ON THE RATE OF NORMAL APPROXIMATION IN D[0, 1]

M.Bloznelis^1

Vilnius University and Institute of Mathematics and Informatics

April 1994

Abstract.

The paper gives estimates of the rate of convergence in the Central Limit Theorems for stochastically continuous cadlag processes proved recently by Bézandry and Fernique (Ann. Inst H. Poincare, 28) and Bloznelis and Paulauskas (to appear in Stoch. Proc. Appl.).

1. Introduction

Let X = {X(t), t ∈ [0, 1]} be a centered stochastically continuous random process with cadlag (right continuous and having left limits) sample paths. Let D[0, 1] denote the Skorohod space of cadlag functions on [0, 1] endowed with the usual topology. The process X is said to satisfy the Central Limit Theorem (CLT) in D[0, 1] if the distributions L(S_n) of the normalized sums S_n = n^{−1/2}(X_1 +· · ·+X_n) converge weakly to the distribution of a Gaussian process, say Y , with sample paths in D[0, 1]. Here X_1, X_2, ... are independent copies of X. The aim of the paper is to estimate the rate of convergence in the following limit theorem proved recently by Bloznelis and Paulauskas (1993 b) and Fernique (1993).

1Research supported by the SFB 343 at Bielefeld, by the Grant of the Lithuanian Government and by the V.P. Grant 94.

1991 Mathematics Subject Classification. Primary 60B12; secondary 60F05. Key words and phrases. Rate of convergence, Central Limit Theorem, Stochastically continuous processes, Cadlag processes.

Typeset by AMS-TEX 1

Theorem 1. Let p, q ≥ 2. Let f, g be nonnegative increasing functions on [0, +∞). Let X be a r. process with mean 0, finite second moments, and sample paths in D[0, 1] satisfying E ( |X(s) − X(t)| ∧ |X(t) − X(u)| )_p ≤ f(u − s), (1.1) E|X(s) − X(t)|^q ≤ g(t − s), (1.2) for all s ≤ t ≤ u, and ∫ 0 f^{1/p}(u) · u^{−1−1/p}du < ∞, ∫ 0 g^{1/q}(u) · u^{−1−1/(2q)}du < ∞. (1.3) Then the process X satisfies the CLT in D[0, 1].

We write x∧y = min{x; y}. For x ∈ D[0, 1] we shall denote ‖x‖ = sup_{t∈[0,1]} |x(t)|. In the paper we estimate the uniform (Kolmogorov) distance between the distributions L(‖S_n‖) and L(‖Y ‖).

Theorem 2. Let conditions of Theorem 1 hold with the functions f(u) = c · u^{1+α} and g(u) = c · u^{1/2+α}, α > 0. Then there exists a constant C_1 = C_1(L(Y ), p, q, α) such that

sup_{r≥0} |P(‖S_n‖ ≤ r) − P(‖Y ‖ ≤ r)| ≤ C_1(1 + E‖X‖^3)n^{−1/6} log^{2/3}(n). (1.4)

Here and in what follows letters C and c with indices or without denote constants which depend only on the quantities indicated in the brackets. Theorem 2 is a particular case of more general results formulated in section 2 below. Denote Δ(r, S_n, Y ) = |P(‖S_n‖ ≤ r) − P(‖Y ‖ ≤ r)|. Theorem 2 gives the bound for Δ(r, S_n, Y ) which is uniform with respect to r ≥ 0. Next theorem gives the so called non – uniform bound.

Theorem 3. Let p > 3 and q ≥ 2. Let conditions of Theorem 1 hold with the functions f(u) = cu^{1+α}, g(u) = cu^{1/2+α}, α > 0. Assume that E‖X‖^β < ∞ for some β > 3. Then there exists a constant C_2 = C_2(L(Y ), p, q, α, β) such that for r ≥ 0 |P(‖S_n‖ ≤ r) − P(‖Y ‖ ≤ r)|(1 + r^3) ≤ C_2(1 + E‖X‖^β)n^{−1/6} log^2(n). (1.5)

Remarks. Let F and G be increasing continuous functions defined on [0, 1]. Theorems 1, 2 and 3 remain true if one replaces f(u − s) and g(t − s) in the right hand sides of (1.1) and (1.2) by f(F (u) − F (s)) and g(G(t) − G(s)) respectively. The rate of order O(n^{−1/6}) appears usually when one considers the CLT for a Banach function space valued random elements, see, e.g., Paulauskas and Račkauskas (1989) and Bentkus et al (1990), moreover this rate is optimal in a sense, see ibidem. Earlier, the rate of convergence in the CLT in D[0, 1] was considered by Paulauskas and Juknevičiene (1989) and Paulauskas and Stieve (1990).

2. Main Results and Proofs

Here we formulate and prove main results. In proofs we combine the finitedimensional approximations with estimates of the rate of convergence in the CLT for l^N_∞ valued random vectors. Such estimates of order n^{−1/6} (here n denotes the number of random vectors in the sum) which depend weakly on the growing dimension (N → ∞) were obtained in Bentkus (1982) and Račkauskas (1984).

Theorem 4. Assume the process X satisfies conditions of Theorem 1 with p = 2, q ≥ 2. Then there exists a constant C_3 = C_3(L(Y ), q) such that for any sequence of natural numbers {N_n , n ≥ 1}, satisfying N_n ≥ n^{1/3}, the following bound holds sup_{r≥0} Δ(r, S_n, Y ) ≤ C_3 ( (1 + E‖X‖^3)n^{−1/6} log^{2/3} n + [T_1(N^{−1}_n )]^{1/2} + [N^{−1}_n log^{1/2} log(N_n)]^{1/2} ) , (2.1)

where

T_1(s) = ∫_s 0 u^{−3/2}f^{1/2}(u)du + ∫_s 0 u^{−1−1/(2q)}g^{1/q}(u) log^{1/2−1/(2q)}(1 + 1/u)du.

Note that the integrand of the first integral in the definition of T_1(·) is precisely the same as that in condition (1.3), with p = 2. It seems that the logarithmic factor in the second integral is superfluous.

The following theorem 5 gives the bound for the rate of convergence in the CLT due to Bézandry and Fernique (1992).

Theorem 5. Let X, X_1, X_2, X_3, ... be i.i.d. stochastically continuous centered cadlag processes defined on the probability space (Ω_1, F_1, P_1). Let f, g, θ be increasing functions such that f(0) = g(0) = θ(0) = 0, and let θ be concave. Assume that for all s ≤ t ≤ u, and A ∈ F_1, E|X(s) − X(t)|^2 ∧ |X(t) − X(u)|^2II_A ≤ f(u − s)θ(P (A)), (2.2) E|X(s) − X(t)|^q ≤ g(t − s). (2.3) Then there exists a constant C_4 = C_4(L(Y ), θ, q) such that for any sequence of natural numbers {N_n, n ≥ 1} such that N_n ≥ n^{1/3}, the bound (2.1) holds with the constant C_4 instead of C_3 and with T_1(·) replaced by T_2(·), where T_2(s) = ∫_s 0 u^{−3/2}θ^{1/2} ( u log(1 + 1/u)/ log 2 ) f^{1/2}(u)du+ ∫_s 0 u^{−1−1/(2q)} log^{1/2−1/(2q)}(1 + 1/u)g^{1/q}(u)du. (2.4)

For x ∈ D[0, 1] define Δ_x(s, t, u) = |x(s)−x(t)|∧|x(t)−x(u)|. Let Z = {Z(t), t ∈ [0, 1]} be a separable cadlag random process defined on the probability space (Ω, F, P ). Let h_1, h_2, θ_1, θ_2 denote increasing functions, h_1(0) = h_2(0) = θ_1(0) = θ_2(0) = 0 and let θ_1, θ_2 be concave. The following result is proved in Bézandry and Fernique (1992) (see Lemma 1.1.3 and Theorem 1.2 ibidem). Theorem 6. Assume the process Z = {Z(t), t ∈ [0, 1]} is right–continuous in L_1 at each t ∈ [0, 1]. Assume for each 0 ≤ s ≤ t ≤ u ≤ 1 and each A ∈ F E|Z(s) − Z(t)| ∧ |Z(t) − Z(u)|II_A ≤ h_1(u − s)θ_1(P(A)) + h_2(u − s)θ_2(P(A)).

Then there exists a sequence of random functions {f_k, k ≥ 1},

f_k : Ω × [0, 1] → S_k := {j · 2^{−k}, 0 ≤ j ≤ 2^k} satisfying:

i) For each k ≥ 1 and each ω ∈ Ω the function f_k(ω, ·) → S_k is non decreasing, f_k(ω, t) = t for t ∈ S_k; ii) For each k ≥ 1 sup t∈[0,1] |Z(ω, t) − Z(ω, f_k(ω, t))| ≤ ∑ m≥k ∑ t∈Sm+1\Sm Δ_{Z(ω,·)}(t − 2^{−k−1}, t, t + 2^{−k−1}) (2.5) and E sup_{t∈[0,1]} |Z(ω, t) − Z(ω, f_k(ω, t))| ≤ 2 ∫_2�k 0 u^{−2}(h_1(u)θ_1(u) + h_2(u)θ_2(u))du. (2.6)

For a cadlag process Z satisfying conditions of Theorem 4 define Z^{{k}} = {Z(ω, f_k(ω, t)), t ∈ [0, 1], ω ∈ Ω}, k ≥ 1. One may define the other approximating process

Z^{[k]}(ω, t) = 2^k−1∑

i=0 Z(ω, i · 2^{−k})II{i · 2^{−k} ≤ t < (i + 1) · 2^{−k}} + Z(ω, 1)II{t = 1}.

Remark, that ‖Z^{{k}}‖ = max{|Z(i · 2^{−k})|, 0 ≤ i ≤ 2^k} = ‖Z^{[k]}‖ and hence Δ(·, Z^{{k}}, Y ) = Δ(·, Z^{[k]}, Y ). Lemma 1. For k ≥ 1 and r, ε > 0, |P(‖S_n‖ < r) − P(‖Y ‖ < r)| ≤ I_1(S_n, ε) + 3I_1(Y, ε) + 2I_2(Y, ε) + 2 · Δ(r, S^{{k}}_n , Y^{[k]}) + Δ(r − ε, S^{{k}}_n , Y^{[k]}), where I_1(S_n, ε) = P(‖S^{{k}}_n − S_n‖ > ε), I_1(Y, ε) = P(‖Y^{[k]} − Y ‖ > ε), I_2(Y, ε) = P(‖Y^{[k]}‖ ∈ [r − ε, r + ε]). Proof of Lemma 1. The proof is standard, see e.g., Bentkus et al.(1990). Proof of Theorem 4. Let k be the integer satisfying 2^{k−1} < N_n ≤ 2^k. Fix r, ε > 0 and apply lemma 1 to the processes S_n and Y . It suffices to estimate quantities I_1(S_n, ε), I_1(Y, ε), I_2(Y, ε), Δ(·, S^{[k]}_n , Y^{[k]}), see also remark before the lemma 1. It follows from (2.6) and lemma 3 below that

I_1(S_n, ε) = P(‖S^{{k}}_n − S_n‖ ≥ ε) ≤ ε^{−1}E‖S^{{k}}_n − S_n‖ ≤ 2c_2ε^{−1}T_1(2^{−k}). (2.7)

Define the pseudometric d(s, t) = ( E(Y (s)−Y (t))^2 )_{1/2} , s, t ∈ [0, 1]. Let N(δ), δ > 0 be the minimal number of balls B(u, δ) = {v ∈ [0, 1] : d(u, v) < δ} ⊂ [0, 1], u ∈ [0, 1] that cover the interval [0, 1]. By Theorem 5.5 of Jain and Marcus (1978), there exists an absolute constant c such that for each ε, δ > 0

P( sup |u−v|<δ |Y (u) − Y (v)| > ε) ≤ cε^{−1}( ∫_δ 0 H^{1/2}(s)ds + δ log^{1/2} log(1/δ)), (2.8)

where H(δ) = log N(δ). A simple calculation shows that condition (1.3) implies g(u) ≤ cu^{1/2}. Hence, ( E(Y (s) − Y (t))^2 )_{1/2} = ( E(X(s) − X(t))^2 )_{1/2} ≤ (E|X(s) − X(t)|^q )^{1/q} ≤ c|t − s|^{1/(2q)}, and N(δ) ≤ 1 + δ^{−2q}. We have I_1(Y, ε) = P(‖Y − Y^{[k]}‖ > ε) ≤ cε^{−1}2^{−k}k^{1/2}. (2.9) Theorem 4 of Lifshits (1986) applies to the Gaussian process Y and yields sup_{ε>0} sup_{r≥0} ε^{−1}P(‖Y ‖ ∈ [r, r + ε]) ≤ C_5, (2.10)

where C_5 = C_5(Y ). Hence, I_2(Y, ε) ≤ C_5ε. It remains to estimate the quantity

Δ(S^{[k]}_n , Y^{[k]}) := sup_{r≥0} Δ(r, S^{[k]}_n , Y^{[k]}).

The problem is equivalent to the estimation of the rate of convergence in the CLT uniformly over the class of all balls with the center at the origin in the finitedimensional Banach space l^{2k}_∞ , where 2^{k−1} < N_n ≤ 2^k. Using the standard technique due to Bentkus (1982) and Račkauskas (1984), see, e.g., Paulauskas and Račkauskas (1989), one may obtain the following bound Δ(S^{[k]}_n , Y^{[k]}) ≤ C(Y )n^{−1/6} log^{2/3}(2^k)(1 + E‖X‖^3), (2.11) if 2^k ≥ N_n ≥ n^{1/3}, n ≥ 1.

It follows from Lemma 1 and the estimates of I_1(S_n, ε), I_1(Y, ε), I_2(Y, ε), Δ(·, S^{[k]}n , Y^{[k]}) that Δ(r, S_n, Y ) ≤ C(Y )n^{−1/6} log^{2/3}(N_n)(1 + E‖X‖^3)+

C_5ε + c_2ε^{−1}T_1(N^{−1}_n ) + cε^{−1}N^{−1}_n log^{1/2} log(N_n). Choosing ε = ( T_1(N^{−1}_n ) + N^{−1}_n log^{1/2} log(N_n) )_{1/2} gives the desired bound (2.1).

Theorem is proved.

Proof of Theorem 5. The proof is almost the same as that of Theorem 4. Only now we use Lemma 4 instead of Lemma 3 when estimating I_1(S_n, ε) ≤ ε^{−1}E‖S^{{k}}_n − S_n‖ ≤ 2c_3ε^{−1}T_2(2^{−k}), (2.12) by means of Theorem 6. Theorem is proved.

Proof of Theorem 2. If p = 2, q ≥ 2 we apply Theorem 4. It is easy to see that if f(u) = cu^{1+α} and g(u) = cu^{1/2+α} then

T_1(u) ≤ ∫_u 0 s^{−1+α/2}ds + ∫_u 0 s^{−1+α/q} log^{1/2−1/(2q)}(1 + 1/s)ds ≤ c(α, q)u^{α/(2+q)}, u ∈ [0, 1]. Choosing N_n = n^γ with γ ≥ 2 + [2(2 + q)/α] gives [T_1(N^{−1}_n )]^{1/2} + [N^{−1}_n log^{1/2} log(N_n)]^{1/2} ≤ c(α, q)n^{−1}.

Now (1.4) follows from (2.1).

If p > 2, q ≥ 2 we apply Theorem 5 with the functions f(u) = cu^{2(1+α)/p}, θ(u) = u^{1−2/p}, q(u) = u^{1/2+α}. We have T_2(u) ≤ ∫_u 0 s^{−1+α/p} log^{1/2−1/(2p)}(1 + 1/s)ds+ ∫_u 0 s^{−1+α/q} log^{1/2−1/(2q)}(1 + 1/s)ds ≤ c(α, p, q)u^{α/(p+q)}, u ∈ [0, 1]. The bound (1.4) follows from Theorem 5 with N_n = n^γ and γ ≥ 2 + [2(p + q)/α] in (2.4). Theorem is proved.

Rest of the section is devoted to the non-uniform bound, i.e., the bound for (1 + r)^3Δ(r, S_n, Y ).

Lemma 2. (see, e.g., Lemma 4.1 in Bentkus et al. (1990)). For all n, k ≥ 1 and r > ε > 0 the following inequality holds Δ(r, S_n, Y )) ≤ Δ(r − ε, S^{{k}}_n , Y^{[k]}) + Δ(r, S^{{k}}_n , Y^{[k]}) + I_3(S_n, ε, r) + I_3(Y, ε, r) + I_2(Y, ε), where I_3(S_n, ε, r) = P(‖S^{{k}}_n − S_n‖ > ε, ‖S_n‖ > r), I_3(Y, ε, r) = P(‖Y^{[k]} − Y ‖ > ε, ‖Y ‖ > r). Proof of Theorem 3. Denote d = min(p, β). Assume without loss of generality that r > 10. If r ≤ 10 then theorem follows from Theorem 2. Fix integer k satisfying 2^k > n^{1/3} and ε = n^{−1/6}. By Lemma 2, it suffices to estimate I_2(Y, ε), I_3(S_n, ε, r), I_3(Y, ε, r) and Δ(r, S^{[k]}_n , Y^{[k]}). Combining Hölder’s inequality, (2.12) and Lemma 5, we get I_3(S_n, ε, r) = EII{‖S^{{k}}_n − S_n‖ > ε}II{‖S_n‖ > r} ≤ [P(‖S^{{k}}_n − S_n‖ > ε)]^{1−3/d}P^{3/d}(‖S_n‖ > r) ≤ c(β, p, q)(1 + r)^{−3}(1 + E‖X‖^β)[ε^{−1}T_1(2^{−k})]^{1−3/d}.

Similarly, by (2.9) and Chebyshev inequality, I_3(Y, ε, r) ≤ [cε^{−1}2^{−k}k^{1/2}]^{1/2}r^{−3}(E‖Y ‖^6)^{1/2}.

Here we use the fact that sample continuous Gaussian process Y has finite moments E‖Y ‖^p < ∞ for each p > 0.

Combining (2.10) with the estimates for the density function of the distribution of ‖Y ‖ due to Tsirel’son (1975), we get I_2(Y, ε) ≤ C_6(1 + r)^{−3}ε, r > 0, ε ≤ 1, where C_6 = C_6(Y ) is an absolute constant. It remains to estimate Δ(r, S^{[k]}_n , Y^{[k]}). In what follows we apply Theorem 4.5 from Bentkus et al. (1990). Define M_3 = n^{−1/6}(1 ∨ (E‖X‖^3 + E‖Y ‖^3)^{1/3}); D_n(2^{−k}) = M_3 ∨ W (2^{−k}, M_3).

W (2^{−k}, t) = sup_{r≥0}(1 + r)^3P( sup_{|u−v|≤2} �k |Y (u) − Y (v)| > t, ‖Y ‖ > r); We write x∨y = max{x; y}. By Theorem 4.5 in Bentkus et al. (1990), there exists an absolute constant C_7 = C_7(Y ) such that for each r > ε > 0

Δ(r, S^{[k]}_n , Y^{[k]}) ≤ C_7(1 + r)^{−3} log^2(2^k)[D_n(2^{−k}) ∨ D^3_n(2^{−k})].

Using Hölder and Chebyshev inequalities and (2.8), we estimate

W (2^{−k}, t) ≤ sup_{r≥0}(1 + r)^{−3}P^{1/2}( sup_{|u−v|<2} �k |Y (u) − Y (v)| > t)P^{1/2}(‖Y ‖ > r) ≤

sup_{r≥0}(1 + r)^3[ct^{−1}2^{−k}k^{1/2}]^{1/2}[1 ∧ (r^{−3} ( E‖Y ‖^6 )_{1/2} )] ≤ C(Y )t^{−1/2}2^{−k/2}k^{1/4}.

A simple calculation gives

D_n(2^{−k}) ∨ D^3_n(2^{−k}) ≤ n^{−1/6}(1 + E‖X‖^3 + E‖Y ‖^3) + C(Y )n^{1/12}2^{−k/2}k^{1/4},

since 2^k ≥ n^{1/3}. Hence

Δ(r, S^{[k]}_n , Y^{[k]}) ≤ C(Y )(1 + r)^{−3}k^2(n^{−1/6}(1 + E‖X‖^3 + E‖Y ‖^3) + n^{1/12}2^{−k/2}k^{1/4}).

Combining the estimates of I_2(Y, ε), I_3(S_n, ε, r), I_3(Y, ε, r) and Δ(r, S^{[k]}_n , Y^{[k]}) and Lemma 2, we get Δ(r, S_n, Y )(1 + r)^3 ≤ C(Y, p, q, β) ( k^2[n^{−1/6}(1 + E‖X‖^3 + E‖Y ‖^3) + n^{1/12}2^{−k/2}k^{1/4}]+

(1 + E‖X‖^β)[ε^{−1}T_2(2^{−k})]^{1−3/d} + [ε^{−1}2^{−k}k^{1/2}]^{1/2} + ε ) . (2.13)

Recall, that T_2(2^{−k}) ≤ c(α, p, q)(2^{−k} )^{α/(p+q)}, see proof of Theorem 2. Choose 2^{−k} ≤ n^{−γ} where γ satisfies γ > 1/3; [γ(α/(p + q)) − 1/6] · (1 − 3/d) > 1/6; , γ/2 − 1/12 > 1/6; γ − 1/6 > 1/6. Then the sum in the right hand side of (2.13) does not exceed C(Y, p, q, β)k^2n^{−1/6}(1 + E‖X‖^β + E‖Y ‖^3). Theorem is proved.

The argument used in proof of Theorem 3 allows to get more general results. For instance the non uniform estimates ( but with a slower speed of convergence with respect to n) can be obtained if instead of condition f(u) ≤ cu^{1+α}, g(u) ≤ cu^{1/2+α} one requires the finiteness of the integrals that appear in the proof of Lemma 5. It was mentioned in Bloznelis and Paulauskas (1993a) that a transformation of the parameter set by means of increasing continuous function does not influence the quantity Δ(·, S_n, Y ). It is possible to construct a sample continuous process X which satisfies the CLT in C[0, 1] and for which the rate of order n^{−1/6} can not be improved, cf. Bentkus et al (1990).

3. Auxiliary results Lemma 3. Assume X satisfies conditions of Theorem 4. Then there exists a constant c_2 = c_2(q) such that for all A ∈ F_1 and each 0 ≤ s ≤ t ≤ u ≤ 1 E|S_n(s) − S_n(t)| ∧ |S_n(t) − S_n(u)|II_A ≤ c_2f^{1/2}(u − s)P^{1/2}(A) + c_2g^{1/q}(u − s)[P(A)]^{1−1/(2q)} log^{1/2−1/(2q)}(1 + 1/P(A)).

Lemma 4. Assume X satisfies conditions of Theorem 5. Then there exists a constant c_3 = c_3(q) such that for all A ∈ F_1 and all 0 ≤ s ≤ t ≤ u ≤ 1, E|S_n(s) − S_n(t)| ∧ |S_n(t) − S_n(u)|II_A ≤ c_3f^{1/2}(u − s)P^{1/2}(A)θ^{1/2} (P(A) log(1 + 1/P(A))/ log 2)+ c_3g^{1/q}(u − s)P^{1−1/(2q)}(A) log^{1/2−1/(2q)}(1 + 1/P(A)). (3.1) The proof of Lemmas 3 and 4 goes along the lines of the proof of Lemmas 2.4.1, 2.4.2 and 2.4.4 of Bézandry and Fernique (1992), see also proof of Theorem 2 in Bloznelis and Paulauskas (1993b).

Lemma 5. Assume that X satisfies conditions of Theorem 3. Then there exists a constant c_4 = c_4(p, q, β) such that for all r ≥ 1, n ≥ 1, P(‖S_n‖ ≥ r) ≤ c_4(1 + E‖X‖^β)r^{−d}, where d = min(β, p).

Proof of Lemma 5. Put λ_m = a/(m log^2(m)), m ≥ 1 and let the constant a be such that ∑ m≥1 λ_m = 1. By (2.5), ‖S^{{1}}_n − S_n‖ ≤ ∑ m≥1 ∑ t∈Sm+1\Sm Δ_{Sn} (t − 2^{−m−1}, t, t + 2^{−m−1}).

Hence, for each r ≥ 0 P(‖S_n‖ ≥ 2r) ≤ P(‖S^{{1}}_n ‖ ≥ r)+ P( ∑ m≥1 ∑ t∈Sm+1\Sm Δ_{Sn} (t − 2^{−m−1}, t, t + 2^{−m−1}) ≥ r ∑ m≥1 λ_m). (3.2)

The standard argument yields P(‖S^{{1}}_n ‖ ≥ r) = P(max(|S_n(0)|, |S_n(1/2)|, S_n(1)|) ≥ r) ≤ c(β)E‖X‖^βr^{−β}, since the process X is centered. The second summand in (3.2) does not exceed

I := ∑ m≥1 ∑ t∈Sm+1\Sm P(Δ_{Sn} (t − 2^{−m−1}, t, t + 2^{−m−1}) ≥ rλ_m).

Below we will prove that for all s ≤ t ≤ u and each λ > 0 P(Δ_{Sn} (s, t, u) ≥ λ) ≤ c(p, q)[λ^{−p}f(u − s) + λ^{−2q}g^2(u − s) + λ^{−2v}(f^{2v/p}(u − s) + g^{2v/q}(u − s))], (3.3) where v = max(p, q). Then I ≤ ∑ m≥1 2^mc(p, q)[r^{−p}(m log^2(m))^pf(2^{−m}) + r^{−2q}(m log^2(m))^{2q}g^2(2^{−m})]+ ∑ m≥1 2^mc(p, q)[r^{−2v} (m log^2(m))^{2v}(f^{2v/p}(2^{−m}) + g^{2v/q}(2^{−m}))] ≤

c^′(p, q) ( r^{−p} ∫_1 0 u^{−2}h^p(u)f(u)du + r^{−2q} ∫_1 0 u^{−2}h^{2q}(u)g^2(u)du+ r^{−2v} ∫_1 0 u^{−2}h^{2v}(u) ( f^{2v/p}(u) + g^{2v/q}(u) ) du ) , where h(u) = ( u log(1 + u^{−1}) ) . These integrals are finite, since f(u) ≤ cu^{1+α}, g(u) ≤ cu^{1/2+α}. Hence I ≤ c^{′′}(p, q)(r^{−p} + r^{−2q} + r^{−2v}) and the lemma follows. It remains to prove (3.3). Let X_1, X_2, ..., X_n, X^′_1, X^′_2, ..., X^′_n be independent copies of X. Let ε, ε_1, ε_2, ... be i.i.d. Bernoulli random variables ( P(ε = +1) = P(ε = −1) = 1/2 ) . Assume the sequences {X_n}, {X^′_n}, {ε_n} are independent. Define X^s = X^′ − X and S^s_n = S_n − S^′_n, where S^′_n = n^{−1/2}(X^′_1 + · · · + X^′_n). Let a = S_n(s) − S_n(t), b = S_n(t) − S_n(u), a^′ = S^′_n(s) − S^′_n(t), b^′ = S^′_n(t) − S^′_n(u). A simple inequality |a| ∧ |b| ≤ |a − a^′| ∧ |b − b^′| + |a^′| ∧ |b| + |a| ∧ |b^′| (3.4) yields P(|a| ∧ |b| > 3λ) ≤ P(|a − a^′| ∧ |b − b^′| > λ) + P(|a^′| ∧ |b| > λ) + P(|a| ∧ |b^′| > λ) = P_1 + P_2 + P_3. The second and the third probabilities are estimated in the same way. Let us estimate the second one,

P_2 ≤ λ^{−2q}E|S_n(s) − S_n(t)|^q|S^′_n(t) − S^′_n(u)|^q = λ^{−2q}E|S_n(s) − S_n(t)|^qE|S^′_n(t) − S^′_n(u)|^q ≤ c(q)λ^{−2q}E|X(s) − X(t)|^q E|X(t) − X(u)|^q ≤ c(q)λ^{−2q} g^2(u − s). Analogously P_3 ≤ c(q)λ^{−2q}g^2(u − s). Let us estimate P_1. Denote x = n^{−1/2}(X^s(s) − X^s(t)), y = n^{−1/2}(X^s(t) − X^s(u)), m = |x| ∧ |y|, α = sign(x), β = sign(y), u = |x| − m, v = |y| − m. Then

P_1 = P(| n∑ i=1 ε_iα_ix_i| ∧ | n∑ i=1 ε_iβ_iy_i| ≥ λ) ≤ P(| n∑ i=1 ε_iα_im_i| ≥ λ/3)+

P(| n∑ i=1 ε_iβ_im_i| ≥ λ/3) + P(| n∑ i=1 ε_iα_iu_i| ∧ | n∑ i=1 ε_iβ_iv_i| ≥ λ/3) ≤ P_4 + P_5 + P_6.

The last probability P_6 does dot exceed

(λ/3)^{−2q} E(| n∑ i=1 ε_iα_iu_i| ∧ | n∑ i=1 ε_iβ_iv_i|)^{2q} ≤

c(q)(λ/3)^{−2q} E|X^s(s) − X^s(t)|^q E|X^s(t) − X^s(u)|^q, see proof of Theorem 2 in Bloznelis and Paulauskas (1993 b). It follows from (1.2) that P_6 ≤ c(q)(λ)^{−2q} g^2(u − s). It remains to estimate probabilities P_4 and P_5. In what follows we apply the iterated Hoffmann-Jorgensen inequality. For each v ≥ 1 there exist constants c_1(v), c_2(v), c_3(v) such that for each λ > 0 and n ≥ 1 P(| n∑ i=1 ε_iα_im_i| ≥ c_1(v)λ) ≤ c_2(v) n∑ i=1 P(|m_i| ≥ λ) + c_3(v)P^v(| n∑ i=1 ε_iα_im_i| ≥ λ). (3.5) Denote a = n^{−1/2}(X(s) − X(t)), b = n^{−1/2}(X(t) − X(u)), a^′ = n^{−1/2}(X^′(s) − X^′(t)), b^′ = n^{−1/2}(X^′(t) − X^′(u)). Inequality (3.4) with a, b, a^′, b^′ instead of a, b, a^′, b^′ yields P(|m| > 4λ) = P(|a − a^′| ∧ |b − b^′| > 4λ) ≤ λ^{−p}(E(|a| ∧ |b|)^p + E(|a^′| ∧ |b^′|)^p) + λ^{−2q}(E(|a^′| ∧ |b|)^{2q} + E(|a| ∧ |b^′|)^{2q}) ≤ n^{−p/2}λ^{−p}2f(u − s) + n^{−q}λ^{−2q}2g^2(u − s). (3.6)

On the other hand P(| n∑ i=1 ε_iα_im_i| ≥ λ) ≤ λ^{−2} n∑ i=1 E|m_i|^2 ≤ λ^{−2}c(f^{2/p}(u − s) + g^{2/q}(u − s)). (3.7)

In the last inequality we estimate m by means of (3.4) but with a, b, a^′, b^′ instead of a, b, a^′, b^′ and apply Hölder’s inequality. Combining (3.6), (3.7) and (3.5) with v = max(p, q) we get

P_4 ≤ c ( λ^{−p}f(u − s) + λ^{−2q}g^2(u − s) + λ^{−2v}(f^{2v/p}(u − s) + g^{2v/q}(u − s)) ) . Analogous estimate holds also for P_5. Combining estimates of P_1 ≤ P_4 + P_5 + P_6 and P_2, P_3 gives (3.3). Lemma is proved 4. Appendix Here we prove Lemmas 3 and 4. In what follows we assume that all the random variables considered below are defined on the common probability space (Ω, F, P ). Lemma 6. Assume X satisfies conditions of Theorem 4. Then there exists a constant c depending only on q such that for each A ∈ F and all 0 ≤ s ≤ t ≤ u ≤ 1 E|S^s_n(s) − S^s_n(t)| ∧ |S^s_n(t) − S^s_n(u)|II_A ≤ cf^{1/2}(u − s) + cg^{1/q}(u − s)[P(A)]^{1−1/(2q)} log^{1/2−1/(2q)}(1 + 1/P(a)). (4.1) Proof of Lemma 6. Denote x = n^{−1/2}(X^s(s) − X^s(t)), y = n^{−1/2}(X^s(t) − X^s(u)), m = |x| ∧ |y|, α = sign(x), β = sign(y), u = |x| − m, v = |y| − m. It suffices to estimate E{| n∑ i=1 ε_iα_ix_i| ∧ | n∑ i=1 ε_iβ_iy_i|II_A} ≤

E| n∑ i=1 ε_iα_im_i|II_A + E| n∑ i=1 ε_iβ_im_i|II_A + E{| n∑ i=1 ε_iα_iu_i| ∧ | n∑ i=1 ε_iβ_iv_i|II_A}. (4.2) The last expectation is estimated in Bloznelis and Paulauskas (1993 b). We have E{| n∑ i=1 ε_iα_iu_i| ∧ | n∑ i=1 ε_iβ_iv_i|II_A} ≤ cg^{1/q}(u − s)[P(A)]^{1−1/(2q)}. (4.3)

The first and the second expectations are estimated in the same way. Let us estimate the first one, E| n∑ i=1 ε_iα_im_i|II_A ≤ ( E| n∑ i=1 ε_iα_im_i|^2II_A )_{1/2} [P(A)]^{1/2} =

( E(E_2| n∑ i=1 ε_iα_im_i|^2II_A) )_{1/2} [P(A)]^{1/2}. (4.4) Here E_2 denotes the expectation taken with respect to P_2. Using the standard Orlicz space technique, see Bézandry and Fernique (1992), one obtains E_2| n∑ i=1 ε_iα_im_i|^2II_A ≤ c n∑ i=1 m^2_i P_2(A) log(1 + 1/P_2(A)). (4.5)

Denote ξ(u) = u log(1 + 1/u)/ log 2. Put a = n^{−1/2}(X(s) − X(t)), a^′ = n^{−1/2}(X^′(s) − X^′(t)), b = n^{−1/2}(X(t) − X(u)), b^′ = n^{−1/2}(X^′(t) − X^′(u)), d = |a| ∧ |b|, d^′ = |a^′| ∧ |b^′|. A simple inequality |m| = |a − a^′| ∧ |b − b^′| ≤ d + d^′ + |a^′| ∧ |b| + |a| ∧ |b^′| yields E|m|^2ξ(P_2(A)) ≤ 4Ed^2ξ(P_2(A)) + 4E|d^′|^2ξ(P_2(A))+ 4E|a^′|^2 ∧ |b|^2ξ(P_2(A)) + 4E|a|^2 ∧ |b^′|^2ξ(P_2(A)). (4.6) We have Ed^2ξ(P_2(A)) ≤ Ed^2 ≤ n^{−1}f(u−s), E|d^′|^2ξ(P_2(A)) ≤ E|d^′|^2 ≤ n^{−1}f(u−s). (4.7) By Lemma 1.1.3 of Fernique (1981), E|a^′|^2 ∧ |b|^2ξ(P_2(A)) ≤ n^{−1}g^{2/q}(u − s)[Eξ(P_2(A))]^{1−1/q} provided E|a^′|^2 ∧|b|^2II{|a^′|^2 ∧|b|^2 ≥ M} ≤ n^{−1}g^{2/q}(u−s)[P(|a^′|^2 ∧|b|^2 ≥ M)]^{1−1/q} , ∀M ≥ 0.

Observe, that the last inequality follows from the independence of |a^′| and |b|, Hölder’s inequality and condition (2.1) of Theorem 4. We have

E|a^′|^2 ∧ |b|^2ξ(P_2(A)) ≤ n^{−1}g^{2/q}(u − s)[Eξ(P_2(A))]^{1−1/q} ≤ n^{−1}g^{2/q}(u − s)[ξ(P(A))]^{1−1/q} , (4.9) since, by Jensen inequality, Eξ(P_2(A)) ≤ ξ(P(A)). Analogously, E|a|^2 ∧ |b^′|^2ξ(P_2(A)) ≤ n^{−1}g^{2/q}(u − s)[ξ(P(A))]^{1−1/q} . (4.10) Combining inequalities (4.2,4,5,6) and estimates (4.3,7,9,10) we get (4.1). Lemma is proved.

Proof of Lemma 3. Let

x = S_n(s) − S_n(t), y = S_n(t) − S_n(u), x^′ = S^′_n(s) − S^′_n(t), y^′ = S^′_n(t) − S^′_n(u). A simple inequality |x| ∧ |y| ≤ |x − x^′| ∧ |y − y^′| + |x^′| ∧ |y| + |x| ∧ |y^′| yields E|x| ∧ |y|II_A ≤ E|x − x^′| ∧ |y − y^′|II_A + E|x^′| ∧ |y|II_A + E|x| ∧ |y^′|II_A. (4.11) The first summand is estimated in Lemma 6. Let us estimate the last two expectations. We have E|x^′| ∧ |y|II_A ≤ E|x^′|II_A = E|x^′|EII_A = E|S^′_n(s) − S^′_n(t)|P(A), since II_A and S^′_n are independent. Further, E|S^′_n(s) − S^′_n(t)| ≤ ( E|S^′_n(s) − S^′_n(t)|^2 )_{1/2} = ( E(X(s) − X(t))^2 )_{1/2} ≤ ( E|X(s) − X(t)|^q )_{1/q} ≤ g^{1/q}(u − s). Hence E|x^′| ∧ |y|II_A ≤ g^{1/q}(u − s)P(A). Analogously, E|x| ∧ |y^′|II_A ≤ g^{1/q}(u − s)P(A). Substitution of these estimates and (4.1) in (4.11) gives the desired bound. Lemma is proved.

Proof of Lemma 4. The proof goes along the lines of the argument we used in proof of Lemmas 6 and 3. The only difference is that now expectations E|d|^2ξ(P_2(A)) and E|d^′|^2ξ(P_2(A)) are estimated as in proof of Lemma 2.4.1 in Bézandry and Fernique (1992),

E|d|^2ξ(P_2(A)) ≤ cf(u − s)θ(ξ[P(A) log(1 + 1/P(A))/ log 2]), E|d^′|^2ξ(P_2(A)) ≤ cf(u − s)θ(ξ[P(A) log(1 + 1/P(A))/ log 2]).

The rest of the proof of the lemma coincides with that of Lemmas 6 and 3. Lemma is proved.

References

Bentkus V., Estimates of the rate of convergence in the central limit theorem in the space C(S)., Soviet Math. Dokl. 26 (1982), 349-352.

Bentkus V., Lower bounds for the rate of convergence in the central limit theorem in Banach spaces., Lithuanian Math. J. 26 (1986), 312-319.

Bentkus V., Smooth approximations of the norm and differentiable functions with bounded support in Banach space, Lithuanian Math. J. 30 (1990), 223-230.

Bentkus V., Götze F., Paulauskas V. and Račkauskas A., The accuracy of Gaussian approximation in Banach spaces, SFB 343 “Diskrete Structuren in der Mathematik,” Preprint 90 -100, Universität Bielefeld (In Russian: Itogi Nauki i Tehniki, ser. Sovr. Probl. Matem., Moskva, VINITI 81 (1991), 39–139; to appear in English in Encyclopedia of Mathematical Sciences, Springer), 1990.

Bezandry P.H. and Fernique X., Sur la propriete de la limite centrale dans D[0, 1], Ann. Inst.

Henri Poincare 28 (1992), 31-46.

Billingsley P., Convergence of Probability Measures, Wiley, New York, 1968. Bloznelis, M. and Paulauskas, V., The central limit theorem in the space D[0, 1], Lithuanian Math. J. 33 (1993).

Bloznelis, M. and Paulauskas, V., A note on the central limit theorem for stochastically continuous processes, to appear in Stoch. Proc. Appl. (1993).

Fernique X., Les fonctions aleatoires cadlag, la compacite de leurs lois., Preprint , 17th February (1993).

Fernique X., Régularité de fonctions aléatoires non gaussiennes, Springer Lecture notes in Math.

976 (1983), 1-74.

Gine, E., Bounds for the speed of convergence in the central limit theorem in C(S)., Z.Wahrsch.

verw. Gebiete 36 (1976), 317-331.

Hahn, M., Central limit theorem in D[0, 1], Z. Wahrsch. verw. Gebiete 44 (1978), 89-101. Jain, N. C. and Marcus, M. B., Continuity of subgaussian processes. In J. Kuelbs ed. Advances in Probability, vol. 4, Dekker, New York, 1978, pp. 81-196.

Lifshits, M. A., The distribution density of the maximum of a Gaussian process, Theor. Probab.

Appl. 31 (1986), 134-142.

Paulauskas, V., Rate of convergence in the central limit theorem in C(S), Lithuanian Math. J.

16 (1977), 587-611.

Paulauskas, V. and Stieve, Ch., On the central limit theorem in D[0, 1] and D([0, 1], H), Lithuanian Math. J. 30 (1990), 267-276.

Paulauskas, V. and Juknevičiene, D.,, On the rate of convergence in the central limit theorem in the space D[0, 1], Lithuanian Math. J. 28 (1988), 229-239.

Paulauskas, V. and Račkauskas, A., Approximation Theory in the Central Limit Theorem. Exact Results in Banach Spaces., Kluwer, London, 1989.

Račkauskas, A., On the rate of convergence in the central limit theorem, XXV conference of the Lithuanian Math. Soc., Abstracts of communications, Vilnius, 1984, pp. 239-240.

Tsirel’son, B. S., The density of the distribution of the maximum of a aussian process., Theor.

Probab. Appl. (1975), 847-855.

Mindaugas Bloznelis Dept. of Mathematics Vilnius University Naugarduko 24 2006 Vilnius

Lithuania E-mail address: mindaugas.bloznelis@ maf.vu.lt