A SPECIAL CLASS OF 2-GENERATOR KLEINIAN GROUPS

Elena Klimenko

Fakultät für Mathematik Universität Bielefeld 33501 Bielefeld, Deutschland and Department of Mathematics Novosibirsk State University Novosibirsk 630090, Russia

Abstract. In this article we continue investigation of a special class of 2- generator Kleinian groups in which neither of the generators nor their commutator is strictly loxodromic. We give necessary and sufficient conditions for discreteness of non-elementary and non-Fuchsian groups of this class generated by two hyperbolic elements.

Introduction

Let Γ = ⟨A, B⟩ be a two-generator subgroup of PSL(2, C ). We study the following question: when Γ is discrete?

The same question for two-generator subgroups of PSL(2, R) has a problematic history in the mathematical literature. There were a lot of papers dealing with this problem, see [Br2], [DJ], [Gi1] – [Gi3], [GiM], [J], [KIR], [Kn], [LU], [Mt], [P1] – [P3], [PR], [R1] – [R5]. Rosenberger [R5] completed the classification of all two-generator Fuchsian groups and presented an algebraic algorithm for determining whether or not a two-generator subgroup of PSL(2, R) is discrete. Another, geometric approach to this problem was started by Matelski [Mt] and developed by Gilman and Maskit [GiM].

1991 Mathematics Subject Classification. 30F40, secondary 20H10, 22E40, 57S30. Key words and phrases. Kleinian groups, Fuchsian groups, hyperbolic geometry. The author gratefully acknowledges the support of the Sonderforschungsbereich 343 and the hospitality of the Universität Bielefeld during the preparation of the present article.

Typeset by AMS-TEX 1

As for PSL(2, C ), the problem is far from being completely solved. The remarkable Jørgensen’s inequality [J] yields a necessary condition for discreteness of 2-generator non-elementary groups.

Necessary and sufficient discreteness conditions for subgroups of PSL(2, C ) which are generated by two elliptic elements with mutually orthogonal skew axes were given in [K1], [K2]. Thus, some class of 2-generator Kleinian groups was first completely described. Maskit [M2] investigated another specific class of 2-generator Kleinian groups, where one of generators has exactly two fixed points in C and the other maps one of these fixed points to the other. There were two open questions in [M2]. The answer to one of them is given in [K3]. There are discrete groups belonging to both classes studied in [K2] and [M2], however, neither of these classes contains the other.

We study a larger class G of 2-generator subgroups of PSL(2, C ), where neither of the generators nor their commutator is strictly loxodromic. This class contains all 2-generator Fuchsian groups as well as all Kleinian groups described in [K2] and [M2]. There are a lot of non-elementary discrete groups which are not Fuchsian in G. Most of such groups have been detailed in [K4], see also [K5]. Moreover in [K4] a description of these groups in terms of generators and relations is given, and all orbifolds that are uniformized by the groups are also presented.

Some examples of discrete two-generator subgroups of PSL(2, C ) have been constructed in [HMV].

In this paper we give necessary and sufficient conditions for discreteness of non-elementary and non-Fuchsian groups of class G generated by two hyperbolic elements (Theorem 4).

Acknowledgements. I express my sincere gratitude to Prof. H. Helling and Prof. J. Mennicke for attention and support during my stay in Bielefeld. I would like to thank them and Prof. G. Rosenberger for very useful discussions. I very much appreciate the help of Prof. N. A. Vavilov at the final stage of the preparation of this work.

PSL(2, C ) and Lobachevsky space

As is known, PSL(2, C ) acts as the full group of orientation preserving isometries of 3-dimensional Lobachevsky space H^3 .

Consider 3-dimensional Lobachevsky space realized as the upper halfspace

H^3 = { (z, t) | z ∈ C , t > 0}

with the hyperbolic metric

ds^2 = (|dz|^2 + dt^2)/t^2.

In this model, hyperbolic lines are Euclidean semicircles and rays orthogonal to the boundary ∂H^3 = C of Lobachevsky space; and hyperbolic planes are Euclidean semispheres and half-planes, orthogonal to C .

Two hyperbolic planes either are intersecting, or parallel, or they are disjoint. Two hyperbolic lines either lie in a hyperbolic plane (and then they are intersecting, parallel or disjoint), or they are skew.

In the next section we will need the following three propositions. Proposition 1. Let σ and ρ be mutually orthogonal planes, and let g be the line by which they intersect. Let h be a straight line which lies in ρ and is orthogonal to g. Then h is orthogonal to σ.

Proposition 2. If a plane σ is orthogonal to a straight line h lying in another hyperbolic plane ρ, then σ and ρ are mutually orthogonal.

Propositions 1 and 2 are very simple and occur not only in hyperbolic geometry, but also in Euclidean and spherical ones.

Proposition 3. Let σ_1 and σ_2 be disjoint planes in H^3 , and let ρ be a plane which is orthogonal to both of them. Then ρ passes through the common perpendicular to σ_1 and σ_2.

Indeed, the lines of intersection of σ_1 and σ_2 with ρ are disjoint and, consequently, have their common perpendicular (lying in ρ) which is orthogonal to both σ_1 and σ_2 by Proposition 1.

For A ∈ PSL(2, C ), let ( a b c d ) ∈ SL(2, C ) be one of the two matrices which represent A. Then, as usually, tr^2 A ≡ (a + d)^2.

We need a classification of non-trivial elements A ∈ PSL(2, C ).

A − − − − elliptic parabolic hyperbolic strictly loxodromic tr^2 A − − − − ∈ [0, 4) = 4 ∈ (4, +∞) /∈ [0, +∞) geometrical sense − − − − − − rotation limit rotation translation rotation + translation with a common axis

An elliptic, parabolic or hyperbolic element, in contrast to a strictly loxodromic one, can be presented as the product of the reflections in two hyperbolic planes which are intersecting (the line of intersection is called the axis of the elliptic element; this is the fixed point set under the action of this element), parallel (the common point of the planes, which lies on C , is the unique fixed point of the parabolic element) or disjoint respectively (in the last case, the common perpendicular to the planes is the unique invariant line under the action of the hyperbolic element and is called the axis of this element).

An elliptic element is determined by its axis, the angle and direction of rotation about this axis. An elliptic element of finite order is called primitive (or geometrically primitive), if it is conjugate to a rotation of the form F (z) = exp(2πi/p)z, p ∈ N, and non-primitive otherwise. Non-primitive elliptic element of order p is conjugate to a rotation F (z) = exp(2πiq/p)z, where p,

q ∈ N are relatively prime, q > 1 and q/p < 1/2.

Further information on Kleinian groups and hyperbolic geometry can be found in [A], [Br1], [F], [GeM], [KAG], [M1], [Mi], [S], [Th], [V], [ZVC].

A class for which the problem could be solved

We return to our problem: when Γ = ⟨A, B⟩ < PSL(2, C ) is discrete? Consider the following class: G = { Γ = ⟨A, B⟩ | A, B and [A, B] = ABA^{−1}B^{−1} are not strictly loxodromic } . We have the following cases:

1. 2. 3. 4. 5. 6.

A − − − − elliptic elliptic parabolic hyperbolic elliptic hyperbolic

B − − − − elliptic parabolic parabolic parabolic hyperbolic hyperbolic

[A, B] − − − − − − − −

is not strictly loxodromic for all the cases

We will study each of these cases separately.

Case 1. Both elements A and B are elliptic.

The condition that [A, B] is not strictly loxodromic is equivalent to the condition that the axes of A and B either lie on a hyperbolic plane, or they are mutually orthogonal skew lines.

Thus, if Γ ∈ G and has two elliptic generators A and B, then either

1 (a) the axes of A and B lie in a hyperbolic plane, or 1 (b) the axes of A and B are mutually orthogonal skew lines.

Consider 1 (a). If the axes of A and B intersect (or are parallel), then Γ is elementary. Moreover, any hyperbolic sphere (respectively horosphere) centered at the point of their intersection (lying in H^3 or on C respectively) is invariant under the action of A and B. If the axes of A and B are disjoint, then there is a plane orthogonal to both of them (this plane passes through the common perpendicular to the axes of A and B); this plane is invariant under the action of A and B, so Γ is discrete if and only if Γ is Fuchsian. Thus, in case 1 (a) Γ is a group of isometries of 2-dimensional sphere, Euclidean plane or Lobachevsky plane, and criteria for discreteness of such groups are known.

In case 1 (b), Γ contains infinitely many strictly loxodromic elements with different axes (for example, the product AB), so it is non-elementary and non-Fuchsian. The necessary and sufficient conditions for discreteness of such groups are given by the following

Theorem 1 [K2]. Let A, B ∈ PSL(2, C ) be primitive elliptic elements of orders n and m respectively (n ≤ m) with mutually orthogonal skew axes. Then

(1) there exists an element C ∈ PSL(2, C ) such that C^2 = [A, B] and (CB)^2 = 1; and

(2) Γ = ⟨A, B⟩ is discrete if and only if one of the following conditions is satisfied:

(i) C is hyperbolic, parabolic or a primitive elliptic element; (ii) C = D^2, where D is a primitive elliptic element of order p, p is odd, and either n = 2, p = m ≥ 7, or n = m = p ≥ 7.

Cases 2{4. A is elliptic, parabolic or hyperbolic, and B is parabolic.

The condition that [A, B] is not strictly loxodromic has also a certain geometrical sense. Again, in these cases Γ = ⟨A, B⟩ is either elementary or Fuchsian or neither. In the last case we have the following

Theorem 2 [K4]. Let Γ = ⟨A, B⟩ ∈ G be non-elementary and non-Fuchsian, where A is hyperbolic, parabolic or primitive elliptic, and B is a parabolic element. Then

(1) there exists an element C ∈ PSL(2, C ) such that C^2 = [A, B] and (CB)^2 = 1; and

(2) Γ is discrete if and only if C is hyperbolic, parabolic or a primitive elliptic element.

Case 5. A is elliptic and B is hyperbolic.

In this case, Γ = ⟨A, B⟩ ∈ G if and only if either

5 (a) the axes of A and B lie in a hyperbolic plane, or 5 (b) the axes of A and B are mutually orthogonal skew lines.

However, this time in case 5 (b) Γ is discrete if and only if it is Fuchsian, because there is a hyperbolic plane (passing through the axis of B and orthogonal to the axis of A) which is invariant under the action of Γ.

In case 5 (a), the axes of A and B are either intersecting or parallel or disjoint. The question for the case of intersecting axes is still open. If the axes are parallel, then the group is not discrete, see [M1, p. 83]. If the axes are disjoint, then we have the following

Theorem 3 [K5]. Let A ∈ PSL(2, C ) be a primitive elliptic element of order n and B ∈ PSL(2, C ) be a hyperbolic element, and let the axes of A and B be disjoint lines lying on a hyperbolic plane. Then

(1) there exists an element C ∈ PSL(2, C ) such that C^2 = [A, B] and (CB)^2 = 1; and

(2) Γ = ⟨A, B⟩ is discrete if and only if one of the following conditions is satisfied:

(i) C is hyperbolic, parabolic or a primitive elliptic element; (ii) n = 2, C is a non-primitive elliptic element of finite order, and ⟨CB, C⟩ is a Fuchsian group;

(iii) C = D^2, where D is a primitive elliptic element of order p, p is odd, and either n = p ≥ 5 and X = CBAD^{−1}A is hyperbolic, parabolic or a primitive elliptic element of order r ≥ 4, or n = 3, p = 5 and Y = CBA(D^{−1}A)^3 is hyperbolic, parabolic or a primitive elliptic element of order s ≥ 3.

Case 6. Both elements A and B are hyperbolic.

Here we give a detailed description of discrete groups arising in this case. Again the condition that [A, B] is not strictly loxodromic is equivalent to the condition that the axes of A and B either lie on a hyperbolic plane (and then this plane is invariant under the action of Γ = ⟨A, B⟩, i.e. Γ is discrete if and only if it is Fuchsian), or they are mutually orthogonal skew lines. In the last case, necessary and sufficient conditions for Γ to be discrete are given by the following

Theorem 4. Let A, B ∈ PSL(2, C ) be hyperbolic elements with mutually orthogonal skew axes. Then

(1) there exists an element C ∈ PSL(2, C ) such that C^2 = [A, B] and (CB)^2 = 1; and

(2) Γ = ⟨A, B⟩ is discrete if and only if C is hyperbolic, parabolic or a primitive elliptic element.

Proof. To prove the theorem we will use the methods expounded in papers [K2] – [K5].

1. The first step is to construct a group of reflections Γ^∗ in which Γ has finite index. In this case, the groups Γ and Γ^∗ are discrete or non-discrete simultaneously, therefore the question about discreteness of Γ is equivalent to the same question for Γ^∗.

Let a and b be mutually orthogonal skew axes of hyperbolic elements A and B respectively, and let e be their common perpendicular. Denote by E the half-turn about e. There are two half-turns E_a and E_b (with their axes e_a and e_b) such that A = E_aE, B = E_bE. We have

[A, B] = (E_aE)(E_bE)(EE_a)(EE_b) = (E_aEE_b)^2 = (AE_b)^2. (1)

It is clear that e_a and e lie on a hyperbolic plane, are disjoint, and a is their common perpendicular. The same statement is true for the three axes e_b, e, and b.

Let α, β, γ, δ be hyperbolic planes defined as follows: α contains e_a and is orthogonal to a, β contains e_b and is orthogonal to b, γ contains e_a, e and a, and δ contains e_b, e and b. Note that the pairs of planes α and γ, γ and δ, δ and β intersect at the angle of π/2, α and δ are disjoint (a is their common perpendicular), β and γ are also disjoint (b is their common perpendicular). The planes α and β are either disjoint or parallel or intersecting.

Let P_0 denote the convex polyhedron (of infinite volume) bounded by α, β, γ and δ with the edges e_a, e, e_b, and c = α ∩ β, if this intersection is not empty (see Figure 1*). If we denote by R_α, R_β, R_γ, R_δ the reflections in the faces α, β, γ, δ respectively, then A = R_αR_δ, E_b = R_δR_β and from (1) it follows that [A, B] = (R_αR_β)^2.

Denote by C the product of reflections R_β and R_α, C = R_αR_β. Then C is the very square root of [A, B] we need. Indeed, the product CB = (R_αR_β)(R_β R_γ) = R_αR_γ = E_a is a half-turn. (Note that the other orientation preserving square root C^′ of non-parabolic commutator [A, B] does not satisfy the condition that C^′B is a half-turn.) Let ~Γ = ⟨A, B, E⟩ and Γ^∗ = ⟨A, B, E, R_δ⟩ = ⟨R_α, R_β, R_γ, R_δ⟩. *All figures are done irrespective of any model of Lobachevsky space.

It is easy to see that either ~Γ = Γ (if E ∈ Γ), or Γ is a subgroup of ~Γ of index 2 (since EAE^{−1} = A^{−1}, EBE^{−1} = B^{−1} and so ~Γ = Γ ∪ ΓE). Moreover, ~Γ is the orientation preserving subgroup of Γ^∗ of index 2. Thus Γ, ~Γ and Γ^∗ are discrete or non-discrete simultaneously.

2. Assume that C = R_αR_β is hyperbolic, parabolic or a primitive elliptic element of order p (this means that α and β are disjoint, parallel or intersecting at the angle of π/p respectively). Then P_0, together with the reflections R_α, R_β, R_γ, R_δ in its faces, satisfies the hypotheses of Poincaré’s polyhedron theorem, and so Γ^∗ = ⟨R_α, R_β, R_γ , R_δ⟩ is discrete.

3. Assume that C = R_αR_β is neither hyperbolic nor parabolic nor a primitive elliptic element. We have two possibilities: either C is an elliptic element of infinite order; or C is a non-primitive elliptic element of finite order. In the first case, Γ^∗ and Γ are not discrete. In the second case we need further investigations. To complete the proof of the theorem we must obtain the following

Lemma. Let A, B ∈ PSL(2, C ) be hyperbolic elements with mutually orthogonal skew axes, and let C as above be a non-primitive elliptic element of finite order. Then Γ is not discrete.

Proof. We will prove it by contradiction. Suppose that Γ is discrete, and C is a non-primitive elliptic element, that is, the planes α and β intersect at an angle of q(π/p), where p is the order of C, q > 1 and q/p < 1/2. Then Γ^∗ contains reflections in q − 1 planes which pass through c and divide the corresponding dihedral angle of P_0 into q smaller angles of π/p.

Now we need an additional construction.

The lines e_a and c are disjoint since they lie on disjoint planes γ and β. Denote by ε the plane which passes through the common perpendicular to e_a and c and is orthogonal to α. Then ε is orthogonal to e_a and e (Proposition 1), and consequently, to both β and γ (Proposition 2). Therefore ε passes through the common perpendicular to β and γ, i.e. through b (Proposition 3). Analogous argumant shows that there is a plane η which is orthogonal to α, β and δ and passes through a (Figure 2). Denote by P_c the compact polyhedron bounded by α, β, γ, δ, ε and η.

Recall that Γ^∗ contains the reflections R_α, R_β, R_γ and R_δ (and does not contain the reflections R_ε and R_η in ε and η); moreover, Γ^∗ contains reflections in q − 1 planes (q − 1 ≥ 1) passing through c and intersecting the interior of P_c. We call these q − 1 planes the division planes (passing through c).

Consider the planes ε and η. Set Γ^∗_ε = ⟨R_α, R_β, R_γ⟩, Γ^∗_η = ⟨R_α, R_β, R_δ⟩. It is easy to see that Γ^∗_ε keeps the plane ε invariant, and Γ^∗_η keeps the plane η invariant (since α, β and γ are orthogonal to ε, and α, β and δ are orthogonal to η). The division planes passing through c are orthogonal to both ε and η; and the reflections in them belong to both Γ^∗_ε and Γ^∗_η.

Both Γ^∗_ε and Γ^∗_η are subgroups of Γ^∗ which is discrete by assumption), consequently they are also discrete.

For convenience denote α_ε = α ∩ ε, β_ε = β ∩ ε, γ_ε = γ ∩ ε, α_η = α ∩ η, β_η = β ∩ η, δ_η = δ ∩ η (Figure 3). We concentrate on ε, keeping in mind that analogous conclusions are valid also for η. Let ζ be the division plane nearest to α. A priori, ζ and γ are either disjoint or parallel or intersecting. In the last case, since Γ^∗_ε is discrete, the triangle △_ε formed by α_ε, γ_ε and ζ_ε = ζ ∩ ε must be in Knapp’s list, see [Kn]. Thus, we have the possibilities for △_ε presented at Figure 4 (where we write p instead of π/p).

A priori, there are infinitely many possibilities for the plane ε subdivided by the planes of reflections from Γ^∗_ε. First of all, we consider the cases satisfying the following condition:

(C1 ) The number of division planes passing through c must be minimal for each admissible triangle △_ε.

All possible subdivisions satisfying (C1 ) are represented at Figure 5. We will assume that case (i), Figure 5, contains subcases of non-compact triangle △_ε (r = ∞) and of disjoint planes ζ and γ. Note that two is the minimal number of division planes passing through c in case (ii), otherwise, β_ε intersects γ_ε.

We will denote the edges (and their lengths) and faces of P_c by a = a∩P_c, b = b ∩ P_c, γ_ε = γ_ε ∩ P_c, . . . , ε = ε ∩ P_c, . . . . ¿From Figure 5 it is easy to see that

(C2 ) γ_ε has at most one point of intersection with the division planes. Thus, from (C1 ) it follows (C2 ). It is not difficult to see that (C2 ) holds even if (C1 ) does not occur.

We have that similar condition is necessarily realized for η: (C2^′) δ_η has at most one point of intersection with the division planes. At last, we show that (C1 ) follows from (C2 ) and (C2^′). Indeed, if (C1 ) does not hold, then at least two division planes intersect b and, consequently, also δ_η, what contradicts (C2^′). Thus, we conclude that the condition (C1 ) always holds and there are only the subdivisions of ε presented at Figure 5.

It is clear that Figure 5 gives also the full list of subdivisions of η by the planes of reflections of Γ^∗_η.

Since the division planes passing through c are the same for ε and η, there are the following three possibilities for the pair {ε, η}:

⟨1⟩ {(i), (iii)} or {(iii), (i)}; ⟨2⟩ {(ii), (ii)}; ⟨3⟩ {(iii), (iii)}.

Note that (iv) is impossible (it could be combined only with (iii), but there p = 7).

To complete the proof of Lemma it remains to show that the situations ⟨1⟩ – ⟨3⟩ cannot occur.

In ⟨3⟩, the division plane intersects e in a point, say x (Figure 6). We have two axes of elliptic elements of order 7 passing through x, what is impossible in a discrete group. (It is an easy corollary of the following fact. If some subgroup of a discrete group of isometries of H^3 keeps a sphere invariant, then this subgroup is a discrete group of isometries of 2-dimensional sphere. For the subgroup generated by two elliptic elements of order 7 any sphere centered at x is invariant).

In the hyperbolic geometry a triangle is determined by its angles, therefore, in case ⟨2⟩, α_ε = β_η, and β_ε = α_η (see Figure 7). However, on the one hand, α_ε > β_ε (it is easy to see from Figure 5(ii) for the plane ε). On the other hand, α_ε is the common perpendicular to c and e_a, and, consequently, α_ε < α_η. We get a contradiction.

In case ⟨1⟩ we can without loss of generality handle the pair {(iii), (i)}. Denote by ζ_γ the line of intersection of the division plane with γ. First of all, ζ_γ cannot intersect e (otherwise, there should be two intersecting axes of order 7 and of order 2 in the discrete group what is possible only if the angle of their intersection is equal to π/2, and in γ there is a triangle with two right angles). The lines ζ_γ and e cannot be parallel, because none of Euclidean groups contains elliptic element of order 7. The last possibility is that ζ_γ and e are disjoint. In this case, in the plane orthogonal to both ζ_γ and e we have a triangle with angles of π/2, π/7, φ. This triangle is an orthogonal section of a triangle prism for which ζ_γ and e are lateral edges. Thus, this triangle must be smaller than any other section of the prism. On the other hand, by discreteness of Γ^∗, we must have φ = π/n (n ≥ 3) or φ = 2π/7. However all such triangles are larger than the one hatched on Figure 8 (the hatched triangle is a part of the triangle with angles π/2, π/7, π/3). We arrived to a contradiction. The proof of Lemma (and Theorem 4) is complete.

Remarks.

1. It is interesting to compare this result with the 2-dimensional case. For Fuchsian groups as well the case of two hyperbolic generators is the most complicated one, but there criteria for discreteness are given in the form of an algorithm. The answer in the 3-dimensional case depends only on the commutator.

2. Surprisingly, there are no discrete groups with two hyperbolic generators for which the above mentioned square root C of their commutator is a non-primitive elliptic element (for example, compare this with the case of two elliptic generators).

3. To obtain a full classification for discrete groups of the class G it remains only to study the case in which A is primitive elliptic of order n > 2, B is hyperbolic, and the axes of A and B are intersecting but not mutually orthogonal lines.

Bibliography

[A] B. N. Apanasov, The geometry of discrete groups and manifolds, Nauka, Moscow, 1991.

[Br1] A. F. Beardon, The geometry of discrete groups, Graduate Texts in Math.

91, Springer-Verlag, 1983.

[Br2] A. F. Beardon, Fuchsian groups and n-th roots of parabolic generators, Holomorphic Functions and Moduli, Springer-Verlag, 1988, 13–22.

[DJ] C. Doyle, and D. James, Discreteness criteria and high order generators for subgroups of SL(2, R), Ill. J. Math. 25 (1981), no. 2, 191–200.

[F] W. Fenchel, Elementary geometry in hyperbolic space, De Cruyter Studies in Math. 11, Springer-Verlag, 1989.

[GeM] F. W. Gehring, and G. J. Martin, Iteration theory and inequalities for Kleinian groups, Bull. Amer. Math. Soc. (N.S.) 21 (1989), no. 1, 57–63.

[Gi1] J. Gilman, A geometric approach to the hyperbolic Jørgensen inequality, Bull. Amer. Math. Soc. 16 (1987), no. 1, 91–92.

[Gi2] J. Gilman, Inequalities in discrete subgroups of PSL(2, R), Can. J. Math.

XL (1988), no. 1, 115–130.

[Gi3] J. Gilman, A geometric approach to Jørgensen’s inequality, Advances in Math. 85 (1991), no. 2, 193–197.

[GiM] J. Gilman, and B. Maskit, An algorithm for 2-generator Fuchsian groups, Mich. Math. J. 38 (1991), no. 1, 13–32.

[Gr] L. Greenberg, Homomorphisms of triangle groups into PSL(2, C ), Riemann Surfaces and Related Topics, Princeton Univ. Press, 1981, 167–182.

[HMV] H. Helling, J. Mennicke, and E. B. Vinberg, On some general trianglegroups and 3-dimensional orbifolds, Preprint 91–057, Universität Bielefeld, Bielefeld, 1991.

[J] T. Jørgensen, On discrete groups of Mobius transformations, Amer. J.

Math. 98 (1976), no. 3, 739–749.

[KIR] G. Kern-Isberner und G. Rosenberger, Uber Diskretheitsbedingungen und die diophantische Gleichung ax + by + cz = dxyz, Arch. Math. 34 (1980), no. 6, 481–493.

[K1] E. Ya. Klimenko, A class of discrete groups in Lobachevsky space, Abstracts of 1st All-Union Conf. on Complex Analysis, Tashkent Univ. Press, Tashkent, 1985, 54–55.

[K2] E. Ya. Klimenko, Discrete groups in three-dimensional Lobachevsky space generated by two rotations, Siberian Math. J. 30 (1989), no. 1, 95–100.

[K3] E. Ya. Klimenko, A class of two-generator subgroups of PSL(2, C ), Siberian Math. J. 30 (1989), no. 5, 723–725.

[K4] E. Ya. Klimenko, Three-dimensional hyperbolic orbifolds and discrete groups of isometries of Lobachevsky space, Thesis, Novosibirsk, 1989.

[K5] H. Klimenko, Some remarks on subgroups of PSL(2, C ), Q & A in General Topology, 8 (1990), no. 2, 371–381.

[Kn] A. W. Knapp, Doubly generated Fuchsian groups, Mich. Math. J. 15 (1968), no. 3, 289–304.

[KAG] S. L. Krushkal, B. N. Apanasov, and N. A. Gusevskii, Kleinian groups and uniformization in examples and problems, Translations of Math. Monographs, A. M. S., 62, 1986.

[LU] R. S. Lyndon, and J. L. Ullman, Pairs of real 2-by-2 matrices that generate free products, Mich. Math. J. 15 (1968), no. 2, 161–166.

[M1] B. Maskit, Kleinian groups, Grundlehren der Math. Wiss. 287, Springer- Verlag, 1988.

[M2] B. Maskit, Some special 2-generator Kleinian groups, Proc. Amer. Math.

Soc. 106 (1989), no. 1, 175–186.

[MS] B. Maskit, and G. Swarup Two parabolic generator Kleinian groups, Israel J. Math. 64 (1988), no. 3, 257–266.

[Mt] J. P. Matelski, The classification of discrete 2-generator subgroups of PSL(2, R), Israel J. Math. 42 (1982), no. 4, 309–317.

[Mi] J. Milnor, Hyperbolic geometry: the first 150 years, Bull. Amer. Math.

Soc. (N.S.) 6 (1982), no. 1, 9–24.

[P1] N. Purzitsky, Two-generator discrete free products, Math. Z. 126 (1972), no. 3, 209–223.

[P2] N. Purzitsky, Real two-dimensional representations of two-generator free groups, Math. Z. 127 (1972), no. 2, 95–104.

[P3] N. Purzitsky, All two-generator Fuchsian groups, Math. Z. 147 (1976), no. 1, 87–92.

[PR] N. Purzitsky, and G. Rosenberger, Two generator Fuchsian groups of genus one, Math. Z. 128 (1972), no. 3, 245–251. Correction: Math. Z. 132 (1973), no. 3, 261–262.

[R1] G. Rosenberger, Fuchssche Gruppen, die freies Produkt zweier zyklischer Gruppen sind, und die Gleichung x+y +z = xyz, Math. Ann. 199 (1972), no. 3, 213–227.

[R2] G. Rosenberger, Von Untergruppen der Triangel-Gruppen, Ill. J. Math.

22 (1978), no. 3, 404–413.

[R3] G. Rosenberger, Eine Bemerkung zu einer Arbeit von T. Jørgensen, Math.

Z. 165 (1979), no. 3, 261–266.

[R4] G. Rosenberger, Some remarks on a paper of C. Doyle and D. James on subgroups of SL(2, R), Ill. J. Math. 28 (1984), 348–351.

[R5] G. Rosenberger, All generating pairs of all two-generator Fuchsian groups, Arch. Math. 46 (1986), no. 3, 198–204.

[S] P. Scott, The geometries of 3-manifolds, Bull. London Math. Soc. 15 (1983), no. 5, 401–487.

[Ta] D. Tan, On two-generator discrete groups of Mobius transformations, Proc. Amer. Math. Soc. 106 (1989), no. 3, 763–770.

[Th] W. P. Thurston, Three dimensional manifolds, Kleinian groups and hyperbolic geometry, Bull. Amer. Math. Soc. (N.S.) 6 (1982), no. 3, 357–381.

[V] E. B. Vinberg, Hyperbolic groups of reflections, Russian Math. Surveys 40 (1985), no. 1, 26–66.

[ZVC] H. Zieschang, E. Vogt und H.–D. Coldewey, Surfaces and planar discontinuous groups, Lecture Notes in Math. 835, Springer-Verlag, 1980.