OPTIMAL RATES OF CONVERGENCE IN THE CLT FOR QUADRATIC FORMS

V. Bentkus^1 F. Götze^1

University of Bielefeld

June 1994

Abstract. We prove optimal convergence rates in the Central Limit Theorem for sums in Rk. Assuming a fourth moment we obtain a Berry-Esseen type bound of order O(N�1) for the probability to hit a ball provided that k ≥ 5. The proof still requires a technical assumption related to the independence of coordinates of sums.

1. Introduction and results

Let R^k denote the real k-dimensional Euclidean space with scalar product (·, ·) and norm | · |, 1 ≤ k < ∞. For k = ∞ regard R^k as a real separable Hilbert space. Let X, X_1, X_2, . . . be a sequence of independent and identically distributed (i.i.d.) random variables taking values in R^k. Write

S_N = (X_1 + · · · + X_N )/ √ N. Assume that EX = 0 and that E|X|^2 < ∞. Then X is pregaussian, i.e. there exists a centered Gaussian random variable G such that the covariances of X and G are equal.

Let us consider a quadratic form, Q(x) = (Qx, x), for x ∈ R^k, 1Research supported by the SFB 343 at Bielefeld.

1991 Mathematics Subject Classification. Primary 62E20; secondary 60F05. Key words and phrases. Central Limit Theorem, convergence rates, Berry-Esseen bound, multidimensional spaces, Hilbert space, quadratic forms, ellipsoids.

Typeset by AMS-TEX 1

where Q : R^k → R^k denotes a symmetric linear bounded operator. Assuming fourth moment E|X|^4 < ∞ we shall prove the following estimate of the convergence rate in the Central Limit Theorem,

(1.1) sup_r | |P{Q(SN ) < r} − P{Q(G) < r} | | = O(N^{−1}).

It is important to emphasize that we do not require any smoothness conditions like Cramer’s (C) condition for the characteristic function of X or its coordinates. Related lower bounds in the lattice point problem (see, for instance, Fricker (1982)) suggest that (1.1) may not be valid in dimensions smaller than five. We shall prove that (1.1) holds for k ≥ 5. For dimension k = 4 we get O(N^{−1} ln^δ N) with some δ > 0. The dimensions k = 2, 3 are not studied here since they require different methods. Unfortunately, in order to prove (1.1) we still need certain assumptions on the independence of coordinates of X. For example, the following conditions are sufficient: the first five coordinates of X have positive variances, are mutually independent and do not depend on other coordinates; the operator Q is diagonal and its first five eigenvalues are non-zero.

Let us formulate the result more precisely. Without loss of generality we shall assume that X is not concentrated in a proper subspace of R^k, i.e. that ker B = {0}, where the covariance operator B^2 of X is defined by (B^2x, y) = E(X, x)(X, y) = E(G, x)(G, y), for all x, y ∈ R^k. In the finite dimensional case ker B = {0} implies that B has rank k. In the case k = ∞ the operator B^2 is nuclear, and ker B = {0} implies that all eigenvalues of B^2 are positive.

Without loss of generality we may assume that ker Q = {0}, which means that R^k = ImQ (the closure of the image of Q) since Q is symmetric. Otherwise we may replace X by its projection onto ImQ without changing the distribution of (QX, X), and without violating other conditions on X. A consequence of these assumptions is that ker BQB = {0}.

The independence condition. We shall assume that the random variable X is a sum of two independent random variables,

(1.2) X = U + V, where U and V are independent.

Furthermore, we require that U, EU = 0, assumes values in an invariant subspace of Q, say R_X , with the dimension at least 5, that Q is diagonal in some orthonormal basis of R_X , and that the coordinates of U in this basis are independent and have positive variances. Without loss of generality we may assume that the dimension of R_X is 5.

The independence condition means that there exists a basis of R^k such that U may be written as U = (U_1, . . . , U_5, 0, 0, . . . ), where the coordinates U_1, . . . , U_5 of U are centered independent random variables which have positive variances, and such that

(1.3) (QU, U) = 5∑ j=1 λ_j U^2_j with some λ_j ≠ 0.

Note that (1.2) may hold in cases where coordinates of X are not independent. Note as well that E|X|^4 < ∞ implies E|U|^4 < ∞ and E|V |^4 < ∞. Furthermore, it follows that k is at least five.

Set α_k = 6, for k = ∞, and α_k = 3 otherwise.

Theorem 1.1. Assume that (1.2) holds and that E|X|^4 < ∞. Let a ∈ R^k. Then

(1.4) sup_r | |P{Q(SN − a) < r} − P{Q(G − a) < r} − κ(r) 6 √ N | | = O ( 1 + |a|^{αk} N ) , where the first term κ of the asymptotic expansion depends only on Q, B, r, a and on the third moment of X.

For the precise definition of κ(r) see (2.4) in the case k < ∞, and Lemma 2.2 when k = ∞. Furthermore, note that κ = 0 whenever a = 0 or X is symmetric.

Bounds for sup_r | |P{Q(SN ) < r} − P{Q(G) < r} | | were studied by a number of authors, let us mention here only C.G. Esseen, T.K. Matthes, J. Yarnold, J.V. Prokhorov, V.V. Sazonov, F. Götze, V. Paulauskas, A. Račkauskas, S.V. Nagaev, V.I. Chebotarev, B.A. Zalesskii, V.V. Yurinskii, L.V. Osipov, V.I. Rotar, V. Bentkus, V.V. Senatov, T.R. Vinogradova, I.S. Borisov, V.V. Ulyanov and other. For a discussion of the related literature see Bentkus and al (1991). Assuming a forth moment the best results obtained were of the type O(N^{−1+εk} ), where 0 < ε_k ≤ 1/2, and ε_k ↘ 0 as k ↗ ∞. Theorem 1.1 improves these results, and the improvement is final in the sense that the distribution function P{Q(S_N ) < r} may have jumps of magnitude O(N^{−1}) (cf. the Example below). Theorem 1.1 is related to certain results in number theory. Let Z^k denote the standard lattice of integer points in R^k. Assume that Q is a positive definite operator, and let k < ∞. Consider the ellipsoid E_r = {x : (Qx, x) ≤ r}, and let V_Q(r) (resp. A_Q(r)) denote the volume of E_r (resp. the number of integer points within E_r). A well-known result in the theory of lattice points (see Landau (1915),

Walfisz (1927), Jarnik (1928), as well as Landau (1924), Landau–Walfisz (1962), Kendall (1948), Krätzel (1988)) states that

(1.5) A_Q(r) − V_Q(r) = O(r^{−1+k/2}), whenever k ≥ 5,

for ellipsoids with main axes parallel to the coordinate directions. The estimate (1.4) is closely related to (1.5). The independence assumption (1.2) thereby corresponds to the assumption that main axes are parallel to the coordinate system of R^k.

Estimate like (1.5) for ellipsoids with general orientation has to the best of our knowledge not been proved yet. There is however an estimate O(r^{−k/(k+1)}r^{k/2}) due to Landau (1915) which corresponds to a seminal result of Esseen (1945) who proved that the convergence rate in the Central Limit Theorem is O(N^{−k/(k+1)}), for balls with center at the origin and for summands having identity covariance matrix. Without the independence condition Theorem 1.1 would lead to an estimate (1.5) for ellipsoids in general position, and vice versa.

To prove (1.4) we apply a variety of techniques. We use a symmetrization inequality (Götze (1979)) analogous to the Weyl-van der Corput inequality in analytic number theory (Weyl (1915/16), Graham and Kolesnik (1991)) and related techniques. These techniques turned out to be very useful for the investigation of the convergence rates and Edgeworth expansions in the Central Limit Theorem in Hilbert and Banach spaces (see papers of the authors cited above) as well as for the investigation of the asymptotic properties of certain statistics (see, for example, Götze, Bentkus and Zitikis (1993)).

Similar methods lead to the extension (Götze, Prohorov and Ulyanov (1994a,b)) of Vinogradov’s (1934)) type bounds on trigonometric sums for characteristic functions of polynomials of sums of independent random variables. Related probabilistic problems connected to number theory are considered by Sinai (1991), Major (1992), Blecher and Lebowitz (1993).

We use a new smoothing inequality (Beurling, see Graham and Kolesnik (1991)) introduced by Prawitz (1972). The classical techniques (see, for example, Bhattacharya and Rao (1986), Sazonov (1981)) in finite dimensional spaces are useful to estimate characteristic functions for frequences of magnitude O( √ N/ ln N). For higher frequencies of magnitude up to O(N) we apply a reduction to sums of symmetric Bernoulli random variables, i.e. to sums taking values in a lattice. For the estimation of integrals of the characteristic functions of those sums we use some ideas related to the Circle Method of Hardy and Littlewood (1920) in analytic number theory, and as a core result we prove the following estimate (see Lemma 3.5) ∫_{N/4} √_{N/ ln N} (E exp{itB2N B̄2N })^{k/2} dt t = O(N^{−1}), for k ≥ 5, where B_N = (ε_1 +· · ·+ε_N )/ √ N , the random variable B̄_N denotes an independent copy of B_N , and ε_1, ε_2, . . . is a sequence of i.i.d. symmetric Bernoulli random variables such that P{|ε_1| = 1} = 1.

Remark. A rather straightforward inspection of proofs shows that condition (1.2) with 4 independent coordinates instead of 5 implies (1.4) with O(N^{−1} ln^δ N) instead of O(N^{−1}), for some δ > 0.

Example (Bentkus, Zalesskii (1985)). Let Q be the identity operator. For any k ≥ 1 there exists a bounded random variable X with independent coordinates satisfying conditions of Theorem 1.1 such that the distribution function P{Q(S_N ) < r} has a jump of order O(1/N), for all N.

Thus the bound O(1/N) in (1.1) and (1.4) is the best possible since the distribution function P{Q(G) < r} is continuous.

Choose any bounded centered random variable X such that P{X ∈ Z^k} = 1. The Central Limit Theorem implies that P{Q(S_N ) < r_0} ≥ c > 0, for some r_0 ≥ 1 and c, and for all N ≥ 1. But the random variable NQ(S_N ) = N|S_N |^2 assumes only integer values 0, 1, 2, . . . since P{X ∈ Z^k} = 1. The interval [0, Nr_0) contains at most 2Nr_0 integers. Thus NQ(S_N ) is equal to at least one of these integers with a probability not less than c/(2Nr_0) since P{Q(S_N ) < r_0} ≥ c.

2. Proof of Theorem 1.1

By c (resp. C) with (or without) indices we shall denote sufficiently small (resp. sufficiently large) generic absolute constants. The dependence of constants on parameters, say α, we shall emphasize by writing c = c(α). By μ we shall denote the distribution of the random variable X. Throughout we shall assume that all random variables are independent in aggregate, if the contrary is not obvious from the context.

For a random variable X let X̄ denote an independent copy, and let X̃ denote a symmetrization, say X̃ = X − X̄.

Proof of Theorem 1.1. The proof of Theorem 1.1 is rather complicated and splits into a series of lemmas. We shall apply a smoothing inequality, which reduces the problem to the estimation of the characteristic function of the quadratic form (i.e., we shall apply a kind of the one-dimensional Fourier transform). For the estimation of characteristic functions we shall use symmetrization inequalities, conditioning arguments and a reduction to the Binomial case which we call ‘bernoullization’ for short. The arguments depend on the dimension, and the case of lower dimensions 5 ≤ k ≤ 13 is technically more involved. For lower dimensions we use the inverse Fourier transforms and additionally apply multidimensional Fourier transforms. Denote f(t) = E exp{itQ(S_N − a)}, g(t) = E exp{itQ(G − a)}.

By V.P. we denote the Principal Value of an integral (see section 4 for the definition).

The following Lemma provides a reduction of Theorem 1.1 to the investigation of characteristic functions for lower order Fourier frequencies of magnitude up to O(N^{2/5}).

Lemma 2.1. Assume the independence condition (1.2). Then there exists a constant C = C(Q, μ) such that P{Q(S_N − a) ≤ r} = 1 2 + i 2π V.P. ∫ |t|≤CN2^/5 exp{−irt}f(t) dt t + R, where the remainder term R satisfies sup_{r,a} |R| = O(N^{−1}).

Proof. Let us apply the smoothing inequality (4.4). For any H > 0 we have P{Q(S_N − a) ≤ r} = 1 2 + i 2π V.P. ∫_H −H exp{−irt}f(t) dt t + R_1,

where |R_1| ≤ 1 H ∫_H −H | f(t) | dt. We choose H = c_1N with a sufficiently small constant c_1 = c_1(Q, μ). Lemmas 3.2–3.5 together imply that sup_{r,a} |R_1| = O(N^{−1}). In order to apply Lemma 3.5 we have to change the variable of integration as t = Nτ . Similarly Lemmas 3.2–3.5 imply that, for a sufficiently large C = C(Q, μ), sup_{r,a} ∫ CN2^/5≤|t|≤H |f(t)| dt |t| = O(N^{−1}),

which concludes the proof of the Lemma.

Let us continue the proof of Theorem 1.1. From here on the proof will depend on the dimension k. The following lemma completes the proof in the case k = ∞.

Lemma 2.2. Let k ≥ 13 and E|X|^4 < ∞. Then the function

g_1(t) = 4(it)^2E ( 3(G − a, QX)(QX, X) + 2it(G − a, QX)^3 ) exp{itQ(G − a)} is the characteristic function of a function of bounded variation, say κ, and κ(r) = i 2π ∫ R exp(−irt)g_1(t) dt t .

Furthermore,

sup_r | |P{Q(SN − a) < r} − P{Q(G − a) < r} − κ(r) 6 √ N | | = O ( 1 + |a|^6 N ) .

Proof. We shall apply well-known techniques which have been developed for the estimation of the convergence rate in the CLT in infinite dimensional spaces. We shall restrict ourselves to the case k = ∞. The case k ≥ 13 requires only a more careful and tedious analysis. The dimension 13 is required to ensure the convergence of some integrals. Indeed, the estimates of the characteristic function show that each dimension contributes a factor 1/ √ |t|. The asymptotic expansion for the characteristic function yields a factor |t|^6, such that k = 13 just leads to a converging integral ∫ |t|≥1 dt/|t| 3/2. It seems that the dimension k = 12 would suffice for the proof, and would imply uniform estimates like as dimension k = 6 yields the uniform estimate O(N^{−1/2}) (see Sazonov, Ulyanov and Zalesskii (1989b), Nagaev (1989), Senatov (1992)).

Thus let us assume that k = ∞. Then BQB has infinitely many non-zero eigenvalues. Therefore the functions |g(t)| and |g_1(t)| are bounded from above by C_s(Q, μ)|t|^{−s}, for all s ≥ 0 and all t ∈ R (see Theorem 4.6 and Lemma 2.4 in Bentkus (1984a) and (1984b)). Hence the smoothing inequality (4.4) yields (2.1) P{Q(G − a) ≤ r} − 1 2 − i 2π V.P. ∫ |t|≤CN2^/5 exp{−irt}g(t) dt t = O(N^{−1}),

uniformly in a and r. It is easy to verify that

(2.2) i 2π ∫ R exp{−irt}g_1(t) dt t = i 2π ∫ |t|≤CN2^/5 exp{−irt}g_1(t) dt t + O(N^{−1}),

uniformly in a and r. Therefore Lemma 2.1 and (2.1), (2.2) reduce the proof to the estimate

(2.3) sup_r ∫ |t|≤CN2^/5 | |f(t) − g(t) − g^1(t) 6 √ N | | dt |t| = O ( 1 + |a|^6 N ) . The random variables in characteristic functions in (2.3) may be truncated as in Bentkus (1985). Then, applying Theorem 4.6 and Lemma 2.7 of Bentkus (1984a) and (1984b), we obtain the estimate of the Lemma.

The case 5 ≤ k < ∞ is technically more complicated. In the first step in Lemmas 2.3 and 2.4 we shall replace the sum S_N by a sum having m ≈ N^{3/10} Gaussian summands.

Lemma 2.3. Let k ≥ 5 and let m denotes the integer nearest to N^{3/10}. Assume that E|X|^3 < ∞ and denote δ = √ m/N. Then P{Q(S_N − a) ≤ r} = 1 2 + i 2π V.P. ∫ |t|≤CN2^/5 exp{−irt}h(t) dt t + R, where h(t) = E exp{itQ(δG + (X_1 + · · · + X_{N−m})/ √ N)}, and sup_r |R| ≤ C(Q, μ)(1 + |a|^3)/N. Proof. Let G_1, G_2, . . . denote a sequence of independent copies of G. Denote f_j (t) = E exp{itP (W_j − a + X/ √ N )}, g_j(t) = f_{j+1}(t) = E exp{itP (W_j − a + G/ √ N)}, where

W_j = (G_1 + · · · + G_{j−1} + X_{j+1} + . . . X_N )/ √ N, 1 ≤ j ≤ m. Then f = f_1 and f_{m+1} = h. We have

f = R_1 + · · · + R_m + f_{m+1}, where R_s = f_s − f_{s+1} = f_s − g_s.

Expanding in Taylor series, conditioning and applying the symmetrization Lemma 3.1 we get

|R_s| ≤ CN^{−3/2}t^2(1 + |t|)(1 + |a|^3) √ E exp{it(QZ̃_N , ¯Z̃_N )}, where Z_N = ∑ 1≤j≤c2N Xj / √ N with some small but positive absolute constant c_2 > 0. The proof of this inequality follows from well-known standard arguments, see e.g. Bentkus (1984a, section 4). Note that by careful Taylor expansions we may avoid to use truncation techniques. Arguing similarly as in Lemmas 3.2–3.4 we get ∫ 1≤|t|≤CN2^/5 |t|^3 √ E exp{it(QZ_N , Z_N )} dt |t| ≤ C ∫_{CN}2/5 1 dt √ t ≤ CN^{1/5}. These estimates together with m ≈ N^{3/10} conclude the proof of the Lemma.

Lemma 2.4. Let k ≥ 5 and let m denotes the integer nearest to N^{3/10}. Denote δ = √ m/N . Then

sup_r | |P{Q(SN − a) ≤ r} − P{Q(δG − a + (X1 + · · · + XN−m)/ √ N ) ≤ r} | | ≤ C(Q, μ)(1 + |a|^3)/N. Proof. Due to Lemma 2.3 and to the Fourier inversion formula (4.3) it is sufficient to show that each of the integrals

J_1 = ∫ CN2^/5≤|t|≤cN |h(t)|dt |t| , J_2 = ∫ cN≤|t|≤cN11^/10 |h(t)|dt |t| and J_3 = ∫ |t|≥cN11^/10 |h(t)|dt |t| , is of order O(N^{−1}) uniformly in a and r.

The Gaussian component δG ensures the desired estimate of J_3. Indeed, applying the symmetrization Lemma 3.1 we get |h(t)| ≤ √ E exp{ict(QG_1, G_2)} ≤ C(Q, μ)(|t|δ^2)^{−5/2} = C(Q, μ)(N/(|t|m))^{5/2} for dimensions k ≥ 5 (here G_1 and G_2 denote independent copies of G). Integrating we arrive at J_3 = O(N^{−1}).

The characteristic function h(t) is the characteristic function of a quadratic form of a sum of at least N/2 summands X_1, . . . , X_N . Hence arguing as in the proof of Lemma 2.1 we obtain J_1 = O(N^{−1}).

It remains to estimate J_2. Let us apply the symmetrization Lemma 3.1. Writing Z_N = (X_1 + · · · + X_{N/2})/ √ N we have |h(t)|^2 ≤ E exp{ictδ(QG, Z̃_N )} = E exp{−ct^2δ^2N^{−1/2}(BQZ̃_N , BQZ̃_N )} since 1 ≥ N^{−1/2}. Integration and change of variable t = cτ N^{3/5} yields

J_2 ≤ ∫ cN2^/5≤τ≤c √ N √ E exp{−cτ^2(BQZ̃_N , BQZ̃_N )} dτ τ . But E exp{−cτ^2(BQZ̃_N , BQZ̃_N )} = E exp{−icτ (QG, Z̃_N )}, and we may estimate this integral similar as in Lemma 2.1, which concludes the proof of the Lemma.

Let p(x) = (2π)^{−k/2} det B^{−1} exp{−(B^{−2}x, x)/2}, x ∈ R^k denote the density of G in R^k. Define

(2.4) κ(r) = − ∫ (Q(x−a),x−a)≤r ED^3_X p(x)dx, and for measurable A ⊂ R^k, κ(A) = − ∫ A ED^3_X p(x)dx, where

ED^3_X p(x) = −p(x) ( E(B^{−2}X, x)^3 − 3E(B^{−2}X, x)(B^{−2}X, X) ) . The proof of Theorem 1.1 is completed by the following Lemma combined with Lemma 2.4.

Lemma 2.5. Let k < ∞ and E|X|^4 < ∞. If δ^2 ≈ m/N with m = N^{3/10} then (2.5)

sup_A | |P{δG + (X_1 + · · · + X_{N−m}) √ N ∈ A} − P{G ∈ A} − κ(A) 6 √ N | | = O(N^{−1}).

Proof. We shall proceed similarly as in Bhattacharya and Rao (1986), where Edgeworth expansions in the multidimensional case were systematically developed. Unfortunately we cannot use the corresponding results of this monograph directly. The left-hand side of (2.5) is invariant under nondegenerated linear transformations. Therefore without loss of generality we may assume that covariances of X and G are identity matrices. Thus E(X, x)^2 = |x|^2, p(x) = (2π)^{−k/2} exp{−|x|^2/2} and ED^3_X p(x) = −p(x) ( E(X, x)^3 − 3E(X, x)(X, X) ) . Using truncation (see Bhattacharya and Rao (1986), section 14) we may replace X_1 + · · · + X_{N−m} by Y_1 + · · · + Y_{N−m}, where Y_j = X_j I{|X_j | ≤ √ N}. Define the (signed) measure D_N (A) = P{δG + Z_N ∈ A} − P{G ∈ A} − κ(A) 6 √ N , A ⊂ R^k, where Z_N = (Y_1 + · · · + Y_{N−m})/ √ N. Note that E|Z_N |^p ≤ C(p), for all p ≥ 0.

Thus we have to prove that

(2.6) sup_A |D_N (A)| = O(N^{−1}).

The measure D_N has a density, say d_N (x), x ∈ R^k, which is an element of the Schwartz space S of infinitely times differentiable functions decreasing faster than any polynomial at infinity. Let I_A(x) = I{x ∈ A} denote the indicator function of A. We may write

(2.7) D_N (A) = ∫ R^k I_A(x)d_N (x)dx. The function (1+|x|^2)^{−k}I_A(x) is integrable and the integral is bounded from above by a constant independent of A. In (2.7) we may apply Parseval’s Theorem, and get (2.8) |D_N (A)| ≤ C(k) ∫ R^k | |(1 + Δ)^k ( f(t) − g(t) − g_1(t) 6 √ N )| | dt, where Δ = ∂^2_1 + · · · + ∂^2_k, ∂_j = ∂ ∂t_j , t = (t_1, . . . , t_k) is the Laplace operator, and the other functions are defined as f(t) = E exp{i(t, δG + Z_N )} = exp{−δ^2|t|^2/2}E exp{i(t, Z_N )}, g(t) = E exp{i(t, G)} = exp{−|t|^2/2}, g_1(t) = E(it, X)^3 exp{i(t, G)} = exp{−|t|^2/2}E(it, X)^3. Due to (2.8), the estimate (2.6) follows from

(2.9) ∫ R^k | |∂^s1_1 . . . ∂^sk_k ( f(t) − g(t) − g_1(t) 6 √ N )| | dt = O(N^{−1}) provided that s_1 + · · · + s_k ≤ 2k.

The function f(t) is product of exp{−δ^2|t|^2} and a differentiable function with bounded derivatives. Therefore ∫ |t|≥Cδ�1 ln N | |∂^s1_1 . . . ∂^sk_k ( f(t) − g(t) − g_1(t) 6 √ N )| | dt = O(N^{−1}) provided the constant C = C(μ, k) is sufficiently large. Using Cδ^{−1} ln N ≤ N^{2/5}, for sufficiently large N, we see that (2.9) is a consequence of

(2.10) ∫ |t|≤N2^/5 | |∂^s1_1 . . . ∂^sk_k ( f(t) − g(t) − g_1(t) 6 √ N )| | dt = O(N^{−1})

provided that s_1 + · · · + s_k ≤ 2k.

The relation (2.10) in turn follows from the estimate

(2.11) | |∂^s1_1 . . . ∂^sk_k ( f(t) − g(t) − g_1(t) 6 √ N )| | ≤ CN^{−1} exp{−c|t|^2},

which holds for |t| ≤ c √ N with some sufficiently large constant C = C(μ, k) (resp.

sufficiently small c = c(μ, k)). The proof of (2.11) is similar to the proofs in Ch. 2 in the book of Bhattacharya and Rao (1986). This completes the proof of the Lemma.

3. Estimates of the characteristic functions

Recall, that for a random variable X, X̄ denotes an independent copy, and X̃ denotes a symmetrization, say X̃ = X − X̄.

By E_{X,Y,...} we shall denote the conditional expectation given all random variables but X, Y, . . . For example, E_X u(X, Z) = E ( u(X, Z)|Z ) . By ε_1, ε_2, . . . we shall denote a sequence of i.i.d. symmetric Bernoulli random variables such that P{|ε_1| = 1} = 1. Finally write

B_N = ε_1 + · · · + ε_N .

The following symmetrization inequality improves the well-known inequality due to Götze (1979). Similar inequalities were introduced and used by Nagaev (1983), Sazonov, Ulyanov and Zalesskii (1988).

Lemma 3.1. Let L, C ∈ R^k. Let Y_1, Y_2, Y_3, W denote independent random variables taking values in R^k. Denote by P (x) = (Qx, x) + (L, x) + C, for x ∈ R^k, a real-valued polynomial of second order. Then

2|E exp{itP (Y_1 + Y_2 + Y_3 + W )}|^2 ≤

E exp{2it(QỸ_1, Ỹ_2)} + E exp{2it(QỸ_1, Ỹ_3)}.

Proof. Write

A = (QY_1, Y_1) − (QȲ_1, Ȳ_1) and B = (L, Y_1) − (L, Ȳ_1).

We obtain by conditioning arguments

|E exp{itP (Y_1 + Y_2 + Y_3 + W )}|^2 ≤ E|E_{Y1} exp{it(QY_1, Y_1) + 2it(QY_1, Y_2 + Y_3 + W ) + it(L, Y_1)}|^2 = E exp{itA + itB + 2it(QY_1, Y_2 + Y_3 + W ) − 2it(QȲ_1, Y_2 + Y_3 + W )} ≤ E|E_{Y2,Y3} exp{2it(QỸ_1, Y_2 + Y_3)}| = E|E_{Y2} exp{2it(QỸ_1, Y_2)}||E_{Y3} exp{2it(QỸ_1, Y_3)}| ≤ 1 2 E exp{2it(QỸ_1, Ỹ_2)} + 1 2 E exp{2it(QỸ_1, Ỹ_3)},

where the product of characteristic functions has been bounded using the elementary inequality 2ab ≤ a^2 + b^2.

The next Lemma reduces the estimation of the characteristic function |f(t)| to the estimation of characteristic functions with independent coordinates. Recall that U_j , 1 ≤ j ≤ 5, denote the coordinates of the random variable U in the independence condition (1.2). Furthermore, let U_{js}, s ≥ 1, denote independent copies of U_j .

Lemma 3.2. Assume the independence condition (1.2). Let M denote the largest integer such that M ≤ N/3. Then |f(t)| ≤ 5∑ j=1 ( E exp{2itλ_jỸ_{j1}Ỹ_{j2}} )_{5/2} , where λ_j are defined in (1.3), and

Ỹ_{j1} = ∑ 1≤s≤M Ũ_{js}/ √ N, and Ỹ_{j2} = ∑ M+1≤s≤2M Ũ_{js}/ √ N.

Proof. According to the independence condition (1.2) X = U + V , where U and V are independent. We may write the sum S_N as the sum of four independent sums Y_1, Y_2, Y_3, Y_4, S_N = Y_1 + Y_2 + Y_3 + Y_4, such that each of Y_1, Y_2, Y_3 is a sum of M independent copies of U. Applying the symmetrization Lemma 3.1 we get

|f(t)|^2 ≤ E exp{2it(QỸ_1, Ỹ_2)} because Y_2 and Y_3 are identically distributed. The random variable U has independent coordinates. Therefore the coordinates Ỹ_{j1}, 1 ≤ j ≤ 5, of Ỹ_1 (resp. of Ỹ_2) are independent as well, and

E exp{2it(QỸ_1, Ỹ_2)} = 5∏ j=1 E exp{2itλ_j Ỹ_{j1}Ỹ_{j2}}. Now the geometric–arithmetic mean inequality a_1 . . . a_m ≤ 1 m (a^m_1 + · · · + a^m) , for a_1, . . . , a_m ≥ 0,

completes the proof of the Lemma.

The following Lemma allows us to replace arbitrary random variables by Bernoulli random variables in the estimation of integrals of characteristic functions.

Lemma 3.3. Assume that W is a real mean zero random variable with the positive variance, and let W_1, W_2, . . . be a sequence of independent copies of W . Write

Z_N = (W_1 + · · · + W_N )/ √ N, and let Z̄_N denote an independent copy of Z_N . Then there exist positive numbers c_1, c_2, δ and θ depending only on the distribution of W such that the integrals I = ∫ T ≤|t|≤H ( E exp{itZ_NZ̄_N } )_{5/2} dt/|t|, J = ∫ T ≤|t|≤H ( E exp{itZ_N Z̄_N } )_{5/2} dt can be bounded from above, that is,

I ≤ c_1N^{−5/2} ln(H/T ) + c_1 ∫_{θH} δT ( E exp{itN^{−1}B_{2m}B̄_{2m}} )_{5/2} dt/t,

J ≤ c_1N^{−5/2}(H − T ) + c_1 ∫_{θH} δT ( E exp{itN^{−1}B_{2m}B̄_{2m}} )_{5/2} dt, for all 0 ≤ T ≤ H and for some m ≥ c_2N.

Proof. In the proof of the Lemma we shall assume that N ≥ C(L(W )) is sufficiently large. Otherwise the result is obvious. We shall restrict ourselves to proving the upper bound for I since the estimation of J is similar.

Let α_1, α_2, . . . denote a sequence of i.i.d. random variables independent of all other random variables such that

P{α_1 = 0} = P{α_1 = 1} = 1/2.

Conditioning on α_1, . . . , α_n, we have E{itZ_N Z̄_N } = E exp{itT_N T̄_N }, where

T_N = ( α_1W_1 + (1 − α_1)W̄_1 + · · · + α_N W_N + (1 − α_N )W̄_N ) / √ N. Write ε_j = 2α_j − 1 and 2Y_j = W_j − W̄_j . The random variables ε_j , 1 ≤ j ≤ N are symmetric Bernoulli random variables which are independent of all other random variables and such that P{|ε_j | = 1} = 1. We may write

T_N = Q_N + R,

where

Q_N = (ε_1Y_1 + · · · + ε_N Y_N )/ √ N, R = (W_1 + W̄_1 + · · · + W_N + W̄_N )/(2 √ N). Conditioning we have

(3.1) E exp{itT_N T̄_N } ≤ E|E_ε exp{it(Q_N + R)T̄_N }| = E|E_ε exp{itQ_N T̄_N }|,

where E_ε denotes the conditional expectation given all random variables but ε_1, . . . , ε_N . Let M denote the largest integer such that M ≤ N/2. We may split the sum Q_N into three (conditionally, given all random variables but ε_1, . . . , ε_N ) independent parts,

Q_n = U + V + R, where U = M∑ j=1 ε_j Y_j / √ N and V = 2M∑ j=M+1 ε_j Y_j / √ N .

Therefore, applying the inequality 2ab ≤ a^2 + b^2, we get 2|E_ε exp{itQ_N T̄_N }| ≤ |E_ε exp{itUT̄_N }|^2 + |E_ε exp{itV T̄_N }|^2 ≤ E_ε exp{itŨT̄_N } + E_ε exp{itṼ T̄_N }, where

(3.2) Ũ = M∑ j=1 ε̃_j Y_j / √ N and Ṽ = 2M∑ j=M+1 ε̃_j Y_j / √ N.

Substitution of this estimate in (3.1) together with equality of the distributions of U and V yields (3.3) E exp{itT_N T̄_N } ≤ E exp{itŨT̄_N }. Repeating this procedure with T̄_N instead of T_N , we arrive at E exp{itT_N T̄_N } ≤ E exp{itŨ Ṽ }, where Ṽ denotes an independent copy of Ũ , for example, the one given by (3.2). The random variable W , as well as Y_1, has positive variance. Therefore there exist numbers δ > 0 and θ < ∞ depending only on the distribution of W such that the probability p = P{δ ≤ |Y_1| ≤ θ} satisfies 0 < p < 1. Consider the random variables ξ_j = I{δ ≤ |Y_j | ≤ θ}, 1 ≤ j ≤ M. Then Eξ_j = p and

P{ξ_1 + · · · + ξ_M ≤ Mp/2} ≤ c(Mp)^{−2}E(ξ_1 − p + · · · + ξ_M − p)^2 ≤ c/(Mp) ≤ c/(Np). (3.4) Let m denotes the largest integer such that m ≤ Mp/2. Due to (3.4) the complement of the event

A = {the number of r.v. |Y_1|, . . . , |Y_M | contained in [δ, θ]} is at least m} occurs with probability less than c/(Np). There exists a (random) set, say I_A ⊂ {1, . . . , M}, of cardinatity m such that {δ ≤ |Y_i| ≤ θ, for i ∈ I_A} ⊂ A, and let I_A denote the indicator function of event A. Similarly, the probability of the event B = {the number of r.v. |Y_{M+1}|, . . . , |Y_{2M} | contained in [δ, θ]} is at least m} is bounded from below by 1 − c/(Np). There exists a (random) set, say I_B ⊂ {M + 1, . . . , 2M}, of cardinatity m such that {δ ≤ |Y_i| ≤ θ, for i ∈ I_B} ⊂ B, and let I_B denote the indicator function of event B.

Due to the definitions of the events A and B we have

(3.5) E exp{itŨṼ } = EI_AI_B exp{itŨṼ } + R,

where |R| ≤ c_1/N, and the constant c_1 depends on the distribution of W only. Write E_ε for the conditional expectation given all random variables but ε̃_1, . . . , ε̃_M . Then EI_AI_B exp{itŨṼ } = EI_AI_B E_ε exp{itŨṼ }.

Applying the geometric–arithmetic mean inequality we have E_ε exp{itŨ Ṽ } ≤ ∏ j∈I_A E_ε exp{itN^{−1/2}Y_jε̃_1Ṽ } ≤ 1 m ∑ j∈I_A ( E_ε exp{itN^{−1/2}Y_jε̃_1Ṽ } )_m = 1 m ∑ j∈I_A E_ε exp{itN^{−1/2}Y_j D_mṼ },

where D_m = ε̃_1 + · · · + ε̃_m. Thus

EI_AI_B exp{itŨṼ } ≤ 1 m EI_AI_B ∑ j∈I_A E_ε exp{itY_j N^{−1/2}D_mṼ }.

Repeating this procedure with Ṽ instead of Ũ, we arrive at

(3.6) EI_AI_B exp{itŨ Ṽ } ≤ 1 m^2

EI_AI_B ∑ j∈I_A ∑ l∈I_B exp{itN^{−1}Y_j Y_lD_mD̄_m}.

The elementary inequality (a + b)^{5/2} ≤ 8a^{5/2} + 8b^{5/2}, the Hölder inequality, and (3.3), (3.5), (3.6) together imply ( E exp{itT_N T̄_N } )_{5/2} ≤ c_1N^{−5/2} + c_2EI_AI_B ∑ j∈I_A ∑ l∈I_B 1 m^2

E_D exp{itN^{−1}Y_j Y_lD_mD̄_m} 5/2 ,

where E_D denotes the conditional expectation given all random variables but D_m and D̄_m. The Hölder inequality implies

1 m^2 m∑ j=1 m∑ l=1 a_{jl} 5/2 ≤ 1 m^2 m∑ j=1 m∑ l=1 a^{5/2}_{jl} whenever a_{jl} ≥ 0. Thus

(3.7) ( E exp{itT_N T̄_N } )_{5/2} ≤ c_1N^{−5/2} + c_2EI_AI_B ∑ j∈I_A ∑ l∈I_B 1 m^2 I_{jl},

where I_{jl} = I_AI_B ( E_D exp{itN^{−1}Y_j Y_lD_mD̄_m} )_{5/2} . If j ∈ I_A and l ∈ I_B then δ ≤ |Y_j | ≤ θ and δ ≤ |Y_l| ≤ θ. Thus ∫ T ≤|t|≤H I_{jl} dt |t| = 2I_AI_B ∫_H T ( E_D exp{itN^{−1}|Y_j Y_l|D_mD̄_m} )_{5/2} dt t = 2I_AI_B ∫_{|Yj Yl |H} |Y_j Y_l |T ( E exp{itN^{−1}D_mD̄_m} )_{5/2} dt t ≤

2I_AI_B

∫_θ2_H δ2T ( E exp{itN^{−1}D_mD̄_m} )_{5/2} dt t ≤

2 ∫_θ2_H δ2T ( E exp{itN^{−1}D_mD̄_m} )_{5/2} dt t . (3.8)

Finally, integration of the inequality (3.7) over t together with (3.8), summation over m and the fact that D_m has the same distribution as B_{2m} imply the desired estimate of I.

In the following lemma we consider integrals of characteristic functions for Fourier frequencies of magnitude up to O( √ N/ ln N). The proof is based on the wellknown techniques developed earlier for the estimation of the convergence rate in the CLT in Hilbert spaces, and we include this proof only for the sake of completeness.

Lemma 3.4. Let k > 0. There exists an absolute constant c > 0 such that I = ∫_H T ( E exp{itN^{−1}B_{2N} B̄_{2N} } )_{k/2} dt t ≤ c_kT^{−k/2} + c_kN^{−4k},

for any 1 ≤ T ≤ H ≤ c √ N/ ln N . If k > 2 then

J = ∫_H 0 ( E exp{itN^{−1}B_{2N} B̄_{2N} } )_{k/2} dt ≤ c_k, for any 0 ≤ H ≤ c √ N/ ln N. Proof. We shall restrict ourselves to the estimation of I. We have P{|B_N | ≥ x √ N} ≤ 2 exp{−x^2/8}, for x ≤ √ N by a well-known large deviation estimate (see, e.g., Petrov (1975)). Hence P{|B̄_{2N} | ≥ c √ N ln N} ≤ 2 exp{−8 ln N}} = 2N^{−8}, for N ≥ c.

Let I = I{|B̄_{2N} | ≤ c √ N ln N }. Then I ≤ c_kN^{−4k} + c_k ∫_H T ( EI ( E_{ε1} exp{itε_1N^{−1}B̄_{2N} } )_{2N} )k/2 dt t . We have I|E_{ε1} exp{itε_1N^{−1}B̄_{2N} }| ≤ exp{−t^2B̄^2_N /(2N^2)} for |t| ≤ c √ N/ ln N . Therefore I ≤ c_kN^{−4k} + c_k ∫_H T ( E exp{−t^2B̄^2_N /N} )_{k/2} dt t . We may write

E exp{−t^2N^{−1}B̄^2_N /2} = E exp{−itξN^{−1/2}B̄_{2N} },

where ξ denotes a standard normal (0, 1) random variable. Repeating the procedure with B̄_N instead of B_N we get I ≤ c_kN^{−4k} + c_k ∫_H T ( E exp{−t^2ξ^2/2} )_{k/2} dt t . Now the Lemma follows since

E exp{−t^2ξ^2/2} = 1/ √ 1 + 2t^2.

In the following Lemma we estimate integrals of characteristic functions for Fourier frequencies of magnitude up to O(1/N). It may be regarded as the main (technical) result of the paper. Its proof is related to the Circle Method of Hardy and Littlewood (1920). However the version presented here is adapted to the probabilistic setup. This version is even somewhat simpler than the original method since we could avoid using of the ‘Singular Series’ and the classification of subintervals into ’minor’ and ’major’ arcs since we have a smooth normal limit distribution function. Technically more involved approximations using ’major arcs’ would be necessary for proving limit theorems with number theoretic (discontinuous) limit densities.

Lemma 3.5. Let δ > 0 denote a constant. Let U and V denote numbers satisfying δ √ N(1 + ln N) ≤ U ≤ V ≤ 1 4 . Then, for k ≥ 5 and N = 1, 2, . . . , I = ∫_V U (S(t))^{k/2} dt t ≤ c_k(δ) N , where S(t) = E exp{iπtB_{2N} B̄_{2N} }.

Furthermore,

I_0 = ∫_V U (S(t))^{k/2}dt ≤ c_k(δ). Proof. We shall estimate only the integral I. The estimation of I_0 is similar. Without loss of generality we may assume that N ≥ 2, δ ≤ 1/8, U = δ √ N ln N , and V = 1/4.

Thus the interval [U, V ] is non-empty.

We shall use a partition of the interval [0, 1] by the so called Farey sequence (see Hardy and Wright (1960) for all related facts). Let n be a natural number. The Farey sequence F_n of order n ≥ 2 is the ascending sequence of irreducible fractions between 0 and 1 with denominators not exceeding n. Thus p/q belongs to F_n if the integer numbers p and q satisfy 1 ≤ p < q ≤ n and (p, q) = 1, where (p, q) denotes as usual the largest common divisor of p and q. The interval (^1_{n+1} ,^n_{n+1} ] may be represented as the union of non-intersecting (semiclosed) intervals I(p/q) = ( p q − γ_{p/q}, p q + η_{p/q} ] , p/q ∈ F_n such that I(p/q) contains only one point of the set F_n, namely p/q, and this point divides I(p/q) into two subintervals which have lengths bounded from below by 1/(q(2n − 1)) and from above by 1/(q(n + 1)), that is

1/(q(2n − 1)) ≤ γ_{p/q} ≤ 1/(q(n + 1)) and 1/(q(2n − 1)) ≤ η_{p/q} ≤ 1/(q(n + 1)).

Let M be the smallest integer such that

(3.9) 1 M ≤ U 4 = δ 4 √ N ln N and P{|B_{2N} | ≥ M} ≤ c N^3 .

Due to the large deviation estimate for B_{2N} such M = M(N) exists and 32 ≤ M ≤ c √ N ln N/δ. Let us consider the Farey series F_{2M} and the collection F^∗_{2M} of p/q ∈ F_{2M} such that the corresponding intervals I(p/q) have non-empty intersection with the interval [U, V ]. Due to the choice of M the interval (U, V ) is covered by intervals I(p/q), p/q ∈ F^∗_{2M} , (U, V ) ⊂ {⋃ I(p/q) : p/q ∈ F^∗_{2M} } . We shall prove that for t ∈ I(p/q),

(3.10) S(t) ≤ cM N + c q √ 1 + θ^2N^2

, where θ = t − p q . This estimate implies the result of the Lemma. Indeed, applying the elementary inequality (a + b)^α ≤ 2^α(a^α + b^α) with α = k/2 we obtain

(3.11) I ≤ c_kJ + c_k ( M N )_{k/2} ln ( V U ) , where J = ∑ p/q∈F �2_M J_{p/q} and J_{p/q} = ∫ I(p/q) dt tq^{k/2}(1 + θ^2N^2)^{k/4} . But for t = θ + p/q ∈ I(p/q), t ≥ p q − |θ| ≥ p q − 1 2qM ≥ p 2q since M ≥ 1.

Therefore J_{p/q} ≤ 2q pq^{k/2}N ∫_∞ −∞ du (1 + u^2)^{k/4} ≤ c_kq pq^{k/2}N provided k > 2. Thus

(3.12) J ≤ c_k N ∑ p/q∈F �2_M q pq^{k/2} ≤ c_k N , for k > 4,

since ∑ p/q∈F �2_M q pq^{k/2} ≤ ∞∑ q=1 q∑ p=1 q pq^{k/2} ≤ c ∞∑ q=1 q(1 + ln q) q^{k/2} < ∞.

Noting that M ≤ c √ N ln N /δ and collecting the estimates (3.11) and (3.12), we obtain the result of the Lemma.

It remains to prove (3.10). Starting with the elementary inequality cos^2 u ≤ exp{−u^2/2}, for |u| ≤ π/2 we get

cos^2 u ≤ ∞∑ j=−∞ I{− π 2 < u − πj ≤ π 2 } exp{− 1 2 (u − πj)^2}, for all u ∈ R.

It follows that

S(t) = E exp{iπtB_{2N}B̄_{2N} } = E cos^{2N} (πtB_{2N} ) ≤ ∑ |j|≤N E exp{− N 2 (πtB_{2N} −πj)^2}.

since |tB_{2N} | ≤ N/2, for 0 < t < 1/4.

Write p_l = P{ε_1 + · · · + ε_{2N} = l}. Using π^2 ≥ 2 we have S(t) ≤ ∑ |j|≤N ∑ |l|≤N exp{−N(tl − j)^2}p_l.

Due to (3.9),

(3.13) S(t) ≤ c √ N + S_1(t), where S_1(t) = ∑ |j|≤N ∑ |l|≤M exp{−N(tl − j)^2}p_l.

Note that p_l = p_{−l}. Thus

(3.14) S_1(t) ≤ 2S_2(t), where S_2(t) = ∑ |j|≤N M∑ l=0 exp{−N(tl − j)^2}p_l.

Let us write t = p q + θ, for t ∈ I(p/q), with |θ| ≤ 1 2qM , and let us decompose l modulo q:

l = mq + r, where 0 ≤ r ≤ q − 1 and 0 ≤ m ≤ M q .

Then

S_2(t) = ∑ 0≤m≤M/q q−1∑ r=0 ∑ |j|≤N exp{−N(θl + {pr/q} + [pr/q] + pm − j)^2}p_l,

where we denote by [α] the integer nearest to a number α, and by {α} = α − [α] the (signed) distance between α and the nearest integer (the definition of [α] when |{α}| = 1/2 is unessential for our purposes). If r = 0 then |θl + {pr/q} + [pr/q] + pm − j| ≥ |pm − j| − |θl| ≥ 1 − 1 2q ≥ 1 2 provided j ≠ pm. If 1 ≤ r ≤ q − 1 then |θl + {pr/q} + [pr/q] + pm − j| ≥ | [pr/q] + pm − j| − 1 2 − 1 2q ≥ 1 − 3 4 = 1 4 provided j ≠ [pr/q] + pm. Therefore

(3.15) S_2(t) ≤ N^2 exp{−N/16} + S_3(t) ≤ c √ N + S_3(t),

where

S_3(t) = ∑ 0≤m≤M/q q−1∑ r=0 exp{−N(θl + {pr/q})^2}p_l.

Elementary calculations using Stirling’s formula show that p_l ≤ C √ N exp{− l^2 2N } for 0 ≤ l ≤ N^{2/3}/2.

Therefore, for l = mq + r and l ≤ M,

(3.16) p_l ≤ C √ N exp{− q^2m^2 2N }. Let us split the sum S_3(t) according to whether r = 0 or r > 0. Using (3.16) we obtain

(3.17) S_3(t) = S_4(t) + S_5(t), where S_4(t) = C √ N ∑ 0≤m≤M/q exp{− q^2m^2(1 + N^2θ^2) 2N },

S_5(t) = C √ N ∑ 0≤m≤M/q exp{− q^2m^2 2N } q−1∑ r=1 exp{−N(θl + {pr/q})^2}. For S_4(t) we have

S_4(t) ≤ C √ N + C √ N ∑ 1≤m≤∞ exp{− q^2m^2(1 + N^2θ^2) 2N } ≤

(3.18) C √ N + C √ N ∫ 0≤m≤∞ exp{− q^2m^2(1 + N^2θ^2) 2N }dm ≤ C √ N + C q √ 1 + θ^2N^2 . The estimation of S_5(t) is somewhat involved. Since numbers p and q are relative primes and r ≠ 0, we have | {pr/q} | ≥^1_q and |θl + {pr/q} | ≥ | {pr/q} | − |θl| ≥ | {pr/q} | − 1 2q ≥ 1 2 | {pr/q} |. Thus

S_5(t) ≤ C √ N ∑ 0≤m≤M/q exp{− q^2m^2 2N } q−1∑ r=1 exp{− N 4 {pr/q}^2}. The sets {{pr/q} : 1 ≤ r ≤ q − 1} and {{r/q} : 1 ≤ r ≤ q − 1} are equal since (p, q) = 1, and we have q−1∑ r=1 exp{− N 4 {pr/q}^2} ≤ 2 ∞∑ r=1 exp{− Nr^2 4q^2 } ≤ 2 ∫_∞ 1 exp{− Nr^2 8q^2 }dr ≤ cq √ N . Collecting these estimates we get

S_5(t) ≤ Cq N ∞∑ m=0 exp{− q^2m^2 2N } ≤ Cq N + Cq N ∫_∞ 0 exp{− q^2m^2 2N }dm ≤

(3.19) Cq N + C √ N ≤ CM N since q ≤ 2M and √ N ≤ cM. Now (3.10) follows from (3.13)–(3.19).

4. A smoothing inequality

Let F be a distribution function with characteristic function f. It is known ( Prawitz (1972) ) that for all x ∈ R and H > 0 (note that all integrals are real and that the expressions under the signs of integrals vanish unless |t| ≤ H), F (x+) ≤ 1 2 + V.P. ∫ R exp(−ixt) 1 H K ( t H ) f(t)dt, (4.1) F (x−) ≥ 1 2 − V.P. ∫ R exp(−ixt) 1 H K ( − t H ) f(t)dt, (4.2)

where F (x+) = lim_{z↓x} F (z), F (x−) = lim_{z↑x} F (z), and V.P. denotes Cauchy’s Principal Value,

V.P. ∫ R = lim_{h↓0} ( ∫ −h −∞ + ∫_∞ h ), and 2K(s) = K_1(s) + iK_2(s)/(πs),

K_1(s) = { 1 − |s|, for |s| ≤ 1, 0, for |s| ≥ 1,

K_2(s) = { πs ( 1 − |s| ) cot πs + |s|, for |s| ≤ 1, 0, for |s| ≥ 1. It is known (see, for instance, Chung (1974)), that if we redefine a distribution function G at discontinuity points (say x) as 2G(x) = G(x+) + G(x−), then

(4.3) G(x) = 1 2 + i 2π lim M→∞ V.P. ∫ |t|≤M exp(−itx)g(t) dt t , where g denotes the characteristic function of G. One can generalize (4.3) to functions of the bounded variation. The following lemma is elementary. Lemma 4.1. For 0 ≤ s ≤ 1 we have

K_2(0) = 1, K_2(1) = 0, K_2 ( 1 2 ) = 1 2 , K^′_2(s) ≤ 0, K_2(s) + K_2(1 − s) = 1.

Furthermore,

1 − 2(1 − s) sin^2 πs 2 ≤ K_2(s) ≤ 1,

0 ≤ K_2(s) ≤ 2s sin^2 π(1 − s) 2 , for 0 ≤ s ≤ 1 2 , for 1 2 ≤ s ≤ 1.

It follows from Lemma 4.1 that |1 − K_2(s)| ≤ 2|s|, for all s ∈ R. Therefore (4.1), (4.2) and the definition of the function K imply

(4.4) F (x) = 1 2 + i 2π V.P. ∫_H −H exp(−ixt)f(t) dt t + R, where |R| ≤ 1 H ∫_H −H | f(t) | dt. References

Bentkus V., Asymptotic expansions in the CLT in Hilbert space, Lithuanian Math. J. 24 (1984a), 210–225.

Bentkus V., Asymptotic expansions for distributions of sums of independent random elements of a Hilbert space, Lithuanian Math. J. 24 (1984b), 305–319.

Bentkus V., Asymptotic expansions in local limit theorem in a Hilbert space, Lithuanian Math.

J. 25 (1985), 1–10.

Bentkus V., Götze F., Paulauskas V. and Račkauskas A., The accuracy of Gaussian approximation in Banach spaces, Preprint 90 -100, Universität Bielefeld (In Russian: Itogi Nauki i Tehniki, ser. Sovr. Probl. Matem., Moskva, VINITI 81 (1991), 39–139; to appear in English in Encyclopedia of Mathematical Sciences, Springer), 1990.

Bentkus V., Götze F. and Zitikis R., Asymptotic expansions and local limit theorems in Banach spaces with applications to ω-statistics, J. Theor. Probab. (1993), 727–780.

Bentkus V. and Zalesskii B., Asymptotic expansions with nonuniform remainders in the CLT in Hilbert space, Lithuanian Math. J. 25 (1985), 199–208.

Bhattacharya, R.N. and Ranga Rao, R., Normal Approximation and Asymptotic Expansions, Wiley, New York (1986).

Blecher P.M. and Lebowitz J.L., Energy-level statistics of model quantum systems: universality and scaling in a lattice-point problem, Manuscript (1993).

Borisov I.S., Approximation of distributions of smooth functionals of sums of independent random elements in Banach spaces (in Russian), In: Asymptotic analysis of the stochastic process distribution, Novosibirsk (1989), 3–45.

Chung K.L., A course in probability theory, Academic Press, New York and London (1974). Esseen C.G., Fourier analysis of distribution functions, Acta Math. 77 (1945), 1-125. Fricker F., Einfürung in die Gitterpunktlehre, Birkhäuser, Basel–Boston–Stuttgart, 1982. Götze F., Asymptotic expansions for bivariate von Mises functionals, Z. Wahrsch. verw. Geb.

50 (1979), 333–355.

Götze F., Expansions for von Mises functionals, Z. Wahrsch. verw. Geb. 65 (1984), 599–625. Götze F., Prohorov Yu. V. and Ulyanov V.V., Bounds for Characteristic Functions of Polynomials in Asymptotically Normal Variables, Preprint 006 Universität Bielefeld (1994a).

Götze F., Prohorov Yu. V. and Ulyanov V.V., Bounds for Characteristic Functions of higher order polynomials and approximations in the Functional Limit Theorems, Preprint Universität Bielefeld (1994b).

Graham S.W. and Vaaler J.D., A class of extremal functions for the Fourier transform, Trans.

of the Amer. Math. Soc. 265 (1981).

Graham S.W. and Kolesnik G., Van der Corput’s method of exponential sums, Cambridge University Press, London Mathem. Soc. Lecture Notes series, Cambridge New York Port Chester Melbourne Sydney, 1991.

Hardy G.H. and Littlewood J.E., A new solution of Waring’s problem, Quarterly J.Math. 48 (1920), 272–293.

Hardy G.H. and Wright E.M., An introduction to the theory of numbers, Oxford, at the Clarendon Press, Oxford University Press, 1960.

Jarnik C.G, Über Gitterpunkte in Mehrdimensionalen Ellipsoiden., Math. Ann. 100 (1928), 699-721.

Kendall D.G., On the number of lattice points inside a random oval, The Quarterly Journal of Mathematics. Oxford 19 (1948), 1–26.

Krätzel E., Lattice points, Kluwer; Dordrecht–Boston–London, 1988.

Landau, E., Zur analytischen Zahlentheorie der definiten quadratischen Formen (Über die Gitterpunkte in einem mehrdimensionalen Ellipsoid), Sitzber. Preuss. Akad. Wiss. 31 (1915), 458–476.

Landau E., Über Gitterpunkte in mehrdimensionalen Ellipsoiden, Mathem. Zeitschrift 21 (1924), 126–132.

Landau, E. –Walfisz, A., Ausgewählte Abhandlungen zur Gitterpunktlehre (herausgeg. von A.

Walfisz), Berlin, 1962.

Major P., Poisson law for the number of lattice points in a random strip with finite area, Probab.

Theory Relat. Fields 92 (1992), 423–464.

Matthes T.K., The multivariate Central Limit Theorem for regular convex sets, Ann. Math.

Stat. 41 (1970), 503–515.

Nagaev S.V., On accuracy of normal approximation for distribution of sum of independent Hilbert space valued random variables, In: Springer Ser. Lecture Notes Math. 1021 (1983), 461–473.

Nagaev S.V., Speed of convergence to the normal law in Hilbert space, Theory Probab. Appl. 30 (1985), 19–32.

Nagaev S.V., A Berry–Esseen type estimate for sums of Hilbert space values r.v., Siberian Math.

J. 30 (1988), 413–423.

Nagaev S.V., An estimate of the Berry–Esseen type for sums of Hilbert space valued r.v.’s., Siberian Math. J. (in Russian) 30 (1989), 84–96.

Nagaev S.V. and Chebotarev V.I., A refinement of the error estimate of the normal approximation in a Hilbert space, Siberian Math. J. 27 (1986), 434–450.

Osipov L.V. and Rotar V.I., On an infinite–dimensional central limit theorem, Theory Probab.

Appl. 29 (1985), 375–382.

Paulauskas V. and Račkauskas A., Approximation Theory in the Central Limit Theorem. Exact Results in Banach Spaces, Kluwer, Dordrecht, 1989.

Petrov, V.V., Sums of independent random variables, Springer, New York (1975). Prawitz H., Limits for a distribution, if the characteristic function is given in a finite domain,

Skand. AktuarTidskr (1972), 138–154.

Prokhorov J.V. and Sazonov V.V., On estimates of the rate of convergence in the CLT in the infinite dimensional case, Soviet–Japan Chabarovsk symp. on prob. th. 1 (1969), 223–230.

Sazonov V.V., Normal Approximation — some Recent Advances, vol. 879, Springer Ser. Lecture Notes Math., Heidelberg, 1981.

Sazonov V.V.,Ul’yanov V.V. and Zalesskii B.A., Normal approximation in Hilbert space I, Theor.

Probab. Appl. 33 (1988), 207–227; II, Theor. Probab. Appl. 33 (1988), 473–487. Sazonov V.V.,Ul’yanov V.V. and Zalesskii B.A., Asymptotically precise estimate of the accuracy of Gaussian approximation in Hilbert space, J. Multivar. Anal. 28 (1989a), 304–330.

Sazonov V.V.,Ul’yanov V.V. and Zalesskii B.A., A precise estimate of the rate of convergence in the CLT in Hilbert space, Preprint Steklov Math. Inst. USSR Acad. Sc. 6 (1989b).

Sazonov V.V. and Zalesskii B.A., On the CLT in Hilbert space, J. Multivar. Anal. (1985), 495– 526.

Senatov V.V., On the estimate of the rate of convergence in the central limit theorem in Hilbert space, Springer Ser. Lecture Notes Math. 1412 (1989), 309–327.

Senatov V.V., On estimate of the rate of convergence in the central limit theorem in multidimensional spaces, Theory Probab. Appl. 37 (1992), 703–706.

Sinai Ya.G., Mathematical problems in the theory of quantum chaos, Lect. Notes Math. 1469 (1991), 41–59.

Vinogradov I.M., A new evaluation of G(n) in Waring’s problem, Dokl. Acad. Sci. USSR 5 (1934), 251–253.

Vinogradova T.R., On the accuracy of normal approximation on sets defined by a smooth function. I, Theory Probab. Appl. 30 (1985), 235–246; II, Theory Probab. Appl. 30 (1985), 590–593.

Walfisz A., Über Gitterpunkte in mehrdimensionalen Ellipsoiden., Math. Zeitschrift 27 (1927), 245-268.

Weyl H., Über die Gleichverteilung der Zahlen mod-Eins, Ann 77 (1915/16), 313–352. Yarnold J., Asymptotic approximations for the probability that a sum of lattice random vectors lies in a convex set, Ann. Math. Stat. 43 (1972), 1566–1580.

Yurinskii V.V., On the accuracy of normal approximation of the probability of hitting a ball, Theory Probab. Appl. 27 (1982), 280–289.

Zalesskii B.A., Estimates of the accuracy of normal approximations in a Hilbert space, Theory Probab. Appl. 27 (1982), 290–298.

Zalesskii B.A., On the convergence rate in the CLT on a class of sets in Hilbert space, Theory Probab. Appl. 30 (1985), 702–711.

Zalesskii B.A., Sazonov V.V. and Ul’yanov V.V., A regular estimate of the accuracy of normal approximation in Hilbert space, Theory Probab. Appl. 33 (1988), 700–701.

Vidmantas Bentkus Fakultät für Mathematik Universität Bielefeld Postfach 100131 33501 Bielefeld 1 Germany E-mail address: bentkus@mathematik.uni-bielefeld.de

Friedrich Götze Fakultät für Mathematik Universität Bielefeld Postfach 100131 33501 Bielefeld 1 Germany E-mail address: goetze@mathematik.uni-bielefeld.de