Some Hall Polynomials for Representation-finite Trivial Extension Algebras

Liangang Peng

Let k be a finite field and assume that Λ is a finite dimensional associative k-algebra with 1. Denote by modΛ the category of all finitely generated (right) Λ-modules and by indΛ the full subcategory in which every object is a representative of the isoclass of an indecomposable (right) Λ-module. We are interested in the existance of the Hall polynomial φ^M_{NL} for any L, M, N ∈modΛ (for the definition, see [7,8] or Section 1 below). In case Λ is directed, C. M. Ringel in [7] has shown that Λ has Hall polynomials, and in case Λ is cyclic serial, the same result has also been obtained by J. Guo [4]. It has been conjectured in [8] that any representation-finite k-algebra has Hall polynomials. In this investigation, we shall show that if Λ is a representation-finite trivial extension algebra, then, for any L, M, N ∈modΛ with N indecomposable, Λ has the Hall polynomials φ^M_{LN} and φ^M_{NL}. Using these Hall polynomials, we can naturally structure the free abelian group with a basis indΛ, denoted by K(modΛ), into a Lie algebra and the universal enveloping algebra of K(modΛ) ⊗Z Q is just H(Λ)_1 ⊗Z Q, where H(Λ)_1 is the degenerated Hall algebra of Λ (see Section 5 below).

I would like to thank Prof.C.M.Ringel for his suggestions and discussions. I also acknowledge the Alexander von Humboldt Foundation for the fellowship.

1 Preliminaries

For M, N_1, . . . , N_t ∈modΛ, we denote by F^M_{Nt...N1} the number of filtrations

0 = U_0 ⊆ U_1 ⊆ . . . ⊆ U_t = M

of M such that U_i/U_{i−1} ≃ N_i for all 1 ≤ i ≤ t. In particular, F^M_{LN} is the number of the submodules U of M such that U ≃ N and M/U ≃ L.

Let E be a field extension of k. For any k-space V , we denote by V^E the E-space V ⊗_k E. Of course, Λ^E naturally becomes a E-algebra. We recall from [8] that E is conservative for Λ if for any indecomposable M ∈modΛ, (EndM/radEndM)^E is a field. Under field isomorphisms we put

Ω = { a finite field extension E of k | E is conservative for Λ}.

Note that if Λ is representation-finite, then Ω is an infinite set.

Proposition 1.1 Let E be a field conservative extension of k. Denote by (modΛ)^E the full subcategory of modΛ which objects are M^E for all M ∈ modΛ. Then i). M ∈ modΛ is indecomposable if and only if M^E ∈ modΛ^E is indecomposable.

In particular, M is an indecomposable projective (respectively, injective) Λ-module if and only if M^E is an indecomposable projective (respectively, injective) Λ^E-module; and for any M ∈ modΛ, (radM)^E = radM^E and (socM)^E = socM^E.

ii). If M^f−→ N is a source (respectively, a sink) map in modΛ, then M^{E f ⊗1E}−→ N^E is also a source (respectively, a sink) map in modΛ^E.

In particular, if Λ is representation-finite, then (modΛ)^E = modΛ^E.

Proof. Since E is conservative, we have (radEnd_ΛM)^E = radEnd_ΛE M^E for any M ∈ indΛ.

i). From the definition of E, it is clear that M ∈ modΛ is indecomposable if and only if M^E ∈ modΛ^E is indecomposable. In particular, M is an indecomposable projective Λmodule if and only if M^E is an indecomposable projective Λ^E-module. Therefore given a complete set of orthogenal primary idempotents {e_1, e_2, . . . , e_n} of Λ, we obtain a complete set of orthogenal primary idempotents {e_1 ⊗ 1_E, e_2 ⊗ 1_E , . . . , e_n ⊗ 1_E} of Λ^E and

e_i ⊗ 1_E(radΛ)^Ee_i ⊗ 1_E = rad(e_i ⊗ 1_EΛ^Ee_i ⊗ 1_E) = (rad(e_iΛe_i))^E = (e_iradΛe_i)^E

for i = 1, 2, . . . , n and hence

radΛ^E = ∑n i=1 e_i ⊗ 1_E radΛ^Ee_i ⊗ 1_E + ∑ i≠j ei ⊗ 1EΛ Ee_j ⊗ 1_E = ( ∑n i=1 e_iradΛe_i + ∑ i≠j eiΛej) E = (radΛ)^E.

And for any M ∈ modΛ,

radM^E = radΛ^EM^E = (radΛ)^EM^E = (radM)^E .

By duality, we can consider the injective and the socle.

ii). By i), it is enough to show that if α : 0 −→ N^f−→ L^g−→ M −→ 0 is an Auslander-Reiten sequence in modΛ, then α^E : 0 −→ N^{E f ⊗1E}−→ L^{E g⊗1E}−→ M^E −→ 0 is also an Auslander-Reiten sequence in modΛ^E. In fact, according to [1], we easily see that by the structure N^E ≃ (DT rM)^E = DT rM^E and that α^E is not split; and, by the structure of Auslander-Reiten sequences, it is enough to see that α^E belongs to the (simple) socle of EndM^E − EndN^E −bimodule Ext^1_ΛE (M^E, N^E), that is,

(radEnd_ΛE M^E )α^E(radEnd_ΛE N^E) = 0.

But (radEndM)α(radEndN) = 0. Therefore

(radEnd_ΛE M^E )α^E(radEnd_ΛE N^E) = ((radEnd_ΛM)α(radEnd_ΛN))^E = 0.

In particular, if Λ is representation-finite, then from i) and ii) we easily deduce (modΛ)^E = modΛ^E.

For any finite set M, we denote its cardinality by |M|.

Given Λ with Ω infinite. We recall from [8] that Λ has Hall polynomials provided for any X, Y, Z ∈modΛ, there exists a polynomial φ^Y_{ZX} ∈ Z[T ] such that for any E ∈ Ω, φ^Y_{ZX} (|E|) = F^{Y E}_ZE_X E . Such φ^Y_{ZX} is called a Hall polynomial.

Remark. If Λ is representation-finite and if Λ has Hall polynomials, then for any M, N_1, . . . , N_t ∈modΛ, Λ has the polynomial φ^M_{Nt...N1} ∈ Z[T ] such that for any E ∈ Ω, φ^M_{Nt...N1} (|E|) = F^{M E}_N E_{t ...N} E_1 . In fact, it is enough to note that for any 1 ≤ i ≤ t we have F^{M E}_N E_{t ...N} E_1 = ∑ [L] F^{M E}_N E_{t ...N} E_{i+1L}E F^{LE}_N E_{i ...N} E_1 since Proposition 1.1, where [L] goes through the isoclasses of all L ∈modΛ. In this case, we also call φ^M_{Nt...N1} a Hall polynomial.

Similarly, we have the following.

Proposition 1.2 Let C be a full subcategory of modΛ closed under isomorphisms and assume that Λ is representation-finite. If for any X, Y, Z ∈ modΛ with X ∈ C, Λ has the Hall polynomials φ^Y_{XZ} and φ^Y_{ZX} , then for any M ∈ modΛ and N_1, . . . , N_t ∈ modΛ with at most one N_i ∉ C, Λ has the Hall polynomial φ^M_{Nt...N1} .

2 The Existance of Some Polynomials

In this section, we list some well-known results.

Lemma 2.1 For any M, N ∈ modΛ, taking h(M, N) = dim_kHom_Λ(M, N) and putting γ_{MN} = T^{h(M,N )} ∈ Z[T ], we have γ_{MN} (|E|) = |Hom_ΛE (M^E, N^E)| for any E ∈ Ω.

Proposition 2.1 Let R be a finite local ring and M_m(R) the matrix ring of all m × m matrices over R. Then the number of all invertible matrices in M_m(R) is equal to m∏ i=1 (|R|^m − |R|^{i−1}|radR|^{m−(i−1)}).

For the convenience of the reader, we give out the proof as follows.

Proof. Take H ∈ M_m(R) and denote by α_1, . . . , α_m the row vectors of H. Since R is local, H is not invertible if and only if there exist α_j and a_i ∈ R, 1 ≤ i ≤ j − 1, and β ∈ (radR)^{(m)} such that α_j = ∑ i<j a_iα_i + β. Now assume that H is invertible. By induction on i, 1 ≤ i ≤ m, we can obtain that there are (|R|^m − |R|^{i−1}|radR|^{m−(i−1)}) ways of the choice for α_i. this completes the proof.

Corollary 2.1.1 For any M ∈ modΛ, there exists a monic polynomial α_M ∈ Z[T ] such that for any E ∈ Ω, α_M (|E|) = |Aut_ΛE M^E|.

Proof. Let M = a_1M_1 ⊕ . . . ⊕ a_lM_l with M_i indecomposale and pairwise nonisomorphic. Note that for any E ∈ Ω, we have radEnd_ΛE M^E_i = (radEnd_ΛM_i)^E. So taking β_{Mi} = T^{h(Mi,Mi)−1} ∈ Z[T ], we have β_{Mi} (|E|) = |radEnd_ΛE M^E_i |. Set

α_M = ∏ i,j, i≠j γ_{aiMi,aj Mj} l∏ s=1 as∏ t=1 (γ^{as}_{MsMs} − γ^{t−1}_{MsMs} β^{as−(t−1)}_{Ms} ). Then α_M ∈ Z[T ] is monic. And by Proposition 2.1 we can check α_M (|E|) = |Aut_ΛE M^E|.

Lemma 2.2 Assume that Λ is representation-finite. Then for any M, N ∈ modΛ, there are the polynomials σ^N_M , η^N_M ∈ Z[T ] such that for any E ∈ Ω, σ^N_M (|E|) is the number of the submodules of N^E isomorphic to M^E, and η^N_M (|E|) is the number of the submodules U of N^E with N^E/U isomorphic to M^E.

For the proof, we use Lemma 2.1 and Corollary 2.1.1 and refer to [7].

The following is direct.

Corollary 2.2.1 Assume that Λ is representation-finite. Then for any M, N, S ∈ modΛ with S simple, Λ has the Hall polynomials φ^M_{SN} and φ^M_{NS}.

We now consider some infinite dimension k-algebra without unit. Let R be an associative k-algebra and have a set of completely orthogenal primary idempotents {e_i| i ∈ I} ( I may be an infinite set) such that R = ⊕_{i,j∈I}e_iRe_j. Denote by modR the category of all finitely generated (right) R-modules M with MR = M. We recall that R is locally bounded if dim_ke_iR < ∞ for all i ∈ I and that R is directed if in modR there is no cycle M = M_0^{f1}→ M_1 → . . . → M_{t−1}^{ft}→ M_t = M with t > 0, all M_i indecomposable and all f_i ≠ 0 non-isomorphic.

Now let R be a locally bounded k-algebra and assume that for R there are infinitely many finite field extensions of k (under isomorphisms) which are conservative. Replacing Λ with R and representation-finite with locally representation-finite, then the all results above still hold. So from the proof of Theorem 1 in [7], we have the following.

Proposition 2.2 Let R be a locally bounded k-algebra and assume that for R there are infinitely many finite field extensions of k (under isomorphisms) which are conservative. If R is directed, then R has Hall polynomials.

3 Hall polynomials

For any M ∈ modΛ, we denote by dimM the dimension vector of M. Note that for any E ∈ Ω, dimM=dimM^E.

Let A, B, X ∈ modΛ. As in [5], we denote by Ext^1_Λ(B, A)_X the set of all exact sequences in Ext^1_Λ(B, A) with middle term X, by W (A, B; X) the set

{(f, g) ∈ Hom_Λ(A, X) × Hom_Λ(X, B) | f injective, g surjective, fg = 0}, and by V (A, B; X) the set of all filtrations X ⊇ U ⊇ 0 of X such that U ≃ A and X/U ≃ B. The group Aut_ΛA×(Aut_ΛB)^{∘p} acts freely on W (A, B; X): for an automorphism ρ of A and σ of B and (f, g) ∈ W (A, B; X), we set (ρ, σ)(f, g) = (ρf, gσ). Assume dimX=dimA+dimB. Then the polynomial map φ : W (A, B; X) → V (A, B; X) defined by φ(f, g) = (0 ⊆ imf ⊆ X) is surjective, and its fibers are all isomorphic to Aut_ΛA×(Aut_ΛB)^{∘p}. Thus |Aut_ΛA||V (A, B; X)||Aut_ΛB| = |W (A, B; X)|. On the other hand, consider the map ψ : W (A, B; X) → Ext^1_Λ(B, A)_X given by sending (f, g) to the class in Ext^1_Λ(B, A)_X of the exact sequence 0 −→ A^f−→ X^g−→ B −→ 0. The fiber of ψ(f, g) is the orbit in W (A, B; X) under the action of Aut_ΛX defined by τ (f, g) = (fτ, τ^{−1}g) for an automorphism τ of X. Note that the isotropy group of any point under this action is isomorphic to Hom_Λ(B, A). Thus |Ext^1_Λ(B, A)_X||Aut_ΛX| = |W (A, B; X)||Hom_Λ(B, A)|.

Therefore we obtain the following Lemma 3.1. For any X, A, B ∈ modΛ, we have

F^X_{BA} =

|Ext^1_Λ(B, A)_X||Aut_ΛX| |Aut_ΛA||Aut_ΛB||Hom_Λ(B, A)| .

By Lemma 3.1, Lemma 1.1, Corollary 2.1.1 and Lemma in [7], we conclude: Proposition 3.1 Assume that Λ is representation-finite. Then for any L, M, N ∈ modΛ, Λ has the Hall polynomial φ^M_{NL} if and only if there exists a polynomial ψ^M_{NL} ∈ Z[T ] such that for any E ∈ Ω, ψ^M_{NL}(|E|) = |Ext^1_ΛE (N^E, L^E)_M E |.

We recall that if A is an algebra over some field k^′, denote by D the dual functor Hom_k0(−, k^′), then DA has a canonical structrue of A − A−bimodule, and the trivial extension algebra of A, denote by A ∝ DA, is an k^′-algebra whose basic k^′-space is A ⊕ DA, the direct product of k^′-spaces A and DA, and whose multiplication is defined by the following: (a, φ)(b, ψ) = (ab, aψ + φb) for any a, b ∈ A and φ, ψ ∈ DA. And the repetitive algebra of A is a matrix k^′-algebra of form

Â =

... ... 0 ... ...

A_{i+1} DA_{i+1} A_i DA_i ... ...

0 ...

,

with all A_i = A, in which every element is a matrix with at most finite entries non-zero. Note that Â is an infinite dimensional k^′-algebra but it is locally bounded.

Denote by ν the automorphism induced by the identity map A_i → A_{i+1}. Then ν induces an automorphism of modÂ, still denoted by ν. Following [2], we have a covering functor F : modÂ −→ modA ∝ DA with the fundamental group G =< ν >.

Now we can give out the main result as follows.

Theorem 3.1 Assume that Λ is a representation-finite trivial extension k- algebra. Then for any L, M, N ∈ modΛ with N indecomposable, Λ has the Hall polynomials φ^M_{LN} and φ^M_{NL}. Proof. Let Λ = A ∝ DA. Following [3] or [2], A must be a tilted algebra of Dynkin type. Now, we consider the repetitive algebra Â and the covering functor F : modÂ −→ modΛ with the fundamental group G =< ν >. It is easy to see (or see [6]) that for any X, Y ∈ modÂ, F induces k-isomorphisms ⨁ g∈G Ext^1_Â(X, gY )^∼−→ Ext^1_Λ(F X, F Y )

and ⨁ g∈G Ext^1_Â(gX, Y )^∼−→ Ext^1_Λ(F X, F Y ).

Since Λ is the trivial extension of a tilted algebra, we know that for any indecomposable Â-modules X, Y , there is at most one g ∈ G such that Ext^1_Â(X, gY ) ≠ 0. From this and note that N is indecomposable, we deduce that there exist X, Y ∈ modÂ with F X = L and F Y = N such that F induces a k-isomorphism

Ext^1_Â(X, Y )^∼−→ Ext^1_Λ(L, N).

Note that a finite field extention E of k for Â is conservative if and only if E ∈ Ω and that Â is directed and hence is locally representation-finite. So given E ∈ Ω, F induces a covering functor

F^E = F ⊗_k 1_E : modÂ^E = (modÂ)^E −→ (modΛ)^E = modΛ^E.

So F^E also induces the k-isomorphism

Ext^1_{ÂE} (X^E, Y^E)^∼−→ Ext^1_ΛE (L^E, N^E).

Therefore, we have an isomorphism ⋃ [H^E ], F^E H^E =M^E

Ext^1_{ÂE} (X^E, Y^E)_H E^∼−→ Ext^1_ΛE (L^E, N^E)_M E .

Note that the left above is a finite disjoint union. Hence

|Ext^1_ΛE (L^E, N^E)_M E | = ∑ [H^E ], F^E H^E =M^E |Ext 1 ÂE (X^E , Y^E)_H E | = ∑ [H], F H=M |Ext 1 ÂE (X^E, Y^E)_H E |. However Â is directed. By Proposition 2.2 and 3.1 there are polynomials ψ^H_{XY} ∈ Z[T ] such that ψ^H_{XY} (|E|) = |Ext^1_{ÂE} (X^E, Y^E)_H E |. Put ψ^M_{LN} = ∑ [H], F H=M ψ H XY . Then ψ^M_{LN} ∈ Z[T ] and ψ^M_{LN} (|E|) = |Ext^1_ΛE (L^E, N^E)_M E |. By Proposition 3.1 Λ has the Hall polynomial φ^M_{LN} Similarly we can prove that Λ has the Hall polynomial φ^M_{NL}.

Remark. From the proof we see that Theorem 3.1 still holds if we replace the representationfinite trivial extension by the following more general algebra Λ: Λ is representation-finite and there is a locally bounded k-algebra R which is directed, such that there exists a covering functor F : modR → modΛ, and for any M, N ∈ indΛ there exist X, Y ∈ modR with F X = M and F Y = N such that F induces the k-isomorphism

Ext^1_R(X, Y )^∼−→ Ext^1_Λ(M, N).

4 The characterization of some F^B_{CA}

Given M, N ∈ modΛ with N indecomposable, denote μ(M : N) the number of direct summands of M isomorphic to N, that is, M is isomorphic to ⊕_{X∈}ind_Λμ(M : X)X. And denote μ(M) = ∑ X∈indΛ μ(M : X). In addition, we denote by D(M) the set of module isomorphism class pairs ([M_1], [M_2]) such that [M_1 ⊕ M_2] = [M].

Now we assume that Λ is representation-finite. The following result is similar with 2.2 Lemma in [5].

Proposition 4.1 Given E ∈ Ω and let A_1, A_2, . . . , A_t and B be Λ-modules.

i). If μ(B) ≥ ∑t i=1 μ(A_i) but B ≄ ⊕^t_{i=1}A_i, then |E| − 1 divides F^{BE}_{AE1 AE2 ...AEt} ;

ii). If B ≃ ⊕^t_{i=1}A_i, then |E| − 1 divides F^{BE}_AE_{1 A}E_{2 ...A}E_t − ∏ X∈indΛ μ(B : X)! μ(A_1 : X)!μ(A_2 : X)! . . . μ(A_t : X)! .

Proof. At first, we assume t = 2 and let C = A_1 and A = A_2. We use induction on μ(B). i). If μ(B) = 1, i) holds trivially. So we assume B = M_1 ⊕ M_2 with both M_1, M_2 nonzero. By Proposition 3 in [8], |E| − 1 divides F^{BE}_CE_AE − ∑ F^{M E1}_{(C}0_{)E (A}0_{)E} F^{M E2}_{(C}00_{)E (A}00_{)E} ,

where the sum on the right ranges over all pairs ([C^′], [C^{′′}]) ∈ D(C), and all pairs ([A^′], [A^{′′}]) ∈ D(A). However, in each term F^{M E1}_{(C}0_{)E (A}0_{)E} F^{M E2}_{(C}00_{)E (A}00_{)E} , μ(M_1) ≥ μ(C^′) + μ(A^′) but M_1 ≄ C^′ ⊕ A^′, or μ(M_2) ≥ μ(C^{′′}) + μ(A^{′′}) but M_2 ≄ C^{′′} ⊕ A^{′′}. Thus |E| − 1 divides ∑ F^{M E1}_{(C}0_{)E (A}0_{)E} F^{M E2}_{(C}00_{)E (A}00_{)E} . Therefore |E| − 1 divides F^{BE}_{CE AE} .

ii). Assume that B = B_1 ⊕ B_2 with B_1 indecomposable, and furthermore B_1 is isomorphic to a direct summand of C. If B_1 also is isomorphic to a direct summand of A, then we have by Proposition 3 in [8] and i) that |E| − 1 divides F^{BE}_CE_AE − F^{BE1}_{BE1 0}F^{BE2}_{CE2 AE} − F^{BE1}_{0BE1} F^{BE2}_{CE AE2} , where B_1 ⊕ C_2 ≃ C, B_1 ⊕ A_2 ≃ A, and thus B_2 ≃ C_2 ⊕ A ≃ C ⊕ A_2. Therefore by induction F^{BE}_{CE AE} ≡ ∏ X∈indΛ^{μ(B2:X)!}

μ(C_2:X)!μ(A:X)! + ∏ X∈indΛ^{μ(B2:X)!}

μ(C:X)!μ(A_2:X)! = ∏ X∈indΛ,X≄B1^{μ(B:X)!} μ(C:X)!μ(A:X)!( (μ(B:B1)−1)! (μ(C:B1)−1)!μ(A:B1)! + (μ(B:B1)−1)! μ(C:B_1)!(μ(A:B_1)−1)! ) = ∏ X∈indΛ^{μ(B:X)!} μ(C:X)!μ(A:X)! modulo |E| − 1. Note that we just used μ(B : B_1) = μ(C : B_1) + μ(A : B_1). If B_1 is not isomorphic to any direct summand of A, then μ(A : B_1) = 0 and μ(B : B_1) = μ(C : B_1). Similarly we deduce that |E| − 1 divides F^{BE}_CE_AE − ∏ X∈indΛ μ(B : X)! μ(C : X)!μ(A : X)! . Now for a general t, note that we have F^{BE}_AE_{1 A}E_{2 ...A}E_t = ∑ [M ], M ∈modΛ

F^{M E}_AE_{1 A}E_{2 ...A}E_t�_1 F^{BE}_{M E A}E_t .

By induction on t, we deduce i) and ii).

By Lemma in [7], we have directly the following

Corollary 4.1.1 Given A_1, A_2, . . . , A_t, B ∈ modΛ. Assume that Λ has the Hall polyno- mial φ^B_{A1A2...At} . i). If μ(B) ≥ ∑t i=1 μ(A_i) but B ≄ ⊕^t_{i=1}A_i , then φ^B_{A1A2...At} (1) = 0, ii). If B ≃ ⊕^t_{i=1}A_i , then φ^B_{A1A2...At} (1) = ∏ X∈indΛ μ(B : X)! μ(A_1 : X)!μ(A_2 : X)! . . . μ(A_t : X)! .

5 The Lie algebras and universal enveloping algebras

In this section, we assume that Λ is representation-finite and for any L, M, N ∈ modΛ with N indecomposable, Λ has the Hall polynomials φ^M_{LN} and φ^M_{NL}. Specially Λ is a representation-finite trivial extension algebra.

We recall the Hall algebra H(R) of a finitary ring R [7]. Denote by finR the category of all finite R-modules. Of course, if R is a finite dimensional k-algebra, then modR=finR. The Hall algebra H(R) is a free abelian group with a basis {u_{[M ]} | M ∈ modR}, whose multiplication is u_{[M ]}u_{[N ]} = ∑ [L], L∈finR F^L_{MN}u_{[L]} for any M, N ∈ finR. Note that the right is a finite sum, and H(R) is an associative ring with the unit u_{[0]}.

As in [9], we define the product ∏ E∈Ω H(Λ^E) of rings. Consider the elements u_{[M ]} = (u_{[M} E_])_{E∈Ω} for M ∈ modΛ and q = (|E|)_{E∈Ω}. Denote by H(Λ, q) the subring of ∏ E∈Ω H(Λ^E) generated by q and u_{[M ]}, M ∈ modΛ. We shall call H(Λ, q) the generic Hall algebra of Λ. Denote by I(Λ, q) the subring of H(Λ, q) generated by q and u_{[X]}, X ∈ indΛ. Note that q is a center element of H(Λ, q). Consider the quotient ring H(Λ, q)/(q −1)H(Λ, q), denoted by H(Λ)_1, and put p : H(Λ, q) → H(Λ)_1 to be the canonical map. Set p(I(Λ, q)) = I(Λ)_1. By abuse of notations we denote p(u_{[M ]}) by u_{[M ]}.

Now we arbitraryly fix an order on indΛ, say indΛ = {X_1, X_2, . . . , X_m}.

Proposition 5.1 In H(Λ)_1 for any X_{j1} , X_{j2} , . . . , X_{jt} ∈ indΛ, we have

u_{[Xj1 ]}u_{[Xj2]} . . . u_{[Xjt ]} = ∑ μ(L)<t a(L)u_{[L]} + ( ∏ X∈indΛ μ(M : X)!)u_{[M ]},

with all a(L) ∈ Z and M ≃ X_{j1} ⊕ X_{j2} ⊕ . . . ⊕ X_{jm} . In Particular, in H(Λ)_1, for any M ∈ modΛ we have u^{μ(M :X1)} [X1] u μ(M :X_2) [X2] . . . u μ(M :Xm) [X_m] = ∑ μ(L)<μ(M ) a(L)u_{[L]} + ( m∏ i=1 μ(M : X_i)!)u_{[M ]},

with all a(L) ∈ Z.

Proof. By Remark in Section 1 Λ has the Hall polynomials φ^N_{Xj1 Xj2 ...Xjm} for all N ∈ modΛ. The proof is completed by taking a(L) = φ^L_{Xj1 Xj2 ...Xjm} (1) since Corollary 4.1.1.

Corollary 5.1.1 Q ⊗Z I(Λ)_1 = Q ⊗Z H(Λ)_1

Proof. For any M ∈ modΛ, by Proposition 4.1 and by indution on μ(M) we deduce that u_{[M ]} is a Q-linear combination of {u^{μ(N :X1)} [X1] u μ(N :X_2) [X2] . . . u μ(N :Xm) [X_m] | N ∈ modΛ}. Therefore Q ⊗Z I(Λ)_1 = Q ⊗Z H(Λ)_1.

Corollary 5.1.2 H(Λ)_1 is the free Z-module ⊕_{[M ], M ∈}mod_ΛZu_{[M ]}.

Proof. For any L, N ∈ modΛ, it is enough to show that in Q ⊗Z H(Λ)_1, u_{[L]}u_{[N ]} is a Q-linear combination of {u_{[M ]}| M ∈ modΛ}. By Corollary 5.1.1 u_{[L]}u_{[N ]} is a Q-linear combination of some elements in I(Λ)_1. By Proposition 5.1 I(Λ)_1 ⊆ ⊕_{[M ], M ∈}mod_ΛZu_{[M ]}. So u_{[L]}u_{[N ]} is a Q-linear combination of {u_{[M ]}| M ∈ modΛ}.

Theorem 5.1 The free abelian subgroup ⊕_{X∈}ind_ΛZu_{[X]} of H(Λ)_1, denoted by K(modΛ), is a Lie subalgebra of H(Λ)_1. And H(Λ)_1 ⊗Z Q is the universal enveloping algebra of K(modΛ) ⊗Z Q.

Proof. By Proposition 5.1 for any X, Y ∈ indΛ, u_{[X]}u_{[Y ]} − u_{[Y ]}u_{[X]} belongs to K(modΛ) and thus K(modΛ) is a Lie subalgebra of H(Λ)_1. Also by Proposition 5.1 {u^{μ(M :X1)} [X1] u μ(M :X_2) [X2] . . . u μ(M :Xm) [X_m] | M ∈ modΛ}

is a Z-independent subset of I(Λ)_1 and for any N ∈ modΛ, u_{[N ]} is a Q-linear combination of {u^{μ(M :X1)} [X1] u μ(M :X_2) [X2] . . . u μ(M :Xm) [X_m] | M ∈ modΛ}. Therefore H(Λ)_1 ⊗Z Q is the universal enveloping algebra of K(modΛ) ⊗Z Q with the PBW-basis {u^{μ(M :X1)} [X1] u μ(M :X_2) [X2] . . . u μ(M :Xm) [X_m] | M ∈ modΛ}.

References

[1] Auslander, M. and Reiten, I. , Representation theory of artin algebras III. Comm.

Algebra 3(1975), 239-294

[2] Hughes, D. and Waschbüsch, J., Trivial extensions of tilted algebras, Proc. London Math. Soc. 46(1983)347-364

[3] Bretscher, O., Läser, C. and Riedtmann, Ch., Selfinjectice and simple connected algebras, Manuscripta Math. 36(1981)256-268

[4] Guo, J.: The Hall polynomials of cyclic serial algebras. (Preprint)

[5] Riedtmann, Ch., Lie algebras generated by indecomposables, Prépublication de l’Institut Fourier n^0 170, Grenoble, 1991

[6] Riedtmann, Ch., Lie algebras and coverings, Preprint

[7] Ringel,C.M., Hall algebras, In: Topics in Algebra. Banach Centre. Publ. 26. Part I.

Warszawa. (1990), 433-447

[8] Ringel, C.M., Lie algebras arising in representation theory, London Math. Soc. LNS 168(1992), 284-291

[9] Ringel, C.M., From representations of quivers via Hall and Loewy algebras to quantum groups. Contemporary Math. 131(1992)381-401

Permanent Address:

Department of Mathematics, Sichuan University, 610064 Chengdu, PR China.

Current Address:

Fakultät für Mathematik, Universität Bielefeld, 33501 Bielefeld, Germany.