Weak Poincaré Inequalities and L^2-Convergence Rates of Markov Semigroups^∗

Michael Röckner^1 and Feng-Yu Wang^2

1: Fakultät für Mathematik, Universität Bielefeld,

Postfach 100131, D-33501 Bielefeld, Germany

2: Department of Mathematics, Beijing Normal University,

Beijing 100975, P. R. China

September 19, 2000

Abstract

In order to describe L^2-convergence rates slower than exponential, the weak Poincaré inequality is introduced. It is shown that the convergence rate of a Markov semigroup and the corresponding weak Poincaré inequality can be determined by each other. Conditions for the weak Poincaré inequality to hold are presented, which are easy to check and which hold in many applications. The weak Poincaré inequality is also studied by using isoperimetric inequalities for diffusion and jump processes. Some typical examples are given to illustrate the general results. In particular, our results are applied to the stochastic quantization of field theory in finite volume. Moreover, a sharp criterion of weak Poincaré inequalities is presented for Poisson measures on configuration spaces.

AMS 1991 Subject classification: 35P05, 47D07 Keywords and phrases: Weak Poincaré inequality, isoperimetric inequality, L^2-convergence rate, Markov semigroup.

∗Supported in part by Alexander von Humboldt Foundation, SFB 343, NNSFC(19631060), Project 973 in China, Rewarding Foundation for Oustanding Young Chinese Teachers, and Fok Ying-Tung Educational Foundation.

1 Introduction

Let (E, F, μ) be a probability space, and (L, D(L)) a densely defined linear operator which generates a Markov C_0-semigroup P_t on L^2(μ) where μ is its invariant measure. The Poincaré inequality for L reads

μ(f^2) ≤ CE(f, f), μ(f) = 0, f ∈ D(L), (1.1)

where E(f, f) := −μ(fLf) for f ∈ D(L), and C > 0 is a constant. It is well known that (1.1) is equivalent to the exponential L^2-convergence of P_t

μ((P_tf)^2) ≤ exp[−2t/C]μ(f^2), f ∈ L^2(μ), μ(f) = 0, t ≥ 0.

To describe also slower convergence rates of P_t, Liggett [19] introduced the following version of Nash type inequality

μ(f^2) ≤ CE(f, f)^{1/p}Φ(f)^{1/q}, μ(f) = 0, f ∈ D(L), (1.2)

where p, q ∈ (1, ∞) with p^{−1} + q^{−1} = 1, C is a positive constant, and Φ : L^2(μ) → [0, ∞] satisfies Φ(cf) = c^2Φ(f) for any c ∈ R and f ∈ L^2(μ). This inequality was used by Liggett [19] to prove an algebraic convergence of P_t, and was applied in [19] and [7] to some spin systems. The following result is taken from [19].

Theorem 1.1 (Liggett [19]). If (1.2) holds with Φ satisfying Φ(P_tf) ≤ Φ(f) for f ∈ D(L) and t ≥ 0, then there exists c > 0 such that

μ((P_tf)^2) ≤ cΦ(f)t^{1−q}, t > 0, f ∈ L^2(μ), μ(f) = 0. (1.3)

Conversely, if P_t is symmetric then (1.3) implies (1.2) for some C > 0.

The main aim of this paper is to introduce a general version of (1.2)(which can be checked in many concrete cases) to describe general convergence rates of P_t. To do this, a very simple way is to replace E(f, f)^{1/p} in (1.2) by a general function of E(f, f), and to change Φ(f)^{1/q} there into another function of Φ(f) such that the whole inequality is homogeneous in f. Then, one may try to study the L^2-convergence of P_t using such a more general inequality. More precisely, one considers

μ(f^2) ≤ Θ(E(f, f)), μ(f) = 0, f ∈ D(L), Φ(f) ≤ 1, (1.4)

where Θ ∈ C[0, ∞) is a nonnegative and increasing function with Θ(0) = 0, Θ(r) > 0 for r > 0 and Θ(r)/r → 0 as r → ∞, and Φ is as in (1.2). For (1.2) we choose Θ(r) = r^{1/p}.

To estimate the L^2-convergence rate of P_t, we let Θ^{−1}(r) := inf{s ≥ 0 : Θ(s) ≥ r}. Then (1.4) implies

Θ^{−1}(μ(f^2)) ≤ E(f, f), f ∈ D(L), μ(f) = 0, Φ(f) ≤ 1.

Assuming that Φ(P_tf) ≤ Φ(f), we obtain ∫_{μ(f} 2_)

μ((P_tf)^2 ) dr Θ^{−1}(r)

≥ 2t, t > 0, f ∈ D(L), Φ(f) ≤ 1, μ(f) = 0.

Therefore, to describe the convergence rate of P_t, one has to solve this possibly complicated inequality. To avoid this, we will use an alternative approach based on [16, 28, 29] in which semigroup properties and spectral estimates were studied by using the super-Poincaré inequality

μ(f^2) ≤ rE(f, f) + β(r)μ(|f|)^2, r > 0, f ∈ D(L), (1.5)

where β is a positive decreasing function on (0, ∞). The advantage of such Poincaré type inequalities is that they imply semigroup estimates directly. Correspondingly to (1.5), we introduce the following weak Poincaré inequality as an extension of (1.2)

μ(f^2) ≤ α(r)E(f, f) + rΦ(f), μ(f) = 0, f ∈ D(L), r > 0, (1.6)

where α is a nonnegative and decreasing function on (0, ∞), and Φ is as in (1.2). It is easy to see that (1.2) is indeed equivalent to (1.6) for α(r) = cr^{1−p} and some c > 0. More generally, (1.4) implies (1.6) for α(r) := sup_{s>0} s^{−1}[Θ(s) − r], while, if lim_{r→∞} α(r) = 0, then (1.6) implies (1.4) with Θ(s) := inf_{r>0}[α(r)s + r].

The main general results of this paper are Theorems 2.1, 2.3 and Corollary 2.4. By the above considerations, Theorem 1.1 is hence an immediate consequence thereof, and this way we obtain a new proof for Theorem 1.1. Some criteria for (1.6) are presented in section 3 which are especially designed for diffusions on a Riemannian manifold. In sections 4 and 5 we study (1.6) by using isoperimetric inequalities for both diffusion and jump cases. Results obtained in these two sections extend known ones on the spectral gap via Cheeger’s inequality (see e.g. [8, 15, 18, 31]). In section 6 the behaviour of the weak Poincaré inequality under perturbations of μ is studied. The main result in that section is applied to the stochastic quantization of field theory in a finite volume Λ ⊂ R^2. In section 7 we obtained a sharp criterion of the weak Poincaré inequality for Poisson measures on configuration spaces. In particular, in the case where the intensity of the Poisson measure has positive smooth density, we prove that the spectral gap of the underling Dirichlet form on a configuration space coincides with the principal eigenvalue of the corresponding weighted Laplacian on the based manifold.

Moreover, we like to mention that, for a conservative Dirichlet form (E, D(E)) (cf. [20]), (1.6) for Φ(f) = ‖f‖^2_∞ is equivalent to Kusuoka-Aida’s “weak spectral gap property” (WSGP for short, see [1]): for any sequence {f_n} ⊂ D(E) such that μ(f^2_n) ≤ 1, μ(f_n) = 0, and E(f_n, f_n) → 0 as n → ∞, we have f_n → 0 in probability.

Proposition 1.2. Let (E, D(E)) be a conservative Dirichlet form on L^2(μ). Then WSGP is equivalent to (1.6) for some α and Φ(f) := ‖f‖^2_∞.

Proof. First of all, by Theorem 2.13 in [20] (1.6) holds with Φ(f) = ‖f‖^2_∞ for all f ∈ D(L) if and only if it holds for all f ∈ D(E). Assume that WSGP holds. If (1.6) does not hold for any α, then there exist r > 0 and a sequence {f_n} ⊂ D(E) ∩ L^∞(μ) such that μ(f_n) = 0, μ(f^2_n) = 1 and

nE(f_n, f_n) + r‖f_n‖^2_∞ < 1, n ≥ 1.

Hence ‖f_n‖^2_∞ < r^{−1} for all n → ∞ and E(f_n, f_n) → 0 as n → ∞. By WSGP it then follows that 1 = lim_{n→∞} μ(f^2_n) ≤ ε^2 + r^{−2} lim_{n→∞} μ(|f_n| > ε) = ε^2

for any ε > 0, which is impossible.

On the other hand, assume that (1.6) holds for Φ(f) = ‖f‖^2_∞ and some α. Let {f_n} ⊂ D(E) with μ(f_n) = 0, μ(f^2_n) ≤ 1 and E(f_n, f_n) → 0 as n → ∞. We have to prove that μ(|f_n| > ε) → 0 as n → ∞ for any ε > 0. For R > 0, let f_{n,R} := (f_n ∧ R) ∨ (−R). By (1.6),

μ(f^2_{n,R}) ≤ μ(f_{n,R})^2 + rR^2 + α(r)E(f_n, f_n), r > 0, n ≥ 1, R > 0. (1.7)

Since μ(f_n) = 0 and |f_{n,R} − f_n| ≤ 1_{{|fn|>R}}(|f_n| − R), it follows that

μ(f_{n,R})^2 ≤ μ((|f_n| − R)1_{{|fn|>R}})^2 ≤ μ(f^2_n)μ(|f_n| > R) ≤ R^{−2}. (1.8)

Furthermore, μ(f^2_{n,R}) ≥ ε^2μ(|f_{n,R}| > ε) ≥ ε^2μ(|f_n| > ε) for R > ε > 0. Combining this with (1.7) and (1.8) we obtain

μ(|f_n| > ε) ≤ ε^{−2} [ α(r)E(f_n, f_n) + R^{−2} + rR^2 ] , r > 0, R > ε.

This implies μ(|f_n| > ε) → 0 as n → ∞ since R and r are arbitrary and E(f_n, f_n) → 0.

We would like to mention that, for conservative Dirichlet forms, Mathieu [21] proved the equivalence of WSGP and the L^1-convergence of P_t

lim_{t→∞} sup_{μ(f 2 )≤1} ‖P_tf − μ(f)‖_1 = 0. (1.9)

It is easy to see that (1.9) is equivalent to lim_{t→∞} sup_{‖f‖∞≤1} ‖P_tf − μ(f)‖_2 = 0. Then one may prove Proposition 1.2 by Theorem 2.3 in the next section.

We also have the following result concerning the relation between (1.1) and (1.6).

Proposition 1.3. Assume that (E, D(E)) is a conservative Dirichlet form. If (1.6) holds for Φ(f) := ‖f‖_∞ and there exist C_1, C_2 > 0 such that

μ(f^2) ≤ C_1E(f, f) + C_2μ(|f|)^2, f ∈ D(L). (1.10)

Then (1.1) holds for some C > 0.

Proof. Assume that (1.6) holds for Φ(f) := ‖f‖^2_∞. If (1.1) does not hold for any C > 0, then there exists a sequence {f_n} ⊂ D(L) such that μ(f_n) = 0, μ(f^2_n) = 1 and E(f_n, f_n) → 0 as n → ∞. By Proposition 1.2, for any ε > 0 one has μ(|f_n| ≥ ε) → 0 as n → ∞. Therefore, (1.10) yields that

C_1E(f_n, f_n) ≥ 1 − C_2μ(|f_n|)^2 ≥ 1 − 2C_2μ(|f_n|1_{{|fn|≥ε}})^2 − 2C_2ε^2 ≥ 1 − 2C_2μ(|f_n| ≥ ε) − 2C_2ε^2, ε > 0.

This implies lim inf_{n→∞} E(f_n, f_n) ≥ 1/C_1, which is a contradiction.

Finally, for motivation, we present below applications of our main results to diffusion processes on R^d. See section 3 for the proofs.

Example 1.4. Let E = R^d, L = Δ + ∇V, μ(dx) = e^{V (x)}dx/[ ∫ e^{V (x)}ds], and E(f, f) = μ(|∇f|^2) for the choices of V specified below. Let Φ(f) = ‖f‖^2_∞.

a) For p > 0, let V (x) = −(d + p) log(1 + |x|) and τ = min{(d + p + 2)/p, (4p + 4 + 2d)/[p^2 − 4 − 2d − 2p]^+}. Then (1.6) holds with α(r) = c(1 + r^{−τ} ) for some c > 0, and there exists c^′ > 0 such that

μ((P_tf)^2) ≤ c^′‖f‖^2_∞t^{−1/τ} , t ≥ 0, μ(f) = 0. (1.11)

b) Let p > 1 and V (x) = −d log(1 + |x|) − p log log(e + |x|). Then (1.6) holds with α(r) = c_1 exp[c_2r^{−1/(p−1)}] for some c_1, c_2 > 0, and there exists c > 0 such that

μ((P_tf)^2) ≤ c‖f‖^2_∞[log(1 + t)]^{1−p}, t > 0, μ(f) = 0. (1.12)

c) Let V (x) = −σ|x|^δ for some σ, δ > 0. We know from Corollary 1.4 in [27] that the Poincaré inequality holds if and only if δ ≥ 1, so we only consider the case δ ∈ (0, 1). For δ ∈ (0, 1), there exist c, c_1, c_2 > 0 such that (1.6) holds with α(r) = c[1+log(1+r^{−1})]^{4(1−δ)/δ} , and μ((P_tf)^2) ≤ c_1‖f‖^2_∞ exp [ − c_2t^{δ/(4−3δ)} ] , μ(f) = 0, t ≥ 0. (1.13)

In particular, when d = 1 we obtain sharp choices of α for a) and b) at the end of section 4.

2 L^2-convergence of Markov semigroups

The aim in this section is to establish relationships between (1.6) and the L^2-convergence rate of P_t.

Theorem 2.1. Assume that (1.6) holds. Then

μ((P_tf)^2) ≤ inf_{r>0} { r sup_{s∈[0,t]} Φ(P_sf) + exp[−2t/α(r)]μ(f^2) } , t > 0, μ(f) = 0, f ∈ D(L).

(2.1)

Consequently, if Φ(P_tf) ≤ Φ(f) for any t ≥ 0 and f ∈ L^2(μ), then

μ((P_tf)^2) ≤ ξ(t)[Φ(f) + μ(f^2)], t > 0, μ(f) = 0, f ∈ D(L), (2.2)

where ξ(t) := inf{r > 0 : −^1_2 α(r) log r ≤ t} for t > 0. In particular, ξ(t) ↓ 0 as t ↑ ∞.

Proof. For f ∈ D(L) with μ(f) = 0, let h(t) := μ((P_tf)^2). By (1.6),

h^′(t) = −2E(P_tf, P_tf) ≤ − 2 α(r) h(t) + 2r α(r)

Φ(P_tf), t ≥ 0.

This implies (2.1) immediately.

To prove a converse of Theorem 2.1, i.e. to establish a functional inequality from the L^2-convergence rate of P_t, we need the following lemma due to [29] whose proof we include here for completeness.

Lemma 2.2. If L is normal (i.e. LL^∗ = L^∗L), then for any f ∈ L^2(μ),

μ((P_sf)^2) ≤ μ((P_tf)^2)^{s/t}μ(f^2)^{1−s/t}, 0 ≤ s ≤ t. (2.3)

Proof. Let σ(L) be the spectrum of L and {E_λ : λ ∈ σ(L)} the spectral family corresponding to L. We have

P_t = ∫ σ(L)

e^{λt}dE_λ, t ≥ 0. (2.4)

For any f with μ(f^2) = 1, d‖E_λ(f)‖^2 is a probability measure on σ(L). Then (2.4) implies

μ((P_sf)^2) = ∫ σ(L)

exp[2(Reλ)s]d‖E_λ(f)‖^2 ≤ ( ∫ σ(L)

exp[2(Reλ)t]d‖E_λ(f)‖^2

)_{s/t} = μ((P_tf)^2)^{s/t}, 0 ≤ s ≤ t.

This proves (2.3).

Theorem 2.3. Assume that L is normal. If there exist Ψ : L^2(μ) → [0, ∞] and decreasing ξ : [0, ∞) → (0, ∞) such that Ψ(cf) = c^2Ψ(f) for c ∈ R and f ∈ L^2(μ), ξ(t) ↓ 0 as t ↑ ∞, and

μ((P_tf)^2) ≤ ξ(t)Ψ(f), t > 0, μ(f) = 0, f ∈ D(L), (2.5)

then (1.6) holds with Φ = Ψ and

α(r) = 2r inf_{s>0} 1 s ξ^{−1}(s exp[1 − s/r]), where ξ^{−1}(t) := inf{r > 0 : ξ(r) ≤ t}. (2.6)

If in particular (2.5) holds for ξ(t) = exp[−δt] for some δ > 0, then the Poincaré inequality (1.1) holds for C = 2/δ and all f ∈ D(L) with Ψ(f) < ∞.

Proof. Since (2.5) implies μ(f^2) ≤ ξ(0)Ψ(f), we only need to prove the case where r < ξ(0), where ξ(0) := lim_{t↓0} ξ(t). For any t > 0 and f ∈ D(L) with μ(f) = 0 and μ(f^2) = 1, let h(s) := μ((P_sf)^2), 0 ≤ s ≤ t. By Lemma 2.2 and (2.5),

h(s) ≤ ξ(t)^{s/t}Ψ(f)^{s/t}, s ∈ [0, t]. This implies

−2E(f, f) = h^′(0) ≤ 1 t log[ξ(t)Ψ(f)] ≤ 1 t [ log ξ(t) u − 1 + uΨ(f) ] , u > 0.

For u > 0, taking t = ξ^{−1}(u exp[1−u/r]) which is positive since u exp[1−u/r] ≤ r < ξ(0), we obtain

μ(f^2) = 1 ≤ 2r u ξ^{−1}(u exp[1 − u/r])E(f, f) + rΨ(f), u > 0.

This proves the first assertion.

If (2.5) holds for ξ(t) = exp[−δt], then α(0) := lim_{r→0} α(r) = 2/δ for α determined by (2.6).

The following is a consequence of Theorems 2.1 and 2.3, which recovers Theorem 1.1 since (1.2) is equivalent to (1.6) with α(r) = cr^{1−p} for some c > 0, see Appendix.

Corollary 2.4. 1) Let ε ∈ (0, 1). If (1.6) holds with Φ satisfying Φ(P_tf) ≤ Φ(f) and α(r) = δ_1 + δ_2[log(1 + r^{−1})]^{(1−ε)/ε} for some δ_1, δ_2 > 0. Then (2.5) holds for Ψ(f) = Φ(f) + μ(f^2) and ξ(t) = exp[c_1 − c_2t^ε] for some c_1, c_2 > 0. Conversely, if L is normal, then (2.5) with the above ξ(t) implies (1.6) with Φ = Ψ and the above α for some δ_1, δ_2 > 0.

2) Let p, q ∈ (1, ∞) with p^{−1} + q^{−1} = 1. The assertions in 1) hold for α(r) = δr^{1−p} for some δ > 0, and ξ(t) = ct^{1−q} for some c > 0, where in the first assertion we may take Ψ = Φ.

3) Let p > 0. The assertions in 1) hold for α(r) = exp[δ(1 + r^{−1/p})] for some δ > 0, and ξ(t) = c[log(1 + t)]^{−p} for some c > 0.

Proof. 1) Let ε ∈ (0, 1). If (1.6) holds with Φ satisfying Φ(P_tf) ≤ Φ(f) and α(r) = δ_1 + δ_2[log(1 + r^{−1})]^{(1−ε)/ε} for some δ_1, δ_2 > 0. Let ξ(t) > 0 be such that α(ξ(t)) log ξ(t) = −2t, we have ξ(t) ≤ exp[c_1 − c_2t^ε] for some c_1, c_2 > 0. Then the first assertion follows from (2.2). Next, if L is normal and (2.5) holds with ξ(t) = exp[c_1 − c_2t^ε] for some c_1, c_2 > 0, then ξ^{−1}(t) = {^1_{c2} [c_1 − log t]^+}^{1/ε}. By Theorem 2.3, (1.6) holds with Φ = Ψ and

α(r) = 2rc^{−1/ε}_2 inf_{s>0} 1 s {[c_1 − log s − 1 + s/r]^+}^{1/ε}.

Taking s = r[log(1 + r^{−1})], we prove the second assertion.

2) Let p, q ∈ (1, ∞) with p^{−1} + q^{−1} = 1. If (1.6) holds with α(r) = δr^{1−p} for some δ > 0 and Φ(P_tf) ≤ Φ(f), by (2.1) we have

μ((P_tf)^2) ≤ rΦ(f) + exp[−2tr^{p−1}/δ]μ(f^2), t > 0, μ(f) = 0, f ∈ D(L), r > 0.

Letting c > 0 be such that exp[−2c^{p−1}/δ] = 2^{−q} and taking r = ct^{1−q} in the above inequality, we obtain

μ((P_tf)^2) ≤ ct^{1−q}Φ(f) + 2^{−q}μ(f^2), t > 0, μ(f) = 0, f ∈ D(L).

Applying this inequality repeatly, we obtain μ((P_tf)^2) ≤ c2^{q−1}t^{1−q}Φ(f) + 2^{−q}μ((P_{t/2}f)^2) ≤ c2^{q−1}t^{1−q}(1 + 2^{−1})Φ(f) + 2^{−2q}μ((P_{t/4}f)^2) ≤ · · · ≤ c2^{q−1}t^{1−q}Φ(f) ∞∑ n=0 2^{−n} = c2^qt^{1−q}Φ(f), t > 0, μ(f) = 0.

This proves the first assertion. The second assertion follows from Theorem 2.3 by taking s = r in (2.6).

3) The first assertion follows immediately from (2.2), and the second one follows from (2.6) by taking s = r in the expression of α(r).

Finally, we present an analogue of Theorem 2.3 for a class of operators L, which are not necessarily normal, but are such that

E(P_tf, P_tf) ≤ h(t)E(f, f), t ≥ 0, f ∈ D(L) (2.7) for some positive h ∈ C[0, ∞). It is well-known that (2.7) holds for h = 1 provided L is self-adjoint. Moreover, (2.7) holds for h(t) = exp[−2Kt] if the curvature of L is bounded below by K ∈ R (see e.g. [6] for details).

Theorem 2.5. Assume that (2.7) holds. Then (2.5) implies (1.6) with Φ = Ψ and

α(r) = 2

∫_ξ−1_{(r)} 0 h(s)ds, r > 0.

Proof. Noting that

μ(f^2) − μ((P_tf)^2) = 2

∫_t 0 E(P_{t−s}f, P_{t−s}f)ds, t > 0, f ∈ D(L), by (2.5) and (2.7) we obtain

μ(f^2) ≤ 2E(f, f)

∫_t 0 h(s)ds + ξ(t)Ψ(f), f ∈ D(L), μ(f) = 0, t > 0.

This completes the proof.

3 Criteria of weak Poincaré inequalities

We first present a general criterion for the weak Poincaré inequality which applies in many cases. Then we go to estimate the function α in (1.6) for diffusions on a Riemannian manifold. To prove (1.6), we assume the following local Poincaré inequality

(A) For any ε ∈ (0, 1), there exist A ∈ F and c > 0 such that μ(A) ≥ 1 − ε and

μ(f^21_A) ≤ cE(f, f) + μ(f1_A)^2/μ(A), f ∈ D(L). (3.1)

Theorem 3.1. If (A) holds then

μ(f^2) ≤ α(r)E(f, f) + r‖f‖^2_∞, r > 0, f ∈ D(L), μ(f) = 0, (3.2)

where

α(r) = inf{c > 0 : (3.1) holds for ε = r 1 + r with c for some A ∈ F with μ(A) ≥ 1 r + 1 }. Proof. For any ε ∈ (0, 1), let c > 0 and A ∈ F be such that μ(A) ≥ 1 − ε and (3.1) holds. For f ∈ D(L) with μ(f) = 0, one has μ(f1_A)^2 = μ(f1_Ac )^2 ≤ ε^2‖f‖^2_∞. Then

μ(f^2) ≤ μ(f^21_A) + ε‖f‖^2_∞ ≤ cE(f, f) + μ(f1_A)^2 μ(A)

+ ε‖f‖^2_∞

≤ cE(f, f) + ε 1 − ε

‖f‖^2_∞, f ∈ D(L), μ(f) = 0.

The proof is completed by taking ε = r/(1 + r) for r > 0.

Remark. 1) (A) is not a strong assumption (in particular in the finite dimensional case). For example, (A) holds for E(f, f) := μ(|∇f|^2) on a connected Riemannian manifold, where dμ := exp[V ]dx is a probability measure and V is locally bounded.

2) It is known that for a symmetric irreducible Dirichlet form (E, D(E)), P_tf converges to μ(f) in L^2(μ) as t → ∞, see the Appendix in [3] for a simple proof. Theorems 2.1 , 2.3 and 3.1 imply estimates for the rate of L^2-convergence even for nonsymmetric semigroups. For instance, let dμ = e^V dx be a probability measure on a connected Riemannian manifold with V locally bounded, then for any Markov semigroup P_t on L^2(μ) satisfying d dt μ((P_tf)^2) = −μ(|∇P_tf|^2), t ≥ 0, f ∈ C^∞_0 , (3.3)

it follows from Theorem 3.1 and the proof of Theorem 2.1 that sup_{‖f‖∞<∞} ‖P_tf −μ(f)‖_2 → 0 as t → ∞ provided μ is an invariant measure of P_t. For general diffusions on R^d with diffusion coefficient matrix a, |∇f|^2 is replaced by ⟨a∇f, ∇f⟩.

In the remainder of this section, we consider Dirichlet forms with the local property for E = M, a connected noncompact Riemannian manifold M of dimension d. Let dμ := e^V dx be a probability measure on M with V a locally bounded function, and

E(f, f) := μ(|∇f|^2) for f ∈ C^∞_b (M). Below we use C^∞_b (M) to replace D(L) in (3.2). Let o ∈ M be fixed, and denote by ρ(x) the Riemannian distance between x and o. Let B_r = {ρ ≤ r} for r > 0.

To obtain explicit estimates for α, one needs to estimate the local Poincaré constant c in (3.1). This is related to a well-known topic in geometry, namely, estimating the first Neumann eigenvalue on a regular domain, see e.g. [13, 26] and references therein.

Theorem 3.2. Assume that B_r is convex for any r > 0. Let K ∈ C(0, ∞) be a nonnegative increasing function such that the Ricci curvature on B_r is bounded below by −K(r). Then (3.2) holds with

α(r) =

4R^2_r cosh^{d−1} [ R_r √ K(R_r)/(d − 1) ] π^2 √ 1 + 8R^2_r K(R_r)/π^4 exp[δ_{Rr} (V )], (3.4)

where R_r := inf{s > 0 : μ(B^c_s) ≤ r/(1 + r)}, δ_R(V ) := sup{V (x) − V (y) : x, y ∈ B_R}. Where for d = 1 we put K = K/(d − 1) = 0.

If V ∈ C^2(M), let K_V be an increasing function such that Ric − Hess_V is bounded below by −K_V (r) on B_r. Then (3.2) holds with

α(r) = exp[^1_2 K_V (R_r)R^2_r ] − 1 K_V (R_r)

. (3.5)

Proof. By Corollary 3 in [13], one has

λ(R) := inf { μ(|∇f|^21_{BR} ) : f ∈ C^1(B_R), μ(f1_{BR} ) = 0, μ(f^21_{BR} ) = 1 } ≥ π^2 4R^2 √ 1 + 8R^2K(R)/π^4 cosh^{1−d} [ R √ K(R)/(d − 1) ] , (3.6)

where for d = 1 we have K = 0 and set K/(d − 1) = 0. Then, by a simple comparison argument, we see (3.1) holds for A = B_R and c = 4R^2 cosh^{d−1} [ R √ K(R)/(d − 1) ] π^2 √ 1 + 8R^2K(R)/π^4 exp[δ_R(V )].

Therefore, the first assertion follows from Theorem 3.1.

For the case where V ∈ C^2(M), by Corollary 1 in [13], (3.1) holds for A = B_R and c = exp[^1_2 K_V (R)R^2] − 1 K_V (R) which proves the second assertion.

It is clear that the assumption in Theorem 3.2 that B_r is convex was made to use known estimates for the first Neumann eigenvalue. This assumption is however not true in general. To treat the general case, we present a result below based on an idea from [27].

Theorem 3.3. Assume that there exist r_0 > 0 and γ ∈ C[r_0, ∞) such that

L_0ρ := (Δ + ∇V )ρ ≤ γ(ρ) on B^c_{r0} (3.7)

in the distribution sense. For any ε > 0 and R ≥ r_0, let η_ε(R) =

∫_R

r_0 (ε + γ(r))

+dr. If there exists ε > 0 such that μ(B^c_R) exp[η_ε(R + 1) − η_ε(R)] → 0 as R → ∞, then there exists c(ε) > 0 such that (3.2) holds with α(r) = c(ε) exp[η_ε(R̃_r + 1)], where

R̃_r := inf {R ≥ r_0 : μ(B_R)^{−1} + c(ε) exp[η_ε(R + 1) − η_ε(R)] ≤ r/μ(B^c_R)}, r > 0.

Especially, if η_ε(∞) < ∞ for some ε > 0, then the Poincaré inequality (1.1) holds for C = c(ε) exp[η_ε(∞)].

Proof. Let L = L_0 − 1_{{ρ≥r0}}(ε + γ(ρ))^+∇ρ, where ∇ρ(x) := 0 if x is in the cut locus of o. Then Lρ ≤ −ε on B^c_{r0} in the distribution sense. Therefore (see Corollary 1.4 in [27] and its remark), there exists c_1(ε) > 0 such that

ν(f^2) − ν(f)^2 ≤ c_1(ε)ν(|∇f|^2) (3.8) for all Lipschitz continuous f ∈ L^2(μ), where dν = C exp[−1_{{ρ≥r0}}η_ε(ρ)]dμ with C > 0 a normalizing constant. For f ∈ C^∞_b (M) with μ(f) = 0 and R > r_0, let h = (R+1−ρ)^+ ∧1. We have

μ(f^2h^2) − μ(fh)^2/μ(B_{R+1}) = inf_{r∈R} μ((fh − r1_{BR+1} )^2) ≤ C^{−1} exp[η_ε(R + 1)] inf_{r∈R} ν((fh − r1_{BR+1} )^2) = C^{−1} exp[η_ε(R + 1)] ( ν(f^2h^2) − ν(fh)^2/ν(B_{R+1}) ) ≤ C^{−1} exp[η_ε(R + 1)] ( ν(f^2h^2) − ν(fh)^2 ) . Combining this with (3.8), we obtain (recalling that μ(f) = 0)

μ(f^2h^2) ≤ μ(fh)^2/μ(B_R) + C^{−1}c_1(ε) exp[η_ε(R + 1)]ν(|∇(fh)|^2) ≤ ‖f‖^2_∞μ(B^c_R)^2/μ(B_R) + 2c_1(ε) exp[η_ε(R + 1)]μ(|∇f|^2) + 2c_1(ε) exp[η_ε(R + 1) − η_ε(R)]μ(B^c_R)‖f‖^2_∞ for some c_1(ε) > 0. This proves the theorem for c(ε) = 2c_1(ε) since μ(f^2) ≤ μ(f^2h^2) + ‖f‖^2_∞μ(B^c_R).

We note that the second assertion in Theorem 2.3 for the Poincaré inequality was already proved in [27]. In the case where γ is negative, we have the following result which provides better choices of α than Theorem 3.2 when μ(B^c_R) decays fast enough as R ↑ ∞, see e.g. the proof of Proposition 1.4 c).

Theorem 3.4. Assume that γ in (3.7) is negative and B_r is convex for any r > 0. For any R ≥ r_0, let

ψ(R) := inf_{r∈[r0,R]}[−γ(r)], ϕ(R) := inf{s ≥ r_0 : ψ(R)^2s^2 ≥ 9μ(B^c_s)},

ζ(R) := ψ(R)^2 [ 1 + ϕ(R) √ K(ϕ(R)) ] cosh^{1−d} [ ϕ(R) √ K(ϕ(R))/(d − 1) ] e^{−δϕ(R)(V )}.

Then there exists c > 0 such that (3.2) holds for α(r) = c/ζ(R̄_r) provided

R̄_r := inf {R ≥ r_0 : μ(B^c_{R−1})[1 + c/ζ(R)] ≤ rμ(B_{R−1})/(r + 1)} < ∞, r > 0.

Proof. By Theorem 3.3, the Poincaré inequality (1.1) holds provided ψ(∞) > 0. Hence we only consider the case where ψ(∞) = 0. In this case one has ϕ(R) ↑ ∞ as R ↑ ∞. Then there exist ε > 0 and R(ε) ≥ r_0 + 1 such that

ψ(R)^2μ(B_{ϕ(R)})(ϕ(R) − r_0)^2 ≥ 8(1 + ε)μ(B^c_{ϕ(R)}), R ≥ R(ε). (3.9)

Next, since L_0ρ ≤ −ψ(R) in B_R \ B_{r0} in the distribution sense, by Cheeger’s inequality we obtain (see e.g. page 398 in [27])

λ(B_R \ B_{r0} ) := inf { μ(|∇f|^2 : f ∈ C^∞_0 (B_R \ B_{r0} ), μ(f^2) = 1 } ≥ ψ(R)^2 4 . (3.10)

Next, the proof of Theorem 1.1 in [27] yields that

λ̄(R) := inf {μ(|∇f|^2) : f ∈ C^∞_0 (B_R), μ(f^2) − μ(f)^2 = 1} ≥ λ(B_R \ B_{r0} )λ(r)μ(B_r)(r − r_0)^2 − 2λ(r)μ(B^c_r) 2λ(r)(r − r_0)^2 + λ(B_R \ B_{r0} )(r − r_0)^2μ(B_r) + 2μ(B_r)

, r ∈ (r_0, R).

Combining this with (3.6), (3.9) and (3.10), we obtain

λ̄(R) ≥ c^1λ(ϕ(R))μ(B^{ϕ(R)})ψ(R)^2(ϕ(R) − r^0)^2

λ(ϕ(R))(ϕ(R) − r_0)^2 + ψ(R)^2(ϕ(R) − r_0)^2μ(B_{ϕ(R)}) + μ(B_{ϕ(R)})

≥ c_2ζ(R), for some c_1, c_2 > 0 and all R ≥ R(ε) such that ϕ(R) < R. If ϕ(R) ≥ R, then λ̄(R)(≥ λ(R)) ≥ c_2ζ(R) still holds for some c_2 > 0 according to (3.6). Then for any f ∈ C^∞_b (M) with μ(f) = 0 and any R ≥ R_ε, let h = (R − ρ)^+ ∧ 1, we have

μ(f^2) ≤ μ(f^2h^2) + ‖f‖^2_∞μ(B^c_{R−1}) ≤

2μ(|∇f|^2) + 2‖f‖^2_∞μ(B^c_{R−1}) c_2ζ(R) + ‖f‖^2_∞μ(B^c_{R−1}) μ(B_{R−1}) . This proves the desired result by taking c = 2/c_2 for small r > 0 such that R_r ≥ R(ε).

Now we are ready to prove the results claimed in Example 1.4.

Proof of Example 1.4. By Corollary 2.4, it suffices to prove (1.6) with α as specified there. We note that K = 0 since M = R^d. Let R_r and R̄_r be defined in Theorems 3.2 and 3.4 respectively.

a) In this case we have δ_R(V ) = (d + p) log(1 + R) and R_r ≤ c(1 + r^{−1/p}) for some c > 0 and any r > 0. By Theorem 3.2, (3.2) holds with

α(r) =

4R^2_r π^2 exp[δ_{Rr} (V )] ≤ c_1r^{−(d+p+2)/p} (3.11)

for some c_1 > 0 and all r ∈ (0, 1] (hence for all r > 0 since μ(f^2) ≤ ‖f‖^2_∞). Next, assume that p^2 − 4 − 2d − 2p > 0. Let r_0 ≥ 1 be such that (d − 1)/r_0 − (d + p)/(1 + r_0) < 0. It is easy to see that ψ(R) ≥ c_2R^{−1}, ϕ(R) ≤ c_3R^{2/(2+p)}, ζ(R) ≥ c_4R^{−2(d+2+2p)/(2+p)} for some c_2, c_3, c_4 > 0 and all R ≥ r_0. Moreover, we have R̄_r ≤ c_5r^{−(2+p)/(p2−2d−4−2p)} for some c_5 > 0 and all r ∈ (0, 1]. Therefore, by Theorem 3.4, (3.2) holds with

α(r) = c / ζ (¯ R_r ) ≤ c_6r^{−2(d+2+2p)/(p2 −2d−4−2p)}

for some c, c_6 > 0. Combining this with (3.11) we prove (3.2) for α(r) = c_7r^{−τ} for some c_7 > 0.

b) Obviously, δ_R(V ) = d log(1 + R) + p log log(e + R), and R_r ≤ exp[c(1 + r^{−1/(p−1)})] for some c > 0. By Theorem 3.2, (3.2) holds with

α(r) =

4R^2_r π^2 exp[δ_{Rr} (V )] ≤ c_1 exp[c_2r^{−1/(p−1)}]

for some c_1, c_2 > 0.

c) In this case Theorem 3.4 provides better result than Theorem 3.2. Let δ ∈ (0, 1). We have γ(r) =^{d−1}_r −^{σδ}_{r1−δ} which is negative for big r. Taking r_0 > 1 such that γ(r_0) < 0. We see that ψ(R) ≥ c_1R^{δ−1} for some c_1 > 0 and all R ≥ r_0. It is easy to see that there exists c_2 > 0 such that μ(B^c_s) ≤ c_2 exp[−σs^δ ]s^{1−δ} for s ≥ r_0. Let s_R > 0 solve 9c_2 exp[−σs^δ]s^{−(1+δ)} = c^2_1R^{2(δ−1)}, then ϕ(R) ≤ s_R ∨ r_0. Hence exp[δ_{ϕ(R)}(V )] = exp[σϕ(R)^δ] ≤ exp[σ(s_R ∨ r_0)^δ] ≤ c_3R^{2(1−δ)} for some c_3 > 0. Since K = 0,

ζ(R) = ψ(R)^2 exp[−δ_{ϕ(R)}(V )] ≥ c_4R^{4(δ−1)}

for some c_4 > 0. Then μ(B^c_{R−1})ζ(R)^{−1} ≤ c_5 exp[−σR^δ /2] for some c_5 > 0 and all R > r_0. We obtain R̄_r ≤ c_6(1 + [log(1 + r^{−1})]^{1/δ}) for some c_6 > 0. Therefore, by Theorem 3.4, (3.2) holds for

α(r) = cψ (¯ R_r

)_{−2}

exp[δ_{ϕ(}¯_{Rr )}(V )] ≤ c_7[log(1 + r^{−1})]^{4(1−δ)/δ} for some c_7 > 0 and all r ∈ (0, 1] (hence all r > 0).

On the other hand, by (3.4) one obtains (3.2) for α(r) = c(1 + r^{−ε}) for some c, ε > 0. This choice of α is worse than the one above.

Before concluding this section, we consider general diffusions on R^d. Consider E = R^d and let a = (a_{ij} ) be uniformly positive definite on any compact domain. Assume that dμ = e^V dx is a probability measure on R^d with V locally bounded. For any R > 0, let B_R := {x : |x| ≤ R} and

a(R) := inf{⟨a(x)y, y⟩ : |y| = 1, x ∈ B_R}, δ_R(V ) := sup{V (x) − V (y) : x, y ∈ B_R}.

Letting μ_R(·) := μ(· ∩ B_R)/μ(B_R), we have

μ_R(f^2) ≤ μ_R(f)^2 +

4R^2 π^2 exp[δ_R(V )]μ_R(|∇f|^2)

≤ μ_R(f)^2 +

4R^2 π^2a(R) exp[δ_R(V )]μ_R(⟨a∇f, ∇f⟩),

Then for any f ∈ C^∞_b (R^d) with μ(f) = 0,

μ(f^2) ≤

‖f‖^2_∞μ(B^c_R) μ(B_R) + 4R^2 π^2a(R) exp[δ_R(V )]μ⟨a∇f, ∇f⟩.

Letting R_r := inf{R ≥ 0 : μ(B^c_R) ≤ r/(1 + r)}, we obtain

μ(f^2) ≤ α(r)μ(⟨a∇f, ∇f⟩) + r‖f‖^2_∞, μ(f) = 0, f ∈ C^∞_b (R^d), r > 0 (3.12)

for α(r) =^{4R2r}_{π2a(Rr )} exp[δ_{Rr} (V )].

4 Isoperimetric inequalities: the diffusion case

The aim of this section is to prove (1.6) using isoperimetric inequalities for diffusions on a manifold. The study goes back to Cheeger’s inequality for estimating the principal eigenvalue and the spectral gap of the Laplacian, see e.g. [8, 31]. Isoperimetric inequalities have also been developed by Ledoux in [18] for the log-Sobolev inequality, by Röckner and Wang in [23] for the F -Sobolev inequality (i.e., using an increasing function F to replace log in the log-Sobolev inequality), and by Wang in [28] for the super-Poincaré inequality (1.5).

Let M be a connected noncompact Riemannian manifold, and μ a probability measure on M. Define

k(r) := inf

μ(A)∈[r,1/2]

μ_∂ (∂A) μ(A)

, r ∈ (0, 1/2], (4.1)

where A runs over all open smooth domains (according to Yau [31], we may also assume that A is connected), and μ_∂ (∂A) denotes the area of ∂A induced by μ.

Theorem 4.1. If k(r) > 0 for any r ∈ (0, 1/2], then

μ(f^2) ≤ α(r)μ(|∇f|^2) + rδ_μ(f)^2, r > 0, f ∈ C^∞_b (M), μ(f) = 0, (4.2)

where α(r) = 4k(r/2)^{−2} and δ_μ(f) = inf_{μ(A)=1} sup{f(x) − f(y) : x, y ∈ A}. In particular, if k(0) := lim_{r→0} k(r) > 0, then (1.1) holds for C = 4/k(0)^2.

Proof. Assume that k(r) > 0 for r ∈ (0, 1/2]. Let f ∈ C^∞_b (M) be such that μ(f) = 0. Take r_0 ∈ [inf f, sup f] such that μ(f > r_0)∨μ(f < r_0) ≤ 1/2. For s > 0, let t_s := inf { t ≥ 0 : μ ( (f − r_0)^{+2} ) ≥ s } . By (4.1) and the coarea formula, we obtain

μ((f − r_0)^{+2}) =

∫_{‖(f−r0 )}+_‖2_∞ 0 μ ( (f − r_0)^{+2} > t ) dt ≤ ∫_{ts} 0 μ_∂ ((f − r_0)^{+2} = t)

k(s) dt + s‖(f − r_0)^+‖^2_∞ ≤ 1 k(s) μ(|∇(f − r_0)^{+2}|) + s‖(f − r_0)^+‖^2_∞, s > 0.

The same estimate holds for (f − r_0)^− in place of (f − r_0)^+. Then

sδ_μ(f)^2 + 1 k(s) μ (| ∇(f − r_0)^{+2} | | + | |∇(f − r_0)^{−2} | |) ≥ μ ( (f − r_0)^{+2} + (f − r_0)^{−2}) = μ((f − r_0)^2 ) . (4.3)

Noting that μ (| ∇(f − r_0)^{+2} | + | ∇(f − r_0)^{−2} |) = μ(|∇(f − r_0)^2|) ≤ 2 √ μ(|∇f|^2)μ((f − r_0)^2),

by (4.3) we obtain

μ(f^2) ≤ μ((f − r_0)^2) ≤ 4 k(s)^2 μ(|∇f|^2) + 2sδ_μ(f)^2, s > 0.

This implies (4.2) by taking s = r/2.

It is well-known that (1.1) holds for C = 4/k(0)^2 provided k(0) > 0 (see e.g. [8, 18, 31]). Theorem 4.1 extends this result to weak Poincaré inequalities.

Theorem 4.2. Assume that V ∈ C^2(M) such that dμ := e^V dx is a probability measure and that |∇P_tf|^2 ≤ h(t)P_t|∇f|^2 holds for some positive h ∈ C[0, ∞) and all t > 0, f ∈ C^∞_b (M), where P_t is generated by Δ + ∇V on L^2(μ). If (4.2) holds, then for any ε ∈ (0, 1/2) there exists c(ε) > 0 such that k(r) ≥ c(ε)/α(εr).

Proof. (The idea for this proof originates from [18]) We first note that the assumed gradient estimate implies P_t1 = 1. Moreover, this assumption implies (see e.g. Lemma 4.2 in [6])

P_tf^2 − (P_tf)^2 ≥ 2

∫_t 0 ds h(s)

|∇P_tf|^2 := c(t)|∇P_tf|^2, f ∈ C^∞_b (M).

Then

‖∇P_tf‖_∞ ≤ ‖f‖_∞ √ 1/c(t), t > 0.

Hence for any smooth g with ‖g‖_∞ ≤ 1,

μ(g(f − P_tf)) = −

∫_t 0 μ(g(Δ + ∇V )P_sf)ds =

∫_t 0 μ(⟨∇P_sg, ∇f⟩)ds

≤ μ(|∇f|)

∫_t 0 ‖∇P_sg‖_∞ds ≤ ctμ(|∇f|)

for some c > 0 and all t ≥ 1. Therefore,

μ(|f − P_tf|) ≤ ctμ(|∇f|), t ≥ 1. (4.4)

For any r ∈ (0, 1/2] and any smooth domain A with μ(A) ∈ [r, 1/2]. Take {f_n} ⊂ C^∞_0 (M) such that f_n|_A = 1, f_n(x) = 0 if dist(x, A) ≥ 1/n, and |∇f_n| ≤ n + 1/n. Applying (4.4) to f_n and letting n ↑ ∞, we arrive at ctμ_∂ (∂A) ≥ μ(1_A(1 − P_t1_A)) + μ(1_Ac P_t1_A) = 2[μ(A) − μ(1_AP_t1_A)] = 2μ(A) − 2μ((P_{t/2}1_A)^2).

(4.5)

If (4.2) holds, by Theorem 2.1 we have

μ((P_{t/2}1_A)^2) ≤ s + exp[−t/α(s)]μ(A) + μ(A)^2, s > 0. Therefore, (4.5) implies

μ_∂ (∂A) μ(A)

≥ sup_{s,t>0} 2 ct { 1 − s/μ(A) − exp[−t/α(s)] − μ(A) }

≥ sup_{s,t>0}

1 − 2s/r − 2 exp[−t/α(s)] ct . For any ε ∈ (0, 1/2), taking s = εr and t = α(εr) log^4_{1−2ε} , we obtain^{μ∂ (∂A)}_{μ(A)} ≥^{c(ε)}_{α(εr)} for some c(ε) > 0.

Corollary 4.3. consider the situation of Theorem 4.2. If (4.2) holds then for any ε ∈ (0, 1/2) there exists c(ε) > 0 such that ∫_1

μ(ρ≥R)

α(εr) r dr ≥ c(ε)R. (4.6)

Proof. Let h(s) = μ(ρ ≥ s). By Theorem 4.3, (4.2) implies that −^{h′(s)α(εs)}_{h(s)} ≥ c(ε). This proves (4.6).

Obviously, for a given function α, (4.6) provides an estimate of the decay of μ(ρ ≥ R) as R ↑ ∞. In particular, if (1.1) holds then by (4.6) there exists c > 0 such that μ(exp[cρ]) < ∞. This is a well-known result according to Herbst’s argument, see e.g. [2].

Next, let us consider Dirichlet forms on R^d with the local property. Let μ be a probability measure on R^d and E(f, f) := μ(⟨a∇f, ∇f⟩), f ∈ C^∞_b (M), where a(x) = (a_{ij} (x))_{d×d} is positive definite for any x ∈ R^d. Let ϕ_1, ϕ_2 be two positive continuous function such that

ϕ_1(x)|y|^2 ≤ ⟨a(x)y, y⟩ ≤ ϕ_2(x)|y|^2, x, y ∈ R^d.

Finally, let dμ̄_∂ = ϕ_2dμ_∂ and dμ_∂ = ϕ_1dμ_∂ be defined on the boundary of any smooth domain, where dμ_∂ is induced by μ and the standard Euclidean metric. The proofs of Theorems 4.1 and 4.2 imply the following result.

Theorem 4.4. Let k̄(r)(resp. k(r)) be defined in (4.1) with μ_∂ replaced by μ̄_∂ (resp. μ_∂ ).

1) If k(r) > 0 for r ∈ (0, 1/2], then

μ(f^2) ≤ α(r)μ(⟨a∇f, ∇f⟩) + rδ_μ(f)^2, f ∈ C^∞_0 (R^d), μ(f) = 0, r > 0 (4.7)

for α(r) = 4k(r/2)^{−2}.

2) Assume that a_{ij} ∈ C^2(R^d), dμ = e^V dx for some V ∈ C^2(R^d), and that there exist K ≥ 1 and a matrix-valued function σ such that K^{−1}I ≤ a = σσ^∗ ≤ KI and

sup_{x≠y} |x − y|^{−2}[‖σ(x) − σ(y)‖^2 + ⟨b(x) − b(y), x − y⟩] ≤ K, (4.8)

where b_i =

∑_d j=1 [ a_{ij}^∂_{∂xj} V +^∂_{∂xj} a_{ij} ] . If (4.7) holds then for any ε ∈ (0, 1/2) there exists c(ε) > 0 such that k̄(r) ≥ c(ε)/α(εr).

Proof. Let P_t be the Markov semigroup generated by the closure of

∑_d

i,j=1 aij

∂^2 ∂x_i∂x_j +

∑_d

i=1 b_i^∂_{∂xi} . One has ⟨a∇P_tf, ∇P_tf⟩ ≤ K^2e^{2Kt}P_t⟨a∇f, ∇f⟩ for f ∈ C^∞_b (R^d), see (9.1) in [14]. Hence the proof of Theorem 4.2 applies to the manifold R^d with the metric induced by a^{−1}.

The following is a simple consequence of Theorem 4.4 in the one dimensional case.

Corollary 4.5. Consider the situation of Theorem 4.4. Let d = 1 and dμ = e^V dx for some V ∈ C(R). For any r ∈ (0, 1), let c_r > 0 be such that μ([−c_r, c_r]) = 1 − r. Then

k̄(r) = k(r) ≥ inf_{s∈[r,1/2]} 1 s inf t∈[−c_s,c_s] √ a(x) exp[V (x)] := κ(r). (4.9)

Consequently, (4.7) holds for α(r) = 4κ(r/2)^{−2} provided it is finite. On the other hand, if a, V ∈ C^2(R) such that aV^{′′} +^1_2 a^′V^′ +^1_2 a^{′′} −^{a′2}_{4a} is bounded from above, then (4.7) implies k̄(r) = k(r) ≥ c(ε)/α(εr) for any ε ∈ (0, 1/2) and some c(ε) > 0.

Proof. In the present case we have μ̄_∂ (x) = μ_∂ (x) = ( √ ae^V )(x). Then for any r ∈ (0, 1/2] and connected I ⊂ R with μ(I) = r, we have ∂I ∩ [−c_r, c_r] ≠ ∅. This proves (4.9). To prove the second assertion, we consider the metric induced by a^{−1}: |^∂_{∂x} |^2_a = a^{−1}. Therefore, under this metric Ric = 0 (since d = 1) and the unit vector field is X = √ a^∂_{∂x} .

Next, let dx̄ = a^{−1/2}dx which is the Riemannian volume element. Then we see that dμ = exp[V +^1_2 log a]dx̄. Therefore,

Hess_V (X, X) := X^2V = aV^{′′} + 1 2 a^′V^′ + 1 2 a^{′′} − a^{′2} 4a . The proof is completed by Theorem 4.4.

Finally, we apply Corollary 4.5 to the first two cases in Example 1.4 to obtain better choices of α for d = 1.

a) For p > 0 and V (x) = −(1 + p) log(1 + |x|), we have c_r ≤ cr^{−1/p} for some c > 0. Then κ(r) ≥ cr^{1/p} and hence (4.7) holds for α(r) = c_1r^{−2/p} and some c_1 > 0. Moreover, it is easy to see that k̄(r) ≤ c^′r^{1/p} for some c^′ > 0 and V^{′′} is bounded above. Hence, by Corollary 4.5, (4.7) does not hold for any α with α(r)r^{1/p} → 0 as r → 0.

b) Let p > 1 and V (x) = − log(1 + |x|) − p log log(e + |x|). Similarly to a), we have κ(r) ≥ cr^{1/(p−1)} exp[−r^{−1/(p−1)}] for some c > 0 and r ∈ (0, 1/2]. By Corollary 4.5, (4.7) holds for α(r) = c_1r^{−2/(p−1)} exp[2^{p/(p−1)}r^{−1/(p−1)}] for some c_1 > 0. Moreover, there exists c^′ > 0 such that k̄(r) ≤ c^′r^{1/(p−1)} exp[−r^{−1/(p−1)}]. Hence, by Corollary 4.5, (4.7) does not hold for any α with a(r) exp[−sr^{−1/(p−1)}] → 0 as r → 0 for some s ∈ (0, 2^{1/(p−1)}).

5 Isoperimetric inequalities: the jump case

In this section we study the weak Poincaré inequality for general symmetric Dirichlet forms following the line of [15, 30] in which the Poincaré and Sobolev type inequalities are considered (see also [11, 12] for estimates of the constants in the log-Sobolev and Nash inequalities).

Let J be a symmetric measure on (E × E, F × F). Define

E(f, f) := 1 2 ∫ E×E [f(x) − f(y)]^2J(dx, dy), D(E) = {f ∈ L^2(μ) : E(f, f) < ∞}.

We consider the inequality

μ(f^2) ≤ α(r)E(f, f) + rδ_μ(f), r > 0, μ(f) = 0. (5.1)

If (5.1) holds, then for r ∈ (0, 1/2] and A with μ(A) = r ∈ (0, 1/2], taking f = 1_A in (5.1) we obtain

k(r) := inf

μ(A)∈[r,1/2]

J(A × A^c)

μ(A)

≥ sup_{s>0}

1 − s/r α(s) ≥ 1 − ε α(εr)

, ε ∈ (0, 1). (5.2)

Therefore, the main task is to prove (5.1) using isoperimetric inequalities. To do this, we take a nonnegative symmetric measurable function γ on E × E such that ∫ A×E 1_{{γ(x,y)>0}}J(dx, dy) γ(x, y)

≤ μ(A), A ∈ F.

Define J̃(dx, dy) = 1_{{γ(x,y)>0}}J(dx, dy)/ √ γ(x, y), and let k̃ be defined in (5.2) with J replaced by J̃. We have the following result.

Theorem 5.1. If k̃(r) > 0 for r ∈ (0, 1/2], then (5.1) holds for α(r) = 2k̃(r/2)^{−2}. Consequently, if k̃(0) > 0 then (1.1) holds for C = 2k̃(0)^{−2}.

Proof. Let r ∈ (0, 1/2]. For bounded f with μ(f) = 0 and E(f, f) < ∞, let r_0 be such that μ(f > r_0) ∨ μ(f < r_0) ≤ 1/2. For any t ≥ 0, let A_t := {(f − r_0)^{+2} > t} and p(t) := μ(A_t). Then we have p(t) ≤ 1/2. Let t_r := inf{t ≥ 0 : p(t) ≤ r}, then √ 2E((f − r_0)^+, (f − r_0)^+)μ((f − r_0)^{+2}) ≥ 1 2 ∫ | |(f(x) − r_0)^{+2} − (f(y) − r_0)^{+2} | |J̃(dx, dy) = ∫ {(f(x)−r_0 )^+>(f(y)−r_0 )^+} [ (f(x) − r_0)^{+2} − (f(y) − r_0)^{+2} ]~ J(dx, dy) ≥ ∫_{tr} 0 J̃(A_t × A^c_t )dt ≥ k̃(r)

∫_{tr} 0 p(t)dt.

Therefore,

μ((f − r_0)^{+2}) =

∫_{‖(f−r0)}+_‖2_∞ 0 p(t)dt ≤ 1 k̃(r) √ 2E((f − r_0)^+, (f − r_0)^+)μ((f − r_0)^{+2}) + r‖(f − r_0)^+‖^2_∞

for all r > 0. This implies

μ((f − r_0)^{+2}) ≤ 2 k̃(r)2 E((f − r^0)^+, (f − r^0)^+) + 2r‖(f − r^0)^+‖^{2∞}, r > 0. (5.3)

Similarly, (5.3) holds for (f − r_0)^− in place of (f − r_0)^+. Then the proof is completed by noting that μ(f^2) ≤ μ((f − r_0)^2) and

|(f(x) − r_0)^+ − (f(y) − r_0)^+|^2 + |(f(x) − r_0)^− − (f(y) − r_0)^−|^2 ≤ |f(x) − f(y)|^2.

(5.4)

Indeed, (5.4) is obvious when (f(x) − r_0)(f(y) − r_0) > 0. In the case where (f(x) − r_0)(f(y) − r_0)) ≤ 0, we have |f(x) − f(y)| = |f(x) − r_0| + |f(y) − r_0| and hence (5.4) holds.

Corollary 5.2. Assume that there exists R > 0 such that J(A × E) ≤ Rμ(A), A ∈ F. Taking γ ≡ R we obtain k̃(r) = k(r)/ √ R. Therefore, (5.1) holds for some α if and only if k(r) > 0 for r ∈ (0, 1/2], and in this case (5.1) holds for α(r) = 2Rk(r/2)^{−2}.

Corollary 5.3. Consider the birth-death process: E = Z_+, μ(i) > 0 for i ≥ 0,

J(i, j) := μ(i)a_i, if j = i − 1, μ(i)b_i, if j = i + 1, 0, otherwise,

where a_0 = 0, b_0 = 1, a_i, b_i > 0 for i ≥ 1 such that J is symmetric. We call a_i and b_i respectively the death rate and the birth rate. Since J is symmetric, we have μ(i) =

b_0···b_{i−1} a_1···a_i μ(0), i ≥ 1. Obviously, we may take γ(i, j) = (ai +bi)∨(aj +bj ). For any r ∈ (0, 1/2],

let i_r := inf{i > 0 : ∑ j≥i μ(j) ≤ r} and

p(r) := inf { (μ(i + 1)a_{i+1}) ∧ (μ(i)b_i) √ (a_i + b_i) ∨ (a_{i+1} + b_{i+1})

: 0 ≤ i ≤ i_r } . Then k̃(r) ≥ inf_{s∈[r,1/2]} p(s)/s and (5.1) holds for α(r) = 2{inf_{s∈[r/2,1/2]} p(s)/s}^{−2} provided it is finite for any r ∈ [0, 1].

Proof. Let r ∈ (0, 1/2]. For any s ∈ [r, 1/2] and I ⊂ Z_+ with μ(I) = s, we have [0, i_s]∩I ≠ ∅, [0, i_s + 1] ∩ I^c ≠ ∅. Then, for γ(i, j) = (a_i + b_i) ∨ (a_j + b_j ) we have

J̃(I × I c) μ(I) = 1 s ∑ i∈I,j /∈I

J̃(i, j) ≥ p(s) s .

Finally, we present some examples for birth-death processes which have the same convergence rates as the ones given in Corollary 2.4.

Example 5.4. Let a_i = 1 for i ≥ 1. We consider the following three choices of b_i.

1) Let b_i = (^i_{i+1} )^δ for some δ > 1 and all i ≥ 1. We have μ(i) = μ(0)i^{−δ} for i ≥ 1. Obviously, by Corollary 5.3 k̃(r) ≥ cr^{−1/(δ−1)} for some c > 0, hence (5.1) holds for α(r) = c^′r^{2/(1−δ)} for some c^′ > 0.

2) Let b_i =^i_{i+1} (^{log(1+i)}_{log(2+i)} )^δ for some δ > 1. We have μ(i) = i^{−1}(log(1 + i))^{−δ}μ(0), i ≥ 1. By Corollary 5.3 there exists c_1, c_2 > 0 such that k̃(r) ≥ c_1 exp[−c_2r^{1/(1−δ)}], and hence (5.1) holds for α(r) = exp[c(1 + r^{1/(1−δ)})] for some c > 0.

3) Let b_i = exp[σ(i^δ − (i + 1)^δ)] for some σ > 0, δ ∈ (0, 1) and all i ≥ 1. We have μ(i) = exp[−σi^δ ]μ(0), i ≥ 1. Since ∑ j≥i exp[−σj^δ ] ≤ c_1i^{1−δ} exp[−σi^δ ] for some c_1 > 0 and all i ≥ 1, we have i_r ≤ i^′_r ≤ c_2[log(1 + r^{−1})]^{1/δ} for some c_2 > 0, where i^′_r > 0 satisfies c_1(i^′_r)^{1−δ} exp[−σ(i^′_r)^δ] = r. Then by Corollary 5.3,

k̃(r) ≥ c^3 r exp[−σ(i^′_r)^δ] = c_3 c_1

(i^′_r)^{δ−1} ≥ c_4[log(1 + r^{−1})]^{(δ−1)/δ} for some c_3, c_4 > 0. Therefore (5.1) holds for α(r) = c[log(1 + r^{−1})]^{2(1−δ)/δ} for some c > 0. Finally, it is easy to see that (1.1) holds if δ ≥ 1.

In the next example we consider some birth-death processes with unbounded rates.

Example 5.5. Letting a_i = b_i for i ≥ 1, we have μ(i) = a^{−1}_i μ(0), i ≥ 1.

1) Let a_i = i^δ for some δ > 1 and all i ≥ 1. Then i_r ≤ c_1r^{1/(1−δ)} for some c_1 > 0. By Corollary 5.3, k̃(r) ≥ c_2r^{(2−δ)+/(2(δ−1))} for some c_2 > 0. Hence (5.1) holds for α(r) = c_3r^{(2−δ)+ /(1−δ)} for some c_3 > 0. Especially, if δ ≥ 2 then (1.1) holds.

2) Let a_i = i[log(1 + i)]^δ for some δ > 1 and all i ≥ 1. Then i_r ≤ exp[c_1r^{1/(1−δ)}] for some c_1 > 0. By Corollary 5.3, there exists c_2 > 0 such that k̃(r) ≥ exp[−c_2r^{1/(1−δ)}] and (5.1) holds with α(r) = exp[c(1 + r^{1/(1−δ)})] for some c > 0.

3) Let a_i = i^2[log(1 + i)]^{−δ} for some δ > 0 and all i ≥ 1. Then i_r ≤ c_1r^{−1}[log(1 + r^{−1})]^δ for some c_1 > 0. By Corollary 5.3 k̃(r) ≥ c_2[log(1 + r^{−1})]^{−δ/2} for some c_2 > 0 and (5.1) holds with α(r) = c[log(1 + r^{−1})]^δ for some c > 0.

6 Perturbations of μ with application to the stochastic quantization of field theory

We first study the behaviour of the weak Poincaré inequality under perturbations of the probability measure μ. Then we apply the corresponding results to the stochastic quantization of field theory.

Let M denote the class of measurable functions on (E, F), and let Γ : D(Γ) × D(Γ) → M be a symmetric bilinear mapping satisfying

1) D(Γ) is a sub-algebra of M, Γ(f, f) ≥ 0 for f ∈ D(Γ), 1 ∈ D(Γ).

2) If f, g ∈ D(Γ) then Γ(fg, h) = fΓ(g, h) + gΓ(f, h), h ∈ D(Γ).

3) If f, g ∈ D(Γ), then f ∧ g ∈ D(Γ) and Γ(f ∧ g, f ∧ g) ≤ 1_{{f≤g}}Γ(f, f) + 1_{{f≥g}}Γ(g, g).

Assume that there exists a decreasing function α : (0, ∞) → [0, ∞) such that

μ(f^2) ≤ α(r)μ(Γ(f, f)) + r‖f‖^2_∞, f ∈ D(Γ) ∩ L^2(μ), μ(f) = 0, r > 0. (6.1)

Let V be a measurable function such that dμ̄ := e^V dμ is a probability measure on E. Our first aim is to establish the weak Poincaré inequality for μ̄.

Theorem 6.1. Assume (6.1). Let θ(r) := μ(V > r), θ(−r) := μ(V < −r), θ̄(r) := μ̄(V > r), θ̄(−r) := μ̄(V < −r), r > 0. If V ∈ D(Γ) with Γ(V, V ) ∈ L^p(μ) for some p > 1, and e^{r1} [θ(r_1) − θ(r_1 + 1)]^{(p−1)/p} → 0 as r_1 → ∞, then (6.1) holds for μ̄ and ᾱ in place of μ and α for ᾱ(r) := inf{2α(ε) exp[r_1 + r_2 + 1] : r_1, r_2, ε > 0, ϑ(r_1, r_2, ε) ≤ r}, where ϑ(r_1, r_2, ε) :=4[θ̄(r_1) + θ̄(−r_2) + εe^{r1} ] + 2e^{r1} α(ε)‖Γ(V, V )‖_Lp_{(μ)} · [ θ(r_1) + θ(−r_2) − θ(r_1 + 1) − θ(−r_2 − 1)

]_{(p−1)/p} . Proof. For r_1, r_2 > 0 let φ(r) := (r+r_2+1)^+∧1∧(r_1 +1−r)^+, r ∈ R. For f ∈ L^∞(μ)∩D(Γ) with μ̄(f) = 0 and Γ(f, f) ∈ L^1(μ̄), we have

μ̄(f^2) ≤ inf_{|c|≤‖f‖∞} μ̄((f − c)^21_{{−r2≤V ≤r1}}) + 4‖f‖^2_∞(θ̄(r_1) + θ̄(−r_2)) ≤ e^{r1} inf_{|c|≤‖f‖∞} μ((f − c)^21_{{−r2≤V ≤r1}}) + 4‖f‖^2_∞(θ̄(r_1) + θ̄(−r_2)) ≤ e^{r1} inf_{|c|≤‖f‖∞} μ((fφ(V ) − c)^2) + 4‖f‖^2_∞(θ̄(r_1) + θ̄(−r_2)) ≤ e^{r1} α(ε)μ(Γ(fφ(V ), fφ(V )) + 4‖f‖^2_∞(θ̄(r_1) + θ̄(−r_2) + εe^{r1} ),

(6.2)

for all ε > 0. On the other hand,

μ(Γ(fφ(V ), fφ(V ))) ≤2 [ μ(f^2φ^′(V )^2Γ(V, V )) + μ(φ(V )^2Γ(f, f)) ] ≤2e^{r2+1}μ̄(Γ(f, f)) + 2‖f‖^2_∞ · ‖Γ(V, V )‖_Lp_{(μ)} · [θ(r_1) + θ(−r_2) − θ(r_1 + 1) − θ(−r_2 − 1)]^{(p−1)/p}.

Combining this with (6.2) we obtain μ̄(f^2) ≤ 2e^{r1+r2+1}α(ε)μ̄(Γ(f, f)) + ‖f‖^2_∞ϑ(r_1, r_2, ε), for all r_1, r_2, ε > 0. This completes the proof.

Next, we apply Theorem 6.1 to the stochastic quantization of (P (Φ)_2-) field theory in finite volume studied by Jona-Lasinio and Mitter [17]. We use the notation in Röckner and Zhang [24].

Let Λ be an open rectangle in R^2, and (−Δ + 1)_N the generator of the quadratic form

(u, v) → ∫ Λ ⟨∇u, ∇v⟩dx + ∫ Λ uvdx, u, v ∈ {g ∈ L^2(Λ; dx) : |∇g| ∈ L^2(Λ; dx)}.

Let {λ_n : n ≥ 1} be all (Neumann) eigenvalues of (−Δ+1)_N on Λ and e_n the corresponding normalized eigenfunction of λ_n. For δ ∈ R, define

H_δ = { u ∈ L^2(Λ, dx) : ∞∑ n=1 λ^δ_n⟨u, e_n⟩^2_L2_{(Λ;dx)} < ∞ } ,

⟨u, v⟩_{Hδ} = ∞∑ n=1 λ^δ_n⟨u, e_n⟩_L2_{(Λ;dx)}⟨v, e_n⟩_L2_{(Λ;dx)}, u, v ∈ H_δ.

We now fix δ, δ̃ > 0, let μ be the mean zero Gaussian probability measure on E := H_−~_δ such that ∫ E E^′ ⟨l, z⟩ 2 E μ(dz) = ‖l‖^2_{−1}, l ∈ E^′ := H~_δ.

For n ≥ 1, let H_n(t) :=

∑_{[n/2]}

m=0(−^1_2 )^{m n!tn−2m}

(n−2m)!m! , let ϱ ∈ C ∞ 0 (R^2) with ϱ ≥ 0, ∫ ϱ(x)dx = 1 and ϱ(x) = ϱ(−x). For κ ≥ 1 let ϱ_{κ,x}(y) := 2^{2κ}ϱ(2^κ(x − y)), z_κ(x) :=_E′ ⟨ϱ_{κ,x}, z⟩_E and c_κ(x) := ∫ z_κ(x)^2μ(dz), x ∈ Λ, z ∈ E. Then for any h ∈ L^2(Λ; dx), ∫ Λ H_n(c_κ(x)^{−1/2}z_κ(x))c_κ(x)^{n/2}h(x)dx

converges in L^p(μ) for any p ≥ 1, and the limit is independent of the choice of ϱ(x) (see e.g. [24]). Denote the limit by : z^n : (h) which is known as the Wick power of a random variable (see e.g. [25]).

Now, fix N ≥ 1, a_n ∈ R, 0 ≤ n ≤ 2N with a_{2N} > 0. Define

V (z) = C − 2N∑ n=0 a_n : z^n : (1_Λ), z ∈ E,

where C is a constant such that dμ̄ = e^V dμ is a probability measure. V has the following properties.

a) (see e.g. Theorems V. 2 and V.7 in [25]). There exists c > 0 such that ‖V ‖_Lp_{(μ)} ≤ c(p − 1)^N , p ≥ 2, and exp[V ] ∈ L^p(μ) for all p ≥ 1.

b) (see e.g. Theorem V.5 in [25]). There exist a, b > 0 such that μ({V > b(log K)^N }) ≤ exp[−K^a] for big K.

c) (see Proposition 7.2 and (7.19) in [24]). For any p ≥ 1, |∇^{(δ)}V |^2 :=

∑_∞ j=1(^{∂V}_{∂kj} )^2 ∈ L^p(μ),

where k_j = λ^{−δ/2}_j e_j.

Theorem 6.2. Let δ ∈ [0,^1_2 ). For any c > (e/N)^N , there exists c^′ > 0 such that

μ̄(f^2) ≤ ᾱ(r)μ̄(|∇^{(δ)}f|^2) + r‖f‖^2_∞, f ∈ FC^∞_b , μ̄(f) = 0, r > 0, (6.3)

for ᾱ(r) = c^′ exp{c[log(1 + r^{−1})]^N }, r > 0.

Proof. By b) there exist a, r_0 > 0 such that

θ(r) ≤ exp { − exp[ar^{1/N} ] } , r ≥ r_0. (6.4)

By a) there exists c_1 > 0 such that

θ(−r) ≤ μ(|V | > r) ≤ inf_{p≥2} c_1(p − 1)^{Np}r^{−p}, r > 0.

Taking p = e^{−1}r^{1/N} for r ≥ (2e)^N , we have p^{Np}r^{−p} = e^{−Np} and hence

θ(−r) ≤ c_1 exp[−Ne^{−1}r^{1/N} ], r ≥ (2e)^N . (6.5)

Now, for fixed s ∈ (1/2, 1), let p > 1 be such that (p − 1)/p = s. By c) we have |∇^{(δ)}V |^2 ∈ L^p(μ). Since δ < 1/2 the Poincaré inequality holds for μ and E(f, f) := μ(|∇^{(δ)}f|^2), i.e. (6.1) holds for some α with α(0) := lim_{r↓0} α(r) < ∞, Γ(f, f) = |∇^{(δ)}f|^2 and D(Γ) = FC^∞_b . Hence using that exp[V ] ∈ ∩_{p≥1}L^p(μ) (cf. a) above) we see that there exists c_2 > 0 such that ϑ(r_1, r_2, 0) ≤ c_2e^{r1} [θ(r_1) + θ(−r_2)]^s, r_1, r_2 > 0. Combining this with (6.4) and (6.5), we obtain

ϑ(r_1, r_2, 0) ≤ c_2e^{r1} { exp [ − exp[ar^{1/N}_1 ] ] + c_1 exp[−Nr^{1/N}_2 e^{−1}]

}_s (6.6)

for r_1, r_2 ≥ r_0 ∨ (2e)^N . Obviously, there exists r_3 > 0 such that for any r ∈ (0, r_3), there exist r_1, r_2 ≥ r_0 ∨ (2e)^N such that

exp{r_1 − s exp[ar^{1/N}_1 ]} = c^s_1 exp[r_1 − sNr^{1/N}_2 e^{−1}] = r 2^sc_2

. (6.7)

By (6.6) we have ϑ(r_1, r_2, 0) ≤ r for r_1, r_2 > 0 solving (6.7). It is easy to see that for any ε ∈ (0, 1), there exists c_3 > 0 (independent of r_1, r_2, r_3, s) such that

r_1 ≤ ε log r^{−1} + c_3, r_2 ≤

[(1 + ε)e sN log r^{−1}

]_N + c_3,

for all r ∈ (0, r_3) and the corresponding r_1, r_2 > 0 solving (6.7). Hence we obtain (6.3) from Theorem 6.1 for ᾱ(r) = c(ε)r^{−ε} exp [( (1 + ε)e sN log r^{−1}

)_N ]

for some c(ε) > 0. Then the proof is completed since ε > 0 is arbitrary and s ↑ 1 as p ↑ ∞.

The following is a direct consequence of Theorems 2.1 and 6.2.

Corollary 6.3. Let P̄_t be the semigroup on L^2(μ̄) associated to Ē(f, f) := μ̄(|∇^{(δ)}f|^2). For any c ∈ (0, N/e) there exists c^′ > 0 such that

μ̄((P̄_tf)^2) ≤ c^′ exp [ − c(log(1 + t))^{1/N} ] ‖f‖^2_∞, μ̄(f) = 0, f ∈ L^∞(μ̄), t > 0.

7 Weak Poincaré inequalities on configuration spaces

In this section we study weak Poincaré inequalities for Dirichlet forms determined by the gradient operator and Poisson measures on a configuration space. We refer to [4, 5, 22] for previous results concerning analysis and geometry on configuration spaces. We first recall some basic notions in the literature.

Let M be a connected noncompact Riemannian manifold, and σ an infinite Radon measure on M with σ(K) < ∞ for any compact K ⊂ M. The configuration space over M is defined by

Γ := {γ ⊂ M : |γ ∩ K| < ∞ for any compact K ⊂ M},

where |A| denotes the cardinality of A. As usual, we identify γ with the measure ∑ x∈γ δ_x.

For any f ∈ C^∞_0 (M) and any γ ∈ Γ, denote ⟨f, γ⟩ := γ(f) := ∑ x∈γ f(x). Let

FC^∞_b = {g(⟨f_1, ·⟩, · · · , ⟨f_N , ·⟩) : N ≥ 1, g ∈ C^∞_b (R^N ), f_1, · · · , f_N ∈ C^∞_0 (M)}.

For Λ ⊂ M, let FC^∞_b (Λ) be defined as FC^∞_b with Λ in place of M. We consider the vague topology on Γ. Denote by B(Γ) the corresponding Borel σ-field. Let π_σ denote the (pure) Poisson measure on Γ with intensity σ, i.e. π_σ is the unique measure on (Γ, B(Γ)) with Laplace transform ∫ Γ exp[γ(f)]π_σ(dγ) = exp [ σ(e^f − 1) ] , f ∈ C^∞_0 (M).

For F ∈ FC^∞_b and v ∈ V_0(M), the set of smooth vector fields on M with compact supports, define

(∇^Γ_v F )(γ) = d dt F ( exp_γ (tv) )| t=0,

where exp_γ (tv) = {exp_x(tv_x) : x ∈ γ}. If F = g(⟨f_1, ·⟩, · · · , ⟨f_N , ·⟩), then

∇^Γ_v F (γ) = N∑ i=1 ∂_ig(⟨f_1, γ⟩, · · · , ⟨f_N , γ⟩)γ(⟨v, ∇f_i⟩) = γ ( ⟨v, ∇^ΓF (γ)⟩ ) , where ∇^ΓF (γ) =

∑_N i=1 ∂_ig(⟨f_1, γ⟩, · · · , ⟨f_N , γ⟩)∇f_i ∈ V_0(M).

For γ ∈ Γ, let T_γ Γ := L^2(M → T M; γ) be the tangent space at γ, equipped with the product ⟨·, ·⟩_{Tγ Γ} = ⟨·, ·⟩_L2_{(M→T M;γ)}. We have | ∇^ΓF (γ)

|_2

:= ⟨∇^ΓF (γ), ∇^ΓF (γ)⟩_{Tγ Γ} = N∑ i,j=1

∂_ig(⟨f_1, γ⟩, · · · ⟨f_N , γ⟩)∂_jg(⟨f_1, γ⟩, · · · , ⟨f_N , γ⟩)γ(⟨∇f_i, ∇f_j⟩).

For F, G ∈ FC^∞_b , define E(F, G) = π_σ (⟨∇^ΓF, ∇^ΓG⟩_{T·Γ}) which is a pre-Dirichlet form on L^2(π_σ). It is known that (see e.g. Proposition 4.3 in [22]) (E, FC^∞_b ) is closable provided σ(dx) = p(x)dx with p, |∇p|/p ∈ L^1_{loc}(dx) and √ p ∈ H^{1,2}_{loc} (dx), where dx denotes the Riemannian volume element. We assume that (E, FC^∞_b ) is closable and let (E, D(E)) denote the closure.

Let δ(F ) := sup F − inf F for a bounded function F , and let

λ_σ(r) := inf{σ(|∇f|^2) : f ∈ C^∞_0 (M), σ(f^2) = 1, ‖f‖^2_∞ ≤ r}, gap(E) := inf{E(F, F ) : F ∈ FC^∞_b , π_σ(F^2) − π_σ(F )^2 = 1}.

The main result in this section is the following.

Theorem 7.1. We have λ_σ(r) > 0 for any r > 0 if and only if there exists α : (0, ∞) → (0, ∞) such that

π_σ(F^2) − π_σ(F )^2 ≤ α(r)E(F, F ) + rδ(F )^2, r > 0, F ∈ FC^∞_b , (7.1)

and (7.1) holds for α(r) = λ_σ(1/r)^{−1} provided λ_σ(r) > 0 for all r > 0. In particular, gap(E) = λ_σ(∞).

To prove Theorem 7.1 we need some preparations. We will frequently use the following local representation of π_σ . For Λ ∈ O_c(M) (i.e. Λ is a relatively compact open subset of M), and for F ∈ FC^∞_b (Λ), let F_0 = F (∅), F_n ∈ C^∞_b (M^n) with F_n(x_1, · · · , x_n) := F ({x_1, · · · , x_n}) if x_i ≠ x_j for i ≠ j. We have π_σ(F ) = ∞∑ n=0 σ^n_Λ(F_n) exp[σ(Λ)]n!

, (7.2)

where σ^n_Λ on M^n is the product measure of σ_Λ := σ(· ∩ Λ), and σ^0_Λ(F_0) := F_0 = F (∅). The following lemma is well-known. We include a proof for completeness.

Lemma 7.2. For f ∈ C^∞_0 (M), let F = ⟨f, ·⟩ − σ(f). We have π_σ (F^4) = σ(f^4) + 3σ(f^2)^2.

Proof. Let G = ⟨f, ·⟩. We have

F^4 = G^4 − 4G^3σ(f) + 6G^2σ(f)^2 − 4Gσ(f)^3 + σ(f)^4.

Let h(r) := π_σ(e^{rG}) = exp[σ(e^{rf} − 1)], we have^{dn}_{drn} h|_{r=0} = π_σ(G^n), n ≥ 1. Then π_σ(G) = σ(f), π_σ(G^2) = σ(f)^2 + σ(f^2), and

π_σ(G^3) = σ(f)^3 + 3σ(f)σ(f^2) + σ(f^3), π_σ(G^4) = σ(f)^4 + 6σ(f^2)σ(f)^2 + 3σ(f^2)^2 + 4σ(f)σ(f^3) + σ(f^4).

Therefore, the desired result follows immediately.

Lemma 7.3. If λ_σ(c) > 0 for some c > 0, then

σ(f^2) ≤ 1 λ_σ(c) σ(|∇f|^2) + 1 c ‖f‖^2_∞, f ∈ C^∞_0 (M). (7.3)

Conversely, if (7.3) holds with some c^′ > 0 replacing λ_σ(c), then for any r ∈ (0, c), we have λ_σ(r) ≥ (c − r)c^′/c.

Proof. For any f ∈ C^∞_0 (M), let f̄ = f/ √ σ(f^2). We have σ(f̄^2) = 1, ‖f̄‖^2_∞ = ‖f‖^2_∞/σ(f^2).

If λ_σ(c) > 0 and σ(f^2) ≥ ‖f‖^2_∞/c, then ‖f̄‖^2_∞ ≤ c and σ(|∇f̄|^2) ≥ λ_σ(c), hence σ(|∇f|^2) ≥ λ_σ(c)σ(f^2). Therefore (7.3) holds.

On the other hand, if (7.3) holds with c^′ replacing λ_σ(c), then for any f ∈ C^∞_0 (M) with σ(f^2) = 1 and ‖f‖^2_∞ ≤ r ∈ (0, c), we have σ(|∇f|^2) ≥ c^′[1 − r/c]. This proves the second assertion.

Lemma 7.4. Let μ_Λ := σ_Λ/σ(Λ). Let ∇^n denote the gradient operator on M^n. If (7.3) holds for all c > 0 then

μ^n_Λ(F^2_n ) − μ^n_Λ(F_n)^2 ≤ μ^n_Λ(|∇^nF_n|^2) λ_σ(1/r) + rnδ(F )^2

σ(Λ)

, r > 0, F ∈ FC^∞_b (Λ), n ≥ 1. (7.4)

Proof. Let F = g(⟨f_1, ·⟩, · · · , ⟨f_N , ·⟩) ∈ FC^∞_b (Λ). Noting that F_1 − F_0 ∈ C^∞_0 (Λ), by (7.3) for c = 1/r we obtain

μ_Λ(F^2_1 ) − μ_Λ(F_1)^2 ≤ μ_Λ ( (F_1 − F_0)^2 ) ≤ 1 λ_σ(1/r) μ_Λ(|∇F_1|^2) + rδ(F )^2 σ(Λ) . Hence (7.4) holds for n = 1. Assume that (7.4) holds for n = k, it suffices to prove it for n = k + 1. Since

h := ∫ Λ^k

F_{k+1}(x_1, · · · , x_k, ·)μ^k_Λ(dx_1, · · · , dx_k) − ∫ Λ^k

F_kdμ^k_Λ ∈ C^∞_0 (Λ),

we have ∫ Λ ( ∫ Λ^k

F_{k+1}(x_1, · · · , x_k, ·)μ^k_Λ(dx_1, · · · , dx_k)

)_2 dμ_Λ − μ^{k+1}_Λ (F_{k+1})^2

≤ μ_Λ(h^2) ≤ μ_Λ(|∇h|^2) λ_σ(1/r) + rδ(F )^2 σ(Λ) . By this and applying (7.4) with n = k to

F^x(γ) := g(⟨f_1, γ⟩ + f_1(x), · · · , ⟨f_N , γ⟩ + f_N (x))

for each x ∈ M, we obtain

μ^{k+1}_Λ (F^2_{k+1}) − μ^{k+1}_Λ (F_{k+1})^2 = ∫ Λ [ μ^k_Λ ( (F^x_k )^2 ) − μ^k_Λ(F^x_k )^2 ] μ_Λ(dx) + ∫ Λ μ_Λ(dx_{k+1}) ( ∫ Λ^k

F_{k+1}(x_1, · · · , x_{k+1})μ^k_Λ(dx_1, · · · , dx_k)

)_2

− μ^{k+1}_Λ (F_{k+1})^2 ≤ 1 λ_σ(1/r) ∫ Λ μ^k_Λ(|∇^kF^x_k |^2)μ_Λ(dx) + rkδ(F )^2 σ(Λ) + 1 λ_σ(1/r) μ_Λ (| | |∇ ∫ Λ^k

F_{k+1}(x_1, · · · , x_k, ·)μ^k_Λ(dx_1, · · · , dx_k) | | | | 2) + rδ(F )^2 σ(Λ) ≤ 1 λ_σ(1/r) μ^{k+1}_Λ (|∇^{k+1}F_{k+1}|^2) + r(k + 1)δ(F )^2 σ(Λ) .

Lemma 7.5. Let p_λ(i) := exp[−λ]λ^i/i!, λ ≥ 1, i ≥ 0. For any ε > 0 and r ∈ (0, 1/2], there exists λ_{ε,r} ≥ 1 such that for all λ ∈ [λ_{ε,r}, ∞) and all bounded α : Z_+ → R,

∞∑ i=0 p_λ(i)α^2_i −

(_∞∑ i=0 p_λ(i)α_i

)_2

≤ 8r^2e^{2/r}(π + ε) ∞∑ i=1 ip_λ(i)(α_i − α_{i−1})^2 + 2r[sup α_i − inf α_i]^2.

Proof. Let ξ_λ be the Poisson random variable with intensity λ, then Eξ_λ = E|ξ_λ−λ|^2 = m. For any I ⊂ Z_+ with s := P (ξ_λ ∈ I) ∈ [r, 1/2], we have P ( |ξ_λ − λ| ≥ √ λ/s + 1/2 ) < s.

Then

(Z_+ \ I) ∩ ( λ − √ λ/s − 1, λ + √ λ/s + 1 ) ≠ ∅, I ∩ ( λ − √ λ/s − 1, λ + √ λ/s + 1 ) ≠ ∅.

(7.5)

It is easy to check that p_λ(i) is increasing in i for i ≤ λ and decreasing in i for i ≥ λ, and for any ε^′ > 0,

log p_λ ([ λ + √ λ/s ] z + 1 ) − log p_λ([λ]_z) = ([ λ + √ λ/s ] z + 1 − [λ]_z ) log λ − log ([ λ + √ λ/s ] z + 1 ) ! [λ]_z! ≥ − (√ λ/s + 2 ) log ( 1 + 1 + √ λ/s λ )

≥ − 1 λ (√ λ/s + 1 )( 2 + √ λ/s ) ≥ − 1 s − ε^′

for big enough λ, where [r]_z = max{i ∈ Z : i ≤ r} for r > 0. We have the same estimate for [ λ − √ λ/s ] z − 1 in place of [ λ + √ λ/s ] z + 1. Then, for sufficiently big λ, we have

p_λ(i) ≥ exp[−s^{−1} − ε^′]p_λ([λ]_z), i ∈ Z_+ ∩ [ λ − √ λ/s − 1, λ + √ λ/s + 1 ] . (7.6)

To apply Theorem 5.1, let a_i = i, b_i = λ, i ≥ 0. Define

J(i, j) = a_ip_λ(i), if j = i − 1,

b_ip_λ(i), if j = i + 1

0, otherwise, i, j ∈ Z_+.

Then J is symmetric and

∞∑ i=1 ip_λ(i)(α_i − α_{i−1})^2 = 1 2 ∞∑ i,j=0

(α_i − α_j )^2J(i, j). (7.7)

Let J̃ = 1_{{γ>0}}J /√ γ for γ(i, j) := (a_i + b_i) ∨ (a_j + b_j ). By (7.5) and (7.6), for big λ and any I ⊂ Z_+ with P (ξ_λ ∈ I) =: s ∈ [r, 1/2], we have

J(I × I^c) μ(I)

≥ min { ip_λ(i) s √ 2λ + √ λ/s + 1

: i ∈ Z_+ ∩ [ λ − √ λ/s − 1, λ + √ λ/s + 1 ] }

≥ ( λ − √ λ/s − 1 ) exp[−s^{−1} − ε^′]p_λ([λ]_z) s √ 2λ + √ λ/s + 1 . (7.8)

Noting that √ λp_λ([λ]_z) → 1/ √ 2π as m → ∞, and s^{−1} exp[−s^{−1}] ≥ r^{−1} exp[−r^{−1}] for s ∈ [r, 1/2], we obtain from (7.8) that, for any ε > 0, there exists m_{ε,r} ≥ 1 such that k̃(r) ≥ { 2r exp[r^{−1}] √ π + ε

}_{−1}

provided λ ≥ λ_{ε,r}. Then the proof is completed by Theorem 5.1 and (7.7).

Proof of Theorem 7.1 Assume that (7.1) holds for some α, we are going to prove λ_σ(c) > 0 for any c > 0. If λ_σ(c) = 0 for some c > 0, then there exists {f_n} ⊂ C^∞_0 (M) such that σ(f^2_n) = 1, ‖f_n‖^2_∞ ≤ c and σ(|∇f_n|^2) → 0 as n → ∞. By an approximation argument (cf. the last paragraph of this proof), we may apply (7.1) to functions F^{(n)} := ⟨f_n, ·⟩ − σ(f_n). Then π_σ(F^{(n)}) = 0, π_σ(F^{(n)2}) = 1 and E(F^{(n)}, F^{(n)}) = σ(|∇f_n|^2) → 0 as n → ∞. By Proposition 1.2, for any ε ∈ (0, 1) one has

lim_{n→∞} π_σ(|F^{(n)}| > ε) = 0. (7.9)

On the other hand, we have

1 = π_σ(F^{(n)2}) ≤ ε + π_σ (F^{(n)2}1_{{|F} (n)_{|>ε}}) ≤ ε + √ π_σ(F^{(n)4})π_σ(|F^{(n)}| > ε).

Therefore, Lemma 7.2 implies that

π_σ(|F^{(n)}| > ε) ≥

(1 − ε)^2 π_σ(F^{(n)4}) = (1 − ε)^2 σ(f^4_n) + 3σ(f^2_n)^2 ≥ (1 − ε)^2 c + 3

since ‖f_n‖^2_∞ ≤ c and σ(f^2_n ) = 1. This is a contradiction to (7.9).

Conversely, if λ_σ(c) > 0 for any c > 0, Lemmas 7.3 and 7.4 imply (7.4). It follows from (7.2) and (7.4) that

π_σ (F^2) − ∞∑ n=0 μ^n_Λ(F_n)^2σ(Λ)^n exp[σ(Λ)]n! ≤ 1 λ_σ(r^{−1})

E(F, F ) + rδ(F )^2, r > 0, F ∈ FC^∞_b (Λ).

(7.10)

Now, for Λ_0 ∈ O_c(M) and F ∈ FC^∞_b (Λ_0), take Λ_k ⊃ Λ_0 such that Λ_k ↑ M as k ↑ ∞. Noting that F_n(x_1, · · · , x_n) = F_{n−1}(x_1, · · · , x_{n−1}) if x_n /∈ Λ_0, we obtain

|μ^n_{Λk} (F_n) − μ^{n−1}_{Λk} (F_{n−1})| ≤ ∫ Λ^n_k

|F_n(x_1, · · · , x_n) − F_{n−1}(x_1, · · · , x_{n−1})|μ^n_{Λk} (dx_1, · · · , dx_n)

≤ δ(F )μ_{Λk} (Λ_0) = δ(F )σ(Λ_0)

σ(Λ_k) . (7.11)

By (7.2) one has π_σ (F ) =

∑_∞ n=0 μ^n_{Λk} (F_n)σ(Λ_k )^n exp[σ(Λ_k )]n! . Then, by applying Lemma 7.5 with ε =

1, λ = σ(Λ_k), α_i = μ^i_{Λk} (F_i), and using (7.10) and (7.11), we obtain

π_σ (F^2) − π_σ (F )^2 ≤ 1 λ_σ(r^{−1})

E(F, F ) +

(8r2_1e2/r_1 (π + 1)σ(Λ_0)2 σ(Λ_k)

+ r + 2r_1 ) δ(F )^2

(7.12)

for all r_1, r ∈ (0, 1/2] and sufficiently big k. By letting first k ↑ ∞ then r_1 ↓ 0 in (7.12), we obtain (7.1) for α(r) = λ_σ(1/r)^{−1}.

Finally, we obtain gap(E) ≥ λ_σ(∞) by letting r → 0 in (7.1) with α(r) = λ_σ(1/r)^{−1}. It remains to prove gap(E) ≤ λ_σ(∞). For any f ∈ C^∞_0 (M) and n ≥ 1, let F^{(n)} = g_n(⟨f, ·⟩) − π_σ(g_n(⟨f, ·⟩), where g_n ∈ C^∞_b (R) satisfying g_n(r) = r for |r| ≤ n, g_n(r) = sign(r)(n + 1) for |r| ≥ n + 2, and |g^′_n| ≤ 1. We have π_σ (F^{(n)}) = 0, π_σ(F^{(n)2}) → σ(f^2) as n → ∞, and

π_σ(|∇^ΓF^{(n)}|^2) ≤ ∞∑ i=1 iσ(Λ)^{i−1} exp[σ(Λ)]i!

σ(|∇f|^2) = σ(|∇f|^2),

where Λ ∈ O_c(M) be such that suppf ⊂ Λ.

As an extension of Cheeger’s inequality for λ_σ(∞) which is well-known in geometry (cf. [9]), we present the following result for λ_σ(r).

Proposition 7.6. For r > 0, let k(r) := inf_{σ(A)∈(r,∞)} σ_∂ (∂A)/σ(A), where A runs over all bounded smooth domains, and σ_∂ (∂A) denotes the area of ∂A induced by σ. If k(r) > 0, then λ_σ(s) ≥ (1 − rs)^2k(r)^2/4 for s ∈ (0, 1/r). On the other hand, assume that p :=^{dσ}_{dx} is positive and C^2. Let P_t denote the semigroup generated by L := Δ + ∇ log p on L^2(σ). If |∇P_tf|^2 ≤ h(t)P_t|∇f|^2 for some positive h ∈ C[0, ∞) and all f ∈ C^∞_b (M), then λ_σ(s) > 0 implies k(r) > 0 for r > 1/s.

Proof. Assume that k(r) > 0. For any f ∈ C^∞_0 (M) with σ(f^2) = 1, by the coarea formula,

σ(|∇f^2|) =

∫_∞ 0 σ_∂ ({f^2 = t})dt ≥ k(r)

∫_{tr} 0 σ(f^2 > t)dt,

where t_r = sup{t > 0 : σ(f^2 > t) ≥ r}. Then

σ(f^2) =

∫_∞ 0 σ(f^2 > t)dt ≤

∫_{‖f‖}2_∞

t_r

σ(f^2 > t)dt + 1 k(r) σ(|∇f^2|) ≤ 2 k(r) √ σ(|∇f|^2) + r‖f‖^2_∞.

Then, for s ∈ (0, 1/r) and ‖f‖^2_∞ ≤ s, we have

1 = σ(f^2) ≤

4σ(|∇f|^2) k(r)^2(1 − rs)^2 . Therefore, λ_σ(s) ≥ k(r)^2(1 − rs)^2/4.

On the other hand, assume λ_σ(s) > 0. By (7.3) we obtain

σ((P_tf)^2) ≤ exp[−2λ_σ(s)t]σ(f^2) + ‖f‖^2_∞/s, f ∈ C^∞_0 (M). (7.13) If |∇P_tf|^2 ≤ h(t)P_t|∇f|^2 for some positive h ∈ C[0, ∞) and all f ∈ C^∞_b (M), then P_t is conservative and (4.4) holds. For any bounded smooth domain A with σ(A) := r > 1/s, by taking f = 1_A in (4.4) and (7.13) we obtain

c_1tσ_∂ (∂A) ≥ σ ( 1_A(1 − P_t1_A) ) + σ(1_Ac P_t1_A) = 2σ(A) − 2σ ( (P_{t/2}1_A)^2 ) ≥ 2σ(A) − 2 exp[−λ_σ (s)t]σ(A) − 2/s ≥ 2 ( 1 − exp[−λ_σ (s)t] − 1/(sr) ) σ(A).

Therefore,

inf_{σ(A)≥r} σ_∂ (∂A) σ(A)

≥ sup_{t≥1} 2 c_1t ( 1 − exp[−λ_σ (s)t] − 1/(sr) ) > 0.

Finally, we present two typical examples, where in the first example E is irreducible but (7.1) does not hold, and in the second (7.1) holds but gap(E) = 0.

Example 7.7. Let M = R^d and let σ be the Lebesgue measure. Then (E, D(E)) is irreducible (see e.g. [22]) but (7.1) does not hold. Indeed, for any R > 0 with σ(B_R) ≥ 1, taking f = (R + 1 − ρ)^+ ∧ 1, where ρ(x) := |x|, we have f^2/σ(f^2) ≤ 1 and hence

λ_σ(1) ≤ σ(|∇f|^2) σ(f^2) ≤ σ(B_{R+1}) − σ(B_R) σ(B_R) which goes to zero as R → ∞. Therefore (7.1) does not hold according to Theorem 7.1.

Example 7.8. Let M be the d-dimensional hyperbolic space with d > 4. Let o ∈ M be fixed and ρ the distance function from a fixed point o. Take a sequence {x_n} ⊂ M such that ρ(x_n) = n. Let σ_0(dx) = dx be the Riemannian volume element. Let σ_n(dx) = p_n(x)dx for some smooth p_n ≥ 0 satisfying p_n|_{Bn−2 (xn)}c = 0, p_n|_{Bn−2/2(xn)} = n^{4+δ} = max p_n, where δ ∈ (0, 2d − 9) is a constant and B_r(x) denotes the geodesic ball with center x and radius r. Let σ =

∑_∞ n=0 σ_n, then (7.1) holds for some α but gap(E) = 0.

Proof. For any n ≥ 1, let f_n ∈ C^∞_0 (M) be such that f_n|_{Bn−2 (xn)} = 1, f_n|_{B2n−2 (xn)}c = 0, |∇f_n| ≤ 2n^2. We have

σ(|∇f_n|^2)

σ(f^2_n) ≤ 4σ_0(B_{2n}−2 (x_n) \ B_n−2 (x_n)) n^δ σ_0(B_n−2_{/2}(x_n))

≤ cn^{−δ}

for some c > 0 and all n ≥ 1. Therefore, λ_σ(∞) = 0. By Theorem 7.1 we have gap(E) = 0.

It remains to prove (7.1). For n ≥ 1, let M_n = M \ ∪_{i>n}B_i−2 (x_i). Obviously, we have 1 ≤ p := 1 +

∑_∞

n=1 p_n ≤ 1 + n^{4+δ} on M_n. Since Δρ ≥ d − 1, by the integration by parts formula, we obtain

σ_∂ (∂A) σ(A) ≥ (σ_0)_∂ (∂A) (1 + n^{4+δ})σ_0(A) ≥ d − 1 1 + n^{4+δ} for all bounded smooth A ⊂ M_n. By the coarea formula (cf. the proof of Proposition 7.6), we arrive at

σ(f^2) ≤

1 + n^{4+δ} d − 1 σ(|∇f^2|), f ∈ C^∞_0 (M_n). (7.14)

For i > n, let h_i ∈ C^∞_0 (M) such that h_i|_{Bi−2 (xi)} = 0, h_{B2i−2 (xi)}c = 1 and |∇h_i| ≤ 2i^2. For any f ∈ C^∞_0 (M), let f_n = f ∏ i>n h_i. By (7.14),

σ(f^2_n) ≤

1 + n^{4+δ} d − 1 σ(|∇f^2|) +

4(1 + n^{4+δ} )

d − 1

‖f‖^2_∞ ∑ i>n σ_0(B_{2i}−2 (x_i) \ B_i−2 (x_i))i^4 ≤ 1 + n^{4+δ} d − 1 σ(|∇f^2|) + cn^{−2d+9+δ}‖f‖^2_∞,

(7.15) for some c > 0 independent of n and f. Therefore,

σ(f^2) ≤ σ(f^2_n) + ‖f‖^2_∞ ∑ i>n σ(B_{2i}−2 (x_i)) ≤ 1 + n^{4+δ} d − 1 σ(|∇f^2|) + cn^{−2d+9+δ}‖f‖^2_∞ + c_1‖f‖^2_∞ ∑ i>n i^{4+δ−2d} ≤ 2(1 + n^{4+δ}) d − 1 √ σ(|∇f|^2)σ(f^2) + c_2n^{9+δ−2d}‖f‖^2_∞, n ≥ 1, f ∈ C^∞_0 (M),

for some c_1, c_2 > 0. Then for any r > 0 and any f ∈ C^∞_0 (M) with σ(f^2) = 1 and ‖f‖^2_∞ ≤ r, we have

σ(|∇f|^2) ≥ sup_{n≥1} [ (d − 1)(1 − rc_2n^{9+δ−2d})^+ 2(1 + n^{4+δ})

]_2

=: c(r) > 0.

Therefore, λ_σ(r) ≥ c(r) > 0 for any r > 0, and the assertion follows by Theorem 7.1.

References

[1] S. Aida, Uniformly positivity improving property, Sobolev inequalities and spectral gaps, J. Funct. Anal. 158(1998), 152–185.

[2] S. Aida, T. Masuda and I. Shigekawa, Logarithmic Sobolev inequalities and exponential integrability, J. Funct. Anal. 126(1994), 83–101.

[3] S. Albeverio, Y. G. Kondratiev and M. Röckner, Ergodicity of L^2-semigroups and extremality of Gibbs states, J. Funct. Anal. 144(1997), 394–423.

[4] S. Albeverio, Y. G. Kondratiev and M. Röckner, Analysis and geometry on configuration spaces, J. Funct. Anal. 154(1998), 444–500.

[5] S. Albeverio, Y. G. Kondratiev and M. Röckner, Geometry and analysis on configuration spaces: the Gibbsian case, J. Funct. Anal. 157(1998), 242–291.

[6] D. Bakry and M. Ledoux, Lévy-Gromov’s isoperimetric inequality for an infinitedimensional diffusion generator, Invent. Math. 123(1996), 259–281.

[7] L. Bertini and B. Zegarlinski, Coercive inequalities for Gibbs measures, J. Funct.

Anal. 162(1999), 257–286.

[8] P. Buser, A note on the isoperimetric constant, Ann. Sci. École Norm. Sup. 15(1992), 213–230.

[9] I. Chavel, Eigenvalues in Riemannian Geometry, Academic Press, 1984.

[10] J. Cheeger, A lower bound for the smallest eigenvalue of the Laplacian, in “Problems in Analysis” (Gunning, R.C., ed.) 195–199, Princeton Univ. Press, Princeton, N. J. 1970.

[11] M. F. Chen, Nash inequalities for general symmetric forms, Act. Math. Sin. (English Ed.) 15(1999), 353–370.

[12] M. F. Chen, Logarithmic Sobolev inequality for symmetric forms, Sci. Sin. (A), to appear.

[13] M. F. Chen and F. Y. Wang, General formula for lower bound of the first eigenvalue, Sci. Sin. (A) 40(1997), 384–394.

[14] M. F. Chen and F. Y. Wang, Estimation on spectral gap for elliptic operators, Trans.

Amer. Math. Soc. 349(1997), 1239–1267.

[15] M. F. Chen and F. Y. Wang, Cheeger’s inequalities for general symmetric forms and existence criteria for spectral gap, Ann. of Probab. to appear; results claimed in Chi. Sci. Bull.(English Ed.) 43(1998), 1516–1519.

[16] F. Z. Gong and F. Y. Wang, Functional inequalities for uniformly integrable semigroups and applications, SFB Preprint 99-080, Bielefeld, to appear in Forum Math.

[17] P. Jona-Lasinio and P. K. Mitter, On the stochastic quantization of field theory, Comm. Math. Phys. 101(1985), 409–436.

[18] M. Ledoux, A simple proof of an inequality by P. Buser, Proc. Amer. Math. Soc.

121(1994), 951–958.

[19] T. M. Liggett, L^2 rates of convergence for attractive reversible nearest particle systems, Ann. Probab. 19(1991), 935–959.

[20] Z. M. Ma and M. Röckner, Introduction to Theory of (Non-Symmetric) Dirichlet Forms, Springer-Verlag, Berlin, 1992.

[21] P. Mathieu, Quand l’inégalite log-Sobolev implique l’inégalite de trou spectral, Séminaire de Probabilités XXXII, 30–35, Lecture Notes in Math. 1686, Springer- Verlag, Berlin, 1998.

[22] M. Röckner, Stochastic analysis on configuration spaces: basic ideas and recent results, in “New Directions in Dirichlet Forms,” 157–231, AMS/IP Stud. Adv. Math. 8, Amer. Math. Soc. Providence, RI, 1998.

[23] M. Röckner and F. Y. Wang, Supercontractivity and ultracontractivity for (nonsymmetric) diffusion semigroups on manifolds, revision of SFB Preprint 99-088, Bielefeld.

[24] M. Röckner and T. S. Zhang, Uniqueness of generalized Schrödinger operators and applications, J. Funct. Anal. 105(1992), 187–231.

[25] B. Simon, The P (Φ)_2-Euclidean (Quantum) Field Theory, Princeton Univ. Press, Princeton, NJ. 1974.

[26] F. Y. Wang, Application of coupling method to the Neumann eigenvalue problem, Probab. Theory Relat. Fields 98(1994), 299–306.

[27] F. Y. Wang, Existence of the spectral gap for elliptic operators, Arkiv för Matematik 37(1999), 395–407.

[28] F. Y. Wang, Functional inequalities for empty essential spectrum, J. Funct. Anal.

170(2000), 219–245.

[29] F. Y. Wang, Estimates of semigroups and eigenvalues using functional inequalities, SFB Preprint 99-125, Bielefeld.

[30] F. Y. Wang, Sobolev type inequalities for general symmetric forms, Proc. Amer. Math.

Soc. to appear.

[31] S. T. Yau, Isoperimetric constants and the first eigenvalue of a compact manifold, Ann. Sci. École Norm. Sup. 8(1975), 487–501.