TIME–DEPENDENT DIFFUSION OPERATORS ON L^1

Wilhelm Stannat Universität Bielefeld, Fakultät für Mathematik, Postfach 100131, 33501 Bielefeld, Germany email: stannat@mathematik.uni-bielefeld.de September 25, 2000

Abstract. We study the Cauchy problem for time–dependent diffusion operators with singular coefficients on L^1-spaces induced by infinitesimal invariant measures. We give sufficient conditions on the coefficients such that the Cauchy–Problem is well-posed. We construct associated diffusion processes with the help of the theory of generalized Dirichlet forms. We apply our results in particular to construct a large class of Nelson–diffusions that could not been constructed before.

Mathematics Subject Classification (2000): Primary: 31C25, 47D07 Secondary: 35K05, 47B44, 60J35, 60J60 Running Head: Time–dependent diffusion operators on L^1

Contents

0. Introduction 1. Framework and main results 1.a) Existence 1.b) Construction of associated diffusion processes 1.c) Uniqueness in the case U = R^d 1.d) Examples 2.-4. Proofs

Typeset by AMS-TEX 1

0. Introduction

The purpose of this paper is to propose a new method for the construction of diffusion processes generated by time-dependent differential operators of type

(0.1) Lu(t, x) = d∑ i=1 a_{ij} (t, x)∂_{ij}u(t, x) + d∑ i=1 b_i(t, x)∂_iu(t, x) ,

u ∈ C^∞_0 ((0, T ) × U), on arbitrary open subsets U ⊂ R^d and T > 0 with merely measurable coefficients.

We will be in particular interested in the following class of examples arising from stochastic mechanics: Let d ≥ 3, (a_{ij} (x)) be measurable and uniformly strictly elliptic and V ∈ L^1_{loc}(U) be a real potential with V^− ∈ L^{d2} (U) ∪ L^∞(U). Sobolev’s inequality then implies that the quadratic form

∑_d

i,j=1 ∫ a_{ij} ∂_iu∂_j u dx + ∫ u^2V dx, u ∈ H^1_0 (U) ∩ L^2(U, V^+ dx), is well-defined and bounded from below. Its complexification uniquely determines a self-adjoint operator L^V_C and the wave-function ψ(t) := e^{itLVC} ψ_0 solves the Schrödinger equation i∂_tψ = −L_Cψ, ψ(0) = ψ_0. One of the basic problems in stochastic mechanics then consists of constructing a timeinhomogeneous diffusion process (sometimes called Nelson–diffusion (cf. [C], [Nag])) whose generator (now written in divergence form) extends (0.2)

Lu(t, x) = d∑ i,j=1

∂_i (a_{ij} (x)∂_ju(t, x)) + d∑ i=1 b_i(t, x)∂_iu(t, x) , u ∈ C^∞_0 ((0, T ) × U) ,

where b_i(t, x) = 2|ψ(t, x)|^{−2}(g(t, x)·∂_i(h(t, x)+g(t, x))+h(t, x)·∂_i(h(t, x)−g(t, x)), 1 ≤ i ≤ d, g(t, x) = Re ψ(t, x) and h(t, x) = Im ψ(t, x). It is well–known that the construction of the above mentioned diffusion process causes serious technical difficulties in that the operator has only unbounded measurable coefficients, so that it is not possible to consider the Cauchy-problem on spaces of continuous functions or to try to solve the corresponding stochastic differential equation directly. Even worse, since b_i /∈ L^2_{loc}([0, T ] × U, dx dt) for any T > 0, it is not possible to use classical perturbation theory of the Laplacian or to construct weak solutions of the corresponding stochastic differential equation by means of the Girsanov transform. Note that however, using integration by parts, it is quite easy to see that under the assumption above it follows that for arbitrary 0 ≤ s < t and u ∈ C^∞_0 (U)

(0.3) ∫ U u(x)ρ(t, x) dx − ∫ U u(x)ρ(s, x) dx =

∫_t s ∫ U L_ru(x)ρ(r, x) dx dr ,

where ρ(t, x) := |ψ(t, x)|^2 (cf. Example 1.e)(1)). We will therefore solve the Cauchyproblem in L^1–spaces induced by the measures ρ(t, x) dx. Note that this cannot been achieved with standard techniques from the theory of evolution equations since the L^1–spaces will depend on time.

In the particular stationary case, that is, the case where the density ρ(t, x) = ρ_0(x) does not depend on time, hence b_i(t, x) = b_i(x) is time-independent too, 2

the problem reduces to construct a time-homogeneous Markov-process on U with invariant measure ρ_0 dx whose generator extends

Lu(x) = d∑ i,j=1

∂_i(a_{ij} (x)∂_ju(x)) + d∑ i=1 b_i(x)∂_iu(x) ,

u ∈ C^∞_0 (U). Note that (0.3) reduces to ∫ U Lu(x)ρ_0(x) dx = 0 , u ∈ C^∞_0 (U) ,

so that in this case ρ_0(x) dx is an infinitesimally invariant measure for L. Hence, instead of trying to solve the Cauchy-problem associated to L in spaces of continuous functions the problem is studied in L^1(ρ_0 dx). Once, the existence of a sub-Markovian C_0-semigroup on L^1(ρ_0 dx) is settled, an associated diffusion process can then be constructed using the theory of generalized Dirichlet forms (cf. [St1]). This program has been carried out in a very general context in [St2]. In particular, the well–posedness of the Cauchy-problem in L^1(ρ_0 dx) has been studied thoroughly. Moreover, the same techniques have been applied to obtain similar results for a corresponding class of infinite dimensional diffusion operators. All this can be seen as part of a more general program on L^p–analysis of finite and infinite dimensional diffusion operators as it is outlined in [R].

The main results of this paper now will be generalizations of [St2] to a general time-dependent setting. Above all we will reduce the time-inhomogeneous Cauchyproblem associated to L to a time-homogeneous one by addding time to the statespace and passing to the differential operator

(0.4) L̄u(t, x) = d∑ i,j=1

∂_i(a_{ij}(x)∂_j u(t, x)) + d∑ i=1 b_i(t, x)∂_iu(t, x) + ∂_tu(t, x) ,

u ∈ C^∞_0 ((0, T ) × U). Note that passing from (0.2) to (0.4) corresponds to the well– known procedure of constructing a semigroup of kernels (p̄_t) (called the forward space-time homogenization) to a given propagator of kernels (p_{s,t})_{0≤s≤t} (that is, a family of kernels on a measurable space (X, B) satisfying p_{t,t}(x, ·) = δ_x, x ∈ X, t ≥ 0, and the Chapman-Kolmogorov equation p_{r,s} ∘ p_{s,t} = p_{r,t}, 0 ≤ r ≤ s ≤ t) by defining p̄_t((r, x), ·) = δ_{r+t} ⊗ p_{r,r+t}(x, ·), r, t ≥ 0, x ∈ X (cf. [Sh, Section 16]). It is now easy to see that we have reduced the problem formally to a situation similar to the stationary case, since (0.3) immediately implies that

∫_T 0 ∫ U L̄u(t, x)ρ(t, x) dx dt = 0 , for all u ∈ C^∞_0 ((0, T ) × U) .

The disadvantage of this procedure consists in the fact that L̄ is now a second-order differential operator with degenerate diffusion matrix. To choose the forward space– time homogenization, instead of the backward one, is arbitrary in our framework. Our choice is the usual one in stochastic analysis (cf. [StrV]). In particular, it corresponds to the standard formulation of the time–dependent Ito-formula. 3

Going back again to the general case we therefore assume the existence of a nonnegative measure μ =

∫_T 0 μ_t dt satisfying

(0.5) ∫ U u dμ_t − ∫ U u dμ_s =

∫_t s ∫ U L_ru dμ_r dr , u ∈ C^∞_0 (U) .

A measure μ satisfying (0.5) is called infinitesimal invariant for the operator L. We will specify exact conditions on a_{ij} , b_i and μ later on that imply in particular that the integral in (0.5) is well-defined.

We are now mainly concerned with the following three problems:

(a) Existence: Give conditions on the coefficients a_{ij} and b_i of the operator L and on the measure μ̄ such that there exists a closed extension of (L, C^∞_0 ((0, T ) × U)) in L^1((0, T ) × U, μ) generating a C_0–semigroup (T_t)_{t≥0} of (bounded) operators on L^1((0, T ) × U, μ) (henceforth such extensions will be called maximal) that are sub–Markovian (that is, 0 ≤ T_tu ≤ 1 if 0 ≤ u ≤ 1) (cf. Subsection 1.a)).

(b) Associated Processes: Construct associated diffusion processes with the help of the theory of generalized Dirichlet forms and identify the associated processes as solutions of the martingale problem associated to (L, C^∞_0 ((0, T ) × U)) (cf. Subsection 1.b)).

(c) Uniqueness (in the case U = R^d): Give conditions on a_{ij} , b_i and μ such that there exists only one maximal extension in L^1((0, T )×U, μ) (cf. Subsection 1.c)).

In Subsection 1.d) we give several Examples. Besides the one mentioned above arising from stochastic mechanics (cf. Example 1.d)(2)) we will consider also time– dependent diffusion operators in divergence form (cf. Example 1.d)(1)). In particular, we will specify conditions on the coefficients that ensure the existence of a nontrivial infinitesimal invariant measure μ satisfying (0.5) for a given L.

Sections 2–4 contain the proofs of the main theorems.

1. Framework and Main results

a) Existence.

Let us first introduce some notations. Fix T > 0. For an arbitrary subset U of R^d let U_0 := (0, T ] × U and U_T := [0, T ) × U. Let L^p(U), p ∈ [1, ∞], be the usual L^p– spaces w.r.t. the Lebesgue measure, H^1(U) = {u ∈ L^2(U)|∂_iu ∈ L^2(U), 1 ≤ i ≤ d} be the Sobolev space in L^2(U) of order 1 with Neumann boundary conditions and H^1_0 (U) be the Sobolev space of order 1 with Dirichlet boundary conditions, that is, the closure of C^∞_0 (U) in H^1(U). Furthermore, for an arbitrary Banach space E and p ∈ [1, ∞] let L^p([0, T ]; E) be the space of all strongly measurable u : [0, T ] → E with ‖u(·)‖_E ∈ L^p([0, T ]). In the particular case E = L^2(U) we will sometimes identify the two spaces L^2([0, T ]; L^2(U)) and L^2(U_T ), so that any subspace of L^2([0, T ]; L^2(U)) can be identified with a subspace of L^2(U_T ).

Throughout the whole Section fix an arbitrary nonempty open subset U ⊂ R^d and a σ–finite positive measure μ on B(U_T ). Denote by ‖ · ‖_p, p ∈ [1, ∞], the usual norm on L^p(U_T , μ). If W ⊂ L^p(U_T , μ) is an arbitrary subset, denote by W_0 the subset 4

of all elements u ∈ W such that supp (|u|μ) is a compact subset contained in U_T , and by W_b the subset of all bounded elements in W . Finally, let W_{0,b} := W_0 ∩ W_b.

Suppose that μ ≪ dx and that the density of μ admits a representation φ^2, where φ is contained locally in the space L^2([0, T ]; H^1_0 (U)), in the sense that φχ ∈ L^2([0, T ]; H^1_0 (U)) for all χ ∈ C^∞_0 (U).

For any open subset V of U let (D, H^{0,1}_0 (V_T , μ)) be the closure of the bilinear form ∫_T 0 ∫ ⟨∇u(t, ·), ∇v(t, ·)⟩ dμ_t dt ; u, v ∈ C^∞_0 (V_T ) ,

in L^2(V_T , μ), where ∇ denotes the gradient w.r.t. the space variables x_i, 1 ≤ i ≤ d. Let H^{0,1}_{loc} (V_T , μ) be the space of all elements such that uχ ∈ H^{0,1}_0 (V_T , μ) for all χ ∈ C^∞_0 (V_T ).

For A = (a_{ij} )_{1≤i,j≤d} and B = (b_i)_{1≤i≤d}, a_{ij} , b_i : U_T → R measurable, let

L_{A,B}u := d∑ i,j=1

a_{ij} (t, x)∂_{ij}u(t, x) + d∑ i=1 b_i(t, x)∂_iu(t, x) .

Let us now specify conditions on A and B that will imply the existence of a maximal extension of L_{A,B} + ∂_t generating a sub-Markovian C_0-semigroup in L^1(μ̄). For all V relatively compact in U we assume that

(1.1) ∂_j a_{ij} ∈ L^2(V_T , μ) , 1 ≤ i, j ≤ d,

(1.2) ν^{−1}_V |h|^2 ≤ ⟨A(t, x)h, h⟩ ≤ ν_V |h|^2 for all h ∈ R^d, (t, x) ∈ V_T ,

for some positive constant ν_V > 0 and

(1.3) B ∈ L^2(V_T ; R^d, μ) .

Finally we assume that

(1.4) ∫ u dμ_t − ∫ u dμ_s =

∫_t s ∫ L_{A,B,r}u dμ_r dr for all u ∈ C^∞_0 (U),

where L_{A,B,r}u(x) :=

∑_d

i,j=1 aij(r, x)∂iju(x) +

∑_d i=1 b_i(r, x)∂_iu(x), u ∈ C^∞_0 (U).

Note that (1.2) clearly implies that the bilinear form A^0(u, v) = ∫ ⟨A∇u, ∇v⟩ dμ;

u, v ∈ H^{0,1}_0 (V_T , μ), is well-defined.

(1.4) has two immediate consequences. First,

(1.5) ∫ (L_{A,B} + ∂_t)u dμ = 0 for all u ∈ C^∞_0 ((0, T ) × U) ,

i.e., μ is an infinitesimally invariant measure for L_{A,B} + ∂_t. Second, the operator L_{A,2B}0_{−B} − ∂_t is the formal dual operator of L_{A,B} + ∂_t w.r.t. the measure μ in the sense that

(1.6) ∫ (L_{A,B} + ∂_t)u v dμ = ∫ u (L_{A,2B}0_{−B} − ∂_t)v dμ ; u, v ∈ C^∞_0 ((0, T ) × U) .

Here, B^0 = (b^0_1, . . . , b^0_d) ∈ L^2_{loc}(U_T , μ) is defined by

b^0_i = d∑ j=1 (∂_ja_{ij} + a_{ij} 2∂_jφ/φ) , 1 ≤ i ≤ d .

It is general theory of diffusion operators that (1.5) implies that L_{A,B}u + ∂_tu, u ∈ C^∞_0 ((0, T ) × U), is dissipative on all L^p(μ)–spaces, p ∈ [1, 2], in particular negative definite on L^2(μ). Hence, there exist extensions of this operator in L^2(μ) that generate C_0–semigroups. Clearly, these extensions will never be unique, since we are considering a bounded domain. We will describe in the next step extensions of L_{A,B} + ∂_t and of L_{A,2B}0_{−B} − ∂_t that are still dual w.r.t. μ and that generate sub-Markovian C_0–semigroups on all L^p–spaces.

To this end let β := B − B^0 and note that (1.4) implies

(1.7) ∫ u dμ_t − ∫ u dμ_s =

∫_t s ∫ ⟨β, ∇u⟩ dμ_r dr for all u ∈ C^∞_0 (U),

since ∫ L_{A,B,r}u dμ_r = ∫ ⟨β(r, ·), ∇u⟩ dμ_r for all u ∈ C^∞_0 (U).

If V is an arbitrary open subset of U, let H^{1,1}_0 (V_T , μ) be the closure of C^∞_0 (V_T ) in L^2(V_T , μ) w.r.t. the norm (∫ u^2 + |∇u|^2 dμ

) 1_2 . Here, ∇ denotes the gradient w.r.t.

time– and space–variables. Similarly, let H^{1,1}_0 (V_0, μ) be the closure of C^∞_0 (V_0) in L^2(V_0, μ) w.r.t. the norm (∫ u^2 + |∇u|^2 dμ

) 1_2 . Let β(t, x) := (1, β(t, x)).

Lemma 1.1. Let V be open and relatively compact in U. Then: (i) ∫ ⟨β, ∇u⟩ dμ ≤ 0 for all u ∈ H^{1,1}_0 (V_T , μ), u ≥ 0.

(ii) − ∫ ⟨β, ∇u⟩ dμ ≤ 0 for all u ∈ H^{1,1}_0 (V_0, μ), u ≥ 0.

(iii) ∫ ⟨β, ∇u⟩v dμ = − ∫ ⟨β, ∇v⟩u dμ for all u ∈ H^{1,1}_0 (V_T , μ)_b, v ∈ H^{1,1}_0 (V_0, μ)_b.

Proof. For the proof of (i) let u ∈ C^∞_0 (V_T ) and extend u as well as β and μ to [0, ∞) × U by 0. For ε ∈ (0, 1) let ψ_ε ∈ C^1(R), ψ_ε(t) = 0 if t ≤ 0, ψ_ε(t) = t if t ≥ ε and 0 ≤ ψ^′_ε(t) ≤^2_ε . Then (1.7) implies that ∫ ∂_tψ_ε(u) dμ = lim_{h→0} 1 h ∫_T 0 ∫ ψ_ε(u)(t + h, ·) − ψ_ε(u)(t, ·) dμ_t dt

= lim_{h→0} − 1 h ∫_h 0 ∫ ψ_ε(u)(t, ·) dμ_t dt − 1 h ∫_T 0 (∫ ψ_ε(u)(t + h, ·) dμ_{t+h} − ∫ ψ_ε(u)(t, ·) dμ_t ) dt ≤ − lim_{h→0} 1 h ∫_T 0 ∫_h 0 ∫ ⟨β(t + r, ·), ∇ψ_ε(u)(t + r, ·)⟩ dμ_{t+r} dr dt = − ∫ ⟨β, ∇ψ_ε(u)⟩ dμ , i.e., ∫ ⟨β, ∇ψ_ε(u)⟩ dμ ≤ 0. If u ∈ H^{1,1}_0 (V_T , μ), u ≥ 0, let (u_n) ⊂ C^∞_0 (V_T ) be converging to u in H^{1,1}_0 (V_T , μ). Then lim_{n→∞} ψ_ε(u_n) = ψ_ε(u) in H^{1,1}_0 (V_T , μ) and thus ∫ ⟨β, ∇ψ_ε(u)⟩ dμ ≤ 0. Since lim_{ε→0} ψ_ε(u) = u in H^{1,1}_0 (V_T , μ) we finally conclude ∫ ⟨β, ∇u⟩ dμ ≤ 0.

(ii) can be shown analoguously. For the proof of (iii) note that uv ∈ H^{1,1}_0 (V_T , μ) ∩ H^{1,1}_0 (V_0, μ) so that (i) and (ii) imply ∫ ⟨β, ∇u⟩v dμ + ∫ ⟨β, ∇v⟩u dμ = ∫ ⟨β, ∇(uv)⟩ dμ = 0 ,

if u, v ≥ 0. The general case now follows from considering the cases u^+v^+, u^+v^−, u^−v^+ and u^−v^− separately. □

Let us state next some general results concerning diffusion operators on L^p-spaces. Let M := {φ ∈ C^1_b (R)|φ(0) = 0 , φ monotone increasing } .

Definition 1.2. Let (X, m) be a σ–finite measure space. A linear operator (A, D) on L^1(X, m) is called an operator of diffusion type if ∫ Auφ(u) dm ≤ 0 for all u ∈ D(A), φ ∈ M.

Proposition 1.3. Let (A, D) be a linear operator of diffusion type on L^1(X, m). Then:

(i) (A, D) is dissipative, in particular closable.

(ii) The closure (A, D(A)) generates a C_0–semigroup (T_t)_{t≥0} if and only if (λ − A)(D) ⊂ L^1(X, m) dense for some λ > 0. In this case, (T_t) is a sub–Markovian contraction semigroup. In particular, T_{t|L}1_{∩L}∞ can be uniquely extended to a sub– Markovian contraction on T^p_t on L^p(X, m) for all t ≥ 0, p ∈ [1, ∞]. Moreover, (T^p_t ) is a C_0–semigroup of contractions on L^p(X, m) for all p ∈ [1, ∞).

Proof. (i) Let ψ_ε ∈ M, ε > 0, be such that ψ_ε(t) = sign(t) if |t| ≥ ε. Then ∫ Au ( 1_{{u>0}} − 1_{{u<0}} ) dm = lim_{ε→0} ∫ Auψ_ε(u) dm ≤ 0 .

Since ‖u‖_1(1_{{u>0}} − 1_{{u<0}}) ∈ L^∞(X, m) = L^1(X, m)^′ is a normalized tangent functional to u we obtain the assertion.

(ii) By [ReSi, Th. X.48] the closure (A, D(A)) generates a C_0–semigroup of contractions (T_t)_{t≥0} if and only if (λ − A)(D) ⊂ L^1(X, m) dense for some λ > 0. In this case let (G_α)_{α>0} be the resolvent associated with (A, D(A)). We will show that (G_α)_{α>0} is a sub–Markovian resolvent. Since T_tu = lim_{α→∞} exp(tα(αG_α − 1))u for all u ∈ L^1(X, m) (cf. [Pa, 1.3.5]) it then follows that (T_t)_{t≥0} is sub–Markovian too.

To this end let φ_ε ∈ M, ε > 0, be such that φ_ε(t) = 0 if t ≤ 1, φ_ε(t) = 1 if t ≥ 1+ε. Then ∫ Au1_{{u>1}} dm = lim_{n→∞} ∫ Auφ_ε(u) dm ≤ 0 for all u ∈ D(A).

Let f ∈ L^1(X, m) and u := αG_αf ∈ D(A). If f ≤ 1 then α ∫ u1_{{u>1}} dμ ≤ ∫ (αu − Au)1_{{u>1}} dμ = α ∫ f1_{{u>1}} dμ ≤ α ∫ 1_{{u>1}} dμ .

Consequently, α ∫ (u − 1)1_{{u>1}} dμ ≤ 0 which implies that u ≤ 1. If f ≥ 0 then −nf ≤ 1, hence −nu ≤ 1 for all n, i.e., u ≥ 0. Hence (G_α)_{α>0} is sub–Markovian.

By the Riesz–Thorin Interpolation Theorem (cf. [ReSi, Th IX.17]) we conclude that T_{t|L}1_{∩L}∞ can be uniquely extended to a contraction T^p_t on L^p(X, m) for all p ∈ [1, ∞]. Clearly, (T^p_t )_{t≥0} is again a C_0–semigroup of sub–Markovian contractions on L^p(X, m) for p ∈ [1, ∞). □

Definition 1.4. Let (A, D) be a linear operator of diffusion type on L^1(X, m).

(i) (A, D) is called maximal, if (α − A)(D) = L^1(X, m) for one (hence all) α > 0.

(ii) (A, D) is called L^1–unique, if there is only one extension of (A, D) on L^1(X, m) that generates a C_0–semigroup.

Remark. (i) It follows from [Ar,Th. A–II, 1.33] that if (A, D) is L^1–unique, the unique extension (A, D) of (A, D) generating a C_0–semigroup is obtained as the closure of (A, D). Equivalently, (A, D) is L^1–unique if and only if (α − A)(D) ⊂ L^1(X, m) dense for some α > 0.

(ii) Let (A, D) be L^1–unique and (A, D(A)) be the closure in L^1(X, m). By 1.3 (ii) the semigroup generated by A uniquely induces C_0–semigroups on L^p(X, m), p ∈ [1, ∞). The corresponding infinitesimal generators (A_p, D(A_p)) are called the L^p–realization of (A, D).

For the statement of the next Proposition recall that for a linear operator T : D(T ) ⊂ X → Y with X ⊂ Y its part on X is the linear operator S : D(S) ⊂ X → X defined by Su := T u for all u ∈ D(S) := {u ∈ D(T )|T u ∈ X}.

For any open subset V ⊂ U let us introduce the following norm | · |_V on L^1(V_T , μ):

(1.8) |f|_V := sup

v∈H^{0,1}_0 (V_T ,μ)

‖v‖∞+A0 (v,v) 1 2 ≤1

∫ fv dμ .

Clearly, |f|_V ≤ ‖f‖_1 and L^1(V_T , μ) is not complete w.r.t. | · |_V . In the following denote by L^1(V_T , μ) the completion of L^1(V_T , μ) w.r.t. | · |_V .

Proposition 1.5. Let V ⊂ U be an open subset with ∂V ∈ C^∞ relatively compact in U. Let L := L_{A,B} + ∂_t and L^′ := L_{A,2B}0_{−B} − ∂_t. Then:

(i) L : C^∞_0 (V_T ) ⊂ L^1(V_T , μ) → L^1(V_T , μ) (resp. L^′ : C^∞_0 (V_0) ⊂ L^1(V_T , μ) → L^1(V_T , μ)) is closable and the part (L^V , D(L^V )) (resp. (L^{V,′}, D(L^{V,′}))) in L^1(V_T , μ) of its closure is a maximal linear operator of diffusion type. 8

(ii) For all u ∈ D(L^V )_b (resp. u ∈ D(L^{V,′})_b) there exist (u_n) ⊂ C^∞_0 (V_T ) (resp.

(u_n) ⊂ C^∞_0 (V_0)) such that ‖u_n‖_∞ ≤ ‖u‖_∞ + 2 and lim_{n→∞} ‖u_n − u‖_1 + ‖Lu_n − L^V u‖_{L1(VT ,μ)} = 0 (resp. lim_{n→∞} ‖u_n − u‖_1 + ‖L^′u_n − L^{V,′}u‖_{L1(VT ,μ)} = 0).

(iii) (a) D(L^V )_b ⊂ H^{0,1}_0 (V_T , μ) (resp. D(L^{V,′})_b ⊂ H^{0,1}_0 (V_T , μ)) and A^0(u, u) ≤ − ∫ L^V u u dμ, u ∈ D(L^V )_b (resp. A^0(u, u) ≤ − ∫ L^{V,′}u u dμ, u ∈ D(L^{V,′})_b).

(b) D(L^V )_b (resp. D(L^{V,′})_b) is an algebra and L^V u^2 = 2uL^V u + 2⟨A∇u, ∇u⟩, u ∈ D(L^V )_b (resp. L^{V,′}u^2 = 2uL^{V,′}u + 2⟨A∇u, ∇u⟩, u ∈ D(L^{V,′})_b). (c) ∫ L^V u v dμ = ∫ uL^{V,′}v dμ for all u ∈ D(L^V )_b, v ∈ D(L^{V,′})_b.

The proof of 1.5 is given in Section 2.

For all open subsets V relatively compact in U with ∂V ∈ C^∞ let G^V_α := (α − L^V )^{−1} (resp. G^{V,′}_α := (α − L^{V,′})^{−1}), α > 0, be the resolvent of (L^V , D(L^V )) (resp. (L^{V,′}, D(L^{V,′}))). If we define

G^V_α f := G^V_α (f1_V )( resp. G^{V,′}_α f := G^{V,′}_α (f1_V )) , f ∈ L^1(U_T , μ) , α > 0,

then G^V_α (resp. G^{V,′}_α ) can be extended to a sub–Markovian contraction on L^1(U_T , μ).

Lemma 1.6. Let V, W be open with ∂V, ∂W ∈ C^∞ and relatively compact in U such that V ⊂ W . Let α > 0 and f ∈ L^2(U_T , μ), f ≥ 0. Then G^V_α f ≤ G^W_α f (resp. G^{V,′}_α f ≤ G^{W,′}_α f).

Proof. We will prove G^V_α f ≤ G^W_α f only. The dual statement can be shown similarly. Let v_n ∈ C^∞_0 (V_T ), w_n ∈ C^∞_0 (W_T ), n ≥ 1, be such that lim_{n→∞}(1 − L^V )v_n = f1_V in L^1(V_T , μ) and lim_{n→∞}(1 − L^W )w_n = f1_W in L^1(W_T , μ). Let φ(t) =

t^2 1+t^2 1[0,∞)(t) ∈ M. Then φ(vn − wn) ∈ H 1,1 T (V_T , μ) since 0 ≤ φ(v_n − w_n) ≤ v_n and v_n ∈ H^{1,1}_T (V_T , μ), n ≥ 1. Now 1.1 implies that

A^0_1(φ(v_n − w_n), φ(v_n − w_n)) ≤ A_1(v_n − w_n, φ(v_n − w_n)) ≤ ∫ (1 − L)(v_n − w_n)φ(v_n − w_n) dμ ,

(1.9)

and consequently, (φ(v_n − w_n))_{n≥1} ⊂ H^{0,1}_0 (V_T , μ)_b bounded. We can now find a subsequence (φ(v_{nk} − w_{nk} ))_{k≥1} converging to φ(G^V_1 f − G^W_1 f) weakly^∗ both in L^1(V_T , μ)^′ and L^1(W_T , μ)^′. Taking the limit n → ∞ in (1.9) one obtains that

A^0_1(φ(G^V_1 f − G^W_1 f), φ(G^V_1 f − G^W_1 f)) ≤ ∫ (f1_V − f1_W )φ(G^V_1 f − G^W_1 f) dμ ≤ 0,

thus φ(G^V_1 f − G^W_1 f) = 0, i.e., G^V_1 f ≤ G^W_1 f, since φ(t) > 0 if t > 0. □

For the statement of the main result let (A^0, D(A^0)) be the closure of the quadratic form ∫ ⟨A∇u, ∇u⟩ dμ, u ∈ C^∞_0 (U_T ), in L^2(U_T , μ). 9

Theorem 1.7. Let (1.1)-(1.4) be satisfied. Then there exists a maximal extension (L, D(L)) of diffusion type of L_{A,B}u + ∂_tu, u ∈ C^∞_0 (U_T ), on L^1(U_T , μ) satisfying the following properties:

(a) If (U^n)_{n≥1} is an increasing sequence of open subsets with ∂U^n ∈ C^∞ such that U = ⋃ n≥1 U^n then lim_{n→∞} G^{U n}_α f = (α − L)^{−1}f in L^1(U_T , μ) for all f ∈ L^1(U_T , μ) and α > 0.

(b) D(L)_b ⊂ D(A^0) and for all u ∈ D(L)_b, v ∈ C^∞_0 (U_0)

(1.10) A^0(u, v) + ∫ ⟨β, ∇v⟩u dμ = − ∫ Lu v dμ .

Moreover, A^0(u, u) ≤ − ∫ Lu u dμ for all u ∈ D(L)_b.

(c) D(L)_b is an algebra and Lu^2 = 2uLu + 2⟨A∇u, ∇u⟩, u ∈ D(L)_b.

The proof of 1.7 is given in Section 2.

Definition 1.8. Let p ∈ [1, ∞]. A semigroup (T_t) on L^p([0, T ) × X, m) is called a semigroup of evolution type if T_t((f(· − t)1_{[t,T )})g) = fT_tg for all f ∈ B_b([0, T )), g ∈ L^p([0, T ) × X, m) and t ≥ 0.

Remark. Note that our definition of a semigroup of evolution type is different from the one given in [Ne]. This is due to the fact that in our setting we consider the forward space–time homogenization of a given time–dependent diffusion operator wheras in [Ne] one considers the backward space–time homogenization of a given propagator.

Proposition 1.9. Let (L, D(L)) be the maximal extension of (L_{A,B} +∂_t, C^∞_0 (U_T )) as specified in 1.7 and (T_t)_{t≥0} be the corresponding semigroup. Then:

(i) fg ∈ D(L) and L(fg) = ḟg + fLg if f ∈ C^1([0, T ]), g ∈ D(L).

(ii) (T_t)_{t≥0} is of evolution type.

Proof. (i) By taking appropriate limits we may assume f ∈ C^∞([0, T ]). Let g = G_1h, h ∈ L^1(U_T , μ), and (U^n)_{n≥1} be an increasing sequence of open subsets as in 1.7 (a). Let g_n := G^{U n}_1 h.

Claim: Let n ∈ N. Then fg_n ∈ D(L^{U n} ) and L^{U n} (fg_n) = ḟg + fL^{U n} g.

Proof: Let u_m ∈ C^∞_0 (U^n_T ), m ≥ 1, be such that lim_{m→∞} ‖u_m − g_n‖_1 + |Lu_m − L^{U n} g_n|_U n = 0. Then fu_m ∈ C^∞_0 (U^n_T ) for all m and L^{U n} fu_m = ḟg + fL^{U n} g. Note that lim_{m→∞} |ḟu_m + fL^{U n} u_m − ḟg_n − fL^{U n} g_n|_U n → 0. Since lim_{m→∞} |fu_m − fg_n|_U n = 0 too, it follows that fg_n is an element of the closure (A, D(A)) of (L, C^∞_0 (U^n_T )) in L^1(U^n_T , μ) and A(fg_n) = ḟg + fL^{U n} g. ḟg + fL^{U n} g ∈ L^1(U_T , μ) now implies that fg_n is an element of the part of (A, D(A)) in L^1(U^n_T , μ), hence the assertion follows. 10

The claim implies in particular that fg_n = G^{U n}_1 (−ḟg_n + f(h1_U n_T )). Since lim_{n→∞} ‖ḟg_n + f(h1_U n_T )) + ḟg − fh‖_L1_{(UT ,μ)} = 0 we conclude from 1.7 (a) that

fg = lim_{n→∞} fg_n = lim_{n→∞} G^{U n}_1 (−ḟg_n +f(h1_U n_T )) = G_1(−ḟg +fh) which implies the assertion.

(ii) We follow the proof of the corresponding statement in the theory of evolution semigroups (cf. [Ne]). By taking appropriate limits it is clearly enough to consider f ∈ C^1_0 ((0, T ]) and g ∈ D(L). Let f_{−t}(s) := f(s − t)1_{[t,T )}(s), t ≥ 0, and note that f_{−t} ∈ C^1_0 ((0, T ]) again. For arbitrary g ∈ L^1(U_T , μ) define ϕ_f (g) : [0, T ] → L^1(U_T , μ), t → T_t(f_{−t}g) − fT_tg. If g ∈ D(L) (i) now implies that ϕ_f (g) is differentiable and ϕ̇_f (g)(t) = ϕ_f (Lg). Fix t_0 > 0 and define ψ : [0, t_0] → L^1(U_T , μ), t → ϕ_f (T_tg)(t_0 − t). Then ψ is differentiable and ψ̇(t) = −ϕ̇_f (T_tg)(t_0 − t) + ϕ_f (LT_tg)(t_0 − t) = 0. Consequently, 0 = ψ(t_0) = ψ(0) = T_{t0} (f_{−t0} g) − fT_{t0} g which implies the assertion. □

b) Construction of associated diffusion processes.

Once a maximal extension of diffusion type (L, D(L)) of (L, C^∞_0 (U_T )) is constructed, we now ask for the existence of an associated Markov process whose transition probabilities are given by the semigroup (T_t) generated by L. A suitable technical tool for the construction of reasonable Markov processes to generators of sub–Markovian semigroups on L^2–spaces is provided by the theory of generalized Dirichlet forms (cf. [St1]). We intend to apply the main existence theorem ([St1, Th. IV.2.2]) to the generalized Dirichlet form induced by the L^2–realization (L, D(L)) of (L, D(L)) (cf. [St1, I.4.9 (ii)]). To state our main result properly we need to introduce some potential theoretic notions related to (L, D(L)). For an element f ∈ L^2(U_T , μ) let L_f := {g ∈ L^2(U_T , μ)|g ≥ f}. Let G_α := (α − L)^{−1}, α > 0, be the resolvent of L. An element f ∈ L^2(U_T , μ) is called 1–excessive (w.r.t. (G_α)) if βG_{β+1}f ≤ f for all β ≥ 0. If f ∈ L^2(U_T , μ) such that L_f ∩ D(L) ≠ ∅ there exists a 1–excessive element e_f ∈ L_f such that e_f ≤ g for all g ∈ L_f , g 1–excessive (cf. [St1, III.1.7]). e_f is called the 1–reduced function of f. An increasing sequence of closed subsets F_k ⊂ U_T , k ≥ 1, is called an L–nest if e_{f1F ck} → 0 in L^2(U_T , μ) for all f ∈ D(L), f 1–excessive. A subset N ∈ B(U_T ) is called L–exceptional if there exists an L–nest (F_k) such that N ⊂ ⋂ k≥1 U_T \ F_k. A property of points in U_T is said to hold L–quasi everywhere (L–q.e.) if it holds for all points in the complement of some L–exceptional set. Finally, a function f : U_T → R is called L–quasi continuous (L–q.c.) if there exists an L–nest (F_k) such that f_{|Fk} is continuous for all k. Our main result on the existence of Markov processes associated with L (resp. its L^2–realization L) is then stated as follows:

Theorem 1.10. There exists a μ–tight special standard process M = (Ω, F, (Y_t)_{t≥0}, (P_{(s,x)})_{(s,x)∈UT ∪{Δ}}) with life time ζ that is associated with (L, D(L)) in the sense that E_· [∫ e^{−αt}f(Y_t) dt ] is an L–q.c. μ–version of (α − L)^{−1}f for all f ∈ B_b(U_T ) ∩ L^1(U_T , μ), α > 0.

The proof of 1.10 is given in Section 3. For the precise definition of a μ–tight special standard process we refer to [St1, Ch. IV]. However, we will show in the next Proposition that any Markov process as in 1.10 is in fact a diffusion. 11

Proposition 1.11. Let M be as in 1.10. Then

P_{(s,x)} [t → Y_t is continuous on [0, ζ)] = 1 L–q.e. (hence μ–a.e.)

The proof of 1.11 is given in Section 3.

Remark 1.12. The fact that the semigroup (T_t) generated by L is of evolution type easily implies that the first component of any Markov process M associated with L as in 1.10 is a uniform motion to the right in the sense that

(1.11) P_{(s,x)}[Y^1_t ≠ s + t, ζ > t] = 0 μ–a.e.

Indeed, let Q ∩ [0, T ) = {q_n|n ≥ 1}, f_n(t) = |t − q_n| for n ≥ 1, f_0 ≡ 1 and (χ_n) ⊂ C_0(U) be an increasing sequence of nonnegative functions with 1_U = sup_{n≥1} χ_n. Let (p_t) be the transition semigroup of M. Since p_tf is a μ–version of T_tf for all f ∈ B_b(U_T ) ∩ L^1(U_T , μ) and (T_t) is of evolution type it follows that

p_t(f_m(· − t)1_{[t,T )}χ_n)(s, x) = f_m(s)p_tχ_n(x) μ–a.e.

for all m ≥ 0, n ≥ 1. Taking the limit n → ∞ we obtain

(1.12) p_t(f_m(· − t)1_{[t,T )}1_U )(s, x) = f_m(s)p_t1_U (x)

μ–a.e. for all m ≥ 0. Hence there exists a μ–null set N such that (1.12) holds for all (s, x) ∈ U_T \ N and for all m. In particular, p_t(1_{[t,T )}1_U )(s, x) = p_t1_U (x), hence E_{(s,x)}[Y^1_t < t, Y^2_t ∈ U] = 0 for all (s, x) ∈ U_T \ N. For arbitrary (s, x) ∈ U_T \ N we conclude

p_t(| · −t − s|1_U )(s, x) = p_t(| · −t − s|1_{[t,T )}1_U )(s, x) = lim_{q→s}

q∈Q∩[0,T )

p_t(| · −t − q|1_{[t,T )}1_U )(s, x)

= lim_{q→s}

q∈Q∩[0,T )

|s − q|p_t1_U (x) = 0 ,

thus P_{(s,x)}[Y^1_t ≠ s + t, ζ > t] = 0.

Remark 1.13. (i) Note that any process M as in 1.10 solves the martingale problem associated to (L, C^∞_0 (U_T )) in the following sense: Let (F_t)_{t≥0} be the natural filtration of M and denote by ζ its lifetime. Then u(Y_{t∧ζ} ) − u(Y_0) −

∫_{t∧ζ} 0 Lu(Y_s) ds, t ≥ 0, is an (F_t)–martingale under P_{vμ} = ∫ P_xv(x) μ(dx) for all v ∈ B^+_b (U_T ) such that ∫ v dμ = 1 and all u ∈ C^∞_0 (U_T ).

(ii) For results on solutions of the martingale problem in the particular case U = R^d, μ_t(R^d) = 1 for all t ∈ [0, T ] and (a_{ij}) locally Hölder–continuous we refer to [CaL]. Note that in contrast to our framework, no absolute continuity of (μ_t)_{t∈[0,T ]} is needed. On the other hand, in contrast to [CaL], we obtain the full Markov process associated to (L, C^∞_0 (U_T )) rather than just a solution to the martingale problem.

c) Uniqueness in the case U = R^d.

Let U = R^d. Throughout this subsection we assume in addition to assumptions (1.1)–(1.4) on μ, A and B that for all compact V ⊂ R^d there exist L_V ≥ 0 and α_V ∈ (0, 1) such that

(1.13) |a_{ij}(s, x) − a_{ij} (t, y)| ≤ L_V ( |x − y|^{αV} + |s − t|^{αV2} )

for all s, t ∈ [0, T ], x, y ∈ V . The following is the main regularity result on which our L^1–uniqueness result is based on.

Theorem 1.14. Let (a_{ij} )_{1≤i,j≤d} satisfy (1.13) and α_0 > 0. Let h ∈ B(R^d_T ), h locally bounded, h^+ ∈ B_b(R^d_T ), be such that ∫ (α_0 − L_{A,B} − ∂_t)u h dμ ≤ 0 for all u ∈ C^∞_0 (R^d_T ), u ≥ 0. Then h^+ ∈ D(A^0)_{loc} and ∫ ⟨A∇χh^+, ∇χh^+⟩ + α_0χ^2(h^+)^2 dμ ≤ ∫ ⟨A∇χ, ∇χ⟩(h^+)^2 dμ

(1.14)

+ ∫ ⟨B − B^0, ∇χ⟩χ(h^+)^2 dμ + ∫ χ(∂_tχ)(h^+)^2 dμ

for all χ ∈ C^∞_0 (R^d_T ).

The proof of 1.14 is given in Section 4.

Corollary 1.15. Let (a_{ij} ) satisfy (1.13). Then each of the following assumptions (a) and (b) imply that (L_{A,B} + ∂_t, C^∞_0 (R^d_T )) is L^1–unique:

(a) a_{ij} , b_i − b^0_i ∈ L^1(R^d_T , μ), 1 ≤ i, j ≤ d.

(b) There exists V ∈ C^{1,2}([0, T ] × R^d), such that lim_{|x|→∞} V (t, x) = +∞ uniformly in t and L_{A,2B}0_{−B} V − ∂_tV ≤ α_0V for some α_0 > 0.

Proof. Fix α_0 > 0 as in (b) and let h ∈ L^∞(R^d_T , μ) be such that ∫ (α_0 − L_{A,B} − ∂_t)uh dμ = 0 for all u ∈ C^∞_0 (R^d_T ).

For the proof of (a) fix χ_n ∈ D(A^0)_{loc}, 0 ≤ χ_n ≤ 1, with χ_n ↑ 1, ‖∇χ_n‖_∞ ≤^c_n and ∂_tχ_n ≤ 0. 1.14 now implies that h^+ ∈ D(A^0)_{loc} and by (1.14) ∫ ⟨A∇χ_nh^+, ∇χ_nh^+⟩ + α_0χ^2_n(h^+)^2 dμ ≤ ∫ ⟨A∇χ_n, ∇χ_n⟩(h^+)^2 dμ + ∫ ⟨B − B^0, ∇χ_n⟩χ_n(h^+)^2 dμ ≤ c n ‖h‖^2_∞( c n ∑ ij ‖a_{ij} ‖_1 + c n ‖|B − B^0|‖_1) ,

which implies h^+ = 0 taking the limit n → ∞. Similarly, h^− = 0 hence the assertion.

For the proof of (b) first note that adding a positive constant if necessary we may suppose that V ≥ 0. Let χ_n := h −^V_n . Then χ_n is locally bounded, χ^+_n globally 13

bounded and ∫ (α_0 − L_{A,B} − ∂_t)u χ_n dμ ≤ 0 for all u ∈ C^∞_0 (R^d_T ), u ≥ 0. Hence χ^+_n ∈ D(A^0)_{loc} by 1.14. Since supp (χ^+_n μ̄) is a compact subset of R^d_T there exists χ ∈ C^∞_0 (R^d_T ), 0 ≤ χ ≤ 1, such that χ ≡ 1 on supp (χ^+_n μ) and thus by (1.14) ∫ ⟨A∇χ^+_n , ∇χ^+_n ⟩ + α_0(χ^+_n )^2 dμ ≤ 0 ,

i.e., h ≤^V_n . Since n was arbitrary we conclude that h ≤ 0. Similarly, −h ≤ 0 and consequently, h = 0. □

d) Examples.

1) Time–dependent singular diffusion operators in divergence form

Let U ⊂ R^d be an arbitrary open subset and on U_T consider the following timedependent diffusion operator in divergence form

Lu(t, x) = d∑ i,j=1

∂_i(a_{ij} (t, x)∂_ju(t, x)) + d∑ i=1 b_i(t, x)∂_iu(t, x) .

(i) Time-dependent linear drifts

Let B = (b_1, . . . , b_d) be a time–dependent linear drift, i.e., B(t, x) = B(t)x. This is a simple example, of course. However, we include it here to demonstrate the precise scope of our techniques. In the following we assume on the coefficients of L that for all V relatively compact in U

(1.15) ∂_ja_{ij} ∈ L^2(V_T ) , 1 ≤ i, j ≤ d ,

(1.16) ν^{−1}_V |h|^2 ≤ ⟨A(t, x)h, h⟩ ≤ ν_V |h|^2 ; h ∈ R^d, (t, x) ∈ V_T ,

for some positive constant ν_V and

(1.17) B_{ij} ∈ L^1([0, T ]) , 1 ≤ i ≤ d .

Let μ_t(dx) := α(t) dt, t ∈ [0, T ], where α(t) := exp(−

∫_t 0 tr(B(r)) dr). If u ∈ C^∞_0 (U) it is easy to see that

∫_t s ∫ L_ru dμ_r dr =

∫_t s ∫ d∑

i,j=1

∂_i(a_{ij} (r, x)∂_ju(x)) + ⟨B(r)x, ∇u(x)⟩ α(r) dx dr

= − ∫_t s ∫ u dx α(r) tr(B(r)) dr = ∫_t s ∫ u dx dα dr (r) dr = ∫ u dx(α(t) − α(s)) = ∫ u dμ_t − ∫ u dμ_s .

The results of Subsections 1.a)-c) now imply the following: 14

Theorem 1.16. There exists a maximal extension of diffusion type (L, D(L)) of (L + ∂_t, C^∞_0 (U_T )) in L^1(U_T , α(t) dt ⊗ dx) satisfying 1.7 (a)-(c). Moreover, there exists a strong Markov process M with life–time ζ on U_T whose transition probabilities are given by the semigroup generated by (L, D(L)). M is a diffusion in the sense that P_{(s,x)}[t → Y_t is continuous on [0, ζ)] = 1 dt ⊗ dx–a.e. and M is a solution of the martingale problem to (L + ∂_t, C^∞_0 (U_T )) in the sense of 1.13. If U = R^d, the (a_{ij} ) are locally Hölder-continuous and satisfy (1.13) and for some positive constant M (1.18) −2

⟨A(t, x)x, x⟩ |x|^2 + 1

+tr(A(t, x))+⟨B^0(t, x)−B(t)x, x⟩ ≤ M(|x|^2 ln(|x|^2+1)+1)

(here B^0_i (t, x) =

∑_d

j=1 ∂_j a_{ij}(t, x), 1 ≤ i ≤ d) it follows that (L, C^∞_0 (R^d_T )) is L^1– unique, hence (L, D(L)) is given by the closure of (L, C^∞_0 (R^d_T )) in L^1(R^d_T , α(t) dt ⊗ dx) (or equivalently in L^1(R^d_T )).

Proof. Clearly, (1.15)–(1.17) imply (1.1)–(1.4) on μ(dt, dx) = α(t) dt dx, A and B. Hence 1.7 implies the existence of (L, D(L)) and 1.10, 1.11 and 1.13 the existence of M with the stated properties. If (1.18) holds, let V (t, x) := ln(|x|^2 + 1) + 1. Then L_{A,B}0_{−B} V − ∂_tV ≤ 2MV , hence Lu + ∂_tu = L_{A,B}0_{+B} u + ∂_tu, u ∈ C^∞_0 (R^d_T ), is L^1–unique by 1.15. □

(ii) Time-dependent non-linear drifts

In the case of a time–dependent non–linear drift the first problem consists of constructing a nontrivial measure μ. We will do this in the following with the help of Fredholm perturbation theory. To this end let U ⊂ R^d, d ≥ 3, be a relatively compact subset with ∂U ∈ C^∞.

Lemma 1.17. H^1([0, T ]; H^{−1}(U)) ∩ L^2([0, T ]; H^1(U)) → L^2(U_T ) is compact.

Proof. Let (u_n) ⊂ H^{1,2}([0, T ]; H^{−1}(U))∩L^2([0, T ]; H^1(U)) be a weakly convergent sequence, denote by u its limit and fix an orthonormal basis (e_n) of H^1(U). Note that the trace theorem (cf. [LMa, I.3.1]) implies that each u_k admits a continuous version ũ_{nk} : [0, T ] → L^2(U) and for some positive constant c_0

(1.19) sup_{t∈[0,T ]} ‖ũ_k(t)‖_2 ≤ c_0‖ũ_k‖_L2_{([0,T ];H}1_{(U))} + ‖ du_k dt ‖_L2_{([0,T ];H}−1_{(U))} , k ≥ 1 .

Since g_{n,m}(t) = ∫ u_n(t, ·)e_m dm ∈ H^1([0, T ]), n, m ≥ 1, is bounded we can find by compactness of H^1([0, T ]) → L^2([0, T ]) a subsequence (n_k) for which lim_{k→∞} g_{nk,m} = g_m in L^2([0, T ]) for all m. Here, g_m(t) := ∫ u(t, ·)e_m dt. Passing to a further subsequence if necessary we may assume in addition that lim_{k→∞} g_{nk ,m} = g_m a.e. for all m. Hence u_{nk} (t, ·) → u(t, ·) weakly in H^1(U) a.e. Since H^1(U) → L^2(U) is compact by the Rellich-Kondrachov theorem (cf. [Ad, Th. 6.2]), we obtain that u_{nk} (t, ·) → u(t, ·) strongly in L^2(U) a.e. Consequently,

lim_{k→∞} ‖u_{nk} − u‖^2_L2_{(UT )} =

∫_T 0 ‖u_{nk} (t, ·) − u(t, ·)‖^2_L2_{(U)} dt = 0 15

by Lebesgue’s theorem and (1.19). □

We will now assume that for all V relatively compact in U

(1.20) ∂_j a_{ij} ∈ L^{d+2d} ([0, T ]; L^{4 dd+2} (V )) , 1 ≤ i, j ≤ d ,

(1.21) ν^{−1}|h|^2 ≤ ⟨A(t, x)h, h⟩ ≤ ν|h|^2 ; h ∈ R^d, (t, x) ∈ U_T ,

for some positive constant ν,

(1.22) b_i = b̃_i + b̂_i with b̃_i ∈ L^∞([0, T ]; L^d(U)) , b̂_i ∈ L^∞(U_T ) , 1 ≤ i ≤ d ,

and for some positive constant c

(1.23) − 1 2 d∑ i=1 ∫ U b_i(t, ·)∂_iu dx + c ∫ U u dx ≥ 0; u ∈ H^1(U) , u ≥ 0 , t ∈ [0, T ].

Proposition 1.18. There exists a nontrivial measure μ on B(U_T ) such that its density φ^2 admits a representation φ ∈ L^2_{loc}([0, T ]; H^1_0 (U)) for which ∫ u dμ_t − ∫ u dμ_s =

∫_t s ∫ L_ru dμ_r dr

for all u ∈ C^∞_0 (U).

Proof. Modifying b_i on a set of Lebesgue-measure zero we may assume that sup_{t∈[0,T ]} ‖b̃_i(t, ·)‖_d + ‖b̂_i(t, ·)‖_∞ < +∞. By (1.21), (1.22), (1.23) and Sobolev’s imbedding theorem (cf. [Ad, Th. 5.4]), the quadratic form

E^{(t)}(u, v) = d∑ i,j=1 ∫ a_{ij}∂_iu∂_jv dx − d∑ i=1 ∫ b_i∂_iuv dx + c ∫ uv dx ; u, v ∈ H^1(U) ,

is a positive definite closed sectorial form on L^2(U). Let (^d_{dt} , H^1_{per}([0, T ]; H^{−1}(U))) be the time–derivative on L^2([0, T ]; H^{−1}(U)) with periodic boundary conditions, that is, the generator of the C_0–semigroup U_tu(s, ·) = u((s + t)mod T, ·), t ≥ 0. Let E be the time–dependent Dirichlet form corresponding to (E^{(t)})_{t∈[0,T ]} and^d_{dt} , given by

E(u, v) :=

{ ∫_T 0 E^{(t)}(u(t, ·), v(t, ·)) dt +

∫_T 0 ⟨^{du}_{dt} (t, ·), v(t, ·)⟩ dt if u ∈ F, v ∈ V ∫_T 0 E^{(t)}(u(t, ·), v(t, ·)) dt −

∫_T 0 ⟨^{dv}_{dt} (t, ·), u(t, ·)⟩ dt if u ∈ V, v ∈ F .

Here V = L^2([0, T ]; H^1(U)), F := H^1([0, T ]; H^{−1}(U)) ∩ V and ⟨·, ·⟩ denotes the dualization between H^{−1}(U) and H^1(U) (cf. [St1, I.4.9. (iii)]). E uniquely determines a generator (A, D(A)) of a sub–Markovian C_0–semigroup of contractions (S_t) on L^2([0, T ]; L^2(U)) ≡ L^2(U_T ). In particular, ind (A − α) = 0 for α > 0. Since 16

D(A) ⊂ F and the latter one is compactly embedded into L^2(U_T ) by 1.17 we conclude that ind (A + c) = ind (A − 1) = 0 by [Ka, IV.5.26]. Since 1 ∈ D(A) (this is the reason why we have chosen H^1(U) instead of H^1_0 (U) and the time–derivative with periodic boundary conditions) and (A + c)1 = 0, thus dim ker(A + c) > 0, it follows that dim koker(A + c) = dim ker(A^′ + c) > 0, where A^′ is the adjoint of A. Now fix ρ ∈ ker (A^′ + c) \ {0}. We will show in the following that we may assume ρ ≥ 0. To this end let (S^′_t) be the adjoint semigroup of (S_t) and note that (S^′_t) is positivity preserving, that is S^′_tu ≥ 0 if u ≥ 0 (cf. [St1, I.4.2]). Then (A^′ + c)ρ = 0 implies S^′_tρ = e^{−ct}ρ, hence S^′_t(ρ^+) ≥ (S^′_tρ)^+ = e^{−ct}ρ^+. On the other hand

∫_T 0 ∫ U S^′_t(ρ^+) − e^{−ct}ρ^+ dx dt =

∫_T 0 ∫ U ρ^+(S_t1 − e^{−ct}1) dx dt = 0, since (A + c)1 = 0 implies S_t1 = e^{−ct}1. Hence e^{−ct}S^′_t(ρ^+) = ρ^+ and similarly e^{−ct}S^′_t(ρ^−) = ρ^−. Consequently, ρ^+, ρ^− ∈ ker (A^′ + c), too. Since at least one, ρ^+ or ρ^−, ≠ 0, we may assume ρ ≥ 0.

Fix g ∈ C^∞_0 (U) and f ∈ C^∞((0, T )). Then (A^′ +c)ρ = 0 implies for f ∈ C^∞((0, T )) and g ∈ C^∞_0 (U)

∫_T 0 f d∑ i,j=1 ∫ a_{ij} ∂_ig∂_jρ dx dt −

∫_T 0 f d∑ i=1 ∫ b_i∂_igρ dx dt +

∫_T 0 ḟ ∫ gρ dx dt = 0 ,

hence^d_{dt} ∫ gρ(t, ·) dx = ∫ L_tgρ(t, ·) dx. Since √ ρ ∈ L^2([0, T ]; H^1(U)), hence in particular in L^2_{loc}([0, T ]; H^1_0 (U)), by the following Lemma, the assertion now follows. □

Lemma 1.19. Let ρ be as in 1.18. Then √ ρ ∈ L^2([0, T ]; H^1(U)) and

(1.24)

∫_T 0 ∫ U ⟨A∇ √ ρ, ∇ √ ρ⟩ dx dt ≤ c 4 ∫_T 0 ∫ U ρ + e^{−1} dx dt .

Proof. Let us first prove the following

Claim: Let φ ∈ B(R), |φ(t)| ≤ M(|t| + 1). Then

∫_T 0 ⟨^{du}_{dt} (t, ·), φ(u)(t, ·)⟩ dt = 0 for all u ∈ F.

Proof: The assertion is obvious for u ∈ H^1_{per}([0, T ]; L^2(U)), since then, for ψ ∈ H^1_{loc}(R) with ψ̇ = φ,

∫_T 0 ⟨^{du}_{dt} (t, ·), φ(u)(t, ·)⟩ dt =

∫_T 0 ∫ U dψ(u)

dt (t, ·) dx dt = 0. But H^1_{per}([0, T ]; H^1(U)) ⊂ H^1_{per}([0, T ]; L^2(U)) ⊂ F dense by [LMa, Sect. 3.1, Lemma 1.2], hence the assertion follows by taking limits.

For ε > 0 let ψ_ε(t) = t − ε log(t + ε) + e^{−1}, t ≥ 0, and ψ_ε(t) = −ε log ε + e^{−1} if t < 0. Then ψ_ε(ρ) ≥ 0, ∇ψ_ε(ρ) =^ρ_{ρ+ε} ∇ρ, and (1.23) now implies

− 1 2 ∫ ∫ ⟨B, ∇ log(ρ + ε)⟩ρ dx dt + c ∫ ∫ ρ − ε log(ρ + ε) + e^{−1} dx dt ≥ 0 . 17

Moreover, since

∫_T 0 ⟨^{dρ}_{dt} (t, ·), log(ρ + ε)(t, ·)⟩ dt = 0 by the Claim, it follows that ∫ ∫ ⟨A∇ρ, ∇ log(ρ + ε)⟩ dx dt ≤ E(log(ρ + ε), ρ)

+ c ∫ ∫ ρ − (ρ + ε) log(ρ + ε) + e^{−1} dx dt

(1.25)

= − ∫ ∫ (A^′ρ) log(ρ + ε) dx dt + c ∫ ∫ ρ − (ρ + ε) log(ρ + ε) + e^{−1} dx dt = c ∫ ∫ ρ − ε log(ρ + ε) + e^{−1} dx dt .

Clearly, √ ρ + ε ∈ L^2([0, T ]; H^1(U)) for ε > 0. Since ∫ ∫ ⟨A∇ √ ρ + ε, ∇ √ ρ + ε⟩ dx dt = 1 4 ∫ ∫ ⟨A∇ρ, ∇ρ⟩/(ρ + ε) dx dt = 1 4 ∫ ∫ ⟨A∇ρ, ∇ log(ρ + ε)⟩ dx dt ,

we conclude from (1.25) sup_{ε>0} ∫ ∫ ⟨A∇ √ ρ + ε, ∇ √ ρ + ε⟩ dx dt < +∞, hence √ ρ ∈ L^2([0, T ]; H^1(U)), √ ρ + ε → √ ρ weakly in L^2([0, T ]; H^1(U)) and (1.24) now follows from (1.25) by taking the limit ε → 0. □

The results of Subsections 1.a)-c) now imply the following:

Theorem 1.20. There exists a maximal extension of diffusion type (L, D(L)) of (L+∂_t, C^∞_0 (U_T )) in L^1(U_T , μ) satisfying 1.7 (a)-(c). Moreover, there exists a strong Markov process M with life–time ζ on U_T whose transition probabilities are given by the semigroup generated by (L, D(L)). M is a diffusion in the sense that P_{(s,x)}[t → Y_t is continuous on [0, ζ)] = 1 μ–a.e. and M is a solution of the martingale problem to (L + ∂_t, C^∞_0 (U_T )) in the sense of 1.13.

Proof. It remains to verify (1.1)–(1.3). Clearly, (1.2) is implied by (1.21). Since ρ ∈ L^2([0, T ]; H^1(U)) and ‖ρ(t, ·)‖_2 d_{d−2} ≤ c_0‖ρ(t, ·)‖_H1_{(U)} for some positive constant c_0 by Sobolev’s imbedding theorem ([Ad, Th. 5.4]), we obtain for arbitrary V ⊂ U and f ∈ B(V_T ),

∫_T 0 ∫ V f^2 ρ dx dt ≤

∫_T 0 ‖f(t, ·)‖^2_4 d_{d+2} ‖ρ(t, ·)‖_2 d_{d−2} dt

≤ (∫_T 0 ‖f(t, ·)‖^4 d_{d+2} dt

) 1_2 (∫_T 0 ‖ρ(t, ·)‖^2 d_{d−2} dt

) 1_2 (1.26)

≤ c_0‖ρ‖_L2_{([0,T ];H}1_{(U))}

(∫_T 0 ‖f(t, ·)‖^4 d_{d+2} dt

) 1_2 ,

hence L^{d+2d} ([0, T ]; L^{4 dd+2} (V )) ⊂ L^2(V_T , μ). Clearly, (1.1) and (1.3) now follow from (1.20) and (1.22). □ 18

2) Conservative Diffusions

Let d ≥ 3 and U ⊂ R^d be an arbitrary nonempty open subset. Let A = (a_{ij} ) be uniformly strictly elliptic. Then the bilinear form

∑_d

i,j=1 ∫ a_{ij} ∂_iu∂_j u dx, u ∈ H^1_0 (U), is well–defined and uniquely determines a self–adjoint operator L^0 in L^2(U). In the following suppose that

(1.27) ∂_j a_{ij} ∈ L^d_{loc}(U) , 1 ≤ i, j ≤ d .

Let V ∈ L^1_{loc}(U) be a real potential with V^− ∈ L^{d2} (U). Sobolev’s imbedding theorem then implies that the bilinear form

E^V (u, u) = d∑ i,j=1 ∫ a_{ij} ∂_iu∂_j u dx + ∫ u^2V dx , u ∈ D(E^V ) := H^1_0 (U) ∩ L^2(U, V^+ dx),

is a well–defined closed bilinear form on L^2(U). Moreover, there exists a positive constant b such that E^V (u, u) + b ∫ u^2 dx ≥ 0, for all u ∈ D(E^V ). Let L^V be its uniquely determined self–adjoint generator. Let L^2(U; C) (resp. D(E^V ; C)) be the complexification of L^2(U) (resp. D(E^V )), and L^V_C be the complexification of L^V . L^V_C is self–adjoint and Stone’s theorem implies that for arbitrary ψ_0 ∈ D(L^V_C ), ψ_t := e^{itLVC} ψ_0, t ∈ R, solves the Schrödinger equation i∂_tψ = −L^V_C ψ, ψ(t, ·) = ψ_0, which is equivalent to ∂_tg = −L^V h, ∂_th = L^V g, where g := Re(ψ) and h := Im(ψ). From now on suppose that ψ_0 ∈ D(E^V ; C). Then R → D(E^V ; C), t → e^{itLVC} ψ_0, is continuous, in particular g, h ∈ L^2([0, T ]; D(E^V )) ⊂ L^2([0, T ]; H^1_0 (U)) for finite T > 0. We can now define the time–dependent diffusion operator

Lu(t, x) = d∑ i,j=1

∂_i(a_{ij}(x)∂_ju(t, x)) + d∑ i=1 b_i(t, x)∂_iu(t, x) , u ∈ C^∞_0 (U_T ) ,

where b_i, 1 ≤ i ≤ d, are the components of the vector–field B := 2|ψ|^{−2}(gA∇(h + g) + hA∇(h − g)). In stochastic mechanics one is now interested in the existence of non–homogeneous diffusion processes whose generator extend L (cf. [C], [Nag], [O]). The example fits exactly in our framework if we let dμ := |ψ|^2 dx dt = g^2 + h^2 dx dt. Indeed, first note that the density of μ clearly admits a representation φ^2 for φ ∈ L^2([0, T ]; H^1_0 (U)) and that B ∈ L^2(U_T ; R^d, μ). (1.2) is obvious and (1.1) follows from Sobolev’s imbedding theorem, since for all V relatively compact in U an analoguous computation to that of (1.26) shows that L^∞([0, T ]; L^d(V )) ⊂ L^2(V_T , μ), hence ∂_j a_{ij} ∈ L^2(V_T , μ) by (1.27). Moreover, (1.3) is satisfied, since both b_i and

∑_d j=1 ∂_j a_{ij} ∈ L^2(V_T , μ). To verify (1.4) note that for u ∈ C^∞_0 (U) ⊂ D(L^0) ∫_t s ∫ L_ru dμ_r dr = −2

∫_t s ∫ ⟨A∇u, ∇g⟩g + ⟨A∇u, ∇h⟩h dx dr + 2 ∫_t s ∫ ⟨gA∇(h + g), ∇u⟩ + ⟨hA∇(h − g), ∇u⟩ dx dr = 2 ∫_t s ∫ ⟨A∇u, ∇h⟩g − ⟨A∇u, ∇g⟩h dx dr

(1.28) = 2 ∫_t s ∫ ⟨A∇(ug), ∇h⟩ − ⟨A∇(uh), ∇g⟩ dx dr . 19

Suppose now for the moment that ψ_0 ∈ D(L^V_C ), hence g(t, ·), h(t, ·) ∈ D(L^V ) for all t. Then

2 ∫_t s ∫ ⟨A∇(ug), ∇h⟩ − ⟨A∇(uh), ∇g⟩ dx dr = −2

∫_t s ∫ L^V h gu − L^V g hu dx dr

(1.29)

= 2 ∫_t s ∫ (∂_rg)gu + (∂_rh)hu dx dr = ∫ u dμ_t − ∫ u dμ_s .

Combining (1.28) and (1.29) implies

(1.30)

∫_t s ∫ L_ru dμ_r dr = ∫ u dμ_t − ∫ u dμ_s

in the particular case ψ_0 ∈ D(L^V_C ). The general case ψ_0 ∈ D(E^V ; C) can now be obtained from (1.30) by taking limits in D(E^V ; C).

Remark. The procedure above very much reminds one of the h–transform of Doob of a given Markov process (cf. [Sh, Section 62]), used in probability theory to construct bridge–processes. Indeed, let M be a Markov process associated with L^0, fix ρ ∈ L^2(U), ρ ≥ 0, and let ρ(t, ·) := e^{(T −t)L0} ρ, t ∈ [0, T ). The bridge–process M^ρ corresponding to ρ is then obtained as the time–inhomogeneous Markov process with generator

L^ρu(t, x) = d∑ i,j=1

∂_i(a_{ij}(x)∂_j u(t, x)) + ρ(t, x)^{−1} d∑ i,j=1

a_{ij} (x)∂_iρ(t, x)∂_ju(t, x) .

Let dμ_t = ρ(t, ·) dx, t ∈ [0, T ]. Then ∂_tρ(t, ·) = −L^0ρ(t, ·), t ∈ [0, T ), hence (L^ρ + ∂_t)u = ρ^{−1}(L^0 + ∂_t)(uρ) for all u ∈ C^∞_0 (U), implies

∫_t s ∫ L^ρ_r u dμ_r dr =

∫_t s ∫ (L^0 + ∂_r)(uρ) dx dr −

∫_t s ∫ ∂_ru dμ_r dr = ∫_t s ∫ u∂_rρ dx dr = ∫ u dμ_t − ∫ u dμ_s , 0 ≤ s ≤ t < T ,

for all u ∈ C^∞_0 (U). However, instead of using now the results of Subsections 1.a) and 1.b) to construct the (forward space–time homogenization of the) bridge–process M^ρ, this particular case can be treated more naturally in an L^2–setting as the h– transformation of the time–dependent Dirichlet form corresponding to (E^0, D(E^0)) (in the sense of [St1, I.4.9 (iii)]) with the excessive function ρ (cf. [St1, II.5 (b)]).

The results of Subsection 1a)-c) now imply the following:

Theorem 1.21. There exists a maximal extension of diffusion type (L, D(L)) of (L+∂_t, C^∞_0 (U_T )) in L^1(U_T , μ) satisfying 1.7 (a)-(c). Moreover, there exists a strong Markov process M with life–time ζ on U_T whose transition probabilities are given by the semigroup generated by (L, D(L)). M is a diffusion in the sense that P_{(s,x)}[t → Y_t is continuous on [0, ζ)] = 1 μ–a.e. and M is a solution of the martingale problem 20

to (L + ∂_t, C^∞_0 (U_T )) in the sense of 1.13. If U = R^d, the (a_{ij} ) are locally Höldercontinuous and satisfy (1.13) and

(1.31) ∂_j a_{ij} ∈ L^{d2} (R^d) ∪ L^∞(R^d) , 1 ≤ i, j ≤ d,

it follows that (L, C^∞_0 (R^d_T )) is L^1–unique, hence (L, D(L)) is given by the closure of (L, C^∞_0 (R^d_T )) in L^1(R^d_T , μ).

Proof. It remains to check that in the case U = R^d and (1.31) (L, C^∞_0 (R^d_T )) is L^1– unique. But this follows from Corollary 1.15 (a) since b_i ∈ L^2(R^d_T , μ) ⊂ L^1(R^d_T , μ), 1 ≤ i, j ≤ d, a_{ij} 2∂_jφ/φ ∈ L^2(R^d_T , μ) ⊂ L^1(R^d_T , μ) and finally (1.31) implies ∂_j a_{ij} ∈ L^1(R^d_T , μ) by Sobolev’s imbedding theorem. □

Remark. (i) We emphasize that all the results of 1.21 remain true if V ∈ L^1_{loc}(U) is such that for all u ∈ H^1_0 (U) | ∫ u^2V dx| ≤ a d∑ i,j=1 ∫ a_{ij} ∂_iu∂_j u dx + b ∫ u^2 dx

for a ∈ (0, 1) and b ≥ 0. Moreover, the dimension d can be arbitrary under this assumption.

(ii) For a construction of the Markov process M associated to (L + ∂_t, C^∞_0 (U_T )) in the particular case where U = R^d, a_{ij} = δ_{ij} and V is a Rellich class potential, we refer to [C].

2. Proof of Prop. 1.5 and Theorem 1.7

Let the assumptions be as in 1.5. To simplify notations let V := H^{0,1}_0 (V_T , μ) and ‖v‖_{Vb} := ‖v‖_∞ + A^0(v, v)^{12} , v ∈ V_b, so that |f|_V = sup_{‖v‖Vb ≤1} ∫ fv dμ. Moreover, let L^1 := L^1(V_T , μ).

Lemma 2.1. L^1(V_T , μ)^′ = H^{0,1}_0 (V_T , μ)_b.

Proof. For v ∈ V_b it follows that

ℓ_v(f) := ⟨f, v⟩ ≤ |f|_V (‖v‖_∞ + A^0(v, v)^{12} ) , f ∈ L^1(V_T , μ) ,

which implies that ℓ_v can be extended uniquely to a continuous linear functional on L^1 which implies that V_b ⊂ L^{1′}. To see the converse implication fix ℓ ∈ L^{1′}. Then ℓ_{|L}1_{(VT ,μ)} ∈ L^1(V_T , μ)^′ = L^∞(V_T , μ). Hence there exists h ∈ L^∞(V_T , μ) such that ℓ(f) = ∫ fh dμ, f ∈ L^1(V_T , μ). We will show next that h ∈ V. To this end denote by (R_α)_{α>0} the resolvent associated to the quadratic form A^0(u, v), u, v ∈ V. Then αR_αh ∈ V_b, α > 0 and

A^0(αR_αh, αR_αh) = α ∫ (h − αR_αh)αR_αh , dμ ≤ α ∫ (h − αR_αh)h dμ = ℓ(α(h − αR_αh))

(2.1)

≤ ‖ℓ‖_{L1}′ |α(h − αR_αh)|_V . 21

Note that

|α(h − αR_αh)|_V = sup_{‖v‖V}

b ≤1 α ∫ (h − αR_αh)v dμ = sup_{‖v‖V}

b ≤1

A^0(αR_αh, v)

(2.2)

≤ cA^0(αR_αh, αR_αh)^{12} .

Hence, combining (2.1) and (2.2) we conclude that

sup_{α>0} A^0(αR_αh, αR_αh) < +∞ ,

hence h ∈ V. □

Lemma 2.2. (L, C^∞_0 (V_T )) (resp. (L^′, C^∞_0 (V_0))) is closable in L^1(U_T , μ).

Proof. We will prove closability of (L, C^∞_0 (V_T )) only. Closability of (L^′, C^∞_0 (V_0)) can be shown similarly. To this end let (u_n) ⊂ C^∞_0 (V_T ) be such that lim_{n→∞} u_n = 0 in L^1 and lim_{n→∞} Lu_n = f in L^1 for some f ∈ L^1. Let φ ∈ M, v ∈ C^∞_0 (V_T ) and λ ∈ R. Then (φ(u_n+λv)) ⊂ V_b = L^{1′} bounded, since sup_{n≥1} ‖φ(u_n+λv)‖_∞ ≤ ‖φ‖_∞ and A^0(φ(u_n + λv), φ(u_n + λv)) ≤ − ∫ L(u_n + λv)(u_n + λv) dμ

≤ |L(u_n + λv)|_V ‖φ(u_n + λv)‖_{Vb} .

Since L^1 is separable we can find a subsequence such that lim_{k→∞} φ(u_{nk} + λv) = φ(λv) weakly^∗ in L^{1′}. Since L(u_n + λv) → f + λLv in L^1 it now follows that

⟨f + λLv, φ(λv)⟩ = lim_{k→∞}⟨L(u_{nk} + λv), φ(u_{nk} + λv)⟩ ≤ 0 .

In particular, if we choose φ ∈ M such that φ(t) = t for |t| ≤ |λ|‖v‖_∞ we conclude that ⟨f + λLv, λv⟩ ≤ 0 and taking the limit λ → 0 we obtain ⟨f, v⟩ ≤ 0. Passing from v to −v implies ⟨f, v⟩ = 0 for all v ∈ C^∞_0 (V_T ). For arbitrary v ∈ V_b we can now find a sequence (v_n) ⊂ C^∞_0 (V_T ) bounded in V_b and converging weakly^∗ to v in L^{1′}. Hence ⟨f, v⟩ = lim_{n→∞}⟨f, v_n⟩ = 0 which implies f = 0 and hence the assertion. □

By 2.2 we can define the closure (A, D(A)) (resp. (A^′, D(A^′))) of (L, C^∞_0 (V_T )) (resp. (L^′, C^∞_0 (V_0))) in L^1. In the following let Δ be the Laplacian on V with Dirichlet boundary conditions.

Lemma 2.3. Let f ∈ C^∞_b (V ), α > 0 and u := (α − Δ)^{−1}f ∈ H^1_0 (V ). Then u ∈ C^∞(V ), and there exist v_n ∈ C^∞_0 (V ), ‖v_n‖_∞ ≤ ‖u‖_∞, n ≥ 1, converging to u almost everywhere such that ‖|∇v_n|‖_∞ ≤ L for some constant L.

Proof. By [GT, 8.14] u ∈ C^∞(V ). Note that u can be extended by 0 to a function in H^{1,2}_0 (R^d) such that ∫ B_r (x) |∇u| dx ≤ Mr

d for all x ∈ R^d, r > 0, and some 22

constant M. By the theorem of Morrey it follows that |u(x) − u(y)| ≤ L|x − y| for all x, y ∈ R^d and some constant L.

Let V_ε := {x ∈ V |d(x, ∂V ) > ε}. Let ψ ∈ C^∞_0 (B_1(0)), ψ ≥ 0, with ∫ ψ dx = 1, ψ_ε(x) := ε^{−d}ψ(ε^{−1}x), χ_ε(x) := ∫ 1_{Vε} (x − y)ψ^ε_2 (y) dy and u_ε := χ_εu. Then χ_ε ∈ C^∞_0 (V ), ∇χ_ε(x) = 0 if x ∈ V 3_{2 ε} and |∇χ_ε(x)| ≤ cε^{−1} if x ∈ V \ V 3_{2 ε}, with c := √ d ∫ |ψ^′| dy. Since u(x) = 0 if x ∈ R^d \ V we conclude that |u(x)| ≤ L^3_2 ε if x ∈ V \ V 3_{2 ε} and consequently,

|∇u_ε(x)| ≤ |∇χ_ε(x)||u(x)| + |∇u(x)| ≤ L( 3 2 c + 1) .

Since u_ε ∈ C^∞_0 (V ) we can now take v_n := u 1_n , n ≥ 1. □

Lemma 2.4. Let Δ be the Laplacian on V with Dirichlet boundary conditions, f ∈ C^∞_0 ((0, T )), g ∈ C^∞_0 (V ) and α > 0. Then (α − Δ − ∂_t)^{−1}(fg) ∈ H^{1,1}_0 (V_T , μ) ∩ D(A) (resp. (α − Δ + ∂_t)^{−1}(fg) ∈ H^{1,1}_0 (V_0, μ) ∩ D(A^′).

Proof. We will prove the statement for A only. The dual statement can be shown similarly. First note that H^{1,1}_0 (V_T , μ) ⊂ D(A). Indeed, for arbitrary u ∈ H^{1,1}_0 (V_T , μ) we can find (u_n) ⊂ C^∞_0 (V_T ) converging to u in H^{1,1}_0 (V_T , μ). Then

|L(u_n − u_m)|_V = sup_{‖v‖V}

b ≤1 ∫ L(u_n − u_m)v dμ

= sup

‖v‖_{Vb} ≤1

A^0(u_n − u_m, v) − ∫ ⟨β, ∇(u_n − u_m)⟩ v dμ

≤ ‖u_n − u_m‖_H1,1_{0 (VT ,μ)} (1 + ‖|β|‖_2) → 0 ; n, m → ∞ ,

which implies that u ∈ D(A). It is therefore enough to prove that (α − Δ − ∂_t)^{−1}(fg) ∈ H^{1,1}_0 (V_T , μ).

Step 1: Let f ∈ C^∞([0, T ]), f(T ) = 0, and g ∈ C^∞_0 (V ). Then f(α − Δ)^{−1}g ∈ H^{1,1}_0 (V_T , μ).

Proof: Let u := (α − Δ)^{−1}g. By 2.3 there exist (v_n) ⊂ C^∞_0 (V ) converging to u a.e., ‖v_n‖_∞ ≤ ‖u‖_∞ and sup_{n≥1} ‖∇v_n|‖_∞ < +∞. Then fv_n ∈ C^∞_0 (V_T ) ⊂ H^{1,1}_0 (V_T , μ) and sup_{n≥1} ∫ |∇(fv_n|^2 dμ < +∞, which implies that fu ∈ H^{1,1}_0 (V_T , μ).

Step 2: Let f ∈ C^∞([0, T ]), f(T ) = 0, and u ∈ D(Δ) with u, Δu ∈ L^∞(V ). Then fu ∈ H^{1,1}_0 (V_T , μ).

Proof: Let g := (α − Δ)u ∈ L^∞(dx) and (g_n) ⊂ C^∞_0 (V ) be such that lim_{n→∞} g_n = g a.e. and sup_{n≥1} ‖g_n‖_∞ < ∞. For u_n := (α − Δ)^{−1}g_n it then follows from Step 1 that fu_n ∈ H^{1,1}_0 (V_T , μ). Since fu_n → fu in L^2(V_T , μ), ∫ |∇(fu_n)|^2 dμ ≤ − ∫ f^2Δu_n u_n dμ − 2 ∫ f^2⟨ ∇φ φ , ∇u_n⟩ u_n dμ ≤ − ∫ f^2Δu_n u_n dμ + 2 ∫ f^2u^2_n | | | ∇φ φ | | | 2 dμ + 1 2 ∫ |∇(fu_n)|^2 dμ , 23

so that ∫ |∇(fu_n)|^2 dμ ≤ −2 ∫ f^2Δu_n u_n dμ + 4 ∫ f^2u^2_n | | | ∇φ φ | | |^2 dμ ,

it follows that (fu_n)_{n≥1} ⊂ H^{1,1}_0 (V_T , μ) bounded, hence fu ∈ H^{1,1}_0 (V_T , μ) and ∫ |∇(fu_n)|^2 dμ ≤ lim inf_{n→∞} ∫ |∇(fu_n)|^2 dμ

≤ lim inf n→∞ ∫ (∂_tfu_n)^2 dμ − 2 ∫ f^2Δu_n u_n dμ + 4 ∫ f^2u^2_n | | | ∇φ φ | | | 2 dμ (2.3) = ∫ (∂_tfu)^2 dμ − 2 ∫ f^2Δu u dμ + 4 ∫ f^2u^2 | | | | ∇φ φ | | | | 2 dμ .

Step 3: (α − Δ − ∂_t)^{−1}(fg) ∈ H^{1,1}_0 (V_T , μ).

Proof: Let p_t = e^{tΔ}, t ≥ 0, be the semigroup generated by Δ. Fix f ∈ C^∞_0 ((0, T )), and extend f by 0 to R^+. Let g ∈ C^∞_0 (V ). By Step 2

u_n :=

n2^n∑

k=1 1 n e^{−α kn} f(· + k n )p k_n g ∈ H^{1,1}_0 (V_T , μ) .

Since ‖u_n‖_∞ ≤^1_α ‖f‖_∞‖g‖_∞, ‖∂_tu_n‖_∞ ≤^1_α ‖ḟ‖_∞‖g‖_∞, ‖Δu_n‖_∞ ≤^1_α ‖f‖_∞‖Δg‖_∞ (2.3) implies that ∫ |∇u_n|^2 dμ ≤ ∫ (∂_tu_n)^2 dμ − 2 ∫ Δu_n u_n dμ + 4 ∫ u^2_n | | | ∇φ φ | | | 2 dμ

is bounded in n, hence (u_n) ⊂ H^{1,1}_0 (V_T , μ) bounded. Consequently, (α − Δ − ∂_t)^{−1}(fg) =

∫_∞ 0 e^{−αt}f(· + t)p_tg dt = lim_{n→∞} u_n ∈ H^{1,1}_0 (V_T , μ) which implies the assertion. □

Proof of 1.5 (i). Step 1: (1−A)(D(A)) ⊂ L^1 (resp. (1−A^′)(D(A^′)) ⊂ L^1) dense.

Proof: Again, we will prove the statement for A only. The proof of the dual statement is similar. By the Hahn–Banach theorem we only need to show that ℓ ∈ L^{1′} with ℓ((1 − A)u) = 0 for all u ∈ D(A) implies ℓ = 0. By 2.1 we may identify ℓ with the linear functional f → ⟨f, h⟩ for some h ∈ V_b and we have to show that h = 0. Let h_α ∈ span{fg|f ∈ C^∞_0 ((0, T )), g ∈ C^∞_0 (V )}, be such that ‖h_α‖_∞ ≤ ‖h‖_∞ + 1 and ‖h_α − h‖_2 ≤^1_α . By 2.4 u_α := (α − Δ − ∂_t)^{−1}h_α ∈ H^{1,1}_0 (V_T , μ) ∩ D(A) and 24

‖αu_α‖_∞ ≤ ‖h‖_∞ + 1 by the maximum principle. Observe that

D(αu_α,αu_α) ≤ − ∫ (Δ + ∂_t)(αu_α) (αu_α) dμ − ∫ ⟨β + 2 ∇φ φ , ∇αu_α⟩αu_α dμ = − ∫ (Δ + ∂_t)(αu_α)((Δ + ∂_t)u_α + h_α) dμ − ∫ ⟨β + 2 ∇φ φ , ∇αu_α⟩αu_α dμ

= −α ∫ ((Δ + ∂_t)u_α)^2 dμ − α ∫ (Δ + ∂_t)u_α(h_α − h) dμ

− ∫ (Δ + ∂_t)(αu_α)h dμ − ∫ ⟨β + 2 ∇φ φ , ∇αu_α⟩αu_α dμ

(2.4)

≤ − α 2 ∫ ((Δ + ∂_t)u_α)^2 dμ + α 2 ‖h_α − h‖^2 − ∫ L(αu_α) h dμ − A^0(αu_α, h)

+ D(αu_α, h) + ∫ ⟨β + 2 ∇φ φ , ∇αu_α⟩(h − αu_α) dμ ≤ − α 2 ∫ ((Δ + ∂_t)u_α)^2 dμ + 1 2α − ∫ αu_α h dμ − A^0(αu_α, h)

+ D(αu_α, h) + ∫ ⟨β + 2 ∇φ φ , ∇αu_α⟩(h − αu_α) dμ .

Hence sup_{α>0} D(αu_α, αu_α) + α 2 ∫ ((Δ + ∂_t)u_α)^2 dμ < +∞ ,

in particular, lim_{α→∞} ‖αu_α − h‖_2 ≤ lim_{α→∞} ‖(Δ + ∂_t)u_α‖_2 + ‖h_α − h‖_2 = 0, and then lim_{α→∞} αu_α = h weakly in V. Now (2.4) implies that

D(h, h) ≤ lim inf_{α→∞} D(αu_α, αu_α)

≤ lim inf α→∞ − ∫ αu_αh dμ − A^0(αu_α, h) + D(αu_α, h) + ∫ ⟨(β + 2 ∇φ φ ), ∇(αu_α)⟩(h − αu_α) dμ = − ∫ h^2 dμ − A^0(h, h) + D(h, h) ,

hence h = 0.

Let (L^V , D(L^V )) (resp. (L^{V,′}, D(L^{V,′})) be the part of (A, D(A)) (resp. (A^′, D(A^′))) in L^1(V_T , μ).

Step 2: (1 − L^V )(D(L^V )) = L^1(V_T , μ) (resp. (1 − L^{V,′})(D(L^{V,′} )) = L^1(V_T , μ)), i.e., (L^V , D(L^V )) (resp. (L^{V,′}, D(L^{V,′}))) is maximal.

Proof: Again, we will prove the statement for L only. The proof of the dual statement is similar. By Step 1 and the definition of (A, D(A)) there exist (u_n) ⊂ C^∞_0 (V_T ) such that f_n := (1 − L)u_n → f in L^1. Let φ ∈ M be such that 0 ≤ φ̇ ≤ 1, 25

|φ(t)| > 0 if t ≠ 0 and φ(t) = sgn (t) if |t| ≥ 1. Then

A^0(φ(u_m − u_n), φ(u_m − u_n)) + ∫ φ(u_m − u_n) (u_m − u_n) dμ ≤ ∫ (1 − L)(u_m − u_n) φ(u_m − u_n) dμ

(2.5)

≤ |(1 − L)(u_m − u_n)|_V ‖φ(u_m − u_n)‖_{Vb} .

Consequently, (φ(u_m − u_n))_{m,n} ⊂ V_b bounded, and now (2.5) implies that lim n,m→∞ ∫ φ(u_n − u_m) (u_n − u_m) dμ = 0 .

Hence there exists u ∈ L^1(V_T , μ) such that lim_{n→∞} u_n = u and lim_{n→∞}(1−L)u_n = f in L^1 which implies u ∈ D(A) and (1 − A)u = f. Since (L^V , D(L^V )) is the part of (A, D(A)) in L^1(V_T , μ) we conclude that f ∈ D(L^V ) and (1−L^V )u = (1−A)u = f.

Step 3: (L^V , D(L^V )) (resp. (L^{V,′}, D(L^{V,′}))) is of diffusion type. Again, we will prove the statement for L only. The proof of the dual statement is similar. Fix u ∈ D(L^V ), φ ∈ M and let (u_n) ⊂ C^∞_0 (V_T ) be such that lim_{n→∞}(1 − L)u_n = (1 − L^V )u in L^1. Similar to the proof of the corresponding statement in Step 2 it follows that lim_{n→∞} u_n = u in L^1(V_T , μ). In particular, lim_{n→∞} ∫ (φ(u_n) − φ(u)) dμ = 0 and (φ(u_n)) ⊂ V_b bounded. Consequently, | ∫ L^V u φ(u) dμ − ∫ L^V u_n φ(u_n) dμ| ≤ | ∫ L^V u (φ(u) − φ(u_n)) dμ| + | ∫ L^V (u − u_n) φ(u_n) dμ| → 0 , n → ∞ ,

which implies that ∫ L^V u φ(u) dμ = lim_{n→∞} ∫ L^V u_n φ(u_n) dμ ≤ 0 .

Clearly, 2.2 and Step 1-3 now imply Prop. 1.5 (i).

Proof of 1.5 (ii): We will prove the statement again for L only. The proof of the dual statement is similar. Let u ∈ D(L^V )_b and (u_n) ⊂ C^∞_0 (V_T ) be such that lim_{n→∞}(1 − L)u_n = (1 − L^V )u in L^1. Claim: lim_{n→∞} ∫ {M_1≤|u_n|≤M_2}⟨A∇un, ∇un⟩ = 0 for all ‖u‖∞ < M1 < M2.

Proof: Let ψ ∈ M be such that ψ(t) = 0 if t ≤ ‖u‖_∞ and ψ̇(t) = 1 if t ∈ [M_1, M_2]. Then (ψ(u_n)) ⊂ V_b bounded, lim_{n→∞} ψ(u_n) = 0 in L^1(V_T , μ) and consequently,

lim_{n→∞} ∫ {u∈[M_1,M_2]}

⟨A∇u_n, ∇u_n⟩ dμ ≤ lim_{n→∞} ∫ ψ̇(u_n)⟨A∇u_n, ∇u_n⟩ dμ

= lim_{n→∞} A^0(u_n, ψ(u_n)) ≤ lim_{n→∞} − ∫ Lu_n ψ(u_n) dμ = 0

(cf. the proof of Step 3). Similarly, lim_{n→∞} ∫ {−u∈[M_1,M_2]}⟨A∇un, ∇un⟩ dμ = 0 and

the claim is proved.

Let φ ∈ M be smooth, 0 ≤ φ̇ ≤ 1, ‖φ‖_∞ ≤ ‖u‖_∞ +2 and φ(t) = t if |t| ≤ ‖u‖_∞ +1. Similarly to the proof of the corresponding statement in Step 1 it follows that (φ(u_n)) ⊂ V_b bounded and lim_{n→∞} u_n = u in L^1(V_T , μ).

Clearly, lim_{n→∞} φ̈(u_n)⟨A∇u_n, ∇u_n⟩ = 0 in L^1(V_T , μ) hence in particular in L^1 by the last statement. Furthermore, lim_{n→∞} φ̇(u_n)Lu_n = Lu in L^1 since |φ̇(u_n)Lu_n − Lu|_V ≤ |φ̇(u_n)L(u_n − u)|_V + |(φ̇(u_n) − 1)Lu|_V → 0 ,

|φ̇(u_n)L^V (u_n − u)|_V = sup_{v∈Vb:‖v‖V}

b ≤1 ∫ L^V (u_n − u) φ̇(u_n)v dμ

≤ |L^V (u_n − u)|_V ‖φ(u_n)‖_{Vb} → 0,

and lim_{n→∞}(φ̇(u_n) − 1)L^V u = 0 in L^1(V_T , μ), hence in particular in L^1. Consequently, L^V φ(u_n) = φ̇(u_n)L^V u_n + φ̈(u_n)⟨A∇u_n, ∇u_n⟩ → L^V u in L^1 and (φ(u_n)) is the desired sequence.

Proof of 1.5 (iii): We will prove the statements for L^V only. The dual statements can be shown similarly. Fix u ∈ D(L^V )_b, v ∈ D(L^{V,′})_b and let (u_n) ⊂ C^∞_0 (V_T ) and (v_n) ⊂ C^∞_0 (V_0) as in 1.5 (ii). Similarly to the proof of the corresponding statements in Step 1 it follows that lim_{n→∞} u_n = u in L^1(V_T , μ) and (φ(u_n)) ⊂ V_b bounded for all φ ∈ M. In particular, (u_n) ⊂ V_b bounded itself, since sup_{n≥1} ‖u_n‖_∞ < +∞. Hence u ∈ V_b and lim_{n→∞} u_n = u weakly in V. Passing to a subsequence we may assume in addition that lim_{n→∞} u_n = u weakly^∗ in L^{1′}. Hence

A^0(u, u) ≤ lim inf_{n→∞} A(u_n, u_n) ≤ lim inf_{n→∞} − ∫ L^V u_n u_n dμ = − ∫ L^V u u dμ .

This proves (a). Moreover, A^0(u_n − u, u_n − u) ≤ lim inf_{m→∞} A^0(u_n − u_m, u_n − u_m)

≤ lim inf m→∞ − ∫ L(u_n − u_m)(u_n − u_m) dμ = − ∫ L(u_n − u)(u_n − u) dμ ,

and consequently, lim_{n→∞} u_n = u in V.

To prove (b) note that u^2_n ∈ C^∞_0 (V_T ) and L(u^2_n) = 2u_nLu_n + 2⟨A∇u_n, ∇u_n⟩. Hence it suffices to prove that lim_{n→∞} 2u_nLu_n + 2⟨A∇u_n, ∇u_n⟩ = 2uLu + 2⟨A∇u, ∇u⟩ in L^1. Clearly, lim_{n→∞}⟨A∇u_n, ∇u_n⟩ = ⟨A∇u, ∇u⟩ in L^1(V_T , μ), hence in particular in L^1. Moreover, | ∫ uL^V u − u_nLu_n)v dμ ≤ | ∫ (L^V u)(u_n − u)v dμ| + | ∫ L^V (u − u_n)u_nv dμ|

≤ ‖L^V u(u − u_n)‖_1‖v‖_∞ + |L^V (u − u_n)|_V ‖u_nv‖_{Vb}

≤ ‖L^V u(u − u_n)‖_1‖v‖_∞ + |L^V (u − u_n)|_V ‖u_n‖_{Vb} ‖v‖_{Vb} , 27

hence

|uL^V u − u_nLu_n|_V = sup_{‖v‖V}

b ≤1 ∫ (uL^V u − u_nLu_n) dμ

≤ ‖L^V u(u − u_n)‖_1 + |L^V (u − u_n)|_V ( sup_{n≥1} ‖u_n‖_{Vb} ) → 0, n → ∞ .

This proves (b). For the proof of (c) note that ∫ L^V u_n v_n dμ = ∫ u_nL^{V,′}v_n dμ by 1.1 (iii), hence ∫ L^V u v dμ = lim_{n→∞} ∫ L^V u_n v_n dμ = lim_{n→∞} ∫ u_nL^{V,′}v_n dμ = ∫ uL^{V,′}v dμ . □

Proof of 1.7. Let (V^n)_{n≥1} be an increasing sequence of open subsets with ∂V^n ∈ C^∞ relatively compact in U such that V^n ⊂ V^{n+1}, n ≥ 1, and U = ⋃ n≥1 V^n. Let f ∈ L^1(U_T , μ), f ≥ 0. Then G_αf := lim_{n→∞} G^{V n}_α f exists μ–a.e. by 1.6. Moreover, sup_{n≥1} ∫ αG^{V n}_α f dμ ≤ ∫ f dμ implies G_αf ∈ L^1(U_T , μ) and lim_{n→∞} G^{V n}_α f = G_αf in L^1(U_T , μ). Consequently, lim_{α→∞} G^{V n}_α f = lim_{α→∞} G^{V n}_α (f^+ − f^−) = G_αf in L^1(U_T , μ) for all f ∈ L^1(U_T , μ) too. It is easy to see that (G_α)_{α>0} is a sub– Markovian C_0–resolvent of contractions on L^1(U_T , μ) (cf. the proof of the similar statement in [St2, Th. 1.5]). To see that the corresponding generator (L, D(L)) extends (L, C^∞_0 (U_T )) fix u ∈ C^∞_0 (U_T ) and let n be such that u ∈ H^{1,1}_0 (V^n_T , μ). Then u ∈ D(L^{V m} ) and L^{V m} u = Lu, m ≥ n, implies that u = G^{V m}_1 (1−L)u → G_1(1−L)u. Hence u ∈ D(L) and Lu = Lu. Clearly, (L, D(L)) is of diffusion type, since for φ ∈ M and u_n = G^{V n}_1 (1 − L)u 1.5 (i) implies that ∫ L^{V n} u_nφ(u_n) dμ ≤ 0 and consequently, ∫ Luφ(u) dμ = lim_{n→∞} ∫ L^{V n} u_nφ(u_n) dμ ≤ 0.

We will show in the following that (L, D(L)) satisfies (a)–(c) as stated in the theorem. For the proof of (a) let (U^n)_{n≥1} be as in (a) and f ∈ L^1(U_T , μ), f ≥ 0. By compactness of V^n there exist m such that V^n ⊂ U^m and therefore G^{V n}_α f ≤ G^{U m}_α f by 1.6. Hence G_αf ≤ lim_{n→∞} G^{U n}_α f. Similarly, lim_{n→∞} G^{U n}_α f ≤ G_αf hence (a) is satisfied.

For the proof of (b) fix u ∈ D(L)_b. Then αG^{V n}_α u ∈ H^{0,1}_0 (V^n_T , μ) ⊂ D(A^0) for all n and by 1.5 (iii)

lim sup n→∞ A^0(αG^{V n}_α u, αG^{V n}_α u) ≤ lim inf_{α→∞} α ∫ (u − αG^{V n}_α u) αG^{Vn}_α u dμ = α ∫ (u − αG_αu) αG_αu dμ = ∫ (αG_αLu)αG_αu dμ .

In particular, sup_{n≥1} A^0(αG^{V n}_α u, αG^{V n}_α u) < +∞, hence αG_αu ∈ D(A^0) and

A^0(αG_αu, αG_αu) ≤ − ∫ αG_α(Lu)αG_αu dμ ≤ ‖Lu‖_1‖u‖_∞ , which now implies sup_{α>0} A^0(αG_αu, αG_αu) < +∞, hence u ∈ D(A^0) and A^0(u, u) ≤ − ∫ Lu u dμ.

For the proof of (1.10) fix v ∈ C^∞_0 (U_0) and assume first that u := G_1f, f ∈ L^1(U_T , μ)_b. Since v ∈ D(L^{V n,′}) for big n, 1.5 (iii) implies for u_n := G^{V n}_1 f that

(2.6) A^0(u_n, v) + ∫ ⟨β, ∇v⟩u_n dμ = ∫ L^{V n,′}v u_n dμ = ∫ L^{V n} u_n v dμ .

Since lim_{n→∞} u_n = u in L^1(U_T , μ) and weakly in D(A^0) we can take the limit on both sides of (2.6) to obtain (1.10) in this case. For general u ∈ D(L)_b consider αG_αu = G_1(u + (1 − α)G_αu), α > 0. Then

(2.7) A^0(αG_αu, v) + ∫ ⟨β, ∇v⟩αG_αu dμ = ∫ αG_αLu v dμ

for all α > 0. Taking the limit α → ∞ in (2.7) implies (1.10).

For the proof of (c) it is enough to show that u ∈ D(L)_b implies u^2 ∈ D(L)_b and Lu^2 = g_u, where g_u := 2uLu + 2⟨A∇u, ∇u⟩. To this end it suffices to prove that ∫ L^′v u^2 dμ = ∫ gv dμ for all v = G^′_1h , h ∈ L^1(U_T , μ)_b ,

(2.8)

since then ∫ G_1(u^2 −g)h dμ = ∫ (u^2 −g)G^′_1h dμ = ∫ u^2(G^′_1h−L^′G^′_1h) dμ = ∫ u^2 h dμ for all h ∈ L^1(U_T , μ)_b. Consequently, u^2 = G_1(u^2 − g) ∈ D(L)_b.

For the proof of (2.8) fix v = G^′_1h, h ∈ L^1(U, μ)_b. Suppose first that u = G_1f for some f ∈ L^1(U_T , μ)_b. Let u_n := G^{V n}_1 f and v_n = G^{V n,′}_1 h. By 1.5 (ii) we can find u_n ∈ C^∞_0 with ‖u_n‖_∞ ≤ ‖u‖_∞ + 2 and ‖u_n − u_n‖_1 + |L^{V n} (u_n − u_n)|_V n ≤^1_n and v_n ∈ C^∞_0 (V_0) such that ‖v_n − v_n‖_1 + |L^{V n,′} (v_n − v_n)|_V n ≤^1_n . Note that (u_n), (v_n) ⊂ D(A^0) bounded, so that lim_{n→∞} u_n = u weakly in D(A^0) and thus lim_{n→∞} ∫ ⟨A∇u_n, ∇u⟩v_n dμ = ∫ ⟨A∇u, ∇u⟩v dμ. Clearly, ∫ L^{V n,′}v_n uu_n dμ = −A^0(v_n, uu_n) − ∫ ⟨β, ∇v_n⟩uu_n dμ

= −A^0(v_nu_n, u) − ∫ ⟨A∇v_n, ∇u_n⟩u dμ + ∫ ⟨A∇u_n, ∇u⟩v_n dμ − ∫ ⟨β, ∇(v_nu_n)⟩u dμ + ∫ ⟨β, ∇u_n⟩v_nu dμ

(2.9) = ∫ Lu v_nu_n dμ + ∫ L^{V n} u_n v_nu dμ + ∫ ⟨A∇u_n, ∇(v_nu)⟩ dμ − ∫ ⟨A∇v_n, ∇u_n⟩u dμ + ∫ ⟨A∇u_n, ∇u⟩v_n dμ = ∫ Lu v_nu_n dμ + ∫ L^{V n} u_n v_nu dμ + 2 ∫ ⟨A∇u_n, ∇u⟩v_n dμ .

Since | ∫ L^{V n,′}v_nuu_n dμ− ∫ L^{V n,′}v_nuu_n dμ| ≤ |L^{V n} (v_n −v_n)|_V n ‖uu_n‖_H1,1_{0 (V} n_{T ,μ)b} → 0, n → ∞, and lim_{n→∞} ∫ L^{V n,′}v_nuu_n dμ = ∫ L^′vu^2 dμ it follows that 29

lim_{n→∞} ∫ L^{V n,′}v_n uu_n dμ = ∫ Lu vu dμ. Similarly, lim_{n→∞} ∫ L^{V n} u_n v_nu dμ = ∫ Lu vu dμ . Hence we may pass to the limit in (2.9) to obtain (2.8) in this particular case.

For arbitrary u ∈ D(L)_b let g_α := 2(αG_αu)L(αG_αu)+2⟨A∇αG_αu, ∇αG_αu⟩, α > 0. Then (1.10) implies

A^0(αG_αu − u, αG_αu − u) ≤ − ∫ L(αG_αu − u)(αG_αu − u) dμ

≤ 2‖u‖_∞‖αG_αLu − Lu‖_1 → 0

if α → ∞, which implies that lim_{α→∞} αG_αu = u in D(A^0) and thus lim_{α→∞} g_α = g in L^1(U_T , μ). Since αu+(1−α)G_αu ∈ L^1(U, μ)_b and G_1(αu+(1−α)G_αu) = αG_αu by the resolvent equation it follows from what we have just proved that ∫ L^′v(αG_αu)^2 dμ = ∫ g_αv dμ

for all α > 0 and thus, taking the limit α → ∞, ∫ L^′v u^2 dμ = ∫ gv dμ

and (2.8) is shown. □

3. Proof of Theorem 1.10 and Prop. 1.11

Throughout the whole section fix an increasing sequence of open sets V^n as in Theorem 1.5 (a). Let (L^n, D(L^n)) be the L^2–realization of (L^{V n} , D(L^{V n} )) (cf. Remark following 1.4) and let (G^n_α)_{α>0} be the resolvent of L^n.

Lemma 3.1. (i) D(L^n) ⊂ H^{0,1}_0 (V^n_T , μ) and A^0(f, f) ≤ − ∫ L^nf f dμ, f ∈ D(L^n).

(ii) D(L) ⊂ D(A^0) and A^0(f, f) ≤ − ∫ Lf f dμ, f ∈ D(L).

Proof. (i) Let g_k ∈ L^1(V^n_T , μ)_b be such that lim_{k→∞} ‖g_k − (1 − L^n)f‖_2 = 0. Then G^n_1 g_k ∈ D(L^{V n} )_b ⊂ H^{0,1}(V^n_T , μ) and A^0_1(G^n_1 g_k − G^n_1 g_l, G^n_1 g_k − G^n_1 g_l) ≤ ∫ (g_k − g_l)(G^n_1 g_k − G^n_1 g_l) dμ. Now lim_{k→∞} ‖G^n_1 g_k − f‖_2 = 0 implies that (G^n_1 g_k)_{k≥1} is an H^{0,1}_0 (V^n_T , μ)–Cauchy sequence, hence f ∈ H^{0,1}_0 (V^n_T , μ) and A^0(f, f) ≤ − ∫ L^nff dμ.

(ii) By 1.7 (b) the proof of (ii) is similar to (i). □

To unify notations in the following let V^∞ := U, (L^∞, D(L^∞)) = (L, D(L)) and (G^∞_α ) = (G_α). Furthermore, denote by the superscript^n all potential theoretic concepts that are meant w.r.t. L^n, n ∈ N ∪ {+∞}. In particular, let e^n_F for f ∈ L^2(V^n_T , μ) with L_f ∩D(L^n) ≠ ∅ be the 1–reduced function of f w.r.t. L^n, that is, the smallest 1–excessive element (1–excessive w.r.t. (G^n_α)) dominating f. Furthermore, an increasing sequence of closed subsets F_k ⊂ V^n_T , k ≥ 1, is called an L^n–nest if e^n_{f1F ck} → 0 in L^2(V^n_T , μ) for all f ∈ D(L^n), f 1–excessive w.r.t. (G^n_α).

Lemma 3.2. Let f ∈ L^2(V^∞_T , μ), f ≥ 0; m, n ∈ N ∪ {+∞}, m ≥ n. Then e^m_{(G}m_{1 f)1V mT \V nT} = G^m_1 f − G^n_1 f.

Proof. We first show that h := G^m_1 f − G^n_1 f is 1–excessive (w.r.t. (G^m_α )). Since h ≥ G^m_1 f on V^m_T \ V^n_T it then follows that e^m_{(G}m_{1 f)1V mT \V nT} ≤ G^m_1 f − G^n_1 f. To see that h is 1–excessive w.r.t. (G^m_α ) note that

βG^m_{β+1}G^n_1 f ≥ βG^n_{β+1}G^n_1 f = G^n_1 f − G^n_{β+1}f ,

and thus

βG^m_{β+1}(G^m_1 f − G^n_1 f) ≤ G^m_1 f − G^m_{β+1}f + G^n_{β+1}f − G^n_1 f ≤ G^n_1 f − G^n_1 f .

To prove the converse inequality, let g := e^m_{(G}m_{1 f)1V mT \V nT} and denote by g_α the unique element in D(L^m) such that (1 − L^m)g_α = α(g_α − g)^−. Then 0 ≤ g_α ≤ g(≤ h) and lim_{α→∞} g_α = g in L^2(V^m_T , μ) (cf. [St1,III.1.7]). Now h = G^m_1 f on V^m_T \ V^n_T implies that ∫ (g_α − αG^m_{α+1}h)^2 dμ ≤ ∫ (1 − L^m)(g_α − αG^m_{α+1}h)(g_α − αG^m_{α+1}h) dμ = α ∫ ((g_α − (G^m_1 f)1_V m_{T \V} n_T )^− − (h − αG^m_{α+1}h))(g_α − αG^m_{α+1}h) dμ

= −α ∫ {g_α ≥(G^m_1 f)1_{V mT \V} n_T }

(h − αG^m_{α+1}h)(g_α − αG^m_{α+1}h) dμ

+ α ∫ {g_α<(G^m_1 f)1_{V mT \V} n_T }

((G^m_1 f)1_V m_{T \V} n_T − g_α − (h − αG^m_{α+1}h))

(g_α − αG^m_{α+1}h) dμ

≤ −α ∫ {g_α ≥(G^m_1 f)1_{V mT \V} n_T }

(h − αG^m_{α+1}h)(h − αG^m_{α+1}h) dμ

+ α ∫ {g_α<(G^m_1 f)1_{V mT \V} n_T }

(αG^m_{α+1}h − g_α)(g_α − αG^m_{α+1}h) dμ ≤ 0 .

Consequently, g_α = αG^m_{α+1}h for all α > 0, which implies the assertion taking the limit α ↑ ∞. □

In the following, fix an element φ ∈ L^1(U_T , μ) such that 0 < φ ≤ 1.

Definition 3.3. Let n ∈ N ∪ {+∞}. For U ⊂ V^n_T , U open, let Cap^n_φ(U) := ∫ e^n_{(G}n_{1 φ)1U} φ dμ and for arbitrary A ⊂ V^n_T let Cap^n_φ(A) := inf_{A⊂UUopen} Cap^n_φ(U).

The main feature of the capacities just defined is that an increasing sequence of closed subsets F_k ⊂ V^n_T , k ≥ 1, is an L^n–nest if and only if lim_{k→∞} Cap^n_φ(V^n_T \F_k) = 0 (cf. [St1, III.2.10]). 31

Lemma 3.4. Let V ⊂ V^∞_T be open; m, n ∈ N ∪ {+∞}, m ≥ n. Then: (i) Cap^m_φ (V ∩ V^m_T ) ≤ Cap^n_φ(V ∩ V^n_T ) + Cap^m_φ (V^m_T \ V^n_T ). (ii) Cap^n_φ(V ∩ V^n_T ) ≤ Cap^m_φ (V ∩ V^m_T ).

Proof. (i) Let us show first that e^n_{(G}n_{1 φ)1V ∩V nT} + (G^m_1 φ − G^n_1 φ) is 1–excessive w.r.t. (G^m_α )_{α>0}. To simplify notations let e^n := e^n_{(G}n_{1 φ)1V ∩V nT} . The resolvent equation for (G^n_α)_{α>0} (resp. (G^m_α )_{α>0}) then implies βG^m_{β+1}(e^n + G^m_1 φ − G^n_1 φ) = βG^n_{β+1}e^n + βG^m_{β+1}(e^n − G^n_1 φ) − βG^n_{β+1}(e^n − G^n_1 φ) + (G^m_1 φ − G^n_1 φ) − (G^m_{β+1}φ − G^n_{β+1}φ) ≤ βG^n_{β+1}e^n + (G^m_1 φ − G^n_1 φ) ≤ e^n + (G^m_1 φ − G^n_1 φ) , since G^n_1 φ − e^n ≥ 0, hence βG^n_{β+1}(G^n_1 φ − e^n) ≤ βG^m_{β+1}(G^n_1 φ − e^n), and e^n is 1– excessive w.r.t. (G^n_α)_{α>0}. Since e^n_{(G}n_{1 φ)1V ∩V nT} + (G^m_1 φ − G^n_1 φ) ≥ (G^m_1 φ)1_{V ∩V} m_T it follows that e^m_{(G}m_{1 φ)1V mT \V} ≤ e^n_{(G}n_{1 φ)1V ∩V nT} + (G^m_1 φ − G^n_1 φ) and 3.2 now implies

Cap^m_φ (V ∩ V^m_T ) = ∫ e^m_{(G}m_{1 φ)1V ∩V mT} φ dμ ≤ ∫ e^n_{(G}n_{1 φ)1V ∩V nT} φ dμ + ∫ e^m_{(G}m_{1 φ)1V mT \V nT} φ dμ

= Cap^n_φ(V ∩ V^n_T ) + Cap^m_φ (V^m_T \ V^n_T ) .

(ii) For the proof of (ii) first note that if u is 1–excessive w.r.t. (G^m_α )_{α>0} then u1_V n_T is 1–excessive w.r.t. (G^n_α)_{α>0}. Indeed, since u ≥ 0 it follows that βG^n_{β+1}(u1_V n_T ) ≤ (βG^m_{β+1}u)1_V n_T ≤ u1_V n_T . But then e^m_{(G}m_{1 φ)1V ∩V mT} 1_V n_T is 1–excessive w.r.t. (G^n_α)_{α>0} which implies that e^n_{(G}n_{1 φ)1V ∩V nT} ≤ e^m_{(G}m_{1 φ)1V ∩V mT} 1_V n_T ≤ e^m_{(G}m_{1 φ)1V ∩V mT} , and thus

Cap^n_φ(V ∩ V^n_T ) = ∫ e^n_{(G}n_{1 φ)1V ∩V nT} φ dμ ≤ ∫ e^m_{(G}m_{1 φ)1V ∩V mT} φ dμ = Cap^m_φ (V ∩ V^m_T ) . □ Lemma 3.5. (i) Let f ∈ D(L^n)_b,n ∈ N. Then e^n_f ∈ H^{0,1}_0 (V_T , μ) and A^0_1(e^n_f , e^n_f ) ≤ 16|(1 − L^n)f|_V n (|(1 − L^n)f|_V n + ‖f‖_∞).

(ii) Let f ∈ D(L)_b with L_{|f|} ∩ D(L^∞) ≠ ∅. Then e^∞_f ∈ D(A^0) and A^0_1(e^∞_f , e^∞_f ) ≤ 20‖(1 − L^∞)f‖_1‖f‖_∞ .

Proof. (i) By assumption e^n_f exists. Let f_α ∈ D(L^n), α > 0, be the uniquely determined element in D(L^n) with (1 − L^n)f_α = α(f_α − f)^− (cf. [St1, III.1.6]). Then 0 ≤ f_α ≤ e^n_f , α > 0, and lim_{α→∞} f_α = e^n_f in L^2(V^n_T , μ) (cf. [St1, III.1.7]). By 3.1 (i)

A^0_1(f_α − f, f_α − f) ≤ ∫ (1 − L^n)(f_α − f)(f_α − f) dμ = α ∫ (f_α − f)^−(f_α − f) dμ − ∫ (1 − L^n)f(f_α − f) dμ ≤ ‖(1 − L^n)f‖_2‖f_α − f‖_2 , 32

which implies that sup_{α>0} A^0_1(f_α − f, f_α − f) < +∞, therefore e^n_f ∈ H^{0,1}_0 (V^n_T , μ), lim_{α→∞} f_α = e^n_f weakly in H^{0,1}_0 (V^n_T , μ) and

A^0_1(e^n_f , e^n_f ) ≤ lim inf_{α→∞} A^0_1(f_α, f_α) ≤ lim inf α→∞ 2A^0_1(f_α − f, f_α − f) + 2A^0_1(f, f) ≤ lim inf α→∞ −2 ∫ (1 − L^n)f (f_α − f) dμ + 2 ∫ (1 − L^n)f f dμ

= −2 ∫ (1 − L^n)f(e^n_f − f) dμ + 2 ∫ (1 − L^n)f f dμ .

Consequently,

A^0_1(e^n_f , e^n_f ) ≤ |(1 − L^n)f|_V n (2A^0(e^n_f , e^n_f )^{12} + 4A^0(f, f)^{12} + 6‖f‖_∞) ≤ 2|(1 − L^n)f|^2_V n + 1 2 A^0(e^n_f , e^n_f ) + |(1 − L^n)f|_V n (4A^0(f, f)^{12} + 6‖f‖_∞) ,

hence A^0_1(e^n_f , e^n_f ) ≤ 20|(1 − L^n)f|_V n (|(1 − L^n)f|_V n + ‖f‖_∞) .

Here we used the fact that

A^0(f, f) ≤ ∫ (1 − L^n)f f dμ ≤ |(1 − L^n)f|_V n (A^0(f, f)^{12} + ‖f‖_∞) ,

hence A^0(f, f) ≤ 2|(1 − L^n)f|^2_V n + ‖f‖^2_∞.

(ii) Similarly to (i) let f_α ∈ D(L^∞), α > 0, be the uniquely determined element in D(L^∞) with (1 − L^∞)f_α = α(f_α − f)^−. Since 0 ≤ f_α ≤ e^∞_f ≤ ‖f‖_∞, α > 0, 3.1 (ii) implies

A^0_1(f_α − f, f_α − f) ≤ ∫ (1 − L^∞)(f_α − f)(f_α − f) dμ = α ∫ (f_α − f)^−(f_α − f) dμ − ∫ (1 − L^∞)f(f_α − f) dμ ≤ 2‖(1 − L^∞)f‖_1‖f‖_∞ ,

hence sup_{α>0} A^0_1(f_α−f, f_α−f) < +∞, therefore e^∞_f ∈ D(A^0) and lim_{α→∞} f_α = e^∞_f weakly in D(A^0). Finally,

A^0_1(e^∞_f , e^∞_f ) ≤ lim inf_{α→∞} A^0_1(f_α, f_α) ≤ lim inf α→∞ 2A^0_1(f_α − f, f_α − f) + 2A^0_1(f, f) ≤ lim inf α→∞ 6‖(1 − L^∞)f‖_1‖f‖_∞ . □

Lemma 3.6. Let f ∈ D(L^n)_b. Then f admits an L^n–q.c. μ–version f̃. Moreover, if we extend f̃ by 0 to V^∞_T \ V^n_T then there exists for all ε > 0 a subset F_ε ⊂ V^∞_T , closed in V^∞_T , such that f̃_{|Fε} is continuous and Cap^n_φ(V^n_T \ F_ε) ≤ ε.

Proof. Since D(L^n)_b ⊂ D(L^{V n} )_b there exist f_k ∈ C^∞_0 (V^n_T ) with sup_{k≥1} ‖f_k‖_∞ < +∞ and lim_{k→∞} |(1−L^n)(f_k −f)|_V n = 0 by 1.5 (ii). Consequently, lim_{k→∞} e^n_{fk −f} + e^n_{f−fk} = 0 in H^{0,1}_0 (V^n_T , μ), in particular in L^2(V^n_T , μ) by 3.5. Since each f_k ∈ C^∞_0 (V^n_T ) is clearly continuous, [St1, III.3.7] now implies the existence of an L^n–q.c. μ–version f̃ of f such that f_{kl} → f̃ L^n–quasi uniformly along some subsequence, i.e., uniformly on F_n, n ≥ 1, for an L^n–nest (F_k)_{k≥1}. Note that f_k can be extended by 0 to a continuous function on V^∞ \ V^n_T . If we extend f̃ similarly by 0 on V^∞ \ V^n_T we obtain that f_{kl} → f̃ uniformly on F^′_k := F_k ∪ V^∞_T \ F_k for all k. Clearly, F^′_k ⊂ V^∞_T is closed and Cap^n_φ(V^n_T \F^′_k) = Cap^n_φ(V^n_T \F_k) → 0, k → ∞, which proves the second assertion. □

Lemma 3.7. Let f ∈ L^1(V^∞_T , μ)_b, f ≥ 0. Then G^∞_1 f admits an L^∞–q.c. μ– version.

Proof. For all n ∈ N fix an L^n–q.c. μ–version h̃_n of G^n_1 f. We extend h̃_n to V^∞_T by letting h̃_n(x) = 0 for x ∈ V^∞_T \ V^n_T .

Step 1: For all ε > 0 there exist n_ε ∈ N and a closed subset F_ε ⊂ V^∞_T such that h̃_{n|Fε} is continuous for all n ≥ n_ε and Cap∞_φ (V ∞_T \ F_ε) ≤ ε.

Proof: Fix n_ε such that Cap^∞_φ (V^∞_T \ V^{nε}_T ) ≤^ε_2 . By 3.6 we can find a subset F_n, closed in V^∞_T , such that h̃_{n|Fn} is continuous and Cap^n_φ(V^n_T \ F_n) ≤ ε2^{−(n+1)}. Let F_ε := ⋂ n≥n_ε Fn. Then Fε ⊂ V ∞ T closed and 3.4 now implies that Cap^∞_φ (V^∞_T \ F_ε) ≤ Cap^{nε}_φ ((V^∞_T \ F_ε) ∩ V^{nε}_T ) + Cap^∞_φ (V^∞_T \ V^{nε}_T )

≤ Cap^{nε}_φ ( ⋃ n≥n_ε

V^{nε}_T \ F_n) + ε 2 ≤ ∑ n≥n_ε

Cap^{nε}_φ (V^{nε}_T \ F_n) + ε 2 ≤ ∑ n≥n_ε

Cap^n_φ(V^n_T \ F_n) + ε 2 ≤ ∑ n≥n_ε

ε2^{−(n+1)} + ε 2 ≤ ε .

Step 2: There exists an L^∞–q.c. μ–version h̃ of G^∞_1 f such that h̃_n → h̃ L^∞–quasi uniformly along some subsequence.

Proof: By Step 1 there exists a sequence of closed subsets (F_k) such that h̃_{n|Fk} is continuous for all n ≥ α_k (where α_k is sufficiently big) and Cap^∞_φ (F^c_k ) ≤ 2^{−k}. Without loss of generality we may assume (F_k) and (α_k) to be increasing. Since {|h̃_n − h̃_m| > λ} ∪ F^c_k is open for all λ > 0; n, m ≥ α_k, v_n := G^∞_1 f − G^n_1 f is 1–excessive w.r.t. (G^∞_α )_{α>0} for all n and

G^∞_1 φ ≤ (1/λ)(v_n + v_m) + (G^∞_1 φ)_F c_k on {|h̃_n − h̃_m| > λ} ∪ F^c_k for all k, n, m, it follows that

Cap^∞_φ ({|h̃_n − h̃_m| > λ}) ≤ (1/λ) ∫ (v_n + v_m) φ dμ + ∫ e^∞_{(G}∞_{1 φ)1F ck} φ dμ

≤ (1/λ)(‖v_n‖_2 + ‖v_m‖_2)‖φ‖_2 + 2^{−k} . 34

Since lim_{n→∞} v_n = 0 in L^2(V^∞_T , μ) we can find an increasing subsequence (n_k)_{k≥1} with n_k ≥ α_k and

∑_∞

k=1 2^k‖v_{nk} ‖_2 < ∞. Let

A_k := ⋃ i≥k {|h̃_{ni+1} − h̃_{ni} | > 2^{−i}} , k ≥ 1 ,

then F^′_k := F_k ∩ A^c_k is an increasing sequence of closed subsets with

Cap^∞_φ (V^∞_T \ F^′_k) ≤ Cap^∞_φ (V^∞_T \ F_k) + Cap^∞_φ (A_k) ≤ 2^{−k} + ∑ i≥k Cap^∞_φ ({|h̃_{ni+1} − h̃_{ni} | > 2^{−i}})

≤ 2^{−k} + ∑ i≥k 2^i(‖v_{ni+1} ‖_2 + ‖v_{ni} ‖_2)‖φ‖_2 + 2^{−i}

≤ 3/2^k + (3/2)‖φ‖_2 ∑ i≥k 2^i‖v_{ni} ‖_2 → 0 , k → ∞ ,

hence (F^′_k)_{k≥1} is an L^∞–nest. Since (h̃_{nk} )_{k≥1} converges uniformly on F^′_k we obtain that h̃(x) := { lim_{k→∞} h̃_{nk} (x) if x ∈ ⋃ k≥1 F^′_k 0 else

is L^∞–q.c. Clearly, h̃ is a μ–version of G^∞_1 f. □

Proof (of Theorem 1.10). To apply the main existence result in the theory of generalized Dirichlet forms we need to show that (L^∞, D(L^∞)) is quasi–regular and that there exists a linear subspace Y ⊂ L^∞(V^∞_T , μ) such that Y ∩ D(L^∞) ⊂ D(L^∞) dense, lim_{α→∞} e^∞_{αG}∞_{α f−f} = 0 in L^2(V^∞_T , μ) for all f ∈ Y and α ∧ f ∈ Y (= the closure of Y in L^∞(V^∞_T , μ)) for all f ∈ Y and α ≥ 0.

We will show first the existence of an L^∞–nest consisting of compact sets. To this end let F_n := [0,^{n−1}_n T ]×V^n, n ≥ 1. We will show that e^∞_{(G}∞_{1 φ)1V ∞\Fn} → 0, n → ∞. To this end fix n and note that V^∞_T \F_n = U_1 ∪U_2 for the open sets U_1 = (V^∞ \V^n)_T and U_2 = (^{n−1}_n T, T )×V^∞. Note that G^∞_1 φ−G^n_1 φ ≥ G^∞_1 φ on U_1 and G^∞_1 φ∧(T/n) ≥ G^∞_1 φ on U_2. Indeed, since the semigroup (T^∞_t ) generated by (L^∞, D(L^∞)) is of evolution type by 1.9 it follows that 1_{[T −t,T )}T^∞_t φ = T^∞_t (1_{[T −t,T )}(· − t)1_{[t,T )}φ) = T^∞_t 0 = 0. Hence

1_[ n−1_{n T,T )}G^∞_1 φ =

∫_∞ 0 e^{−t}1_[ n−1_{n T,T )}T^∞_t φ dt =

∫_∞ 0 e^{−t}1_[ n−1_{n T,T −t)}T^∞_t (φ) dt ≤ ∫_∞ 0 e^{−t}1_[ n−1_{n T,T −t)} dt ≤ T/n ,

which implies that G^∞_1 φ ≤ T/n on U_2. Since both, G^∞_1 φ−G^n_1 φ and G^∞_1 φ∧(T/n) are 1–excessive w.r.t. (G^∞_α ) it follows that e^∞_{(G}∞_{1 φ)1V ∞\Fn} ≤ G^∞_1 φ−G^n_1 φ+G^∞_1 φ∧(T/n). Since the right hand side of the last inequality converges to 0 for n → ∞ we obtain that Cap^∞_φ (V^∞ \ F_n) = ∫ e^∞_{(G}∞_{1 φ)1V ∞\Fn} φ dμ → 0, hence (F_n) is an L^∞–nest.

Since G_1(L^1(V^∞_T , μ)_b) ⊂ D(L^∞) dense there exists by 3.7 a dense subset of D(L^∞) whose elements have L^∞–q.c. μ–versions. Finally, since C^∞_0 (V^∞_T ) ⊂ D(L) there exists a countable subset of μ–versions of elements in D(L) separating the points of V^∞_T .

Finally, let Y := {f ∈ D(L^∞)_b|L_{|f|} ∩ D(L^∞) ≠ ∅}. Y is an algebra, since D(L^∞)_b is an algebra by 1.7 (c). Hence f ∧ α ∈ Y if f ∈ Y and α ≥ 0. Clearly, Y ∩ D(L^∞) = D(L^∞)_b ⊂ D(L^∞) dense. Let f ∈ Y. Then e^∞_{αGαf−f} ∈ D(A^0) by 3.5 (ii) and the strong continuity of (G_α)_{α>0} in L^1(V^∞_T , μ) now implies that

A^0_1(e^∞_{αGα f−f} , e^∞_{αGαf−f} ) ≤ 6‖(1 − L^∞)(αG_αf − f)‖_1‖αG_αf − f‖_∞ ≤ 12‖αG_α(1 − L^∞)f − (1 − L^∞)f‖_1‖f‖_∞ → 0 , α → ∞ . □

Let us now turn to the proof of 1.11. We will need one lemma. Let M be as in 1.10. Denote by (p_t)_{t≥0} (resp. (R_α)_{α>0}) the corresponding transition semigroup (resp. resolvent). For f ∈ B_b(U_T ) and V ⊂ U_T , V open, let

H^V f(s, x) = E_{(s,x)} [ e^{−σV} f(Y_{σV} ) ] . Here, σ_V = inf{t > 0|Y_t ∈ V } is the first hitting time of V . To simplify notations in the following let f_V := e^∞_{f1V} for f ∈ L^2(U_T , μ), V ⊂ U_T open.

Lemma 3.8. Let K ⊂ U_T be compact, and V := U_T \ K. Let f ∈ C^∞_0 (V ), f ≥ 0. Then H^V f = 0 L–q.e. on K.

Proof. Let g := (1 − L)f, h^+ := R_1(g^+) and h^− := R_1(g^−). For n ∈ N let h^+_n := R_1(g^+ ∧ n) (resp. h^−_n := R_1(g^− ∧ n)). Then H^V h^+_n (resp. H^V h^−_n ) is an L– quasi lower semicontinuous (= L–q.l.s.c.) μ–version of (h^+_n )_V (resp. (h^−_n )_V ) (that is, H^V h^+_{n|Fk} (resp. H^V h^−_{n|Fk} ) is a μ–version of (h^+_n )_V (resp. (h^+_n )_V ) and there exists an L–nest (F_k) such that H^V h^+_{n|Fk} (resp. H^V h^−_{n|Fk} ) is lower semicontinuous for all k)(cf. [St1, IV.3.9]). Since h^+ = sup_{n≥1} h^+_n (resp. h^− = sup_{n≥1} h^−_n ) we conclude that H^V h^+ (resp. H^V h^− ) too is an L–q.l.s.c. μ–version of h^+_V (resp.^−_V ).

We will show next that H^V h^+ = h^+ μ–a.e. To this end let h^+_α , α > 0, be the unique element in D(L) such that (1 − L)h^+_α = α(h^+_α − h^+1_V )^−. Since 0 ≤ h^+_α ≤ h^+_V , lim_{α→∞} h^+_α = h^+_V in L^2(U_T , μ) (cf. [St1, III.1.7]) we obtain that ∫ (H^V h^+ − h^+)^2 dμ = lim_{α→∞} ∫ (h^+_α − h^+)^2 dμ

≤ lim_{α→∞} ∫ (1 − L)(h^+_α − h^+)(h^+_α − h^+) dμ

= lim_{α→∞} ∫ (α(h^+_α − h^+1_V )^− − (1 − L)h^+(h^+_α − h^+) dμ

≤ lim_{α→∞} − ∫ g^+(h^+ − h^+_α ) dμ = − ∫ ((1 − L)f)^+(h^+ − h^+_V ) dμ = 0 , since h^+_V = h^+ on V and (1 − L)f = 0 on K. This is where we use the fact that the operator (L, C^∞_0 (U_T )) is local. Similarly, H^V h^− = h^− in L^2(U_T , μ) and thus H^V h = h μ–a.e. Since H^V h^+ (resp. H^V h^−) is L–q.l.s.c. it follows that H^V h^+ ≤ 0 L–q.e. (resp. H^V h^− ≤ 0 L–q.e.) on K. Thus 0 ≤ H^V f = H^V (h^+−h^−) ≤ H^V (h^++h^−) ≤ 0 L–q.e. on K which implies the assertion. □

Proof (of 1.11). Fix K ⊂ U_T compact and let u_n ∈ C^∞_0 (U_T \ K), n ≥ 1, u_n ≥ 0, such that sup_{n≥1} u_n > 0 on U_T \ K. Then H^V u_n = 0 L–q.e. on K for all n by 3.9 implies that P_{(s,x)} [Y_{σV} ∈ V ] = 0 L–q.e. on K.

Now, let (K_n) be a countable family of compact subsets of U_T such that (U_T \ K_n)_{n≥1} separates the points of U_T and let U = {U_T \ K_n|n ∈ N}. Then there exists some L–exceptional set N such that P_{(s,x)} [Y_{σV} ∈ V ] = 0 for all (s, x) ∈ U_T \ N, V ∈ U. Let (F_k)_{k≥1} be an L–nest such that N ⊂ ⋂ k≥1 U_T \ F_k and Ω_0 := {lim_{k→∞} σ_{UT \Fk} ≥ ζ}. Let

Ω_d := {ω|Y_{t−}(ω) ≠ Y_t(ω) for some t ∈ (0, ζ(ω))} .

Then Ω_d ∩ Ω_0 ⊂ ⋃ V ∈U ⋃ t∈ Q∩(0,∞)

{ω|Y_t(ω) ∈ V^c \ N, Y_{σV} (θ_tω) ∈ V } .

Since

P_{(s,x)} [Y_t ∈ V^c \ N, Y_{σV} ∘ θ_t ∈ V ] = P_{(s,x)} [P_{Yt} [Y_{σV} ∈ V ] , Y_t ∈ V^c \ N] = 0

for all (s, x) ∈ U_T , V ∈ U, it follows that P_{(s,x)} [Ω_d ∩ Ω_0] = 0 for all (s, x) ∈ U_T , and thus P_{(s,x)} [Ω_d] = 0 L–q.e., since P_{(s,x)} [Ω_0] = 1 L–q.e. by [St1, IV.3.10]. □

4. Proof of Theorem 1.14

Proof of 1.14. First note that ∫ (α_0 − L_{A,B} )uh dμ ≤ 0 for all u ∈ C^∞_0 (R^d_T ), u ≥ 0, implies the same inequality for all u ∈ C^{1,2}_0 (R^d_T ), u ≥ 0. To simplify notations let V = D(A^0). Fix χ ∈ C^∞_0 (B_r(0)_T ). We have to show that χh^+ ∈ V. Fix L ≥ 0 and α ∈ (0, 1) with |a_{ij} (s, x) − a_{ij} (t, y)| ≤ L ( |x − y|^α + |s − t|^{α2} ) for all (s, x), (t, y) ∈ B_r(0)_T and define

a_{ij} (s, x) := a_{ij} (s, ( r |x| ∧ 1)x) , (s, x) ∈ R^d_T .

Then a_{ij} (s, x) := a_{ij} (s, x) for all s ∈ [0, T ], x ∈ B_r(0), and |a_{ij} (s, x) − a_{ij} (t, y)| ≤ 2L ( |x − y|^α + |s − t|^{α2} ) for all (s, x), (t, y) ∈ R^d_T . Let L^A =

∑_d

i,j=1 aij ∂ij + ∂t. By

[Fr, Th. 1.12, p.25] (and the time reversal t → T − t, t ∈ [0, T ]) there exists for all f : R^d_T → R, f bounded and Lipschitz–continuous, a function R_αf ∈ C^{1,2}(R^d_T ), R_αf(T, ·) = 0, for which (α − L^Ā)R_αf = f and |R_αf(t, x)| ≤ c exp(c|x|^2) for some constant c > 0.

If f ≥ 0 then R_αf ≥ 0 by [Fr, Th. 2.9, p.43]. Moreover, since (α − L^A)(^1_α ‖f‖_∞ ± R_αf = ‖f‖_∞ ± f ≥ 0, also |R_αf| ≤^1_α ‖f‖_∞, i.e., ‖αR_αf‖_∞ ≤ ‖f‖_∞ by [Fr, Th. 2.9, p.43] again. 37

Since C^∞_0 (R^d_T ) ⊂ C_∞(R^d_T ) dense, where C_∞(R^d_T ) is the space of all bounded continuous functions on R^d_T vanishing at infinity, we obtain that f → αR_αf, f ∈ C^∞_0 (R^d_T ), can be uniquely extended to a positive linear contraction αR_α : C_∞(R^d_T ) → C_b(R^d_T ), hence a sub–Markovian kernel on (R^d_T , B(R^d_T )), which will be denoted again by αR_α.

Let f_n ∈ C^∞_0 (R^d_T ), n ≥ 1, such that 0 ≤ f_n ≤ ‖h‖_∞ and g := lim_{n→∞} f_n is a μ–version of h^+. Then lim_{n→∞} αR_αf_n(s, x) = αR_αg(s, x) for all (s, x) ∈ R^d_T by Lebesgue’s theorem and ‖αR_αg‖_∞ ≤ ‖h‖_∞.

Estimates for A^0(χαR_αf_n, χαR_αf_n), uniform in n for fixed α:

Note that

A^0(χαR_αf_n, χαR_αf_n) ≤ − ∫ L^A(χαR_αf_n)χαR_αf_n dμ − ∫ ⟨B, ∇(χαR_αf_n)⟩χ(αR_αf_n) dμ = − ∫ χL^Aχ (αR_αf_n)^2 dμ − 2 ∫ ⟨A∇χ, ∇αR_αf_n⟩χαR_αf_n dμ − ∫ L^A(αR_αf_n) χ^2 αR_αf_n dμ − ∫ ⟨B, ∇(χαR_αf_n)⟩χαR_αf_n dμ

(4.1) = − ∫ χL^Aχ (αR_αf_n)^2 dμ − 2 ∫ ⟨A∇χ, ∇(χαR_αf_n)⟩αR_αf_n dμ + 2 ∫ ⟨A∇χ, ∇χ⟩(αR_αf_n)^2 dμ − α ∫ (αR_αf_n − f_n)χ^2 αR_αf_n dμ − ∫ ⟨B, ∇(χαR_αf_n)⟩χ αR_αf_n dμ .

Hence A^0(χαR_αf_n, χαR_αf_n) ≤ c A^0(χαR_αf_n, χαR_αf_n)^{1/2} + M for positive constants c and M independent of n. Thus, sup_{n≥1} A^0(χαR_αf_n, χαR_αf_n) < +∞, hence χαR_αg ∈ V and lim_{n→∞} χαR_αf_n = χαR_αg weakly in V. Taking the limit n → ∞ in (4.1) we conclude that

A^0(χαR_αg, χαR_αg) ≤ lim inf_{n→∞} A^0(χαR_αf_n, χαR_αf_n) ≤ − ∫ χL^Aχ (αR_αg)^2 dμ − 2 ∫ ⟨A∇χ, ∇(χαR_αg)⟩αR_αg dμ

(4.2) + 2 ∫ ⟨A∇χ, ∇χ⟩(αR_αg)^2 dμ − α ∫ (αR_αg − g)χ^2 αR_αg dμ − ∫ ⟨B, ∇(χαR_αg)⟩χ αR_αg dμ .

Estimates for A^0(χαR_αg, χαR_αg), uniform in α: 38

Since α(g − αR_αg)(h − g) = −α(h^+ − αR_αg)h^− ≥ 0 μ–a.e. we obtain that −α ∫ (αR_αg − g)(αR_αg)χ^2 dμ = −α ∫ (αR_αg − g)gχ^2 dμ − α ∫ (αR_αg − g)^2χ^2 dμ

≤ −α ∫ (αR_αg − g)hχ^2 dμ − α ∫ (αR_αg − g)^2χ^2 dμ

(4.3)

= lim_{n→∞} −α ∫ (αR_αf_n − f_n)hχ^2 dμ − α ∫ (αR_αg − g)^2χ^2 dμ

= lim_{n→∞} − ∫ L^A(αR_αf_n)hχ^2 dμ − α ∫ (αR_αg − g)^2χ^2 dμ

= lim_{n→∞} − ∫ L^A(χ^2αR_αf_n)h dμ + 4 ∫ ⟨A∇χ, ∇αR_αf_n⟩χh dμ + ∫ L^A(χ^2)αR_αf_n h dμ − α ∫ (αR_αg − g)^2χ^2 dμ .

Observe that L^A(χ^2αR_αf_n) = (L_{A,B} + ∂_t)(χ^2αR_αf_n) − ⟨B, ∇(χ^2αR_αf_n)⟩, so that − ∫ L^A(χ^2αR_αf_n)h dμ = − ∫ (L_{A,B} + ∂_t)(χ^2αR_αf_n)h dμ + ∫ ⟨B, ∇(χ^2αR_αf_n)⟩h dμ

(4.4)

≤ −α_0 ∫ χ^2(αR_αf_n)h dμ + ∫ ⟨B, ∇(χ^2αR_αf_n)⟩h dμ .

Inserting (4.4) into (4.3) and using g = h^+ μ–a.e. we obtain that −α ∫ (αR_αg − g)(αR_αg)χ^2 dμ

≤ lim_{n→∞} −α_0 ∫ χ^2(αR_αf_n)h dμ + ∫ ⟨B, ∇(χ^2αR_αf_n)⟩h dμ + 4 ∫ ⟨A∇χ, ∇αR_αf_n⟩χh dμ + ∫ L^A(χ^2)αR_αf_n h dμ − α ∫ (αR_αg − h^+)^2χ^2 dμ

(4.5)

= −α_0 ∫ χ^2(αR_αg)h dμ + ∫ ⟨B, ∇(χ^2αR_αg)⟩h dμ + 4 ∫ ⟨A∇χ, ∇(χαR_αg)⟩h dμ − 4 ∫ ⟨A∇χ, ∇χ⟩(αR_αg)h dμ + ∫ L^A(χ^2)αR_αg h dμ − α ∫ (αR_αg − h^+)^2χ^2 dμ .

Combining (4.2) and (4.5) we obtain that

A^0(χαR_αg, χαR_αg) + α ∫ (αR_αg − h^+)^2χ^2 dμ ≤ c̃ A^0(χαR_αg, χαR_αg)^{1/2} + M̃ for positive constants c̃ and M̃ independent of α. Hence (χαR_αg)_{α>0} is bounded in V and lim_{α→∞} χαR_αg = χh^+ in L^2(R^d_T , μ). Consequently, χh^+ ∈ V and lim_{α→∞} χαR_αg = χh^+ weakly in V.

Verification of (1.14):

Combining (4.2) and (4.5) and taking the limit α → ∞ we obtain

A^0(χh^+,χh^+) ≤ lim inf_{α→∞} A^0(χαR_αg, χαR_αg)

≤ lim inf α→∞ − ∫ χL^Aχ(αR_αg)^2 dμ − 2 ∫ ⟨A∇χ, ∇(χαR_αg)⟩αR_αg dμ + 2 ∫ ⟨A∇χ, ∇χ⟩(αR_αg)^2 dμ − α_0 ∫ χ^2(αR_αg)h dμ

(4.6) + ∫ ⟨B, ∇(χ^2αR_αg)⟩h dμ + 4 ∫ ⟨A∇χ, ∇(χαR_αg)⟩h dμ − 4 ∫ ⟨A∇χ, ∇χ⟩(αR_αg)h dμ + ∫ L^A(χ^2)(αR_αg)h dμ − ∫ ⟨B, ∇(χαR_αg)⟩χαR_αg dμ ,

and the right hand side of (4.6) is equal to − ∫ χL^Aχ(h^+)^2 dμ − 2 ∫ ⟨A∇χ, ∇(χh^+)⟩h^+ dμ + 2 ∫ ⟨A∇χ, ∇χ⟩(h^+)^2 dμ − α_0 ∫ χ^2(h^+)^2 dμ + ∫ ⟨B, ∇(χ^2h^+)⟩h dμ + 4 ∫ ⟨A∇χ, ∇(χh^+)⟩h dμ − 4 ∫ ⟨A∇χ, ∇χ⟩(h^+)^2 dμ + ∫ L^A(χ^2)(h^+)^2 dμ − ∫ ⟨B, ∇(χh^+)⟩χh^+ dμ

= − α_0 ∫ χ^2(h^+)^2 dμ + 2 ∫ ⟨A∇χ, ∇(χh^+)⟩h^+ dμ + ∫ ⟨B, ∇χ⟩χ(h^+)^2 dμ + ∫ χL^Aχ(h^+)^2 dμ .

Hence

A^0(χh^+, χh^+) + α_0 ∫ χ^2(h^+)^2 dμ ≤ ∫ ⟨A∇χ, ∇χ⟩(h^+)^2 dμ + ∫ ⟨B − B^0, ∇χ⟩χ(h^+)^2 dμ + ∫ χ(∂_tχ)(h^+)^2 dμ . □

References

[Ad] Adams, R.A., Sobolev Spaces, Academic Press, New York, 1975. 40

[Ar] Arendt, W., The Abstract Cauchy Problem, Special Semigroups and Perturbation, in:

One-parameter Semigroups of Positive Operators, Lecture Notes in Math. 1184 (1986), Springer, Berlin.

[C] Carlen, E.A., Conservative diffusions, Comm. Math. Phys. 94 (1984), 293-315.

[CaL] Cattiaux, P., Léonard , C., Minimization of the Kullback information of diffusion processes, Ann. Inst. Henri Poincaré 30 (1994), 83-132.

[Fr] Friedman, A., Partial Differential Equations of Parabolic Type, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1964.

[GT] Gilbarg, D., Trudinger, N.S., Elliptic Partial Differential Equations of Second Order, Springer, Berlin, 1977.

[Ka] Kato, T., Perturbation Theory of Linear Operators, Springer, Berlin, 1980.

[LMa] Lions, J.L., Magenes, E., Non-Homogeneous Boundary Value Problems and Applications I, Springer, Berlin, 1972.

[Na] Neidhardt, H., On Abstract Linear Evolution Equations, I, Math. Nachr. 103 (1981), 283-298.

[Nag] Nagasawa, M., Schrödinger Equations and Diffusion Theory, Birkhäuser, Basel, 1993.

[O] Oshima, Y., Time dependent Dirichlet forms and its application to a transformation of space–time Markov processes, in: Dirichlet forms and stochastic processes (Beijing, 1993) (1995), de Gruyter, Berlin, 305–320.

[Pa] Pazy, A., Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer, Berlin, 1983.

[ReSi] Reed, M., Simon, B., Methods of modern mathematical physics II. Fourier Analysis, Academic Press, New York, 1975.

[R] Röckner, M., L^p-analysis of finite and infinite-dimensional diffusion operators. Stochastic PDE’s and Kolmogorov equations in infinite dimensions (Cetraro, 1998), in: Lecture Notes in Math. 1715 (1999), Springer, Berlin, 65–116.

[Sh] Sharpe, M., General Theory of Markov Processes, Academic Press, New York, 1988.

[St1] Stannat, W., The Theory of Generalized Dirichlet Forms and Its Applications in Analysis and Stochastics, Mem. of the AMS, vol. 142 (678), 1999.

[St2] Stannat, W., (Nonsymmetric) Dirichlet Operators on L^1: Existence, Uniqueness and Associated Markov Processes, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 28 (1999), 99- 140.

[StrV] Stroock, D.W., Varadhan, S.R.S., Multidimensional Diffusion Processes, Springer, Berlin, 1979.