GENERATORS OF MEHLER-TYPE SEMIGROUPS AS PSEUDO-DIFFERENTIAL OPERATORS

PAUL LESCOT AND MICHAEL RÖCKNER

Abstract. We study semigroups (P_t)_{t≥0} on a Hilbert space E, given by a Mehler-type formula:

P_tf(x) = ∫ E f ( T_tx + y ) μ_t(dy).

Under reasonable assumptions, the L^p(E, μ)–generator A_0 of (P_t)_{t≥0} turns out to be expressible as a pseudo-differential operator, provided μ is an invariant measure for (P_t)_{t≥0}. The question of L^p– uniqueness is also answered positively.

1991 Mathematics Subject Classification. Primary 47D03, 60H15; Secondary 47D07. 1

Contents

1. Introduction and main results 2 2. Proof of a special case 6 3. Proofs of Theorems 1.1 and 1.2 11 4. Proof of Theorem 1.3 18 Acknowledgements 21 References 21

1. Introduction and main results

One motivation to study Ornstein-Uhlenbeck processes on infinite dimensional (e.g. separable Hilbert) spaces E, i.e. solutions to stochastic differential equations of type

dX_t = AX_t dt + dW_t

(where A : E → E is linear, generating a C_0–semigroup on E and (W_t)_{t≥0} is an E–valued Brownian motion), is that in contrast to an infinite dimensional Brownian motion, they can have an invariant (probability) measure (cf. e.g. [DPZ96]). Furthermore, the presence of a linear drift in the stochastic equation can have smoothing effects via the semigroup generated by it. This is extensively exploited in the socalled “mild solution approach” to stochastic partial differential equations (cf. e.g. [DPZ92]). So, in this sense infinite dimensional Ornstein- Uhlenbeck processes are better reference processes than infinite dimensional Brownian motions as far as one studies diffusions, i.e. processes with continuous sample paths, whose generators are differential operators.

In the study of processes with jumps, more precisely, processes with càdlàg paths, whose generators are pseudo-differential operators, usually in finite dimensions, so-called Levy-processes are considered as reference processes (cf. e.g. [Jak96, JS00, Hoh95, Hoh98]). In infinite dimensions, analogously one could take processes with stationary independent increments (Y_t)_{t≥0} as reference processes on E. But, like infinite dimensional Brownian motions, such processes do not have an invariant measure. Therefore, one would like to have an analogue of Ornstein-Uhlenbeck processes in this case, i.e. solutions to

dX_t = AX_t dt + dY_t

with A : E → E linear and generating a C_0–semigroup on E. Such processes can be constructed quite easily (cf. [FR00] and the references therein, in particular [CM87])._2

The corresponding transition semigroups are called generalized Mehler semigroups (as generalizations of the classical Mehler formula for Ornstein- Uhlenbeck processes) and have been studied in [BRS96] and, particularly, in [FR00]. They are given by the formula

P_tf(x) = ∫ E f ( T_tx + y ) μ_t(dy),

where (T_t)_{t≥0} is the strongly continuous semigroup of linear operators on E, generated by A, and (μ_t)_{t≥0} is a family of probability measures on B(E). However, although P_t maps C_b(E), i.e. the set of all bounded continuous functions on E, into C_b(E), there is no complete norm ‖ · ‖ on C_b(E) known which makes (P_t)_{t≥0} strongly continuous.

So, the idea is to study (P_t)_{t≥0} as a semigroup of operators on (real) L^p(E, μ), p ≥ 1, where μ is its invariant measure, provided the latter exists (see [FR00] for easy to check conditions).

The purpose of this paper is to calculate the generator of (P_t)_{t≥0} on L^p(E, μ) explicitly. Heuristically, this generator is easily seen to be a pseudo-differential operator of a very simple type, see Eq. (1.3) below. To explain this more precisely, we need to recall a few facts on generalized Mehler semigroups. Below (for simplicity) we assume that E is a separable real Hilbert space.

We fix a strongly continuous semigroup (T_t)_{t≥0} with generator A on E. For a family of probability measures (μ_t)_{t≥0} the semigroup property for the corresponding (P_t)_{t≥0} is equivalent to the formula

μ_{t+s} = (μ_t ∘ T^{−1}_s ) ∗ μ_s,

or in terms of Fourier transforms, for all l ∈ E^′

μ̂_{t+s}(l) = μ̂_s(l)μ̂_t(T^∗_s l),

s, t > 0 (cf. [BRS96, p.203]). Let us remind the reader that, by definition,

F(μ_t)(l) := μ̂_t(l) = ∫ E e^{i⟨y,l⟩} μ_t(dy).

Under mild additional hypotheses on μ̂_t [BRS96, p.205, Lemma 2.6] one necessarily has for all ξ ∈ E^′

μ̂_t(ξ) = exp { − ∫_t 0 λ(T^∗_s ξ) ds } (1.1)

for some negative-definite function λ : E^′ → C, such that λ(0) = 0.

Conversely, given λ : E^′ → C negative-definite with λ(0) = 0 and continuous w.r.t. the Sazonov topology, one may construct (given T_t) the μ_t’s, and therefore P_t. Therefore, we shall make the following hypothesis throughout the paper:

λ : E^′ → C is a Sazonov-continuous negative definite function with λ(0) = 0 so that (1.1) holds.

(H1)

If λ is merely continuous it is possible [FR00, p.11, Theorem 2.8] to embed E into a bigger Hilbert space, to which T_t, t ≥ 0, naturally extend, in such a way that the hypothesis above is satisfied.

A part of our main results will be proved under the following hypothesis:

There exists a probability measure μ on B(E^′) which is invariant under P_t, i.e. such that for all t ≥ 0 and all bounded, B(E)–measurable functions f : E → R one has ∫ E P_tf(x) dμ(x) = ∫ E f(x) dμ(x).

(H2)

We refer to [FR00, Lemma 6.2 and Theorem 3.1] for conditions implying existence or uniqueness of μ.

Let ν ∈ M = M^C_b (E^′) (i.e. the space of complex-valued measures with finite total variation) and let φ = F(ν) (we use the notations and work in the general context of [BLR99] here). Then one has for all x ∈ E

P_tφ(x) = ∫ E φ ( T_tx + y ) μ_t(dy) = ∫ E ( ∫ E^′

e^{i⟨Ttx+y,ξ⟩} ν(dξ) ) μ_t(dy) = ∫ E^′ ( ∫ E e^{i⟨Ttx+y,ξ⟩} μ_t(dy) ) ν(dξ) = ∫ E^′

e^{i⟨Ttx,ξ⟩} μ̂_t(ξ)ν(dξ) = ∫ E^′ exp { i⟨x, T^∗_t ξ⟩ −

∫_t 0 λ ( T^∗_s ξ ) ds } ν(dξ),

(1.2)

the application of Fubini’s Theorem being legitimate here because μ_t and ν are both finite measures.

Clearly, for all φ ∈ F(M) as above

lim_{t→0} P_tφ(x) = φ(x) for all x ∈ E.

Consequently, e.g. by [MR92, Proposition II.4.3], (P_t)_{t≥0} extends to a strongly continuous semigroup on L^2(E, μ), for any invariant measure μ as in (H2). Since (P_t)_{t≥0} is Markovian, this then also holds on L^p(E, μ), for all p ≥ 1.

Differentiating that expression formally w.r.t. t and setting t = 0, one is led (as pointed out in [FR00, Remark 4.4.,p.20]) to conjecture that when (H2) holds, the L^p(E, μ)–generator A_p of (P_t)_{t≥0} should have the following form:

A_pφ(x) = ∫ E^′ ( i⟨x, A^∗ξ⟩ − λ(ξ) ) e^{i⟨x,ξ⟩} ν(dξ).

(1.3)

We are, in fact, going to establish this expression rigorously for all functions φ belonging to a certain dense subspace W of L^p(E, μ). For this, we need to (and shall) assume in the whole paper the following:

There exists an orthonormal basis (ξ_n)_{n∈N} of E^′, consisting of eigenvectors of A^∗ (i.e. the dual of the generator A on E^′).

(H3)

Remark. Condition (H3) is satisfied whenever A is self-adjoint with compact resolvent. We therefore have numerous easy examples.

Now, let W_0 be the space of functions φ that have a representation of the form

φ(x) = f ( ⟨x, ξ_1⟩, . . . , ⟨x, ξ_m⟩ ) , for all x ∈ E and for m ≥ 1 an integer, f ∈ S(R^m, C) (i.e. the Schwartz space of complex-valued functions, “rapidly decreasing” at infinity as well as all their derivatives). With the notations above, let g_0 : R^m → C denote the inverse Fourier transform of f, i.e. the function g_0, such that for all y ∈ R^m

f(y) = ∫ R^m

e^{i⟨y,v⟩}g_0(v) dv,

and let ν_0(dv) := g_0(v) dv, where dv denotes the Lebesgue measure on R^m. Let Π_m : R^m → E^′ be defined by

Π_m(v_1, . . . , v_m) = v_1ξ_1 + · · · + v_mξ_m,

and let ν = ν_0 ∘ Π^{−1}_m . Then a very classical computation [BLR99, Lemma 1.3, p. 103] yields that φ = F(ν). As, obviously, ν ∈ M, φ ∈ F(M), whence W_0 ⊂ F(M). It is clear that W_0 is a (C–) vector subspace of C_b(E, C). Let W be the (R–) vector space of R–valued elements of W_0. With the notations above and φ ∈ W_0, it will be that φ ∈ W as soon as for all β ∈ R

g_0(−β) = g_0(β).

(1.4)

From this and the hypothesis made on A^∗, it is easy to see that W separates points of E and is dense in (real) L^p(E, μ).

Let A be defined by:

Aφ(x) := ∫ E^′ ( i⟨x, A^∗ξ⟩ − λ(ξ) ) e^{i⟨x,ξ⟩} F^{−1}(φ)(dξ), φ ∈ W, x ∈ E.

(1.5)

We intend to prove the following results: Theorem 1.1. Suppose (H1) and (H3) hold. Then

(i) A maps W into C_b(E). (ii) P_tφ(x) − φ(x) =

∫_t 0 P_sAφ(x) ds for all x ∈ E.

Theorem 1.2 (computation of the generator). Suppose (H1), (H2) and (H3) hold. Then for each φ ∈ W

lim_{t→0} 1 t ( P_tφ − φ ) exists in L^p(E, μ), for all p ≥ 1, and equals Aφ. In other words, W ⊂ D(A_p) and A_p | W = A.

Theorem 1.3 (L^p–uniqueness). Suppose (H1), (H2) and (H3) hold. Then

(i) If for all n ∈ N and F_n := span{ξ_1, . . . , ξ_n}, λ | |_{Fn} is infinitely differentiable, then P_t(W ) ⊆ W .

(ii) Let p ≥ 1. Then (W, A) is a core for A_p, i.e. W is dense in D(A_p) for the graph norm ‖ · ‖_{gr}, defined for f ∈ D(A_p) by ‖f‖_{gr} := ‖f‖_Lp_{(E,μ)} + ‖A_pf‖_Lp_{(E,μ)}.

2. Proof of a special case In this section, we prove Part (i) of Theorem 1.1 in full generality, but Part (ii) only under the following additional assumption.

For all n ∈ N and F_n := span{ξ_1, . . . , ξ_n}, λ | |_{Fn} is continuously differentiable.

(2.1)

(i) Let φ ∈ W . By definition, there exists m ≥ 1, (ξ_1, . . . , ξ_m) ∈ (E^′)^m, (α_1, . . . , α_m) ∈ R^m and g ∈ S(R^m, C), such that—denoting by f the Fourier transform of g_0, i.e. for all y ∈ R^m

f(y) = ∫ R^m

e^{i⟨y,v⟩}g_0(v) dv,

—one has A^∗ξ_j = α_j ξ_j, j ∈ {1, . . . , m} φ(x) = f ( ⟨x, ξ_1⟩, . . . , ⟨x, ξ_m⟩ ) , x ∈ E.

(2.2)

Setting, as above, ν_0 = g_0(v) dv,

Π_m : R^m → E^′

Π_m : (v_1, . . . , v_m) → m∑ i=1 v_iξ_i,

and ν = ν_0 ∘ Π^{−1}_m = F^{−1}(φ), one has

Aφ(x) = ∫ E^′ ( i⟨x, A^∗ξ⟩ − λ(ξ) ) e^{i⟨x,ξ⟩} ν(dξ) = ∫ R^m ( i ⟨ x, A^∗

(^m∑ j=1 v_j ξ_j )⟩ − λ (^m∑ j=1 v_j ξ_j )) ×

× exp { i ⟨ x, m∑ j=1 v_j ξ_j ⟩} g_0(v) dv

= m∑ j=1 A_j(x) + B(x),

where we have set

B(x) = − ∫ R^m λ (^m∑ j=1 v_j ξ_j ) exp { i ⟨ x, m∑ j=1 v_j ξ_j ⟩} g_0(v) dv and A_j (x) = i ⟨ x, A^∗ξ_j ⟩ ∫ R^m

v_j exp { i ⟨ x, m∑ k=1 v_kξ_k ⟩} g_0(v) dv.

We are going to establish that (A_j)_{1≤j≤m} and B belong to C_b(E). Here, we have to notice that B, as well as each A_j, is real-valued because of (1.4) and the fact that for all ξ ∈ E^′ λ(−ξ) = λ(ξ). Then

Aφ = m∑ j=1 A_j + B ∈ C_b(E),

hence A maps W into C_b(E).

For A_j , the statement is obvious. Concerning B, we recall that by a well-known property of negative-definite functions on finite-dimensional spaces (actually re-proved in Lemma 3.2), there exists a constant C = C(ξ_1, . . . , ξ_m), such that for all (v_1, . . . , v_m) ∈ R^m one has 0 ≤ | | |λ (^m∑ i=1 v_iξ_i )| | | ≤ C ( 1 + m∑ i=1 v^2_i ) .

Then for all x ∈ E | |B(x) | | ≤ C ∫ R^m ( 1 + m∑ i=1 v^2_i )| |g_0(v) | | dv,

and the expression on the right-hand side is finite as g_0 ∈ S. The continuity of B follows by Lebesgue’s Dominated Convergence Theorem.

(ii) Let us keep the previous notations and assume (2.1) to hold. Since Aφ ∈ C_b(E), P_sAφ, s ≥ 0 is well-defined and we have by definition of P_s and A that

P_sAφ(x) = ∫ E Aφ ( T_sx + y ) μ_s(dy) = ∫ E ( ∫ E^′ ( i ⟨ T_sx + y, A^∗ξ ⟩ − λ(ξ) ) e^{i⟨Tsx+y,ξ⟩} ν(dξ) ) μ_s(dy) = ∫ E ( ∫ E^′

i⟨y, A^∗ξ⟩e^{i⟨Tsx+y,ξ⟩} ν(dξ) ) μ_s(dy) + + ∫ E ( i⟨T_sx, A^∗ξ⟩ − λ(ξ) ) e^{i⟨Tsx,ξ⟩} ( ∫ E^′

e^{i⟨y,ξ⟩} μ_s(dy) ) ν(dξ)

= B_1(s, x) + B_2(s, x) (say).

But then

B_1(s, x) = ∫ E ( ∫ R^m i ⟨ y, A^∗

(^m∑ k=1 v_kξ_k )⟩ ×

× exp { i ⟨ T_sx + y, m∑ k=1 v_kξ_k ⟩} g_0(v) dv ) μ_s(dy)

= ∫ E ( ∫ R^m i ⟨ y, m∑ k=1 α_kv_kξ_k ⟩ e^{i⟨Ts x+y,Πm(v)⟩}g_0(v) dv ) μ_s(dy)

= m∑ k=1 α_k ∫ E ( ∫ R^m

i⟨y, ξ_k⟩v_ke^{i⟨Tsx+y,Πm(v)⟩}g_0(v) dv ) μ_s(dy)

= m∑ k=1 α_k ∫ E ( ∫ R^m

i⟨y, ξ_k⟩e^{i⟨y,Πm(v)⟩}h_k(v) dv ) μ_s(dy),

where we have set

h_k(v) := e^{i⟨Ts x,Πm(v)⟩}v_kg_0(v).

Clearly, for fixed x, h_k ∈ S(R^m, C), which will be enough to legitimate all of the integrations by parts carried out later.

From what we have seen we may write

B_1(s, x) = m∑ k=1 α_k ∫ E ( ∫ R^m ∂ ∂v_k [ e^{i⟨y,Πm(v)⟩} ] h_k(v) dv ) μ_s(dy)

= m∑ k=1 α_k ∫ E ( − ∫ R^m

e^{i⟨y,Πm(v)⟩}

∂h_k ∂v_k

(v) dv ) μ_s(dy),

integration by parts being permitted as | | |e^{i⟨y,Πm(v)⟩}hk(v) | | | = | |h_k(v) | | = | |v_kg_0(v) | | −−−−→

|v|→+∞ 0. Therefore, one has

B_1(s, x) = m∑ k=1 α_k ∫ E ( − ∫ R^m

e^{i⟨y,Πm(v)⟩}

∂h_k ∂v_k

(v) dv ) μ_s(dy)

= − m∑ k=1 α_k ∫ R^m

∂h_k ∂v_k (v) ( ∫ E e^{i⟨y,Πm(v)⟩} μ_s(dy) ) dv

= − m∑ k=1 α_k ∫ R^m

∂h_k ∂v_k

(v) μ̂_s ( Π_m(v) ) dv,

the use of Fubini’s Theorem being legitimate as^{∂hk}_{∂vk} ∈ S. If we now proceed to a second integration by parts, we get

B_1(s, x) = m∑ k=1 α_k ∫ R^m ∂ ∂v_k ( μ̂_s ( Π_m(v) )) h_k(v) dv

= m∑ k=1 α_k ∫ R^m ∂ ∂v_k ( exp { − ∫_s 0 λ ( T^∗_r ( Π_m(v) )) dr }) h_k(v) dv

= m∑ k=1 α_k ∫ R^m exp { − ∫_s 0 λ ( T^∗_r ( Π_m(v) )) dr } × × ( − ∫_s 0 Dλ ( T^∗_r ( Π_m(v) ))( T^∗_r (ξ_k) ) dr ) e^{i⟨Tsx,Πm(v)⟩}v_kg_0(v) dv.

Applying now the Fundamental Theorem of Calculus to the function

u → λ ( T^∗_u ( Π_m(v) )) on the interval [0, s], one obtains

λ ( T^∗_s ( Π_m(v) )) − λ ( Π_m(v) ) = ∫_s 0 Dλ ( T^∗_r ( Π_m(v) ))( T^∗_r A^∗ ( Π_m(v) )) dr = m∑ j=1 α_jv_j

∫_s 0 Dλ ( T^∗_r ( Π_m(v) ))( T^∗_r (ξ_j) ) dr.

It now appears that

B_1(s, x) = ∫ R^m exp { i ⟨ T_sx, Π_m(v) ⟩ − ∫_s 0 λ ( T^∗_r ( Π_m(v) )) dr } × × ( λ ( Π_m(v) ) − λ ( T^∗_s ( Π_m(v) ))) g_0(v) dv = ∫ E^′ exp { i⟨T_sx, ξ⟩ −

∫_s 0 λ ( T^∗_r ξ ) dr }( λ(ξ) − λ ( T^∗_s ξ )) ν(dξ) = ∫ E^′

e^{i⟨x,T ∗s ξ⟩} ( λ(ξ) − λ ( T^∗_s ξ )) μ̂_s(ξ) ν(dξ).

But one obviously has

B_2(s, x) = ∫ E ( i ⟨ x, T^∗_s A^∗ξ ⟩ − λ(ξ) ) e^{i⟨x,T ∗s ξ⟩}μ̂_s(ξ) ν(dξ).

Therefore

P_sAφ(x) = B_1(s, x) + B_2(s, x) = ∫ E^′ ( i ⟨ x, T^∗_s A^∗ξ ⟩ − λ ( T^∗_s ξ )) × × exp { i⟨x, T^∗_s ξ⟩ −

∫_s 0 λ ( T^∗_r ξ ) dr } ν(dξ),

(2.3)

where, once more, we have replaced μ̂_s(ξ) by its Fourier expression

(1.1).

For fixed x one may write, using Fubini’s Theorem ∫_t 0 P_sAφ(x) ds = ∫ E^′

( ∫_t 0 ( i ⟨ x, T^∗_s A^∗ξ ⟩ − λ ( T^∗_s ξ )) × × exp { i⟨x, T^∗_s ξ⟩ −

∫_s 0 λ ( T^∗_r ξ) dr } ds ) ν(dξ) = ∫ E^′

( ∫_t 0 d ds ( exp { i⟨x, T^∗_s ξ⟩ −

∫_s 0 λ ( T^∗_r ξ ) dr }) ds ) ν(dξ) = ∫ E^′ [ exp { i⟨x, T^∗_s ξ⟩ −

∫_s 0 λ ( T^∗_r ξ ) dr }]_t 0 ν(dξ) = ∫ E^′ ( exp { i⟨x, T^∗_t ξ⟩ −

∫_t 0 λ ( T^∗_r ξ ) dr } − e^{i⟨x,ξ⟩} ) ν(dξ) = ∫ E^′

e^{i⟨x,T ∗t ξ⟩}μ̂_t(ξ) ν(dξ) − ∫ E^′

e^{i⟨x,ξ⟩} ν(dξ)

= P_tφ(x) − φ(x),

and assertion (ii) is proved under the additional assumtion (2.1).

3. Proofs of Theorems 1.1 and 1.2

Part (i) of Theorem 1.1 was proved in the previous section, so it remains to prove Part (ii). To this end let M be the Levy measure [FR00, p.6] associated with λ, i.e. M is a Borel measure on E with M ( {0} ) = 0 and ∫ E ( 1 ∧ ‖x‖^2 ) M(dx) < +∞,

(3.1)

and for all ξ ∈ E^′

λ(ξ) := −i⟨ξ, b⟩ + 1 2 ⟨ξ, Rξ⟩ − ∫ E ( e^{i⟨ξ,x⟩} − 1 − i⟨ξ, x⟩ 1 + ‖x‖^2 ) M(dx),

(3.2)

where b ∈ E and R : E^′ → E is such that R ∘ ι is a non-negative symmetric trace class operator, ι denoting the canonical isomorphism ι : E → E^′.

For 0 ≤ ε ≤ 1, let M_ε be the “doubly truncated” measure on E, defined by

M_ε(dx) = 1_{{a|ε≤‖a‖≤1/ε}}(x) M(dx),

where we use the convention^1_0 := +∞. It is obvious that M_ε is a Borel measure with M_ε ( {0} ) = 0 and that is has the property (3.1).

Replacing M by M_ε in (3.2) therefore yields a Sazonov-continuous, negative-definite λ_ε : E^′ → C with λ_ε(0) = 0 [FR00, p.5]. Note that, since M_0 = M, we have λ_0 = λ. By the Bochner-Minlos Theorem, we see that there is, for each t ≥ 0, a probability measure μ_{t,ε} on E, satisfying

μ̂_{t,ε}(ξ) = exp { − ∫_t 0 λ_ε ( T^∗_s ξ ) ds } ∀ξ ∈ E^′.

Let P_{t,ε} be the semigroup on C_b(E), associated with (T_t)_{t≥0} and λ_ε, as P_t is with (T_t)_{t≥0} and λ, i.e.

P_{t,ε}f(x) = ∫ E f ( T_tx + y ) μ_{t,ε}(dy).

Lemma 3.1. As ε → 0, λ_ε → λ uniformly on bounded subsets of E^′.

Proof. Let r > 0. We are going to study the difference λ(ξ) − λ_ε(ξ) for ξ ∈ B^{E′}_r (0). By definition, one has for all ξ ∈ E^′

λ(ξ) − λ_ε(ξ) = ∫ E ( e^{i⟨ξ,x⟩} − 1 − i⟨ξ, x⟩ 1 + ‖x‖^2 )( 1_{{a|ε≤‖a‖≤1/ε}}(x) − 1 ) M(dx)

= I_{1,ε}(ξ) + I_{2,ε}(ξ),

where we have set

I_{1,ε}(ξ) := − ∫ B^E_ε (0) ( e^{i⟨ξ,x⟩} − 1 − i⟨ξ, x⟩ 1 + ‖x‖^2 ) M(dx) and I_{2,ε}(ξ) := − ∫ E\B^E_{1/ε}(0) ( e^{i⟨ξ,x⟩} − 1 − i⟨ξ, x⟩ 1 + ‖x‖^2 ) M(dx).

Since for all θ ∈ R | |e^{iθ} − 1 − iθ | | ≤ θ^2 2 , we have | | |e^{i⟨ξ,x⟩} − 1 − i⟨ξ, x⟩ 1 + ‖x‖^2 | | | ≤ | | |e^{i⟨ξ,x⟩} − 1 − i⟨ξ, x⟩ | | | + | | |i⟨ξ, x⟩ − i⟨ξ, x⟩ 1 + ‖x‖^2 | | | ≤ 1 2 ⟨ξ, x⟩^2 + | | | i⟨ξ, x⟩‖x‖^2 1 + ‖x‖^2 | | | ≤ 1 2 ‖ξ‖^2‖x‖^2 + ‖ξ‖‖x‖(‖x‖^2 ∧ 1) ≤ (r2 2 + rε ) (‖x‖^2 ∧ 1), whenever x ∈ B^E_ε (0), ξ ∈ B^{E′}_r (0). Hence | |I_{1,ε}(ξ) | | ≤ (r2 2 + rε ) ∫ B^E_ε (0) ( 1 ∧ ‖x‖^2 ) M(dx),

which tends to 0 with ε, by the definition of a Levy measure (see (3.1)). Therefore, I_{1,ε}(ξ) tends to 0 as ε → 0, uniformly in ξ on B^{E′}_r (0).

For I_{2,ε}(ξ), things are even easier, since for ξ ∈ B^{E′}_r (0) | |I_{2,ε}(ξ) | | ≤ ∫ E\B^E_{1/ε}(0) | | |e^{i⟨ξ,x⟩} − 1 − i⟨ξ, x⟩ 1 + ‖x‖^2 | | | M(dx) ≤ ∫ E\B^E_{1/ε}(0) ( 2 + ‖ξ‖‖x‖ ‖x‖^2 ) M(dx) ≤ ( 2 + rε) ∫ E\B^E_{1/ε}(0) ( 1 ∧ ‖x‖^2 ) M(dx),

which tends to 0 with ε. Hence, uniform convergence to 0 on B^{E′}_r (0) is also valid for I_{2,ε}. Thus, the result follows.

Lemma 3.2. There exists a constant D ≥ 0 such that for all ε ∈ [0, 1] and all ξ ∈ E^′ | |λ_ε(ξ) | | ≤ D(1 + ‖ξ‖^2_{E′} ).

Proof. Let us use the Levy formula and the definition of M_ε. We get

λ_ε(ξ) = − i⟨ξ, b⟩ + 1 2 ⟨ξ, Rξ⟩ − ∫ B^E_1 (0) ( e^{i⟨ξ,x⟩} − 1 − i⟨ξ, x⟩ ) 1_{{a|ε≤‖a‖≤1/ε}}(x) M(dx) − ∫ B^E_1 (0)

i⟨ξ, x⟩‖x‖^2 1 + ‖x‖^2

1_{{a|ε≤‖a‖≤1/ε}}(x) M(dx) − ∫ E\B^E_1 (0) ( e^{i⟨ξ,x⟩} − 1 − i⟨ξ, x⟩ 1 + ‖x‖^2 ) 1_{{a|ε≤‖a‖≤1/ε}}(x) M(dx), whence for all ξ ∈ E^′ | λ_ε(ξ) | ≤ ‖b‖‖ξ‖ + 1 2 �R�‖ξ‖^2 + ∫ B^E_1 (0) 1 2 ⟨ξ, x⟩^2 M(dx) + ∫ B^E_1 (0) | |⟨ξ, x⟩ | |‖x‖^2 M(dx) + ∫ E\B^E_1 (0) ( 2 + |⟨ξ, x⟩| 2‖x‖ ) M(dx)

≤ ‖b‖‖ξ‖ + 1 2 �R�‖ξ‖^2 + 1 2 ‖ξ‖^2 ∫ B^E_1 (0)

‖x‖^2 M(dx)

+ ‖ξ‖ ∫ B^E_1 (0)

‖x‖^2 M(dx) + ( 2 + ‖ξ‖ 2 ) ∫ E\B^E_1 (0)

M(dx).

Setting

K := ∫ E ( 1 ∧ ‖x‖^2 ) M(dx),

we see that for all ε ∈ ]0, 1] and for all ξ ∈ E^′ | |λ_ε(ξ) | | ≤ ‖b‖‖ξ‖ + 1 2 �R�‖ξ‖^2 + K 2 ‖ξ‖^2 + K‖ξ‖ + ( 2 + ‖ξ‖ 2 ) K ≤ ‖b‖ 2 ( 1 + ‖ξ‖^2 ) + 1 2 �R�‖ξ‖^2 + K 2 ‖ξ‖^2 + 3K 4 ( 1 + ‖ξ‖^2 ) + 2K.

Hence we obtain the desired result.

Proposition 3.3. For each finite-dimensional subspace F of E^′, λ_ε | |_F is infinitely differentiable. Proof. Let ( η_1, . . . , η_m ) denote a basis of F and for ε ∈ ]0, 1[ define f_ε : R^m → C as

f_ε ( u_1, . . . , u_m ) := λ_ε

(^m∑ j=1 u_jη_j ) + i m∑ j=1 u_j⟨η_j, b⟩ − 1 2 m∑ j,k=1

u_ju_k⟨η_j, Rη_k⟩.

Obviously, it suffices to check that f_ε ∈ C^1(R^m, C), but

f_ε ( u_1, . . . , u_m )

= − ∫ E ( exp { i ⟨^m∑ j=1 u_jη_j , x ⟩} − 1 − i ⟨∑_m

j=1 u_jη_j , x ⟩ 1 + ‖x‖^2 ) M_ε(dx),

and the integral − ∫ E ( exp { i ⟨^m∑ j=1 u_j η_j, x ⟩} i⟨η_k, x⟩ − i⟨η_k, x⟩ 1 + ‖x‖^2 ) M_ε(dx)

(3.3) converges uniformly in u, since the integrand is bounded in absolute

value by 2 | |⟨η_k, x⟩ | |, and M_ε is a finite measure with support in BE_{1/ε}(0).

Therefore,^{∂fε}_{∂uk} exists and equals expression (3.3). Proceeding similarly

with the function in (3.3) and with its derivatives, we obtain the result.

Let us now fix φ ∈ W (⊆ F(M)) and set, as before, ν := F^{−1}(φ), ν = ν_0 ∘ Π^{−1}_m , ν_0 = g_0(v) dv (g_0 ∈ S ( R^m; C ) ), and

Π_m : R^m → E^′, ( v_1, . . . , v_m ) → m∑ j=1 v_j ξ_j.

Proposition 3.4. For each ξ ∈ E^′, μ̂_{t,ε}(ξ) → μ̂_t(ξ) as ε → 0.

Proof. Since

μ̂_{t,ε}(ξ) = exp { − ∫_t 0 λ_ε ( T^∗_s ξ ) ds }

and μ̂_t(ξ) = exp { − ∫_t 0 λ ( T^∗_s ξ ) ds } , it suffices to prove ∫_t 0 λ_ε ( T^∗_s ξ ) ds −−→_{ε→0}

∫_t 0 λ ( T^∗_s ξ ) ds. But this follows from Lemma 3.1 and the fact that { T^∗_s ξ | | 0 ≤ s ≤ t}

is bounded, which is obvious since s → T^∗_s ξ is continuous.

Corollary 3.5. P_{t,ε}φ → P_tφ uniformly as ε → 0.

Proof. One has for all x ∈ E by the usual calculations

P_tφ(x) − P_{t,ε}φ(x) = ∫ E^′

e^{i⟨Ttx,ξ⟩} μ̂_t(ξ) ν(dξ) − ∫ E^′

e^{i⟨Ttx,ξ⟩} μ̂_{t,ε}(ξ) ν(dξ) = ∫ E^′

e^{i⟨Ttx,ξ⟩} ( μ̂_t(ξ) − μ̂_{t,ε}(ξ) ) ν(dξ).

Therefore, ‖ ‖P_tφ − P_{t,ε}φ ‖ ‖_∞ ≤ ∫ E^′ | |μ̂_t(ξ) − μ̂_{t,ε}(ξ) | | ν(dξ) = ∫ F | |μ̂_t(ξ) − μ̂_{t,ε}(ξ) | | ν(dξ), since ν is carried by F . But, by Proposition 3.4, μ̂_{t,ε}(ξ) → μ̂_t(ξ) as ε → 0, for any given ξ ∈ F . Since | |μ̂_t(ξ) − μ̂_{t,ε}(ξ) | | ≤ 2 uniformly in ξ, Lebesgue’s Dominated Convergence Theorem now finishes the proof.

Proposition 3.6. Let g : E → R be given by g = h ∘ Π^′_m, where Π^′_m(x) := ( ⟨x, ξ_1⟩, . . . , ⟨x, ξ_m⟩ ) and h ∈ C_b(R^m). Then, as ε → 0, P_{t,ε}g → P_tg in the sense of pointwise convergence.

Proof. Clearly,

P_tg(x) = ∫ E g ( T_tx + y ) μ_t(dy) = ∫ E h ( Π^′_m(T_tx + y) ) μ_t(dy) = ∫ R^m h ( Π^′_m(T_tx) + u ) σ_t(du),

where σ_t := μ_t ∘ (Π^′_m)^{−1}, and similarly

P_{t,ε}g(x) = ∫ R^m h ( Π^′_m(T_tx) + u ) σ_{t,ε}(du),

where σ_{t,ε} = μ_{t,ε} ∘(Π^′_m)^{−1}. For fixed x, u → h ( Π^′_m(T_tx)+u ) is bounded and continuous on R^m, so it suffices to prove the weak convergence of σ_{t,ε} to σ_t for ε → 0. But this follows from P. Levy’s Theorem, since for given v ∈ (R^m)^′ (≃ R^m)

σ̂_{t,ε}(v) = ∫ R^m

e^{i⟨u,v⟩} σ_{t,ε}(du) = ∫ E e^{i⟨Π′m(x),v⟩} μ_{t,ε}(dx) = ∫ E e^{i⟨x,Πm(v)⟩} μ_{t,ε}(dx)

= μ̂_{t,ε} ( Π_m(v) ) = μ̂_{t,ε} ( v_1ξ_1 + · · · + v_mξ_m ) , which tends to μ̂_t ( v_1ξ_1 +· · ·+v_mξ_m ) = σ̂_t(v) as ε → 0, by Prop. 3.4.

Let x ∈ E. By the result of Section 2, applied to P_{t,ε} (which is justified because, according to Proposition 3.3, λ_ε | |_F is C1), one may write

P_{t,ε}φ(x) − φ(x) =

∫_t 0 P_{s,ε}A_εφ(x) ds, where A_ϵ is defined as in (1.5) with λ_ε replacing λ. Hence (for A as in

(1.5))

P_tφ(x) − φ(x) −

∫_t 0 P_sAφ(x) ds = ( P_tφ(x)−P_{t,ε}φ(x) ) + ∫_t 0 P_{s,ε} ( A_ε−A ) φ(x) ds+

∫_t 0 ( P_{s,ε}−P_s ) Aφ(x) ds

= C_1(t, x, ε) + C_2(t, x, ε) + C_3(t, x, ε) (say).

We are going to show that for fixed t and x each of these three terms

tends to 0 as ε → 0. This is obvious for C_1, by Corollary 3.5. For C_2

we have ‖ ‖P_{s,ε}(A_ε − A)φ ‖ ‖_∞ ≤ ‖ ‖(A_ε − A)φ ‖ ‖_∞.

But from the definition of A and A_ε it follows that for all x ∈ E ( A_ε − A ) φ(x) = ∫ E^′

e^{i⟨x,ξ⟩} ( λ(ξ) − λ_ε(ξ) ) ν(dξ).

Therefore, | |C_2(t, x, ε) | | ≤ t ∫ E^′ | |λ(ξ) − λ_ε(ξ) | | ν(dξ) = t ∫ F | |λ(ξ) − λ_ε(ξ) | | ν(dξ) = t ∫ R^m | |λ(Π_m(v)) − λ_ε(Π_m(v)) | | g_0(v) dv,

which tends to 0 as ε → 0 by Lemmas 3.1 and 3.2, since g ∈ S(R^m, C).

For C_3, since Aφ ∈ C_b(E), by Theorem 1.1(i), for fixed s one has

P_{s,ε}Aφ(x) → P_sAφ(x) as ε → 0 by Proposition 3.6, which applies by

(1.5). Since | P_{s,ε}Aφ(x) − P_sAφ(x) | ≤ 2 ‖ Aφ ‖ ∞ uniformly in s, the Dominated Convergence Theorem yields C_3(t, x, ε) →

0 as ε → 0.

Hence, the equality

P_tφ(x) − φ(x) =

∫_t 0 P_sAφ(x) ds

holds for all x ∈ E, which finishes the proof of Theorem 1.1(ii).

Proof of Theorem 1.2. Let φ ∈ W and let p ≥ 1. As Aφ ∈ C_b(E) by

Theorem 1.1(i), hence in particular Aφ ∈ L^p(E, μ), it follows that s →

P_sAφ is continuous from R_+ to L^p(E, μ). Hence the integral in Theo-

rem 1.1(ii) is a μ–version of the corresponding L^p(E, μ)–valued Bochner integral and the assertion follows immediately from Theorem 1.1(ii) by the Fundamental Theorem of Calculus (applied to L^p(E, μ)–valued functions).

4. Proof of Theorem 1.3

(i) Let φ ∈ W be given, with ν, f and g_0 having their usual meaning, and t ≥ 0 be fixed. We have seen that for all x ∈ E

P_tφ(x) = ∫ E^′ exp { i⟨x, T^∗_t ξ⟩ −

∫_t 0 λ ( T^∗_s ξ ) ds } ν(dξ) = h ( ⟨x, ξ_1⟩, . . . , ⟨x, ξ_m⟩ ) , where

(4.1) h(u_1, . . . , u_m) = ∫ R^m exp { i m∑ j=1 e^{tαj} u_jv_j } exp { − ∫_t 0 λ (^m∑ j=1 e^{sαj} v_j ξ_j ) ds } g_0(v) dv.

But, as g_0 ∈ S(R^m, C), λ is C^∞ on F_m := span{ξ_1, . . . , ξ_m}, and since the real part of a negative definite function is always non-negative, it is not difficult to see that h ∈ S(R^m, C) (and is real-valued).

(ii) Fix φ = f ( ⟨ · , ξ_1⟩, . . . , ⟨ · , ξ_m⟩ ) = F(ν) ∈ W and let g_0 be as above. Then, according to the proof of (i), P_tφ ∈ W , hence by (1.2) we see that P_tf = F(ν_t) for some ν_t ∈ M. In fact, ν_t is just the image measure under T^∗_t of the measure

ν̃_t(dξ) := exp { − ∫_t 0 λ ( T^∗_s ξ ) ds } ν(dξ) = μ̂_t(ξ) ν(dξ),

i.e.

ν_t = ν̃_t ∘ (T^∗_t )^{−1}.

(4.2)

Now, by a well-known result [Are86], it is enough to show that any strongly continuous semigroup P_t on L^p(E, μ), whose generator A has the property that A | |_W = A | |_W , coincides with P_t. This will be proved to follow from an application of Duhamel’s Formula.

In order to justify the following computations, we need to know that d ds P_{s,ε}φ = A_εP_{s,ε}φ in the L^p(E, μ) sense

(4.3) for φ ∈ W , fixed ε > 0, and s ≥ 0, where P_{s,ε} is as in Section 3.^1 But

this is easy to see: By Theorem 1.1(ii), the equality

P_{t,ε}φ − φ =

∫_t 0 P_{s,ε}A_εφ ds

(4.4)

holds pointwise. Furthermore, A_εφ ∈ C_b(E) by Theorem 1.1(i) and ‖ ‖P_{s,ε}A_εφ ‖ ‖_∞ ≤ ‖ ‖A_εφ ‖ ‖_∞

for all s. But (2.3) (applied to P_{s,ε}, A_ε, λ_ε) and Lemma 3.2 imply that

s → P_{s,ε}A_εφ(x) is continuous on R_+ for all x ∈ E. Both facts together

imply that s → P_{s,ε}A_εφ is continuous from R_+ to L^p(E, μ), and hence

(4.3) follows from (4.4) by the Fundamental Theorem of Calculus.

Hence, by Duhamel’s Formula

P_tφ − P_{t,ε}φ =

∫_t 0 d ds [ P_sP_{t−s,ε}φ ] ds = ∫_t 0 [ P_s AP_{t−s,ε}φ − P_sA_εP_{t−s,ε}φ ] ds (because P_{t−s,ε}φ ∈ P_{t−s,ε}(W ) ⊆ W ⊆ D(A) by (i) and because of

(4.3)) = ∫_t 0 P_s ( A − A_ε ) P_{t−s,ε}φ ds.

Hence, for c, ω > 0 such that �P_t�_Lp_{→L}p ≤ ce^{ωt}, t ≥ 0, ‖ ‖P_tφ − P_{t,ε}φ ‖ ‖_{Lp(E,μ)} ≤

∫_t 0 ‖ ‖Ps ( A − A_ε ) P_{t−s,ε}φ ‖ ‖_{Lp(E,μ)} ds

≤ ce^{ωt}

∫_t 0 ‖ ‖(A − A_ε) P_{t−s,ε}φ ‖ ‖_{Lp(E,μ)} ds

≤ ce^{ωt}

∫_t 0 ‖ ‖(A − A_ε) P_{t−s,ε}φ ‖ ‖_∞ ds.

But, setting P_{t−s,ε}φ = F(ν_{t−s,ε}), by (1.5) we have for all x ∈ E, ( A − A_ε ) P_{t−s,ε}φ(x) = ∫ E^′

e^{i⟨x,ξ⟩} ( λ_ε(ξ) − λ(ξ) ) ν_{t−s,ε}(dξ).

Therefore, ‖ ‖ ‖ ( A − A_ε ) P_{t−s,ε}φ ‖ ‖ ‖_∞ ≤ sup_{x∈E} | | | | ∫ E^′

e^{i⟨x,ξ⟩} ( λ_ε(ξ) − λ(ξ) ) ν_{t−s,ε}(dξ) | | | |. 1The point is that μ need not be an invariant measure for P_{t,ε}!

and it follows that ‖ ‖P_tφ − P_{t,ε}φ ‖ ‖_{Lp(E,μ)} ≤ tce^{ωt} sup

0≤u≤t

sup_{x∈E} | | | ∫ E^′

e^{i⟨x,ξ⟩} ( λ_ε(ξ) − λ(ξ) ) ν_{u,ε}(dξ) | | |. Let us assume for a moment that, for fixed t,

sup_{0≤u≤t} sup_{x∈E} | | | ∫ E^′

e^{i⟨x,ξ⟩} ( λ_ε(ξ) − λ(ξ) ) ν_{u,ε}(dξ) | | | −−→_{ε→0} 0.

(4.5)

Then it follows from the above that ‖ P_tφ − P_{t,ε}φ ‖ L^p(E,μ) −−→ε→0 0,

i.e. P_{t,ε}φ → P_tφ in L^p(E, μ) as ε → 0. But P_{t,ε}φ → P_tφ in L^p(E, μ) as

ε → 0 by Prop. 3.6 and Lebesgue’s Dominated Convergence Theorem (as | |P_{t,ε}φ(x)−P_tφ(x) | | ≤ 2‖φ‖_∞ for all x). Since W is dense in Lp(E, μ)

it follows that P_t = P_t for all t > 0, which completes the proof, provided

we can show (4.5).

By (4.2) (applied to λ_ϵ) we have for all u ∈ [0, t], x ∈ E, that (since | μ̂_{t,ϵ}(ξ) | ≤ 1) | | | | ∫ E^′

e^{i⟨x,ξ⟩} ( λ_ε(ξ) − λ(ξ) ) ν_{u,ε}(dξ) | | | | = | | | ∫ E^′

e^{i⟨x,T ∗u ξ⟩} ( λ_ε(T^∗_u ξ) − λ(T^∗_u ξ) ) μ̂_{t,ε}(ξ) ν(dξ) | | | ≤ ∫ R^m | | |λε ( T^∗_u ( Π_m(v) )) − λ ( T^∗_u ( Π_m(v) ))| | |g0|(v) dv = ∫ R^m | |λε (^m∑ j=1 e^{αj u}v_jξ_j ) − λ (^m∑ j=1 e^{αj u}v_j ξ_j )| | |g0|(v) dv

≤ sup

ξ∈B^{E′}_{cr} (0) | λ_ε(ξ) − λ(ξ) | ∫ {|v|≤r}

|g_0|(v) dv+

+ 2D ∫ {|v|≥r} ( 1 + c^2‖v‖^2 ) |g_0|(v) dv,

where r > 0, c := exp ( max 1≤j≤m

|α_j | t ) and where we used Lemma 3.2.

Letting first ε → 0 and then r → ∞, (4.5) follows from Lemma 3.1 and

the fact that g_0 ∈ S.

Remark 4.1. The result of this section applies in particular to the ex-

ample considered in [FR00, pp. 45–46]:

θ is a finite positive symmetric measure on E, concentrated on ∂B^E_1 (0), 0 < p ≤ 2, λ is defined by

λ(ξ) = ∫ E | ⟨ξ, x⟩

|_p

θ(dx), ξ ∈ E^′,

and T_t = e^{−t}I. In this case

P_tφ(x) = ∫ E φ ( e^{−t}x + (1 − e^{−pt})^{1p} y ) μ(dy),

where μ̂(ξ) = e^{− 1p λ(ξ)}, ξ ∈ E^′.

Remark 4.2. Here is an example where λ satisfies (H1) and is C^∞:

λ(ξ) = α ‖ Cξ ‖_2 α + ‖ Cξ ‖_2 ,

where α > 0 and C : E^′ → E^′ a symmetric, positive, nuclear operator. The negative-definiteness of λ here follows from the Bernstein representation αy α + y = ∫_{+∞} 0 ( 1 − e^{−sy} ) α^2e^{−αs} ds,

already used in [BLR99, p.8].

Acknowledgements

This work has been supported by the SFB 343, the EU-TMR-Project ERB-FMRX-CT96-0075, and BiBoS. The first named author would like to thank Michael Röckner for many invitations to Bielefeld in 1998– 2000, and the staff of Bielefeld University for its help and courtesy. Preliminary versions of this work were lectured upon at the conferences “Dirichlet Spaces and Application” (Bielefeld, August 1998) and “Stochastic Analysis and Mathematical Physics” (Lisbon, May 1999).

References

[Are86] Wolfgang Arendt. The abstract Cauchy problem, special semigroups and perturbation. In R. Nagel, editor, One-parameter semigroups of positive operators. Springer, Berlin, 1986.

[BLR99] Vladimir I. Bogachev, Paul Lescot, and Michael Röckner. The martingale problem for pseudo–differential operators on infinite dimensional spaces. Nagoya Math. J., 153:101–118, 1999.

[BRS96] Vladimir I. Bogachev, Michael Röckner, and Byron Schmuland. Generalized Mehler semigroups and applications. Prob. Th. Rel. Fields, 105:193– 225, 1996.

[CM87] Anna Chojnowska-Michalik. On processes of Ornstein-Uhlenbeck type in Hilbert space. Stoch. Stoch. Rep., 21:251–286, 1987.

[DPZ92] Giuseppe Da Prato and Jerzy Zabczyk. Stochastic equations in infinite dimensions. Cambridge University Press, Cambridge, 1992.

[DPZ96] Giuseppe Da Prato and Jerzy Zabczyk. Ergocity for infinite-dimensional systems. Cambridge University Press, Cambridge, 1996.

[FR00] Marco Fuhrman and Michael Röckner. Generalized Mehler semigroups:

The non–Gaussian case. Pot. An., 12:1–47, 2000.

[Hoh95] Walter Hoh. Pseudo-differential operators with negative definite symbols and the martingale problem. Stoch. Stoch. Rep., 55:225–252, 1995.

[Hoh98] Walter Hoh. A symbolic calculus for pseudo-differential operators generating Feller semigroups. Osaka J. Math., 35:798–820, 1998.

[Jak96] Niels Jakob. Pseudo-Differential Operators and Markov Processes, volume 94 of Mathematical Research Notes. Akademie Verlag, Berlin, 1996.

[JS00] Niels Jakob and René L. Schilling. Lévy-type processes and pseudodifferential operators. In O. Borndorff-Niehen, Th. Mikosch, and S. Resnick, editors, Lévy Processes—Theory and Applications. Birkhäuser, Basel, 2000. In preparation.

[MR92] Zhi-Ming Ma and Michael Röckner. Introduction to the theory of (non– symmetric) Dirichlet forms. Springer, Berlin, 1992.

INSSET, 48 Rue Raspail, 02100 Saint-Quentin (France) E-mail address: Paul.Lescot@hale-bopp.insset.u-picardie.fr

Fakultät für Mathematik, Universität Bielefeld, D–33615 Bielefeld (Germany)

E-mail address: roeckner@mathematik.uni-bielefeld.de