Volumes of the Fibonacci manifolds

Alexandr Mednykh Novosibirsk State University Novosibirsk 630090, Russia

Andrei Vesnin Institute of Mathematics Novosibirsk 630090, Russia and Universität Bielefeld 33501 Bielefeld, Deutschland

Abstract

This paper is devoted to the study of the compact hyperbolic 3- manifolds uniformized by the Fibonacci groups. It is shown that their volumes are equal to volumes of non-compact hyperbolic 3-manifolds arising as complements of some well-known knots. All these volumes are described in terms of the Lobachevsky function.

1. Introduction.

We consider the three dimensional compact orienatable hypebolic manifolds connected with the Fibonacci groups. The Fibonacci groups

F (2, m) =< x_1, x_2, ..., x_m : x_ix_{i+1} = x_{i+2}, i mod m >

were introduced by J. Conway [2]. First of all the following question was connected with these groups: whether F (2, m) are infinite groups or not. From [3], [6], [10], [8] and [19] it is known that the group F (2, m) is finite if and only if m = 1, 2, 3, 4, 5, 7. The algebraic generalizations of F (2, m) were considered in [5].

A new stage in the investigation of the Fibonacci groups is connected with a remakable work of Helling, Kim and Mennicke [8]. They showed that the group F (2, 2n), n ≥ 4, is isomorphic to a discontinuous co-compact subgroup of

P SL_2(C), the full group of orientation-preserving isometries of the hyperbolic space IH^3. Moreover the group F (2, 6) is isomorphic to a 3-dimentional affine group.

We will call hyperbolic manifolds M_n = IH^3/F (2, 2n), n ≥ 4, uniformized by Fibonacci groups to be Fibonacci manifolds.

In [9] it is shown that manifolds M_n are n–fold cyclic covers of the S^3, branched over the figure-eight knot. We note that M_n are isometric to hyperbolic manifolds, discribed by Hempel [7].

We continue the investigation of the algebraical, topological and arithmetical properties of Fibonacci manifolds. We consider the properties of the volumes of the Fibonacci manifolds.

Acknowledgements. The second-named author gratefully acknowledges the support of the Sonderforschungsberich 343 and the hospitality of the Universität Bielefeld during the preperation of the present article. Both authors are sincerely thank to Prof. J. Mennicke and Prof. H.Helling for the attention and support due to which this paper appeared.

2. Hyperbolic volumes. Thurston–Jørgensen theorem.

In this section we recall some properties of the volumes of the hyperbolic manifolds. An n-dimensional hyperbolic manifold can be defined as a quotient space M^n = IH^n/Γ, where Γ is a discrete isometry group of the Lobachevsky space IH^n acting without fixed points. The concepts of hyperbolic area and hyperbolic volume in IH^2 and IH^3 are carried over naturally to M^2 and M^3. We are interested in the set M^n, n = 2, 3, of n-dimensional orientable hyperbolic manifolds of the finite volume.

Consider the volume function v_n : M^n → IR, n = 2, 3 which makes correspondence between a manifold M^n ∈ M^n and its volume vol(M^n). It is interesting to remark that the volume functions v_2 and v_3 have essentially different properties.

The two-dimensional case is described by the Gauss–Bonnet theorem. If M^2 is a hyperbolic surface of genus g with k points removed, then

vol(M^2) = 2π (2g − 2 + k).

Therefore the values of v_2 are positive numbers from the set 2πIN, where IN is the set of natural numbers, and we have the following picture for the values of v_2 (see Figure 1):

1

2π

2

4π

3

6π

4

8π Figure 1. Values of v_2.

Given v_0 = 2πn_0, n_0 ∈ IN, we have only a finite number of non-homeomorphic surfaces M^2 with vol(M^2) = v_0. All of them satisfy the following condition:

2g − 2 + k = n_0

In particular, for each even n_0 ∈ IN, there are compact and non-compact surfaces with the same area v_0 = 2πn_0.

In the three-dimensional situation we have the following remarkable theorem of Thurston and Jørgensen: the set of volumes of three-dimensional hyperbolic manifolds form a well-ordered subset of the real line of type ω^ω. Therefore we have the following picture for v_3 (see Figure 2), where we show some known values:

1

0, 94...

2

0, 98...

3

1, 014... u ω

2, 029... u ω + ω u u u u ω^2

Figure 2. Values of v_3.

In particular, it follows from the Thurston–Jørgensen theorem that there exists a three-dimensional hyperbolic manifold with the smallest volume. The minimal known value of volumes of non-compact manifolds (which corresponds to the first limit ordinal number) is equal to the double volume of the regular ideal tetrahedron and it is the volume of the complement of the figure-eight knot. The minimal known value of volumes of compact manifolds is the volume of the Weeks–Matveev–Fomenko manifold [11], [22].

In [11] Matveev and Fomenko conjectured the structure of the initial part of the volume sequence of compact manifolds. But the set from [11] does not contain the Meyerhoff–Neumann manifold [12], which corresponds to the third minimal known volume (Theorem 3).

In [20] Thurston constructed an example of two non-compact manifolds with different numbers of the cusps, but with the same volume. This volume corresponds to the limit ordinal of the set ω^ω. But it was unknown if there are compact manifolds which volumes correspond to limit ordinals. It will be shown (Theorem 1) that the compact Fibonacci manifolds have this property.

3. Fibonacci manifolds as branched coverings.

It was shown by Hilden, Lozano and Montesinos [9] that the Fibonacci manifold M_n has a representation as an n–fold cyclic covering of S^3 branched over the figure-eight knot (see Figure 3). It means that M_n is the n–fold covering of the orbifold O(n) with underlying space S^3 and the figure-eight knot with index n as its singular set.Øø @@ @@ � � QQ Q ȷ ȷ $ % ’ &_{Figure 3. Figure-eight knot.}

The orbifold O(n) has the rotation symmetry of order 2 which fixed-point set and the singular set of O(n) are disjoint. After factorization by this symmetry we obtain the orbifold 6^2(2, n) with underlying space S^3 and singular set the two-components link 6^2 in notation of [18] (see Figure 4) whose components have indices 2 and n respectively.

´ ı’ $ ’ $ ` ȷ& % & % ıȷ ´`_{ȷȷȷȷ} ȷ_{QQ Q}QQ

Figure 4.The link 6^2.

In the general case the orbifold 6^2(m, n), where m, n ∈ IN ∪ {∞}, is the orbifold with underlying space S^3 and singular set the two-component link 6^2 with indices m and n, and can be obtained by generalized Dehn surgery with parameters (m, 0) and (n, 0) on two components of the link 6^2. By index ∞ we denote a removed component and in this case we have a non-compact orbifold.

For the Fibonacci manifold M_n and the orbifolds O(n), 6^2(2, n) we have the following diagram of the covers (see Figure 5). M_n

?^n_{O(n)}

?^2_{62}

2(2, n)

Figure 5. The diagram of coverings.

Therefore for hyperbolic volumes we have:

vol (M_n) = n vol (O(n)) = 2 n vol (6^2(2, n)) (1)

Now we consider non-compact manifolds connected with the link 6^2. Denote by T h_n, n ≥ 2, the closed 3-strings braid ( σ_1σ�^1_2 )n . We note that members of this family T h_n are well-known. In particular, T h_2 is the figure-eight knot, T h_3 are the Borromean rings, T h_4 is the Turkey head knot 8_{18} and T h_5 is the knot 10_{123} according to the notation of [18]. It was shown in [20] that the manifold S^3 \ T h_n, n ≥ 2 is hyperbolic and has a representation as an n–fold cyclic covering over the orbifold 6^2(n, ∞). In particular, for hyperbolic volumes we have: vol ( S^3 \ T h_n ) = n vol (6^2(n, ∞)) (2)

In Section 4 and Section 5 we calculate right-hand sides of (1) and (2).

4. Volumes of the compact orbifolds and manifolds.

In this section we calculate the volumes of the compact hyperbolic orbifolds in terms of the Lobachevsky function.

We remind the reader that an ideal tetrahedron T in IH^3 is described completely (up to isometry) by a single complex number z with Im z > 0. We write T = T_z. In this case

arg z, arg z − 1 z , arg 1 1 − z are dihedral angles of T_z (each of which occurs at two opposite edges).

It is well-known [13], [21], that for the hyperbolic volume of the ideal tetrahedron T_z we have following formula, essentially due to Lobachevsky,

vol (T_z) = Λ (arg z) + Λ ( arg z − 1 z ) + Λ ( arg 1 1 − z ) , where Λ(x) = − ∫ x 0 ln | 2 sin ζ | dζ

We recall some properties of Λ(x) :

Λ(− x) = − Λ(x), Λ(x + π) = Λ(x).

The following Lemma 1, Corollary 1 and 2 define the volumes of the hyperbolic orbifolds O(n), 6^2(2, n) and the hyperbolic manifolds M_n in terms of the Lobachevsky function Λ(x).

Lemma 1. For n ≥ 4 the hyperbolic volume of the orbifold O(n) is equal to

vol (O(n)) = 2 (Λ(β + δ) + Λ(β − δ)) ,

where δ =^π_n , β =^1_2 arccos ( cos(2δ) −^1_2 ) . Proof. Consider the orbifold O(n) as the result of (n, 0)-generalized Dehn surgery on the complement of the figure-eight knot. Similarly to [15] the orbifold O(n) can be obtained by completion of the non-complete hyperbolic structure on the union of two ideal tetrahedra T_z and T_w with complex parameters z and w which satisfy the equations:

z w (z − 1) (w − 1) = 1, (w (1 − z))^n = 1, Im z > 0, Im w > 0. (3)

From this we obtain the following equation for z:

z^2 + ( 2i sin 2π n − 1 ) z + e�^{2πin} = 0

which has the solutions z = 1 2 − i sin (2π n ) ± i √ 1 − ( cos (2π n ) − 1 2 )_2 . If we denote φ =^{2π}_n , n ≥ 4, then we get −1 < cos φ − 1 2 < 1, and we choose ψ, 0 < ψ < π, such that cos ψ = cos φ −^1_2 . Then z = 1 2 + i (± sin ψ − sin φ) ,

and as we need Im z > 0, we choose the solution with the sign “ + ” : z = 1 2 + i (sin ψ − sin φ) (4)

and hence w = cos φ + i sin φ 1 2 − i (sin ψ − sin φ) (5) We remark that for n ≥ 5 expressions (4) and (5) satisfy (3), but for n = 4 we get Im z < 0 and the corresponding tetrahedron T_z is the “negative”. It means that the volume of the orbifold is equal to the difference of volumes of T_w and T_z.

For finding the hyperbolic volume of the ideal tetrahedron T_z with complex parameter z we should know the values of the arguments of the following complex numbers :

arg z, arg z − 1 z , arg 1 1 − z .

Proposition 1. With notation as above we have: arg z = arg 1 1 − z = π − φ − ψ 2 , and arg z − 1 z = φ + ψ. Proof. From (4) by direct computation we have:

tan (arg z) = sin ψ − sin φ 1 2 = 2 (sin ψ − sin φ) =

= 4 cos ψ + φ 2 sin ψ − φ 2 = cos^{ψ+φ}_2 sin^ψ�^φ_2 1 4 =

= cos^{ψ+φ}_2 sin^ψ�^φ_2 1 2 (cos ψ − cos φ) = cos^{ψ+φ}_2 sin^ψ�^φ_2 sin^{ψ+φ}_2 sin^ψ�^φ_2 = = cot ψ + φ 2 = tan π − φ − ψ 2 .

Similarly, for the second complex paramater we see that 1 1 − z = 1 1 2 − i (sin ψ − sin φ) = 1 2 + i (sin ψ − sin φ) 1 4 + (sin ψ − sin φ)^2 and tan ( arg 1 1 − z ) = sin ψ − sin φ 1 2 = tan π − φ − ψ 2 . Therefore arg z = arg 1 1 − z = π − φ − ψ 2 . To prove the second statement of the Proposition we remark that

arg z + arg z − 1 z + arg 1 1 − z = 2π. Hence arg z − 1 z = π − (π − φ − ψ) = φ + ψ, and it complete the proof.

From Proposition 1 we conclude that:

vol (T_z) = Λ (φ + ψ) + 2 Λ ( π − φ − ψ 2 ) . Now we consider the tetrahedron T_w with the complex parameter w.

Proposition 2. With notation as above we have:

arg w = arg 1 1 − w = π − ψ + φ 2 , and arg w − 1 w = ψ − φ.

Proof. Using the Proposition 1, from (5) we obtain:

arg w = arg e^{iφ} 1 − z = φ + π − φ − ψ 2 = π − ψ + φ 2 . Similarly, w − 1 w = 1 − 1 w = 1 − 1 2 − i (sin ψ − sin φ) cos φ + i sin φ = cos φ −^1_2 + i sin ψ cos φ + i sin φ =

= cos ψ + i sin ψ cos φ + i sin φ

= e^{i (ψ} �^{φ)}, and arg w − 1 w = ψ − φ. Hence arg 1 1 − w = π − arg w − arg w − 1 w = = π − π − ψ + φ 2 − (ψ − φ) = π − ψ + φ 2 , and proof is complete.

From Proposition 2 we obtain

vol (T_w) = Λ (ψ − φ) + 2 Λ ( π + φ − ψ 2 ) . So the volume of the orbifold O(n) is: vol (O(n)) = vol (T_z) + vol (T_w) = = 2 Λ ( π − ψ − φ 2 ) + Λ(φ + ψ) + 2 Λ ( π − ψ + φ 2 ) + Λ(ψ − φ) = = 2 ( Λ ( ψ + φ 2 ) + Λ ( ψ − φ 2 )) . For the last step we used the following property of the Lobachevsky function [21]:

2 Λ(x) = Λ(2x) + 2 Λ ( π 2 − x ) . In order to get the statement of Lemma 1 we denote δ =^φ_2 and β =^ψ_2 , then δ =^π_n and β =^1_2 arccos ( cos(2δ) −^1_2 ) . Therefore,

vol (O(n)) = 2 (Λ(β + δ) + Λ(β − δ)) .

The proof is complete.

According to the diagram of coverings in figure 5, from Lemma 1 we obtain

Corollary 1. For n ≥ 4 the hyperbolic volume of the Fibonacci manifold M_n is equal to vol (M_n) = 2 n (Λ(β + δ) + Λ(β − δ)) , where δ =^π_n , β =^1_2 arccos (cos(2δ) −^1_2 ).

Corollary 2. For n ≥ 4 the orbifold 6^2(2, n) is hyperbolic and

vol (6^2(2, n)) = Λ(β + δ) + Λ(β − δ),

where δ =^π_n , β =^1_2 arccos (cos(2δ) −^1_2 ).

For some n the arguments of the Lobachevsky function from Lemma 1 have the simple expressions.

Corollary 3. For n = 4 we obtain vol (O(4)) = 3 2 Λ (π 3 ) .

Proof. For n = 4 we have δ =^π_4 , β =^π_3 and by Lemma 1 in this case

vol (O(4)) = 2 ( Λ (π 3 + π 4 ) + Λ (π 3 − π 4 )) = 2 ( Λ (7π 12 ) + Λ ( π 12 )) . We recall that the Lobachevsky function has the following property [13]:

Λ (m θ) = m m�1_∑ k=0 Λ ( θ + kπ m ) . (6)

From this for m = 4 and θ =^π_{12} by direct computation we obtain: Λ (π 4 ) = 4 ( Λ ( π 12 ) + Λ (π 3 ) + Λ (7π 12 ) − Λ (π 6 )) , and for m = 2 and θ =^π_6 we get 2 Λ ( π 6 ) = 3 Λ (π 3 ) , hence, 3 Λ (π 3 ) = 4 ( Λ (7π 12 ) + Λ ( π 12 )) , and using this we complete the proof of our Corollary.

Corollary 4. For n = 6 we obtain vol (O(6)) = 8 3 Λ (π 4 ) .

Proof. For n = 6 we have δ =^π_6 , β =^π_4 and from Lemma 1 we get

vol (O(6)) = 2 ( Λ (π 4 + π 6 ) + Λ (π 4 − π 6 )) = 2 ( Λ (5π 12 ) + Λ ( π 12 )) . For m = 3 and θ =^π_{12} from (6) by direct computation we obtain: 4 Λ (π 4 ) = 3 ( Λ (5π 12 ) + Λ ( π 12 )) , and using this we get the statement of our Corollary.

Similarly, by the same computation we get

Corollary 5. For n = 10 we obtain

vol (O(10)) = 2 ( Λ (3π 10 ) + Λ ( π 10 )) .

5. Volumes of the non-compact orbifolds and manifolds.

For the computation of the volume of the manifold S^3 \ T h_n we need the following lemma.

Lemma 2. For n ≥ 2 the orbifold 6^2(n, ∞) is hyperbolic and

vol (6^2(n, ∞)) = 4 (Λ(α + γ) + Λ(α − γ)) ,

where γ =^π_{2n} , α =^1_2 arccos ( cos(2γ) −^1_2 ).

Proof. We recall that the link 6^2 can be represented as in Figure 6, where a and τ denote corresponding elements of the π_1(S^3 \ 6^2).

´ ı’ $ ’ $ ` ȷ& % & % 6a ıȷ ´`_{œτ ȷȷȷȷ} ȷ_{QQ Q}QQ

Figure 6. The link 6^2.

Using the Wirtinger algorithm [4] we obtain the following representation for π_1(S^3 \ 6^2) : < a, τ | ( τ a�^1τ aτ �^1aτ �^1 ) ( τ^2a�^1τ aτ �^1aτ �^2 ) ( τ a�^1τ aτ �^1aτ �^1 )�1 = a > . By choose of new generators u and r such that a = u�^1 r�^1 and τ = r�^1 this representation is equivalent to

π_1(S^3 \ 6^2) =< u, r | (u r�^1 u�^2) (r�^1 u r�^1 u�^2 r) (u r�^1 u�^2)�^1 = u�^1 r�^1 > = < u, r | r�^1 (u^2 r u�^1 r u^2)�^1 r (u^2 r u�^1 r u^2) = 1 > . (7) Now we construct the fundamental domain for this group. Let us consider four ideal regular tetrahedra (see Figure 7).

- -

6 6 6 6

� �`� A B C

D E F 2 3 2

2 2 3

1 1 1 1 1 1

6 6 6

- - � �` � � ı ı ı ı ı1 ı ı ı ı ı1 0 0 0

Figure 7. The fundamental domain.

Let us denote the ideal vertices of a polyhedron under consideration by A, B, C, D, E, F , and ∞. Let u, v, t, r be isometries of the hyperbolic space IH^3 which identify the following pairs of faces of this polyhedron:

u : A B E → E D B v : A E F → B D C t : A F ∞ → C D ∞ r : A B C ∞ → E F D ∞

Let Γ be a group generated by u, v, t, and r. By the Poincaré theorem we have the following list of relations for Γ:

0 : u^2 = v 1 : u = r v t�^1 v r 2 : t r t�^1 r�^1 = 1 3 : r r�^1 = 1

There are two classes of equivalence of ideal vertices which link diagrams are represented in Figure 8 and Figure 9.

-_α -_β

-^{α’} -^{β’} � �Œ_γ � �Œ_{γ’} JJ J � � JJ J 2

2

3

3

2

2

Figure 8.

-_κ -_λ -_μ

-^{κ’} -^{λ’} -^{μ’} � �Œ_ω � �Œ_{ω’} JJ J]_ν JJ J]_{ν’} JJ J � � � � � JJ JJ JJ � � � JJ JJ JJ 1 1 3 1

1 1 3 1

Figure 9.

All triangles in Figure 8 and 9 are regular Euclidean. The edges are paired by Euclidean isometries. So both cusps have complete hyperbolic structure and the following group

Γ = < u, v, t, r | u^2 = v, u = r v t�^1 v r, t r t�^1 r�^1 = 1 > = < u, t, r | u = r u^2 t�^1 u^2 r, t r t�^1 r�^1 = 1 > = < u, r | (u^2 r u�^1 r u^2) r (u^2 r u�^1 r u^2)�^1 r�^1 = 1 > has the polyhedron in Figure 7 as its fundamental set in IH^3. But this represention is equal to the representation (7) and hence groups π_1(S^3 \ 6^2) and Γ are isomorphic.

Now we are interested in the study of the orbifold 6^2(n, ∞) which is the result of a (n, 0)-generalized Dehn surgery on one of the cusps of the hyperbolic manifold S^3 \ 6^2. It means that the orbifold 6^2(n, ∞) can be obtained by completion of the non-complete hyperbolic structure on the union of four ideal tetrahedra in figure 7 with complex paramateries z_1, z_2, z_3, z_4 satisfying the some system of algebraic equations. To find this system we consider the link structures on both cusps of the manifold S^3 \ 6^2. For this we denote:

z0 = z − 1 z , z00 = 1 1 − z .

PPPP PPPP PPPP ıııı ıııı ıııı

� � � ˇˇ ˇˇ ˇˇ ˇˇ ˇˇ

α α0

β β0

γ γ0

ı ı ı

    ı
P P P
    P

2π n z_1 z0_1 z00_1

z_2 z0_2

z00_2 z_3

z0_3 z00_3 z4

z0_4 z00_4

Figure 10. The (n, 0)-generalized surgery on the cusp of S^3 \ 6^2.

� � � � � �

� � � � � �

� � � � � � JJ JJ JJ JJ JJ JJ

JJ JJ JJ JJ JJ JJ

JJ JJ JJ JJ JJ JJ� � � JJ JJ JJ

κ κ0

λ λ0

μ μ0

ν ν0

ω ω0 z_1 z0_1

z00_1 z_4 z0_4

z00_4

z_1 z0_1

z00_1 z_2

z0_2 z00_2 z_3

z0_3 z00_3 z_2

z0_2 z00_2 z_4

z0_4 z00_4

z_3 z0_3

z00_3 z_2 z0_2 z00_2

z_3 z0_3

z00_3 z_4

z0_4 z00_4

z_1 z0_1 z00_1

Figure 11. The complete cusp of S^3 \ 6^2.

From Figures 10 and 11 we get the following equations:

(z_1 − 1) z_2 z_3 (z_4 − 1) = 1 z_1 (z_2 − 1) (z_3 − 1) z_4 = 1 (z_2 (1 − z_1))^n = 1 z_3 (1 − z_1) = 1 (8)

If we denote ζ =^1_1�_{z1} , then from (8) we get:

z_1 = ζ − 1 ζ , z_2 = e^{2πin} ζ, z_3 = ζ, z_4 = 1 − 1 e^{2πi}n ζ . (9)

and the system (8) is reduced to the equation: ( e^{πin} ζ + 1 e^{πin} ζ − ( e^{νi} + e�^{νi} ) )^2 = 1 where ν =^π_n . Let we choose θ such that e^{πin} ζ = e^{θi}. Then

(2 cos θ − 2 cos ν)^2 = 1,

hence cos θ = cos ν ± 1 2 . Since cos θ ≤ 1, we choose the sign “–”:

cos θ = cos ν − 1 2 . We substitute ζ = e^{i (θ}�^{ν)} in (9) and obtain:

z_1 = 1 − 1 e^{i(θ}�^{ν)}

, z_2 = e^{i(θ+ν)} , z_3 = e^{i(θ}�^{ν)}, z_4 = 1 − 1 e^{i(θ+ν)} . By direct computation we get the following result.

Proposition 3. With notation as above we have

(i) arg z_1 = arg z_1 − 1

z_1 = π − θ + ν 2 , arg 1 1 − z_1 = θ − ν;

(ii) arg z_2 = θ + ν, arg z_2 − 1

z_2

= arg 1 1 − z_2 = π − θ − ν 2 ; (iii) arg z_3 = θ − ν, arg z_3 − 1

z_3

= arg 1 1 − z_3 = π − θ + ν 2 ;

(iv) arg z_4 = arg z_4 − 1

z_4 = π − θ − ν 2 , arg 1 1 − z_4 = θ + ν.

As the tetrahedron in IH^3 is uniqualy defined by its dihedral angles, we see that T_{z1} = T_{z3} and T_{z2} = T_{z4} . Therefore similarly to Lemma 1 we conclude: vol ( 6^2 (n, ∞) ) = = 2 ( Λ (θ + ν) + Λ (θ − ν) + 2 Λ ( π − θ − ν 2 ) + 2 Λ ( π − θ + ν 2 ) ) = = 4 ( Λ ( θ + ν 2 ) + Λ ( θ − ν 2 ))

Remark that for n = 2 we again have the situation of “negative” tetrahedra. In this case the volume of the orbifold is equal to the difference of volumes of tetrahedra.

To finish the proof of Lemma 2 we denote γ =^ν_2 , α =^θ_2 , then γ =^π_{2n} and α =^1_2 arccos ( cos(2γ) −^1_2 ) . Therefore vol ( 6^2 (n, ∞) ) = 4 (Λ (α + γ) + Λ (α − γ)) .

Corollary 6. For n ≥ 2 the hyperbolic volume of the non-compact nanifold S^3 \ T h_n is equal to

vol (S^3 \ T h_n) = 4 n (Λ(α + γ) + Λ(α − γ)) ,

where γ =^π_{2n} , α =^1_2 arccos ( cos(2γ) −^1_2 ).

6. Volumes of the Fibonacci manifolds.

The main result of this paper is the following theorem which is a consequence of Lemma 1 and Lemma 2. In fact, comparing Corollary 1 and Corollary 6 we conclude that the following theorem is true.

Theorem 1. For n ≥ 2 we have vol (M_{2n}) = vol ( S^3 \ T h_n ) .

Therefore the volumes of the compact Fibonacci manifolds correspond to limit ordinals in the Thurston–Jørgensen theorem. In particular, the following assertions hold.

Corollary 7. The volume of the manifold M_4 is equal to the volume of the complement of the figure-eight knot.

Corollary 8. The volume of the manifold M_6 is equal to the volume of the complement of the Borromean rings.

Many properties of hyperbolic manifolds are defined by arithmeticity or nonarithmeticity of their fundamental group [1]. As proven in [8] and [9] the manifold M_n is arithmetic for n = 4, 5, 6, 8, 12 and non-arithmetic otherwise. It is well-known [16] that T h_2, the figure-eight knot, is the only arithmetic knot. It is shown in [20] that T h_3, the Borromean rings, is also arithmetic.

Corollary 9. We have the following table of manifolds of equal volume:

n M_{2n} S^3 \ T h_n 2 arithmetic arithmetic 3 arithmetic arithmetic 4 arithmetic non-arithmetic 5 non-arithmetic non-arithmetic

Therefore there exist an arithmetic compact manifold and a non-arithmetic non-compact manifold which have the same volume. A. W. Reid kindly informed us about his unpublished results where he constructed compact arithmetic and non-compact arithmetic manifolds with the same volume by numbertheoretical methods.

7. Fibonacci manifolds as two-fold coverings.

The following theorem gives one more relation between Fibonacci manifolds M_n and links T h_n.

Theorem 2. For any n ≥ 2 the manifold M_n can be represented as a two-fold covering of the S^3 branched over T h_n.

Consider the orbifold T h_n(2) with underlying space S^3 and singular set geven by the link T h_n with index 2. Then we have the following diagram of coverings (Figure 11).

M_n

  HHHj

�ß n

2 T h_n(2) O(n)

HHHj �ß

n 2 6^2(2, n)

Figure 11. The diagram of coverings.

We recall that Meyerhoff and Neumann [12] have obtained a compact hyperbolic manifold N = W (3, −2; 6, −1) by means of Dehn surgery on the Whitehead link which volume approximately (up to 10�^{50}) equals to the volume of the regular ideal tetrahedron. They asked if the volumes are strictly equal and if the manifold N is arithmetic over the field Q( √ −3). As a consequence of the above results we have affirmative answers on this questions.

Theorem 3. The Meyerhoff–Neumann manifold is arithmetic over the field Q( √ −3) and its volume equals to the volume of the regular ideal tetrahedron.

For the demonstration of this theorem we remark that by the Montesinos theorem [14] any manifold obtained by a Dehn surgery on a strongly invertable link can be represented as a two-fold covering of S^3 branched over some link. This theorem also gives an algorithm for constructing such link. By Theorem 2 the manifold M_4 can be realized as a two-fold covering of the three-sphere branched over the knot T h_4 (see Figure 12).

Figure 12. The knot T h_4 = 8_{18}.

The knot T h_4 has an evident rotational symmetry of order 2. After factorization by this symmetry one gets the two-component link Ω as shown in Figure 13.

´ ı’ $ ’ $ &%& % & % ıȷ ´`_{ȷȷȷȷ}ȷȷ^{ȷȷ} ȷ_{QQ QQ}QQ^{Q QQQ}

Figure 13. The link Ω.

We denote by Ω(2, 2) the orbifold with underlying space S^3 and singular set consisting of the components of Ω labelled by 2. Using the Montesinos algorithm for N we get the following diagram of coverings (see Figure 14):

M_4

?^2_{T h}

4(2)

�_2

N

@@R_2

Ω(2, 2)

Figure 14. The diagram of coverings.

So, manifolds N and M_4 are commensurable. Therefore the manifold N is arithmetic over the field Q( √ −3), because it is true for M_4 [8]. Moreover by (1) and Corollary 3 we have: vol (N) =^1_2 vol (M_4) = the volume of the ideal regular tetrahedron.

It is surprising that the manifold N does not appear in the list of Matveev and Fomenko. They conjectured that their list contains all hyperbolic manifolds whose volume not exceed 2,944414.

Corollary 10. The Fomenko–Matveev conjecture about the structure of the initial part of volume sequence in the Thurston–Jorgensen theorem is not true.

References

[1] Borel A., Commensurability classes and hyperbolic volumes, Annali Sci.

Norm. Pisa, 1991, 8, 1, 1–33.

[2] Conway J., Advanced problem 5327, Amer. Math. Monthly, 1965, 72, 915.

[3] Conway J. et al., Solution to Advanced problem 5327, Amer. Math.

Monthly, 1967, 74, 91–93.

[4] Crowell R.H., Fox R.H., Introduction to Knot Theory, 1963, 182p.

[5] Johnson, D.L., Wamsley, J.W., Wright, D., The Fibonacci groups, Proc.

London Math.Soc., 1974, 29, 577–592.

[6] Havas G., Computer aided determination of a Fibonacci group, Bull. Austral. Math. Soc., 1976, 15, 297–305.

[7] Hempel J., The lattice of branched covers over the figure - eight knot, Topology and its Appl., 1990, 34, 2, 183–201.

[8] Helling, H., Kim A.C., Mennicke, J., A geometric study of Fibonacci groups, SFB 343 Bielefeld, Diskrete Strukturen in der Mathematik, Preprint (1990).

[9] Hilden H.M., Lozano M.T., Montesinos J.M., The arithmeticy of the figure-knot orbifolds, Preprint.

[10] Newman M.F., Proving a group infinite, Reseach Report 26, Department of Mathematics, Australian National University, 1988.

[11] Matveev V.S., Fomenko A.T., Constant energy surfaces of Hamiltonian systems, enumeration of three-dimensional manifolds in increasing order of complexity, and computation of volumes of closed hyperbolic manifolds,. Russian Mathem. Surveys, 1988, 43, 1, 3–24.

[12] Meyerhoff R., Neumann W.D., An asymptotic formula for the eta invariants of hyperbolic 3-manifolds, Comment. Math. Helv.,1992, 67, 28–46.

[13] Milnor J., Hyperbolic geometry: the first 150 years, Bull. Amer. Math.

Soc., 1982, 6, 9–25.

[14] Montesinos J.M., Whitted W., Constructions of two–fold branched covering spaces, Pacific J. Math., 1986, 125, 2, 415–446.

[15] Neumann W.D., Zagier D., Volumes of hyperbolic 3-manifolds, Topology, 1985, 24, 307–322.

[16] Reid A., Arithmeticity of knot complements, Journal London Math. Soc., 1991, 43, 171–184.

[17] Riley R., An elliptic path from parabolic representation to hyperbolic structures, Lecture Notes in Math. 722, Springer-Verlag, 1979, 99–133.

[18] Rolfsen D., Knots and Links, Publish of Perish Inc., Berkely Ca., 1976.

[19] Thomas R.M., The Fibonacci groups F (2, 2m), Bull. London Math. Soc., 1989, 21, 5, 463–465.

[20] Thurston, W.P., The Geometry and Topology of Three-Manifolds, Lecture Notes, Princeton University 1980.

[21] Vinberg E.B., The volume of the polyhedra on a sphere and in Lobachevsky space,. Amer. Math. Soc. Transl.(2), 1991, vol. 148, p. 15 - 27.

[22] Weeks J., Hyperbolic structures on 3-manifolds, Princeton Univ. Ph. D.

Thesis, 1985.

Department of Mathematics Novosibirsk State University Novosibirsk 630090, Russia. E-mail: mednykh@math.nsk.su

Institute of Mathematics Siberian Branch of Russian Academy of Science Novosibirsk 630090, Russia. E-mail: vesnin@math.nsk.su