On the absence of spectral gaps on certain loop spaces

Andreas Eberle

August 1, 2000

Abstract. Let M be a compact simply connected Riemannian manifold which contains a non–trivial closed geodesic γ such that the curvature is constant and strictly negative in a neighbourhood of γ. We show that in this case a Poincaré inequality for the H^1 gradient on the free loop space C(S^1, M) endowed with Bismut measure does not hold. Similar results hold w.r.t. more general metrics, and also on based loop spaces with base point close to γ. A key ingredient in the proofs is a result which shows that in a certain sense, the concentration of a Brownian bridge on hyperbolic space near the geodesic joining the end points x and y increases rapidly as d(x, y) → ∞.

1 Introduction and main results

1.1 General introduction

In [F], S. Fang proved a Poincaré inequality w.r.t. Wiener measure on the based path space over a compact Riemannian manifold. The validity of this inequality is equivalent to the existence of a spectral gap above 0 for the Ornstein Uhlenbeck operator on the path space, which is the generator of the corresponding Dirichlet form. In spite of this positive result, it is still not known if, and under which conditions, a corresponding result holds on loop spaces.

That the loop space case can not be handled as easily as the path space case is already indicated by the fact that the kernel of the Ornstein Uhlenbeck type operator on the loop space is infinite dimensional if the underlying manifold M is not simply connected. Nevertheless, one might still hope for the existence of a spectral gap above 0 in general, and for a Poincaré inequality in the ordinary form if M is simply connected. The aim of this article is to demonstrate that such results can not be expected without further geometric restrictions. More precisely, we will show ( in a particular case ) that a non–trivial closed geodesic which is a local minimum for the energy functional on H^1(S^1, M) can provoque accumulation at 0 of the spectrum of the Ornstein Uhlenbeck operators on pinned and free loop spaces over M. A corresponding result holds for a broad class of other diffusion operators on these loop spaces as well.

We now introduce the framework needed to state our results in detail. Up to slight modifications, this framework has been used in many publications during the last years, cf. e.g. [D], [DR], [L], [M], [H1], [H2], [ES], [A1], [A2].

1.2 Measures on loop spaces, stochastic horizontal lifts, and integration by parts

Let M be a compact connected Riemannian manifold, and let d = dim (M). Let LM = C(S^1, M) denote the space of continuous loops over M. In the sequel we will identify S^1 = [0, 1]/ ∼, so LM = {ω ∈ C([0, 1], M) ; ω(0) = ω(1)}. For x ∈ M let L_xM = {ω ∈ LM; ω(0) = x} ( = {ω ∈ C([0, 1], M); ω(0) = ω(1) = x} ) be the pinned loop space at x. We endow the spaces LM and L_xM, x ∈ M, with their Borel σ–algebras B(LM) and B(L_xM), which are generated by the M–valued evaluation maps Π_s, 0 ≤ s ≤ 1, Π_s(ω) = ω(s). The distribution P_x of the Brownian bridge from x to x in time 1 is the unique probability measure on L_xM such that ∫ LxM f(ω(s_1), ω(s_2), . . . , ω(s_n)) P_x(dω) = ∫ M^n f(x_1, x_2, . . . , x_n) p_{s1} (x, x_1)p_{s2−s1} (x_1, x_2) · · · · · · p_{sn−sn−1} (x_{n−1}, x_n)p_{1−sn} (x_n, x) n∏ i=1 V (dx_i) / p_1(x, x) holds for all n ∈ N, f ∈ C^∞(M^n), and 0 < s_1 < s_2 < . . . < s_n < 1. Here p_t(x, y) denotes the heat kernel of Δ/2 on M. The S^1 invariant normalized

Bismut measure P on LM is determined by ∫ LM f(ω(s_1), ω(s_2), . . . , ω(s_n)) P (dω) = ∫ M^n f(x_1, x_2, . . . , x_n) p_{s1} (x, x_1)p_{s2−s1} (x_1, x_2) · · · · · · p_{sn−sn−1} (x_{n−1}, x_n)p_{1+s1−sn} (x_n, x) n∏ i=1 V (dx_i) / ∫ M p_1(x, x) V (dx) for all n ∈ N, f ∈ C^∞(M^n), and 0 < s_1 < s_2 < . . . < s_n ≤ 1. Hence P = ∫ P_x p_1(x, x) V (dx) / ∫ p_1(x, x) V (dx) where the measures P_x, x ∈ M, have been extended trivially to LM. For the key assertions below it does not make a difference whether we are using the normalized or unnormalized Bismut measure. In particular, the operators on LM defined below are the same in both cases.

The M–valued process (Π_s)_{0≤s≤1} is a semimartingale both on (L_xM, B(L_xM)^{Px} , P_x) for every x ∈ M and on (LM, B(LM)^P , P ) w.r.t. the corresponding augmentations (F^x_s )_{0≤s≤1}, (F_s)_{0≤s≤1} of the filtrations generated by the process, cf. e.g. [D]. Here B(L_xM)^{Px} , B(LM)^P denote the completions of the Borel σ–algebras. Let π : O(M) → M be the orthonormal frame bundle over M. We will view a frame u ∈ O(M) as an isometry from R^d to T_{π(u)}M. We fix a Borel measurable map U^{(0)} : LM → O(M) such that π ∘ U^{(0)} = Y_0. The corresponding horizontal lift of the semimartingale (Π_s)_{0≤s≤1} is the ( up to equivalence unique ) O(M) valued horizontal semimartingale (U_s)_{0≤s≤1} on (L_xM, B(L_xM)^{Px} , P_x, (F^x_s ) ) , (LM, B(LM)^P , P , (F_s) ) respectively such that U_0 = U^{(0)} and π ∘ U_s = Π_s for all 0 ≤ s ≤ 1 hold P_x–a.s., P –a.s. respectively, cf. e.g. [HT, Satz 7.141].

For x ∈ M and ω ∈ L_xM, the tangent space T_ωL_xM consists of all continuous vector fields X : [0, 1] → T M along ω that vanish at 0 and 1. Let FC^∞ denote the space of all smooth cylinder functions F (ω) = f(ω(s_1), . . . , ω(s_n)), n ∈ N, f ∈ C^∞(M^n), s_1, . . . , s_n ∈ [0, 1] on LM. For such a function F and X ∈ T_ωL_xM, the directional derivative XF is given by XF = n∑ i=1 (X^{(i)}_{si} f) (ω(s_1), . . . , ω(s_n)), where X^{(i)}s denotes the appliaction of the derivative X_s to the i–th component on M^n. Let (U_s)_{0≤s≤1} be a version of the stochastic horizontal lift w.r.t. P_x. For h ∈ C([0, 1], R^d) with h(0) = h(1) = 0 let X^h denote the measurable vector field on L_xM given by X^h_s (ω) = U_s(ω) h(s) , 0 ≤ s ≤ 1 , ω ∈ L_xM. (1.1)

If h is in H^{1,2}_0 ([0, 1], R^d), then the following crucial integration by parts identity holds : ∫ LxM X^hF G dP_x = − ∫ LxM F X_hG dP_x + ∫ LxM β_h F G dP_x (1.2)

for all F, G ∈ FC^∞, where β_h =

∫_1 0 (h^′(s) + Ric_{Us} (h(s))) · db_s . Here X_hF denotes the directional derivative of F in direction X_h, Ric_{Us} = U^{−1}_s Ric U_s, and (b_s)_{0≤s≤1} is the R^d–valued stochastic development of the Brownian bridge s → ω(s), cf. e.g. [HT]. The function β_h is contained in L^p(L_xM; P_x) for every p ∈ [1, ∞). Notice that (1.2) means that the smooth cylinder functions are contained in the domain of the adjoint X^∗_h of the operator (X_h, FC^∞) on L^2(L_xM; P_x). For the proof of (1.2) see [D], [H2] or [ES].

1.3 H^1 metrics and gradients on loop spaces

From now on we fix a version (U_s)_{s≥0} of the stochastic horizontal lift w.r.t. P or P_x, x ∈ M, respectively. The tangent space T_ωLM at a loop ω ∈ LM consists of all continuous vector fields X : S^1 → T M along ω. Since a typical loop in LM is not absolutely continuous, we have to use the stochastic horizontal lift to define an H^1 metric on T LM. For ω ∈ LM let T^1_ω LM denote the space consisting of all X ∈ T_ωLM such that s → U_s(ω)^{−1}X_s, 0 ≤ s ≤ 1, is an absolutely continuous curve in R^d with square–integrable derivative. For X ∈ T^1_ω LM, we define the covariant derivative ∇X ds (s) = U_s(ω) d dt (U_t(ω)^{−1}X_t)|_{t=s}

(1.3)

of X along ω. Note that if ω would be smooth, and U(ω) would be the usual horizontal lift, then (1.3) would yield the usual covariant derivative along ω. The H^1 metric on T^1_ω LM is defined by

⟨X, Y ⟩_T 1_{ωLM} = ∫_1 0 ⟨ ∇X ds (s), ∇Y ds (s)⟩_{Tω(s)M} ds + ∫_1 0 ⟨X_s, Y_s⟩_{Tω(s)M} ds , (1.4)

X, Y ∈ T^1_ω LM. W.r.t. this metric, T^1_ω LM is a Hilbert space, and the map h → X^h(ω), defined by (1.1) is an isometry between {h ∈ H^{1,2}([0, 1], R^d); U_0(ω)h(0) = U_1(ω)h(1)} and T^1_ω LM.

Now fix x ∈ M, and let (U_s)_{0≤s≤1} be the fixed version of the stochastic horizontal lift w.r.t. P_x. Then for ω ∈ L_xM, the H^1 tangent space T^1_ω L_xM and the covariant derivative of a vector field X ∈ T^1_ω L_xM along ω can be defined similarly as above. Note that a priori the stochastic horizontal lifts w.r.t. P_x and P are not related, because the measures are singular. However, it is possible to construct a joint version of the stochastic horizontal lift w.r.t. both measures, cf. [D]. By using such a version for the definitions, we have

T^1_ω L_xM = { X ∈ T^1_ω LM ; X_0 = 0} .

The H^1 metric on T^1L_xM could now be defined as the restriction of the H^1 metric on T^1LM, cf. (1.4). In stochastic analysis, however, one usually uses the eqivalent metric ⟨X, Y ⟩_T 1_{ωLxM} = ∫_1 0 ⟨ ∇X ds (s), ∇Y ds (s)⟩_{Tω(s)M} ds , (1.5)

X, Y ∈ T^1_ω L_xM. The map (h, ω) → X^h(ω) defined by (1.1) is an isometry between the trivial bundle L_xM × H^{1,2}_0 ([0, 1], R^d) and the measurable field of Hilbert spaces T^1L_xM provided H^{1,2}_0 ([0, 1], R^d) is equipped with the Cameron Martin metric ⟨h, g⟩_{CM} = ∫_1 0 h^′(s) · g^′(s) ds. For a smooth cylinder funtion F (ω) = f(ω(s_1), . . . , ω(s_n)), the gradients D^0F and DF are the “sections” of T^1L_xM, T^1LM respectively defined by

⟨(D^0F )(ω), X⟩_T 1_{ωLxM} = XF for all ω ∈ L_xM and X ∈ T^1_ω L_xM, ⟨(DF )(ω), X⟩_T 1_{ωLM} = XF for all ω ∈ LM and X ∈ T^1_ω LM. One easily calculates that explicitly,

U_s(ω)^{−1}(D^0F )(ω)(s) = n∑ i=1 G^0(s, s_i) U_{si} (ω)^{−1}grad^{(i)}f (ω(s_1), . . . , ω(s_n))

(1.6) where G^0(s, t) = s∧t−s·t, s, t ∈ [0, 1], is the Green’s function of the operator −d^2/ds^2 with Dirichlet boundary conditions on (0, 1). In particular,

|D^0F (ω)|^2_T 1_{ωLxM} = n∑ i,j=1 ( G^0(s_i, s_j)U_{si} (ω)^{−1}grad^{(i)}f(ω(s_1), . . . , ω(s_n)) ,

U^{−1}_{sj} (ω)grad^{(j)}f(ω(s_1), . . . , ω(s_n)) ) R^d . (1.7)

Corresponding representations hold for DF as well, but G^0(s, t) has to be replaced by the matrix–valued Green’s function G(ω, s, t) of the operator 1 − d^2/ds^2 acting on functions h : [0, 1] → R^d with stochastic boundary conditions h(1) = U_1(ω)^{−1}U_0(ω)h(0) and h^′(1−) = U_1(ω)^{−1}U_0(ω)h^′(0+).

A section X of the bundle T^1LM is called measurable if the function U^{−1}X : LM → H^{1,2}([0, 1], R^d), (U^{−1}X)(ω)(s) = U_s(ω)^{−1}X_s(ω), is measurable. It is called square–integrable w.r.t. P if ∫ ⟨X(ω), X(ω)⟩_T 1_{ωLM} P (dω) < ∞. The space L^2(T^1LM; P ) consisting of all equivalence classes of square integrable sections is a Hilbert space. In fact, it is the direct integral of the measurable field of Hilbert spaces T^1LM, cf. [Di]. The Hilbert space L^2(T^1L_xM; P_x) is defined similarly.

D and D^0 are densely defined linear operators from L^2(LM; P ) to L^2(T^1LM; P ), and from L^2(L_xM; P_x) to L^2(T^1L_xM; P_x) respectively. It is a consequence of the integration by parts identity (1.2) that these operators are closable. For the reader’s convenience, a simple proof of this fact is given in the appendix. Notice that the closability of D^0 and D is equivalent to the closability of the corresponding symmetric bilinear forms

E^0_x(F, G) = ∫ ⟨D^0F (ω), D^0G(ω)⟩_T 1_{ωLxM} P_x(dω), and (1.8) E(F, G) = ∫ ⟨DF (ω), DG(ω)⟩_T 1_{ωLM} P (dω), (1.9)

F, G ∈ FC^∞, on L^2(L_xM; P_x), L^2(LM; P ) respectively. We remark that these bilinear forms are independent of the choice of the initial frame U^{(0)} and a corresponding version (U_t)_{t≥0} of the stochastic horizontal lift made above.

We denote the domains of the closures of the operators D^0 and D by H^{1,2}(L_xM; P_x), H^{1,2}(LM; P ) respectively. The closures of the gradients and the forms (1.8) and (1.9) themselves will again be denoted by D^0, D, E^0_x, and

E respectively. D^0 and D are non–flat analogues of the Malliavin gradient which is defined on the path space over R^n, cf. [M]. We are interested in the spectrum of the non–negative definite self–adjoint operators

L^0_x = (D^0)^∗D^0 and L = D^∗D

which are associated to the quadratic forms (E^0_x, H^{1,2}(L_xM; P_x)) on L^2(L_xM; P_x) and (E, H^{1,2}(LM; P )) on L^2(LM; P ) respectively. Since the forms do not depend on the choice of U^{(0)} and (U_t)_{t≥0}, the operators L^0_x and L do neither. Because of the analogy of the definition of these operators to that of the Ornstein–Uhlenbeck operator on the based path space over R^n, one might call them the Ornstein–Uhlenbeck operators on L_xM, LM respectively. We point out, however, that the spectral properties of these operators can be very different from those of classical Ornstein–Uhlenbeck operators, cf. the results below.

1.4 Poincaré inequalities and spectral gaps

We say that a Poincaré inequality holds w.r.t. the H^1 metric on L_xM, LM respectively, if there exists a finite constant c such that

Var_{Px} (F ) ≤ c · E^0_x (F, F ) for all F ∈ H^{1,2}(L_xM; P_x),

(1.10)

Var_P (F ) ≤ c · E (F, F ) for all F ∈ H^{1,2}(LM; P )

(1.11)

respectively. Here Var_μ denotes the variance w.r.t. a probability measure μ. Notice that it is enough to verify (1.10) and (1.11) for F in FC^∞.

We first point out that the Poincaré inequalities do not hold if M is not simply connected. In fact, in this case the loop spaces L_xM and LM are the disjoint unions of their connected components ( i.e., the corresponding homotopy classes of M ), and it can be shown easily that each indicator function of a component Λ is contained in the kernel of D^0, D respectively, cf. the remark below Lemma 5.1. In 1994, S. Fang proved a Poincaré inequality similarly to the one above on the based path space P_xM = {ω ∈ C([0, 1], M); ω(0) = x}, cf. also [H1], [AE], [CHL], and [H2] for extensions. Notice that L_xM is a submanifold of P_xM with finite codimension. The measure P_x can be obtained by conditioning Wiener measure on P_xM to L_xM, and the gradient D^0 is precisely the projection of the Malliavin type gradient on P_xM to the H^1 tangent bundle of the submanifold L_xM. There have been attempts to extend Fang’s method of proof, which relies on a Clark-Ocone formula on P_xM, to the loop space case, cf. e.g. [GM] and [A2]. However, so far the validity of a Poincaré inequality in the sense above could not be shown on any loop space over a non–flat simply connected Riemannian manifold that is not diffeomorphic to R^n.

We now state our main result which shows that in fact, Poincaré inequalities w.r.t. the H^1 metric on loop spaces over compact simply connected Riemannian manifolds can not be expected to hold without further geometric restrictions on the base manifold. We make the following assumption on the Riemannian manifold M :

(A 1) There exists a non–trivial closed geodesic γ : S^1 → M such that the curvature is constant and strictly negative on a neighbourhood of γ(S^1).

EXAMPLE. Suppose that dim (M) = 2, and M contains an open subset U that is isometric to the surface of revolution in R^3 given as the image of the map f : (−A, A) × R → R^3,

f(s, φ) = ( R cosh s cos φ, R cosh s sin φ, ∫_s 0 (1 − R^2 sinh^2 t)^{1/2} dt )

for some R, A > 0 with sinh A < 1/R. Then (A 1) holds.

Note that there exists a constant ε > 0 such that the exponential map is a diffeomorphism from the set of all vectors of length < ε in the normal bundle along γ(S^1) to the set

U_ε = { x ∈ M ; dist (x, γ(S^1)) < ε },

cf. e.g. [C], Sect. 3.6. From now on we fix such an ε for which moreover the curvature is constant on U_ε.

Theorem 1.1 If (A 1) holds then

inf { E(F, F ) ; F ∈ FC^∞, Var_P (F ) = 1 } = 0 and inf { E^0_x(F, F ) ; F ∈ FC^∞, Var_{Px} (F ) = 1 } = 0 for every x ∈ U_ε.

Remarks. (i) The strict negativity of the curvature along γ implies that γ is a local minimum for the energy functional E(ω) = ∫ |dω/ds|^2_{ω(s)} ds on H^1(S^1, M), cf. e.g. [J], Thm. 4.1.1.

(ii) I strongly suspect that the assertion of the theorem holds as well under the weaker assumption that the curvature is strictly negative on γ(S^1). In fact, in this case the proof given below can be carried out in a similar way except for the proofs of the estimates in Section 3, where we use the explicit representation of the heat kernel on the hyperbolic space H^d.

Notice that the constant functions are contained in the kernel of the operators L^0_x, x ∈ M, and L. We say that a non–negative self–adjoint operator with non–trivial kernel has a spectral gap above 0 if its spectrum is contained in {0} ∪ [λ, ∞) for some λ > 0. As a consequence of the proof of Theorem 1.1 that will be given below, we obtain the following corollary which is slightly stronger than Theorem 1.1 itself :

Corollary 1.2 If (A 1) holds then the kernel of the operator L is infinite dimensional, or L does not have a spectral gap above 0. The same holds for the operators L^0_x, x ∈ U_ε.

In fact, S. Aida [A1] has shown that the kernels of the operators L^0_x, x ∈ M, contain only the constant functions if M is simply connected. Hence the operators L^0_x, x ∈ U_ε, do not have a spectral gap above 0 in this case.

Remarks. (i) The absence of spectral gaps on loop spaces over not simply connected manifolds can be proven similarly under the additional assumption that the closed geodesic γ in (A 1) is homotopic to a constant loop.

(ii) The assertion of Theorem 1.1 means that for x ∈ U_ε the strongly continuous semigroups (exp(tL))_{t≥0} on L^2(LM; P ) and (exp(tL^0_x))_{t≥0} on L^2(L_xM; P_x) do not decay exponentially fast to equlibrium.

1.5 Generalizations

We now state a generalization of Theorem 1.1 which shows that a Poincaré inequality on the loop spaces considered is not only violated w.r.t. the H^1 metric, but also w.r.t. a broad class of other metrics. Let M be again a compact connected Riemannian manifold satisfying (A 1). Suppose that we are given a symmetric bilinear operator Γ : FC^∞ × FC^∞ → L^1(LM; P ) such that Γ(F, F ) ≥ 0 P –a.s. for all F ∈ FC^∞, and Γ(ϕ(F_1, . . . , F_n), G) = n∑ i=1 ∂ϕ ∂x_i (F_1, . . . , F_n) Γ(F_i, G) P –a.s.

(1.12) for all n ∈ N, ϕ ∈ C^∞_b (R^n) and F_1, . . . , F_n, G ∈ FC^∞. Typically, Γ(F, G) = ⟨ D̃F , D̃G ⟩ for some gradient D̃ and some metric ⟨·, ·⟩ on LM. We assume that the non–negative definite symmetric bilinear form E^Γ(F, G) = ∫ LM Γ(F, G) dP , F, G ∈ FC^∞, (1.13) is closable on L^2(LM; P ). We denote the closure again by E^Γ and its domain by H^{1,2}_Γ (LM; P ). We assume moreover that there exists a function α ∈ L^1(LM; P ) such that Γ ( f ∘ Π_s , f ∘ Π_s ) (ω) ≤ α(ω) · |grad f|^2_{ω(s)} P –a.s.

(1.14) holds for all f ∈ C^∞(M) and s ∈ S^1.

For n ∈ N let γ_n : S^1 → M be the closed geodesic obtained by winding around γ n times, i.e., γ_n((k + s)/n) = γ(s) for all k ∈ {0, 1, . . . , n − 1} and s ∈ [0, 1]. We choose ε > 0 as above. Let Ω_n ⊂ LU_ε denote the free homotopy class of U_ε that contains γ_n. For δ > 0 let Ω^δ_n = {ω ∈ Ω_n ; sup_{s∈S1} dist (ω(s), γ(S^1)) < δ}.

The conditional expectation w.r.t. the probability measure P is denoted by E_P [ · | · ].

Theorem 1.3 Consider the situation just described, and suppose that (1.14) holds for some function α ∈ L^1(LM; P ) such that

lim inf n→∞ exp(−n^β) E_P [ α | Ω_n \ Ω^{ε/3}_n ] = 0 for some β < 1/4.

(1.15) Then

inf { E^Γ(F, F ) ; F ∈ H^{1,2}_Γ (LM; P ), Var_P (F ) = 1 } = 0.

Corollary 1.4 Let A be a non–negative function in L^1(LM; P ). If lim inf n→∞ exp(−n^β) E_P [ A | Ω_n \ Ω^{ε/3}_n ] = 0 for some β < 1/4, then a Poincaré inequality of type

Var_P (F ) ≤ c · ∫ LM A(ω) ⟨DF, DF ⟩_T 1_{ωLM} P (dω), F ∈ FC^∞, does not hold for any c > 0.

Remarks. (i) Again, corresponding results hold on based loop spaces. (ii) Theorem 1.3 can also be used to show the non–existence of Poincaré inequalities w.r.t. H^α metrics for 0 < α < 1.

The organization of this article is as follows : In Section 2 we give a simple criterion to disprove the existence of a spectral gap. To apply this criterion on loop spaces, concentration results for Brownian bridges are crucial. In Section 3 we prove a result of this type that might also be of independent interest : A Brownian bridge from x to y on hyperbolic space concentrates in a certain sense more strongly near the minimal geodesic joining x and y if d(x, y) gets large. In Section 4 we show how this result implies concentration properties for pinned Wiener and Bismut measures on manifolds satisfying (A 1). The proofs of the main results on free loop spaces are given in Section 5, and those on based loop spaces in Section 6.

2 A general anti{spectral gap result

In this section we give a simple criterion for the non–existence of a Poincaré inequality that holds in a more general framework.

Let (Ω, F, μ) be a probability space, and let E be a closed non–negative definite quadratic form on L^2(Ω; μ) such that the constant functions are in the form domain Dom (E). We assume that (E, Dom(E)) is a strongly local Dirichlet form that admits a carré du champ ( energy density ), i.e., there exists a symmetric bilinear map Γ : Dom (E) × Dom (E) → L^1(Ω; μ) with the following properties :

Γ(F, F ) ≥ 0 μ–a.e. for all F ∈ Dom (E),

(2.1) E(F, G) = ∫ Γ(F, G) dμ for all F, G ∈ Dom (E),

(2.2)

The composition ϕ(F_1, . . . , F_n) is in Dom (E) for all n ∈ N,

(2.3)

F_1, . . . , F_n ∈ Dom (E) ∩ L^∞(Ω; μ) and ϕ ∈ C^1_b (R^n), and Γ(ϕ(F_1, . . . , F_n), G) = n∑ i=1 ∂ϕ ∂x_i (F_1, . . . , F_n) Γ(F_i, G) μ–a.e.

for all G ∈ Dom (E).

It is a consequence of (2.3), that for F, G ∈ Dom (E) and c ∈ R,

Γ(F, G) = 0 μ–a.e. on {ω ∈ Ω; F (ω) = c },

(2.4)

( Strong locality, cf. [BH] ). We set E(F ) = E(F, F ) and Γ(F ) = Γ(F, F ).

Remark. All the closed quadratic forms on loop spaces introduced in Section 1 are strongly local Dirichlet forms with Carré du champ.

The following observation is almost trivial, but important :

Lemma 2.1 Suppose that there exist disjoint sets B_n ∈ F, subsets A_n ⊆ B_n, A_n ∈ F, and functions F_n ∈ Dom (E), n ∈ N, such that F_n = 1 μ–a.e. on A_n, F_n = 0 μ–a.e. on Ω \ B_n, and

lim inf n→∞ E_μ[Γ(F_n) | B_n \ A_n] · μ(B_n \ A_n)/μ(A_n) = 0.

(2.5)

Then

inf { E(F ) ; F ∈ Dom (E), Var_μF = 1 } = 0.

(2.6)

Proof. By (A.5) in the appendix, Γ(F_n) vanishes μ–a.e. both on Ω \ B_n and on A_n, whence by (2.2), E(F_n) ∫ F^2_n dμ ≤ ∫ Bn\An Γ(Fn) dμ ∫ An 1 dμ = E[Γ(F_n)|B_n \ A_n] · μ(B_n \ A_n) μ(A_n) (2.7)

Since the sets B_n are disjoint, the functions F_n are orthogonal in L^2(Ω, μ). Hence

Var_μF_n ∫ F^2_n dμ

= 1 − ( ∫ F_n dμ)^2 ∫ F^2_n dμ

= 1 − ( F_n ( ∫ F^2_n dμ)^{1/2} , 1 ) L^2(Ω;μ) −→ 1 (2.8) as n → ∞ by Parseval’s identity. By (2.7), (2.5) and (2.8),

lim inf n→∞ E(F_n)/Var_μ(F_n) = 0.

This implies the assertion after normalizing.

Remark. More generally, the arguments in the proof imply that

inf { E(F ) ; F ∈ Dom (E), ∫ (F − P F )^2 dμ = 1} = 0

holds for every finite dimensional projection P : L^2(Ω; μ) → L^2(Ω; μ).

Example. Suppose that Ω is a complete finite dimensional Riemannian manifold, and μ is a probability measure on Ω with C^1 density w.r.t. the volume element. If there exist disjoint open sets B_n ⊂ Ω, n ∈ N, and open subsets A_n ⊂ B_n such that

inf_{n∈N} ( μ(B_n \ A_n) μ(A_n) · 1 dist (Ω \ B_n, A_n)^2 ) = 0 ,

then inf f∈C^∞_0 (M) ∫ M |df|^2_T ∗_{ωM} μ(dω) V ar_μ f = 0.

This follows by applying Lemma 2.1 with F_n = 1 − dist ( · , A_n)/dist (Ω \ B_n, A_n) to the closure (E, Dom (E)) of the symmetric bilinear form E(f, g) = ∫ (df, dg) dμ. Arguments of this type are used in many different contexts, cf. e.g. [CGP].

In Section 5, we apply Lemma 2.1 to the situation on loop spaces described in Section 1. The sets A_n and B_n will then be chosen as appropriate neighbourhoods of geodesic loops that wind around the set U_ε n times.

3 Concentration of Brownian bridges on hyperbolic spaces

Let H^d_κ, d ≥ 2, κ < 0, denote the hyperbolic space of dimension d and curvature κ. For x, y ∈ H^d_κ let Q_{x,y} denote the distribution on C([0, 1], H^d_κ) of the Brownian bridge from x to y in time 1. Let γ_{x,y} : [0, 1] → H^d_κ be the unique geodesic from x to y, and let r_{x,y} = dist ( · , γ_{x,y}([0, 1]) ). The aim of this section is to prove the following proposition :

Proposition 3.1 For every a > 0 and β < 1/4, there exist constants K_1, K_2, c_1 ∈ (0, ∞) such that the estimates

Q_{x,y} [ sup_{t∈[0,1]} d(ω(t), γ_{x,y}(t)) ≥ u ] ≤ K_1 · exp(−c_1u^2)

(3.1)

Q_{x,y} [ sup_{t∈[0,1]} r_{x,y}(ω(t)) ≥ a ] ≤ K_2 · exp(−d(x, y)^β)

(3.2)

hold for all x, y ∈ H^d_κ and u ≥ 0.

Remarks. (i) The crucial statement in Proposition 3.1 is that the constants can be chosen indepently of x and y. It seems that the second estimate does not hold with sup r_{x,y}(ω(t)) replaced by the supremum distance of ω and γ_{x,y}.

(ii) Estimate (3.2) can be improved considerably. For our purposes, however, the form stated is sufficient.

Let q_t(x, y) denote the heat kernel on H^d_κ. We first recall two well–known facts about q_t and about hyperbolic triangles, which we will frequently use in the sequel :

Lemma 3.2 There exists a constant K ∈ (1, ∞) such that K^{−1} · q̃_t(x, y) ≤ q_t(x, y) ≤ K · q̃_t(x, y) for all t ∈ (0, 1] and x, y ∈ H^d_κ, where q̃_t(x, y) = (2πt)^{−d/2} e^{− d(x,y)22t} e^{− d−12 √−κ·d(x,y)} · (1 + d(x, y))^{(d−1)/2}. Proof. See e.g. [Da], Thm. 5.7.2.

Lemma 3.3 (Hyperbolic theorem of Pythagoras) If a, b, c are the lengths of the sides of a right–angled geodesic triangle in H^d_κ with right angle opposite to the side with length c, then

cosh( √ −κ · c) = cosh( √ −κ · a) · cosh( √ −κ · b). (3.3)

In particular,

c ≥ a + (−κ)^{−1/2} log cosh ( √ −κ · b). (3.4)

Proof. (3.3) is standard, and can be easily verified in one of the explicit models of H^d_κ, cf. e.g. [Be], 19.3. In particular, c ≥ a. Since cosh u = e^u(1 + e^{−2u})/2, (3.3) implies e^{√−κc} ≥ e^{√−κa} cosh( √ −κb)·(1+e^{−2√−κa})/(1+e^{−2√−κc}) ≥ e^{√−κa} cosh( √ −κb), and thus (3.4).

Remark. If the angle opposite to the side with length c is greater than π/2, then (3.3) holds with “=” replaced by “>”. In particular, (3.4) is still true.

For x, y ∈ H^d_κ and t > 0 let μ^{x,y}_t denote the distribution of ω → ω(t/2) w.r.t. the Brownian bridge from x to y on H^d_κ in time t, i.e., μ^{x,y}_t (dz) = q_{t/2}(x, z) q_{t/2}(z, y) q_t(x, y) V (dz). The next lemma is the key step in the proof of Proposition 3.1 :

Lemma 3.4 There exist constants A_1, A_2, δ̃ ∈ (0, ∞) such that μ^{x,y}_t [{z ∈ H^d_κ; r_{x,y}(z) ≥ α}] ≤ A_1 · t^{−(d−1)/4} · e^{−δ̃α4·(1+d(x,y))/t} ∀ x, y ∈ H^d_κ, α ∈ [0, 1], t ∈ (0, 1], (3.5) and μ^{x,y}_t [{z ∈ H^d_κ; d(z, γ_{x,y}( 1 2 )) ≥ α}] ≤ A_2 · t^{−(d−1)/4} · e^{−δ̃·α2·(α2∧1)/t} ∀ x, y ∈ H^d_κ, α ∈ [0, ∞), t ∈ (0, 1]. (3.6)

Proof. For better transparency we will restrict ourselves to the case κ = −1. Using Lemma 3.2 and 3.3, the proof can be carried out similarly for other negative values of κ. Let H^d = H^d_1 , and let ν = (d − 1)/2. By Lemma 3.2, it suffices to prove the assertion with μ^{x,y}_t replaced by μ̃^{x,y}_t = ρ̃^{x,y}_t dV , where ρ̃^{x,y}_t (z) = q̃_{t/2}(x, z) q̃_{t/2}(z, y) q̃_t(x, y) for all x, y, z ∈ H^d and t ∈ (0, 1].

Fix x, y ∈ H^d and t ∈ (0, 1], and let ℓ = d(x, y). Then ρ̃^{x,y}_t (z) = ( 2 πt )_{−d/2} e^{−(d(x,z)2+d(z,y)2−ℓ2/2)/t}e^{−ν(d(x,z)+d(z,y)−ℓ)} × ( (1 + d(x, z))(1 + d(z, y)) 1 + ℓ )_ν (3.7) = ( 2 πt )_{−d/2} e^{−((d(x,z)−ℓ/2)2+(d(z,y)−ℓ/2)2 )/t}e^{−(ν+ℓ/t)·(d(x,z)+d(z,y)−ℓ)} × ( (1 + d(x, z))(1 + d(z, y)) 1 + ℓ )_ν . We remark first that

e^{−ν·(d(x,z)+d(z,y)−ℓ)} · ( (1 + d(x, z))(1 + d(z, y)) 1 + ℓ )_ν ≤ K_0 · (1 + ℓ)^ν ∀ z ∈ H^d

(3.8)

holds with some finite constant K_0 that does not depend on x and y. This is obvious for z ∈ H^d with d(x, z) + d(z, y) ≤ 2ℓ. For z ∈ H^d with d(x, z) + d(z, y) ≥ 2ℓ, the left hand side of (3.8) is dominated from above by exp(−ν · (d(x, z)+d(z, y))/2)·(1+d(x, z))^ν (1+d(z, y))^ν, which is a uniformly bounded function in x, y and z.

Now let γ̃_{x,y} : R → H^d be the unique geodesic parametrized by arc length such that γ̃_{x,y}(0) = x and γ̃_{x,y}(ℓ) = y. In particular, γ_{x,y}(t) = γ̃_{x,y}(ℓ · t) for t ∈ [0, 1]. We complete Ẽ_0(s) = γ̃^′_{x,y}(s) to a parallel orthonormal frame {Ẽ_0(s), Ẽ_1(s), . . . , Ẽ_{d−1}(s)}, s ∈ R, along γ̃_{x,y}. Let H^d_∗ = H^d \ γ̃_{x,y}(R), and let S^{d−2} denote the unit sphere in R^{d−1}. In particular, S^0 = {+1, −1}. We introduce Fermi coordinates u : H^d_∗ → R, ρ : H^d_∗ → (0, ∞) and N : H^d_∗ → S^{d−2} by requiring that

z = exp (ρ(z) d−1∑ i=1 Ẽ_i(u(z))N^i(z)) for all z ∈ H^d, (3.9)

where N^i(z) is the i–th component of N(z) in R^{d−1} ⊃ S^{d−2}. Since the curvature is negative, (u, ρ, N) is a global diffeomorphism between H^d_∗ and R × (0, ∞) × S^{d−2}, cf. e.g. [C], Sect. 3.6. We extend the functions u and ρ continuously to H^d.

For z ∈ H^d let z̃ = γ̃_{x,y}(u(z)) be the orthogonal projection of z onto γ̃_{x,y}(R). Then both (x, z̃, z) and (y, z̃, z) are triangles with right angle at z̃. Since d(z, z̃) = ρ(z), d(x, z̃) = |u(z̃) − u(x)| = |u(z)|, and d(z̃, y) = |u(y) − u(z̃)| = |ℓ − u(z)|, Lemma 3.3 implies d(x, z) ≥ |u(z)| + log cosh ρ(z), and

(3.10) d(z, y) ≥ |ℓ − u(z)| + log cosh ρ(z). (3.11) Thus d(x, z) + d(z, y) ≥ |u(z)| + |ℓ − u(z)| + 2 log cosh ρ(z) (3.12) ≥ ℓ + 2 log cosh ρ(z) for all z ∈ H^d. Moreover, max (d(x, z), d(z, y)) − ℓ/2 ≥ |u(z) − ℓ/2| + log cosh ρ(z) . (3.13) In fact, (3.13) is an immediate consequence of (3.10) if u(z) ≥ ℓ/2, and of (3.11) if u(z) ≤ ℓ/2. By (3.7), (3.8), (3.12) and (3.13),

ρ̃^{x,y}_t (z) ≤ K_0 · (^2_{πt} )^{d/2}e^{− 1t (|u(z)−ℓ/2|+log cosh ρ(z))2} e^{−2 ℓt ·log cosh ρ(z)} · (1 + ℓ)^ν

(3.14)

for z ∈ H^d and t ∈ (0, 1]. Integrating over z, and using that the volume element can be expressed in Fermi coordinates as sinh^{d−2} ρ cosh ρ dρ du dV_Sd−2(N), we obtain μ̃^{x,y}_t [{z ∈ H^d; ρ(z) ≥ α and u(z) ≥ β + ℓ/2}] (3.15)

≤ K_0 · (^2_{πt} )^{d/2} · V (S^{d−2}) · ∫_∞ β+ℓ/2 e^{−(u−ℓ/2)2/t}du × ∫_∞ α e^{−(log cosh ρ)2/t}e^{− 2ℓt log cosh ρ} · (1 + ℓ)^ν sinh^{d−2} ρ cosh ρ dρ ≤ K_1 · t^{(1−d)/2}e^{−β2/t} ∫_∞ α (1 + ℓ)^νe^{(d−1)ρ}e^{−(2ℓ log cosh ρ+(log cosh ρ)2)/t} ρ^{d−2}dρ

for all α, β ∈ [0, ∞) and t ∈ (0, 1], where K_1 is a finite constant that does not depend on t, x, y, α and β. Here we have used that ∫_∞ β+ℓ/2 e^{−(u−ℓ/2)2/t} du ≤ e^{−β2/t} ∫_∞ 0 e^{−v2/t} dv = √ πt e^{−β2/t}/2, because (u − ℓ/2)^2 ≥ β^2 + (u − β − ℓ/2)^2 if u ≥ β + ℓ/2.

To estimate the integral on the right hand side of (3.15) note that log cosh r = log(e^r · (1 + e^{−2r})/2) = r − log 2 + log(1 − e^{−2r}) ∼ r − log 2 as r → ∞, whereas log cosh r ∼ r^2/2 as r → 0. Since the function log cosh is continuous and strictly positive on (0, ∞), there exists λ > 0 such that log cosh r ≥ λr^2 if 0 ≤ r ≤ 1 and log cosh r ≥ λr if r ≥ 1. Let I(ρ, t, ℓ) denote the integrand in the integral on the right hand side of (3.15). For α_0 ≥ 1 we obtain ∫_∞ α_0 I(ρ, t, ℓ) dρ ≤ (1 + ℓ)^ν · e^{−2λα0ℓ/t} · ∫_∞ α_0 e^{(d−1)ρ}e^{−λ2ρ2/t} ρ^{d−2} dρ ≤ (1 + ℓ)^ν · e^{−2λα0ℓ/t} · e^{(d−1)α0} · e^{−λ2α20/t}(1 + α_0)^{d−2} (3.16) × ∫_∞ 0 e^{(d−1)v}e^{−λ2v2} (1 + v)^{d−2} dv ≤ K_2 · e^{−λα0ℓ/t} · e^{−λ2α20/(2t)} for all t ∈ (0, 1] with some finite constant K_2 that does not depend on t, ℓ and α_0.

Moreover, if ℓ ≥ 1 then for α_1 ∈ [0, 1] we have

∫_1

α_1 I(ρ, t, ℓ) dρ ≤ (1 + ℓ)^νe^{d−1} ∫_∞ α_1 e^{−2ℓλρ2/t} ρ^{d−2} dρ = (1 + ℓ)^νe^{d−1}(2ℓλ/t)^{−ν} ∫_∞ α_1· √_{2ℓλ/t} e^{−r2} r^{d−2} dr (3.17) ≤ e^{d−1}λ^{−ν} t^ν e^{−2ℓλα21/t} · (1 + α_1 · √ 2ℓλ/t)^{d−2} ∫_∞ 0 e^{−v2} v^{d−2} dv ≤ K_3 · t^ν · e^{−(1+ℓ)λα21 /(2t)} ∀ t ∈ (0, 1], and if ℓ ≤ 1 then for α_1 ∈ [0, 1],

∫_1

α_1 I(ρ, t, ℓ) dρ ≤ 2^νe^{d−1} · ∫_∞ α_1 e^{−λ2ρ4/t} ρ^{d−2} dρ ≤ 2^νe^{d−1}λ^{−ν}t^{ν/2} · ∫_∞ λ^{1/2}α_1t^{−1/4} e^{−r4} r^{d−2} dr (3.18)

≤ (2/λ)^νe^{d−1} t^{ν/2} e^{−λ2α41/t} (1 + λ^{1/2}α_1t^{−1/4})^{d−2} · ∫_∞ 0 e^{−r4} r^{d−2} dr ≤ K_4 · t^{ν/2} · e^{(1+ℓ)λ2α41/(4t)} where K_3 and K_4 are finite constants that do not depend on t, α_1 and ℓ.

By (3.15), (3.16), (3.17) and (3.18), we see that there exist constants K_5, δ_0 ∈ (0, ∞) independent of x and y such that for all t ∈ (0, 1], μ̃^{x,y}_t [ ρ ≥ α and u ≥ ℓ/2 + β ] ≤ K_5 t^{−ν/2}e^{−β2/t}e^{−δ0α4(1+ℓ)/t} ∀α ∈ [0, 1], μ̃^{x,y}_t [ ρ ≥ α and u ≥ ℓ/2 + β ] ≤ K_5 e^{−β2/t}e^{−δ0·(α2+ℓα)/t} ∀α ∈ [1, ∞). By the invariance of μ̃^{x,y}_t under the map z → exp(ρ(z) ∑~ E_i(ℓ − u(z))N^i(z)) ( reflection at the middle plane between x and y ), the same estimates hold for μ̃^{x,y}_t [ρ ≥ α and u ≤ ℓ/2 − β]. Now notice that for z ∈ H^d we have r_{x,y}(z) = dist (z, γ̃_{x,y}([0, ℓ])) = d(z, z̃) = ρ(z) if 0 ≤ u(z) ≤ ℓ, r_{x,y}(z) = d(z, y) ≤ ρ(z) + u(z) − ℓ if u(z) ≥ ℓ, and r_{x,y}(z) = d(z, x) ≤ ρ(z) − u(z) if u(z) ≤ 0. In particular, ρ(z) ≥ r_{x,y}(z)/2 or |u(z) − ℓ/2| ≥ ℓ/2 + r_{x,y}(z)/2 for each z ∈ H^d. Hence μ̃^{x,y}_t [r_{x,y} ≥ α] ≤ μ̃^{x,y}_t [ρ ≥ α/2] + μ̃^{x,y}_t [|u − ℓ/2| ≥ (ℓ + α)/2] = 2 μ̃^{x,y}_t [ ρ ≥ α/2 and u ≥ ℓ/2 ] + 2 μ̃^{x,y}_t [ u ≥ ℓ + α/2 ]

(3.19)

≤ 2 K_5 t^{−ν/2} · ( e^{−δ0α4·(1+ℓ)/(16t)} + e^{−(2ℓα+α2)/(4t)} )

for all t ∈ (0, 1] and α ∈ [0, 1]. Since K_5 and δ_0 do not depend on x, y and t, (3.19) implies Estimate (3.5). Furthermore, d(z, γ_{x,y}(1/2)) ≤ d(z, z̃) + d(z̃, γ_{x,y}(1/2)) = ρ(z) + |u(z) − ℓ/2| ∀z ∈ H^d, whence μ̃^{x,y}_t [{z ∈ H^d; d(z, γ_{x,y}(1/2)) ≥ α}] ≤ μ̃^{x,y}_t [ρ ≥ α/2] + μ̃^{x,y}_t [|u − ℓ/2| ≥ α/2] = 2 μ̃^{x,y}_t [ ρ ≥ α/2 and u ≥ ℓ/2 ] + 2 μ̃^{x,y}_t [ ρ ≥ 0 and u ≥ ℓ/2 + α/2 ] ≤ 2 K_5 t^{−ν/2} · ( e^{−δ0α4·(1+ℓ)/(16t)} + e^{−α2/(4t)} ) ∀ t ∈ (0, 1], α ∈ [0, 2], resp. ≤ 2 K_5 · ( e^{−δ0·(α2+2ℓα)/(4t)} + e^{−α2/(4t)} ) ∀ t ∈ (0, 1], α ∈ [2, ∞).

This proves Estimate (3.6).

We finally show that Proposition 3.1 follows from Lemma 3.4 : Proof of Proposition 3.1. We first show that (3.6) implies (3.1).

Afterwards, we use (3.1) and (3.5) to prove (3.2).

(i) Proof of (3.1) : Fix x, y ∈ H^d_κ, and let P_{x,y}(H^d_κ) denote the space of all continuous paths ω : [0, 1] → H^d_κ with ω(0) = x and ω(1) = y. For k ∈ N ∪ {0} and ω ∈ P_{x,y}(H^d_κ) let

M_k(ω) = max_{0≤i≤2k} d(ω(i · 2^{−k}), γ_{x,y}(i · 2^{−k})), and N_k(ω) = max_{0≤i<2k} d(ω((i + 1/2) · 2^{−k}), γ_{ω(i·2}−k_{),ω((i+1)·2}−k_)(1/2) ).

Recall that since H^d_κ is simply connected and has negative curvature, the function t → d(γ_1(t), γ_2(t))^2 is convex for any two geodesics γ_1, γ_2 : [0, 1] → H^d_κ parametrized proportional to arc–length, cf. e.g. [J], Lem. 6.5.2. In particular,

d(γ_1(t), γ_2(t)) ≤ max (d(γ_1(0), γ_2(0)), d(γ_1(1), γ_2(1)) ) for all t ∈ [0, 1]. Hence d(γ_{ω(i·2}−k_{),ω((i+1)·2}−k_)(1/2), γ_{x,y}((i + 1/2) · 2^{−k}) )

≤ max ( d(ω(i · 2^{−k}), γ_{x,y}(i · 2^{−k})) , d(ω((i + 1) · 2^{−k}), γ_{x,y}((i + 1) · 2^{−k})) ) for all k ≥ 0 and 0 ≤ i < 2^k, and therefore

M_{k+1}(ω) ≤ M_k(ω) + N_k(ω) for all ω ∈ P_{x,y}(H^d_κ) and k ≥ 0. Since M_0(ω) = 0, we obtain M_k(ω) ≤ ∑_{k−1} j=0 N_j(ω), and thus

sup_{t∈[0,1]} d(ω(t), γ_{x,y}(t)) = sup_{k∈N} M_k(ω) ≤ ∞∑ j=0 N_j(ω) for all ω ∈ P_{x,y}(H^d_κ).

Let p = (d + 3)/4. By (3.6),

Q_{x,y}[N_j ≥ α] ≤ 2^j −1∑

i=0 Q_{x,y}[d(ω((i + 1/2) · 2^{−j}), γ_{ω(i·2}−j_{),ω((i+1)·2}−j_)(1/2) ) ≥ α ] ≤ 2^j · sup_{x′,y′∈Hd} κ μ^{x′,y′}_{2−j} [ d( · , γ_x′_{,y}′ (1/2)) ≥ α ] ≤ A_2 · 2^{pj} · e^{−δ̃·2j ·α2·(α2∧1)} for all α > 0. Hence

Q_{x,y}[{ω ∈ P_{x,y}(H^d_κ); sup_{t∈[0,1]} d(ω(t), γ_{x,y}(t)) ≥ (1 + 2^{−1/8})^{−1}v}] ≤ ∞∑ j=0 Q_{x,y}[N_j ≥ 2^{−j/8}v] ≤ A_2 · ∞∑ j=0 2^{pj}e^{−δ̃·2j ·2−j/4v2·((2−j/4v2)∧1)}

≤ A_2 · ∞∑ j=0 2^{pj}e^{−δ̃·2j/2v2} ≤ A_2 · e^{−δ̃v2} ∞∑ j=0 2^{pj}e^{−δ̃·(2j/2−1)}

for all v ≥ 1. This shows that (3.1) holds for all x, y ∈ H^d_κ and u ≥ (1 − 2^{−1/8})^{−1} with constants K_1, c_1 ∈ (0, ∞) that do not depend on x, y and u. Clearly, by choosing K_1 large enough, we can ensure that (3.1) holds for 0 ≤ u ≤ (1 − 2^{−1/8})^{−1} as well.

(ii) Proof of (3.2) : This is slightly more involved. Fix α ∈ (0, 1] and x, y ∈ H^d_κ with d(x, y) ≥ 1, and let ℓ = d(x, y). Let Γ = { ω ∈ P_{x,y}(H^d_κ); d(ω(s), ω(t)) ≥ |t − s| · ℓ/2 for all s, t ∈ [0, 1] with |t − s| ≥ 1/ √ ℓ }. (3.20) By (3.1), and since d(γ_{x,y}(s), γ_{x,y}(t)) = |t − s| · ℓ for all s, t ∈ [0, 1], Q_{x,y}[P_{x,y}(H^d_κ) \ Γ] ≤ Q_{x,y}[ sup_{t∈[0,1]} d(ω(t), γ_{x,y}(t)) ≥ √ ℓ/4] ≤ K_1 · e^{−c1ℓ/16} . (3.21) Hence to prove (3.2), it suffices to estimate Q_{x,y}[{ω ∈ Γ; sup_{t∈[0,1]} r_{x,y}(ω(t)) ≥ α}]. Now let

M̄_k(ω) = max_{0≤i≤2k} dist (ω(i · 2^{−k}), γ_{x,y}([0, 1])), and N̄_k(ω) = max_{0≤i<2k} dist (ω((i + 1/2) · 2^{−k}), γ_{ω(i·2−k),ω((i+1)·2−k )}([0, 1]) ).

Similarly as above, we have

M̄_{k+1}(ω) ≤ M̄_k(ω) + N̄_k(ω) for all ω ∈ Γ and k ∈ N ∪ {0}, because dist (γ_1(t), γ_2([0, 1])) ≤ max (dist (γ_1(0), γ_2([0, 1])), dist (γ_1(1), γ_2([0, 1])) ) holds for any two geodesics γ_1, γ_2 : [0, 1] → H^d_κ, and all t ∈ [0, 1]. The latter fact can be seen for example from the expression of the metric on H^d_κ in Fermi coordinates based on a geodesic extending γ_2. Hence M̄_k(ω) ≤ ∑_{k−1} j=0 N̄_j(ω), and sup_{t∈[0,1]} r_{x,y}(ω(t)) = sup_{k∈N} M̄_k(ω) ≤ ∞∑ j=0 N̄_j(ω) . (3.22)

For α ≥ 0 and j ∈ N ∪ {0} with 2^{−j} ≥ 1/ √ ℓ, we have by (3.5) and (3.20) : Q_{x,y}[{ω ∈ Γ; N̄_j(ω) ≥ α}] (3.23)

≤ 2^j · sup { μ^{x′,y′}_{2−j} [r_x′_{,y}′ ≥ α] ; x^′, y^′ ∈ H^d_κ with d(x^′, y^′) ≥ 2^{−j−1} · ℓ } ≤ A_1 · 2^{pj} · e^{−δ̃2j ·(α∧1)4·(1+2−j−1ℓ)} = A_1 · 2^{pj} · e^{−δ̃·(2j +ℓ/2)·(α∧1)4} , whereas for α ≥ 0 and j ∈ N ∪ {0} with 2^{−j} < 1/ √ ℓ, we still have Q_{x,y}[{ω ∈ Γ; N̄_j(ω) ≥ α}] (3.24)

≤ 2^j · sup { μ^{x′,y′}_{2−j} [r_x′_{,y}′ ≥ α] ; x^′, y^′ ∈ H^d_κ } ≤ A_1 · 2^{pj} · e^{−δ̃·2j ·(α∧1)4} . Let ā = a · (1 − 2^{−1/8}), i.e., a = ā · ∑_∞ j=0 2^{−j/8}. Since ℓ ≥ 1, we can find k_0 ∈ N ∪ {0} such that 2^{−k0} ≥ 1/ √ ℓ > 2^{−(k0+1)}. Notice that ā < a ≤ 1. By (3.22), (3.23) and (3.24), Q_{x,y}[{ω ∈ Γ ; sup_{t∈[0,1]} r_{x,y}(ω(t)) ≥ a}] (3.25) ≤ ∞∑ j=0 Q_{x,y}[{ω ∈ Γ; N̄_j(ω) ≥ 2^{−j/8}ā}]

≤ A_1 ·

k_0∑

j=0 2^{pj}e^{−δ̃·(2j/2+2−j/2·ℓ/2)ā4} + A_1 · ∞∑ j=k_0+1 2^{pj}e^{−δ̃2j/2ā4}

≤ A_1 · e^{−δ̃ā4ℓ3/4} · ∞∑ j=0 2^{pj}e^{−δ̃2j/2ā4} + A_1 · ℓ^{p/2}e^{−δ̃ā4ℓ1/4} · ∞∑ i=0 2^{p·(i+1)}e^{−δ̃(2i/2−1)ā4}

Here we have used in the last step that 2^{−j/2} ≥ 2^{−k0/2} ≥ ℓ^{−1/4} for all j ≤ k_0, 2^{pk0} ≤ ℓ^{p/2}, 2^{(k0+1+i)/2} − 2^{(k0+1)/2} = 2^{(k0+1)/2} · (2^{i/2} − 1) ≥ 2^{i/2−1} for all i ≥ 0, and 2^{(k0+1)/2} > ℓ^{1/4}. Since a > 0, the sums on the right hand side of (3.25) are finite. By (3.21) and (3.25) we see that for every a ∈ (0, 1] and β < 1/4 there exists a constant K_2 ∈ (0, ∞) such that (3.2) holds for all x, y ∈ H^d_κ with d(x, y) ≥ 1. If K_2 is chosen sufficiently large, then (3.2) holds for x, y ∈ H^d_κ with d(x, y) < 1 as well. Finally, for a > 1, the estimate follows from the corresponding estimate for a = 1.

4 Concentration of pinned Wiener and Bismut measures near energy minimizing loops

Let M be a compact connected Riemannian manifold satisfying (A 1). We fix ε > 0 as in Section 1. In this section we will apply the results from Section 3 to obtain concentration results for the pinned Wiener and Bismut measures on loop spaces over M, cf. Proposition 4.3.

Let σ : R → M be the geodesic parametrized by arc length defined by σ(s+kL(γ)) = γ(s) for all k ∈ Z and s ∈ [0, 1], where L(γ) is the length of the closed geodesic γ. Let κ < 0 be the constant such that the sectional curvature is identically κ on U_ε. We fix a unit speed geodesic σ̃ : R → H^d_κ, d = dim(M). Let {E_0(s), E_1(s), . . . , E_{d−1}(s)} and {Ẽ_0(s), Ẽ_1(s), . . . , Ẽ_{d−1}(s)}, s ∈ R, be parallel orthonormal frames along σ, σ̃ respectively such that E_0(s) = σ^′(s) and Ẽ_0(s) = σ̃^′(s) for all s ∈ R. Let u : H^d_κ → R and v : H^d_κ → R^{d−1} be the coordinates given by x = exp( ∑_d i=1 v^i(x)Ẽ_i(u(x))) for all x ∈ H^d_κ. (u, v) is a global diffeomorphism between H^d_κ and R^d, and dist (x, σ̃(R)) = |v(x)| for all x ∈ H^d_κ. Let Ũ_ε = {x ∈ H^d_κ; dist (x, σ̃(R)) < ε}. Since the curvature on U_ε is identically κ, the map

π : Ũ_ε → U_ε , π(x) = exp ( d−1∑ i=1 v^i(x)E_i(u(x))), is a Riemannian covering map. By the choice of ε, the exponential map is a diffeomorphism from the set of all vectors of length < ε in the normal bundle along γ(S^1) to U_ε. This implies that the map π is a bijection between Ũ_{ε,n} = {x ∈ Ũ_ε; n · L(γ) ≤ u(x) < (n + 1) · L(γ)} and U_ε for every n ∈ Z. Let l_n be the inverse of π|~_{Uε,n} . A loop ω ∈ LU_ε lifts to a unique continuous path ω̂ : [0, 1] → Ũ_ε such that π ∘ ω̂ = ω, ω̂(0) = l_0(ω(0)), and ω̂(1) = l_n(ω(0)) for some n ∈ Z. For x ∈ U_ε, the sets

Ω_{n,x} = { ω ∈ L_xU_ε ; ω̂(1) = l_n(x) },

(4.1) n ∈ Z, are the homotopy classes in L_xU_ε. Let

Ω̂_{n,x} = { ω ∈ C([0, 1], Ũ_ε) ; ω(0) = l_0(x), ω(1) = l_n(x) }. (4.2)

For every n ∈ Z, the lifting map ω → ω̂ is a homeomorphism between Ω_{n,x} and Ω̂_{n,x}. We now consider the image of pinned Wiener measure under this map. For x, y ∈ M let P_{x,y} denote the distribution of the Brownian bridge from x to y in time 1 on C([0, 1], M). Recall also that Q_{x,y} denotes the distribution on C([0, 1], H^d_κ) of the hyperbolic Brownian bridge from x to y, and q_t(x, y) is the heat kernel on H^d_κ.

Lemma 4.1 Let n ∈ Z and x ∈ U_ε. Then for every Borel subset B ⊆ Ω̂_{n,x}, P_x [ {ω ∈ L_xU_ε; ω̂ ∈ B} ] · p_1(x, x) = Q_{l0(x),ln(x)}[B] · q_1(l_0(x), l_n(x)). Proof. Let (W_t)_{t≥0} be a Brownian motion on H^d_κ starting at l_0(x) defined on a probability space (Ω̃, F̃, P̃ ). For ω ∈ Ω̃ let τ(ω) = inf {t ≥ 0; W_t(ω) ∈ ∂Û_ε} where inf ∅ = ∞. The projection π ∘ W_t is defined for 0 ≤ t ≤ τ if τ is finite and for 0 ≤ t < ∞ else, and τ = inf {t ≥ 0; π ∘ W_t ∈ ∂U_ε} P̃ –a.s. Since π : Ũ_ε → U_ε is a local isometry, the U_ε–valued process π ∘ W_t, 0 ≤ t < τ, is ( w.r.t. P̃ ) a Brownian motion on M starting at x, and stopped at the first hitting time of the boundary ∂U_ε. In other words, the process W_t, 0 ≤ t < τ, is the lift of the Brownian motion π ∘ W_t, 0 ≤ t < τ, to the covering space Ũ_ε.

Let P^{BM}_x , Q^{BM}_{l0(x)} denote the distribution of Brownian motion starting at x, l_0(x) on C([0, 1], M), C([0, 1], H^d_κ) respectively. By the considerations above, the restriction of Q^{BM}_{l0(x)} to C([0, 1], Ũ_ε) is the image of the restriction of P^{BM}_x to C([0, 1], U_ε) under the lifting map.

Now let inj (M) denote the infimum of the injectivity radii of all points in M. Since M is compact, inj (M) > 0. We fix r > 0 such that r < inj (M) and B_r(x) ⊂ U_ε. Then π^{−1}(B_r(x)) is the disjoint union of the balls B_r(l_n(x)), n ∈ Z, in Ũ_ε. Let Ω^′_x denote the set of all continuous paths ω : [0, 1] → U_ε such that ω(0) = x and ω(1) ∈ B_r(x). Let Ω^′_{n,x} denote the connected component of Ω^′_x that contains Ω_{n,x}, and let Ω̂^′_{n,x} = {ω̂; ω ∈ Ω^′_{n,x}}. Then Ω̂^′_{n,x} is the set of all continuous paths p : [0, 1] → Ũ_ε such that p(0) = l(x_0) and p(1) ∈ B_r(l(x_n)). Now let F̃ be a bounded continuous function on C([0, 1], H^d_κ) that vanishes outside Ω̂^′_{n,x}, and let F be the function on C([0, 1], M) defined by F (ω) = F̃ (ω̂) for ω ∈ Ω^′_{n,x}, F (ω) = 0 else. Since the lifting map is a homeomorphism, and ∂Ω^′_{n,x} = π(∂Ω̂^′_{n,x}), the function F is continuous as well. Moreover, for every bounded function g on M that vanishes outside B_r(x), ∫ Br(x) ( ∫ F dP_{x,y} ) g(y) p_1(x, y) V (dy) = ∫ F (ω) g(ω(1)) P^{BM}_x (dω) = ∫ F̃ (p) g(π(p(1))) Q^{BM}_{l0(x)}(dp) = ∫ Br(ln(x)) ( ∫ F̃ dQ_{l0(x),z}) g(π(z)) q_1(l_0(x), z) V (dz) = ∫ Br(x) ( ∫ F̃ dQ_{l0(x),ln(y)}) g(y) q_1(l_0(x), l_n(y)) V (dy). In the last step we have used that l_n is an isometry from B_r(x) to B_r(l_n(x)). We obtain p_1(x, y) · ∫ F dP_{x,y} = q_1(l_0(x), l_n(y)) · ∫ F̃ dQ_{l0(x),ln(y)} (4.3)

for a.e. y ∈ B_r(x). On the other hand, the maps (x, y) → P_{x,y} and (x, y) → Q_{x,y} are weakly continuous on M × M, H^d_κ × H^d_κ respectively, cf. e.g. [ES], 1.5. Thus both sides of (1.3) are continuous in y, whence (1.3) holds actually for every y ∈ B_r(x). In particular, p_1(x, x) · ∫ F dP_x = q_1(l_0(x), l_n(x)) · ∫ F̃ dQ_{l0(x),ln(x)}. Since the equality holds in particular for every bounded continuous function F̃ on C([0, 1], Hd_κ) that vanishes outside Ω̂_{n,x} with F defined as above, it implies the assertion of the lemma.

Remarks. (i) By Lemma 4.1, P_x[ {ω ∈ L_xU_ε; ω̂ ∈ B} | Ω_{n,x} ] = Q_{l0(x),ln(x)}[ B | Ω̂_{n,x} ] (4.4)

for every x ∈ U_ε, n ∈ Z, and every Borel subset B ⊆ Ω̂_{n,x}.

(ii) The free homotopy classes Ω_n, n ∈ N, introduced in Section 1.5 can be described by

Ω_n = { ω ∈ LU_ε; ω̂(1) = l_n(ω(0))}.

(4.5)

In particular, Ω_n is the disjoint union of the sets Ω_{n,x}, x ∈ U_ε. Let Ω̂_n = {ω̂; ω ∈ Ω_n}, and let Q^{(n)} denote the probability measure on C([0, 1], H^d_κ) defined by

Q^{(n)} = ∫ Uε Q_{l0(x),ln(x)}q_1(l_0(x), l_n(x)) V (dx) / ∫ q_1(l_0(x), l_n(x)) V (dx).

(4.6)

Then

P [ {ω ∈ LU_ε; ω̂ ∈ B} | Ω_n ] = Q^{(n)}[ B | Ω̂_n ]

(4.7)

for every Borel subset B ⊆ Ω̂_n. In fact, applying the lemma for every x ∈ U_ε and integrating over x shows that P [{ω ∈ LU_ε, ω̂ ∈ · }] is proportional to Q^{(n)} on the Borel σ–algebra of Ω̂_n, whence the normalized measures coincide.

For x ∈ M let r(x) = dist (x, γ(S^1)).

Lemma 4.2 Let r_1 ∈ (0, ε). There exist r_2 ∈ (0, r_1) and A, λ ∈ (0, ∞) such that q_1(l_0(x), l_n(x))/q_1(l_0(y), l_n(y)) ≤ A · exp(−λn) for all x, y ∈ U_ε with r(x) ≥ r_1 and r(y) ≤ r_2, and all n ∈ N.

Proof. For a ≥ 0 let g(a) = (2π)^{−d/2}e^{−a2/2}e^{−(d−1)√−κa/2}(1 + a)^{(d−1)/2}. By Lemma 3.2, there exists K ∈ (1, ∞) such that K^{−1} · g(d(x, y)) ≤ q_1(x, y) ≤ K · g(d(x, y)) for all x, y ∈ H^d_κ. In particular, for x, y ∈ U_ε and n ∈ N

q_1(l_0(x), l_n(x))/q_1(l_0(y), l_n(y)) ≤ K^2 · g(d_n(x))/g(d_n(y)) = K^2 · e^{−(dn(x)+dn(y)+(d−1)√−κ)(dn(x)−dn(y))/2} ( 1 + d_n(x) 1 + d_n(y) )_{(d−1)/2} (4.8)

where d_n(z) = d(l_0(z), l_n(z)) for z ∈ U_ε.

Now fix n ∈ N and x ∈ U_ε with r(x) ≥ r_1. I claim that

d_n(x) ≥ min (nL(γ) cosh( √ −κr_1/2), nL(γ) + 2 log cosh( √ −κr_1/2) ). (4.9)

To verify this, we introduce the Fermi coordinates u(z), ρ(z) = |v(z)|, and N(z) = v(z)/|v(z)|, z ∈ H^d_κ, where u and v are defined as in the beginning of this section. Calculating the metric in these coordinates yields

ds^2 ≥ dρ^2 + cosh^2( √ −κρ) du^2, (4.10)

cf. e.g. [C], Sect. 3.6. Note that ρ(l_n(x)) = ρ(l_0(x)) = r(x) ≥ r_1. Since u(l_n(x)) − u(l_0(x)) = n · L(γ), (4.11)

(4.9) clearly holds if the minimal geodesic γ_{l0(x),ln(x)} satisfies

ρ(γ_{l0(x),ln(x)}(s)) ≥ r_1/2 for all s ∈ [0, 1].

Otherwise, let p be a point on γ_{l0(x),ln(x)}([0, 1]) with ρ(p) = r_1/2, and let z_0 and z_n be the orthogonal projections of l_0(x) and l_n(x) onto the cylinder C = {z ∈ H^d_κ; ρ(z) ≤ r_1/2}. In Fermi coordinates, ρ(z_i) = r_1/2, u(z_i) = u(l_i(x)), and N(z_i) = N(l_i(x)), i = 0, n. In particular, the geodesics γ_{l0(x),z0} and γ_{ln(x),zn} have length r_1/2 and hit ∂C orthogonally at z_0, z_n respectively. Moreover, C is convex, whence the geodesics γ_{z0,p} and γ_{zn,p} do not leave C. Therefore, the angles of the triangles (l_0(x), z_0, p) and (l_n(x), z_n, p) at z_0, z_n respectively are greater or equal to π/2. Thus by Lemma 3.3 and the remark below,

d_n(x) = d(l_0(x), l_n(x)) = d(l_0(x), p) + d(p, l_n(x)) ≥ d(z_0, p) + log cosh(r_1/2) + d(z_n, p) + log cosh(r_1/2) ≥ d(z_0, z_n) + 2 log cosh(r_1/2).

Since by (4.10),

d(z_0, z_n) ≥ u(z_n) − u(z_0) = u(l_n(x)) − u(l_0(x)) = n · L(γ),

this completes the proof of (4.9).

By (4.9), there exists r_2 ∈ (0, r_1) such that d_n(x) ≥ nL(γ) + 3r_2 holds for all n ∈ N and x ∈ U_ε with r(x) ≥ r_1. Now fix such an r_2. For n ∈ N and y ∈ U_ε with r(y) ≤ r_2, we have ρ(l_0(y)) = ρ(l_n(y)) ≤ r_2 and |u(l_n(y)) − u(l_0(y))| = n · L(γ). Thus the piecewise geodesic connecting the points l_0(y), σ̃(u(l_0(y))), σ̃(u(l_n(y))), and l_n(y) has length ≤ nL(γ) + 2r_2, whence

d_n(y) = d(l_0(y), l_n(y)) ≤ n · L(γ) + 2r_2 ≤ d_n(x) − r_2

(4.12) for all x ∈ U_ε with r(x) ≥ r_1. Since d_n(z) ≥ nL(γ) for all n ∈ N and z ∈ U_ε, the assertion of the lemma follows from (4.12) and (4.8).

For x ∈ U_ε and n ∈ N let γ^{(n)}x denote the unique minimal geodesic in Ω_{n,x} parametrized proportional to arc length. For z ∈ H^d_κ and ω ∈ C([0, 1], H^d_κ) let r^{(n)}_x (z) = dist (z, γ̂^{(n)}_x ([0, 1])) and R^{(n)}_x (ω) = sup_{0≤s≤1} r^{(n)}_x (ω(s)).

Moreover, for ω ∈ LM, we set R(ω) = sup_{s∈S}1 r(ω(s)). As a consequence of Proposition 3.1 and the lemmas above we obtain : Proposition 4.3 Let δ > 0 and β < 1/4. Then lim_{n→∞} e^{nβ} · P_x [{ω ∈ Ω_{n,x}; R^{(n)}_x (ω̂) ≥ δ} | Ω_{n,x} ] = 0 for every x ∈ U_ε, and lim_{n→∞} e^{nβ} · P [ R ≥ δ | Ω_n ] = 0.

Proof. Let x ∈ U_ε and n ∈ N. By (4.4), P_x [{ω ∈ Ω_{n,x}; R^{(n)}_x (ω̂) ≥ δ} | Ω_{n,x}] = Q_{l0(x),ln(x)}[ R^{(n)}_x ≥ δ | Ω̂_{n,x} ] (4.13) ≤ Q_{l0(x),ln(x)}[ R^{(n)}_x ≥ δ ] / Q_{l0(x),ln(x)}[ Ω̂_{n,x}]. Since π : Ũ_ε → U_ε is a Riemannian covering, the lift γ̂^{(n)}x of the geodesic γ^{(n)}x is the geodesic γ_{l0(x),ln(x)} in H^d_κ, and r^{(n)}x = r_{l0(x),ln(x)} ( cf. Section 3 for the notation ). By (4.9), d(l_0(x), l_n(x)) ≥ n · L(γ) for all x ∈ U_ε and n ∈ N, whence by Proposition 3.1, lim_{n→∞} e^{nβ} Q_{l0(x),ln(x)}[ R^{(n)}_x ≥ δ ] = 0 uniformly for x ∈ U_ε.

(4.14) To estimate Q_{l0(x),ln(x)}[Ω̂^x_n] from below, we note that dist (l_0(x), σ̃(R)) = dist (l_n(x), σ̃(R)) = r(x). Since γ_{l0(x),ln(x)} and σ̃ are geodesics, this implies dist (γ_{l0(x),ln(x)}(s), σ̃(R) ) ≤ r(x), (4.15) and thus dist (γ_{l0(x),ln(x)}(s), H^d_κ \ Ũ_ε) ≥ ε − r(x) for all s ∈ [0, 1]. Therefore r_{l0(x),ln(x)} ≥ ε − r(x) on H^d_κ \ Ũ_ε, and thus by (4.2), Q_{l0(x),ln(x)}[Ω̂_{n,x}] ≥ Q_{l0(x),ln(x)}[{ω ∈ C([0, 1], H^d_κ); sup r_{l0(x),ln(x)}∘ω < ε−r(x)}]. Since U_ε = {x ∈ M; r(x) < ε}, Proposition 3.1 implies lim_{n→∞} Q_{l0(x),ln(x)}[Ω̂_{n,x}] = 1 for all x ∈ U_ε,

(4.16) where the convergence is uniform on U_ε′ = {x ∈ M; r(x) < ε^′} for every ε^′ < ε. (4.13), (4.14) and (4.16) imply the first estimate in Proposition 4.3.

To prove the second estimate let ρ(x) = dist (x, σ̃(R)), x ∈ H^d_κ, and R̂(ω) = sup 0≤s≤1 ρ(ω(s)), ω ∈ C([0, 1], H^d_κ). Clearly, ρ = r ∘ π on Ũ_ε and R(ω) = R̂(ω̂) for all ω ∈ C([0, 1], U_ε). Let n ∈ N. For ω ∈ Ω̂_n and s ∈ [0, 1], ρ(ω(s)) ≤ r_{ω(0),ω(1)}(ω(s)) + sup_{0≤s≤1} ρ(γ_{ω(0),ω(1)}(s)) ≤ r_{ω(0),ω(1)}(ω(s)) + ρ(ω(0)), because σ̃ and γ_{ω(0),ω(1)} are geodesics, and π(ω(0)) = π(ω(1)) implies ρ(ω(0)) = ρ(ω(1)). Since ω(0) = l_0(π(ω(0))) and ω(1) = l_n(π(ω(0))), we obtain R̂(ω) ≤ R^{(n)}_{π(ω(0))}(ω) + ρ(ω(0)) for all ω ∈ Ω̂_n, (4.17) whence by (4.7), P [R ≥ 2δ|Ω_n] = Q^{(n)}[R̂ ≥ 2δ|Ω̂_n]

(4.18)

≤ Q^{(n)}[{ω ∈ Ω̂_n; R^{(n)}_{π(ω(0))}(ω) ≥ δ or ρ(ω(0)) ≥ δ}] / Q^{(n)}[Ω̂_n]. Since Q^{(n)} is a mixture of measures Q_{l0(x),ln(x)}, x ∈ U_ε, (4.14) implies lim_{n→∞} exp(n^β) · Q^{(n)}[{ω ∈ Ω̂_n; R^{(n)}_{π(ω(0))}(ω) ≥ δ}] = 0.

(4.19) Moreover, by Lemma 4.2, there exist constants C, λ ∈ (0, ∞) such that Q^{(n)}[{ω ∈ Ω̂_n; ρ(ω(0)) ≥ δ}]

(4.20) ≤ ∫ Uε\U_δ q_1(l_0(x), l_n(x)) V (dx) / ∫ Uε q_1(l_0(x), l_n(x)) V (dx) ≤ C · e^{−λn} for all n ∈ N. On the other hand, since the convergence in (4.16) is uniform on U_{ε/2}, we have

lim inf n→∞ Q^{(n)}[Ω̂_n]

(4.21)

≥ lim inf n→∞ ∫ U_{ε/2} q_1(l_0(x), l_n(x)) V (dx)/ ∫ Uε q_1(l_0(x), l_n(x)) V (dx) = 1.

Since δ > 0 has been chosen arbitrarily in the beginning, (4.18), (4.19), (4.20) and (4.21) imply the second estimate in Proposition 4.3.

5 Proofs of the results on free loop spaces

Let M be a compact connected Riemannian manifold such that (A 1) holds. In this section we apply Lemma 2.1 and Proposition 4.3 to prove Theorem 1.3 and Corollary 1.4. The free loop space part in the assertion of Theorem 1.1 is a special case of the corollary. The results on based loop spaces will be proved in Section 6 after some additional preparations.

Consider the situation described in Section 1.5. The symmetric bilinear operator Γ : FC^∞ × FC^∞ → L^1(LM; P ) introduced there has a unique extension to H^{1,2}_Γ (LM; P ) × H^{1,2}_Γ (LM; P ) that is continuous w.r.t. the norm

‖F ‖_{1,2,Γ} = ( ∫ (F^2 + Γ(F )) dP )^{1/2}.

(5.1)

We denote this extension again by Γ. It is a carré du champ operator for the quadratic form (E^Γ, H^{1,2}_Γ (LM; P )), and by (1.12) and continuity it satisfies the chain rule (2.3). In particular, E^Γ is a strongly local Dirichlet form. We set E^Γ(F ) = E^Γ(F, F ) and Γ(F ) = Γ(F, F ).

Let d_∞ be the metric on LM given by d_∞(ω, ω̃) = sup_{s∈S1} d(ω(s), ω̃(s)). The distance w.r.t. d_∞ from an open subset Ω̃ ⊂ LM will be denoted by dist_∞( · , Ω̃), i.e.,

dist_∞(ω, Ω̃) = inf_{ω̃∈Ω̃} d_∞(ω, ω̃) for all ω ∈ Ω.

We will need the following fact in the proof of Theorem 1.3 :

Lemma 5.1 For every open set Ω̃ ⊂ LM, the function ω → dist_∞(ω, Ω̃) is in H^{1,2}_Γ (LM; P ), and

Γ(dist_∞( · , Ω̃) ) ≤ α P –a.s.

Here α is the P –integrable function appearing in the assumption (1.14).

Remark. The lemma implies in particular that every indicator function χ_Λ of a connected component Λ ⊂ LM is contained in H^{1,2}_Γ (LM; P ). In fact, dist_∞(Λ, LM \ Λ) ≥ inj (M) > 0. Let ψ : R → [0, 1] be a smooth function such that ψ(r) = 1 for r ≤ 0 and ψ(r) = 0 for r ≥ dist_∞(Λ, LM \ Λ). Then χ_Λ = ψ ∘ dist_∞( · , Λ), which is in H^{1,2}_Γ (LM; P ) by Lemma 5.1. Moreover, by the chain rule,

Γ(χ_Λ) = (ψ^′ ∘ dist_∞( · , Λ))^2 · Γ(dist_∞( · , Λ)) = 0 P –a.e

Proof of Lemma 5.1. Fix ω̃ ∈ Ω̃ and s ∈ S^1. Let φ_n : R → (0, ∞), n ∈ N, be smooth functions such that φ_n(x) = |x| if |x| ≥ 1/n and |φ^′_n| ≤ 1. Then the function G^n_{ω̃,s} : ω → φ_n(d(ω(s), ω̃(s))) is in FC^∞, and by (1.14), Γ(G^n_{ω̃,s}) ≤ α P –a.s. In particular, (G^n_{ω̃,s})_{n∈N} is a bounded sequence in the Hilbert space H^{1,2}_Γ (LM; P ). Since the sequence converges P –a.s. to the function G_{ω̃,s} : ω → d(ω(s), ω̃(s)), this function is in H^{1,2}_Γ (LM; P ) as well, and Γ(G_{ω̃,s}) ≤ lim inf_{n→∞} Γ(G^n_{ω̃,s}) ≤ α P –a.s.

(5.2)

In fact, the Césaro means of a subsequence of (G^n_{ω̃,s})_{n∈N} converge in the Hilbert space H^{1,2}_Γ (LM; P ) by the theorems of Banach/Alaoglu and Banach/Saks, cf. [MR], Appendix 2. Because of the P –a.s. convergence to G_{ω̃,s}, the H^{1,2}_Γ (LM; P ) limit is G_{ω̃,s} as well. Hence (5.2) holds by the continuity of Γ : H^{1,2}_Γ (LM; P ) × H^{1,2}_Γ (LM; P ) → L^1(LM; P ).

Since LM is separable w.r.t. d_∞, there exists a countable dense subset Ω̃_c of Ω̃. Obviously,

dist_∞( · , Ω̃) = inf_{ω̃∈Ω̃c} sup_{s∈(0,1)∩Q} G_{ω̃,s} .

(5.3)

Since the functions G_{ω̃,s} are uniformly bounded by the diameter of M, and the measure P is finite, the assertion now follows from standard arguments for local Dirichlet forms, cf. Appendix A.2.

Recall the definition of R from Section 4, and the definition of the closed geodesics γ_n and the sets Ω_n and Ω^δ_n, δ > 0, from Section 1.5. Note that Ω^δ_n = {ω ∈ Ω_n; R(ω) < δ}. We define F_n : LM → [0, 1] by

F_n(ω) = (2 − 3ε^{−1}R(ω))^+ ∧ 1 for ω ∈ Ω_n, 0 else,

where ε is chosen as in (A 1). We want to apply Lemma 2.1 with A_n = Ω^{ε/3}n and B_n = Ω_n. We first show :

Lemma 5.2 For every n ∈ N, the function F_n is in H^{1,2}_Γ (LM; P ), Γ(F_n) ≤ 3ε^{−1}α P –a.e. on Ω^{2ε/3}n \ Ω^{ε/3}n , and Γ(F_n) = 0 P –a.e. else.

Proof. We first remark that the function R is in H^{1,2}_Γ (LM; P ) and Γ(R) ≤ α P –a.e. This follows by a similar argument as in the proof of Lemma 5.1, because

R(ω) = sup_{s∈(0,1)∩Q} d(ω(s), γ(S^1)).

Hence the function F̃ = (2 − 3ε^{−1}R)^+ ∧ 1 is in H^{1,2}_Γ (LM; P ) as well, and Γ(F̃ ) ≤ 3ε^{−1}α P –a.e., cf. Appendix A.2.

Now fix a constant δ ∈ (0, min(inj (M), ε/3)), and set

Ψ_n = (1 − δ^{−1} dist_∞( · , Ω^{2ε/3}_n ) )^+.

(5.4)

For every n ∈ N, Ψ_n is a function on LM with Ψ_n(ω) = 1 for all ω ∈ Ω^{2ε/3}n . I claim that Ψ_n vanishes outside Ω_n. To see this, suppose the contrary. Let ω ∈ LM \ Ω_n and σ ∈ Ω^{2ε/3}n such that d_∞(ω, σ) < δ. Since δ < inj (M), the vector field X(s) = exp^{−1}_{σ(s)}(ω(s)), s ∈ S^1, along σ is well–defined and continuous. Hence H(t, s) = exp_{σ(s)}(tX(s)), s ∈ S^1, t ∈ [0, 1], defines a homotopy between H(0, ·) = σ and H(1, ·) = ω. Since σ is contained in Ω_n but ω is not, there exists t_0 ∈ (0, 1] such that H(t_0, ·) is in ∂Ω_n. Since Ω_n is a connected component of LU_ε, H(t_0, s_0) is in ∂U_ε for some s_0 ∈ S^1, i.e., d(H(t_0, s_0), γ(S^1)) = ε. This is a contradiction, because on the other hand,

dist (H(t_0, s_0), γ(S^1)) ≤ d(H(t_0, s_0), σ(s_0)) + dist (σ(s_0), γ(S^1)) ≤ t_0 · d_∞(ω, σ) + dist_∞(σ, γ(S^1)) < δ + 2ε/3 < ε.

Hence Ψ_n(ω) = 0 for ω ∈ LM \ Ω_n, and thus F_n = F̃ · Ψ_n.

By the considerations above and by Lemma 5.1, both F̃ and Ψ_n are bounded functions in H^{1,2}_Γ (LM; P ). Hence F_n is in H^{1,2}_Γ (LM; P ) as well. Moreover, F_n vanishes on LM \ Ω^{2ε/3}n and F_n − 1 vanishes on Ω^{ε/3}n , whence Γ(F_n) = 0 P –a.e. on (LM \ Ω^{2ε/3}n ) ∪ Ω^{ε/3}n , cf. (A.5) in the appendix. On the other hand, F_n = F̃ on Ω^{2ε/3}n , so Γ(F_n) = Γ(F̃ ) ≤ 3ε^{−1}α P –a.e. on Ω^{2ε/3}n .

Proof of Theorem 1.3. Let β < 1/4 such that (1.15) holds. By Proposition 4.3,

e^{nβ} P [Ω_n \ Ω^{ε/3}_n ]/P [Ω^{ε/3}_n ] ≤ e^{nβ} P [R ≥ ε/3 | Ω_n] −→ 0

as n → ∞. On the other hand,

E_P [ Γ(F_n) | Ω_n \ Ω^{ε/3}_n ] ≤ 3 ε^{−1} E_P [ α | Ω_n \ Ω^{ε/3}_n ]

by Lemma 5.2. The assertion now follows by Lemma 2.1.

Proof of Corollary 1.4. W.l.o.g. we may assume that A ≥ 1 P – a.e. Otherwise, we may apply the corollary with Ã = 1 + A. Clearly, the assumption for A implies the assumption for Ã, and the non–validity of a Poincaré inequality w.r.t. Ã implies the non–validity of the corresponding inequality w.r.t. A.

Now suppose A ≥ 1 P –a.e. Then the symmetric bilinear form E^A(F, G) = ∫ LM A(ω) ⟨DF, DG⟩_T 1_{ωLM} P (dω), F, G ∈ FC^∞, is closable on L^2(LM; P ), cf. Appendix 1. The closure (E^A, Dom(E^A)) is a strongly local Dirichlet form with Dom (E^A) ⊂ H^{1,2}(LM; P ) and carré du champ operator Γ^A(F, G)(ω) = A(ω)⟨DF, DG⟩_T 1_{ωLM} . Let F be a function on LM of type F (ω) = f(ω(s)) with s ∈ [0, 1] and f ∈ C^∞(M). Note that for ω ∈ LM and X ∈ T_ωLM, we have |X_s|_{Tω(s)M} ≤ |X_t|_{Tω(t)M} + ∫_1 0 | | | ∇X du (u) | | |_{Tω(u)M} du for all t ∈ [0, 1],

and thus |X_s|_{Tω(s)M} ≤ ∫_1 0 ( |X_u|_{Tω(u)M} + | | | ∇X du (u) | | |_{Tω(u)M} ) du ≤ √ 2 · |X|_T 1_{ωLM} .

Hence |DF (ω)|_T 1_{ωLM} = sup { XF ; X ∈ T^1_ω LM, |X|_T 1_{ωLM} = 1} ≤ √ 2 · |grad_{ω(s)}f|_{Tω(s)M} , and thus Γ^A(F, F )(ω) ≤ √ 2A(ω) · |grad_{ω(s)}f|^2_{Tω(s)M} (5.5)

for every ω ∈ LM, and f, s, F as above. By the assumption in Corollary 1.4 and (5.5), Theorem 1.3 implies

inf {E^A(F, F )/Var_P (F ); F ∈ Dom (E^A), Var_P (F ) ≠ 0} = 0.

The assertion of Corollary 1.4 follows because FC^∞ is dense in Dom (E^A) by the definition of E^A.

Proof of the free loop space parts of Theorem 1.1 and Corollary 1.2. Theorem 1.1 is a special case of Corollary 1.4. Actually, the proof of Corollary 1.4 and the remark below Lemma 2.1 show that more generally, (A 1) implies

inf { E(F, F ); F ∈ FC^∞, E_P [(F − pr_{ker L}F )^2] = 1 } = 0

if the kernel of L is finite dimensional, and pr_{ker L} denotes the orthogonal projection onto the kernel in L^2(LM; P ). This proves the assertion of Corollary 1.2.

6 Proofs on based loop spaces

Let M be a compact connected Riemannian manifold satisfying (A 1). We fix x ∈ U_ε. The aim of this section is the proof of the based loop space parts of Theorem 1.1 and Corollary 1.2. We will essentially use the same techniques as in the free loop space case ( cf. Section 5 ), but now the functions F_n we choose will depend on the lift ω̂ of a loop ω, and not only on ω itself. Therefore, we need some additional preparations.

Recall that r(x) = dist (x, γ(S^1)) < ε. We fix a constant δ ∈ (0, inj (M)) such that 3δ < ε − r(x), and define functions Ψ_N , n ∈ N, on L_xM by

Ψ_n = (1 − δ^{−1} dist_∞( · , Ω^{r(x)+2δ}_n ))^+.

(6.1)

Here Ω^a_{n,x} = Ω^a_n ∩ L_xM for a > 0. Since r(x) + 3δ < ε, we can show by the same argument as in the proof of Lemma 5.2, that the extension of Ψ_n to LM vanishes on LM \ Ω_n. Hence Ψ_n vanishes on L_xM \ Ω_{n,x}. Moreover, in the same way as in the proof of Lemma 5.1, we see that the function dist_∞( · , Ω^{r(x)+2δ}n ) is in H^{1,2}(L_xM; P_x), and |D^0dist_∞( · , Ω^{r(x)+2δ}n )|_T 1_{ωLxM} ≤ 1 for P_x–a.e. ω ∈ L_xM. Hence Ψ_n is in H^{1,2}(L_xM; P_x) as well, and

|D^0Ψ_n|_T 1_{ωLxM} ≤ δ^{−1} for P_x–a.e. ω.

(6.2)

Lemma 6.1 Let s ∈ (0, 1), and let f be a bounded Lipschitz continuous function on Ũ_ε. Fix n ∈ N, and let F be a function on L_xM such that F (ω) = f(ω̂(s)) for all ω ∈ Ω_{n,x}. Then F · Ψ_n is in H^{1,2}(L_xM; P_x), and

D^0(F · Ψ_n)(ω) = F (ω) (D^0Ψ_n)(ω) + Ψ_n(ω) Y (ω)

(6.3)

for P_x–a.e. ω ∈ L_xM, where Y (ω) ∈ T^1_ω L_xM is defined arbitrarily for ω ∈ L_xM \ Ω_{n,x}, and

(Y (ω))(t) = (s ∧ t − st) · U_t(ω)U_s(ω)^{−1}(d_{ω̂(s)}π)(grad_{ω̂(s)}f)

for all t ∈ [0, 1] and ω ∈ Ω_{n,x}.

Proof. We fix α ∈ (0, inj (M)/3). For x ∈ U_ε let B_α(x) = {z ∈ U_ε; d^′(z, x) < α}, where d^′ is the intrinsic distance function on Ū_ε. Note that d^′ generates the same topology as the distance function d on M, but d can be smaller than d^′ in general. For x ∈ Ũ_ε let B̃_α(x) = {z ∈ Ũ_ε; d(z, x) < α}. Since Ũ_ε is a convex subset of H^d_κ, the intrinsic distance on Ũ_ε coincides with the restriction of the hyperbolic distance. We now proceed in two steps :

Step 1 : In this step we prove the assertion under the additional assumption that there exists y ∈ U_ε such that f vanishes on Ũ_ε \ π^{−1}(B_α(y)).

Note that d(l_m(y), l_p(y)) ≥ inj (M) for all m, p ∈ Z, m ≠ p. Since α < inj (M)/3, π^{−1}(B_α(y)) is the disjoint union of the sets B̃_α(l_m(y)), m ∈ Z, and the distance between any two of these sets is greater than α. Consequently, the set Ω^′_{n,x} = { ω ∈ Ω_{n,x}; ω(s) ∈ B_α(y) } is the disjoint union of the sets Ω^{(m)}_{n,x} = { ω ∈ Ω_{n,x}; ω̂(s) ∈ B̃_α(l_m(x)) }, m ∈ Z.

Moreover :

Claim : There exists a constant r > 0 such that d_∞(ω, σ) ≥ r holds for all ω ∈ Ω^{(m)}n,x and σ ∈ Ω^{(p)}n,x with m, p ∈ Z, m ≠ p.

Here d_∞(ω, ω̃) = sup_{t∈[0,1]} d(ω(t), ω̃(t)) as above, where d is the distance function on M. To prove the claim, we first remark that the function (x, y) → d(x, y) is continuous and strictly positive on the compact set {(x, y) ∈ Ū_ε × Ū_ε; d′(x, y) ≥ α}. Hence there exists r > 0 such that d(x, y) ≥ r for all x, y ∈ U_ε with d^′(x, y) ≥ α. Now fix m, p ∈ Z with m ≠ p, as well as ω ∈ Ω^{(m)}n,x and σ ∈ Ω^{(p)}n,x. For every t ∈ [0, 1], the minimal geodesic from ω(t) to σ(t) in Ū_ε has length d^′(ω(t), σ(t)), whereas all the other ( non– homotopic ) geodesics from ω(t) to σ(t) in U_ε have length greater than 3α. Since the minimal geodesic in Ũ_ε between ω̂(t) and σ̂(t) is the lift of one of the geodesics above, we have d(ω̂(t), σ̂(t)) = d^′(ω(t), σ(t)) or d(ω̂(t), σ̂(t)) ≥ 3α for every t ∈ [0, 1]. Moreover, the function t → d(ω̂(t), σ̂(t)) is continuous, d(ω̂(0), σ̂(0)) = 0, and

d(ω̂(s), σ̂(s)) ≥ dist (B̃_α(l_m(y)), B̃_α(l_p(y))) > α.

This is not possible if sup_{t∈[0,1]} d^′(ω(t), σ(t)) ≤ α, since then the function t → d(ω̂(t), σ̂(t)) could only take values in [0, α] ∪ [3α, ∞), and thus ( by continuity ) not both in [0, α] and in (α, ∞). Hence sup_{t∈[0,1]} d^′(ω(t), σ(t)) > α, and thus d_∞(ω, σ) = sup_{t∈[0,1]} d(ω(t), σ(t)) ≥ r. This proves the claim.

Now fix r > 0 as in the claim. Let m ∈ Z, and let Φ_{n,m} be the function on L_xM defined by

Φ_{n,m}(ω) = (1 − r^{−1} · dist_∞(ω, Ω^{(m)}_{n,x} ) )^+.

As in the proof of Lemma 5.1, one shows that Φ_{n,m} is in H^{1,2}(L_xM; P_x) and |D^0Φ_{n,m}|_T 1_{ωLxM} ≤ r^{−1} for P_x–a.e. ω ∈ L_xM. Moreover, Φ_{n,m} = 1 on Ω^{(m)}n,x , and ( by the claim ) Φ_{n,m} vanishes on Ω^{(p)}n,x for every p ∈ Z \ {m}.

Let G_m = F · Ψ_n · Φ_{n,m}. We now show first that G_m is in H^{1,2}(L_xM; P_x). Note that, by our assumption on f, F vanishes on Ω_{n,x} \ Ω^′_{n,x}. Hence G_m vanishes on L_xM \ Ω^{(m)}n,x . On the other hand, for every 1 ≤ i ≤ k, the restriction of the covering map π : Û → U to B̃_α(l_m(y)) is an isometry onto

B_α(y). Hence there exists a Lipschitz continuous function f̃ : M → R such that f̃(π(x)) = f(x) for all x ∈ B̃_α(l_m(y)).

(6.4)

Let F̃ be the function on L_xM given by F̃ (ω) = f̃(ω(s)). Then F (ω) = f(ω̂(s)) = F̃ (ω) for all ω ∈ Ω^{(m)}n,x , whence G_m = F̃ · Ψ_n · Φ_{n,m}. Since F̃ , Ψ_n, and Φ_{n,m} are bounded elements in H^{1,2}(L_xM; P_x), G_m is in H^{1,2}(L_xM; P_x) as well. Moreover, since G_m vanishes on L_xM \ Ω^{(m)}n,x and G_m = F̃ · Ψ_n on Ω^{(m)}n,x , we have

D^0G_m = 0 P_x–a.e. on L_xM \ Ω^{(m)}_{n,x} , and

(6.5)

D^0G_m = D^0(F̃ · Ψ_n) = F̃ · D^0Ψ_n + Ψ_n · D^0F̃

(6.6) = F · D^0Ψ_N + Ψ_n · D^0F̃ P_x–a.e. on Ω^{(m)}_{n,x} .

For P_x–a.e. ω ∈ Ω^{(m)}n,x , (D^0F̃ )(ω) is given by ((D^0F̃ )(ω))(t) = U_t(ω)U_s(ω)^{−1}grad_{ω(s)}f̃ = U_t(ω)U_s(ω)^{−1}(d_{ω̂(s)}π)(grad_{ω̂(s)}f)

(6.7) The last equality holds by (6.4) and because π is a local isometry.

The function F · Ψ_n coincides with G_m on Ω^{(m)}n,x for every m ∈ Z, and vanishes on L_xM \ Ω^′_{n,x}. In particular, F · Ψ_n = lim_{M→∞} S_M where S_M = ∑_M m=−M Gm. The functions SM , M ∈ N, are in H

1,2(L_xM; P_x). For m ∈ Z, S_M = G_m or S_M = 0 on Ω^{(m)}n,x , whence by (6.6) and (6.7), |S_M (ω)| ≤ |G_m(ω)| ≤ sup_{x∈Ũ} ε |f(x)| and |D^0S_M |_T 1_{ωLxM} ≤ |D^0G_m|_T 1_{ωLxM} ≤ δ^{−1} · sup_{x∈Ũ} ε |f(x)| + esssup_{x∈}~_{Uε} |grad f|_x

hold for all M ∈ N and P_x–a.e. ω ∈ Ω^′_{n,m}. Since the functions S_M ( and hence their gradients ) vanish outside Ω^′_{n,x}, their H^{1,2}(L_xM; P_x) norms are bounded. Hence the pointwise limit F · Ψ_n of the sequence (S_M )_{M∈N} is in H^{1,2}(L_xM; P_x) as well. Since F · Ψ_n = 0 on L_xM \ Ω^′_{n,x} and F · Ψ_n = G_m on Ω^{(m)}n,x for every m ∈ Z, we finally obtain D^0(F · Ψ_n) = 0 P_x–a.e. on L_xM \ Ω^′_{n,x}, and, by (6.6), D^0(F · Ψ_n) = D^0F_m = F · D^0Ψ_n + Ψ_n · D^0F̃ P_x–a.e. on Ω^{(m)}_{n,x} , m ∈ Z.

By (6.7), this implies the assertion of the lemma for the special class of functions f and F we have considered in Step 1.

Step 2. We now prove the assertion for arbitrary bounded Lipschitz continuous functions f on Ũ_ε. Fix such a function f, and let F be a function as in the statement of the lemma. The balls B^′_α(y) = {z ∈ Ū_ε; d^′(z, y) < α}, y ∈ U_ε, form an open covering of the compact set Ū_ε. Let {B^′_α(y_1), . . . , B^′_α(y_N )}, N ∈ N, be a finite sub–covering, and let V_i, 1 ≤ i ≤ N, be open sets in M such that V_i ∩ Ū_ε = B^′_α(y_i). Such sets exist, since B^′_α(y_i) ∩ ∂U_ε is a relatively open subset of ∂U_ε. Let φ_0, φ_1, φ_2, . . . , φ_N ∈ C^∞(M) be a partition of unity on M adapted to the open covering {M \ Ū_ε, V_1, . . . , V_N } of M, i.e., φ_i ≥ 0 for all 0 ≤ i ≤ N, ∑_N i=0 φ_i = 1, φ_0 vanishes on Ū_ε, and φ_i vanishes outside V_i ( and thus on U_ε \ B_α(y_i) ) for every 1 ≤ i ≤ N. Note that ∑_N i=1 φ_i(x) = 1 for x ∈ U_ε. Fix i ∈ {1, 2, . . . , N} for the moment. We define functions h_i on Ũ_ε and H_i on L_xM by h_i(x) = f(x) · φ_i(π(x)) and H_i(ω) = F (ω) · φ_i(ω(s)). Clearly, H_i(ω) = h_i(ω̂(s)) for all ω ∈ Ω_{n,x}. Moreover, h_i is bounded and Lipschitz continuous, and vanishes on Ũ_ε \ π^{−1}(B_α(y_i)). Thus by Step 1, H_i · Ψ_n is in H^{1,2}(L_xM; P_x) and (6.3) holds with F, f replaced by H_i, h_i respectively. But F (ω) = ∑_N i=1 H_i(ω) for all ω ∈ Ω_{n,x}, beacause ∑_N i=1 φ_i = 1 on U_ε. Since Ψ_n = 0 on L_xM \ Ω_{n,x}, we have

F · Ψ_n = N∑ i=1 H_i · Ψ_n ∈ H^{1,2}(L_xM; P_x), and

D^0(F · Ψ_n) = N∑ i=1 D^0(H_i · Ψ_n).

Now (6.3) follows from the corresponding formulae for H_i, 1 ≤ i ≤ N.

Recall the definition of the function R^{(n)}x from Section 4. We define functions F_n : L_xM → [0, 1], n ∈ N, by

F_n(ω) = (2 − δ^{−1}R^{(n)}_x (ω̂))^+ ∧ 1 for ω ∈ Ω_{n,x}, 0 else.

Lemma 6.2 For every n ∈ N, the function F_n is in H^{1,2}(L_xM; P_x), and |D^0F_n|_T 1_{ωLxM} ≤ δ^{−1} for P_x–a.e. ω ∈ L_xM.

Proof. Let n ∈ N. We first remark that F_n vanishes on L_xM \ Ω^{r(x)+2δ}n,x . In fact, for ω ∈ Ω_{n,x} \ Ω^{r(x)+2δ}n,x there exists s ∈ [0, 1] with r(π(ω̂(s))) = r(ω(s)) ≥ r(x) + 2δ. On the other hand, for all t ∈ [0, 1], r(π(γ̂^{(n)}x (t))) ≤ r(x) ( cf. (4.15) ). Hence d(ω̂(s), γ̂^{(n)}x (t)) ≥ 2δ, and thus R^{(n)}x (ω̂) ≥ 2δ and F_n(ω) = 0 for all ω ∈ Ω_{n,x} \ Ω^{r(x)+2δ}n,x . Outside Ω_{n,x}, F_n vanishes by definition. Since Ψ_n = 1 on Ω^{r(x)+2δ}n,x and R^{(n)}x (ω̂) = sup r^{(n)}x ∘ ω̂, we have

F_n(ω) = (2 − δ^{−1} sup_{s∈[0,1]}(Ψ_n(ω) r^{(n)}_x (ω̂(s)))^+ ∧ 1 for ω ∈ Ω_{n,x}

(6.8)

Let G_s, s ∈ [0, 1], be uniformly bounded functions on L_xM with G_s(ω) = r^{(n)}x (ω̂(s)) for ω ∈ Ω_{n,x}. By Lemma 6.1 and (6.2), the functions Ψ_n · G_s, 0 ≤ s ≤ 1, are in H^{1,2}(L_xM; P_x). Moreover, by (6.3), (6.2), and since D^0Ψ_n = 0 P_x–a.e. on Ω^{r(x)+2δ}n,x , we have

|D^0(Ψ_n · G_s)|_T 1_{ωLxM} ≤ 1 + δ^{−1} · sup |G_s| χ_{LxM\Ω}r(x)+2δ_{n,x} (ω)

for all ω ∈ L_xM and s ∈ [0, 1]. The assertion now follows by standard arguments, because F_n = (2 − δ^{−1} sup{Ψ_n · G_s; s ∈ [0, 1] ∩ Q} )^+ ∧ 1, and F_n vanishes outside Ω^{r(x)+2δ}n,x .

Proof of Theorem 1.1, based loop space part. Let x ∈ U_ε. By Proposition 4.3 and Lemma 6.2, esssup_{ω∈LxM} ( |D^0F_n|^2_T 1_{ωLxM} · P_x[{ω ∈ Ω_{n,x}; R^{(n)}x (ω̂) ≥ δ}] P_x[{ω ∈ Ω_{n,x}; R^{(n)}x (ω̂) < δ}] ) → 0 as n → ∞. The assertion now follows by Lemma 2.1.

Appendix A.1 Closability of gradients on loop spaces

Let H_1, H_2 be Hilbert spaces, and let A be a dense subset of H_1. A linear operator D : A ⊂ H_1 → H_2 is called closable if DF → 0 in H_2 for every sequence F_n ∈ A, n ∈ N, such that F_n → 0 in H_1 and DF_n is Cauchy in H_2. A non–negative definite symmetric bilinear form E : A × A → R is called closable if E(F_n, F_n) → 0 for every sequence F_n ∈ A, n ∈ N, such that F_n → 0 in H_1 and E(F_n − F_m, F_n − F_m) → 0 as n, m → ∞. Closability of an operator D as above is hence equivalent to closability of the form E(F, G) = (DF, DG)_{H2} . We now consider the situation described in the introduction with an arbitrary compact Riemannian manifold M.

Proposition The operators D^0 : FC^∞ ⊂ L^2(L_xM; P_x) → L^2(T^1L_xM; P_x), x ∈ M, and D : FC^∞ ⊂ L^2(LM; P ) → L^2(T^1LM; P ) are closable.

The closability of D^0 has first been shown in [DR]. We now recall the proof from this article, and we sketch a simple proof for the closability of D :

Proof. We fix an orthonormal basis {h_n; n ∈ N} of H^{1,2}_0 ([0, 1], R^d) with Cameron Martin type inner product. Then {X^{hn} (ω); n ∈ N} ( cf. (1.1) ) is an orthonormal basis of T^1_ω L_xM for every ω ∈ L_xM. Hence the symmetric bilinear form E^0_x on L^2(L_xM; P_x) defined by (1.8) is given by

E^0_x(F, G) = ∞∑ n=1 ∫ (X^{hn} F )(ω) (X^{hn}G)(ω) P_x(dω) for all F, G ∈ FC^∞.

To prove closability of this form ( and thus of D^0 ) it suffices to show that each of the forms (F, G) → ∫ X^hF X^hG dP_x, h ∈ H^{1,2}_0 ([0, 1], R^d), with domain FC^∞ is closable on L^2(L_xM; P_x), cf. [MR]. This, however, is a direct consequence of the integration by parts identity (1.2) : If (F_n)_{n∈N} is a null sequence in L^2(L_xM; P_x) then by (1.2), ∫ X^hF_n G dP_x → 0 for every G ∈ FC^∞. So, if in addition (X^hF_n)_{n∈N} is Cauchy in L^2(L_xM; P_x), then X^hF_n → 0 in L^2(L_xM; P_x).

To show the closability of D, we fix an O(M) valued stochastic process (U_s(ω))_{0≤s≤1}, ω ∈ LM, such that π(U_s(ω)) = ω(s) for all ω ∈ LM and s ∈ [0, 1], and U is a version of the stochastic horizontal lift w.r.t. P_x for a.e. x ∈ M. In particular, it is a version of the stochastic horizontal lift w.r.t. P . Let X^h, h ∈ H^{1,2}_0 ([0, 1], R^d), be the vector fields on LM given by X^h_s (ω) = U_s(ω)h(s), 0 ≤ s ≤ 1, ω ∈ LM. Integrating the integration by parts identity (1.2) over x w.r.t. the measure p_1(x, x) V (dx) now yields the same kind of integration by parts formula with L_xM and P_x replaced by LM and P ( provided h is in H^{1,2}_0 ([0, 1], R^d) ). Moreover, the divergence term β_h has the same expression as in the based loop space case, and is contained in L^2(LM; P ). The square–integrability w.r.t. P can be seen by the same arguments as that w.r.t. P_x, cf. e.g. [H2], Ch. 4, Prop. 3.4. Let g_n, n ∈ N, be an orthonormal basis of H^{1,2}_0 ([0, 1], R^d) w.r.t. the inner product (h, g)_{1,2} =

∫_1 0 (h^′g^′ + hg) ds. Then the symmetric bilinear form

E^0(F, G) = ∞∑ n=1 ∫ LM (X^{gn} F )(ω) (X^{gn}G)(ω) P (dω), F, G ∈ FC^∞, on L^2(LM; P ) is closable by a similar argument as above. Notice that

E^0(F, G) = ∫ ⟨D̃^0F, D̃^0G⟩_T 1_{ωLM} P (dω), where D̃^0 denotes the gradient on the measurable bundle T^{1,0}_ω LM = {X ∈ T^1_ω LM; X(0) = 0}, ω ∈ LM, endowed with the H^{1,2} metric defined (1.4) and (1.3). Clearly, (D̃^0F )(ω) is the orthogonal projection of (DF )(ω) onto the closed subspace T^{1,0}_ω LM of T^1_ω LM.

Next, fix s ∈ (0, 1). For F ∈ FC^∞ and ω ∈ LM let (D̃^sF )(ω) denote the orthogonal projection of (DF )(ω) onto the closed subspace

T^{1,s}_ω LM = { X ∈ T^1_ω LM; X(s) = 0 }

of T^1_ω LM. Then the symmetric bilinear form E^s(F, G) = ∫ ⟨D̃^sF, D̃^sG⟩_T 1_{ωLM} P (dω), F, G ∈ FC^∞, on L^2(LM; P ) is closable as well. In fact, because of the invariance of the Bismut measure under the natural action of S^1 on LM by reparametrization, the closability of E^s follows from the closability of E^0 and straightforward considerations concerning the behaviour of the stochastic parallel transport under reparametrization. Note that E^t(F, F ) ≤ ∫ ⟨DF, DF ⟩_T 1_{ωLM} P (dω) = E(F, F ) for all F ∈ FC^∞ (A.1)

holds for t = 0 and t = s. In particular,

E^0(F, F ) + E^s(F, F ) ≤ 2 E(F, F ) for all F ∈ FC^∞.

(A.2)

On the other hand, there exists a finite constant C such that

E(F, F ) ≤ C · ( E^0(F, F ) + E^s(F, F ) ) for all F ∈ FC^∞.

(A.3)

To see this, let f, g : [0, 1] → [0, 1] be Lipschitz continuous functions such that f(1) = f(0) = 0, g(s) = 0, and f(t) + g(t) = 1 for all t ∈ [0, 1]. By the Lipschitz continuity of f and g, there exists a finite constant C_1 such that |fX|_T 1_{ωLM} ≤ C_1 · |X|_T 1_{ωLM} and |gX|_T 1_{ωLM} ≤ C_1 · |X|_T 1_{ωLM} for all ω ∈ LM and X ∈ T^1_ω LM . In particular, since X = fX + gX, |XF | ≤ |f XF | + |g XF | ≤ |fX|_T 1_{ωLM} · |(D̃^0F )(ω)|_T 1_{ωLM} + |gX|_T 1_{ωLM} · |(D̃^sF )(ω)|_T 1_{ωLM} ≤ C_1 · |X|_T 1_{ωLM} · (|(D̃^0F )(ω)|_T 1_{ωLM} + |(D̃^sF )(ω)|_T 1_{ωLM} )

for all F ∈ FC^∞, ω ∈ LM and X ∈ T^1_ω LM, whence

|(DF )(ω)|_T 1_{ωLM} ≤ C_1 · (|(D̃^0F )(ω)|_T 1_{ωLM} + |(D̃^sF )(ω)|_T 1_{ωLM} ).

This proves (A.3).

Since the non–negative definite symmetric bilinear forms (E^0, FC^∞) and (E^s, FC^∞) are closable on L^2(LM; P ), the form (E^0 + E^s, FC^∞) is closable as well. (A.2) and (A.3) now imply the closability of (E, FC^∞) on L^2(LM; P ), and hence that of the gradient D.

Corollary Let A be a function in L^1(LM; P ) such that A ≥ a_0 P –a.e. for some constant a_0 > 0. Then the symmetric bilinear form E^A(F, G) = ∫ A(ω) ⟨(DF )(ω), (DG)(ω)⟩_T 1_{ωLM} P (dω), F, G ∈ FC^∞, is closable on L^2(LM; P ).

Proof. Let (F_n)_{n∈N} be a sequence in FC^∞ with F_n → 0 in L^2(LM; P ) and E^A(F_n − F_m, F_n − F_m) → 0 as n, m → ∞. Since E^A(F, F ) ≥ a_0 · E(F, F ) for all F ∈ FC^∞, |DF_n|_T 1_{ωLM} → 0 in L^2(LM; P ) by the proposition above. In particular, |DF_{nk} |_T 1_{ωLM} → 0 P –a.e. for a sequence n_k → ∞, whence

E^A(F_n, F_n) = ∫ lim_{k→∞} (A(ω) |DF_n − DF_{nk} |^2_T 1_{ωLM} ) P (dω) ≤ lim inf_{k→∞} E^A(F_n − F_{nk} , F_n − F_{nk} ).

Thus lim_{n→∞} E^A(F_n, F_n) = 0.

Appendix A.2 Local Dirichlet forms

We recall some basic facts about local Dirichlet forms, cf. [BH], Ch. I, for details.

Let (Ω, F, μ) be a σ–finite measure space. A densely defined closed symmetric bilinear form (E, Dom (E)) on L^2(Ω; μ) is called a Dirichlet form if F^+ ∧1 is in Dom (E) and E(F^+ ∧1, F^+ ∧1) ≤ E(F, F ) for every F ∈ Dom (E). This property implies that the composition ϕ(F_1, . . . , F_n) is in Dom (E) for all n ∈ N, F_1, . . . , F_n ∈ Dom (E), and all Lipschitz continuous functions Φ : R^n → R such that ϕ(0) = 0. In particular, F G is in Dom (E) for all F, G ∈ Dom (E) ∩ L^∞(Ω; μ). A Dirichlet form (E, Dom (E)) is called strongly local if E(F, G) = 0 for all F, G ∈ Dom (E) such that (F + c)G = 0 for some c ∈ R. One says that (E, Dom (E)) admits a carré du champ if there exists a symmetric continuous bilinear operator Γ : Dom (E) × Dom (E) → L^1(Ω; μ) such that E(F H, G) + E(GH, F ) − E(H, F G) = 2 ∫ H Γ(F, G) dμ (A.4)

holds for all F, G, H ∈ Dom (E) ∩ L^∞(Ω; μ). Γ is uniquely determined by (A.4). The carré du champ of a strongly local Dirichlet form with 1 ∈ Dom (E) satisfies the chain rule (2.3). On the other hand, if (E, Dom (E)) is a closed quadratic form on L^2(Ω; μ), and there exists a symmetric bilinear operator Γ : Dom (E) × Dom (E) → L^1(Ω; μ) satisfying (2.1), (2.2) and (2.3), then (E, Dom (E)) is a strongly local Dirichlet form, and Γ is the corresponding carré du champ.

The carré du champ operator of a strongly local Dirichlet form satisfies

Γ(F ) = 0 μ–a.e. on {ω ∈ Ω; F (ω) = c}

(A.5)

for every F ∈ Dom (E) and c ∈ R, where Γ(F ) = Γ(F, F ), cf. [BH], Ch. I, Thm. 7.1.1. Moreover :

Lemma Let (E, Dom (E)) be a strongly local Dirichlet form with carré du champ Γ.

(i) If 1 ∈ Dom (E) then ϕ ∘ F is in Dom (E), and

Γ(ϕ ∘ F ) = (ϕ^′ ∘ F )^2 Γ(F ) μ–a.e.

for all F ∈ Dom (E) and every Lipschitz continuous function ϕ : R → R.

(ii) Let F_k, k ∈ N, be functions in Dom (E) such that sup_{k∈N}(|F_k|^2 + Γ(F_k)) is in L^1(Ω; μ). Then sup_{k∈N} F_k and inf_{k∈N} F_k are in Dom (E),

Γ(sup F_k) ≤ sup Γ(F_k) μ–a.e., and Γ(inf F_k) ≤ sup Γ(F_k) μ–a.e.

Proof. (i) See [BH], Ch. I, Cor. 7.1.2.

(ii) The assertion follows from [BH], Ch. I, Prop. 4.14, and [MR], Ch. I, Lem. 2.12.

Acknowledgements. I would like to thank Bruce Driver for many fruitful discussions during a pleasant stay in San Diego. Financial support for this research was provided by Deutsche Forschungsgemeinschaft.

References

[A1] S. Aida, Differential calculus on path and loop spaces. II. Irreducibility of Dirichlet forms on loop spaces, Bull. Sci. Math., 122, 1998, p. 635–666.

[A2] S. Aida, Preprint.

[AE] S. Aida, D. Elworthy, Differential calculus on path and loop spaces. I. Logarithmic Sobolev inequalities on path spaces, C.R. Acad. Sci. Paris S. I Math., 321, 1995, p. 97–102.

[B] J.–M. Bismut, Large deviations and the Malliavin calculus, Progress in Mathematics, Birkhäuser, Boston, 1984.

[Be] M. Berger, Geometry II, Springer, Berlin, 1994. [BH] N. Bouleau, F. Hirsch, Dirichlet forms and analysis on Wiener space, De Gruyter, Berlin, New York, 1991.

[CHL] M. Capitaine, E. P. Hsu, M. Ledoux, Martingale representation and a simple proof of logarithmic Sobolev inequalities on path spaces, Electron. Comm. Probab., 2, 1997, p. 71–81.

[C] I. Chavel, Riemannian geometry — A modern introduction, Cambridge University Press, Cambridge, 1993.

[CGP] T. Coulhon, A. Grigoryan, C. Pittet, A geometric approach to on–diagonal heat kernel lower bounds on groups, Preprint.

[D] B. Driver, A Cameron–Martin type quasi–invariance theorem for pinned Brownian motion on a compact Riemannian manifold, Trans. Amer. Math. Soc., 342, 1994, p. 375–395.

[DR] B. Driver, M. Röckner, Construction of diffusions on path and loop spaces of compact Riemmanian manifolds, C. R. Acad. Sci. Paris S. I Math., t. 315, 1992, p. 603–608.

[Da] E. B. Davies, Heat kernels and spectral theory, Cambridge University Press, Cambridge, 1990.

[Di] J. Dixmier, Les algèbres d’opérateurs dans l’espace hilbertien, Gauthier–Villars, Paris, 1969.

[E] A. Eberle, Spectral gaps on loop spaces : A counterexample, C.R. Acad. Sci. Paris S. I Math., t. 330, 2000, p. 237–242.

[EL] K.D. Elworthy, X.–M. Li, A class of integration by parts formulae in stochastic analysis, in : Itos stochastic calculus and probability theory, Springer, Tokyo, 1996, p. 15–30.

[ES] O. Enchev, D. Stroock, Integration by parts for pinned Brownian motion, Math. Res. Lett., 2, 1995, p. 161–169.

[F] S. Fang, Inégalité du type de Poincaré sur l’espace des chemins riemanniens, C. R. Acad. Sci. Paris Sér. I Math., 318, 1994, p. 257–260.

[GM] F.–Z. Gong, Z.–M. Ma, The log-Sobolev inequality on loop space over a compact Riemannian manifold, J. Funct. Anal., 157, 1998, p. 599–623.

[HT] W. Hackenbroch, A. Thalmaier, Stochastische Analysis, Teubner, Stuttgart, 1994.

[H1] E. P. Hsu, Logarithmic Sobolev inequalities on path spaces over Riemannian manifolds, Comm. Math. Phys., 189, 1997, p. 9–16.

[H2] E. P. Hsu, Analysis on path and loop spaces, in : Probability theory and applications (Princeton, NJ, 1996), p. 277–347, IAS/Park City Math. Ser., 6, Amer. Math. Soc., Providence, RI, 1999.

[J] J. Jost, Riemannian geometry and geometric analysis, Universitext, Springer, Berlin, 1995.

[L] R. Léandre, Integration by parts formulas and rotationally invariant Sobolev calculus on free loop spaces, J. Geom. Phys., 11, 1993, p. 517–528.

[M] P. Malliavin, Stochastic analysis, Springer, Berlin, 1997. [MR] Z. M. Ma, M. Röckner. Introduction to the theory of (non– symmetric) Dirichlet forms, Springer, Berlin, 1992.