On perturbations of pseudo differential operators with negative definite symbol

Walter Hoh

Fakultät für Mathematik Universität Bielefeld Postfach 100131 D-33501-Bielefeld Germany

1 Introduction

A generator of a Feller semigroup on C_∞(R^n) satisfies the positive maximum principle and therefore by a result of Ph. Courrège [2] it has a representation as a pseudo differential operator

−p(x, D)φ(x) = ∫ R^n

e^{i(x,ξ)}p(x, ξ) · φ̂(ξ) d̄ξ (1) for φ ∈ C^∞_0 (R^n) in the domain of the generator. The operators arising in this situation are characterized by the property that the symbols p : R^n ×R^n → C, which determine the operator, are for any fixed x ∈ R^n continuous and negative definite as a function of ξ (see [1] for the definition), and therefore has a representation by the Lévy-Khinchin formula

p(x, ξ) = q(x, ξ) + i⟨b(x), ξ⟩ + c(x) + ∫ R^n\{0}

(1 − e^{−i⟨y,ξ⟩} − i⟨y, ξ⟩ 1 + |y|^2

) μ(x, dy). (2) Here for all fixed x ∈ R^n, q(x, ξ) is a nonnegative quadratic form, b(x) ∈ R^n, c(x) ≥ 0, and μ(x, dy) is a Lévy-measure, i.e. a Borel measure on R^n \ {0} such that ∫ R^n\{0}

|y|^2 1 + |y|^2 μ(x, dy) < ∞. (3) In [8] the technique of pseudo differential calculus was applied to this type of operator and conditions were given ensuring that a pseudo differential operator actually generates a Feller semigroup. (See also [9, 10] and [5, 6, 7] for other approaches to processes generated by pseudo differential operators.)

The inherent difficulty of this class of symbols lies in the fact that a continuous negative definite function in general is neither differentiable nor satisfies certain homogeneity properties. Hence the symbols are not accessible by a symbolic calculus. Therefore in [8] the symbol was first decomposed by splitting its Lévy-measures in (2) into two parts, one part p_1(x, ξ) containing the portion concentrated around the origin, by (3) this usually is the major part of infinite total mass, and a remainder part p_2(x, ξ) with Lévy-measure supported outside a neighbourhood of the origin.

It turns out that the first dominating part of the symbol is a differentiable function with respect to ξ and we even can expect certain estimates for the derivatives. In [8] these estimates were used to define appropriate symbol classes and develop a calculus for these pseudo differential operators by modifying methods of H. Kumano-go and M. Nagase [11], [12]. In particular, useful estimates in L^2-spaces were obtained and a class of Feller generators was determined.

The purpose of this article is to consider the second part of the symbol containing the Lévymeasures restricted to the complement of some neighbourhood of the origin. We will show that the corresponding operator p_2(x, D) can be regarded as a perturbation of the first part p_1(x, D). In Corollary 3.4 we prove that p_2(x, D) typically is a bounded operator on C_b(R^n) leaving the set C_∞(R^n) of continuous functions vanishing at infinity invariant. In particular the property that an operator generates a Feller semigroup is not destroyed by the perturbation p_2(x, D). Moreover we will consider the perturbation effect in an L^2-frame for symbols of a certain structure.

Observe that from the probabilistic point of view the Markov process corresponding to p_2(x, D) is a pure jump type process consisting only of large jumps that occur at most finitely often in bounded time intervals. It is well-known how to handle this perturbation by stopping time arguments and therefore p_2(x, D) defines also a perturbation in a probabilistic sense.

Financial support by DFG Habilitanden Stipendium Ho 1617/2-1 is gratefully acknowledged.

2 Preliminaries

Fix a continuous negative definite function a^2 : R^n → R. We will later on assume that the symbol satisfies certain upper and lower bounds in terms of this function. The operator −a^2(D) and the corresponding Lévy-process with characteristic exponent e^{−ta2} , t ≥ 0, then play the same role as the Laplace operator and Brownian motion in the case of diffusion processes.

In order to simplify the notation we work in the following with the square root

λ(ξ) = (1 + a^2(ξ))^{1/2}. (4) We define the anisotropic Sobolev spaces

H^{s,λ}(R^n) = {u ∈ L^2(R^n) : ‖u‖_{s,λ} < ∞}, s ≥ 0,

where ‖u‖_{s,λ} = (∫ R^n

λ(ξ)^{2s} |û|^2 dξ

)_{1/2} . In order to get a type of Sobolev embedding for H^{s,λ}(R^n) we sometimes assume a minimal growth behaviour of a^2(ξ) or λ(ξ) at infinity: there is a r > 0 such that

a^2(ξ) ≥ c |ξ|^r for |ξ| large. (5)

As in [8] let us introduce the symbol class S^{m,λ}_ϱ , m ∈ R, of all symbols p ∈ C^∞(R^n × R^n) such that | | |∂^α_ξ ∂^β_x p(x, ξ) | | | ≤ c_{αβ}λ^{m−ϱ(|α|)}(ξ) for all α, β ∈ N^n_0 , (6) where ϱ(k) = k ∧ 2, k ∈ N_0.

Throughout this paper we consider pseudo differential operators with symbols p : R^n × R^n → R such that for all x ∈ R^n ξ → p(x, ξ) is a continuous negative definite function. We call such symbols negative definite. In particular we restrict to the case of real-valued symbols. In terms of the Lévy-Khinchin representation (2) this means that the linear term i⟨b(x), ξ⟩ drops out and the Lévy-measures μ(x, dy) are symmetric. In this case the Lévy-Khinchin representation (2) simplifies to p(x, ξ) = q(x, ξ) + c(x) + ∫ R^n\{0}

(1 − cos ⟨y, ξ⟩) μ(x, dy). (7) Moreover we will always assume that p is continuous on R^n × R^n and satisfies the estimate p(x, ξ) ≤ c(1 + |ξ|^2), x ∈ R^n, ξ ∈ R^n. (8) Observe that (8) automatically holds true for fixed x ∈ R^n. Sometimes we will even assume the stronger condition that the symbol is bounded from above by the fixed continuous negative definite function a^2:

p(x, ξ) ≤ c(1 + a^2(ξ)) = cλ^2(ξ). (9) It is easy to see that a pseudo differential operator with (real-valued) negative definite symbol has a equivalent representation as a Lévy-type operator

−p(x, D)φ(x) = n∑ i,j=1

a_{ij} (x)

∂^2φ(x) ∂x_i∂x_j

+ c(x)φ(x) + ∫ R^n\{0} ( φ(x + y) − φ(x) −

⟨y, ∇φ(x)⟩ 1 + |y|^2 ) μ(x, dy), φ ∈ C^∞_0 (R^n).

(10)

where (a_{ij} (x)) is the coefficient matrix of the quadratic form q(x, ξ) in (7). We recall the decomposition of the Lévy-measures in [8] as mentioned in the introduction. Let θ ∈ C^∞_0 (R^n), 0 ≤ θ ≤ 1, be even with θ(x) = 1 in a neighbourhood of the origin. Define the symmetric Lévy kernels μ_1(x, dy) = θ(y)μ(x, dy), μ_2(x, dy) = (1 − θ(y))μ(x, dy) and define the negative definite symbols p_1(x, ξ) = q(x, ξ) + c(x) + ∫ R^n\{0}

(1 − cos ⟨y, ξ⟩) μ_1(x, dy), (11) p_2(x, ξ) = ∫ R^n\{0}

(1 − cos ⟨y, ξ⟩) μ_2(x, dy), i.e. p(x, ξ) = p_1(x, ξ) + p_2(x, ξ).

Since the support of the Lévy-measures μ_1(x, dy) is bounded, it turns out (see [8], Prop.2.1) that p_1(x, ξ) is smooth with respect to ξ. This can also be seen immediately from the formula (see [6], Proof of Lemma 3.6)

p_1(x, ξ) = c(x) + ∫ R^n

p(x, η) ( θ̂(ξ − η) − θ̂(η) ) d̄η. (12)

Moreover (12) shows that p_1 and p_2 are continuous functions on R^n × R^n

If p_1 satisfies (9) then (6) automatically holds for m = 2 and |β| = 0. Assuming the same behaviour for the derivatives ∂^β_x p_1(x, ξ) we see that p_1 ∈ S^{2,λ}_ϱ is reasonable assumption. We recall some results of [8]

Theorem 2.1. Let p_1 ∈ S^{2,λ}_ϱ and assume that for some δ ≥ 0 and τ sufficiently large

p_1(x, ξ) + τ ≥ δ λ^2(ξ).

(13)

Then for κ sufficiently large the bilinear form ((p_1(x, D) + κ)u, v)_L2 , u, v ∈ C^∞_0 (R^n) has a continuous extension to a coercive form on H^{1,λ}(R^n).

Moreover p_1(x, D) is closable in L^2(R^n), the closure is given by the continuous extension

p_1(x, D) : H^{2,λ}(R^n) → L^2(R^n),

the estimates

c_1 ‖u‖_{2,λ} ≤ ‖p(x, D)u‖_L2 + ‖u‖_L2 ≤ c_2 ‖u‖_{2,λ} , c_1, c_2 > 0,

(14)

hold and for κ sufficiently large the equation

(p_1(x, D) + κ)u = f

has a unique solution u ∈ H^{2,λ}(R^n) for every f ∈ L^2(R^n). In particular −(p_1(x, D) + κ)with domain H^{2,λ}(R^n) is the generator of a strongly continuous contraction semigroup on L^2(R^n). If in addition p_1 is a negative definite symbol and (5) holds, then −p_1(x, D) has an extension that generates a Feller semigroup, i.e. a strongly continuous, positivity preserving contraction semigroup on C_∞(R^n).

3 Generators of Feller semigroups

The central question of this article is, whether the original operator p(x, D) which we get from p_1(x, D) by the perturbation p_2(x, D) has the same properties as p_1(x, D). For the readers’ convenience we recall a standard perturbation result for generators of semigroups (see for example [3]).

Theorem 3.1. Let (A, D(A)) be the generator of a strongly continuous contraction semigroup on a Banach space (X, ‖·‖) and (B, D(B)) a linear dissipative operator in X such that D(A) ⊂ D(B) and ‖Bu‖ ≤ α ‖Au‖ + β ‖u‖ , u ∈ D(A), for some 0 ≤ α < 1 and β ≥ 0. Then (A+B, D(A)) generates a strongly continuous contraction semigroup.

The theorem in particular applies to bounded perturbations. Note that in the case of Feller semigroups the generator A satisfies the positive maximum principle, i.e for all u ∈ D(A) such that u(x_0) = sup u(x) ≥ 0 we have Au(x_0) ≤ 0. Conversely the positive maximum principle implies the dissipativity of an operator on C_∞(R^n) and if it generates a strongly continuous contraction semigroup, this is positivity preserving, hence Feller. So if A is the generator of a Feller semigroup then by the above the operator A + B is a generator of a Feller semigroup for every bounded operator B on C_∞(R^n) that satisfies the positive maximum principle. In order to see that p_2(x, D) defines a perturbation of this type first note Proposition 3.2. Let p_2 be as in (11). Then (8) implies that the Lévy-measure μ_2(x, dy), x ∈ R^n, have uniformly bounded mass.

Proof: Denoting by ν the bounded measure on R^n with Fourier transform (1 + |y|^2)^{−1} = ∫ cos(y, ξ) ν(dξ). Then μ_2(x, R^n \ {0}) = ∫ R^n\{0}

(1 − θ(y)) μ(x, dy) ≤ c ∫ R^n\{0} ( 1 − 1 1 + |y|^2 ) μ(x, dy) = c ∫ R^n\{0} ∫ R^n

(1 − cos(y, ξ)) ν(dξ)μ(x, dy) ≤ c ∫ R^n

p(x, ξ) ν(dξ) ≤ c ∫ R^n

(1 + |ξ|^2) ν(dξ) < ∞ by [6], Lemma 2.2. � If we apply the representation (10) to the operator p_2(x, D) then the third term in the integro-differential part becomes integrable with respect to the finite Lévy-measures μ_2(x, dy) and vanishes by the symmetry of the measures. Thus we find −p_2(x, D)φ(x) = ∫ R^n\{0}

(φ(x + y) − φ(x)) μ_2(x, dy), φ ∈ C^∞_0 (R^n).

(15) Moreover for all ψ ∈ C^∞_0 (R^n \ {0}), ψ(0) = 0, ∫ R^n\{0}

ψ(y) μ_2(x, dy) = − ∫ R^n\{0} ∫ R^n

(1 − cos(y, ξ))ψ̂(ξ) d̄ξ μ_2(x, dy) = − ∫ R^n

p_2(x, ξ)ψ̂(ξ)d̄ξ and the continuity of p_2 proves continuous dependence of μ_2(x, dy) on x with respect to the vague topology. Thus Proposition 3.2 shows that p_2(x, D) has extensions to the bounded Borel measurable functions B_b(R^n) and the bounded continuous functions C_b(R^n) p_2(x, D) : B_b(R^n) → B_b(R^n) : C_b(R^n) → C_b(R^n), which are continuous with a bound given by 2 sup ‖μ_2(x, ·)‖_∞. In order to apply Theorem 3.1 to the perturbation −p_2(x, D) in the case of Feller semigroups we have to show that C_∞(R^n) is invariant under p_2(x, D). In general this is not true, since the non-local character of p_2(x, D) may destroy the behaviour at infinity. A reasonable condition to control the non-locality is the tightness of the Lévy-measures μ_2(x, dy). Here we consider the Lévy-measures μ as measures extended to R^n by μ({0}) = 0. We give a complete characterization in terms of the symbol.

Theorem 3.3. Let p : R^n × R^n → R be a continuous negative definite symbol such that p(x, ξ) ≤ c(1 + |ξ|^2) and with Lévy-Khinchin representation p(x, ξ) = q(x, ξ) + c(x) + ∫ R^n\{0}

(1 − cos(y, ξ)) μ(x, dy).

Then the following are equivalent:

(i) the family μ(x, dy), x ∈ R^n of measures on R^n is tight, (ii) sup_{x∈Rn}(p(x, ξ) − p(x, 0)) → 0 as ξ → 0. In this case p(x, D) maps C^∞_0 (R^n) into C_∞R^n.

Note that typically a condition on the symbol for small ξ, here the equicontinuity at ξ = 0, implies properties of the Lévy-measures are infinity.

Proof: Note that by the assumptions q(x, ξ) + c(x) ≤ c(1 + |ξ|^2) therefore c(x) and the coefficients of q(x, ·) are bounded. Thus they are equicontinuous at ξ = 0 and we may assume that p(x, ξ) = ∫ R^n\{0}

(1 − cos(y, ξ)) μ(x, dy).

Assume that (ii) holds true. Let φ ∈ C^∞_0 (R^n), 0 ≤ φ ≤ 1, φ(0) = 1, suppφ ⊂ B_1(0) and φ_R(x) = φ(x/R), R ≥ 1. Then

μ(x, ∁B_R(0)) ≤ ∫ R^n\{0}

(φ_R(0) − φ_R(y)) μ(x, dy)

(16) = ∫ R^n\{0} ∫ R^n

(1 − cos(y, ξ))φ̂_R(ξ) d̄ξ μ(x, dy) ≤ ∫ R^n

p(x, ξ) |φ̂_R(ξ)| d̄ξ ≤ ∫ |ξ|≤^1√_R

p(x, ξ)R^n |φ̂(Rξ)| d̄ξ + c ∫ |ξ|>^1√_R

(1 + |ξ|)^2R^n(Rξ)^{−(n+3)} d̄ξ ≤ c sup_{|ξ|≤ 1√} R p(x, ξ) · ‖φ̂‖_L1 + cR^{−3/2} → 0 as R → ∞

uniformly with respect to x, i.e. μ(x, ·) is tight.

Conversely, if (ii) is not true, then there is a sequence ξ_n → 0 such that sup_{x∈Rn} p(x, ξ_n) = η > 0 and we can choose x_n ∈ R^n, n ∈ N, such that p(x_n, ξ_n) > η/2. Then for K ⊂ R^n compact and any x, ξ ∈ R^n μ(x, ∁K) ≥ 1 2 ∫ ∁K (1 − cos(y, ξ)) μ(x, dy) = 1 2 p(x, ξ) − 1 2 ∫ K (1 − cos(y, ξ)) μ(x, dy).

(17)

Let again ν be the representation measure of the positive definite function (1 + |y|^2)^{−1} = ∫ R^n e

−i(y,ξ) ν(dξ) and A = sup x∈R^n ∫ R^n p(x, ξ) ν(dξ) ≤ c ∫ R^n (1 + |ξ|

2) ν(dξ) < ∞. Choose a > 0 such that a < η 4A . There is a n_0 = n_0(K) ∈ N such that for n ≥ n_0

1 − cos(y, ξ_n) ≤ a(1 − 1 1 + |y|^2

) for all y ∈ K

and therefore for all n ≥ n_0 ∫ K (1 − cos(y, ξ_n)) μ(x, dy) ≤ a ∫ R^n\{0}

(1 − 1 1 + |y|^2

) μ(x, dy) = a ∫ R^n\{0} ∫ R^n

(1 − cos(y, ξ)) ν(dξ) μ(x, dy) = a ∫ R^n

p(x, ξ) ν(dξ) ≤ a · A < η 4 . Hence by (17) for all n ≥ n_0

μ(x_n, ∁K) ≥ 1 2 p(x_n, ξ_n) − 1 2 · η 4 ≥ η 8 > 0.

and μ(x, ·), x ∈ R^n, is not tight.

Finally, if (i) or (ii) is satisfied and φ ∈ C^∞_0 (R^n), then p(x, D)φ is continuous and by (10) and (16) for x ∉ suppφ

|p(x, D)φ(x)| = | | | | ∫ R^n\{0}

φ(x + y) μ(x, dy) | | | | ≤ ‖φ‖_∞ · μ(x, suppφ(x + ·)) → 0

as |x| → ∞, i.e. p(x, D)φ ∈ C_∞(R^n). �

As C^∞_0 (R^n) is dense in C_∞(R^n) the result implies in particular in the situation considered above

Corollary 3.4. Let p_2 be as in (11) and assume

sup_{x∈Rn} p_2(x, ξ) → 0 as ξ → 0.

(18)

Then p_2(x, D) maps C_∞(R^n) continuously into itself.

Observe that (18) is determined directly by the original symbol p(x, ξ), because p_1 in (11) always satisfies sup_{x∈R}n (p_1(x, ξ) − p_1(x, 0)) → 0 as ξ → 0. This can be seen for example using Theorem 3.3, since the Lévy-measures of p_1 are supported in a bounded set. Thus (18) is equivalent to the condition

sup_{x∈Rn}(p(x, ξ) − p(x, 0)) → 0 as ξ → 0.

(19)

We combine the results with the perturbation argument of Theorem 3.1 and the subsequent remark. Note that (15) shows that −p_2(x, D) obviously satisfies the positive maximum principle on C_∞(R^n). Thus we have proven

Theorem 3.5. Let p be a continuous negative definite symbol that satisfies (8) and (19) with decomposition (11). Assume that −p_1(x, D) extends to the generator of a Feller semigroup. Then −p(x, D) has the same property.

Corollary 3.6. Let p be a continuous negative definite symbol with (8) and λ(ξ) be as in (4), (5). If p satisfies (19), p(x, ξ) ≥ δλ^2(ξ) and the mollified symbol (x, ξ) → ∫ R^n

p(x, η)θ̂(ξ − η) d̄η is in S^{2,λ}_ϱ . Then −p(x, D) has an extension that generates a Feller semigroup.

Proof: By (11) and (12) we decompose p as p(x, ξ) = ∫ R^n

p(x, η)θ̂(ξ − η) d̄η − ∫ R^n

p(x, η)θ̂(η) d̄η + p_2(x, ξ) + c(x). The assumptions yield that x → ∫ R^n p(x, η)θ̂(η) d̄η is in C ∞ b (R^n) and c ∈ C_b(R^n). Therefore the symbol ∫ R^n p(x, η)(θ̂(ξ − η) − θ̂(η)) d̄η is in S 2,λ ϱ and since p_2(x, ξ) + c(x) is bounded, it has a lower bound as in (13). Thus it satisfies the assumptions of Theorem 2.1 and the corresponding pseudo differential operator has an extension that generates a Feller semigroup. Moreover the symbol p_2(x, ξ) + c(x) defines a bounded operator on C_∞(R^n) and we conclude as above. �

4 L^2 – estimates

We decompose a continuous negative definite symbol as in (11) p(x, ξ) = p_1(x, ξ) + p_2(x, ξ).

Whereas for the part p_1(x, ξ) which is smooth with respect to ξ we can expect estimates in an L^2-framework (see Theorem 2.1 and also [8] for more detailed results), such estimates are difficult to prove for the non-smooth part p_2(x, ξ) and in general it is even not true. Therefore we restrict in this section to symbols of a more specific structure. More precisely, we consider symbols with Lévy-Khinchin representation (7) such that each measure μ(x, ·) is absolutely continuous with respect to a given fixed Lévy-measure μ. This is to say μ(x, dy) = f_x(y) μ(dy).

(20) Let θ be as above. We decompose μ in the same way as the Lévy-kernel: μ_1(dy) = θ(y)μ(dy), μ_2(dy) = (1 − θ(y))μ(dy).

then μ_1 has bounded support and μ_2 is a bounded measure. The decomposition (11) becomes p_1(x, ξ) = ∫ R^n\{0}

(1 − cos(y, ξ))f_x(y) μ_1(dy), (21) p_2(x, ξ) = ∫ R^n\{0}

(1 − cos(y, ξ))f_x(y) μ_2(dy).

For reasons of simplicity we omit the local terms q(x, ξ) + c(x) in this section. We are again interested in results stating that p_2(x, D) is a small perturbation p_1(x, D), in particular that p_2(x, D) is bounded in L^2(R^n).

Proposition 4.1. Assume that f_x(y) ≤ M for some M ≥ 0. Then p_2(x, D) is bounded in L^2(R^n):

‖p_2(x, D)u‖_L2 ≤ c ‖u‖_L2 .

(22)

Proof: It is enough to prove (22) for u ∈ C^∞_0 (R^n). Since the Lévy-kernel of p_2 consists of finite measures we have

−p_2(x, D)u(x) = ∫ R^n\{0}

(u(x + y) − u(x))f_x(y) μ_2(dy) = ∫ R^n\{0}

u(x + y)f_x(y) μ_2(dy) − (∫ R^n\{0}

f_x(y) μ_2(dy) ) · u(x)

and it is enough to prove continuity in L^2(R^n) for the first term. Let v ∈ L^2(R^n). | | | | ∫ R^n ∫ R^n\{0}

u(x + y) f_x(y) μ_2(dy) · v(x) dx | | | | ≤ M ∫ R^n\{0} ∫ R^n

|u(x + y)| · |v(x)| dx μ_2(dy) ≤ M ∫ R^n\{0} (∫ R^n

|u(x + y)|^2 dx

)_{1/2} · (∫ R^n

|v(x)|^2 dx

)_{1/2}

μ_2(dy) = M · μ_2(R^n \ {0}) · ‖u‖_L2 · ‖v‖_L2 .

Dividing by ‖v‖_L2 and taking the supremum over all v with ‖v‖_L2 = 1 gives the result �

Theorem 4.2. Decompose p = p_1 + p_2 as in (21) and assume that p_1 is as in Theorem 2.1. If f_x(y) ≤ M for some M ≥ 0 then the following estimates hold ‖p(x, D)u‖_L2 ≤ c ‖u‖_{2,λ} , ‖u‖_{2,λ} ≤ c(‖p(x, D)u‖_L2 + ‖u‖_L2 ), |(p(x, D)u, v)_L2 | ≤ c ‖u‖_{1,λ} · ‖v‖_{1,λ} , (p(x, D)u, v)_L2 ≥ c_1 ‖u‖^2_{1,λ} − c_2 ‖u‖^2_L2 for u, v ∈ C^∞_0 (R^n). Moreover the extension of −p(x, D) to H^{2,λ}(R^n) is the generator of a strongly continuous semigroup in L^2(R^n).

Proof: This follows immediately from the corresponding estimates for p_1(x, D), the boundedness of p_2(x, D) in L^2(R^n), and the continuous embeddings H^{2,λ}(R^n) → H^{1,λ}(R^n) → L^2(R^n). � Remark: The assumption p_1 ∈ S^{2,λ}_ϱ of Theorem 4.2 is fulfilled if the densities f_x depend smoothly on x and the derivatives are bounded, i.e. | | |∂^β_x f_x(·) | | | ≤ M_β for all β ∈ N^n_0 .

(23)

Then p_1 ∈ S^{2,λ}_ϱ for λ = (1 + a^2)^{1/2} and a^2(ξ) = ∫ R^n\{0}(1 − cos(y, ξ)) μ(dy). In fact | |∂^β_x p_1(x, ξ) | | ≤ M_0 λ^2(ξ) and for |α| ≥ 1 | |∂^α_ξ ∂^β_x p_1(x, ξ) | | ≤ M_β · ∫ R^n\{0} | |y^α · cos^{(|α|)}(y, ξ) | | μ_1(dy), which gives for |α| = 1 by the Cauchy-Schwarz inequality | | |∂^α_ξ ∂^β_x p_1(x, ξ) | | | ≤ M_β ‖ ‖ ‖y^{2α} ‖ ‖ ‖_{L2(μ1 )} · (∫ R^n\{0}

sin^2(y, ξ) μ_1(dy)

)_{1/2}

≤ c_{αβ} (∫ R^n\{0}

(1 − cos(y, ξ)) μ_1(dy)

)_{1/2}

≤ c_{αβ} λ(ξ) and for |α| ≥ 2 | | |∂^α_ξ ∂^β_x p_1(x, ξ) | | | ≤ M_β ∫ R^n\{0}

|y|^{|α|} μ_1(dy) = c_{α,β}.

If moreover f_x(y) ≥ m > 0 we also have the ellipticity bound:

p_1(x, ξ) ≥ m · ∫ R^n\{0}

(1 − cos(y, ξ)) μ_1(dy) ≥ m a^2(ξ) − 2m · μ_2(R^n \ {0}), i.e. for τ sufficiently large p_1(x, ξ) + τ ≥ λ^2(ξ).

(24) Example: Consider symbols of the type p(x, ξ) = N∑ j=1 b_j (x) · a^2_j (ξ), where N ∈ N, b_j : R^n → R_+ are bounded functions, and a^2_j : R^n → R are continuous negative definite functions with Lévy-Khinchin representation a^2_j (ξ) = ∫ R^n\{0}

(1 − cos(y, ξ)) μ_j(dy). Define a Lévy-measure μ =

∑_N

j=1 μ_j that corresponds to the continuous negative definite function a^2(ξ) =

∑_N

j=1 a^2_j (ξ), and let again λ(ξ) = (1 + a^2(ξ))^{1/2} Then there are functions h_j : R^n → R_+, |h| ≤ 1 such that μ_j = h_j · μ and the Lévy-Khinchin representation of p(x, ξ) is given by p(x, ξ) = ∫ R^n\{0}

(1 − cos(y, ξ)) N∑ j=1 b_j (x)h_j (y) μ(dy), i.e. f_x(y) =

∑_N

j=1 b_j (x) · h_j (y) in the above notation.

Therefore if b_j ∈ C^∞_b (R^n) for j = 1, . . . , N then (23) holds and p_1 ∈ S^{2,λ}_ϱ . If moreover b_j ≥ K > 0, then p_1(x, ξ) = N∑ j=1 ∫ R^n\{0}

(1 − cos(y, ξ)) b_j(x) θ(y) h_j(y)μ(dy) ≥ K ∫ R^n\{0}

(1 − cos(y, ξ))θ(y)μ(dy) ≥ a^2(ξ) − 2K ((1 − θ) · μ)(R^n \ {0}), i.e.we also have the lower bound (24).

Note that this example extends results obtained in [9] and [4] to the case where b_j does not vanish asymptotically at infinity.

References

[1] C. Berg, G. Forst, Potential theory on locally compact Abelian groups. Ergebnisse der Mathematik und ihrer Grenzgebiete, II. Ser. Bd.87, Springer Verlag, Berlin - Heidelberg - New York (1975).

[2] Ph. Courrège, Sur la forme intégro-différentielle des opérateurs de C^∞_k dans C satisfaisant au principe du maximum. Sém. Théorie du Potentiel (1965/66) 38 p.

[3] S.N. Ethier, Th.G. Kurtz, Markov processes — characterization and convergence. Wiley Series in Probability and Mathematical Statistics, John Wiley, New York - Chicester - Brisbane - Toronto - Singapore (1986).

[4] W. Hoh, Some commutator estimates for pseudo differential operators with negative definite functions as symbols. Integr.Equ.Oper.Th. 17 (1993) 46–53.

[5] W. Hoh, The martingale problem for a class of pseudo differential operators. Math.Ann.

300 (1994) 121–147.

[6] W. Hoh, Pseudo differential operators with negative definite symbols and the martingale problem. Stochastics and Stochastic Reports 55 (1995) 225–252.

[7] W. Hoh, Feller semigroups generated by pseudo differential operators. Intern. Conf. Dirichlet Forms and Stoch. Processes, Walter de Gruyter Verlag 1995, 199–206.

[8] W. Hoh, A symbolic calculus for pseudo differential operators generating Feller semigroups.

(Preprint)

[9] N. Jacob, Further pseudo differential operators generating Feller semigroups and Dirichlet forms. Rev.Mat.Iberoamericana 9, No.2 (1993) 373-407.

[10] N. Jacob, A class of Feller semigroups generated by pseudo differential operators. Math.Z.

215 (1994) 151–166.

[11] H. Kumano-go, Pseudodifferential operators. M.I.T. Press (1981).

[12] M. Nagase, On the algebra of a class of pseudo-differential operators and the Cauchy problem for parabolic equations. Math.Jap. 17, No.2 (1972) 147–172.

Fakultät für Mathematik Universität Bielefeld Postfach 100131 D-33501-Bielefeld Germany