On linear row-finite systems of stochastic differential equations

T. S. Rybnikova

Chair of Function Theory and Functional Analysis, Department of Mechanics and Mathematics, Moscow State University, 119899 Moscow, Russia, e-mail: tatiana@rybnikov.mccme.ru

Abstract Solvability of autonomous and non-autonomous stochastic linear differential equations in R^∞ is studied. The existence of strong continuous (L_p-continuous) solutions of autonomous linear stochastic differential equations in R^∞ with continuous (L_pcontinuous) right hand sides is proved. Uniqueness conditions are obtained. We give examples showing that both deterministic and stochastic linear non-autonomous differential equations with the same operator in R^∞ may fail to have a solution for some initial values. We also establish existence and uniqueness conditions for such equations.

AMS 1991 Subject classification: Primary: 60H10 Secondary: 60H20

Keywords: linear stochastic differential equation, strong solution, adapted process

1 Introduction

In this paper we consider infinite systems of linear stochastic differential equations of the form

dX_n(t) = dW_n(t) +

m_n∑

k=1 a_{nk}(t)X_k(t) dt.

Such systems appear in many applications. A natural state space for such a system is R^∞, the space of all real sequences. This paper is devoted to the solvability of autonomous and non-autonomous stochastic linear differential equations in R^∞. The problem is non-trivial as the space is not Banach. In Banach spaces, linear ordinary differential equations and linear stochastic differential equations with continuous operators and continuous (respectively, L_p-continuous) right hand sides are uniquely solvable. In non-normable locally convex spaces even in complete metrisable, the situation is different (see [1]). Namely, linear ordinary differential equations and linear stochastic differential equations with continuous operators need not be solvable (see Example 4.6). On the other hand, they may have infinitely many solutions (see Example 3.7).

Fortunately, R^∞ possesses special properties. For example, autonomous row-finite systems of ordinary linear differential equations are solvable for any initial condition (see [9]). The same is true for stochastic linear equations in R^∞ with continuous (respectively, L_pcontinuous) right hand sides (see [8]). It should be noted, however, that R^∞ is quite special in this respect: there exist Fréchet spaces in which not every linear ordinary or stochastic autonomous differential equation with a continuous operator has a solution (see [1]). In section 3, for completeness and the reader’s convenience we give the details of the proof that were not included in the short note [8].

Other results of this paper are concerned with non-autonomous systems and relations between the ordinary and stochastic equations with the same operator. We give an example showing that a linear nonautonomous stochastic differential equation in R^∞ may be unsolvable and establish existence and obtain uniqueness conditions for such systems. This generalizes results of G. Herzog [5] obtained in the deterministic case.

2 Notation and terminology

Let R^∞ be the space of all real valued sequences endowed with the topology of the coordinatewise convergence and let R^∞_0 be its dual space, i.e., the space of all finite sequences. Let (Ω, F, P ) be a probability space and let R_+ = [0; +∞). Given topological spaces E and F , we denote by C(E, F ) the space of all continuous mappings from E to F . As usual, C[a, b] stands for the Banach space of all continuous real valued functions on [a; b] with the norm ||f||_C = max_{t∈[a;b]} |f(t)|. If E is a topological vector space then E^∗ denotes its dual space, and L(E) denotes the space of all linear continuous operators on E. Given two real numbers a and b, let a ∧ b = min(a, b). A stochastic process ξ(t, ω), t ∈ R_+, on (Ω, F, P ) with values in a topological space is said to be continuous if almost all trajectories ξ(·, ω) are continuous. A mapping A : R_+ → L(R^∞) is said to be continuous if A(t)x continuously depends on t for each x ∈ R^∞.

Let E be a locally convex space and let H be a separable Hilbert space embedded in E continuously and densely. For any v ∈ E^∗ the functional h → ⟨v, h⟩ is continuous on H. Hence there is a vector j(v) ∈ H such that for all h ∈ H we have ⟨k, h⟩ = (j(k), h)_H . Thus we get a natural embedding j : E^∗ → H.

Definition 2.1 A continuous stochastic process W (t), t ≥ 0, on a probability space (Ω, F, P ) with values in E is called a Wiener process associated with H if, for each v ∈ E^∗ with ‖j(v)‖_H = 1, the onedimensional process ⟨k, W_t⟩ is Wiener.

In our case E = R^∞. If H = l^2, then for each sequence of independent Wiener processes W_n(t) the process W (t) = ( W_n(t)

)_∞ n=1 is Wiener in the sense of Definition 2.1. For more details about infinite dimensional Wiener processes see [2], [3].

Let F_t, t ∈ R_+, be an increasing family of σ–fields. We will assume that all sets of measure zero are included in F_0. Let us recall that a process ξ(t, ω) : R_+ × Ω → R is called F_t-adapted if, for each t ∈ R_+, the function ω → ξ(t, ω) is F_t–measurable. A stochastic process ξ(·, ·) = ( ξ_n(·, ·) ) on R_+ × Ω taking values in R^∞ is said to be adapted if all the coordinate processes ξ_n(·, ·) are adapted. The σ–field P_∞ on [0; +∞) × Ω generated by sets of the form

[s; t] × F, where 0 ≤ s < t < ∞, F ∈ F_s, (2.1)

is called the predictable σ–field. The restriction of the σ–field P_∞ to [0; T ]×Ω will be denoted by P_T . A stochastic process ξ(·, ·) on [0; +∞)× Ω (respectively, on [0; T ]×Ω) with values in R^1 is called predictable if it is P_∞–measurable (respectively, P_T –measurable). A stochastic process ξ(·, ·) = ( ξ_n(·, ·) ) on [0; +∞) × Ω (or on [0; T ] × Ω) taking values in R^∞ is said to be predictable if all the coordinate processes ξ_n(·, ·) are predictable. A predictable process is necessarily adapted. An arbitrary adapted continuous scalar process is predictable (see [3], section 3.3).

Along with continuous stochastic processes we consider R^∞-valued L^p-continuous processes ξ(·) = (ξ_n(·))^∞_{n=1} for p ≥ 1, i.e., processes satisfying for all n ∈ N the condition

lim_{t→s} E|ξ_n(t) − ξ_n(s)|^p = 0.

In other words, the map [0; T ] → L^p(Ω, F, P ), t → ξ_n(t, ·), is continuous for all n ∈ N. The limit in L^p of the random variables (ξ_{t+h} − ξ_t)/h as h → 0 is said to be the derivative at the point t of the stochastic process ξ_t. The limit in L^p of the Riemann sums is called the integral of the stochastic process; the limit exists for every L^p-continuous process (see [11, ch. 2.1.4]). Note that if a stochastic process ζ_t, t ∈ [a; b], is F_t-adapted and L^p-continuous, then, for almost all ω, we have (( L^p

) ∫_b a ζ_t dt ) (ω) =

∫_b a ζ_t(ω) dt, where the left hand side is an L^pintegral, and the right hand side is an integral defined pathwise (see [11, ch. 2.1.4]). It follows that if ζ(·) is a F_t-adapted L^p-continuous process then ( L^p

) ∫_t a ζ_s ds is F_t-adapted too. Obviously, the right-hand side of the latter equality is F_t-measurable; hence, so is the left hand side. For more details, see [11, ch. 2.1.4].

Suppose f ∈ C(R_+, R^∞) and let ξ(t), t ∈ R_+, be an adapted stochastic process on a probability space (Ω, F, P ) with values in R^∞. Let us remark that an operator A is in L(R^∞) if and only if its matrix A is row-finite. Suppose that we are given a continuous mapping A : R_+ → L(R^∞).

Definition 2.2 A process X(t) = ( X(t, ω), ω ∈ Ω, t ∈ R_+ ) with values in R^∞ is called a strong solution of the equation

dX(t) = A(t)X(t) dt + f(t) dt + dξ(t), X(0) = ξ(0), (2.2)

if it is adapted and, for a.a. ω, satisfies coordinatewise the equation

X(t, ω) =

∫_t 0 A(s)X(s, ω) ds +

∫_t 0 f(s) ds + ξ(t, ω), ∀t ≥ 0, (2.3)

i.e., X_n(t, ω) =

∫_t 0 ∞∑ i=1 a_{ni}(s)X_i(s, ω) ds+

∫_t 0 f_n(s) ds+ξ_n(t, ω), ∀t ≥ 0.

In particular, the coordinates of the process AX(s, ω) (i.e., the functions

∑_∞ i=1 a_{ni}(s)X_i(s, ω)) must be locally integrable with respect to s for a.a ω. Certainly we could write (2.2) in the following compact form

dX(t) = AX(t) dt + dζ(t) with ζ(t) =

∫_t 0 f(s) ds+ξ(t, ω). Nevertheless in many natural cases (for example if ξ(·, ·) is a Wiener process) it is convenient to single out the random component ξ(·, ·) and to write our equation in form (2.2).

We say that a sequence of real valued continuous stochastic processes u_n(t, ω) converges in probability to a process u(t, ω) uniformly with respect to t ∈ [0; T ] if

P {ω : ‖u_n(·, ω) − u(·, ω)‖_C > a} → 0

for each a > 0 as n → ∞ (in other words the corresponding C[0; T ]- valued random elements converge in probability).

3 Autonomous systems

Lemma 3.1 (i) For each continuous adapted process

ξ(t, ω) : [0; T ] × Ω → R

there exists a sequence u_n(t, ω) of adapted processes with smooth trajectories u_n(·, ω) such that u_n(t, ·) → ξ(t, ·) in probability uniformly with respect to t ∈ [0; T ] and, in addition, for a.a. ω, u_n(0, ω) = ξ(0, ω), u^{(k)}n (0, ω) = 0 and all k, n ∈ N.

(ii) For each L^p-continuous adapted real valued process ξ(t), t ∈ [0; T ], there exists a sequence u_n(t) of L^p-smooth adapted real valued processes such that u_n(t) → ξ(t) in L^p(Ω, F, P ) uniformly with respect to t ∈ [0; T ] and, in addition, u_n(0) = ξ(0), u^{(k)}n (0) = 0 for each k ∈ N.

Proof. Consider a sequence p_n of smooth probability densities on R such that supp(p_n) ⊆ [0;^1_n ]. We set

u_n(t, ω) = ( ξ(·, ω) ∗ p_n ) (t) =

∫ 1_n 0 ξ(t − s, ω)p_n(s) ds = ∫_t

t−^1_n

ξ(z, ω)p_n(t − z) dz. (3.1)

for all ω such that the integrals exist and we put u_n(t, ω) = ξ(0, ω) otherwise. Note that as ξ(·, ·) is a continuous process the integrals are well defined for a.a. ω. We set ξ(t, ω) ≡ ξ(0, ω) for t < 0. Then the trajectory u_n(·, ω) is smooth, u_n(0) = ξ(0), u^{(k)}n (0) = 0 for each ω ∈ Ω and all k ∈ N. Since ∫_{+∞} −∞ p_n(t) dt = 1 and supp p_n = [0; 1 n ], we see that ||u_n(·, ω) − ξ(·, ω)||_C → 0 as n → ∞ for a.a. ω ∈ Ω. It follows that P { ‖u_n(·, ω) − ξ(·, ω)‖_C > a } → 0 as n → ∞ for each a > 0. Finally, (3.1) implies that u_n is F_t-adapted.

In the case of a L^p-continuous process consider the similar maps u_n(t) and ξ_t on [0; T ] with values in the Banach space L^p, and conclude that u_n(t) → ξ_t in L^p uniformly with respect to t ∈ [0; T ]. In addition, the function u_n(t) is smooth because of the smoothness of p_n. It remains to note that by (3.1) the process u_n(t) is adapted and u_n(0) = ξ_n(0), u^{(k)}n (0) = 0 for all k ∈ N. The lemma is proved.

The following lemma generalizes a result from [9] proved in the deterministic case (i.e., ξ = 0). In the stochastic case, some additional technicalities arise due to the measurability issues.

Lemma 3.2 The equation whose coordinate form is

dX_n(t) = X_{n+1}(t) dt + dξ_n(t) + f_n(t) dt, X_n(0) = ξ_n(0), (3.2)

has a strong solution X(t, ω) for each f ∈ C(R_+, R^∞) and for each F_t–adapted continuous (L^p-continuous) R^∞-valued stochastic process ξ(t), t ∈ R_+. In addition, X(t, ω) is a continuous (respectively, L^pcontinuous) process.

Proof. We construct a solution on the interval [0; T ]. To simplify calculations we assume that T = 1.

I. There exist two sequences {φ_n} and {ψ_n} of F_t–adapted processes, satisfying the following conditions for a.a. ω:

φ_n(·, ω) ∈ C^{(n−1)}([0; 1]) ∀n ∈ N; φ_1(0) ≡ ξ_1(0), φ^{(k)}_n (0) ≡ 0, 0 ≤ k ≤ n − 1, ∀n ≥ 2; (3.3) P {‖φ^{(k)}_n (·, ω)‖_C > 2^{−n}} ≤ 2^{−n}, ∀n ≥ 2, 0 ≤ k ≤ n − 1, t ∈ [0; 1]; (3.4) ψ_n(·, ω) ∈ C^∞([0; 1]), ψ_n(0) ≡ ξ_{n+1}(0), n ∈ N; ψ_0 ≡ 0; (3.5) ψ_n(t, ω) = (φ^{(n−1)}_n (t, ω) − ξ_n(t, ω))^′ − f_n(t) + ψ^′_{n−1}(t, ω), n ∈ N. (3.6)

Assume for a moment that such sequences are already constructed. Then the solution X(t, ω) = ( X_1(t, ω), X_2(t, ω), . . . ) of equation (3.2) can be obtained in the following way: using (3.4) we see that the series ∞∑ n=1 φ_n(·, ω) converges in probability uniformly with respect to t ∈ [0; 1].

Set X_1(·, ω) = ∞∑ n=1 φ_n(·, ω) if the series converges,

0 otherwise.

Note that the series converges for a.a. ω. For n ≥ 2 we define the process X_n by

X_n(·, ω) = ( X_{n−1}(t, ω) − ξ_{n−1}(t, ω)

)_′

− f_{n−1}(t) if the derivative is well defined, 0 otherwise. (3.7)

Using (3.6), one can check by induction that ( X_{n−1}(t, ω) − ξ_{n−1}(t, ω)

)_′

exists for a.a. ω. In addition,

X_n(t, ω) = ψ_{n−1}(t, ω) + ∞∑ j=n φ^{(n−1)}_j (t, ω), (3.8)

under the assumption that the series

∑_∞ j=n φ^{(n−2)}_j (t, ω) can be differentiated termwise. Let us prove that this assumption is satisfied. Fix n ∈ N. The sequence of the partial sums S_l =

∑_l

j=n φ^{(n−1)}_j , l ≥ n, is a Cauchy sequence in probability. Indeed, it follows from (3.4) that for each a > 0, m ∈ N such that a ≥ 2^{−m} and any positive integers l ≥ i ≥ max(m, n), we have P { ‖S_l − S_i‖_C > a } ≤ P { ‖S_l − S_i‖_C > 2^{−m} }

= P { || l∑ j=i+1

φ^{(n−1)}_j ||_C > 2^{−m} } ≤ P {^l∑

j=i+1

||φ^{(n−1)}_j ||_C > 2^{−m} }

≤ l∑ j=i+1 P { ||φ^{(n−1)}_j ||_C > 2^{−j} } ≤ l∑ j=i+1

2^{−j} < 2^{−i}. (3.9)

Therefore, the series

∑_∞ j=n φ^{(n−1)}_j (·, ω) converges in probability uniformly with respect to t ∈ [0; 1] for all n ∈ N. Put

F (·, ω) = ∞∑ j=n φ^{(n−1)}_j (·, ω), S(·, ω) = ∞∑ j=n φ^{(n−2)}_j (·, ω).

We shall regard the processes S(·, ω), F (·, ω), φ^{(n−1)}_j (·, ω), φ^{(n−2)}_j (·, ω) as random elements with values in C[0; 1] and denote them by the same symbols without arguments. Since

∑_l j=n φ^{(n−1)}_j → F in probability as l → ∞ and

∑_k j=n φ^{(n−2)}_j → S in probability as k → ∞, by the Riesz theorem, there exist subsequences of partial sums F_{li} =

∑_{li} j=n φ^{(n−1)}_j and S_{ki} =

∑_{ki} j=n φ^{(n−2)}_j , which converge almost everywhere to F and S, respectively. Putting m_i = max l_{ki} we have F_{mi} → F and S_{mi} → S for a.a. ω, in other words, the trajectories of the processes converge uniformly for a.a. ω. Clearly, F_{mj} (t, ω) = S^′_{mj} (t, ω) for a.a. ω. Differen-

tiating the sequences, we have

∑_∞ j=n φ^{(n−1)}_j (·, ω) =

(∑_∞ j=n φ^{(n−2)}_j (·, ω)

)_′

for a.a. ω. This proves (3.8).

In order to prove that X_n, n ∈ N, are adapted let us set

F (·, ω) = { lim_{i→∞} F_{mi} (·, ω) if the limit exists, 0 otherwise.

Note that by our construction the sequence F_{mi} converges uniformly with respect to t for almost all ω. Fix t ∈ [0; 1]. By the construction, φ^{(k)}n (t) for k ≤ n − 1 are F_t-adapted. Therefore, F_{mi} are F_t–adapted. The set of all ω such that the subsequence F_{mi} (t, ω) has a limit is F_t– measurable. The above modification F is an F_t-adapted process, as well as X_n = ψ_{n−1} + F . Together with (3.7) this yields that X = (X_n)^∞_{n=1} is a solution of equation (3.2). We obviously have from (2.3) that X is continuous.

II. It remains to prove that {φ_n} and {ψ_n} exist. Set φ_1 = ξ_1(0) and ψ_0 ≡ 0. To construct φ_n for all n ≥ 2, first represent f_n(t) on [0; 1] as a sum f_n(t) = ~f_n(t) + ^f_n(t), with smooth ~f_n(t), and ^f_n(t) such that | ^f_n(t)| ≤^1_{3·2n} on [0; 1]. Then, by using Lemma 1, find u_n with smooth trajectories such that P { ‖u_n(·, ω) − ξ_n(·, ω)‖_C > 1 3 · 2^{−n} } ≤ 2^{−n},

and pick adapted process g_n(·, ω) with smooth trajectories on [0; 1] satisfying for all ω the following conditions: g_n(0) ≡ 0, g^′_n(0, ω) = η(ω) and ‖g_n(·, ω)‖_C < K(n), where

η(ω) = ξ_{n+1}(0) + ~f_n(0) − ψ^′_{n−1}(0) and K(n) = 1 3 · 2^n .

We can take for g_n the function g_n(t, ω) =^{K(n)}_2 arctan^{2tη(ω)}_{K(n)} . Then the process φ_n, defined by the equation

φ^{(n−1)}_n (t, ω) = ξ_n(t, ω) − u_n(t, ω) +

∫_t 0 ^f_n(τ)dτ + g_n(t, ω),

φ^{(k)}_n (0) ≡ 0, 0 ≤ k ≤ n − 1, (3.10)

satisfies condition (3.4). Indeed,

P {‖φ^{(n−1)}_n (·, ω)‖_C > 2^{−n}} ≤ P { ‖ξ_n(·, ω) − u_n(·, ω)‖_C > 1 3 · 2^{−n} } + P {| | | ∫_t 0 ^f_n(u)du | | | > 1 3 · 2^{−n} } + P { ‖g_n(·, ω)‖ > 1 3 · 2^{−n} } = P { ‖ξ_n(·, ω) − u_n(·, ω)‖_C > 1 3 · 2^{−n} } ≤ 2^{−n},

and ‖φ^{(k−1)}n (·, ω)‖_C = max_{t∈[0;1]} | | |∫^t_0 φ^{(k)}_n (s, ω)ds | | | ≤ ‖φ^{(k)}_n (·, ω)‖_C for k =

1, 2, . . . , n − 1 for all ω such that the first norm is well defined, i.e., for a.a. ω. Knowing ψ_{n−1}(·, ω) and φ_n(·, ω) and using (3.6) we obtain ψ_n(·, ω). Hence

ψ_n(t, ω) = −u^′_n(t, ω) − ~f_n(t) + g^′_n(t, ω) + ψ_{n−1}(t, ω)

is a process with a.a. smooth trajectories, in addition, ψ_n(0) ≡ ξ_{n+1}(0), φ^{(k)}n (0) ≡ 0 for 0 ≤ k ≤ n − 1. Finally, φ_n and ψ_n satisfy conditions (3.3)–(3.6). To complete the proof it remains to note that according to (3.10) the process φ^{(k)}n for k ≤ n − 1 is adapted as well as ψ_n, n ∈ N, according to (3.6).

For the case of L^p-continuous processes the proof is similar and is omitted. The lemma is proved.

The following lemma is well known and proved by standard iteration arguments. For some related results see [1, Theorem 6.15], [10].

Lemma 3.3 Let E be a separable Banach space. Suppose that A ∈ L(E), f ∈ C(R_+, E) and that ξ(t), t ∈ R_+, is continuous (or L^pcontinuous), adapted E-valued process. Then the equation

dX(t) = AX(t) dt + f(t) dt + dξ(t), X(0) = ξ(0), (3.11)

has a unique strong solution X taking values in E. In addition, X is continuous (respectively, L^p-continuous).

We shall employ the following lemma which can be obtained as a by-product result of the reasoning in [9]. However, for application to stochastic equations we need a more specific formulation.

Lemma 3.4 Let A ∈ L(R^∞). Then there exists a bijective operator C ∈ L(R^∞_0 ) with C^⊤ ∈ L(R^∞) such that C^⊤A(C^⊤)^{−1} has the form

A^′ =

A_1 0 · · · 0 B_{21} A_2 0 · · · 0 B_{31} B_{32} A_3 0 · · · 0 · · · · · · · · · · · · · · · · · ·

, (3.12)

where A_i are either infinite dimensional matrices of the form

A_i =

0 1 0 0 · · · 0 0 1 0 · · · 0 0 0 1 · · · · · · · · · · · · · · · · · ·

or finite dimensional matrices and B_{ij} are blocks (finite or infinite).

Proof. Let {e_k}^∞_{k=1}, e_k = (0, . . . , 0, 1, 0, . . . ), be the standard basis in R^∞_0 . Let us construct a new basis v_i = Ce_i, i ∈ N, where C is such that C^⊤A(C^⊤)^{−1} has the form (3.12). The process of changing the basis is similar to the one described in [9]. The process is divided in one or several (may be countably many) steps. Denote by v^n_i the i-th vector chosen at the n-th step. At the same time we construct the matrix A^′. At the n-th step we construct the blocks A_n, B_{n,1}, . . . , B_{n,n−1}.

Step 1. First put v^1 = e_1. If A^⊤v^1 ∈ Lin{v^1 } then A_1 = α, where α ∈ R is such that A^⊤v^1 = αv^1 . Then M_1 = Lin{v^1 } and the step is completed. Otherwise, A^⊤v^1 /∈ Lin{v^1 } and we set v^1_2 = A^⊤v^1 . Recall that there are only finitely many nonzero elements in each row of the matrix A. Hence A^⊤ is column-finite and v^1_2 ∈ R^∞_0 . In this case the procedure is continuing. Let us describe inductively the continuation. Assume that the step is not completed and that we have already constructed vectors v^1_i ∈ R^∞_0 , for i ≤ j. Denote M = Lin(v^1 , . . . , v^1_j ).

If A^⊤v^1_j /∈ M, then set v^1_{j+1} = A^⊤v^1_j . Since v^1_j ∈ R^∞_0 and A^⊤ is column-finite, v^1_{j+1} ∈ R^∞_0 . We obtain one more row in the block A_1 and in the matrix A^′: this row has number j, its elements vanish except for the (j + 1)-th element equal to 1. We will now return to our original starting point as explained above. If

A^⊤v^j_1 ∈ M,

then the j-th row of the block A_1 and matrix A^′ is the expansion of the foregoing sum with respect to the basis (v^1 , . . . , v^1_j ), i.e. (α_1, . . . , α_j) such that A^⊤v^1_j =

∑_j

i=1 α_iv^1_i . In this case the step is completed.

If Lin{v^1_i } = R^∞_0 then the process of changing basis in R^∞_0 is completed. Otherwise we proceed to the next step.

Let us describe the step number n. By the induction hypothesis, we are given subspaces M_j = Lin{v^j_i } for 1 ≤ j ≤ n − 1, where vectors v^j_i are linearly independent and their number (possibly infinite) depends on j. Denote L_{n−1} = Lin{M_1 . . . M_{n−1}}. By the inductive hypothesis, we have that e_1, ..., e_{n−1} ∈ L_{n−1} and that the blocks A_j and B_{ji} are already constructed for j ≤ n − 1, i < j.

Step n. Set v^n_1 = e_m, where m = min{k : e_k /∈ L_{n−1}}. Now we construct v^n_j by induction on j. Fix j ∈ N. Assume that the vectors v^n_i ∈ R^∞, i ≤ j, are already defined and M_n = Lin{v^n_i , }, i ≤ j. If A^⊤v^n_j /∈ M = Lin(L_{n−1} ⋃ v^n_1 , . . . , v^n_j ), then put

v^n_{j+1} = A^⊤v^n_j .

By the same reason as above, v^n_{j+1} ∈ R^∞_0 .

We obtain one more row in the block A_n. This row has number j and its elements are zeros except for the (j + 1)-th element which is equal to 1. This row with other zero elements will be a new row of the matrix A^′. All the elements of the j-th rows of the blocks B_{n,1}, . . . B_{n,n−1} are zeros. Now we return to the situation of the beginning of step n. If A^⊤v^n_j ∈ M, then the next row of the matrix A^′ is the vector

(β_{11}, . . . β_{ij} , . . . , α_1, . . . , α_j)

such that A^⊤v^n_j =

∑_{n−1} l=1 ∑ i β_{li}v^l_i +

∑_j i=1 α_iv^n_i . Note that the first sum is the projection of the vector A^⊤v^n_j onto L_{n−1}, the second one is its projection onto M_n = Lin(v^n_1 , . . . , v^n_j ). The j-th row of A_n is (α_1, . . . , α_j ), the j-th row of B_{n,k}, 1 ≤ k ≤ n − 1, is (β_{k1}, . . . , β_{kl}, . . . ), l ∈ {i, e_i ∈ M_k}. Now the step is completed.

If Lin{M_1, . . . , M_n} = R^∞_0 then the process of changing basis in R^∞_0 is completed. Otherwise we proceed to the next step.

The process consists of finitely or countably many steps. As a result we have H = {v^n_k } that is an algebraic basis in R_∞. Indeed, the set

H is linearly independent and its span comprises all e_m, m ∈ N. The matrix C has the desired form as follows by direct calculations. The lemma is proved.

Theorem 3.5 The equation

dX(t) = AX(t)dt + f(t)dt + dξ(t), X(0) = X_0, (3.13)

has a strong solution for any A ∈ L(R^∞), f ∈ C(R_+, R^∞) and for any F_t-adapted continuous (L^p-continuous ) stochastic process ξ with values in R^∞. In addition, X(t, ω) is a continuous (respectively, L^pcontinuous) process.

Proof. Consider the equation

dY (t) = A^′Y (t)dt + g(t)dt + dζ(t), (3.14)

obtained from (3.13) by the linear transformation C^⊤ constructed in Lemma 3.4. In (3.14) A^′ has the form (3.12). Since ξ(·) is F_t-adapted and continuous (respectively, L^p-continuous), ζ(·) has the same properties.

Why is system (3.14) solvable? Let A_i act on the subspace M_i. First, the restriction of the solution of (3.14) to M_1 satisfies the system

dY^1(t) = A_1Y^1(t)dt + g^1(t)dt + dζ^1(t), (3.15)

where g^1(t) (respectively, ζ^1(t)) is the restriction of g(t) (respectively, ζ(t)) to M_1. Note that either system (3.15) is finite or satisfies the conditions of Lemma 3.2. In both cases it has a strong solution Y^1(·). Since we already know the coordinates Y^1_i of the solution in the subspace M_1, we can substitute them in equation (3.14). Now, in equation (3.14) all the elements of the blocks B_{i1} located below A_1 are multiplied by the known functions Y^1_i . Thus we are able to solve the equation on the subspace M_2. In this case we obtain the system

dY^2(t) = A_2Y^2(t)dt + g^2(t)dt + dζ^2(t) + B_{21}Y^1(t)dt, (3.16)

where g^2(t) and ζ^2(t) are the restrictions of g(t) and ζ(t), respectively, to the subspace M_2. System (3.16) is solvable for the same reasons as system (3.15). Now, arguing inductively, let us suppose that we know the restrictions of the solution to the subspaces {M_1, . . . , M_{n−1}}. Substitute the known coordinates in (3.14). As before we find the solution Y^n_i on M_n for all n such that A_n are defined. Finally, we find a solution of (3.13) by the reverse transformation putting x = (C^⊤)^{−1}y. The theorem is proved.

Remark 3.6 The above proof uses an idea from [9] (where the deterministic case ξ = 0 was considered) and from [7] (where ξ_n are independent Wiener processes). The main difficulty in the stochastic case is to obtain an adapted solution. It is easily seen that, in general, (3.13) may have non-adapted solutions and that an adapted solution of (3.13) may be non-unique.

Example 3.7 Consider the equation

x^′_n(t) = x_{n+1}(t), x_n(0) = z_n.

It is easily seen that for each z this equation has infintely many solutions.

Indeed, by Borel’s theorem there exists a C^∞-function ϕ on the line with ϕ^{(n)}(0) = z_n for all n. It yields a solution x_n(t) = ϕ^{(n)}(t) with x_n(0) = z_n. Evidently, such a function ϕ is not unique, and therefore the above equation has infinitely many solutions.

Consider the equation (3.2). Adding any solution of the homogeneous problem with zero initial condition to the solution of (3.2) constructed in Lemma 3.2 we get one more solution of (3.2). Since the homogeneous problem has infinitely many solutions, the same is true for (3.2).

Further, let W (·, ·) be a Wiener process on the line. Set

x_n(t, ω) = W (1, ω) · ϕ^{(n)}(t)

and add x(t, ω) = ( x_n(t, ω)

)_∞ n=1 to the solution of (3.2) constructed in Lemma 3.2. Then we get a non-adapted solution of (3.2).

Remark 3.8 Under the conditions of the theorem, assume that ξ(t) is continuous. Then the solution X(t) of (2.2) is predictable because X(t) is F_t-adapted and continuous. For the same reason ξ(t) is predictable.

Remark 3.9 The following assertions are equivalent:

(a). Equation (2.2) is uniquely solvable.

(b). The equation dX(t) = AX(t) dt, X(0) = 0, is uniquely solvable.

(c). exp(tA) =^∞ ∑ k=0 t^k

k! A^k is convergent in L(R^∞) for all t ∈ R.

(d). The spectrum σ(A) is at most countable.

(a) is equivalent to (b). Indeed, for all ω the difference between any two solutions of (2.2) with the same initial value is a solution of the equation dX(t) = AX(t) dt with zero initial condition. (b) and (c) are equivalent according to [1], example 4.24. Finally, the equivalence of (c) and (d) was proved in [4].

4 Non-autonomous systems

In this section we discuss non-autonomous row-finite systems of linear differential stochastic equations. We give an example showing that such systems may fail to have a solution, while autonomous systems are solvable for any initial condition. We establish existence and uniqueness conditions for such systems.

Lemma 4.1 Let A(·) = ( a_{ij} (·) ) : [a; b] → L(R^∞) be continuous. Then for each i there exists N(i) such that a_{ij} (t) ≡ 0 on [a; b] for each j ≥ N(i).

Proof. Assume the converse. Fix k ∈ N. Suppose that there exists an infinite sequence of indices i_n, n ∈ N, such that the elements

a_{ki1} (·), . . . , a_{kin} (·), . . .

of the k-th row of A(·) are not identically zero. Consider the family of functionals a_k(t) = (a_{k1}(t), . . . , a_{kn}(t), . . . ), t ∈ [a; b], on R^∞. Since A(·) is continuous on [a; b], (i.e., ( A(·)x ) k is continuous on t ∈ [a; b] for each x ∈ R^∞) the family a_k(t) is uniformly bounded on each x ∈ R^∞. Therefore, by the Banach–Steinhaus theorem, the family a_k(t) is uniformly bounded on each compact set in R^∞. But this family is not bounded on the set

x_{i1} ∈ [ −1 ‖a_{ki1} ‖_C ; 1 ‖a_{ki1} ‖_C ] , . . . , x_{in} ∈ [ −n ‖a_{kin} ‖_C ; n ‖a_{kin} ‖_C ] , . . . ,

with other zero coordinates x_j , for j /∈ {i_1, i_2, . . . , i_n . . . }. This contradiction completes the proof.

Collorary 4.2 A function A(t) = ( a_{ij}(t) ) : [a; b] → L(R^∞) is continuous if and only if all functions a_{ij} (·) are continuous and there is only a finite number of elements a_{ij} (·) in each row that are not identically zero on [a; b].

For a matrix function Z(t) : [0; T ] → L(R^∞_0 ) and for y ∈ R^∞_0 , let U(Z, y) = lin ( {Z(t_1) · . . . · Z(t_k)y : t_1, . . . , t_k ∈ [0; T ], k ∈ N} ∪ {y} ) , be the smallest subspace containing y and invariant for all Z(t), t ∈ [0; T ]. We say that Z is uniformly locally algebraic if dimU(Z, y) < ∞, ∀y ∈ R^∞_0 .

According to a result of Herzog [5] we have Theorem 4.3 Let A(t) : [0; T ] → L(R^∞) be continuous with A^⊤(t) : [0; T ] → L(R^∞_0 ) uniformly locally algebraic. Then the problem y^′(t) = −A^⊤(t)y(t), y(t_0) = y_0, (4.1) is uniquely solvable on [0; T ] for all (t_0, y_0) ∈ [0; T ] × R^∞_0 and for each initial condition there is a differentiable matrix function M(t) : [0; T ] → L(R^∞_0 ) such that M is uniformly locally algebraic, M(t) is invertible in L(R^∞_0 ) for all t ∈ [0; T ] and y(t) = M(t)y_0, t ∈ [0; T ], is a solution of (4.1). Furthermore, the problem x^′(t) = A(t)x(t) + f(t), x(t_0) = x_0, (4.2) is uniquely solvable on [0; T ] for each initial condition (t_0, y_0) ∈ [0; T ] × R^∞ for all f ∈ C([0; T ], R^∞), and for each initial condition the matrix function Λ(t) : [0; T ] → L(R^∞), Λ(t) = (M^{−1})^⊤(t), is differentiable and x(t) = Λ(t)x_0 +

∫_t

t_0

Λ(t)Λ^{(−1)}(s)f(s) ds, t ∈ [0; T ], is a solution of (4.2).

Remark 4.4 The mapping x(t) = Λ(t)x_0 is a solution of the homogeneous problem x^′(t) = A(t)x(t), x(t_0) = x_0, corresponding to (4.2).

We now extend this result to stochastic differential equations.

Theorem 4.5 Let A(t) : [0; T ] → L(R^∞) be continuous with A^⊤(t) : [0; T ] → L(R^∞_0 ) uniformly locally algebraic. Then the problem

dX(t) = A(t)X(t) dt + dξ(t), X(0) = ξ(0), (4.3)

is uniquely solvable on [0; T ] for each F_t–adapted continuous (respectively, L^p-continuous) R^∞-valued stochastic process ξ(t), t ∈ [0; T ], and the solution is given by

X(t, ω) = ξ(t, ω) + Λ(t)

∫_t 0 Λ^{(−1)}(s)A(s)ξ(s, ω) ds, t ∈ [0; T ]. (4.4)

Proof. The uniqueness for problem (4.3) follows from the uniqueness for problem (4.2). Indeed, let X_1(t, ω) and X_2(t, ω) be solutions of problem (4.3) with the same initial value. Then X_2(t, ω) − X_1(t, ω) satisfies the homogeneous equation (4.2) with zero initial value. According to Theorem 4.3 we have X_2(t, ω) − X_1(t, ω) = 0, t ∈ [0; T ].

Formula (4.4) is a standart expression for the solution of (4.3), but we have to show that the right-hand side is well defined and is indeed a solution. Here we again need our assomptions on A.

By Theorem 4.3, the matrix functions Λ(·) and Λ^{(−1)}(·) and A(·) are continuous, hence, by Lemma 4.1, the integral in (4.4) is well defined both in the case of continuous and L^p-continuous process. It follows from (4.4) that X(t, ω) is F_t–adapted.

To prove that (4.4) is a solution of (4.3), we have to check the equality

ξ(t, ω) + Λ(t)

∫_t 0 Λ^{(−1)}(s)A(s)ξ(s, ω) ds = ξ(t, ω) +

∫_t 0 A(s)X(s) ds.

(4.5)

This equality is true for t = 0. Subtracting ξ(t, ω) from both sides of (4.5) and differentiating (which is justified by Lemma 4.1), we get

Λ^′(t)

∫_t 0 Λ^{(−1)}(s)A(s)ξ(s, ω) ds + Λ(t)Λ^{(−1)}(t)A(t)ξ(t, ω) = A(t)X(t)

(4.6)

Since Λ^′(t) = A(t)Λ(t) by the construction, we see that (4.6) is equivalent to

A(t) ( Λ(t)

∫_t 0 Λ^{(−1)}(s)A(s)ξ(s, ω) ds + ξ(t, ω) ) = A(t)X(t).

The above equation is true according to (4.4). Hence (4.4) is indeed a solution of (4.3). This completes the proof.

The following example generalizes the example constructed in [5].

Example 4.6 Let (W_n)^∞_{n=1} be independent standard Brownian motions on the line and let (f_n)^∞_{n=1} be a sequence in C ( [0; T ], R ) . Consider the deterministic homogeneous linear equation

x^′_n(t) = f_n(t)x_{n+1}(t), x_n(0) = x_{0n}, n ∈ N, (4.7)

and the stochastic linear equation

ξ_n(t) = ξ_{0n} +

∫_T 0 f_n(t)ξ_{n+1}(t)dt + n^{−1}W_n(t), n ∈ N. (4.8)

Then there exists a sequence (f_n)^∞_{n=1} such that both (4.7) and (4.8) are unsolvable for some initial values.

Proof. First, let (f_n)^∞_{n=1} be a sequence in C ( [0; T ], (0; +∞) ) such that max suppf_n ≤ min suppf_{n+1}, n ∈ N,

and |f_n(t)| < C, t ∈ [0; T ], n ∈ N. Then equation (4.7) is uniquely solvable on [0; T ] and the solution is given by

x_n(t) = x_{0n} +

∫_t 0 f_n(s) ds · x_{0n+1}, t ∈ [0; T ], n ∈ N.

Setting α_n =

∫_T 0 f_n(s)ds, k, n ∈ N, we have

x(T ) = Bx_0, where B =

1 α_1 0 0 . . . 0 1 α_2 0 . . . 0 0 1 α_3 . . . . . . . . . . . ∈ L(R^∞).

Now let (t_k)^∞_{k=1} be a sequence in [0; T ] with t_1 = 0 and t_k < t_{k+1}, k ∈ N, and t_∞ = lim_{k→∞} t_k. Let (f_n)^∞_{n=1} be a sequence in C ( [0; T ], (0; +∞) ) such that

max ( [t_k, t_{k+1}] ∩ suppf_n ) ≤ min ( [t_k, t_{k+1}] ∩ suppf_{n+1} ) , n, k ∈ N.

We set α_{kn} =

∫_{tk+1}

t_k

f_n(s)ds k, n ∈ N and B_k =

1 α_{k1} 0 0 . . . 0 1 α_{k2} 0 . . . 0 0 1 α_{k3} . . . . . . . . . . . ∈ L(R^∞), k ∈ N.

Now, problem (4.7) is uniquely solvable on [0; t_∞) and

x(t_{k+1}) = B_k · B_{k−1} · · · B_1x_0, k ∈ N.

Let us prove that there exist initial values x_0 ∈ R^∞ such that x_{k1} = x_1(t_k) → ∞ as k → ∞. Since the sequence f_n, n ∈ N, is uniformly bounded, we see that α_{kn} → 0 as k → ∞ uniformly with respect to n ∈ N. Let g(n) = 1 α_{1,n−1} · α_{2,n−2} · . . . · α_{n−1,1} . Then g(n) → ∞ as n → ∞. Assume that all the coordinates x_{0,n} of the initial value are nonnegative and there exist infinitely many numbers i ∈ N such that x_{0,ni} > g(n_i). Then

x_{ni−1,1} = x_{0,1} + α_{1,1}x_{0,2} + α_{2,1}(x_{0,2} + α_{1,2}x_{0,3}) + . . .

+ α_{ni−1,1}(x_{0,2} + . . . + α_{ni−2,2} · α_{ni−3,3} · . . . · α_{1,ni−1}x_{0,ni} ) = x_{ni−2,1} + α_{ni−1,1}(x_{0,2} + . . . + α_{ni−2,2} · α_{ni−3,3} · . . . · α_{1,ni−1}x_{0,ni} ) > x_{ni−2,1} + 1,

and x_1(t_{ni} ) → ∞. Hence for such an initial value there is no solution of (4.7) on the interval [0; t_∞ + ε], ε > 0.

We shall use the following estimate which enables us to compare solutions of deterministic and stochastic equations. Let w_t be a Wiener process in R^n and let ξ_t, η_t satisfy the equations

ξ_t = ξ_0 +

∫_t 0 f(ξ_s, ω)ds + αw_t,

η_t = ξ_0 +

∫_t 0 f(η_s, ω)ds + βw_t, where f : R^n → R^n is a map satisfying the Lipschitz condition with constant L and ξ_0 is a random variable. Then according to [6, Ch. 2.5, Corollary 5] we have

E|ξ_t − η_t|^2 ≤ C(α − β)^2 exp((4L + 1)t),

where C does not depend on n.

In equations (4.7) and (4.8) the mapping f has the form

0 f_1 0 0 . . . 0 . . . 0 0 f_2 0 . . . 0 . . . 0 0 0 f_3 . . . 0 . . . . . . . . . . . . . . . . . . . . . . . .

(4.9)

and acts as

f(t) : (ξ_1, ξ_2, . . . , ξ_j, . . . ) → (f_1(t)ξ_2, f_2(t)ξ_3, . . . , f_k(t)ξ_{k+1}, . . . ).

The map f satisfies the Lipschitz condition with constant L = sup_{j∈N} f_j (t)

on [0; T ]. By assumption, we have L < ∞. Let ξ_n(·) be a solution of (4.8) on [0; T ]. From the above estimate we have ∞∑ n=1 E(ξ_n(t) − x_n(t))^2 ≤ C ∞∑ n=1 n^{−2} exp((4L + 1)t).

Hence

∑_∞ n=1 ( ξ_n(t) − x_n(t)

)_2

converges P -a.s. Therefore, ( ξ_n(t) − x_n(t) ) is bounded P -a.s for any n ∈ N. and almost all paths of the process ξ_1(·, ·) tend to infinity as t → t_∞. Thus (4.8) has no solution on [0; t_∞ + ε]. Remark 4.7 The example shows that both deterministic and stochastic linear differential equations with the same operator may fail to have a solution. It would be interesting to construct an example where one of the two equations is solvable while the other is unsolvable.

Remark 4.8 It should be noted that all the results above are valid for the space R^S with countable set S in place of S = N. This is obvious, since we can write s = {s_n}^∞_{n=1} and make use of the isomorphism (y_n) = (x_{sn} ) between R^N and R^S .

The author is grateful to Professor V. Bogachev for attention to this work, to A. Pirkovskii and to O. Pugachev for useful discussions.

The work has been partially supported by the Russian Foundation for Basic Research Projects 00–15–99267 and the DFG Grant 436 RUS 113/343/0(R).

Reference

[1] Bogachev V. I., Deterministic and stochastic differential equations in infinite dimensional spaces, Acta Appl. Math., 40 (1995), n 1, 25-93.

[2] Bogachev V. I., Gaussian Mesures, Amer. Math. Soc., Providence, Rhode Island, 1998.

[3] Da Prato G., Zabczyk J., Stochastic Equations in Infinite Dimensions, Cambridge University Press, 1992.

[4] Lemmert R., Weckbach Ä., Charakterisierungen zeilenendlicher Matrizen mit abzählbaren Spektrum, Math. Z., 188 (1984), n 1, 119–129.

[5] Herzog G., On linear time-dependent row-finite systems of differential equations, Travaux mathématiques Fescicule VIII, 1996, Séminaire de mathématique de Luxembourg.

[6] Krylov N. V., Controlled Diffusion Processes, Moscow, Nauka,1977 (in Russian); English transl.: New York, Springer, 1980.

[7] Mednitskii Yu. V., On the Existence of Strong Solutions of Linear Stochastic Differential Equations in R^∞, Teor. verojatn. i primen., 42 (1997), n 4, 826–831, (in Russian). English transl.: Theory Probab. Appl., 42, n 4, 702–706.

[8] Rybnikova T.S., On the Solvability of Infinite Systems of Linear Stochastic Differential Equations, Teor. verojatn. i primen., 45 (2000), n 3-4, (in Russian). English transl.: Theory Probab. Appl.

[9] Shkarin S. A., Some results on solvability of ordinary linear differential equations in locally convex spaces, Matem. Sb., 181 (1990), n 9, 1183–1195 (in Russian); English transl.: Math. of USSR Sborn., 71 (1992), n 1, 29–40.

[10] Sussman H., An interpretation of stochastic differential equations as ordinary differential equations which depend on the sample point, Bull. Amer. Math. Soc. 83 (1977), 296–298.

[11] Wentzell A. D., A course in the theory of stochastic processes, Moscow, Fizmatlit, 1996 (in Russian); English transl.: McGraw- Hill International Book Co., New York, 1981.