BOUNDS FOR CHARACTERISTIC FUNCTIONS OF POLYNOMIALS IN ASYMPTOTICALLY NORMAL VARIABLES

F. Götze^1, Yu. V. Prohorov^1, V. V. Ulyanov^2

Fakultät für Mathematik, Universität Bielefeld Steklov Mathematical Institute, Moscow Moscow State University

Abstract. Let f be a polynomial in k variables and Sn be a normed sum of independent identically distributed random vectors X1, X2, . . . , Xn taking values in Rk. Upper bounds for |E exp{it f(Sn)}| are derived provided that either the distribution of X1 has a nondegenerate discrete component or the distribution of Sn_0 has an absolutely continuous component for some n0. The dependence on t and n is given in an explicit form. The proofs are based on some number-theoretic results.

1. Introduction and notation

Let X = (X^{(1)}, . . . , X^{(k)}) denote a random vector taking values in a k-dimensional Euclidian space R^k. Consider a sequence X_1, X_2, . . . of independent copies of X. Let

S_n = n^{−1/2}(X_1 + · · · + X_n)

and S_n = (S^{(1)}_n , · · · , S^{(k)}_n ).

In this paper we study the characteristic function g_n(t, a) = E exp{it f(S_n + a)}, a ∈ R^k, for large values of n and t, where f(x) = m∑ m1=0 · · · m∑ mk=0 α(m_1, . . . , m_k) ( x^{(1)} )_{m1} · · · ( x^{(k)} )_{mk} , m ≥ 2.

Estimates of g_n(t, a) can be based on the so-called symmetrization inequality (see Götze (1979) and Götze (1989), especially Corollary 3.26 and the remark after it referring to Weyl (1916); see also Yurinskii (1981)).

1Supported by SFB 343 at Bielefeld

2Supported by SFB 343 at Bielefeld and the Alexander von Humboldt Foundation

Typeset by TVP Science Publishers

In the case k = 1, for example, this approach leads to the following inequality (cf. Lemmas 3.1, 4.1, 4.2 in Yurinskii (1983)). Let

f(x) = αx^m + α_{m−1}x^{m−1} + · · · + α_0.

For any nondegenerate random variable X, positive numbers A, ε and any integer m ≥ 2 there exist positive constants c_1 and c_2 depending on A, ε, m and the distribution of X such that for all a ∈ R^1 | |g_n(t, a) | | ≤ c_1(n^{−A} + |αt|^{−1/(m2m)}) (1) provided that c_2|αt| ≤ n^{(m−1)/2−ε}. (2) Remark. If X has a discrete distribution it is well known that g_n(t, a) is an almost periodic function (see e.g. Besicovitch (1932), p.6, and Cramer (1970), p.26) and hence lim_{t→∞} | |g_n(t, a) | | = 1. Thus, |t| has to be restricted to a finite interval depending on n and f. The aim of this paper is to show that in (1) the exponent 1/(m2^m) of |t|^{−1} can be replaced by a larger value in the following two cases:

a) the distribution of X has a nondegenerate discrete component (see Theorems 1 and 2 below), b) for some n_0 the distribution of S_{n0} has an absolutely continuous component (see Theorems 3 and 4).

Moreover, we get also bounds for |E exp{it f(Y + a)}|, where Y has a Gaussian distribution in R^k (see Theorems 5, 6 and 7).

Our proofs are based on inequalities for trigonometric sums and integrals. In the case a) we use Vinogradov’s type estimates for trigonometric sums (see Prachar (1978) and Lemma 6 below). In the case b) we apply the Vinogradov inequality for trigonometric integrals (see Lemma 4, ch.2, section II in Vinogradov (1985)) and its generalizations to the multidimensional case (see Lemma 4 below). Our refinements of (1) are similar in form to the improvements given by the Vinogradov method for trigonometric sums as compared to Weyl’s results (see the Introduction of Section II in Vinogradov (1985)).

2. Main results

Let P, P_1, P_2 denote three probability measures in R^k and let γ be a positive number, 0 < γ ≤ 1. The measure P_1 is called a component of P of weight γ if

P = γP_1 + (1 − γ) P_2.

In Theorems 1 and 2 we consider the one-dimensional case and polynomials

f(x) = αx^m + α_{m−1}x^{m−1} + · · · + α_0, m ≥ 2.

Theorem 1. Let X_1, X_2, . . . be i.i.d. random variables with a distribution which admits a component P_1 such that for two points a_1 < a_2 we have

P_1{a_1} = P_1{a_2} =^1_2 .

Let δ with 0 < δ ≤ 1, denote the weight of P_1 and define

β_m = 1 12(m − 1)^2 ln(m − 1) . Then for any n: n > 4/δ, and m > ^c we have

sup_{a∈} R^1 | | |E exp { it f(S_n + a) }| | ≤ 2 exp(−nδ^2/8) + 15 ~c(m) (nδ)^{−βm} (ln n)^{3/2}

+ 17 (a_2 − a_1)^{−m/(m−1)}δ^{−1/2} ( √ n |αt| )_{1/(m−1)} (3) provided that 0 < |αt| ≤ [ π 3m √ δ(a_2 − a_1)^m

(ln n)^{−1/2} ] n^{(m−1)/2} , (4)

where the constants ^c and ~c(m) are the same as in Lemma 6 below.

Remark. Let us denote by L the square bracket on the right-hand side of (4). We have ( √ n |αt| )_{1/(m−1)} ≥ |αt|^{−m/(m−1)2} L^{−1/(m−1)2} . Thus, the last summand on the right-hand side of (3) is of order O ( |t|^{−m/(m−1)2} ) for large |t|.

Theorem 2. Let X_1, X_2, . . . be i.i.d. random variables with a distribution F admitting a nondegenerate discrete component. Then for any ε > 0 and integer m ≥ 2 there exist absolute constants c_4, c_5 and constants c_2, c_3 depending on F, ε and m such that for all n ≥ 1 and any t in the range (2)

sup_{a∈} R^1 | | |E exp { it f(S_n + a) }| | ≤ c3 ( n^{−c4/(m2 ln m)} + ( √ n |αt| )_{c5/m}) . (5)

We shall now discuss the case of continuous components. Assume that a random vector Y in R^k has a distribution P_Y which admits an absolutely continuous component of weight λ. Then P_Y has an absolutely continuous component of weight γ for any γ with 0 < γ < λ and such that the Lebesgue density of the component is bounded. Let γ = λ/2. This implies (see Rudin (1962), p. 4 or Gelfand et al (1946), § 16) that P_Y ∗ P_Y has a component of weight (λ/2)^2 with uniformly continuous density function on R^k, say r(x). If r(a_0) = r_0 > 0 for some a_0 then there exists η such that for all x with |x − a_0| ≤ η we have r(x) ≥ r_0/2. Thus, P_Y ∗ P_Y admits a component which is uniformly distributed on a ball.

Theorem 3. Let

f_0(x) = ( x^{(1)} )_m + · · · + ( x^{(k)} )_m , m ≥ 2. and let X_1, X_2, . . . denote a sequence of i.i.d. random vectors in R^k. Assume that for some n_0 the distribution of X_1 + · · · + X_{n0} has an absolutely continuous component. Let η denote a real number such that the distribution of X_1 + · · · + X_{2n0} has a component of weight δ uniformly distributed on the ball {x: |x − a_0| ≤ η}. Then for all n ≥ 6n_0/δ we have

sup_{a∈} R^k | | |E exp { it f_0(S_n + a) }| | ≤ 2 exp ( −nδ^2 24n_0 ) + c^{∗∗}(k) η^{−k}(n_0δ^{−1})^{k/2}|t|^{−k/m}, where

c^{∗∗}(k) = (486/π)^{k/2} (( k 2 + 1 )_{k/2} + 2^{k+1}Γ^2 ( k 2 + 1 )) . and Γ(·) is the Gamma-function.

For components with differentiable densities we obtain the following result which is close to Theorem 3.

Theorem 4. Let X_1, X_2, . . . be a sequence of i.i.d. random vectors in R^k with Lebesgue density p such that

p = αp_0 + (1 − α) p_1, 0 < α ≤ 1,

where p_0 is continuously differentiable. Let

V_0 = ∫ R^k | |grad p_0(x) | | dx. Then for n ≥ 2(k + 1)/α, m ≥ 2 and t ≠ 0 we have

sup_{a∈} R^k | | |E exp { it f_0(S_n + a) }| | ≤ c(k) V^k_0 ( 2 α )_{k/2} |t|^{−k/m} + 2 exp ( − α^2n 8 ) , (6)

where c(k) = 1.1 · (17.5)^k. If α = 1 then the second summand on the right-hand side of (6) can be omitted.

Consider now the general polynomial f(x) = m∑ m1=0 · · · m∑ mk=0 α(m_1, . . . , m_k) x^{m1}_1 · · · x^{mk}_k (7)

with α(0, . . . , 0) = 0. Let M stand for the degree of f(x), i.e.

M = max{m_1 + · · · + m_k : α(m_1, . . . , m_k) ≠ 0}.

Obviously, km ≥ M. Define

α_{∗∗}(f) = max | |α(m_1, . . . , m_k) | | > 0, where maximum is taken over all m_1, · · · , m_k such that

0 ≤ m_1, · · · , m_k ≤ m ; m_1 + · · · + m_k = M.

Theorem 5. Let Z be a random vector in R^k with independent standard normal coordinates Z^{(i)}, i = 1, 2, . . . . For f(x) defined by (7) with M ≥ 2 we have

sup_{a∈} R^k | |E exp { it f(Z + a) }| | ≤ c6 |α∗∗t|^{−1/m} ln^{c7}(2 + |α∗∗t|), where c_6 = k (2/π)^{1/2} + 2^{(13k−3M/m)/2}(2π)^{1/m−k/2}(1.25M + 1)^{k−1}

and c_7 = (3k − M/m)/2 − 1 ≥ 0.

Let now f_1(x) = x^{(1)} · · · x^{(k)}, k ≥ 2.

Let Z as above be a random vector in R^k with independent standard normal coordinates. We denote w_k(t) = Ee^{itf1(Z)}. It is easy to see that w_k(t) is a mixture with respect to σ > 0 of the characteristic functions of normal distributions, i.e. exp{−t^2/(2σ^2)}. Therefore, w_k(t) is a real nonnegative even function tending monotonically to zero as |t| → ∞.

Theorem 6. For any k ≥ 2 and all |t| ≥ 1 we have l_k|t|^{−1} ln^{k−2}(|t|) ≤ w_k(t) ≤ L_k|t|^{−1} ln^{k−2}(2 + |t|), where

l_k = 2^{−1/2} ( 2 (k − 2)^2πe )_{(k−2)/2}

and L_{2m} = 3^{m−1}, L_{2m+1} = 2.6 · 3^{m−1}, m ≥ 1.

Remark 1. Applying Theorem 5 we can get only w_k(t) ≤ c(k) |t|^{−1} ln^{k−1}(2 + |t|). Remark 2. The asymptotic formula w_k(t) = L^∗_k|t|^{−1} ln^{k−2} |t| · (1 + o(1)) as |t| → ∞, where L^∗_k is a positive constant, holds for k = 2, 3, 4 (see Lemma 9 and Corollary of Lemma 11 below). It is probably true for k > 4 also.

We consider here the case when a polynomial in R^k has the form

f_2(x) = ( x^{(1)} )_{m1} · · · ( x^{(k)} )_{mk} (8) with m_j ≥ 1, j = 1, 2, . . . , k. Let Z be again a random vector in R^k with independent standard normal coordi- nates Z^{(j)}, j = 1, 2, . . . , k. Theorem 7. Assume that among m_1, m_2, . . . , m_k in (8) there exists the unique largest number, say m = m_1, and among all others m_j , j = 2, 3, . . . , k there exists at least one odd number, say m_2. For 0 < θ < 1 we denote

z_θ = E | |Z^{(1)} | |^{−θ}. We have |t|^{1/m} | |E exp{itf_2(Z)} | | ↑ c_8, as |t| ↑ ∞, where c_8 = m^{−1}z^{−1}_{1/m}z_{(m−1)/m}z_{m2/m} · · · z_{mk /m}.

3. Lemmas

a) Binomial distribution.

Lemma 1. For any p: 0 ≤ p ≤ 1, and ε > 0 ∑ |m−np|≥nε ( n m ) p^m(1 − p)^{n−m} ≤ 2 e^{−nε2/2}.

For a proof see Uspensky (1937), p. 102.

Lemma 2. For any integer n ≥ 1 max 0≤m≤n ( n m ) 2^{−n} ≤ √ 2 πn .

Proof is trivial application of Stirling’s formula.

b) Uniform distribution on the unit ball in R^k.

Let U denote a random vector on R^k which has an uniform distribution on the unit ball |x|^2 := ( x^{(1)}

)_2 + · · · + ( x^{(k)} )_2 ≤ 1. Its Lebesgue density, say q(x), is given by q(x) = Γ(k/2 + 1)π^{−k/2}, if |x| ≤ 1, and q(x) = 0 otherwise.

The characteristic function of U is given by E e^{i(v,U)} = Γ(k/2 + 1) · 2^{k/2} |v|^{k/2} · J_{k/2} ( |v| ) , where J_ν(z) denotes the Bessel function of the order ν. Let 0 < j_{ν,1} < j_{ν,2} < · · · be the positive solutions of the equation J_ν (z) = 0. We only need ν = k/2, k = 1, 2, 3, . . . It is known (see e.g. Watson (1966), § 15.3) that

j_{k/2,1} > √ k 2 ( k 2 + 2 ) > k 2 .

Lemma 3. For k = 1, 2, 3, . . . | |E e^{i(v,U)} | | ≤ exp { − |v|^2 2(k + 2) } , if |v| ≤ j_{k/2,1}, (9) and for |v| > j_{k/2,1} | |E e^{i(v,U)} | | ≤ 0.75. (10)

Moreover, ∫

R^k | |E e^{i(v,U)} | |^2dv ≤ 2^kπ^{k/2}Γ ( k 2 + 1 ) . (11)

Proof. We have (see Watson (1966), § 15.41 and § 15.51) for all complex z

J_ν(z) = (z/2)^ν Γ(ν + 1) ∞∏ l=1 ( 1 − z^2 j^2_{ν,l} ) .

Therefore, for any v ∈ R^k E e^{i(v,U)} = ∞∏ l=1 ( 1 − |v|^2 · j^{−2}_{k/2,l} ) (12)

and_∞ ∑ l=1 j^{−2}_{k/2,l} = 1 2(k + 2) . This and the inequality 1 − z ≤ e^{−z} together imply (9). For |v| ≥ k/2 ≥ 1/2 | |E e^{i(v,U)} | | ≤ Γ(k/2 + 1) 2^{k/2} |v|^{k/2} √ 2 π|v| ( 1 − k^2 4|v|^2 )_{−1/4} := G_k ( |v| ) (13)

(see ibid. § 13.74). For |v| ≥ j_{k/2,1} the right-hand side of (13) does not exceed G_k( √ (k/2) (k/2 + 2)). Applying Stirling’s formula to Γ(k/2 + 1) = (k/2) Γ(k/2) we get

G_k (√( k 2 ) ( k 2 + 2 )) ≤ 2 e^{−1+3/(k+4)+1/(6k)} · ( 2 e )_{k/2} · ( k 4 + 1 )_{1/4} . (14)

If k ≥ 1 increases, the right-hand side of (14) decreases and for k = 4 it is equal to

e^{10/24} · (2/e)^3 · 2^{1/4} < 0.75.

For k = 2 or 3 we have j_{1,1} = 3.83171 . . . and j_{3/2,1} = 4.493409 . . . (see Abramowitz and Stegun (1964)).

Hence G_2(j_{1,1}) = 0.21654 . . . and G_3(j_{3/2,1}) = 0.15307 . . . . Moreover, for k = 1 we have j_{1/2,1} = π and for |v| ≥ π | |E e^{i(v,U)} | | = | | | sin v v | | | ≤ 1 π = 0.31830 . . . .

Thus, (10) is proved.

Consider now the integral in (11). We have 1 (2π)^k ∫ R^k | |E e^{i(v,U)} | |^2dv = q ∗ q(0) ≤ sup x q(x) = Γ ( k 2 + 1 ) π^{−k/2}, what is equivalent to (11). This concludes the proof of Lemma 3. Corollary of Lemma 3. For all integers n ≥ 2 and r such that 2 ≤ r ≤ n we have ∫ R^k | E e^{i(v,U/√n)} |_r dv ≤ c^∗(k) ( n r )_{k/2} , (15)

where c^∗(k) = 2^kπ^{k/2} (( k 2 + 1 )_{k/2} + 2^{k+1}Γ^2 ( k 2 + 1 )) .

Proof. The integral on the left-hand side of (15) equals n^{k/2} ∫ R^k | E e^{i(v,U)} |_r dv = n^{k/2} ( ∫ |v|<jk/2,1 + ∫ |v|≥jk/2,1 ) | |E e^{i(v,U)}|^rdv

≤ ( n r )_{k/2} (2π)^{k/2}(k + 2)^{k/2} + n^{k/2}(0.75)^{r−2} · 2^kπ^{k/2}Γ ( k 2 + 1 ) . (16)

Note, that max_{r>0} r^{k/2}(0.75)^r < 2^kΓ ( k 2 + 1 ) . (17)

Then (16) and (17) imply (15).

c) Inequalities for probabilities of large deviations.

We need simple upper bounds for P (|S^′_n| > x) and P (|Y | > x), where S^′_n = n^{−1/2}(U_1 +· · ·+U_n) and U_1, . . . , U_n is a sequence of i.i.d. random vectors having the uniform distribution on the unit ball, i. e. U_n^d= U, and Y has a Gaussian distribution with zero mean and a nondegenerate covariance matrix Λ = (λ_{j,l}), 1 ≤ j, l ≤ k. Here and everywhere below X^d= Z means that random variables X and Z have the same distribution.

Note that similarly to (12) we get

E exp(v, U) = ∞∏ l=1 ( 1 + |v|^2 · j^{−2}_{k/2,l} ) ≤ exp ( |v|^2 2 (k + 2) ) .

Now we have (see Prohorov (1968)) P ( |S^′_n| > x ) ≤ e^{−x2/2}E exp ( |S^′_n|^2/2 ) = e^{−x2/2}E ( 1 (2π)^{k/2} ∫ R^k e^{(S0n,u)} · e^{−|u|2/2}du )

≤ e^{−x2/2} 1 (2π)^{k/2} ∫ R^k e^{|u|2/(2(k+2))−|u|2/2} du = e^{−x2/2} ( 1 − 1 k + 2 )_{−k/2} . The second factor is an increasing function of k. Hence we have for all x ≥ 0 P ( |S^′_n| > x ) < e^{1/2−x2/2}. This rough estimate will suffice for our purposes. For P (|Y | > x) we have P ( |Y | > rσ ) ≤ 2 exp ( − r^2/2 ) , where σ^2 = tr Λ = E |Y |^2. The estimate can be derived from the inequalities in Yurinskii (1970).

d) Trigonometric integrals and sums.

We use the notation introduced before Theorem 5, in particular we consider f(x) of the general form (7).

Note that for any a ∈ R^k and f_a(x) := f(x + a) we have α_{∗∗}(f_a) = α_{∗∗}(f). Additionally we define

α_∗(f) = max 0≤m1,...,mk≤m | |α(m_1, . . . , m_k) | |.

Introduce for m > 0, k ≥ 1 and α > 0

λ(α) = min ( 1, 32^kα^{−1/m} ln^{k−1}(α + 2) ) . It is easy to see that λ(α) is a non-increasing function.

Lemma 4 (see Arkhipov et al. (1987) Theorem 5, § 3, ch. 1). Let

I_k(f) =

∫_1 0 · · · ∫_1 0 exp { 2πi f(x) } dx. Then | |I_k(f)| ≤ λ(α_∗).

Corollary 1 of Lemma 4. For any real h > 0 and a ∈ R^k with k ≥ 2 | | | | ∫_h −h · · · ∫_h −h exp { it f(x + a) } dx | | | | ≤ (2h)^kλ ( (2π)^{−1}|t|(2h)^M α_{∗∗}(f) ) ,

Remark 1. If k > 1 and the polynomial f(x) can be represented as a sum of

polynomials depending on different blocks of variables, e.g.

~f (x) = x^{(1)}(x^{(2)})^6 + (x^{(3)})^3(x^{(4)})^2,

then in fact we can get larger exponent by |t|^{−1} than one derived from Corollary 1

not taking into account the factor of the form ln^{k−1}(|t| + 2). For example for ~f(x)

mentioned above we can obtain |t|^{−1/2} instead of |t|^{−1/6}. See also Lemma 7 below.

Remark 2. The onedimensional case was studied by Vinogradov (1985).

Corollary 2 of Lemma 4. For k = 1, m ≥ 2, h > 0 and any a ∈ R^1 | | | | ∫_h −h exp { it ^f (x + a) } dx | | | | ≤ 32 · (2π)^{1/m} |αt|^{1/m} < 81 |αt|^{1/m} , (18)

where ^f(x) = α x^m + α_{m−1}x^{m−1} + · · · + α_1x.

Remark. In some special cases the absolute constant in the right-hand side of (18)

can be replaced by a smaller one.

Lemma 5 (cf.(18)). Let m ≥ 2 and

f(x) = αx^m + α_1x + α_0.

Then for all real a, b and t ≠ 0 | | | | ∫_b a e^{itf(x)}dx | | | | ≤ 6 · ( 8 3 )_{1/3} |αt|^{−1/m} < 8.3204 · |αt|^{−1/m}.

Proof. By the van der Corput Lemma we have in the case m = 2 | | | ∫_b a e^{itf(x)}dx | | | ≤ 8 √ |t| min |f^{′′}(x)| = 8 √ 2|αt|^{1/2} , where minimum is taken over all x : a ≤ x ≤ b.

Consider now the case m ≥ 3. Let h > 0 and put N = m/2, γ = 8 ( m (m − 1) |αt| )_{−1/2} , λ(h) = h + γh^{−(N−1)}. It is easy to check that λ(h) has the unique minimum at some point h_m and λ(h_m) = d_m|αt|^{−1/m}, where

d_m = m m − 2 ( 16(m − 2)^2 m (m − 1) )_{1/m} . For m ≥ 3 we have

d_m ≤ d_3 = 3 ( 8 3 )_{1/3} . Write for θ > 0 I(θ) = ∫_θ 0 exp { it f(x) } dx. We have |I(θ)| ≤ h_m if θ: 0 < θ ≤ h_m. By the van der Corput Lemma for θ > h_m | |I(θ) | | ≤ h_m + 8 √ |t| |f^{′′}(h_m)| = λ(h_m) ≤ d_3|αt|^{−1/m}.

This inequality holds also for θ < 0. Since | | | | ∫_b a e^{itf(x)}dx | | | | ≤ | |I(b) | | + | |I(a) | |,

Lemma 5 is proved.

For trigonometric sums we shall use the following

Lemma 6 (see Prachar (1978), Satz 4.2, § 4, Kap. VIII). Let P ≥ 1 and Q be

integers, S = ∑ Q<x≤Q+P exp { 2πi (αx^m + α_{m−1}x^{m−1} + · · · + α_0) } , where α, α_{m−1}, . . . , α_0 are real numbers.

Assume that 0 < 2m P |α| ≤ 1.

Then there exists a constant ^c ≥ 3 not depending on m, P, Q α, α_{m−1}, . . . , α_0 such that for m ≥ ^c we have (below m_1 = m − 1) |S| ≤ ~c(m) P^{1−1/(6m21 ln m1)} ln P + 2 |α|^{−1/m1} , where ~c(m) = 2 e^{15m1 ln2 m1} .

Remark. In fact, the statement of Lemma 6 one can find also in the first edition of the Prachar book (1978) published in 1957.

In both editions it is one of the three theorems included in the section Die Methode von Vinogradoff.

e) Functions of random vectors having absolute integrable characteristic functions. Let Y = (Y^{(1)}, . . . , Y^{(k)}) be a random vector taking values in R^k. We denote by g_Y (v), v = (v^{(1)}, . . . , v^{(k)}), the characteristic function of Y . Let p_Y (x), x = (x^{(1)}, . . . , x^{(k)}) denote the Lebesgue density of Y (if it exists) and let Λ_Y denote the covariance matrix of Y (if E|Y |^2 < ∞) Assume now that

J_Y = ∫ R^k | |g_Y (v) | | dv < ∞. (19)

We recall some simple inequalities for J_Y . First, if g_Y (v) ≥ 0 then J_Y = (2π)^k p_Y (0). For example, for a Gaussian random vector Y we have

J_Y = (2π)^{k/2}(det Λ)^{−1/2}.

Furthermore, for all Y such that E|Y |^2 < ∞ we get (see Cramer (1946), § 11.12)

J_Y ≥ ∫ QY ≤2 ( 1 − 1 2 Q_Y (v) ) dv = ( Γ ( k 2 + 1 ))_{−1} 2^{k/2}π^{k/2} ( det Λ )_{−1/2} , where Q_Y (v) = E(v, Y − E Y )^2.

For the functions of random vectors we consider at first two special cases.

Case 1.

For an integer m ≥ 2 set

f_0(x) = ( x^{(1)} )_m + · · · + ( x^{(k)} )_m . Lemma 7. Under the condition (19) we have for any a ∈ R^k and all real numbers t ≠ 0, | |E e^{itf}0^{(Y +a)} | | ≤ 9^k(2π)^{−k} ( ∫ R^k | |g_Y (v) | | dv ) |t|^{−k/m}. (20)

Proof (cf. Sadikova (1966)). Since |g_Y (v)| = |g_{Y +a}(v)|, we can assume that a = 0. Write K(u) = { x: max 1≤j≤k | |x^{(j)} | | ≤ u } . Then ∫ K(u) e^{itf0(x)}p_Y (x) dx = ∫ K(u) e^{itf0(x)} { 1 (2π)^k ∫ R^k e^{−i(v,x)}g_Y (v) dv } dx

= 1 (2π)^k ∫ R^k g_Y (v) {_k ∏ j=1 ∫_u −u exp ( − iv^{(j)}x^{(j)} + it ( x^{(j)} )_m) dx^{(j)} } dv. (21)

Applying Lemma 5 we find an upper bound for the modulo of the integral on the left-hand side of (21) which does not depend on u. We obtain (20) as u tends to infinity.

Example. If Y has a nondegenerate normal distribution then for any a ∈ R^k | | |E exp { it f_0(Y + a) }| | ≤ c(k, Λ) |t|^{−k/m}, (22) where c(k, Λ) = (2π)^{−k/2}9^k(det Λ_Y )^{−1/2}.

Note that (22) has been obtained in Bentkus et al.(1993), Corollary 8.1, by another method and without specifying the constant factor c(k, Λ). In particular, for k = 2 we have | | |E exp { it ( Y^{(1)} + a^{(1)} )_m + ( Y^{(2)} + a^{(2)} )_m}| | ≤ 81 2π σ^{−1}_1 σ^{−1}_2 (1 − ρ^2)^{−1/2}|t|^{−2/m},

where σ_1 and σ_2 are the standard deviations of Y^{(1)} and Y^{(2)}, respectively, and ρ is their correlation coefficient. We denote for m ≥ 2

b_m = { √ 2/π Γ(1 + 1/m) if m is even, √ 2/π Γ(1 + 1/m) cos(π/(2m)) if m is odd.

Clearly, b_m < √ 2/π and b_m ↑ √ 2/π as m → ∞. The inequalities for characteristic functions of powers of normal random variables (see Bagirov (1990)) imply for independent Y^{(1)}, . . . , Y^{(k)} with zero means (cf.(22)) sup_t |t|^{k/m} | |E exp {it f_0(Y )} | | = b_{km}σ_{−11} · · · σ_{−1k} ,

where σ^2_j = Var Y^{(j)}, j = 1, k.

Case 2.

If k = 1, m ≥ 2 and

f(x) = αx^m + α_{m−1}x^{m−1} + · · · + α_0

then using the same arguments as above for ∫_h −h exp { it f(x + a) } p_Y (x) dx = ∫_h −h exp { it f(x + a) } ( 1 2π ∫_∞ −∞ e^{−ivx}g(v) dv ) dx and (18) we obtain | |E e^{itf(Y +a)} | | ≤ 32(2π)^{−1+1/m} |αt|^{1/m} ∫_∞ −∞ | |g(v) | | dv.

In the general case for the polynomials of the type (7) one can estimate the characteristic function using the inequality | |E e^{itf(Y +a)} | | ≤ P ( max_{1≤j≤k} | |Y^{(j)} | | ≥ h) + (2h)^kλ ( (2π)^{−1}|t|(2h)^M α_{∗∗} ) (2π)^{−k} ∫ R^k | |g(v) | | dv (23)

and taking h as a positive function of t tending to infinity as |t| → ∞. If the first summand on the right hand side of (23) decreases exponentially as h increases, we get an estimate of the characteristic function of the order |t|^{−1/m} log^a |t| with some a ≥ 0 as |t| → ∞. The proof of Theorem 5 follows exactly along this line.

f) Special polynomials in independent normal variables

Lemma 8. Let a random variable X equals a product of three independent random variables X = Z^m_1 · Z_2 · S,

where m ≥ 1 is an integer, Z_1, Z_2 have standard normal distribution and S > 0 is such that ES^{−1/m} < ∞. (24) Then |t|^{1/m} | |Ee^{itX} | | ↑ d as |t| ↑ ∞, where d = E | |Z_1 | |^{−(m−1)/m}ES^{−1/m}.

Proof Obviously it is sufficient to prove the Lemma only for t > 0. We have

Z^m_1 Z_2S^d= | |Z_1 | |^mZ_2S and t^{1/m} | |Ee^{itX} | | = ∫_∞ 0 d P r(S < s) × ( t^{1/m} ∫_∞ 0 exp ( − t^2v^2s^2/2 − v^{2/m}/2 ) (2/π)^{1/2}m^{−1}v^{(1−m)/m} dv )

= ∫_∞ 0 s^{−1/m}d P r(S < s) × ( ∫_∞ 0 exp ( − τ^2/2 − τ^{2/m}/[2(st)^{2/m}] ) m^{−1}(2/π)^{1/2}τ^{(1−m)/m} dτ ) , For any fixed s > 0 the inner integral in the last equality increases and tends to m^{−1}E|Z_1|^{−(m−1)/m} = m^{−1}z_{(m−1)/m} as t ↑ ∞. This together with (24) imply Lemma 8.

In Lemmas 9–11 below we use the notation introduced before Theorem 6. In the proofs of the Lemmas the Bessel functions J_0, I_0, K_0, Y_0, appear. All necessary formulas for these functions and numerical data are taken from Abramowitz and Stegun (1964) and Prudnikov et al.(1988).

Lemma 9. The characteristic function of Z^{(1)}Z^{(2)} equals

w_2(t) = (1 + t^2)^{−1/2} (25)

and the Lebesgue density p(v) of Z^{(1)}Z^{(2)} for any v ≠ 0 is defined by

p(v) = π^{−1}K_0(|v|). (26)

Proof. Since Z^{(1)}Z^{(2) d}= 1 2 ( ( Z^{(1)}

)_2 − ( Z^{(2)}

)_2 ) , (25) follows from the fact that

E exp ( it(Z^{(1)})^2 ) = (1 − 2it)^{−1/2}.

We get (26) from the inversion formula (see 9.6.25 in Abramowitz and Stegun (1964)).

Lemma 10. For K_0(v) the following inequalities hold: a) for 0 < v ≤ 1 K_0(v) < 1.267 ln(2/v), (27)

b) for v ≥ 1 K_0(v) ≤ e^{1−v}K_0(1). (28)

Proof. The bound (27) follows from the inequality K_0(v) < ln(2/v) I_0(v), 0 < v ≤ 1, which in its turn is the corollary of 9.8.5 in Abramowitz and Stegun (1964). Furthermore, e^vK_0(v) is a decreasing function for v > 0. It follows from the formula (see 9.6.23 in Abramowitz and Stegun (1964))

K_0(v) = ∫_∞ 1 e^{−vu}(u^2 − 1)^{−1/2} du. Thus, we obtain (28).

Corollary of Lemma 10. We have 2 π ∫_∞ 1 K_0(v) dv < 0.269 (29)

and for t ≥ 1 2 π ∫_{1/t} 0 K_0(v) dv < 1.614 t^{−1} ln(2 + t). (30)

Proof. We get (29) immediately from Lemma 10, b) For t ≥ 1 we have 2 π ∫_{1/t} 0 K_0(v) dv = 2 πt ∫_1 0 K_0(z/t) dz ≤ 2.534 πt ∫_1 0 ln(2t/z) dz < 1.614 t^{−1} ln(2 + t).

This concludes the proof of the Corollary. Lemma 11. For t > 0 we have w_3(t) = (2π)^{−1/2}t^{−1} exp ( (4t^2)^{−1} ) K_0 ( (4t^2)^{−1} ) (31) and w_4(t) = π(4t)^{−1} ( J^2_0 ( (2t)^{−1} ) + Y^2_0 ( (2t)^{−1} ) ) . (32)

Proof. It follows easily from 2.3.6.10 in vol.1 and 2.16.3.12 in vol.2 in Prudnikov et al. (1988).

Corollary of Lemma 11. We have w_3(t) = (2/π)^{1/2}t^{−1} ln t · (1 + o(1)), as t → ∞ and w_4(t) = π^{−1}t^{−1} ln^2 t · (1 + o(1)), as t → ∞.

Proof. The Corollary follows from (31), (32) and limit relations (see 9.6.13 and 9.1.13 in Abramowitz and Stegun (1964))

K_0(v) = − ln v · (1 + o(1)) and Y_0(v) = 2/π ln v · (1 + o(1)) as v ↓ 0.

g) The reduction of the general problem to the special case.

We shall use also two simple Lemmas.

Lemma 12. Let X and Y be independent random vectors taking values in R^k. Then

for any real Borel function f and for all real t

sup_{a∈} R^k | | |E exp { it f(X + Y + a) }| | ≤ sup_{a∈} R^k | | |E exp { it f(X + a) }| |.

The proof is clear.

Let now X_1, X_2, . . . be a sequence of i.i.d. random vectors in R^k. We take two integers

n_1, n: 1 ≤ n_1 < n, and put n_2 = [n/n_1],

Y_1 = X_1 + · · · + X_{n1},

Y_2 = X_{n1+1} + · · · + X_{2n1} , · · · · · · · · · · · · · · · · · · · Y_{n2} = X_{(n2−1)n1+1} + · · · + X_{n2n1},

R = X_{n2n1+1} + · · · + X_n,

(if n = n_2n_1 then R = 0).

Let the distribution of Y_1 be a mixture of distributions Q_1 and Q_2 weighted with

δ, 0 < δ ≤ 1, and 1 − δ, respectively.

We can write

E exp { it f(X_1 + · · · + X_n + a) } = n2∑ j=0 ( n_2 j ) δ^j (1 − δ)^{n2−j} × E exp { it f(Y_{1,1} + · · · + Y_{1,j} + Y_{2,j+1} + · · · + Y_{2,n2} + ^R + a) } , where Y_{1,1}, . . . , ^R are independent random vectors; Y_{1,1}, . . . , Y_{1,j} have the same dis-

tribution Q_1 and Y_{2,j+1}, . . . , Y_{2,n2} have the same distribution Q_2 and ^R^d= R. We

divide the above sum into two parts according to the value of j: |j − n_2δ| ≥ n_2δ/2 or |j − n_2δ| < n_2δ/2. Applying Lemmas 1 and 12 we get

sup_{a∈} R^k | | |E exp { it f(X_1 + · · · + X_n + a) }| | ≤ 2 exp ( − n_2δ^2 8 )

+ sup_{a∈}

R^k | | |E exp { it f(Y_{1,1} + · · · + Y_{1,n3} + a) }| |, where n_3 = [n_2δ/2] + 1. Replacing f(x) by f(x/ √ n) we obtain

Lemma 13. With the notation introduced above we have

sup_{a∈} R^k | | |E exp { it f(S_n + a) }| | ≤ 2 exp ( − n_2δ^2 8 )

+ sup_{a∈}

R^k | | | | | E exp { it f ( Y_{1,1} + · · · + Y_{1,n3} √ n + a )}| | | | (33)

4. Proof of Theorem 1 Let f(x) = αx^m + α_{m−1}x^{m−1} + · · · + α_0,

where α ≠ 0 and m is an integer, m ≥ 2. Let ε_1, ε_2, . . . be a sequence of i.i.d. random

variables taking values 0 and 1 with the same probability 1/2.

We take here n_1 = 1, n_2 = n, n_3 = [nδ/2] + 1. Put Δ = a_2 − a_1 √ n , τ = (2π)^{−1}tΔ^m,

f_1(x) = Δ^{−m}f(Δx) = αx^m + Δ^{−1} α_{m−1}x^{m−1} + · · · + Δ^{−m} α_0.

Then Y_{1,j} √ n d= a_1 √ n + a_2 − a_1 √ n · ε_j = a_1 √ n + Δ ε_j , t f ( Y_{1,1} + · · · + Y_{1,n3} √ n + a )_d = tf ( Δ (ε_1 + · · · + ε_{n3} ) + n_3a_1 √ n + a )

= 2πτ f_1(ε_1 + · · · + ε_{n3} + a^′).

Thus,

sup_{a∈} R^k | | | | | E exp { it f ( Y_{1,1} + · · · + Y_{1,n3} √ n + a )}| | | | ≤ sup_{a0∈} R^k | | |E exp { 2πiτ f_1(ε_1 + · · · + ε_{n3} + a^′) }| |. (34)

To simplify the notation we write r = n_3. We have

E exp { 2πiτ f_1(ε_1 + · · · + ε_r + a^′) }

= r∑ j=0 exp { 2πiτ f_1(j + a^′) } p_r (j) = ~S, (35)

where

p_r(j) = ( r j ) 2^{−r}. The probabilities p_r(j) do not decrease (do not increase resp.) when j changes from

0 to [r/2] + 1 (from [r/2] + 1 to n, resp.). Moreover, by Lemma 2 max 0≤j≤r p_r(j) ≤ √ 2 πr . We recall that according to Abel’s partial summation we have for any real numbers

a_l and b_{l N} ∑ 1 a_lb_l = a_N B_N − N−1∑ 1 B_l(a_{l+1} − a_l), (36) where B_l = b_1 + · · · + b_l, l = 1, 2, . . . , N. If a sequence of non-negative real numbers a_1, . . . , a_N is such that there exists l_0: 1 ≤ l_0 ≤ N, for which a_1 ≤ a_2 ≤ · · · ≤ a_{l0} , a_N ≤ a_{N−1} ≤ · · · ≤ a_{l0} , then (36) yields | | | | | N∑ 1 a_lb_l | | | | ≤ 3a_{l0} max_j |B_j |.

We now estimate the sum ~S in (35). Let A = [√ r ln r ] + 1.

Then by Lemmas 1, 2 and 6 for m ≥ ^c | | ~S | | ≤ ∑ |j−r/2|≥A p_r(j) + | | | ∑ r/2+A>j>r/2−A exp { 2πiτ f_1(j + a^′) } p_r(j) | | | ≤ 2 exp ( − 1 2 r ( A r )_2)

+ 3 √ 2 πr max r/2−A<k<r/2+A | | | ∑ r/2−A<j≤k exp { 2πiτ f_1(j + a^′) } | | |

≤ 2 √ r + 3 √ 2 πr [ ~c(m) (2A)^{1−1/(6m21 ln m1)} ln(2A) + 2|ατ |^{−1/m1} ] (37)

provided that 0 < 4mA |α τ | ≤ 1. (38) Finally, we estimate the summands on the right-hand side of (37). Under the assumptions of Theorem 1 r = [ nδ 2 ] + 1 > nδ 2 ≥ 3. It is easy to see that 3 √ 2 πr · 2 · |ατ |^{−1/m1} = 6 √ 2 π √ n r (2π)^{1/m1} (a_2 − a_1)^{−m/(m−1)} ( √ n |αt| )_{1/m1}

< 12 √ 2(a_2 − a_1)^{−m/(m−1)}δ^{−1/2} ( √ n |αt| )_{1/m1} . and 2A < 2( √ r ln r + 1) < 3 √ r ln n < n^2.

We introduce θ_m = 1 6m^2_1 ln m_1 and obtain (2A)^{(1−θm)} ln(2A) ≤ 3 r^{(1−θm)/2}(ln n)^{1/2} · 2 log n.

Hence the right-hand side of (37) is not larger than 2 √ 2(nδ)^{−1/2} + 18 √ 2 √ π ~c(m) (nδ)^{−θm /2}(ln n)^{3/2} + 12 √ 2 (a_2 − a_1)^{−m/(m−1)}δ^{−1/2} ( √ n |αt| )_{1/m1} . (39)

Recall that ~c(m) > 1000, θ_m < 1/12, nδ > 4. Hence (39) is smaller than

15~c(m) (nδ)^{−θm /2}(ln n)^{3/2} + 17 (a_2 − a_1)^{−m/(m−1)}δ^{−1/2} ( √ n |αt| )_{1/m1} . The condition (38) is satisfied if 0 < |αt| ≤ π 3m · 1 √ δ · 1 (a_2 − a_1)^m

· n^{(m−1)/2} · (ln n)^{−1/2},

which together with (33) and (34) complete the proof of Theorem 1.

5. Proof of Theorem 2 By assumption of Theorem 1 there exist a_1 ≠ a_2 such that

P (X_1 = a_1) = ε_1 > 0 and P (X_1 = a_2) = ε_2 > 0.

Put ε_3 = min(ε_1, ε_2). We define a probability measure P_1 by the formula

P_1 ( {a_1} ) = P_1 ( {a_2} ) =^1_2 .

Then the distribution F of X_1 can be represented as

F = 2ε_3P_1 + (1 − 2ε_3) P_2,

where P_2 is a probability measure.

By Theorem 1 we get (5) for all n and m larger than some initial values. For all other possible values of n and m (5) follows from (1) provided that t satisfies (2).

6. Proof of Theorem 3 Let U, U_1, U_2, . . . be a sequence of i.i.d. random vectors in R^k having the uniform distribution on the unit ball {x: |x| ≤ 1}, x ∈ R^k. Using the notation from part 3, g) we write n_1 = 2n_0, Y_{n,1}^d= η U_1 + a_0.

Then by (33)

sup_{a∈} R^k | | |E exp { it f_0(S_n + a) }| | ≤ 2 exp ( − n_2δ^2 8 )

+ sup_{a∈}

R^k | | | | E exp { it f_0 ( η(U_1 + · · · + U_{n3} ) √ n + n_3a_0 √ n + a )}| | | = 2 exp ( − n_2δ^2 8 ) + sup_{a0∈}

R^k | | | | | E exp { it f ( η(U_1 + · · · + U_{n3}) √ n + a^′ )}| | | | . (40)

By (15) and (20) sup a^0∈Rk | | | | | E exp { it f_0 ( η(U_1 + · · · + U_{n3} ) √ n + a^′ )}| | | | ≤ 9^k(2π)^{−k} |t|^{−k/m} ∫ R^k | | |g^U ( ηv √ n )| | | n3 dv ≤ 9^k(2π)^{−k} c^∗(k) |t|^{−k/m}η^{−k} ( n n_3 )_{k/2} . (41)

If n ≥ 6n_0/δ then n_2 ≥ n/(3n_0) and n_3 ≥ min[2, nδ/(6n_0). Therefore, (40) and (41)

prove Theorem 3.

Remark. We omit the proof of Theorem 4 as it is based on similar arguments. One

should only replace |g_U (v)| by | | | | ∫ R^k e^{i(v,x)}p_0(x) dx | | | |, which is easily seen to be less than ( π/(3|v|) ) V_0.

7. Proof of Theorem 5

It is clear that without loss of generality we may assume that α_{∗∗} = 1. We take in

(23)

h = (2 ln(2 + |t|))^{1/2} > 1.

Then the first summand on the right-hand side of (23) is smaller than

kπ^{−1/2}(2 + |t|)^{−1} ln^{−1/2}(2 + |t|).

Furthermore, since

ln(2 + |t|) ≤ 0.125(2 + |t|)^{5/2},

we get 2h < (2 + |t|)^{5/4} and ln ( 2 + (2π)^{−1}|t|(2h)^M ) < (5M/4 + 1) ln(2 + |t|).

Therefore, the second summand in the right-hand side of () is smaller than A|t|^{−1/m} ln^B (2 + |t|), where A = 2^{(13k−3M/m)/2}(2π)^{1/m−k/2}(1.25M + 1)^{k−1} and B = (3k − M/m)/2 − 1. The above arguments prove Theorem 5.

Remark 1. Let T be an orthogonal (k×k)-matrix and f_T (x) = f(T x). The constant m in (7) may be different for f_T and f. For example, m = 1 for x_1x_2, but m = 2 for

x_1 + x_2 √ 2 · x_1 − x_2 √ 2 = x^2_1 − x^2 2 . Thus, the proper choice of T can improve estimate given by Theorem 5. Remark 2. We can get the results similar to those obtained in Theorem 5 replacing Z by n^{−1/2} ( U_1 + . . . + U_n ) . In this way we can prove for general polynomial (7) inequality similar to one given in Theorem 3 for f_0. In this case the first term of the estimate remains unchanged and the second has the order O ( |t|^{−1/m} ln^b |t| ) with some b > 0 for large |t|.

8. Proof of Theorem 6

We denote A = v^2_3 · . . . · v^2_k, B = v^2_3 + . . . + v^2_k,

D = (2/π)^{(k−2)/2}, δ = t^{−1/(k−2)} for t ≥ 1.

Since w_k(t) is even, it is sufficient to consider only t ≥ 1. The lower bound for w_k(t) follows from the inequalities Ee^{itf(Z)} = ∫_∞ 0 . . . ∫_∞ 0 (1 + At^2)^{−1/2}D e^{−B/2} dv_3 . . . dv_k ≥ ∫_1 δ . . . ∫_1 δ (2At^2)^{−1/2}De^{−B/2} dv_3 . . . dv_k ≥ 2^{−1/2}De^{−(k−2)/2}t^{−1} ( ∫_1 δ dv v )_{k−2} = l_kt^{−1} ln^{(k−2)} t.

We prove now the upper bound for w_k(t) using mathematical induction in k separetaly for odd and even values of k.

It follows from (25) that w_2(t) ≤ t^{−1} for all t > 0. We have also for t ≥ 1

w_3(t) = (2π)^{−1/2}e^{1/4}t^{−1}K_0 ( (4t^2)^{−1} ) ≤ 1.267(2π)^{−1/2}e^{1/4}t^{−1} ln(8t^2) < 2.6 t^{−1} ln(2 + t).

Assume now that for some k ≥ 2 the inequality

w_k(t) ≤ L_kt^{−1} ln^{k−2}(2 + t), holds for t ≥ 1. Then

w_{k+2}(t) = 2 π ∫_∞ 0 w_k(tv)K_0(v) dv = ( ∫_{1/t} 0 + ∫_1 1/t + ∫_∞ 1 ) . . . = I_1 + I_2 + I_3.

From (30) we get I_1 ≤ 1.614 t^{−1} ln(2 + t).

Furthermore, by induction hypothesis and (29) we obtain

I_3 ≤ 2 π w_k(t) ∫_∞ 1 K_0(v) dv ≤ 0.269 L_kt^{−1} ln^{k−2}(2 + t).

We have for I_2

I_2 ≤ 2 π K_0(1/t)

∫_1 1/t w_k(tv) dv ≤ 2 π K_0(1/t)L_kt^{−1}

∫_1 1/t v^{−1} ln^{k−2}(2 + tv) dv < 2 π K_0(1/t)L_kt^{−1} ln^{k−2}(2 + t) ln t .

Since for t ≥ 1 we have 2/πK_0(1/t) ≤ 3.534/π ln(2t) < 1.075 ln(2 + t), we get I_2 < 1.076L_kt^{−1} ln^k(2 + t).

Thus, for t ≥ 1 w_{k+2}(t) < 2.959L_kt^{−1} ln^k(2 + t) < L_{k+2}t^{−1} ln^k(2 + t).

9. Proof of Theorem 7 Since m_2 is odd, we can write (see Bagirov (1991), Corollary 3)

Z^{m2}_2^d= Z_2S_1, where the random variables on the right-hand side are independent and S_1 ≥ 0. We have Z^{m2}_2 Z^{m3}_3 · · · Z^{mk}_k^d= Z_2S, (42) where S^d= S_1|Z_3|^{m3} · · · |Z_k|^{mk} and Z^{m1}_1 Z^{m2}_2 · · · Z^{mk}_k^d= |Z_1|^mZ_2S.

Combining the relations S^{−1/m}|Z_2|^{−1/m d}= |Z_2|^{−m2/m} · · · |Z_k|^{−mk/m}, (42) and Lemma 8 we finish the proof of Theorem 7.

References

Abramowitz M. and Stegun I. A., Handbook of Mathematical Functions, Natl. Bur. Stand. Appl. Math. Ser. 55 (1964), Washington, D.C.

Arkhipov G. I., Karatsuba A.A. and Chubarikov V. N., “The theory of multiple trigonometric sums”, “Nauka”, Moscow (Russian) 1987.

Bagirov E. B., Lower bounds for the tails of distributions of certain functions of normally distributed random variables, Soviet Math. Dokl., 41 (1990), no. 2, 261– 263.

Bagirov E. B., New consequences of Kolmogoroff’s formula for infinitely divisible laws, Theory Probab. Appl., 36 (1991), 138-143.

Bentkus V., Götze F. and Zitikis R., Asymptotic expansions in the integral and local limit theorems in Banach spaces with application to ω-statistics, Journal of Theoretical Probability, 6 (1993), 727-780.

Besicovitch A. S., “Almost periodic functions”, Cambridge, 1932. Cramer H., “Mathematical Methods of Statistics,” Princeton, 1946. Cramer H., “Random variables and probability distribution,” Cambridge, 1970. Gelfand I. M., Raikov D. A. and Šilov G. E., Commutative normed rings, Uspehi Matem. Nauk, 1 (1946), pt. 2, 48–146 (Russian).

Götze F., Asymptotic expansions for bivariate von Mises functionals, Z. Wahrscheinlichkeitstheor. verw. Geb., 50 (1979), H. 3, 333–355.

Götze F., Edgeworth expansions in functional limit theorems, Ann. Prob. 17 (1989), 1602–1634.

Petrov V. V., “Sums of independent random variables,” Springer, Berlin, 1975. Prachar K., “Primzahlverteilung,” Springer, Berlin, 1978.

Prohorov Yu. V., An extension of the Bernstein inequalities to multidimensional distributions, Theory Probab. Appl., 13 (1968), 260-267.

Prudnikov A. P., Brychkov Yu. A. and Marichev O. I, “Integrals and series,” Gordon and Breach, N.-Y., vols. 1-2, 1988.

Rudin W., “Fourier Analysis on Groups,” Interscience Publishers, N.Y. 1962. Sadikova S. M., Some inequalities for characteristic functions, Theory Probab. Appl., 11 (1966), 441–447.

Uspensky J. V., “Introduction to Mathematical Probability,” McGraw-Hill, N.Y., 1937.

Vinogradov I. M., “Selected Works”, Springer, Berlin, 1985.

Watson G. N., “A treatise on the theory of Bessel functions,” Cambridge University Press, Cambridge, 1966, (Reprint of the 1944 edition).

Weyl H., Über die Gleichverteilung von Zahlen mod Eins, Math. Ann. 77 (1916), 313– 352. (Reprinted in Weyl H., “Gesammelte Abhandlungen,” Bd. 1, 563–599, Springer, Berlin, 1968).

Yurinskii V. V., On infinite dimensional version of Bernstein inequality, Theory Probab. Appl., 15 (1970), 106–107.

Yurinskii V. V., An error estimate for the normal approximation of the probability of landing in a ball, Soviet Math. Dokl., 23 (1981), 576–578.

Yurinskii V. V., Error of normal approximation, Siberian Math. J., 24 (1983), 977– 987.