize the definable subcategories of a locally presentable additive category. The essential part of this project is the following proposition.

Proposition 5.2. Let A be a locally α-presentable additive category and let B ⊆ A.

(1) S = {F ∈ ^A_α | F̄ |_B = 0} is a Serre subcategory of ^A_α which is closed under α-products and admits a faithful α-exact functor ^A_α/S → Ab.

(2) If B is closed under taking products, α-filtered colimits, and α-pure subobjects, then B = {X ∈ A | F̄ X = 0 for all F ∈ S}.

Proof. (1) follows from the isomorphism F̄ X ∼= dX(F ) in Lemma 2.7 since dX is αexact by Proposition 2.4. To obtain a faithful α-exact functor ^A_α/S → Ab take for each F ∈ ^A_α \ S some X_F ∈ B with F̄ X_F ≠ 0 and let G = ∏ F dX_F . Clearly, G induces a faithful α-exact functor ^A_α/S → Ab.

(2) Now suppose that B is closed under taking products, α-filtered colimits, and αpure subobjects. Let F be the full subcategory of objects in D_α(A) which are subobjects of objects in dB. Note that dX ∈ F implies X ∈ B for all X ∈ A by our assumptions on B since subobjects in D_α(A) correspond to α-pure subobjects in B by Lemma 2.6. Clearly, F is closed under products and subobjects since B is closed under products. We claim that F is also closed under α-filtered colimits. To this end let X = colim_{i∈I} X_i be an α-filtered colimit of objects in F. Choose for each i ∈ I a monomorphism X_i → Y_i with Y_i ∈ dB. We obtain an α-filtered system of monomorphisms X_i → ∏ i→j Y_j , indexed by i ∈ I, where i → j runs through all maps in I which start in i, and X_i → Y_j is the composite of X_i → X_j and the monomorphism X_j → Y_j . The colimit of this system produces a monomorphism X → Y with Y ∈ dB since B is closed under products and α-filtered colimits. Therefore X belongs to F.

The inclusion functor F → D_α(A) has a left adjoint f : D_α(A) → F which is constructed as follows. For X ∈ D_α(A) consider the set of all quotient objects Y_i which belong to F. Then define fX to be the image and tX to be the kernel of the canonical map X → ∏ i Y_i. Also define T to be the full subcategory

T = {X ∈ D_α(A) | (X, Y ) = 0 for all Y ∈ F} = {X ∈ D_α(A) | (X, dZ) = 0 for all Z ∈ B}.

We identify each X ∈ S with (X, −) in D_α(A) and claim that T = colim_α S, that is, the objects in T are precisely the α-filtered colimits of objects in S. The isomorphism of Lemma 2.7 shows that S ⊆ T and therefore colim_α S ⊆ T . Next we show that tX ∈ colim_α S for every α-presentable X. We can write tX = colim X_i as α-filtered colimit of α-presentable subobjects since the image of every map between α-presentable objects is again α-presentable. If X_i ∉ S for some i then there exists a non-zero map X_i → Y for some Y ∈ dB and this extends to a map ϕ: X → Y since Ext^1(−, Y ) vanishes on α-presentable objects by Lemma 1.4. However, ϕ factors through the canonical map X → fX which implies ϕ|_{tX} = 0. This is a contradiction and therefore tX ∈ colim_α S. Now let X = colim X_i be an arbitrary object in D_α(A) written as α-filtered colimit of α-presentable objects. We obtain an exact sequence

0 −→ colim tX_i −→ X −→ colim fX_i −→ 0

with colim tX_i ∈ colim_α S and colim fX_i ∈ F since both, colim_α S and F, are closed under α-filtered colimits. We conclude that tX ∈ colim_α S. An immediate consequence is F = {Y ∈ D_α(A) | (X, Y ) = 0 for all X ∈ T }, that is, (T , F) forms a torsion pair.

We are now in a position to prove that B = {X ∈ A | F̄ X = 0 for all F ∈ S}. One inclusion is clear. Therefore let X ∈ A with F̄ X = 0 for all F ∈ S. Thus (F, dX) = 0 for all F ∈ S, and this implies (G, dX) = 0 for all G in colim_α S = T . We obtain dX ∈ F from the first part of this proof, and this implies X ∈ B.

We continue with two lemmas which help to characterize the definable subcategories.

Lemma 5.3. Let A be a cocomplete additive category. Given a set of sequences U_i → V_i → W_i in A, there exists a coherent functor F : A → Ab such that for every object X ∈ A the induced sequence (W_i, X) → (V_i, X) → (U_i, X) is exact for all i if and only if F X = 0.

Proof. Consider the following commutative diagram ∐ i U_i −→ ∐ i V_i −→ P −→ 0 ∐ i W_i −→ Q where the rows are exact and the square is a pushout. Now take for F : A → Ab the cokernel of (Q, −) → (P, −).

Lemma 5.4. Let A be a locally presentable category and S be a class of α-coherent functors A → Ab. Then

B = {X ∈ A | F X = 0 for all F ∈ S}

is closed under taking products, α-filtered colimits, and α-pure subobjects.

Proof. A representable functor (X, −) with α-presentable X preserves products, αfiltered colimits, and sends α-pure exact sequences to exact sequences. It follows immediately that every α-coherent functor F : A → Ab preserves products and α-filtered colimits. An application of the snake lemma shows that F sends α-pure exact sequences to exact sequences. We conclude that B is closed under taking products, α-filtered colimits, and α-pure subobjects.

We are now in a position to give the proof of Theorem 2 which characterizes the definable subcategories of a locally presentable category.

Proof of Theorem 2. (2) ⇒ (3): Clear.

(3) ⇒ (2): See Lemma 5.3.

(2) ⇒ (4): Given a set of coherent functors F_i : A → Ab there is a regular cardinal α such that all F_i are α-coherent. Now use Lemma 5.4.

(4) ⇒ (2): See Proposition 5.2.

(2) ⇒ (1): Fix a set of coherent functors F_i such that X ∈ A belongs to B if and only if F_iX = 0 for all i. The subcategory B is closed under products and α-pure subobjects for some regular cardinal α by Lemma 5.4. It follows from Corollary 4.3 that B is covariantly finite. Moreover, the bijective correspondence between covariantly finite subcategories of A and colocalizing subcategories of ^A shows that the corresponding colocalizing subcategory {G ∈ ^A | G|_B = 0} is the smallest containing F = ∏ i F_i.

(1) ⇒ (2): Let B^′ be the full subcategory of objects in A satisfying F X = 0. We claim that B^′ = B. The subcategory B^′ is covariantly finite since (2) implies (1). Now apply the bijective correspondence between covariantly finite subcategories of A and colocalizing subcategories of ^A. It is clear that the colocalizing subcategory of ^A which consists of the coherent functors vanishing on B^′ is the smallest containing F . Therefore (1) implies B^′ = B and this shows (2).

We give some examples of definable subcategories.

Example 5.5. (1) Let (X_i)_{i∈I} be a family of R-modules (R any ring) and (n_i)_{i∈I} be a family of non-negative integers. Then the R-modules Y such that Ext^{ni}_R (X_i, Y ) = 0 for all i form a definable subcategory of the category of all R-modules.

(2) Let C be a small additive category and let U_i → V_i → W_i be a family of sequences in C. Then the functors F : C → Ab such that F U_i → F V_i → F W_i is exact for all i form a definable subcategory in the category of all additive functors C → Ab.

A classification. Fix a locally presentable additive category A. We have seen in Proposition 5.2 that every definable subcategory of A is determined by some Serre subcategory of ^A_α for some appropriate cardinal α. This leads to a classification of all definable subcategories. To this end denote for every regular cardinal α by Σ_α the set of all Serre subcategories S of ^A_α which are closed under α-products and admit a faithful α-exact functor ^A_α/S → Ab.

Proposition 5.6. Let A be a locally α-presentable additive category and let S ⊆ ^A_α.

(1) B = {X ∈ A | F̄ X = 0 for all F ∈ S} is closed under taking products, α-filtered colimits, and α-pure subobjects.

(2) S = {F ∈ ^A_α | F̄ |_B = 0} is the smallest Serre subcategory in Σ_α containing S.

Proof. (1) follows from Lemma 5.4.

(2) It follows from Proposition 5.2 that S ∈ Σ_α. Now let T ∈ Σ_α containing S. There exists a faitful α-exact functor G: ^A_α/T → Ab and the composition with the quotient functor ^A_α → ^A_α/T is α-exact and therefore isomorphic to dY for some Y ∈ A by Proposition 2.4. The isomorphism F̄ Y = dY (F ) from Lemma 2.7 implies T = {F ∈ ^A_α | F̄ Y = 0}. We get Y ∈ B since S ⊆ T , and the definition of S implies S ⊆ T . This completes the proof.

Now consider Σ = ⋃ α Σ_α. Given regular cardinals α_2 ≥ α_1, we call S_1 ∈ Σ_{α1} and S_2 ∈ Σ_{α2} equivalent and write S_1 ∼ S_2, if S_2 is the smallest Serre subcategory in Σ_{α2} which contains F̄ |_{Aα2} for all F ∈ S_1. The following lemma explains this equivalence relation.

Lemma 5.7. Let A be a locally α-presentable additive category and let α_2 ≥ α_1 ≥ α be regular cardinals. Then S_1 ∈ Σ_{α1} and S_2 ∈ Σ_{α2} are equivalent if and only if

{X ∈ A | F̄ X = 0 for all F ∈ S_1} = {X ∈ A | F̄ X = 0 for all F ∈ S_2}.

Proof. The inclusion i: A_{α1} → A_{α2} induces an exact functor i^∗ : ^A_{α1} → ^A_{α2} which sends (X, −) to (iX, −) for all X ∈ A_{α1} . Observe that i^∗F = F̄ |_{Aα2} . Now let B_i = {X ∈ A | F̄ X = 0 for all F ∈ S_i} for i = 1, 2. It follows from Proposition 5.6 that S_2 = {F ∈ ^A_{α2} | F̄ |_{B2} = 0} and i^∗S_1 = {F ∈ ^A_{α2} | F̄ |_{B1} = 0} is the smallest Serre subcategory in Σ_{α2} containing i^∗S_1. We conclude, again from Proposition 5.6, that B_1 = B_2 if and only if S_1 ∼ S_2.

We obtain now the classification of all definable subcategories via Serre subcategories which is Theorem 3.

Corollary 5.8. Let A be a locally presentable additive category. Then there exists a bijection between Σ/∼ and the class of definable subcategories of A. It sends S ∈ Σ to {X ∈ A | F̄ X = 0 for all F ∈ S}.

Proof. Every definable subcategory is of the form {X ∈ A | F̄ X = 0 for all F ∈ S} for some S ∈ Σ by Proposition 5.2. Moreover, the definable subcategories corresponding to S_1 and S_2 in Σ coincide if and only if S_1 ∼ S_2 by Lemma 5.7.

6. How to make a functor exact

Let C be a small abelian category with α-products for some regular cardinal α. In this section we construct for every additive functor F : C → Ab an α-exact functor F^′ and a map ϕ: F → F^′ such that for every α-exact G every map F → G factors through ϕ. We show that this construction is closeley related to the following problem which arises in the classification of definable subcategories via Serre subcategories of coherent functors.

Problem 6.1. Let C be a small abelian category with α-products for some regular cardinal α. When does there exists a faithful α-exact functor C → Ab?

Let us start with a functor F : C → Ab which is α-left exact. We define by transfinite induction a sequence F = F_0 → F_1 → F_2 → · · · → F_ν → F_{ν+1} → · · ·

of maps in Lex_α(C, Ab) where ν runs through all ordinals with |ν| < α. To this end fix a representative set of epimorphisms π : Y → Z in C. For ν with |ν| < α let

Γ_ν = ⨆ π : Y →Z

F_ν Z \ Im F_ν π.

We get a map ∐ i∈Γ_ν (Zi, −) → Fν where (Zi, −) → Fν is the map corresponding to

i ∈ Γ_ν under the Yoneda isomorphism. We define the map F_ν → F_{ν+1} by taking the pushout ∐ i∈Γ_ν (Zi, −) ∐ (πi,−) −→ ∐ i∈Γ_ν (Yi, −)

F_ν −→ F_{ν+1} Note that F_ν → F_{ν+1} is a monomorphism if α-products in C are exact. For a limit ordinal λ let F_λ = colim_{ν<λ} F_ν . Finally, we define

F^∗ = colim_{|ν|<α} F_ν .

Lemma 6.2. Let F : C → Ab be α-left exact. Then F^∗ is α-exact and every map F → G such that G is α-exact factors through the canonical map F → F^∗.

Proof. The functor F^∗ is α-exact by construction. Now let F → G be a map such that G is α-exact. In each step the map F_ν → G factors through F_ν → F_{ν+1}. Thus F → G factors through F → F^∗.

Corollary 6.3. Let C be a small abelian category with α-products for some regular cardinal α. Then the α-exact functors form a covariantly finite subcategory in the category of all additive functors C → Ab.

Proof. Combine Lemma 1.1 and Lemma 6.2.

We continue with the problem of finding a faithful α-exact functor C → Ab.

Proposition 6.4. Let C be a small abelian category with α-products for some regular cardinal α and let A = Lex_α(C, Ab). Then the following are equivalent:

(1) There exists a faithful α-exact functor C → Ab.

(2) For every F ∈ A the canonical map F → F^∗ is a monomorphism. (3) Every F ∈ A is subobject of some α-injective object G, that is, Ext^1(−, G) vanishes on α-presentable objects.

Proof. (1) ⇒ (2): Let G: C → Ab be faithful and α-exact. Suppose first that F = (X, −) and let K be the kernel of ϕ: F → F^∗. A non-zero element in KY gives rise to a nonzero map ψ : (Y, −) → F and we get with F^′ = Im ψ an exact sequence 0 → F^′ → F → F^{′′} → 0 of representable functors with F^′ ⊆ K. If F^′ = (X^′, −), then a non-zero element in GX^′ gives rise to a non-zero map F^′ → G which extends to a map F → G by Lemma 1.4 since G is exact. This map factors through F → F^∗ by Lemma 6.2 and therefore K = 0. Now let F ∈ A be arbitrary and write F = colim_{i∈I} F_i as α-filtered colimit of representable functors. The monomorphisms F_i → F^∗_i induce an α-filtered system of monomorpisms F_i −→ ∏ i→j F^∗_j where i → j runs through all maps in I starting in i. This gives a monomorphism

ψ : F = colim_i F_i −→ colim_i ∏ i→j F^∗_j

into an α-exact functor since each F^∗_j is exact. The map ψ factors through ϕ: F → F^∗ by Lemma 6.2 and we conclude that ϕ is a monomorphism.

(2) ⇒ (3): An object G ∈ A is α-injective if and only if it is α-exact by Lemma 1.4. Therefore F ∈ A is subobject of some α-injective object G if we take G = F^∗.

(3) ⇒ (1): Let C_0 be a representative set of objects in C and choose for each X ∈ C_0 a monomorphism (X, −) → G_X such that G_X is α-injective. Then G = ∏ X∈C_0 GX is a

faithful α-exact functor C → Ab.

A small abelian category C with α-products admits a faithful α-exact functor C → Ab if C has enough projectives or if α = ℵ_0. In the first case use ∏ P (P, −) where P runs through a representative set of projectives; in the second case take an injective cogenerator in Lex_α(C, Ab). It is clear that α-products in C are exact if there exists a faithful α-exact functor C → Ab. However this condition is not sufficient. In fact, Neeman constructs in [10] an example which leads to a small abelian category with ℵ_1-products which are exact but which does not admit an ℵ_1-exact embedding into the category of abelian groups.

Note that every small abelian category C with exact α-products arises as quotient ^A_α/S for some locally α-presentable additive category A and some Serre subcategory S of ^A_α closed under α-products, by taking A = Lex_α(C, Ab).

Acknowledgement. Work on the material of this paper started when I visited the Universidad Nacional del Sur in Argentina. I enjoyed the wonderful atmosphere in the algebra seminar and I would like to thank María Inés Platzeck and her colleagues for their hospitality. In addition, I would like to thank Amnon Neeman for explaining to me his counterexample which illustrates the results of Section 4.

References

[1] J. Adámek and J. Rosický, Locally presentable and accessible categories, London. Math. Soc.

Lecture Notes 189 (1994).

[2] M. Auslander, Coherent functors, in: Proceedings of the conference on categorical algebra (La Jolla, 1965), Springer-Verlag (1966), 189–231.

[3] M. Auslander and S.O. Smalø, Preprojective modules over artin algebras, J. Algebra 66 (1980), 61–122.

[4] W.W. Crawley-Boevey, Locally finitely presented additive categories, Comm. Algebra 22 (1994), 1644–1674.

[5] W.W. Crawley-Boevey, Infinite dimensional modules in the representation theory of finite dimensional algebras, in: Algebras and modules, I (Trondheim, 1996), CMS Conf. Proc. 23 (1998), 29–54.

[6] P. Eklof and J. Trlifaj, How to make Ext vanish, Bull. London Math. Soc., to appear. [7] P. Gabriel, Des catégories abéliennes, Bull. Soc. Math. France 90 (1962), 323–448. [8] P. Gabriel and F. Ulmer, Lokal präsentierbare Kategorien, Springer Lecture Notes in Math.

221 (1971).

[9] L. Gruson and C.U. Jensen, Dimensions cohomologique reliées aux functeurs lim←−^{(i)}, in: Sém d’Algèbre P. Dubreil et M.-P. Malliavin , Springer Lecture Notes in Math. 867 (1981), 234–249.

[10] A. Neeman, Triangulated categories, Princeton Univ. Press, to appear. [11] D. Simson, On pure-semisimple Grothendieck categories I, Fund. Math. 100 (1978), 211–222. [12] B. Stenstrøm, Rings of quotients, Springer-Verlag (1975).

Fakultät für Mathematik, Universität Bielefeld, 33501 Bielefeld, Germany E-mail address: henning@mathematik.uni-bielefeld.de