Semigroups containing proximal linear maps by

H. Abels, G.A. Margulis and G.A. Soifer

I. Introduction

A linear automorphism of a finite dimensional real vector space is called proximal if it has a unique eigenvalue – counting multiplicities – of maximal modulus. Proximal elements play an important role in the study of the dynamics of linear maps because of their simple structure: The induced map on projective space has a unique attracting fixed point whose basin consists of the whole space except for a hyperplane. This contraction property played an essential role in Tits’ proof of what is now called the Tits alternative [Ti], in Furstenberg’s work on boundary theory [F], in the paper of the two last named authors on maximal subgroups [MS], in the work of Guivar’ch and coauthors on random walks on groups (cf. [GR]). The authors were motivated to do this work by their hope for yet another application of proximality, namely in their work in progress on the Auslander conjecture. For work on this conjecture see [A, Mi, D, DG, FG, GK, GrM, Ma1-3, Me, To, S].

An efficient tool to find proximal elements is the following corollary of the main algebraic result of [GM]: Given a subgroup G of GL(V ) which contains a proximal element. Then so does every Zariski dense subsemigroup H of G , provided V – considered as a G –module – is strongly irreducible (for a definition see the paragraph preceding 3.12). Here we show that under these hypotheses H in fact provides for a rich supply of proximal elements: There is a finite subset M of H such that for every g ∈ GL(V ) at least one of the elements γg , γ ∈ M , is proximal. We obtain such a subset M with at most (dim V )^2 elements. We show the main result (theorem 4.1) for a quantitative version of proximality, called (r, ε) –proximality. For another richness result see 4.10.

In section 5 of the paper we extend our result in two directions, namely for direct sums of strongly irreducible representations and for other types of Lyapunov filtrations. The latter means that instead of requiring that G contains an element with exactly one eigenvalue of maximal modulus we look at the minimum number n_1 of eigenvalues of maximal modulus among elements of G . Then the same minimum is attained in the Zariski dense subsemigroup H . Similarly for the eigenvalues with maximum and next to maximum modulus, etc.

In the final section we give necessary and sufficient conditions when the image of a reductive group under an irreducible representation ρ contains a proximal linear map. The conditions are phrased in terms of the highest weight of ρ . As an application (actually of 4.1 and results of [GR]) we obtain (see 6.8) that for the group G(R) of real points of a connected semi–simple algebraic group G over R every Zariski dense subsemigroup H contains R –regular elements, where an element g ∈ G(R) is called R –regular if the number of eigenvalues – counting multiplicities – of modulus 1 of Ad(g) is minimum possible among elements g ∈ G(R) . This was known before for subgroups H ([BL], [P]). We also obtain a corresponding finiteness result.

The proofs of the finiteness results 4.1 and 5.14 make essential use of the notion of quasiprojective transformation due to Furstenberg [F] and the methods of the algebraic part of [GM]. The relevant notions and results are given in section 3. The proof of 4.1 is contained in section 4. There the simple structure of proximal linear maps is expounded, technically speaking in the form of “contractions” and “contractive sequences” on projective space. In section 5 we give the generalization to several irreducible summands and more general Lyapunov filtrations. The authors would like to thank I. Goldsheid for fruitful discussions. They also thank different institutions and foundations for their support during the preparation of this paper: the MSRI Berkeley, the SFB 343 Bielefeld, the MPI Bonn, Yale University and the NSF under grant DMS 9204 720. Without their help this paper whose authors live on three different continents would not have seen the light of day.

II. Proximality

A linear automorphism g of a finite dimensional real vector space V is called proximal if g has a unique eigenvalue λ = λ(g) of maximal absolute value — hence λ is real — and the corresponding weight space

V_λ = {v ∈ V ; (g − λE)^nv = 0 for some n}

is one–dimensional.

Fix a norm ‖ · ‖ on V and let ρ be the corresponding metric on V . If g is proximal with eigenvalue λ = λ(g) of maximal absolute value set V^+ = V^+(g) = V_λ and let V^< = V^<(g) be the unique g –invariant hyperplane complementary to V^+ . Put r(g) = ‖ g | V^+ ‖ ‖ g | V^< ‖ = |λ(g)| ‖g | V^<‖ and ε(g) = ρ ( x^+, V^< )

where x^+ is any of the two vectors of V^+ of norm 1 . Let us call an element g ∈ GL(V ) (r, ε) –proximal, r > 1, ε > 0 , if g is proximal and r(g) ≥ r and ε(g) ≥ ε . So g ∈ GL(V ) is (r, ε) –proximal iff there is a decomposition V = V^+ ⊕ V^< into g –invariant subspaces such that 1) dim V^+ = 1 2) ‖ g | V^+ ‖ ≥ r ‖ g | V^< ‖ and 3) ρ (x^+, V^<) ≥ ε for x^+ ∈ V^+ of norm 1.

Note that “ g proximal” does not imply r(g) ≥ 1 . But if g is proximal then n√ r(g^n) converges to λ/ max {|μ|, μ eigenvalue of g | V^< } > 1 , in particular lim_{n→∞} r (g^n) = ∞ .

We take the following criterion for proximality from [Ti]. For g ∈ GL(V ) put

g_1(x) = g(x) ‖g(x)‖ for x ≠ 0 .

So g_1 maps the “sphere” S = {x ∈ V ; ‖x‖ = 1} to itself. For a metric space (X, ρ) define the norm of a map f : X −→ X with respect to ρ by

‖f‖_ρ = sup_{x≠y in X} ρ(f(x), f(y)) ρ(x, y) (= 0 if card X ≤ 1) .

2.1 Lemma Let g ∈ GL(V ) and let K be a compact subset of S such that g_1(K) ⊂^∘K and ‖ g_1|K ‖ < 1 . Here^∘K denotes the interior of K with respect to the topology of S . Then g is proximal, g_1 has a unique fixed point in K , namely the point in V^+(g) ∩^∘K and V^<(g) does not intersect K .

The proof of [Ti 3.8 (ii)] for projective space works for the sphere, too.

III. Quasiprojective transformations

In this section we shall recall the notion of quasiprojective transformation due to Furstenberg [F] and in particular the results on contractions from [GM]. It will be convenient to use different metrics on projective space. So we shall first of all fix a class of metrics.

Two metrics ρ and ρ^′ on a set X are called equivalent if there is a positive constant c ≤ 1 such that c ρ(x, y) ≤ ρ^′(x, y) ≤ c^{−1}ρ(x, y) for every pair x, y of points of X . Let X be a connected differentiable manifold with a Riemannian tensor g . Then there is an induced metric ρ = ρ_{x,g} , namely ρ(x, y) is the infimum of the arc lengths with respect to g of piecewise differentiable curves from x to y . The following facts are easily proved.

3.1 If g and g^′ are two Riemannian tensors on X then ρ_{X,g}0 | K and ρ_{X,g} | K are equivalent for any compact subset K of X .

3.2 If U is an open connected neighbourhood of a compact subset K of X then ρ_{X,g} | K and ρ_{U,g} | K are equivalent.

It follows that

3.3 On a compact differentiable manifold X there is a unique equivalence class of metrics ρ containing the metrics induced by Riemannian tensors. This class is characterized by the following property: If φ is a diffeomorphism from an open subset U of X to a finite dimensional normed vector space (V, ‖ · ‖) then for any compact subset K of U the metric ρ^′(x, y) = ‖φ(x) − φ(y)‖ on K is equivalent to ρ | K

We consider the projective space P = PV associated with a finite dimensional real vector space V and endow it with some metric of the distinguished class of metrics equivalent to the Riemannian metrics. We call such a metric admissible. A particularly pleasant admissible metric is the angle metric on P with

ρ([x], [y]) = arccos |(x, y)| ‖x‖ · ‖y‖ for x, y nonzero in V supposing we are given a positive inner product ( , ) on V with associated norm ‖x‖ = (x, x)^{1/2} .

3.4 A map b : P −→ P is called quasiprojective if there is a sequence of projective transformations of P converging pointwise to b . Let M_1(b) be the closure of the set of points, where b is discontinuous and let M_0(b) be the b –image of the set of continuity points of b .

It is straightforward that for h ∈ GL(V ) we have

M_0(h b) = h M_0(b), M_0(b h) = M_0(b) (3.5) M_1(h b) = M_1(b), M_1(b h) = h^{−1}M_1(b) (3.6)

A quasiprojective transformation b is called a contraction if M_0(b) consists of one point only.

For every linear concept we denote the corresponding projective concept by writing

a P in front. E.g. for g ∈ GL(V ) the corresponding projective map is Pg : PV =

P −→ P . For a linear subspace W ≠ 0 of V the corresponding subspace of

P will be denoted PW . For a non–zero vector x of V let Px be the point

P(Rx) ∈ P .

Let us call a sequence s = (B_n)_{n∈N} in GL(V ) contractive if (C 1) P B_n converges pointwise on P (C 2) there is a sequence (α_n)_{n∈N} in R^∗ such that (α_n · B_n)_{n∈N} converges to a linear map b_1 of rank 1 .

Note that C 2 does not imply C 1.

3.7 Lemma If s = (B_n)_{n∈N} is a contractive sequence in GL(V ) then b = lim P B_n is a contraction. Conversely, if for a sequence s = (B_n)_{n∈N} in GL(V ) the sequence (P B_n)_{n∈N} converges pointwise on P to a contraction then s contains a contractive subsequence.

Proof For a contractive sequence (B_n)_{n∈N} in GL(V ) the limit b = lim P B_n is represented by b_1 for points not in ker b_1 , i.e. b (P x) = P (b_1x) for b_1x ≠ 0 . Hence b is continuous on the dense open subset P r P ker b_1 , hence M_0(b) =

P imageb1 . Thus b is a contraction.

Conversely, let (B_n)_{n∈N} be a sequence in GL(V ) such that (P B_n)_{n∈N} converges to the contraction b . Then, passing to a convergent subsequence of B_n · ‖B_n‖^{−1} , we may assume that there is a sequence (α_n)_{n∈N} in R^∗ such that (α_n B_n)_{n∈N} converges to a non–zero linear map b_1 . So b(P x) = P (b_1x) for x ∉ ker b_1 and b is continuous on the dense open subset P r P ker b_1 , hence b_1 takes its image in the line corresponding to M_0(b) for points x ∉ ker b_1 . It follows that rank b_1 = 1 .

For a contractive sequence s put

M_0(s) = P image b_1 and L_1(s) = P ker b_1 ,

with notations as above. We have seen in the proof of 3.7 that

M_0(s) = M_0(b) for b = lim P s , so M_0(s) depends only on s . To see that L_1(s) is well–defined note that for the sequence α_n in C 2 we have a constant c ≥ 1 such that c^{−1} < |α_n| ‖B_n‖ < c . Hence L_1(s) = { v ∈ V ; ‖B_n v‖ · ‖B_n‖^{−1} −→ 0 } is independent of the sequence (α_n)_{n∈N} . It follows that

3.8 b_1 in C 2 is uniquely determined by s up to a nonzero scalar, since ker b_1 and the line image b_1 are unique.

We have seen above that M_0(s) depends only on b . This is not true for L_1(s) , e.g. for b sending all of P to one point every hyperplane occurs as L_1(s) for some contractive sequence with lim P s = b .

Note that for a contractive sequence s and h ∈ GL we have

L_1(h s) = L_1(s) and L_1(s h) = h^{−1}L(s) . (3.9)

3.10 Lemma For a contractive sequence s the sequence P s of projective transformations converges uniformly on compact subsets of P r PL_1(s) to the constant map with image M_0(b) . For every admissible metric ρ on P we have ‖PBn | K‖ρ −→ 0 on every compact subset K of P r PL_1(s) .

Proof We have pointwise convergence of Ps on P rPL_1(s) to M_0(b) . It thus suffices to prove the second claim. To show this choose coordinates as follows: Put L_1 := L_1(s) , let e ∉ L_1 . Then the projection π : V r {0} −→ P, π(x) = Px , induces a map π|e + L_1 −→ P r PL_1 which is an affine coordinate system. Put e^′ = b_1(e) and let L^′ be a hyperplane complementary to e^′ . We thus have an affine coordinate system π : e^′ +L^′ −→ P rPL^′ in some neighbourhood of M_0(b) . Decompose α_n B_n according to R e^′ ⊕ L^′ :

α_n B_ne = λ_n e^′ + y_n , y_n ∈ L^′ α_n B_nx = μ_n(x)e^′ + B^′_n(x), x ∈ L, B^′_n(x) ∈ L^′

Then λ_n −→ 1, y_n −→ 0 , since α_n B_n e −→ b_1 e = e^′ . And ‖μ_n | L_1‖ −→ 0, ‖B^′_n‖ −→ 0 . Hence in the coordinate systems above we can represent P B_n by

D_n(x) = y_n + B^′_n(x) λ_n + μ_n(x)

which is defined on the complement of some hyperplane in L_1 and takes values in L^′ . It is now easy to see that on any compact subset K of L_1 for n sufficiently large D_n is defined on L_1 and ‖D_n‖ −→ 0 , which implies our claim.

3.11 Remark Note the difference between M_1(b) and L_1(s) . If b sends P to one point M_0(b) then M_1(b) = ∅ but L_1(s) may be any hyperplane – as noted above. It thus is not true that Ps converges uniformly to the constant map with value M_0(b) on the complement of M_1(b) , because that would imply that

PBn(P ) is contained in a given neighbourhood of M0(b) for n sufficiently large

which is of course impossible, since PB_n is a bijection of P .

We have not discussed the question yet if contractions exist. At this point we need the main algebraic result of [GM].

Let H be a subsemigroup of GL(V ) . Then V — considered as an H –module — is called strongly irreducible if there is no finite union ⋃ W_j of linear subspaces that is invariant with respect to H other than 0 and V . Let G be the algebraic closure of H and let G_0 be the connected component of the identity in G with respect to the Euclidean or the Zariski topology, the following statement is true for both. Then V is strongly irreducible iff V considered as a G_0 –module is irreducible in the usual sense of the word, as is easy to see, cf. [GM, lemma 6.2]. For our subsemigroup H of GL(V ) , let H be the set of quasiprojective transformations which are pointwise limits of sequences of projective transformations induced by elements of H . The main algebraic result of [GM] is the following

3.12 Theorem Let H be a strongly irreducible subsemigroup of GL(V ) . If G contains a contraction, so does H .

This theorem is obtained from [GM Theorem 6.3] in view of [GM lemma 6.5 and the remark following that lemma].

The two concepts of proximality and contraction are of course related, as follows.

3.13 Lemma If h is a proximal element of GL(V ) then for the semigroup H = {h^n; n ∈ N} every quasiprojective transformation of H not in H is a contraction. Conversely, if H is an irreducible subsemigroup of GL(V ) and H contains a contraction, then H contains a proximal element.

Proof If h is proximal then the sequence h^n · λ (h^n)^{−1} converges to the projection onto V^∘(h) in the decomposition V = V^∘(h) ⊕ V^<(h) . Hence, any subsequence s of (h^n)_{n∈N} for which Ps converges pointwise on P is a contractive sequence, hence its limit is a contraction by 3.7. Conversely, if H contains a contraction then there is a contractive sequence in H , by lemma 3.7. We may assume that M_0(s) ∉ L_1(s) , by passing from s to h s for some h ∈ H by 3.5 and 3.9 and using the hypothesis that H is irreducible on V . It now follows from Tits’ criterion 2.1 that every element B_n of the contractive sequence s is proximal for n sufficiently large.

IV. The finiteness result

In this section we prove our basic finiteness result. Consequences will be discussed in the following sections. Fix a norm ‖ · ‖ on V .

4.1 Theorem Let H be a strongly irreducible subsemigroup of GL(V ) . Suppose the algebraic closure G of H contains a proximal element. Then there is an ε > 0 and for every r ≥ 1 there is a finite subset M of H such that for every g ∈ GL(V ) there is a γ ∈ M such that γg is (r, ε) –proximal.

If we let X_{r,ε} be the set of (r, ε) –proximal elements of GL(V ) , we thus have M · X_{r,ε} = GL(V ) We shall check proximality using Tits’ criterion (lemma 2.1). We thus need for every g ∈ GL(V ) a uniform bound for the norm of Pg away from some set of singularities

PW1(g) . This set will be determined using the Cartan decomposition, as follows:

4.2 Proposition We can associate with every g ∈ GL(V ) a hyperplane W_1(g) of V with the following property. For every ε > 0 there is a constant c = c(ε) such that for every g ∈ GL(V ) for the map Pg induced on P we have ‖ P g | P r U (PW1(g), ε) ‖ρ ≤ c . Here U(A, ε) = {y ∈ P ; ρ(A, y) < ε} is the ε –neighbourhood of a subset A of P with respect to a given admissible metric ρ on P .

Proof Since the claim holds for every admissible metric ρ if it holds for one we may assume that V = R^{n+1} and ρ is the angle metric (see formula before 3.4) with respect to the standard Euclidean inner product on R^{n+1} . Let g = k^′ · p · k be a Cartan decomposition of g ∈ GL(V ) , so k, k^′ ∈ O_{n+1}(R) and p is a diagonal matrix with positive entries λ_1 ≥ λ_2 ≥ · · · ≥ λ_{n+1} > 0 . Put W_1(g) = k^{−1}⟨e_2, . . . , e_{n+1}⟩_R . To prove the claim we may assume that λ_1 = 1 by passing from g to λ^{−1}_1 · g . Since k and k^′ induce isometries of P we may assume furthermore that g = p and W := W_1(g) = ⟨e_2, . . . , e_{n+1}⟩_R . Let A be the affine plane x_1 = 1 in R^{n+1} . The map g | A maps A to itself and has norm ≤ 1 with respect to the Euclidean norm of R^{n+1} , since λ_2, . . . , λ_n ≤ 1 . Let π : A −→ P be the natural projection π(x) = P(Rx) . Then π induces a diffeomorphism A^∼−→ P r PW , whose inverse we call π^{−1} . We have Pg = π ∘ g|A ∘ π^{−1}, hence for every compact ball K = {x ; ‖x‖ ≤ R} in A the norm of Pg is bounded on π(K) by a constant depending only on K , not on g , by 3.3 and since ‖ g | A ‖ ≤ 1 . This implies our claim since for every ε there is such a K with Pr U(PW, ε) ⊂ π(K) .

Let us first give a rough sketch of the proof of 4.1. We start by constructing a sufficiently rich finite set S of contractive sequences, see lemma 4.4. Then for a given element g ∈ G we find an s^′ ∈ S such that M_0(s^′) is ε –distant from W_1(g) . We then find an s ∈ S such that gM_0(s^′) is ε –distant from L_1(s) . Thus γ_n in s takes gM_0(s^′) close to M_0(s) . The elements of S are so chosen that M_0(s) is ε –distant from L_1(s^′) for every pair (s, s^′) of elements of S . Hence γ^′_mγ_ng takes M_0(s^′) close to M_0(s^′) . Taking norms into account we obtain the theorem.

4.3 Lemma Let A. = (A_n)_{n∈N} and B. = (B_n)_{n∈N} be sequences in GL(V ) for which PA_. = (PA_n)_{n∈N} and PB. converge pointwise on P to a and b , respectively.

a) Then there is a subsequence C. of (A_nB_n)_{n∈N} for which PC. converges to ab . b) If furthermore the sequences (A_n·‖A_n‖^{−1})_{n∈N} and (B_n·‖B_n‖^{−1})_{n∈N} converge to linear maps a_0 and b_0 , and a_0b_0 ≠ 0 – equivalently, M_0(b) ⊄ L_1(A.) – then (A_nB_n‖A_nB_n‖^{−1}) converges to a non–zero multiple of a_0b_0 . Hence

0 ≠ M_0(ab) ⊂ M_0(a) and P ≠ L_1(C.) = ker(a_0b_0).

c) If A. is contractive and M_0(b) ⊄ L_1(A.) then there is a contractive subsequence C. of (A_nB_n)_{n∈N} . For every such C. we have lim PC. = ab, M_0(C.) = M_0(ab) = M_0(a) and L_1(C.) = ker a_0b_0

d) Similarly with the roles of A. and B. interchanged: If B. is contractive and M_0(b) ⊄ L_1(A.) then there is a contractive subsequence C. of (A_nB_n)_{n∈N} . For every such C. we have lim PC. = ab, M_0(C.) = M_0(b) ∈ M_0(a) and L_1(C.) = ker(a_0b_0) = ker b_0.

Proof Part a) is proved in the proof of [GM lemma 2.7].

b) Since the sequence s = (A_nB_n‖A_nB_n‖^{−1}) is contained in the compact metric space of operators of norm ≤ 1 , it suffices to prove that every convergent subsequence of s has limit a_0b_0 . We thus may assume that s converges. Evaluating the convergent sequences A_nB_n‖A_n‖^{−1}‖B_n‖^{−1} and s at a vector ∉ ker(a_0b_0) , we see that ‖A_nB_n‖·‖A_n‖^{−1} ·‖B_n‖^{−1} converges to a number α with 0 < α < 1 , which proves that s converges to α^{−1}a_0b_0 . The other claims of b) follow easily. c) is a consequence of a) and b).

4.4 Lemma Suppose a subsemigroup H of GL(V ) is Zariski–connected and acts irreducibly on V . If H contains a contractive sequence then there is a finite set S of contractive sequences s_1, . . . , s_t in H with the following properties: 1) The points M_0(s_j ) are distinct. 2) M_0(s_i) ∉ L_1(s_j ) for 1 ≤ i, j ≤ t . 3) ⋂ L_1(s_j ) = ∅ 4) The lines corresponding to M_0(s_j ) , j = 1, . . . , t , span V . In fact we find such a set S of cardinality dim V .

Proof We prove by induction on m ≤ dim V that there are m contractive sequences s_1, . . . , s_m in H such that 1) and 2) hold for i, j ≤ m , 3_m) codim^m∩_{j=1} L_1(s_j ) = m and 4_m) dim^m∨_{j=1}M_0(s_j ) = m − 1 .

The case m = 0 is trivial. So suppose we have s_1, . . . , s_m satisfying these conditions, m < dim V . We know that there is a contractive sequence s in H . There is an element γ ∈ H such that

M_0(γs) = γM_0(s) ∉^m∨_{j=1}M_0(s_j ) (4.5) since V is an irreducible H –module. Similarly for every j ≤ m there is a γ ∈ H such that M_0(γs) = γM_0(s) ∉ L_1(s_j ) ( 4.6_j )

Every one of the conditions (4.5) and (4.6)_j defines a Zariski–open subset of γ^′s in H , hence there is a γ ∈ H satisfying all of them. A similar argument using 3.9 shows that there is an element β ∈ H such that s_1, . . . , s_m, γsβ satisfy 1_{m+1} through 4_{m+1} .

4.7 Proof of theorem 4.1 We work our way along the following sketch of proof. Let S = {s_1, . . . , s_t} be a sequence as in the preceding lemma. Fix g ∈ GL(V ) . For ε sufficiently small there is an s_i ∈ S such that M_0(s_i) is ε –distant from W_1(g) . Then there is an s_j ∈ S such that gM_0(s_i) is ε –distant from L_1(s_j ) . Now apply an element γ_j in the contractive sequence s_j which takes gM_0(s_i) close to M_0(s_j ) . Since M_0(s_j ) is ε –distant from L_1(s_i) a γ_i sufficiently close to s_i takes γ_j gM_0(s_i) close to M_0(s_i) . Finally g takes γ_iγ_j gM_0(s_i) back close to gM_0(s_i) . It then follows that the set of maps M = {γ_iγ_j } has the desired properties.

To get notations straight, look at the following picture: γ_j y^{γi}y^gy • gM_0(s_i)^•M_0(s_j )^•M_0(s_i)^•gM_0(s_i)

Here a^βy b means that β maps a close to b .

So let S = {s_1, . . . , s_t} be as in the preceding lemma. Fix an admissible metric ρ on P . Then ε_1 = inf_{x∈P} ∑ j=1 ρ(x, L_1(s_j )) is positive by 3), hence for every point x ∈ P we have ρ(x, L_1(s_j )) >^{ε1}_{2t} for some j . Similarly, for every hyperplane L in P we find a number ε_2 such that ρ(L, M_0(s_j )) >^{ε2}_{2t} for some j , using 4). So there is a number ε > 0 with the following properties. For every point x ∈ P we have

ρ(x, L_1(s_j )) > 2ε for some j. (a)

For every hyperplane L in P we have ρ(L, M_0(s_j )) > 2ε for some j. (b) ρ(M_0(s_i), L_1(s_j )) > 2ε for 1 ≤ i, j ≤ t. (c) So for a given g ∈ GL(V ) there are numbers 1 ≤ i, j ≤ t , such that ρ(M_0(s_i), W_1(g)) > 2ε (d) and ρ(gM_0(s_i), L_1(s_j )) > 2ε. (e) Hence ‖g | U(M_0(s_i), ε)‖_ρ ≤ c (f) where c = c(ε) ≥ 1 is the constant of proposition 4.2, hence g(U(M_0(s_i), εc^{−1}) ⊂ U(gM_0(s_i), ε). (g) Now choose for every s_k ∈ S an element γ_k of the sequence s_k such that γ_k(P \ U(L_1(s_k), ε)) ⊂ U(M_0(s_k),^1_2 εc^{−1}) (h) and ‖γ_k | P \ U(L_1(s_k), ε)‖_ρ ≤ δ (i) where δ > 0 will be fixed later on. Then γ_j U(gM_0(s_i), ε) ⊂ U(M_0(s_j ),^1_2 εc^{−1}) (j) and γ_iγ_j U(gM_0(s_i), εc^{−1}) ⊂ U(M_0(s_i),^1_2 εc^{−1}) (k) by (e), (h)_j , (c) and (h)_i , hence

gγ_iγ_j U(gM_0(s_i), ε) ⊂ U(gM_0(s_i),^ε_2 ) (l)

by (f) and

‖gγ_iγ_j | U(gM_0(s_i), ε)‖_ρ ≤ c · δ^2 (m)

by (i) and (f). Hence if we choose δ sufficiently small depending on r the element gγ_iγ_j is (r, ε) –proximal by Tits’ criterion 2.1.

4.8 Addendum Note that – independent of r – a set M of (dim V )^2 elements suffices.

Since in 4.4 we can take t ≤ dim V and in the proof above we found #M = t^2 . One cannot hope that a set M with fewer than (dim V )^2 elements will work since the condition that “ γg is proximal” corresponds to “ gV^+(γ) is not near V^<(γ) ” and “ gV^+(γ) ∈ V^<(γ) ” is a codimension one condition on g . The following sharpening of the theorem may be useful (see [PR] lemma 3.7 ff.)

4.9 Addendum In the theorem we can replace “ γg is (r, ε) -proximal” by “ γ^ng is (r, ε) -proximal for every natural number n ”.

Proof The map γ = γ_iγ_j constructed in the proof sends U := U(M_0(s_i),^1_2 εc^{−1}) to itself by (e) and (h) and has norm ‖γ | U‖_ρ ≤ δ^2 by (e) and (i) , hence we have for n ∈ N the inclusion γ^nV ⊂ U , where V := U(gM_0(s_i), εc^{−1}) , as in (k) , and hence gγ^nV ⊂ U as in (l) and ‖gγ^n | V ‖_ρ ≤ c.δ^{2n} as in (m) .

Recall the following result of the same sort: If there is one proximal element, there are many.

4.10 Theorem [Ti; Ma 4, Appendix B] Let F be a subgroup of GL(W ) which is connected in the Zariski topology. Suppose W is irreducible as a F – module. If F contains a proximal element the set X = {x ∈ F ; x and x^{−1} are proximal} is Zariski dense in F .

We here obtain an analogous result for semigroups.

4.11 Corollary Let H be a subsemigroup of GL(V ) which is connected with respect to the Zariski topology. Suppose V is irreducible as an H –module. If H contains a proximal element – hence if the Zariski closure of H contains a proximal element – then the set of proximal elements of H is Zariski dense.

Proof Let P be the set of (r, ε) –proximal elements of H , where (r, ε) is as in theorem 4.1. For every h ∈ H there is an element γ of the finite subset M of H of theorem 4.1 such that γh ∈ P . So H is contained in the finite union γ^{−1}P , γ ∈ M . Let P be contained in an algebraic set A . Then H ⊂ ⋃ γ∈M γ^{−1}A hence H is contained in γ^{−1}A for one γ ∈ M since H is Zariski connected. But γH ⊂ A implies that for the Zariski closure G of H – a group – we have G = γG ⊂ A , q.e.d.

V. The Lyapunov filtration

In this section we extend our finiteness result for proximal maps to other types of Lyapunov filtrations and to direct sums of strongly irreducible representations.

Let (V, ‖ · ‖) be a normed vector space over a local field k of finite dimension and let g be a linear endomorphism of V . For every vector v ∈ V define the Lyapunov exponent α_g (v) := lim sup_{n→∞} n^{−1} log ‖g^n(v)‖. (5.1)

In the terminology of [GM] this is the “Lyapunov index of the sequence g^n, n ∈ N ” in case k = R . The Lyapunov exponent is independent of the norm chosen. It has the following formal properties of an

5.2 “Ultrametric norm over the trivially valued field k ” For v, w ∈ V and λ ≠ 0 in k we have α_g (λv) = α_g (v), (a) α_g (v + w) ≤ max (α_g(v), α_g (w)), (b) α_g (0) = −∞. (c)

5.3 For r ∈ R = R ∪ {±∞} define V_{≤r} = {v ∈ V ; α_g (v) ≤ r} and V_{<r} = {v ∈ V ; α_g (v) < r}. These are vector subspaces of V by the ultrametric properties of α_g . The Lyapunov filtration of V with respect to g associates with every r ∈ R the subspace V_{≤r} of V . For λ ∈ k let V_λ = {v ∈ V ; (g − λI)^nv = 0 for n ≫ 0} be the weight space of g corresponding to λ ∈ k . Then the Jordan normal form implies

5.4 For 0 ≠ v ∈ V_λ we have α_g(v) = log |λ| where | · | is the valuation of k . In fact, n^{−1} log ‖g^n(v)‖ converges to log |λ| . Let k ⊂ K be a finite field extension of local fields. Then in the situation above, i.e. for a k –endomorphism of the k –vector space V , consider the k –linear extension g_K of g to V ⊗_k K . Then (V ⊗ K)_{≤r} = V_{≤r} ⊗ K (5.5)

Proof For a vector in V ⊗ K the Lyapunov exponent of g_K is the same as if we regard g_K as a k –linear map, restricting scalars. Now choose a basis e_1, . . . , e_m of K over k and take for V ⊗K = ⊕_iV ⊗e_i the k –norm ‖Σv_i ⊗e_i‖ = max_i ‖v_i‖ to see (5.5).

Combining 5.4 and 5.5 we get an algebraic description of the Lyapunov filtration.

5.6 Corollary Let K ⊃ k be a finite extension of local fields such that K contains all the eigenvalues of g ∈ End (V ) . Then (V ⊗ K)_{≤r} = ⨁ log |λ|≤r (V ⊗ K)_λ , V_{≤r} = (V ⊗ K)_{≤r} ∩ V and (V ⊗ K)_{≤r} = V_{≤r} ⊗ K . In particular, V_{<r} ≠ V_{≤r} iff r = log |λ| for some eigenvalue λ of g .

We can improve on the last remark. The Lyapunov filtration comes in fact from a graduation, as follows (cf. [Ma 4, II. 1]).

5.7 Proposition For every r ∈ R there is a unique g –invariant subspace V_{=r} of V_{≤r} complementary to V_{<r} . We have

V_{=r} = V ∩ ⨁ log |λ|=r (V ⊗ K)_λ

in the situation of 5.6

Proof V_{≤−∞} = {v ∈ V ; g^nv = 0 for some n ≫ 0} by 5.6. Here n = dim V suffices. Let W = g^nV . Then g induces an invertible map on W . If follows easily that W is the unique g –invariant complementary subspace of V_{≤−∞} . We thus may assume that g ∈ Aut(V ) . Then

V_{=r}(g) := V_{≤r}(g) ∩ V_{≤−r}(g^{−1}) is the desired space, since this is true if our field contains all the eigenvalues of g , by 5.4, and follows in general by the descent result 5.6. Then the proof implies that

V_{=r}(g) = {v ∈ V ; α_g(v) = r and α_g�1 (v) = −r} ∪ {0}. (5.8)

for g ∈ GL(V ) . The indexed collection of subspaces V_{=r} , r ∈ R , is called the Lyapunov graduation of V with respect to g and dim V_{=r} is called the multiplicity of the exponent r . We have V_{≤r} = ⨁ s≤r V_{=s}. (5.9)

Let us order the different values of α_g on V

α_0 = −∞ < α_1 < α_2 < · · · < α_t

and let k_0, k_1, k_2, . . . , k_t be the corresponding multiplicities. Then g is invertible iff k_0 = 0 .

5.10 Remark The linear automorphism g ∈ GL(V ) is proximal iff the multiplicity k_t of the maximal Lyapunov exponent is 1 .

5.11. Corollary For g ∈ GL(V ) the induced map ∧^mg on the exterior powers ∧^mV is proximal iff m is one of the numbers k_r , k_r + k_{r−1}, . . . , k_r + · · · + k_1 .

Proof Write the eigenvalues λ_1, . . . , λ_n of g in some local overfield K of k – every eigenvalue as often as its multiplicity indicates – in the following way: First the k_1 eigenvalues of modulus exp α_1 , then the k_2 eigenvalues of modulus exp α_2, . . . . The eigenvalues of ∧^mg are λ_{i1} . . . λ_{im} , i_1 < · · · < i_m . There is a unique eigenvalue – counting multiplicities – of maximal modulus iff m is one of the numbers k_r , k_r + k_{r−1}, . . . .

5.12 We define the Lyapunov type L(g) = (e_0 < e_1 < · · · < e_t) of g ∈ GL(V ) as the sequence of dimensions of the spaces V_{≤r} , r ∈ R . So L(g) = (k_0, k_0 + k_1, k_0 + k_1 + k_2, . . . , k_0 + k_1 + · · · + k_t = n) where k_i is the multiplicity of the i –th Lyapunov exponent α_i and n = dim V . So g ∈ GL(V ) is proximal iff n − 1 ∈ L(g) . The following statements for g ∈ GL(V ) are equivalent: e ∈ L(g) ; ∧^{n−e}g is proximal; if we order the eigenvalues λ_1, . . . , λ_n of g in some local overfield K of k according to their modulus then |λ_e| < |λ_{e+1}| .

5.13 As with proximality we need a quantitative version of the Lyapunov type. Fix a norm on ∧^mV for every m = 0, . . . , n . Let τ = (e_0, e_1, . . . , e_s) be a type of flag i.e. an increasing sequence of integers e_i with 0 ≤ e_i ≤ n . Define P (τ ) as the set of g ∈ GL(V ) such that L(g) ⊂ τ and for r > 1 and ε > 0 define P (τ, r, ε) as the set of g ∈ GL(V ) such that ∧^mg is (r, ε) –proximal for every m = n − e , e ∈ τ . If τ consists of one element only, say τ = (e) , then we write P (e) for P (τ ) and P (e, r, ε) for P (τ, r, ε) .

Here is now our generalization of the finiteness result. It concerns the Lyapunov type, whereas the earlier result was concerned with proximality only.

5.14 Theorem Let H be a subsemigroup of GL(V ) and let τ be a type of flag. Suppose P (e) intersects H for every e ∈ τ . If the representation of H on ∧^{n−e}V is strongly irreducible for every e ∈ τ then P (τ ) intersects H . Moreover, there is an ε > 0 such that for every r > 1 there is a finite subset M of H such that M.P (τ, r, ε) = GL(V ) .

The proof is implied by the following results. The proof of the first claim follows from the following lemma applied to ⨁ e∈τ ∧^{n−e}V in view of the remark following the definition of (r, ε) –proximality in section two.

5.15 Lemma Suppose a representation ρ : H −→ GL(V ) decomposes into strongly irreducible subrepresentations ρ = ρ_1 ⊕ · · · ⊕ ρ_t . If ρ_i(H) contains a proximal element for every i = 1, . . . , t , then there is an element h ∈ H which is proximal for every i = 1, . . . , t .

Proof For every i we have the representation ρ_i : H −→ GL(V_i) , the subsemigroup H_i = ρ_i(H) of GL(V_i) and the corresponding semigroup H_i of quasiprojective maps of PV_i . The set of all pointwise limits of ρ(H) in H_1 ×· · ·×H_t forms a subsemigroup H of H_1 ×· · ·×H_t , the proof is as for the case of one factor [GM, Lemma 2.7]. For every i there is an element h_i ∈ H for which ρ_i(h_i) is proximal. Hence there is a contractive sequence ρ_i(s_i) on V_i with M^i_0 := M_0(ρ_i(s_i)) consisting of one point and L^i_1 ∩ M^i_0 = ∅ where L^i_1 = L_1(ρ_i(s_i)) . Now let a = (a_1, . . . , a_t) ∈ H be such that Σ dim M_0(a_i) is minimal. We claim that this sum is zero. This implies the lemma as in 3.13.

If a linear automorphism g is proximal, so are all its powers g^n, n ≥ 1 . We may assume that H is a subsemigroup of GL(V ) and hence assume that H is Zariski–connected.

Suppose that Σ dim M_0(a_i) is positive, say dim M_0(a_1) > 0 . We shall compose a with an element b = (b_1, . . . , b_t) ∈ H such that

M_0(a_ib_i) ⊂ M_0(a_i) for every i

with strict inclusion for i = 1 . It suffices to find a b ∈ H such that b_1 is a contraction and M_0(b_i) ⊄ L_1(a_i) for every i,

by 4.3 b) and 4.3 d). There is a b ∈ H such that b_1 is a contraction, since ρ_1(H) contains a proximal element, by 3.13. The subspace L_1(a_i) is a proper subspace of P(V_i) . So by irreducibility of ρ_i there is an element h ∈ H such that M_0(hb_i) = hM_0(b_i) ⊄ L_1(a_i) . This is a Zariski–open condition. So there is an h ∈ H such that these conditions are satisfied for every i = 1, . . . , t , by Zariski–connectedness of H . So hb has all the required properties and we thus get a contradiction, proving that Σ dim M_0(b_i) = 0 .

Under the assumption of 5.14, let S be a finite set of sequences in H such that ρ_i(s) is contractive for every i = 1, . . . , t . Put M^0_i (S) = ⋁ s∈S M^0(ρ_i(s)) and

L^1_i (S) = ⋂ s∈S L_1(ρ_i(s)) and let ~M^0_i (S) be the linear subspace of V_i corresponding to M^0_i (S) . We say that S is in general position if the following condition holds for every i = 1, . . . , t .

(GP) For every pair (S^′, S^{′′}) of subsets of S we have

dim ~M^0_i (S^′) = inf(card S^′, dim V_i), codim L^1_i (S^{′′}) = inf(card S^{′′}, dim V_i) and dim( ~M^0_i (S^′) + L^1_i (S^{′′})) = inf(dim V_i, dim ~M^0_i (S^′) + dim L^1_i (S^{′′})).

5.16 Lemma Suppose the hypotheses of 5.15 hold and H is Zariski–connected. Then for every finite set S as above in general position there is a sequence s such that S ∪ {s} is in general position.

Proof Recall that two subspaces A and B of a vector space U are called transversal , denoted A t B , if A ∩ B = 0 or A + B = U . So the last condition of general position is equivalent to ~M^0_i (S^′) t L^1_i (S^{′′}) . Now there is a sequence s in H such that ρ_i(s) is contractive for every i = 1, . . . , t , by 5.15 and 3.13. For every pair S^′ , S^{′′} of subsets of S there is a γ ∈ H such that

~M^0_i (γs) = γM^0_i (s) t ~M^0_i (S^′) + L^1_i (S^{′′}), (a)

by irreducibility of ρ_i . So there is a γ ∈ H such that (a) holds for every pair S^′ , S^{′′} of subsets of S . Similarly, there is a β ∈ H such that

L^1_i (sβ) = β^{−1}L^1_i (s) t ~M^0_i (S^′) ∩ L^1_i (S^{′′}), (b)

and, if ~M^0_i (S^′) ∩ L^1_i (S^{′′}) = 0 ,

L^1_i (sβ) = β^{−1}L^1_i (s) t ~M^0_i (S^′ ∪ {γs}) ∩ L^1_i (S^{′′}) (c)

It then follows that S ∪ {γsβ} is in general position, the case (S^′ ∪ {γsβ}, S^{′′}) by a), the case (S^′, S^{′′} ∪ {γsβ}) by b), and the case (S^′ ∪ {γsβ}, S^{′′} ∪ {γsβ}) by a), b) and c).

We are now ready to prove our theorem.

5.17 Theorem Let H be a semigroup and let ρ : H → GL(V ) be a representation. Suppose ρ decomposes into strongly irreducible representations ρ = ρ_1 ⊕ · · · ⊕ ρ_t . Assume H contains for every i an element h_i such that ρ_i(h_i) is proximal. Then for a given norm on V there is an ε > 0 and for every r > 1 a finite subset M of H such that for every g = (g_1, . . . , g_t) ∈ ∏ GL(V_i) there is a γ ∈ M such that ρ_i(γ) · g_i is proximal for every i .

Proof We just give a sketch of proof, since the details are very similar to those of 4.7. We may assume that ρ(H) is Zariski–connected. Let S be a set in general position of cardinality greater than^t ∑ i=1 (d_i −1) , where d_i = dim V_i . For a given set H_1, H_2, . . . , H_t of hyperplanes H_i in V_i there are at most d_i −1 elements s ∈ S such that M^0_i (s) ∈ H_i , hence there is an element s ∈ S such that M^0_i (s) ∉ H_i for every i . Similarly, for a given set x_1, . . . , x_t of points x_i ∈ PV_i there is an element s ∈ S such that PL^1_i (s) ∌ x_i for every i . Now fix g = (g_1, . . . , g_t) ∈ ∏ i GL(V_i) . For ε sufficiently small there is an s ∈ S such that M^0_i (s) is ε –distant from W_1(g_i) for every i . Then there is an s^′ ∈ S such that g_iM^0_i (s) is ε –distant from L^1_i (s^′) . Now apply an element γ^′ in the sequence s^′ which takes g_iM^0_i (s) close to M^0_i (s^′) . In fact we want a compact subset K_i0 of the complement of L^1_i (s^′) taken to a small neighbourhood of M^0_i (s^′) and the norm of γ^′ on K_i0 small. Now M^0_i (s^′) is ε –distant from L^1_i (s) , by the third condition of general position. So a properly chosen element γ of the sequence s takes a compact subset K_i of the complement of L^1_i (s) – and in particular M^0_i (s^′) – close to M^0_i (s) and has small norm on K_i . Finally g_i takes γγ^′M^0_i (s) back close to g_iM^0_i (s) and there is a universal bound for the norm of g_i outside a neighbourhood of W_1(g_i) for every i . We thus prove our claim using Tits’ criterion.

5.18 Remark The proof shows that there is such a set M of cardinality (1 +^t ∑ i=1 (d_i − 1))^2 .

5.19 Remark There is a similar theorem for a direct sum of representations ρ_i and types τ_i of flags for every i . The proof follows from 5.17.

VI. Proximal elements in reductive groups

In this section we give necessary and sufficient conditions for when the image of a reductive group under an irreducible representation ρ contains a proximal linear map. The conditions are given in terms of the highest weight of ρ . At the beginning of this section we state in which sense we can restrict attention to irreducible representations. At the end of the section we apply our main finiteness result to obtain many R -regular elements.

6.1 Let H be a subsemigroup of GL(V ) . Suppose H contains a proximal element g with corresponding line V^+ and hyperplane V^< . Let W^′ be the maximal H -submodule of V contained in V^< . So W^′ = ⋂ h∈H hV^< . Also

W^′ = {v ∈ V ; α_g(v) < spectral radius of g^′ for every g^′ of the form g^′ = h g h^{−1}, h ∈ H}. Let W be the smallest H -submodule of V/W^′ containing the image of V^+ . Then W_C is the unique minimal H -submodule of (V/W^′)_C . In particular, the corresponding representation ρ : H −→ GL(W ) is absolutely irreducible and the Zariski closure of ρ(H) is a reductive subgroup of GL(W ) .

Proof We may assume that W^′ = 0 . Then for every non–zero vector v ∈ V_C there is an element h ∈ H such that hv ∉ (V^<)_C . Hence^{g2nhv}_{‖g2nhv‖} converges for n → ∞ to a non–zero vector of (V^+)_C , for some norm ‖ . ‖ on V_C . So (V^+)_C is contained in every non–zero H -submodule of V_C .

If the Zariski closure of H is reductive we obtain 6.2 Proposition Let H be a subsemigroup of GL(V ) whose Zariski closure ~H is reductive. Suppose ~H contains a proximal element with corresponding line V^+ and hyperplane V^< . Let W be the smallest H submodule of V containing V^+ and let W^′ be the maximal H -submodule contained in V^< . Then V = W ⊕ W^′ and W is an absolutely irreducible H -submodule of V .

Proof In the claims we may suppose H = ~H , in which case everything follows from 6.1.

Let G be a reductive linear algebraic group defined over R and let ρ : G −→ GL(V ) be an absolutely irreducible representation of G defined over R . We want to give criteria for when ρ(G_R ) contains a proximal element. Since the center of G acts by homotheties on V_C it suffices to consider the case when G is semisimple. Recall the theory of dominant weights of representations of reductive groups. Let G be a complex linear algebraic semi–simple group and let B be a Borel subgroup of G containing a maximal torus T of G . Then for every irreducible representation ρ : G → GL(V ) defined over C the restriction of ρ to T decomposes into weight spaces V^χ , χ ∈ X^∗(T ) = Hom(T, GL_1) . Let Π(ρ) be the set of weights of the representation ρ , i.e. Π(ρ) = {χ ∈ X^∗(T ), V^χ ≠ 0} . Let ≤ be an order on X^∗(T ) for which the roots of T on B are positive. There is a unique maximal weight λ with respect to ≤ and the corresponding weight space V^λ is one–dimensional. The line V^λ can also be characterized as the unique line in V stabilized by B . Let Φ be the root system of G with respect to T and let Φ^+ be the set of roots of T on B . Let Δ be the unique basis of the root system Φ contained in Φ^+ . Then every weight χ ∈ Π(ρ) is of the form χ = λ − ∑ a∈Δ n_a · a with n_a ≥ 0.

Let us now turn to the real case. Suppose our group G , the vector space V and the representation ρ are defined over R , that T contains a maximal R -split torus S of G and that B is contained in a minimal parabolic R -subgroup P of G . Let_R Δ be the basis of the root system_R Φ of S on G which is contained in the set_R Φ^+ of roots of S on P . Let j : X^∗(T ) −→ X^∗(S) be the restriction homomorphism and let Δ^∘ = {a ∈ Δ; j(a) = 0} . We sometimes write Π(λ) instead of Π(ρ) .

6.3 Theorem The following conditions are equivalent 1) ρ(G_R ) contains a proximal element. 2) The multiplicity of j(λ) = λ|S is one.

3) There is no weight χ ∈ Π(λ) such that λ − χ is a linear combination of elements of Δ^∘ .

4) λ is orthogonal to Δ^∘ .

5) λ is fixed by the subgroup of the Weyl group W = W (T, G) generated by the reflections r_a corresponding to elements a ∈ Δ^∘ .

6) V^λ is stabilized by P .

In particular, ρ(G_R ) contains a proximal element if G is R -split, i.e. if S = T , by 2).

The proof will occupy most of the remainder of this section.

Recall that every element g of GL(V ) has a multiplicative Jordan decomposition g = s · u = u · s which is uniquely determined by the conditions that s is semisimple and u is unipotent. Every semisimple element s ∈ GL(V ) has a polar decomposition g = p · k = k · p uniquely determined by the following conditions: p and k are semisimple, the eigenvalues of p are positive real and the eigenvalues of k have modulus one. The following lemma is obvious.

6.4 Lemma If g ∈ GL(V ) is proximal with corresponding line V^+ and hyperplane V^< then so are its semisimple part s and its polar part p , with the same line and hyperplane. Furthermore, the moduli of the eigenvalues on V^+ and V^< remain unchanged when passing from g to s to p .

Proof of the theorem 1) =⇒ 2) Suppose g is a proximal element of ρ(G_R ) . We may suppose that g is an element of the (Euclidean-) connected component (ρ(G_R ))^∘ of ρ(G_R ) which is the same as ρ((G_R )^∘) , see [B] 7.4. It follows that the polar part of g is also proximal which is of the form ρ(p) for some polar element p ∈ G_R . Since any polar element is contained in a maxi-

mal R -split torus and maximal R -split tori are conjugate by elements of GR

we may assume that p ∈ (S_R )^∘ . Using the action of the relative Weyl group R W = N(S)/Z(S) = N(S)_R /Z(S)_R of G over R we may assume that p is actually in the Weyl chamber C = {s ∈ (S_R )^∘ ; b(s) ≥ 1 for b ∈_R Δ} . But

R Δ = j(Δ r Δ^∘)

by [BT] 6.3 and 6.8. So a(p) is positive real for every a ∈ X^∗(T ) and λ(p) ≥ χ(p) for every χ ∈ Π(λ) . Since ρ(p) is proximal we must have λ(p) > χ(p) for every χ ∈ Π(λ) other than λ . In particular, the complex line V^λ is the weight space for j(λ) = λ|S in the decomposition of the complex vector space V into weight spaces with respect to S .

2) =⇒ 3) Write χ ∈ Π(λ) in the form χ = λ − ∑ a∈Δ n_a · a.

Then n_a are non–negative integers. The dominant weight has multiplicity 1 . For the restriction j(χ) of χ to S we thus have

j(χ) = j(λ) = ∑ a∈Δ n_aj(a).

Now j(Δ) ⊂_R Δ ∪ {0} , hence j(χ) = j(λ) − ∑ b ∈ RΔ k(b) · b, (6.5)

where k(b) = ∑ j(a)=b n(a) .

3) =⇒ 1) Again, let C ⊂ (S_R )^∘ be the Weyl chamber {s ∈ (S_R )^∘, b(s) ≥ 1 for b ∈_R Δ} . Then the computation above shows that for s in the interior ∘ C of C , i.e. if s ∈ (S_R )^∘ and b(s) > 1 for every b ∈_R Δ , we have χ(s) < λ(s) for χ ≠ λ in Π(λ) , provided λ − χ is not a linear combination of Δ^∘ . Hence ρ(s) is proximal for s ∈^∘C .

3) ⇐⇒ 4) There is a criterion due to Satake for R and C and for arbitrary fields of characteristic zero to Borel–Tits (see [BT] 12.16 and the reference there) as to when for a given irreducible representation with dominant weight λ a subset Θ of Δ is of the form Θ(q) = {a ∈ Δ; n_a ≠ 0} for some weight q = λ − ∑ a∈Δ n_a · a , as follows: A subset Θ of Δ is of the form Θ(q) iff {λ} ∪ Θ is connected. Here connectedness is defined using a graph defined like the Dynkin diagram. So there is a subset Θ of Δ^∘ which is of the form Θ(q) for some q ∈ Π(λ) iff the pair (λ, a) is an edge for at least one a ∈ Δ^∘ , i.e. iff λ is not orthogonal to at least one a ∈ Δ^∘ . This shows the equivalence of 3) and 4) .

4) ⇐⇒ 5) ⇐⇒ 6) Let W^′ be the subgroup of the Weyl group W (T, G) in 5), i.e. generated by r_a , a ∈ Δ^∘ . The equivalence of 4) and 5) is clear. The group P_C is the standard parabolic corresponding to the subset Δ^∘ of Δ , by [BT] 6.3. We thus have the Bruhat decomposition P_C = ⋃ w∈W 0 BwB . Since B stabilizes V^λ this shows the equivalence of 5) and 6).

6.6 Remark The proof shows that if the group ρ(G_R ) contains a proximal map then every inner point of a Weyl chamber C maps under ρ to a proximal map. There are representations, though, for which also elements on walls of C – hence singular elements – give proximal maps. More precisely, the proof yields the following corollary. For s ∈ C define

type(s) = {b ∈_R Δ ; b(s) > 1} and cotype(s) = {b ∈_R Δ ; b(s) = 1}

and similarly

type_Δ(s) = {a ∈ Δ ; a(s) > 1} and cotype_Δ(s) = {a ∈ Δ ; a(s) = 1}.

We have by the results of [BT] cited in the proof of 1) =⇒ 2)

type_Δ(s) = {a ∈ Δ ; j(a) ∈ type (s)} and cotype_Δ(s) = {a ∈ Δ ; j(a) ∉ type (s)},

where j : X^∗(T ) −→ X^∗(s) is the restriction homomorphism.

Suppose the hypothesis of the theorem. So we do not assume that ρ(G_R ) contains a proximal element. The theorem may be considered as the special case type (s) = R Δ , or equivalently cotype_Δ(s) = Δ^0 .

6.7 Corollary Suppose ρ fulfills the hypotheses of the theorem. Then for s ∈ C the following conditions are equivalent. 1) ρ(s) is proximal 2) λ is fixed by the standard parabolic subgroup of G of type cotype_Δ(S) . 3) λ is fixed by the standard parabolic R -subgroup_R P_{cotype(s)} . 4) λ is fixed by the centralizer Z_G(s) of s in G . 5) λ is orthogonal to cotype_Δ(S) .

6) For every χ ≠ λ in Π(λ) we have k(b) > 0 for at least one b ∈ type(s) .

Proof The equivalence of 1) and 6) follows from 6.5. The equivalences of 2), 3) and 5) are proved as the corresponding equivalences of 3) through 6) in the theorem. Finally, the standard parabolic P of G whose type is cotype_Δ(s) is generated by B and Z_G(s) , which shows 2) ⇐⇒ 4).

Recall from 6.4 that ρ(g) is proximal iff ρ(pol(g)) is proximal, where p = pol(g) is the polar part of g . Since p is conjugate in G_R to a unique element s of C , we can define type (g) := type (p) := type (s),

and 6.7 gives a complete answer to the question when ρ(g) is proximal. The following theorem fits into the framework of the present chapter on representations of algebraic groups, but does not use any of its results. The proof uses some basic facts about R -regular elements from [PR], in particular a connection with proximality.

Let G be a connected semi–simple algebraic group defined over R and let G(R) be the group of R –points of G . Let Ad be the adjoint representation of G(R) on its Lie algebra g . We assume that G(R) is noncompact. An element g ∈ G(R) is called R –regular if the number of eigenvalues, counted with multiplicity, of modulus 1 of Ad g , is minimum possible. It is known that every R –regular element is semisimple (see [PR]) and it is easy to see that an element of SL_n(R) is R – regular iff all its eigenvalues in the natural n –dimensional representation are real and distinct. The first two parts of the following theorem are also proved in [BL] and [P] for the case that Γ is a subgroup.

6.8 Theorem Let Γ be a Zariski dense subsemigroup of G(R) . Then Γ contains an R –regular element. In fact, the set of R –regular elements of Γ is Zariski–dense. There is a finite subset M of Γ such that for every g ∈ G(R) at least one of the elements γg, γ ∈ M , is R –regular.

Proof Let G(R) = KAN be an Iwasawa decomposition of G(R) , let n be the Lie algebra of N and let k be its dimension. In the representation ∧^kAd of G(R) on ∧^kg let V be the smallest G(R) –submodule containing the one–dimensional subspace ∧^kn and let ρ : G(R) → GL(V ) be the corresponding representation. The representation ρ is irreducible since V is a highest weight module, see [PR 3.1]. An element g ∈ G(R) is R –regular iff ρ(g) is proximal, by [PR Lemma 3.4]. So the theorem follows from theorem 4.1.

References

[A] L. Auslander. The structure of compact locally affine manifolds, Topology 3 (1964), 131 – 139.

[BL] Y. Benoist and F. Labourie. Sur les difféomorphismes d’Anosov affines à feuilletages stables et instables différentiables, Preprint.

[B] A. Borel. Introduction aux groupes arithmétiques, Hermann Paris 1969.

[BT] A. Borel and J. Tits. Groupes réductifs, Publ. Math. IHES 27 (1965), 55 – 151.

[D] T. Drumm. Fundamental polyhedra for Margulis space–times, Doctoral dissertation University of Maryland 1990.

[DG] T. Drumm and W. Goldman. Complete flat Lorentz 3–manifolds with free fundamental group, Int. J. of Math. 1 (1990), 149 – 161.

[FG] D. Fried and W.M. Goldman. Three–dimensional affine crystallographic groups, Adv. in Math. 47 (1983), 1– 49.

[F] H. Furstenberg. Boundary theory and stochastic processes on homogeneous spaces, Proc. Symp. Pure Math. (Williamstown, MA, 1972) Amer. Math. Soc. 1973, 193 – 229.

[GK] W.M. Goldman and Y. Kamishima. The fundamental group of a compact flat Lorentz space form is virtually polycyclic, J. of Diff. Geom. 19 (1984), 233 – 240.

[GM] I.Ya. Goldsheid and G.A. Margulis. Lyapunov exponents of a product of random matrices, Uspekhi Mat. Nauk 44:5 (1989), 13 – 60. English translation in Russian Math. Surveys 44:5 (1989), 11 – 71.

[GrM] F. Grunewald and G.A. Margulis. Transitive and quasitransitive actions of affine groups preserving a generalized Lorentz–structure, J. of Geometry and Physics 5 (1988), 493 – 531.

[GR] Y. Guivar’ch and A. Raugi. Propriétés de contraction d’un semigroupe de matrices inversibles. Coefficients de Liapunoff d’un produit de matrices aléatoires indépendantes. Israel J. of Math. 65 (1989), 165 – 196.

[Ma 1] G.A. Margulis. Free properly discontinuous groups of affine transformations, Dokl. Akad. Nauk SSSR 272 (1983), 937 – 940.

[Ma 2] G.A. Margulis. Complete affine locally flat manifolds with a free fundamental group, J. Soviet Math. 134 (1987), 129 – 134, translated from Zariski NS LOMI 134 (1984), 190 – 205.

[Ma 3] G.A. Margulis. On the Zariski closure of the linear part of a properly discontinuous group of affine transformations, Preprint (1991).

[Ma 4] G.A. Margulis. Discrete subgroups of semisimple Lie groups, Springer 1991.

[MS] G.A. Margulis and G.A. Soifer. Maximal subgroups of infinite index in finitely generated linear groups, J. of Algebra 69 (1981), 1 – 23.

[Me] G. Mess. Flat Lorentz spacetimes, Preprint, February 1990.

[Mi] J. Milnor. On fundamental groups of complete affinely flat manifolds, Adv. in Math. 25 (1977), 178 – 187.

[P] G. Prasad. R –regular elements in Zariski–dense subgroups, to be published in the Oxford Quarterly J. of Math.

[PR] G. Prasad and M.S. Raghunathan. Cartan subgroups and lattices in semi–simple groups, Annals of Math. 96 (1972), 296 – 317.

[Ra] M.S. Raghunathan. Discrete subgroups of Lie groups, Springer 1972.

[Ti] J. Tits. Free subgroups in linear groups, J. of Algebra 20 (1972), 250 – 270.

[To] G. Tomanov. The virtual solvability of the fundamental group of a generalized Lorentz space form, J. Diff. Geom. 32 (1990), 539 – 547.

[S] G.A. Soifer. Affine discontinuous groups, In L.A. Bokut’, M. Hazewinkel, Yu. Reshetnyak (eds): Algebra and Analysis, Proc. of the first Siberian school, Lake Baikal, Amer. Math. Soc. 1992.

Herbert Abels Fakultät für Mathematik Universität Bielefeld Postfach 100 131 33501 Bielefeld Germany

G.A. Margulis Department of Mathematics Yale University New Haven, Connecticut 06520 U.S.A.

G.A. Soifer Kemerovo State University Krasnaya 6 650043 Kemerovo Russia