Exponential Integrability for The Images of The Ornstein-Uhlenbeck Operators Acting on Cylinder Functions on Loop Spaces

Fuzhou Gong

Abstract

Let E be the loop space over a compact connected Riemannian manifold with a torsion skew symmetric (TSS) connection. Let L be the Ornstein- Uhlenback operator on the loop space E, and f be a cylinder function on E. We first extend the expression of Lf, proved by O.Enchev and D.W. Stroock for the Levi-Civita connection, to a general TSS connection, and then prove that f ∈ D(L) and ε|Lf|^2 is exponential integrable for some constant ε := ε(f) > 0.

1 Introduction

Let M be an n-dimensional connected compact Riemannian manifold with a torsion skew symmetric (TSS for short) connection ∇ (for the definition see [Dr94]), and let E be defined by

E = {w ∈ C([0, 1]; M) : w(0) = x_0, w(1) = y_0}

for fixed x_0, y_0 ∈ M. E is the so called loop space over M when x_0 = y_0.

A function f on E is called as a smooth cylinder function if there exist a function F ∈ C^∞(M^m) and a partition 0 < t_1 < · · · < t_m < 1 of [0, 1] such that f(w) = F (w(t_1), · · · , w(t_m)) for any w ∈ E. We denote the set of all smooth cylinder functions on E by FC^∞(E).

Pinned Wiener measure ( i.e. Brownian bridge measure) μ on E is the unique Borel probability measure on E such that, the coordinate process (γ_t) on E is the Brownian bridge process. Let (F_t)_{0≤t≤1} be the corresponding μ-completed natural filtration corresponding to it. Moreover, for a given orthonormal frame u_0 at x_0 ∈ M there exists a unique stochastic horizontal lift (U_t) of (γ_t) determined by the TSS connection ∇ satisfying U_0 = u_0 (see [Dr94]). For convenience, we consider an orthonormal frame U at x ∈ M as an isomorphism from R^n to T_xM. If we denote the bundle of orthonomal frames over M by O(M), then (U_t) is an O(M)-valued process. We identify T_{x0} M and R^n via u_0 and set

H_0 := {h ∈ C([0, 1]; R^n) : ‖h‖^2_{H0} =

∫_1 0 |ḣ(t)|^2dt < ∞, h(0) = h(1) = 0}.

Then we can define a closed densely defined operator ∇_0 from L^2(E, μ) to L^2(E → H_0; μ) with FC^∞(E) as its core, which is considered as a natural gradient operator on E with domain D(∇_0)(see [Dr94]). In particular, for f ∈ FC^∞(E) with f(w) = F (w(t_1), · · · , w(t_m)) we have

(∇_0f(γ))(t) = m∑ i=1 (min(t_i, t) − t_it)∇^{(i)}_{Uti} F (γ_{t1} , · · · , γ_{tm} ) (1.1)

where ∇^{(i)}F denotes the gradient of F with respect to the i-th variable, ∇^{(i)}_U F denotes the unique element in R^n such that ⟨a, ∇^{(i)}_U F ⟩_Rn = ∇^{(i)}_{Ua}F for any a ∈ R^n and U ∈ O(M). It follows from (1.1) that ‖∇_0f‖_{H0} ∈ L^∞(μ) (∀f ∈ FC^∞(E)).

Let the Dirichlet form (E, D(E)) in L^2(μ) be defined as follows: D(E) = D(∇_0),

E(f, g) := ∫ E ⟨∇_0f, ∇_0g⟩_{H0} dμ (1.2)

for any f, g ∈ D(E), and denote the generator of (E, D(E)) by L. L is the so called O-U operator on loop space E. Obviously, FC^∞(E) ⊂ D(E) is the core of (E, D(E)).

In this paper we prove that for f ∈ FC^∞(E) we have f ∈ D(L) and ∫ E exp{ε|Lf|^2}dμ < ∞ (1.3)

for some constant ε := ε(f) > 0. To this end, we extend the expression of Lf, proved by O. Enchev and D.W. Stroock in [ES96] for ∇ being the Levi-Civita connection on M, to the case of a general TSS connection ∇ on M. The result (1.3) is needed in Remark 3.2 of [GRW00] to show that f is in the domain of the so called ground state transform of a Schrödinger operator on E.

The organization of this paper is as follows:

In Section 2 we introduce some notations and describe the main result in more detail.

In Section 3 we prove the main result of this paper.

2 Notations and the main result

In this section we introduce some notations and describe the main result of this paper.

Let f ∈ FC^∞(E) be the form f(w) = F (w(t_1), · · · , w(t_m)) with F ∈ C^∞(M^m). By one of the results in [GMR99] we know that for any h ∈ H_0 we have ∂_hf :=

⟨∇_0f, h⟩_{H0} ∈ D(E) and

∂^2f(h, u)(γ) := ⟨∇_0(∂_hf), u⟩_{H0} = ∑ 1≤i,j≤m

{∇^{(i)}_{Uti uti} {∇^{(j)}_{Utj htj} F }}(γ_{t1} , · · · , γ_{tm} ) + ∑ 1≤k≤m

⟨Φ_{tk} (u)(γ)∇^{(k)}_{Utk} F (γ_{t1} , · · · , γ_{tm} ), h_{tk} ⟩_Rn

(2.1)

for any u ∈ H_0 and μ-a.s. γ ∈ E, where

Φ_t(u)(γ) :=

∫_t 0 Ω_{Us} (u_s, ∘dβ_s + ∇_{Us} log p_{1−s}(·, y_0)ds)

for any t ∈ [0, 1] and u ∈ H_0. In the above, Ω_U (a, b)c := U^{−1}R_{Ua,Ub}(x)Uc, for any a, b, c ∈ R^n and U ∈ π^{−1}(x) ⊂ O(M) with x ∈ M, R_{Ua,Ub}(x) : T_xM → T_xM is the the curvature operator of the TSS connection ∇ on M, (β_t) is the martingale part of (

∫_t 0 U^{−1}_s ∘ dγ_s), and ∘dγ_s stands for the Stratonovich differential of γ_s. In fact, (β_t) is a R^n -valued Brownian motion. Note that, as a mapping Ω_U (a, b) : R^n → R^n it is skew symmetric, i.e.

⟨Ω_U (a, b)c, d⟩_Rn = −⟨c, Ω_U (a, b)d⟩_Rn

for any a, b, c, d ∈ R^n, and we can consider (U, a, b) → Ω_U (a, b) as a o(n)-valued mapping, where o(n) denotes the Lie algebra consisting of skew symmetric n × n matrices. Hence, t → Φ_t(u)(γ) is an o(n)-valued continuous function on [0, 1] for μ-a.s. γ ∈ E.

Let Ric be the Ricci curvature of the connection ∇, and p_t(x, y) be the heat kernel of^1_2 Δ where Δ is the Levi-Civita Laplacian on M. For any U ∈ π^{−1}(x) ⊂ O(M) with x ∈ M we define Ric_U and ∇^2_U log p_{1−t}(·, y_0), (0 ≤ t < 1) by setting

Ric_U := U^{−1}Ric(x)U and ∇^2_U log p_{1−t}(·, y_0) := U^{−1}∇^2 log p_{1−t}(x, y_0)U,

where we consider Ric(x) and ∇^2logp_{1−t}(x, y_0) as maps from T_xM to itself.

Again, by one of the results in [GMR99] the following integration by parts formula holds: for any f ∈ D(∇_0) ∫ E ⟨∇_0f, Y ⟩_{H0} dμ = − ∫ E fdiv_1(Y )dμ, (2.2)

where for any 0 ≤ T ≤ 1

div_T (Y ) := −

∫_T 0 ⟨Ẏ_t + { 1 2 Ric^∗_{Ut} − ∇^2_{Ut} log p_{1−t}(·, y_0)^∗}Y_t, dβ_t⟩_Rn , (2.3)

and we denote the transposition of a matrix A by A^∗.

On the one hand, observed that by (1.1) ∇_0f is not only a H_0-valued random variable but also a W^∗_0 -valued random variable, where W^∗_0 denotes the dual space of the flat loop space W_0 := {w ∈ C([0, 1]; R^n) : w(0) = w(1) = 0}. Let M(R^n) := M([0, 1]; R^n) denote the space of totally finite, R^n-valued Borel measure on [0, 1]. For the simplicity of notation we use ⟨·, λ⟩ to denote the integral with respect to the measure λ ∈ M(R^n). One can establish an one-to-one mapping from M(R^n) into H_0 as follows: Λ : λ ∈ M(R^n) → h^λ ∈ H_0, and

h^λ_t := Λ(λ)_t := ∫ [0,1]

(min(t, s) − ts)λ(ds)

for any t ∈ [0, 1]. It follows from above that ⟨h, h_λ⟩_{H0} = ⟨h, λ⟩ for any h ∈ H_0. Following the idea of [ES96] we define ∇^{W ∗0}_0 f : E → M(R^n) by the following equation: for any t ∈ [0, 1]

∇_0f(γ)_t = ∫ [0,1]

(min(t, s) − ts)∇^{W ∗0}_0 f(γ)(ds),

i.e. ∇^{W ∗0}_0 f = Λ^{−1}∇_0f. It follows from (1.1) that

∇^{W ∗0}_0 f(γ) = ∑ 1≤i≤m

∇^{(i)}_{Uti} F (γ_{t1} , · · · , γ_{tm} )δ_{ti} , (2.4)

where δ_t denotes the Draic measure on [0, 1] at the point t ∈ [0, 1]. Obviously, ∇^{W ∗0}_0 f(γ) ( [^{1+tm}_2 , 1] ) = 0(∀μ − a.s.γ ∈ E).

On the other hand, observed that there are two terms in (2.1). The first term concerns with the second order derivative of F , and the second term conerns the first order derivative of F associated with an action of an o(n)-valed random variable which is independent on F . Also following the idea of [ES96] we define ∇^2_{0;H0} f : E → H_0 ⊗ H_0 by ⟨ ∇^2_{0;H0} f(γ), h ⊗ u ⟩ H_0⊗H_0 := Q(h, u)(γ) := ∑ 1≤i,j≤m

∇^{(i)}_{Uti uti} {∇^{(j)}_{Utj htj} F }(γ_{t1} , · · · , γ_{tm} )

for any h, u ∈ H_0. Since there exists a constant C := C(F ) ∈ (0, ∞) such that for μ-a.s. γ ∈ E |Q(h, u)(γ)| ≤ C‖h‖_{H0} ‖u‖_{H0} ,

the above definition is well-defined. We can also define T r_{H0} ∇^2_{0;H0} f : E → R by

T r_{H0} ∇^2_{0;H0} f(γ) = ∑ α ⟨ ∇^2_{0;H0} f(γ), h_α ⊗ h_α ⟩ H_0⊗H_0 ,

where {h_α} is any ONB of H_0. According to the above definition we obtain that for μ-a.s. γ ∈ E

∇^2_{0;H0} f(γ)_{t,s} = ∑ 1≤i,j≤m

(min(t, t_i) − tt_i)(min(s, t_j ) − st_j )∇^{(i)}_{Uti} {∇^{(j)}_{Utj} F }(γ_{t1} , · · · , γ_{tm} ), where ∇^{(i)}_{U1} {∇^{(j)}_{U2} F } ∈ R^n ⊗ R^n denotes the unique element in R^n ⊗ R^n such that ⟨ a ⊗ b, ∇^{(i)}_{U1} {∇^{(j)}_{U2} F } ⟩ R^n⊗R^n

:= ∇^{(i)}_{U1a}{∇^{(j)}_{U2b}F } for any a, b ∈ R^n and U_1, U_2 ∈ O(M). Moreover, for μ-a.s. γ ∈ E we have T r_{H0} ∇^2_{0;H0} f(γ) = ∑ 1≤i,j≤m

(min(t_i, t_j) − t_it_j )∇^{(i)}_{Uti} {∇^{(j)}_{Utj} F }(γ_{t1} , · · · , γ_{tm} ). (2.5)

By (2.5) we know that T r_{H0} ∇^2_{0;H0} f ∈ L^∞(μ). By (2.1) we have for μ-a.s. γ ∈ E −⟨Φ(u)h, ∇^{W ∗0}_0 f(γ)⟩ = ∑ 1≤k≤m

⟨Φ_{tk} (u)∇^{(k)}_{Utk} F (γ_{t1} , · · · , γ_{tm} ), h_{tk} ⟩_Rn ,

and hence

∂^2f(h, u)(γ) = ⟨ ∇^2_{0;H0} f(γ), h ⊗ u ⟩ H_0⊗H_0 − ⟨Φ(u)(γ)h, ∇

W^∗_0

0 f(γ)⟩. (2.6) The following is the main result of this paper:

Theorem 2.1. Let us define U : [0, 1] × E → C([0, 1]; R^n) by U(T )_t := β_t − tβ_1 − R_t + R̂(T )_t + ∫_t 0 s(1 − t){Ric_{Us} ∇_{Us} log p_{1−s}(·, y_0) − 1 2 ∇_{Us} κ}ds

(2.7)

for any t, T ∈ [0, 1], where κ_U := ∑ 1≤k≤n

∇_{Uek} Ric_U e_k, (∀U ∈ O(M)),

{e_k : 1 ≤ k ≤ n} is an ONB of R^n, R_t :=

∫_t 0 s(1 − t)Ric_{Us} dβ_s, and R̂(T )_t :=

∫_T 0 (min(t, s) − ts){ 1 2 Ric_{Us} − ∇^2_{Us} log p_{1−s}(·, y_0)}dβ_s, for any t, T ∈ [0, 1]. Then for any f ∈ FC^∞(E) we have:

(i): f ∈ D(L), and Lf = T r_{H0} ∇^2_{0;H0} f − ⟨U(1), ∇^{W ∗}_0 f⟩. (2.8) (ii): There exists a constant ε := ε(f) > 0 such that ∫ E exp{ε|Lf|^2}dμ < ∞. (2.9)

Moreover, max_{t∈[0,1]}|U(1)_t| ∈ ⋂ 1<p<∞

L^p(μ). (2.10)

(iii): If we set: for any 0 ≤ t ≤ 1

b(t) := β_t +

∫_t 0 ∇_{Us} log p_{1−s}(·, y_0)ds, then for any t ∈ [0, 1]

U(1)_t =b(t) − tb(1) + 1 2 ∫_1 0 (min(t, s) − st)Ric_{Us} db(s) − R_t + ∫_t 0 s(1 − t){Ric∇_{Us} log p_{1−s}(·, y_0) − 1 2 κ_{Us} }ds.

(2.11)

Hence, for the compact Lie group M = G with the right Cartan connnection, we know that Ric = 0 and U(1)_t = b(t) − tb(1), (2.12) for any t ∈ [0, 1]. In particular, we can write the L. Gross’s Schrödinger operator on FC^∞(E) as −T r_{H0} ∇^2_{0;H0} + ⟨b(·) − ·b(1), ∇^{W ∗0}_0 ⟩ + α|b(1)|^2, (2.13) for any α > 0.

(iv): Let D be a nonempty connected component of E. By the facts that 1_D ∈ D(∇_0) and ∇_01_D = 0 we know that 1_D ∈ D(L) and L1_D = 0. Hence, f1_D ∈ D(L), L(f1_D) = 1_DLf, f|_D ∈ D(L_D), L_D(f|_D) = (Lf)|_D, and ∫ D exp{ε|L_D(f|_D)|^2}dμ_D < ∞ (2.14) for some ε := ε(f) > 0.

3 The proof of Theorem 2.1

In this section we prove Theorem 2.1.

For convenience, we recall the following estimates which are proved in [Dr94], [Sh91], and [St96] respectively: max { |∇ log p_{1−s}(·, y_0)|^2, ‖Hess logp_{1−s}(·, y_0)‖_{H.S.} } ≤ c( 1 1 − s + d(·, y_0)^2 (1 − s)^2

), s ∈ [0, 1)

(3.1) and E_μ[d(γ_s, y_0)^{2p}] ≤ c(p)(1 − s)^p, s ∈ [0, 1), p ∈ [1, ∞), (3.2) where d(·, ·) is the Riemannian distance on M.

Proof. (of Theorem 2.1) We formulate the proof in two claims.

Claim 1: (2.8)-(2.9) and (iii) hold.

Proof of Claim 1: We prove Claim 1 by six steps. The proof of (2.8) with (2.7) is a slight modification of that of Theorem 3.13 in [ES96].

Step 1. Let {e_k}_{1≤k≤n} be an ONB of R^n. For any m N we set: for any t ∈ [0, 1]

h_m(t) := √ 2sin(mπt) mπ , and for any m, k ∈ N, 1 ≤ k ≤ n, and t ∈ [0, 1]

h_α(t) := h_{(m,k)}(t) := √ 2sin(mπt) mπ e_k, where α := (m, k). Then {h_α : α = (m, k), 1 ≤ m < ∞, 1 ≤ k ≤ n} ⊂ W^∗_0 is an ONB of H_0, and for any t, s ∈ [0, 1] ∑ m h_m(t)h_m(s) = min(t, s) − ts, (3.3)

where the convergence is absolute and uniform on [0, 1]^2.

For any α = (m, k) and f ∈ D(E) we set ∂_αf := ∂_{hα} f and ∂^2_αf := ∂^2f(h_α, h_α). Now, for the fixed F_T -measurable f, g ∈ FC^∞(E) with 0 < T < 1 we have −E(f, g) = − ∑ α ∫ E ∂_αf∂_αgdμ. (3.4)

Since ∂_αf ∈ D(E) = D(∇_0) and g∂^2_αf = ∂_α{g∂_αf} − ∂_αf∂_αg for any α, by (2.2) with (2.3) and the fact f, g ∈ F_T we get: for any α − ∫ E ∂_αf∂_αgdμ = ∫ E gdiv_T (h_α)∂_αfdμ + ∫ E g∂^2_αfdμ. (3.5) Step 2: Using (2.6) and f, g ∈ F_T we get: for any α and μ-a.s. γ ∈ E ∂^2_αf(γ) = ⟨∇^2_{0;H0} f(γ), h_α ⊗ h_α⟩ − ∫ [0,T ]

⟨Φ_t(h_α)h_α(t), ∇^{W ∗0}_0 f(γ)(dt)⟩.

Hence, by the fact that for any α and μ-a.s. γ ∈ E |g(γ)⟨∇^2_{0;H0} f(γ), h_α ⊗ h_α⟩| ≤ C < ∞ we obtain that ∑ α ∫ E g∂^2_αfdμ = ∫ E gT r_{H0} ∇^2_{0;H0} fdμ − ∑ α ∫ E g⟨Φ(h_α)h_α, ∇^{W ∗0}_0 f⟩dμ.

(3.6)

Step 3: Note that for any a ∈ R^n and U ∈ O(M) Ric_U a = ∑ 1≤k≤n

Ω_U (a, e_k)e_k.

Hence, it follows from (3.1) and (3.2) that there exists a E^′ ∈ F_1 with μ(E^′) = 1 such that for any t ∈ [0, 1] and γ ∈ E^′

S(γ)_t : = {

∫_t 0 s(1 − t){ 1 2 κ_{Us} − Ric_{Us} ∇_{Us} log p_{1−s}(·, y_0)}ds}(γ) = ∑ m<∞ {h_m(t)

∫_t 0 h_m(s){ 1 2 κ_{Us} − Ric_{Us} ∇_{Us} log p_{1−s}(·, y_0)}ds}(γ), t ∈ [0, 1] → S(γ)_t is continuous, and max_{t∈[0,1]}|S_t| ∈ ⋂ 1<p<∞

L^p(μ). (3.7)

Since for any N ∈ N and t_1, t_2 ∈ [0, 1] we have ∫ E |Y_N (t_1) − Y_N (t_2)|^{2p}dμ ≤ C_p|t_1 − t_2|^p for any p ≥ 1, where Y_N (t) := ∑ m≤N h_m(t)

∫_t 0 h_m(s)Ric_{Us} dβ_s,

for any N ∈ N and t ∈ [0, 1]. Hence, by (3.3), the Burkholder-Davis-Gundy inequality, and the Kolmogorov’s continuity criterion, we know that there also exists a E^′ ∈ F_1 with μ(E^′) = 1 such that for any t ∈ [0, 1] and γ ∈ E^′ ∑ m∈N h_m(t){

∫_t 0 h_m(s)Ric_{Us} dβ_s}(γ)

= R(γ)_t := {

∫_t 0 s(1 − t)Ric_{Us} dβ_s}(γ), t ∈ [0, 1] → R(γ)_t is continuous, and max_{t∈[0,1]}|R_t| ∈ ⋂ 1≤p<∞

L^p(μ). (3.8)

By the definition of h_α, (3.3), and the above facts, we obtain that for any t ∈ [0, 1] − ∑ α Φ_t(h_α)h_α(t)

= (SR)_t := R_t +

∫_t 0 s(1 − t){ 1 2 κ_{Us} − Ric_{Us} ∇_{Us} log p_{1−s}(·, y_0)}ds,

(3.9) t ∈ [0, 1] → (SR)_t is continuous μ-a.s. on E, and max_{t∈[0,1]}|(SR)_t| ∈ ⋂ 1<p<∞

L^p(μ). (3.10)

Step 4: Recall that for any m ∈ N and t, s ∈ [0, 1] ∫_1 0 h_m(t)(ḣ_m(s))dβ_s = (−1)^mh_m(t)β_1 +

∫_1 0 β_ssin(mπt)sin(mπs)ds.

Hence, we obtain that lim_{N→∞}

∫_1 0 ∑ m≤N h_m(t)(ḣ_m(s))dβ_s = β_t − tβ_1

uniformly with respect to t ∈ [0, 1] in L^p(μ), (∀1 ≤ p < ∞), and ∑ α ∫ E g∂_αf{

∫_T 0 ⟨ḣ_α, dβ_s⟩_Rn }dμ = ∫ E g{ ∫_T 0 ⟨β_t − tβ_1, ∇^{W ∗0}_0 f(dt)⟩_Rn }.

Note that max_{s∈[0,T ],x∈M} |∇^2 log p_{1−s}(x, y_0)| < ∞.

Hence, again by using (3.3), the Burkholder-Davis-Gundy inequality, and the Kolmogorov’s continuity criterion we obtain that there exists a E^′ ∈ F_1 with μ(E^′) = 1 such that for any γ ∈ E^′ and t ∈ [0, 1] ∑ α h_α(t){

∫_T 0 ⟨h_α(s), (Rc)_sdβ_s⟩_Rn }(γ)

= (RL)(T, γ)_t := {

∫_T 0 (min(t, s) − ts)(Rc)_sdβ_s}(γ), t ∈ [0, 1] → (RL)(T, γ)_t is continuous, and max_{t∈[0,1]}|(RL)(T )_t| ∈ ⋂ 1≤p<∞

L^p(μ),

where for any s ∈ [0, T ] (Rc)_s := 1 2 Ric_{Us} − ∇^2_{Us} log p_{1−s}(·, y_0).

It follows from above facts that − ∑ α ∫ E gdiv_T (h_α)∂_αfdμ = ∫ E g{ ∫_T 0 ⟨β_t − tβ_1 + (RL)(T )_t, ∇^{W ∗0}_0 f(dt)⟩_Rn }.

(3.11)

Step 5: According to (3.4)-(3.6), (3.9), (3.11) and the fact that

∇^{W ∗0}_0 (γ) ( [ T + 1 2 , 1] ) = 0, (μ − a.s.γ ∈ E)

we know that for any F_T -measurable functions f, g ∈ FC^∞(E) we have

−E(f, g) = ∫ E g{T r_{H0} ∇^2_{0;H0} f − ⟨U(T ), ∇^{W ∗0}_0 f⟩}dμ. (3.12)

In order to prove (2.8) with (2.7) we need to prove that for the fixed f ∈ FC^∞(E) the following equation

−E(f, g) = ∫ E g{T r_{H0} ∇^2_{0;H0} f − ⟨U(1), ∇^{W ∗0}_0 f⟩}dμ (3.13)

holds for any g ∈ FC^∞(E), and

T r_{H0} ∇^2_{0;H0} f − ⟨U(1), ∇^{W ∗0}_0 f⟩ ∈ L^2(μ). (3.14)

By (2.4) we get that for any 0 < T < 1

⟨U(T ), ∇^{W ∗0}_0 f⟩ = ∑ i ⟨U(T )_{ti} , ∇^{(i)}_{Uti} F ⟩_Rn . (3.15)

Hence, by (2.7) and (3.15) we know that (3.13) holds.

Step 6: Let us define J_s := ∇_{Us} log p_{1−s}(·, y_0). By Ito’s formula one can prove that (or see [GMR99])

dJ_s = ∇^2_{Us} log p_{1−s}(·, y_0)dβ_s + 1 2 Ric_{Us} J_sds.

It follows from (3.1), (3.2), and the above formula that (2.11) holds. According to (2.11) we get (2.12) and (2.13).

By (2.5), (2.11), (3.1), (3.2) and (3.15) we obtain (3.14). Hence, f ∈ D(L) and (2.8) with (2.7) holds. Moreover, by (3.1) and the fact that ∫ E exp{ε|

∫_1 0 d(γ_s, y_0) 1 − s ds|^2}dμ < ∞

for some ε > 0 (see [Dr94]) we know that there exists a constant ε > 0 such that ∫ E exp{ε

(∫_1 0 |J_s|ds

)_2

}dμ < ∞. (3.16)

According to (2.5), (2.8), (2.11), (3.16), and exponential inequality of martingale IV-(3.16) in [RY91] we obtain (2.9).

By Steps 1-6 we get (2.8)-(2.9) and (iii). This completes the proof of Claim 1. Claim 2: (2.10) holds.

Proof of Claim 2: We prove Claim 2 by three steps. Step 1: For any 0 < T_1 < T_2 < 1 and t ∈ [0, 1] we have

R̂(T_2)_t − R̂(T_1)_t =

∫_{T2}

T_1

(min(t, s) − ts){ 1 2 Ric_{Us} − ∇^2_{Us} log p_{1−s}(·, y_0)}dβ_s.

By using the similar trick as in the proof of Proposition 3.6 in [GRW00] we get R̂(T_2)_t − R̂(T_1)_t = I_1(t) + I_2(t). where

I_1(t) :=

∫_{T2}

T_1

(min(t, s) − ts){ 1 2 Ric_{Us} − Hess^2_{Us} log p_{1−s}(·, y_0)}dβ_s,

I_2(t) := 1 2 ∫_{T2}

T_1

(min(t, s) − ts){Ξ_{Us} ⟨∇_{Us} log p_{1−s}(·, y_0), dβ_s⟩ − T̂_{Us} dβ_s},

Ric is the Ricci curvature of the Levi-Civita connection ¯∇ on M, T ⟨·, ·⟩ is the torsion tensor of the TSS connection ∇ on M, ∇ = ¯∇ +^1_2 T ⟨·, ·⟩, Ric = Ric + T̂ , and T̂ is a tensor determined only by T and ¯∇T . Hence, it follows from the Burkholder-Davis- Gundy inequality and (3.1)-(3.2) that for any 1 < p < ∞ there exists a constant C_{p,1} > 0 such that ∫ E |R̂(T_2)_t − R̂(T_1)_t|^{2p}dμ ≤ C_{p,1}|T_2 − T_1|^p (3.17)

for any T_1, T_2 ∈ (0, 1) and t ∈ [0, 1].

Step 2: By the Burkholder-Davis-Gundy inequality and (3.1)-(3.2), we obtain that for any 1 < p < ∞ there exists a constant c_{p,0} > 0 such that for any 0 < T < 1, 0 ≤ t_1 ≤ t_2 ≤ 1 ∫ E |R̂(T )_{t2} − R̂(T )_{t1} |^{2p}dμ ≤ c_{p,0}

[∫_T 0 |G_s(t_1, t_2)|^{2p}ds + {

∫_T 0 | G_s(t_1, t_2) 1 − s

|^{2pp−1} ds}^{p−1} ] , (3.18)

where G_s(t_1, t_2) := {min(t_2, s)−t_2s}−{min(t_1, s)−t_1s}. But for any 0 ≤ s ≤ T < 1 we have

G_s(t_1, t_2) =1_{[0,t1]}(T )

∫_T 0 s(t_1 − t_2)ds

+ 1_{(t1 ,t2]}(T )

(∫_{t1} 0 s(t_1 − t_2)ds +

∫_T

t_1

(s(1 + t_1 − t_2) − t_1)ds )

+ 1_{(t2 ,1)}(T )

(∫_{t1} 0 s(t_1 − t_2)ds +

∫_{t2}

t_1

(s(1 + t_1 − t_2) − t_1)ds )

+ 1_{(t2 ,1)}(T )

∫_T

t_2

(t_2 − t_1)(1 − s)ds.

Hence, there exists c_{p,1} > 0 such that

∫_T 0 |G_s(t_1, t_2)|^{2p}ds ≤ c_{p,1}|t_1 − t_2|^{2p} (∀t_1, t_2 ∈ [0, 1], T ∈ (0, 1)). (3.19)

In the following we prove that for q :=^{2p}_{p−1} there exists c_{p,2} > 0 such that ∫_T 0 | G_s(t_1, t_2) 1 − s

|^qds ≤ c_{p,2}|t_1 − t_2| (∀t_1, t_2 ∈ [0, 1], T ∈ (0, 1)). (3.20)

In fact, for 0 < T ≤ t_1 we have^{t2−t1}_{1−T} ≤ 1 and ∫_{t1} 0 | s(t_1 − t_2) 1 − s

|^qds

≤ |t_2 − t_1|

|t_2 − t_1|^{q−1} (q − 1)(1 − T )^{q−1} ≤ |t_1 − t_1| q − 1 . Similarly,

∫_{t1} 0 |^{s(t1−t2)}_{1−s} |^qds ≤^{|t2−t1|}_{q−1} for t_1 < T ≤ t_2, and ∫_{t1} 0 | s(t_1 − t_2) 1 − s

|^qds ≤

|t_2 − t_1| q − 1

for t_2 < T < 1. Note that for t_1 ≤ s ≤^{t1}_{1+t1−t2} ≤ t_2 we have t_1(t_1 − t_2) ≤ s(1 + t_1 − t_2) − t_1 ≤ 0, and ∫ t1_{1+t1−t2}

t_1 | s(1 + t_1 − t_2) − t_1 1 − s

|^qds

≤ |t_2 − t_1|

|t_2 − t_1|^{q−1} (q − 1)(1 − t_2)^{q−1} ≤ |t_2 − t_1| q − 1 . Moreover, for^{t1}_{1+t1−t2} ≤ s ≤ T ≤ t_2 we have 0 ≤ s(1 + t_1 − t_2) − t_1 ≤ (t_2 − t_1)(1 − t_2), and ∫_T t1 1+t1−t2 | s(1 + t_1 − t_2) − t_1 1 − s

|^qds

≤ |t_2 − t_1|

|t_2 − t_1|^{q−1} (q − 1)(1 − T )^{q−1} ≤ |t_2 − t_1| q − 1 . Hence, we get: for t_1 < T ≤ t_2 ∫_T

t_1 | s(1 + t_1 − t_2) − t_1 1 − s

|^qds ≤ c_{p,3}|t_2 − t_1|.

Similarly, for any t_2 < T < 1,

∫_{t2}

t_1 | s(1+t_1−t_2)−t_1

1−s |^qds ≤ c_{p,4}|t_2 − t_1|. By the above inequalities we get (3.20), and by (3.18), (3.19), and (3.20) we know that for any

1 < p < ∞ there exists a constant c_p > 0 such that for any 0 < T < 1, 0 ≤ t_1 ≤ t_2 ≤ 1 ∫ E |R̂(T )_{t2} − R̂(T )_{t1} |^{2p}dμ ≤ c_p|t_2 − t_1|^{p−1}. (3.21)

Step 3: Using (3.17) and (3.21) we get: for any 1 < p < ∞ there exists a constant C_{p,2} > 0 such that for any 0 < T_1, T_2 < 1, 0 ≤ t_1, t_2 ≤ 1 ∫ E |R̂(T_2)_{t2} − R̂(T_1)_{t1} |^{2p}dμ ≤ C_{p,2}{|t_2 − t_1|^{p−1} + |T_2 − T_1|^p}. (3.22)

By (3.22) and the Kolmogorov’s continuity criterion we obtain that there exists a mapping ((T, t), γ) ∈ [0, 1]^2 × E → R̂(T, γ)_t ∈ R^n such that R̂(T, γ)_t is continuous with respect to T, t ∈ [0, 1] for μ-a.s. γ ∈ E, and it is an extension of {R̂(T )}_{0≤T <1}. Moreover, for any 2 < p < ∞ ∫ E sup_{T ∈[0,1]}‖R̂(T )‖^p_{C([0,1];Rn)}dμ < ∞. (3.23)

Using (3.7), (3.8), and (3.10) we get: for any 2 < p < ∞ ∫ E max_{t∈[0,1]}|U(1)_t − R̂(1)_t|^pdμ < ∞. (3.24) . Claim 2 follows from (3.23) and (3.24).

Claims 1, 2 imply (i) − (iii), and (iv) follows from (ii).

Acknowlegement We thank Prof. Dr. M. Röckner and Prof. Wu Liming for useful discussions. We would like to thank the financial suppport by Max-Planck Society, SFB343, BiBoS, NNSFC(19631030), Science and Technology Ministry 973 project.

Reference [Dr94] B.K.Driver, A Cameron-Martin type quasi-invariance theorem for pinned Brownian motion on a compact Riemannian manifold, Trans. Amer. Math. Soc. 342(1994), 375-395.

[ES96] O.Enchev and D.W.Stroock, Pinned Brownian morion and its perturbations, Advances in Math. 119(1996), 127-154.

[GMR99] F.Z.Gong, Z.M.Ma, and M.Röckner, Integration by parts for adapted vector fields on loop spaces and its application (1999)(in preparation).

[GRW00] F.Z.Gong, M.Röckner, and L.M.Wu: Poincaré inequality for weighted first order Sobolev spaces on loop spaces, Preprint (2000).

[RY91] D.Revuz and M.Yor, Continuous martingales and Brownian motion, Springer-Verlag, Berlin/New York, 1991.

[Sh91] S.Y.Sheu, Some estimates of the transition density function of a nondegenerate diffusion Markov process. Ann. Prob. 19(1991), 538-561.

[St96] D.W.Stroock, An estimate on the Hessian of the heat kernel, in ’Ito stochasic calculus and probability theory’, (N. Ikeda, S. Watanabe, M. Fukushima, and H. Kunita eds.), p.355-372, Springer-Verlag, Berlin/New York, 1996.

Fuzhou Gong: Institute of Applied Mathematics,Academy of Mathematics and System Science, Chinese Academy of Science, Beijing 100080, China.

E-mail:fgong@mathematik.uni-bielefeld.de or fzgong@amath4.amt.ac.cn