m-Dependent Random Fields with Analytic

Cumulant-Generating Function

F. Götze^∗ L. Heinrich^† C. Hipp^‡

März 1994

Abstract

We consider m-dependent random fields of bounded random vectors and investigate the analyticity of the cumulant generating function of sums of these random vectors. Using the Kirkwood-Salsburg equations we derive upper bounds for the cumulant generating function and prove its analyticity in a neighbourhood of zero, where the normalized bounds and the neighbourhood are independent of the number of terms in the sum. The results are applied to spatial statistics in Poisson cluster processes and Boolean models and yield probabilities of large deviations as well as Berry-Esseen results for these statistics.

Keywords and phrases: m-dependent random field, cumulant-generating function, Kirkwood- Salsburg equations, Poisson cluster process, Boolean model. 1991 Mathematics Subject

Classification: Primary 60 F 05 , 60 G 60 ; Secondary 60 F 10, 60 G 55

Running title: Analyticity of the cumulant-generating function

1. Introduction and Summary

For j in the lattice Z^d_+^△= {1, 2, . . .}^d let ξ_j be a random variable on a common probability space [Ω, A, P] taking values in some measurable space [X_j, X_j]. We shall assume throughout that the variables ξ_j, j ∈ Z^d_+, are independent. For fixed integer m ≥ 0 define

U_j^△= ×^d_{s=1}{j_s, . . . , j_s + m} for j = (j_1, . . . , j_d) ∈ Z^d_+

∗Universität Bielefeld, Fakultät für Mathematik, D-33501 Bielefeld, Germany †TU Bergakademie Freiberg, Institut für Stochastik, Bernhard-von-Cotta-Str. 2, D-09596 Freiberg, Germany ‡Universität Karlsruhe, Lehrstuhl für Versicherungswissenschaft, Kronenstr. 34, D-76133 Karlsruhe, Germany

and V^{(m)}_n^△= ×^d_{s=1}{1, 2, . . . , n_s + m} for n = (n_1, . . . , n_d) ∈ Z^d_+ , V_n^△= V^{(0)}_n .

For j ∈ Z^d_+ let f_j be R^p-valued and measurable on the product space ×_{i∈Uj} X_i; the mappings f_j are called window functions in [4]). We consider the m−dependent random field

X_j^△= f_j(ξ_i, i ∈ U_j), j ∈ Z^d_+ (1.1)

and the sum

S_n^△= ∑ j∈Vn (X_j − EX_j ) (1.2)

It is the purpose of this paper to prove analyticity of the cumulant generating function (cgf)

γ_n(z)^△= log E exp{(z, S_n)} , z ∈ C^p ,

in a neighbourhood b(o, δ) of the origin o, where δ is independent of n. This is done under the assumption that the random variables X_j are uniformly bounded, ‖X_j ‖ ≤ c for j ∈ Z^d_+ . (1.3) Here and throughout we use the following notations for complex p−vectors y, z ∈ C^p and r > 0 : (y, z)^△= p∑ s=1 y_sz̄_s ‖z‖^△= √ (z, z) b(y, r)^△= {z ∈ C^p : ‖z − y‖ ≤ r} (the same notation is used in Euclidean spaces and for any dimension > 1) . The symbols c, c_0, c_1, . . . denote generic constants not depending on n. For finite sets V we write |V | for the number of elements in V . We shall still use the same notation for the modulus of real or complex numbers.

In recent years results on Berry-Esseen bounds and Edgeworth expansions have been obtained for sums of the form (1.2). These results state that under additional assumptions on the field X_j (including conditional Cramér conditions) the remainder terms in these limit theorems have the same order as those in the corresponding theorems for independent X_j , see [3, 4, 5, 8, 9]. We mention that analogous estimates and expansions for arbitrary d−dimensional m−dependent random fields (d ≥ 2) are still unknown or less precise in cases for which the representation (1.1) is not possible.

In the particular case of m−dependent sequences (i.e. d = 1) the moment generating function of the sum admits a product representation in some neighbourhood of zero (see

[7]). For the univariate case (i.e. p = 1) this yields analyticity of the cgf in the circle b(0, δ), δ = c_1/(m + 1), and the bound |γ_n(z)| ≤ c_2 n (m + 1)|z|^2 provided the Bernstein condition max 1≤j≤n E|X j |^k ≤ c^k_0 k!

is satisfied for k ≥ 2. Using Cauchy’s integral formula this can be equivalently expressed by the estimates |cum_k(S_n)| ≤ c_2 c^{−(k−2)}_1 n (m + 1)^{k−1}k! , (1.4) where cum_k(X) denotes the k−th order cumulant of X.

Estimates of type (1.4) or the analyticity of the cgf are essential for the asymptotic behaviour of probabilities of large deviations (in the sense of H. Cramér) , see e.g. [17], [7] and Sect. 3 below.

In contrast to the case d = 1 the best estimates for d ≥ 2 and for general m−dependent random fields of univariate random variables seem to be |cum_k(S_n)| ≤ c^k_3(d) |V_n| (m + 1)^{d(k−1)}(k!)^{3/2} for k ≥ 2 , (1.5) see [11]^1 For m−dependent random fields admitting the representation (1.1) Theorem 1 improves the estimates (1.5) by removing the exponent 3/2 on the right hand side. Theorem 1. Assume that the field of random vectors defined by (1.1) satisfies condition (1.3). Then there exist real numbers δ, ε > 0 depending on c and m such that the cgf γ_n(z) is an analytic function in some circle b(o, δ), and in this circle we have the following estimate: |γ_n(z)| ≤ ε |V_n| ‖z‖^2 for z ∈ b(o, δ) . (1.6) An admissible pair of numbers δ, ε is given by δ_m = (8 c (2m+1)^{2d})^{−1} and ε_m = 56 c^2 (2m+ 1)^{3d}.

The application of Cauchy’s integral formula to the cgf γ_n(z) leads immediately to the following Corollary 1. Under the assumptions and with the notation of Theorem 1 we have |cum_k((t, S_n))| ≤ ε |V_n| ‖t‖^k δ^{−(k−2)} k! for k ≥ 3 , t ∈ R^p .

1In [11] the estimate (1.5) was actually proved for d = 2.

2. Proof of Theorem 1

Without loss of generality we may assume that EX_j = 0. It suffices to prove Theorem 1 for p = 1; the general multivariate case follows using the linearity of the scalar product and Schwarz’ inequality |(z, X_j)| ≤ ‖z‖‖X_j‖. For any non-empty V ⊆ V^{(m)}_n put

φ(z; x_j, j ∈ V )^△= E (exp{zS_n}|ξ_j = x_j, j ∈ V ) E exp{zSn}^{, xj ∈} X^j for z ∈ C^1 in some neighbourhood of zero in which the denominator does not vanish. Logarithmic differentiation provides that d dz γ_n(z) = ∑ j∈Vn EXj φ(z; ξi, i ∈ Uj) . (2.1) Denote by l = l(V ) the lexikographically smallest element of V ⊆ V^{(m)}_n and introduce an additional random element ξ^∗_l being independent of the family ξ_j, j ∈ Z^d_+, and having the same distribution as ξ_l. With the abbreviation W^{(m)}_l^△= ∪_{j∈Vn:Uj∋l} U_j we define a family of kernel functions k_V , ∅ ≠ V ⊆ V^{(m)}_n , as follows:

k_V (z; x, x_j, j ∈ W^{(m)}_l ∩ V, ξ_j , j ∈ W^{(m)}_l \ V )^△= exp z ∑ j∈Vn:U_j∋l F_j(x, x_i, i ∈ U_j ∩ V, ξ_i, i ∈ U_j \ V ) − 1 , (2.2)

where

F_j(x, x_i, i ∈ U_j ∩ V, ξ_i ∈ U_j \ V )^△= f_j(ξ_i, i ∈ U_j) | | | ξ_i=x_i;i∈V − fj(ξi, i ∈ Uj) | | | ξ_l=x,ξ_i=x_i;l≠i∈V . Using the definition of φ(z; .) and the independence of the ξ_j’s we get

φ(z; x_l) = 1 + Ek_V (z, ξ^∗_l , x_l, ξ_i, l ≠ i ∈ W^{(m)}_l )φ(z; ξ^∗_l , ξ_i, l ≠ i ∈ W^{(m)}_l )) (2.3)

for V = {l} and

φ(z; x_i, i ∈ V ) = φ(z; x_i, l ≠ i ∈ V ) + Ek_V (z, ξ^∗_l , x_i, i ∈ W^{(m)}_l ∩ V, ξ_i, i ∈ W^{(m)}_l \ V ) × φ(z; ξ^∗_l , x_i, l ≠ i ∈ V, ξ_i, i ∈ W^{(m)}_l \ V )) (2.4) for |V | ≥ 2. Here the x^′s are fixed, and the expectation is taken with respect to all ξ’s. In other words the functions φ(z; .) satisfy a (finite) system of linear integral equations. In statistical mechanics these are the Kirkwood-Salsburg equations for the correlation functions of (infinite) particle systems , see [16] , Chapt. 4.

Let η ∈ (0, 1) (to be specified later) and let Φ_η be the Banach space of all (finite) sequences of bounded complex-valued functions ρ^△= {ρ_V | ×_{j∈V} X_j → C^1 : ∅ ≠ V ⊆ V^{(m)}_n } equipped with the norm ‖ρ‖_η^△= max{η^{|V |}‖ρ_V ‖_∞ : ∅ ≠ V ⊆ V^{(m)}_n } , where ‖ρ_V ‖_∞^△= sup{‖ρ_V (x_j, j ∈ V )‖ : x_j ∈ X_j, j ∈ V } . (see D. Ruelle [16] ).

In order to simplify the notation we shall drop the subscript V at ρ whenever V can be identified from the arguments of ρ. We are now in a position to define a linear bounded operator K(z) : Φ_η → Φ_η by the following system of integral operators:

(K(z)ρ)(x_j, j ∈ V )^△= EkV (z; ξ^∗_l , xl, ξi, l ≠ i ∈ W^{(m)}_l )ρ(ξ^∗_l , ξi, l ≠ i ∈ W^{(m)}_l ) if V = {l} ρ(x_i, l ≠ i ∈ V ) + Ek_V (z; ξ^∗_l , x_i, i ∈ W^{(m)}_l ∩ V, ξ_i, i ∈ W^{(m)}_l \ V ) × ρ(ξ^∗_l , x_i, l ≠ i ∈ V, ξ_i, i ∈ W^{(m)}_l \ V ) if |V | ≥ 2 Thus the equations (2.3) and (2.4) can be formally rewritten as a linear equation in Φ_η: φ(z) = α + K(z) φ(z) , (2.5) where φ(z)^△= {φ(z; .) | ×_{j∈V} X_j → C^1 : ∅ ≠ V ⊆ V^{(m)}_n } and α^△= {α_V : ∅ ≠ V ⊆ V^{(m)}_n } with α_V = 1 if |V | = 1 and α_V = 0 if |V | ≥ 2.

Next we shall verify that K(z) is an entire analytical operator-valued function (as defined in [2]), i.e. the Taylor expansion K(z) = ∑ r≥0 z^r r! K^{(r)} , K^{(r)} ∈ L(Φ_η) , converges absolutely for z ∈ C^1 with respect to the norm k.k in the Banach space of linear bounded operators L(Φ_η). In view of (2.2) the operators K^{(r)} , r ≥ 0 , are defined by the kernel functions k^{(r)}_V , ∅ ≠ V ⊆ V^{(m)}_n , r ≥ 1 , k^{(r)}_V (x, x_i, i ∈ W^{(m)}_l ∩ V, ξ_i, i ∈ W^{(m)}_l \ V )^△= ∑ j∈Vn:U_j∋l F_j(x, x_i, i ∈ U_j ∩ V, ξ_i, i ∈ U_j \ V ) r

so that in analogy to the definition of K(z)

(K^{(r)}ρ)(x_i, i ∈ V )^△= Ek^{(r)}_V (ξ^∗_l , xi, i ∈ W^{(m)}_l ∩ V, ξi, i ∈ W^{(m)}_l \ V )ρ(ξ^∗_l , xi, l ≠ i ∈ V, ξi, i ∈ W^{(m)}_l \ V ) for r ≥ 1 , V ≠ ∅ and

(K^{(0)}ρ)(x_i, i ∈ V )^△= ρ(x_i, l ≠ i ∈ V ) if |V | ≥ 2 0 if |V | = 1 .

Since, by (1.3) and |{j ∈ V_n : U_j ∋ l}| ≤ (m + 1)^d , the kernel functions k^{(r)}_V , r ≥ 1 , are bounded by ( 2c(m + 1)^d )r it follows that ‖(K^{(r)}ρ)_V ‖_∞ ≤ ‖ρ_W (m)_l ‖_∞ ( 2c(m + 1)^d )r . Using the inequality |V ∪ W^{(m)}_l | − vertV | ≤ |W^{(m)}_l | − 1 we get η^{|V |}‖K^{(r)}ρ‖_∞ ≤ η^{|V |−|W (m)l |} ( 2c(m + 1)^d )r ‖ρ‖_η and finally, by |W^{(m)}_l | ≤ (2m + 1)^d,

kK^{(r)}k ≤ η^{−(2m+1)d+1 (}2c(m + 1)^{d)r} for r ≥ 1 .

Together with

kK^{(0)}k ≤ η

we have

kK(z)k ≤ η^(1 + (e^{2 c |z|(m+1)d} − 1)η^{−(2m+1)d )} for all z ∈ C^1 (2.6)

proving the analyticity of K(z) ∈ L(Φ_η) in the whole complex plane. Now let us specify η ∈ (0, 1) by η^△=

(2m + 1)^d 1 + (2m + 1)^d , m ≥ 0 .

Using the inequality x ≤ e^x − 1 ≤ xe^x for x ≥ 0 we obtain that the right side of (2.6) is bounded by

(2m + 1)^d 1 + (2m + 1)^d ( 1 + e^{10/9} 6(2m + 1)^d ) < 1 − 1 5(2m + 1)^d

for m ≥ 1 and z ∈ C^1 satisfying |z| ≤ δ_m = 1/(8 c (2m + 1)^{2d}). In case m = 0 we obtain from (2.6) that kK(z)k ≤ η − 1 + e^{2 c |z|} < 0.79 for |z| ≤ 1/8 c . Hence,

kK(z)k ≤ 1 −^1_{5(2m + 1)d} < 1 for all m ≥ 0 and |z| ≤ δm

so that the inverse operator (I � K(z))^{−1} belongs to L(Φ_η) and is analytical with

k(I � K(z))^{−1}k ≤ 5(2m + 1)^d for |z| ≤m δ . (2.7)

Therefore (2.5) has a unique solution in Φ_η:

φ(z) = (I � K(z))^{−1}α for |z| ≤ δ_m . (2.8)

The representation (2.8) and the inequality (2.7) yield the analyticity of φ(z; x_j, j ∈ V ) for each choice of x_j, j ∈ V in b(o, δ_m). In particular, we obtain with ‖α‖_η = η ‖φ(z; .)U_j‖_∞ ≤ η^{−|Uj|}‖φ(z)‖_η ≤ ( 1 + 1 (2m + 1)^d

)_(m_{+1)}d_{−1}

k(I � K(z))^{−1}k

≤ 7(2m + 1)^d

uniformly for all |z| ≤ δ_m , j ∈ V_n , d ≥ 2 and m ≥ 0. In view of (1.3) and (2.1) it is readily checked that^d_{dz} γ_n(z) is an analytical function in b(o, δ_m) satisfying | | | | | d dz γ_n(z) | | | | | ≤ 7 c (2m + 1)^d|V_n| for all |z| ≤ δ_m .

Further, since^d_{dz} γ_n(z) = 0 for z = 0 by assumption, applying Schwarz’s lemma gives | | | | | d dz γ_n(z) | | | | | ≤ |z| 7 c δ_m (2m + 1)^d|V_n| for |z| ≤ δ_m .

Finally the assertion of Theorem 1 follows by integrating (2.1) and using the inequality |γ_n(z)| = | | | | ∫ z 0 ( d du γ_n(u) ) du | | | | ≤ |z| sup_{u∈b(o,|z|)} | | | | d du γ_n(u) | | | | . This completes the proof of Theorem 1 for p = 1 . 2

3. Applications to Large Deviations

In this section we formulate and prove an integral limit theorem for probabilities of large deviations for sums of bounded random variables connected in a d− dimensional m−dependent random field. For a detailed dicussion and the historical background of large deviations (in the sense of H. Cramér) the reader is referred to [17]. The proof of the subsequent Theorem 2 rests on the estimate (1.6) of the cgf of S_n. In the particular case d = 1 this result is valid under the (less restrictive) Bernstein condition ensuring the analyticity of the cgf of S_n, see [7] and Sect.1 of this paper. Another approach to obtain limit theorems for large deviations in case of (Gibbsian) random fields is the ‘method of cluster expansions’ leading to estimates of the cumulants of S_n, see references in [1]. Under certain rather technical conditions imposed on the cgf of the sum S_n S.Čepulenas [1] proved large deviation relations for a class of stationary Gibbsian random fields which are similar to the ones obtained in our following theorem.

Theorem 2. Let X_j , j ∈ V_n , be a field of m−dependent random variables as defined in (1.1) for p = 1 satisfying (1.3). Then in the interval 0 ≤ x ≤ Δ_n/14H_n the following relations for large deviations of the sum S_n (defined by (1.3)) hold: P(Sn ≥ xBn) 1 − Φ(x)

≤ exp x^3 B_n ∑ k≥0 λ_{kn}( x B_n )^k ( 1 + c_4

H_n(1 + x)

Δ_n ) (3.1) and P(Sn ≥ xBn) Φ(−x) ≥ exp x^3 B_n ∑ k≥0 λ_{kn}( x B_n )^k ( 1 − c_5

H_n(1 + x) Δ_n ) , (3.2)

where

B^2_n = var(S_n) , H_n = ε_m|V_n|/B^2_n , Δ_n = δ_mB_n , Φ(x) = 1 √ 2π ∫ x −∞ e^{−t2/2}dt with δ_m , ε_m from Theorem 1 and λ_{kn} = 1 (k + 2)(k + 3) k+1∑ l=1 (−1)^{l−1} ( k + l + 1 l ) ∑ k1+···+k_l=k+1 k_i≥1 l∏ i=1 cum_{ki+2}(S_n) B^2_n(k_i + 1)!

(3.3)

for k = 0, 1, 2, . . . .

Proof of Theorem 2. In view of Theorem 1 and the maximum principle for analytic functions we are led to |γ_n(z/B_n)| | | |_| z|=Δn ≤ HnΔ 2 n . Such an estimate of the cgf of S_n/B_n enables us to apply a general lemma on large deviations for standardized random variables due to V.A. Statulevičius ( see e.g. [1, 17]). According to this lemma the x-values have to lie in the interval [0, δΔ_n/H_n] with δ < δ^∗ 2 (1 + δ^∗ H_n ), (3.4) where δ^∗ is the unique real solution of the equation 6δ^∗ = (1 −^{δ�}_{Hn} )^3. We take δ = 1/14 here, and hence we have to check whether the corresponding δ^∗ satisfies (3.4). Combining the inequality B^2_n ≤ (m + 1)^d ∑ j∈Vn EX 2 j with (1.3) yields H_n ≥ 56 and hence 1/7 < δ^∗ < 1/6. A short calculation shows that^{δ�}_2 (1 +^{δ�}_{Hn} ) = δ^∗(1 −^3

√_3 δ� 4 ) is increasing in δ^∗ which implies that δ^∗ 2 (1 + δ^∗ H_n ) > 1 7 (1 −^3 √ 3 28 ) > 1 14 = δ. This completes the proof of Theorem 2. 2

In addition to Theorem 2 we obtain the corresponding Berry-Esseen bound in the central limit theorem either directly from (3.1) and (3.2) or from (1.6) by applying Esseen’s smoothing inequality. In either case, only standard arguments are needed to prove of the following Corollary 2. The details are left to the reader.

Corollary 2. Under the assumptions of Theorem 2 we have

sup_{x∈}R_1 |P(S_n < xB_n) − Φ(x)| ≤ c_6 H_n Δ_n

= 448 c_6 (2m + 1)^{5d} c^3|V_n| B^3_n

(3.5)

with some constant c_6 not depending on n and m.

Note that in case of i.i.d. real-valued random variables ξ_j , j ∈ Z^d, and identical f_j = f , j ∈ V_n, the estimate (3.5) was shown in [8].

4. Applications to Spatial Statistics

Boolean (or Poisson grain) models as defined in [13] represent an important class of random closed sets which have many applications in image analysis, stereology and spatial statistics, see [6, 19].

First of all we introduce some notation and recall necessary facts from random set and point process theory and give a rigorous definition of a Boolean model following the line in [12, 18, 19].

Let F denote the family of closed subsets of R^d and let σf be the σ−field of subsets of F

generated by the families FK^△= {F ∈ F : F ∩ K ≠ ∅} , K ∈ K , where K is the family of all non-void compact subsets of R^d. A random closed set Z in R^d is then defined to be an (A, σ_f )− measurable mapping from [Ω, A, P] into the measurable space [F, σ_f ]. The distribution of Z (i.e. the probability measure induced by Z on (F, σ_f )) is entirely determined by the hitting functional T_Z defined on K by

T_Z(K)^△= P(Z ∩ K ≠ ∅) , K ∈ K ∪ {∅} , see [13]. (4.1)

We now introduce the notion of an (independently) marked (Poisson) point process Ψ

on R^d with the particular measurable mark space [K, B(K )], where B(K) designates the

Borel σ−field corresponding to the Polish space K , see [12, 19]. Let M (K ) be the set of all counting measures ψ on B(R^d) ⊗ B(K) satisfying ψ(B × F) < ∞ for all bounded B ∈

B(R^d) and let M(K) denote the σ−field generated by the sets {ψ ∈ M (K ) : ψ(B×L) = j}

for j ≥ 0, bounded B ∈ B(R^d) and L ∈ B(K). It turns out that each locally finite counting measure ψ ∈ M (K ) has a unique representation ψ = ∑ i≥1 δ_{[xi(ψ),zi(ψ)]} as sum of Dirac measures δ_{[x,z]} , [x, z] ∈ R^d × K , with respect to the at most countable family {[x_i(ψ), z_i(ψ)], i ≥ 1} of atoms of ψ , where each atom is counted according to its multiplicity; the mappings ψ → x_i(ψ) and ψ → z_i(ψ) , i ≥ 1 , are measurable, see [12]. In analogy to the definition of a random closed set a marked point process Ψ is an

(A, M(K))− measurable mapping from [Ω, A, P] into [M (K ), M(K )].

For any given locally finite measure Λ on B(R^d) and any probability measure Q on B(K) (called mark distribution) , an independently marked Poisson process Ψ = ∑ i≥1 δ_{[Xi(Ψ),Zi(Ψ)]} with intensity measure Λ × Q on B(R^d) ⊗ M(K) (symbolically expressed by Ψ ∼ Π_{Λ,Q}) is characterized by the following conditions:

(i) Ψ(B_1 × L_1), · · · , Ψ(B_n × L_n) are independent random variables

for pairwise disjoint B_1 × L_1, · · · , B_n × L_n ∈ B(R^d) ⊗ B(K), (ii) Ψ(B × L) is Poisson distributed with parameter Λ(B) Q(L) , B ∈ B(R^d) , L ∈

B(K) .

We have Λ(.) = λν(.) (ν(.) = d−dimensional Lebesgue measure) iff the (unmarked) Poisson process Ψ(( . ) × K) is stationary with intensity 0 < λ < ∞. An equivalent more constructive definition runs as follows: Let there be given an unmarked Poisson process Ψ^∗ = ∑ i≥1 δ_{Xi} on R^d with intensity measure Λ and a sequence of i.i.d.

random compact sets {Z_i, i ≥ 0} (called grains) being independent of Ψ^∗ with common distribution Q(.) = P(Z_0 ∈ (.)) , where Z_0 is called the typical grain, see [19]. Remember that Q(.) is completely determined by T_{Z0} (K) = Q(F_K ) , K ∈ K. It is easily verified that the marked point process ∑ i≥1 δ_{[Xi,Zi]} satisfies (i) and (ii) and so its distribution coincides with Π_{Λ,Q}.

With the above preliminaries and the set operation A ⊕ B = {x + y : x ∈ A, y ∈ B} we are now ready to define the term Boolean model. Let Ψ = ∑ i≥1 δ_{[Xi(Ψ),Zi(Ψ)]} ∼ Π_{Λ,Q} an independently marked Poisson process on R^d with mark space K satisfying ∫ Rd^{TZ0 (K − x)Λ(dx) < ∞ for K ∈ K . (4.2)}

Then the P-a.s. closed set

Z(Ψ) = ⋃ i≥1 (Z_i(Ψ) ⊕ X_i(Ψ)) (4.3) is called the Boolean model derived from Ψ.

For notational simplicity the argument Ψ on both sides of (4.3) is mostly omitted. In the particular case of a discrete typical grain Z_0 = {ζ_1, . . . , ζ_N } , where ζ_1, ζ_2, . . . are (not necessarily independent) random vectors in R^d and P(N ∈ Z^1_+ ∪ {0}) = 1, the corresponding Boolean model is usually described by the random point process Ψ_c = ∑ i≥1 ∑ ζ∈Z_i δζ+Xi (with i.i.d. copies Zi , i ≥ 1 , of Z0 ) called Poisson cluster process

with typical cluster Z_0 . Under mild conditions , e.g. EN < ∞, Ψ_c belongs P-a.s. to the measurable space [M , M] of unmarked locally finite counting measures on R^d. Wellstudied examples of Poisson cluster processes are Neyman - Scott , Gauss - Poisson and self-exciting processes, see [12].

Note that for a stationary Boolean model (that is, Λ = λν(.)) the ”existence condition” (4.2) is equivalent to

E ν(Z0 ⊕ K) < ∞ for K ∈ K . (4.4)

Under this condition the hitting functional (4.1) of a stationary Boolean model Z takes on the simple form

T_Z(K) = 1 − exp{−λE ν(Z_0 ⊕ (−K))} for K ∈ K . (4.5)

In the remaining part of this section we shall demonstrate the applicability of the results of the preceding sections to some statistical estimators for characteristics of stationary Boolean models and Poisson cluster processes, respectively. We thus obtain results on probabilities of large deviations as well as Berry-Esseen bounds for these estimators. For this purpose the following assumptions are needed:

(A) Z is observed in a rectangular sampling region A_n = [0, n_1) × · · · × [0, n_d) which expands unboundedly in each direction, i.e. min_{1≤s≤d} n_s −→ ∞ or briefly n −→ ∞ , (B) the typical grain (or cluster) Z_0 is P-a.s. bounded, say P(Z_0 ⊂ b(o, ρ)) = 1 for some 0 < ρ < ∞.

In order to avoid troubles with boundary - effects in calculating the subsequent estimators we always assume that additional information on Z is available in a larger region, say A_n ⊕ b(o, r^∗) for some r^∗ > 0. ¿From the view point of asymptotic statistics this means no restriction of generality.

Example 1: Let B ∈ K be a star-shaped structuring element containing the origin o ,e.g. B = b(o, 1) or B = [0, 1]^d or B = s_x^△= {αx : 0 ≤ α ≤ 1 } for fixed vector x with ‖x‖ = 1. see [19].

Providing r_0 B ⊆ b(o, r^∗) the sequence of estimators

p̂_n(r)^△= ν((Z ⊕ (−rB)) ∩ A_n) ν(A_n) , 0 ≤ r ≤ r_0 , (4.6)

turns out to be unbiased and strongly consistent for the probability p(r)^△= P(Z ∩ rB ≠ ∅) = 1 − exp{−λE ν(Z_0 ⊕ (−rB))} .

It should be noted that p(0) = P(o ∈ Z) coincides with the so-called volume fraction

E ν(Z ∩ [0, 1]^d) - one of the basic characteristics of the random set Z. Moreover, (4.6)

is suitable to establish an (asymptotically unbiased) estimate for the contact distribution function of Z , H_B(r)^△= P(Z ∩ rB ≠ ∅|o ∈ Z) = 1 − 1 − p(r) 1 − p(0)

= 1 − exp{−λ[E ν(Z_0 ⊕ b(o, r)) − E ν(Z_0)]} .

Example 2: Another important characteristic frequently used in statistical analysis of random closed sets is the covariance of Z ,

c(x)^△= P(o ∈ Z , x ∈ Z) = p^2(0) + (1 − p(0))[exp{λE ν(Z_0 ∩ (Z_0 − x))} − 1] for x ∈ R^d.

In analogy to Example 1 the sequence of estimators

ĉ_n(x)^△= ν((Z ∩ A_n) ∩ (Z − x)) ν(A_n) , 0 ≤ ‖x‖ ≤ r^∗ , (4.7) for the covariance c(x) can be shown to be unbiased and strongly consistent .

Next we consider a class of estimators for Palm distribution of certain point configurations of stationary Poisson cluster processes Ψ_c, see [10] and [14], pp. 102 - 104.

Example 3: Let us consider fixed sets B_1, . . . , B_k ∈ K and non-negative integers p_1, . . . , p_k such that b(o, r_∗) ⊆ B_1 ∪ · · · ∪ B_k ⊆ b(o, r^∗) for some 0 < r_∗ < r^∗ < ∞ . Then

p̂_n^△= 1 ν(A_n) ∑ x∈An:Ψc({x})>0 k∏ i=1 1_{{ψ∈}M_{:ψ(Bi+x)=pi}}(Ψ_c − δ_x) (4.8)

is a sequence of unbiased and strongly consistent estimators for

p^△= λ_cP^!_o({ψ ∈ M : ψ(B_1) = p_1, . . . , ψ(B_k) = p_k}) with λ_c = λEN ,

where N is the number of cluster members in Z_0 and the reduced Palm distribution P^!_o(.) is the probability of Ψ_c − δ_o ∈ (.) conditional on the null event that an atom of Ψ_c is located at o, see [12] for details.

In the special case when k = 1, p_1 = 0, B_1 = b(o, r) (4.8) makes it possible to estimate the nearest-neighbour distance function D(r)^△= 1−P^!_o({ψ ∈ M : ψ(b(o, r)) = 0}) , 0 ≤ r ≤ r^∗ , see [10] for functional limit theorems of the empirical counterpart of this distribution function.

Finally we consider the empirical second order moment function of a hard-core point process which arises from a Poisson cluster process with bounded typical cluster by applying B. Matérn’s (second) thinning procedure, see [19]. More precisely, let Ψ_c = ∑ i≥1 ∑ ζ∈Z_i δζ+Zi = ∑ i≥1 δ_{Yi} (after renumbering the atoms) be a stationary Poisson cluster process as in Example 3 independently marked by a sequence U_i, i ≥ 1, of independent random variables uniformly distributed on (0, 1). An atom Y_i of Ψ_c is deleted iff there is a further atom in b(Y_i, R) with a mark smaller than U_i. The interpoint distances of the resulting stationary point process Ψ̃_c^△= ∑ i≥1 δ_{Yi} ∏ j≠i ( 1 − 1_{b(Yi,R)}(Y_j)1_{[0,Ui)}(U_j) )

are always greater than R .

Example 4: For any fixed (R <)r ≤ r^∗ the sequence of estimators

K̂_n(r)^△= 1 λ̃_cν(A_n) ∑ x∈An:Ψ̃c({x})>0 (Ψ̃_c − δ_x)(b(x, r)) with λ̃_c^△= EΨ̃_c ([0, 1)^d) (4.9)

is unbiased and strongly consistent for the so-called second moment function of Ψ̃_c given by K(r)^△= ∫ M^{ψ(b(o, r))P̃ !o(dψ) ,} where P̃^!_o denotes the Palm distribution of Ψ̃_c. The function K(r) , r ≥ 0 , is the main tool in the statistical analysis of stationary isotropic point patterns, see [19]. We now show how to represent the estimators p̂_n(r) , ĉ_n(x) , p̂_n and K̂_n(r) as a normalized sum of random variables of the form (1.1). To this end let

E_j^△= [−1, 0)^d + j for j ∈ Z^d (so that A_n = ∪_{j∈Vn} E_j and |V_n| = ν(A_n)) and set |V_n| p̂_n(r) = ∑ j∈Vn X^{(1)}_j with X^{(1)}_j^△= ν((Z ⊕ (−rB)) ∩ E_j ) , (4.10)

|V_n| ĉ_n(x) = ∑ j∈Vn X^{(2)}_j with X^{(2)}_j^△= ν(Z ∩ (Z − x) ∩ E_j) (4.11)

|V_n| p̂_n = ∑ j∈Vn X^{(3)}_j with X^{(3)}_j^△= ∑ x∈E_j:Ψc({x})>0 k∏ i=1 1_{{ψ∈}M_{:ψ(Bi+x)=pi}}(Ψ_c − δ_x) (4.12) and |V_n| K̂_n(r) = ∑ j∈Vn X^{(4)}_j with X^{(4)}_j^△= 1 λ̃_c ∑ x∈E_j:Ψ̃c({x})>0 (Ψ̃_c − δ_x)(b(x, r)) . (4.13)

Further introduce the set M_j (K) , j ∈ Z^d , consisting of those ψ ∈ M (K ) with support E_j × K endowed with the σ− field M_j (K) generated by sets of the form {ψ ∈ M (K ) : ψ_j(B × L)^△= ψ((E_j ∩ B) × L) = k} for k ≥ 0 , B ∈ B(R^d) and L ∈ B(K) .

Following an idea of C. Preston [15] we can describe the above-defined independently marked Poisson process Ψ ∼ Π_{Λ,Q} as a lattice process by using the obvious fact (see [15], pp. 89/90) that the measurable space [M (K ), M(K )] is isomorphic by the mapping ψ → (ψ_j)_{j∈}Zd to the product space [×_{j∈}ZdM_j (K), ⊗_{j∈}ZdM_j(K)] . By condition (i) the point processes Ψ_j , j ∈ Z^d , are mutually independent - even i.i.d. in case Ψ is stationary. By virtue of condition (B) we get Z_i ⊕ X_i ⊕ (−rB) ⊂ b(o, ρ + r^∗) for 0 ≤ r ≤ r_0 . Hence, the random closed set (Z(Ψ) ⊕ (−rB)) ∩ E_j is completely determined by Ψ restricted to the set E_j ⊕ b(o, ρ + r^∗) or by the (2q + 1)^d-tuple Ψ_i, i ∈ U_j − τ , where

q^△= ent(ρ + r^∗) + 1 and τ^△= (q, . . . , q)

and U_j is defined in Sect. 1 with m = 2q. Therefore there exists a real-valued ⊗_{i∈Uj−τ} M_j (K)- measurable function f^{(1)}_j on ×_{i∈Uj−τ} M_j (K)such that

X^{(1)}_j = ν((Z ⊕ (−rB)) ∩ E_j ) = f^{(1)}_j (Ψ_i, i ∈ U_j − τ ) with 0 ≤ f^{(1)}_j ≤ 1 , j ∈ V_n.

In quite the same manner we can treat X^{(2)}_j and X^{(3)}_j . To get a bound of X^{(3)}_j we argue as follows: Let a ≥ 1 be the smallest integer satisfying a ≥ √ d/r_∗, i.e. [0, a^{−1})^d ⊆ b(y, r_∗) for all y ∈ [0, a^{−1})^d. The conditions imposed on B_1, . . . , B_k imply that X^{(3)}_j ≤ [a(p_1 + · · · + p_k + 1)]^d.

We conclude this section by summarizing the above results and remarks concerning the estimators (4.6) - (4.9) in

Theorem 3. Under (A) , (B) and the assumptions made in Example 1, 2, 3 and 4, Theorem 1 (and thus Theorem 2) is applicable to the following m−dependent random fields {X_j , j ∈ V_n} :

X_j = X^{(1)}_j − p(r) for 0 ≤ r ≤ r_0 with c = 1 X_j = X^{(2)}_j − c(x) for 0 ≤ ‖x‖ ≤ r^∗ with c = 1 X_j = X^{(3)}_j − p with c = [(ent( √ d/r_∗ + 1)(p_1 + · · · + p_k + 1)]^d X_j = X^{(4)}_j − K(r) with c = N_0N(r)/λ̃_c and N_0 = max{n ≥ 1 : ∃x_1, . . . , x_n ∈ [0, 1)^d : ‖x_i − x_j‖ > R, i ≠ j} N(r) = max{n ≥ 1 : ∃x_1, . . . , x_n ∈ b(o, r) : ‖x_i‖ > R, ‖x_i − x_j‖ > R, i ≠ j} , where m = 2(ent(ρ + r^∗) + 1) and X^{(1)}_j , X^{(2)}_j , X^{(3)}_j and X^{(4)}_j are defined by (4.10) , (4.11) , (4.12) and (4.13), respectively. This implies in particular that for the statistics (4.6) - (4.9) a Berry-Esseen bound and Cramér-type probabilities of large deviations hold.

References

[1] Čepulenas, S. (1985). Probabilities of large deviations of random fields. Lithuanian Math. J. 25 , 381 - 390.

[2] Dunford, N. and Schwartz, J. (1958/63). Linear Operatos I : General Theory / Linear Operators II : Spectral Theory. Interscience Publ. , New York.

[3] Götze, F. and Hipp, C. (1983). Asymptotic expansions for sums of weakly dependent random vectors. Z. Wahrscheinlichkeitstheorie verw. Gebiete 64 , 211 - 239.

[4] Götze, F. and Hipp, C. (1989). Asymptotic expansions for potential functions of iid random fields. Prob. Theory Rel. Fields 82 , 349 - 370.

[5] Götze, F. and Hipp, C. (1990). Local limit theorems for sums of finite range potentials of a Gibbsian random field. Ann. Probab. 18 , 810 - 828.

[6] Hall, P. (1988). Introduction to the Theory of Coverage Processes. Wiley & Sons , New York.

[7] Heinrich, L. (1982). A method for the derivation of limit theorems for sums of mdependent random variables. Z. Wahrscheinlichkeitstheorie verw. Gebiete 60 , 501 - 515.

[8] Heinrich, L. (1986). Stable limit theorems for sums of multiply indexed m-dependent random variables. Math. Nachr. 127 , 193 - 210.

[9] Heinrich, L. (1987/90). Asymptotic expansions in the central limit theorem for a special class of m-dependent random fields I / II. Math. Nachr. 134 , 83 - 106 / 145, 309 - 327.

[10] Heinrich, L. (1988). Asymptotic behaviour of an empirical nearest-neighbour distance function for stationary Poisson cluster processes. Math. Nachr. 136, 131 - 148.

[11] Heinrich, L. (1990). Some bounds of cumulants of m-dependent random fields. Math.

Nachr. 149 , 303 - 317.

[12] König, D. and Schmidt, V. (1992). Zufällige Punktprozesse. B.G. Teubner , Stuttgart.

[13] Matheron, G. (1975). Random Sets and Integral Geometry. Wiley & Sons , New York.

[14] Nguyen, X.X. and Zessin, H. (1976). Punktprozesse mit Wechselwirkung. Z.

Wahrscheinlichkeitstheorie verw. Gebiete 37 , 91 - 126.

[15] Preston, C. (1976). Random Fields. Lect. Notes in Mathematics , Vol. 534 , Springer, Berlin.

[16] Ruelle, D. (1969). Statistical Mechanics : Rigorous results. W. Benjamin , Amsterdam.

[17] Saulis, L. and Statulevičius, V.A. (1991). Limit Theorems for Large Deviations.

Kluwer Academic Publishers , Dordrecht.

[18] Stoyan, D. and Lippmann, G. (1993). Models of Stochastic Geometry - A Survey.

ZOR - Methods and Models of Operations Research 38 , 235-260.

[19] Stoyan, D. , Kendall, W.S. and Mecke, J. (1987). Stochastic Geometry and Its Applications. Akademie - Verlag , Berlin.