Regularity of invariant measures on finite and infinite dimensional spaces and applications

Vladimir I. Bogachev^1 Michael Röckner^2

June 15, 1994

Abstract

In this paper we prove new results on the regularity (i.e., smoothness) of measures μ solving the equation L^�μ = 0 for operators of type L = Δ+B·∇ on finite and infinite dimensional state spaces E. In particular, we settle a conjecture of I. Shigekawa in the situation where Δ = ΔH is the Gross-Laplacian, (E, H, γ) is an abstract Wiener space and B = −idE + v where v takes values in the Cameron-Martin space H. Using Gross’ logarithmic Sobolev-inequality in an essential way we show that μ is always absolutely continuous w.r.t. the Gaussian measure γ and that the square root of the density is in the Malliavin test function space of order 1 in L^2(γ). Furthermore, we discuss applications to infinite dimensional stochastic differential equations and prove some new existence results for L^�μ = 0. These include results on the “inverse problem”, i.e., we give conditions ensuring that B is the (vector) logarithmic derivative of a measure. We also prove necessary and sufficient conditions for μ to be symmetrizing (i.e., L is symmetric on L^2(μ)). Finally, a substantial part of this work is devoted to the uniqueness of symmetrizing measures for L. We characterize the cases, where we have uniqueness, by the irreducibility of the associated (classical) Dirichlet forms.

AMS Subject Classification (1991) Primary: 60H15, 35B65 Secondary:60H10, 31C25, 35R15, 47D06, 28C20

1Department of Mechanics and Mathematics, Moscow State University, 119899 Moscow, Russia 2Fakultät für Mathematik, Universität Bielefeld, Universitätsstr. 25, D-33615 Bielefeld, Germany

Contents

0 Introduction 1 1 Notation and terminology 3 2 Vector logarithmic derivatives 6 3 Regularity of solutions of elliptic equations for measures 12 4 Logarithmic derivatives as drifts to symmetrizable diffusions 26 5 Existence of solutions of elliptic equations for measures 27 6 Uniqueness problem 33 7 References 42

0 Introduction

The topic of this paper is the study of elliptic equations for measures on infinite dimensional spaces. More precisely, we discuss equations of the following type: L^∗μ = 0, (0.1) where μ is a (finite) measure on a locally convex space X, and the operator L is defined on smooth finitely based functions by Lf = Δ_H f +_{X∗}⟨f^′, B⟩_X . (0.2) Here H is a fixed Hilbert space continuously and densely embedded into X, and Δ_H is Gross’s Laplacian [40], generated by H. B : X → X is a Borel map such that X^∗⟨ℓ, B(·)⟩X ∈ L 2(μ) for all ℓ ∈ X^∗ . (0.3) A measure μ is said to be a solution of (0.1), if for all smooth finitely based functions f ∫ X Lf(x) μ (dx) = 0. (0.4)

The growing interest in such equations is motivated by numerous applications in mathematical physics, in particular, in quantum field theory, and in infinite dimensional stochastic analysis. A closely related problem ( which we also discuss in this paper in Section 4 below), is the study of invariant and symmetrizing measures for infinite dimensional diffusions, more precisely processes (ξ_t)_{t≥0} which are weak solutions of stochastic differential equations of type dξ_t = √ 2dw^H_t + B(ξ_t) dt. (0.5)

Here (w^H_t )_{t≥0} is a Brownian motion on X starting at 0 with covariance given by the inner product of H. Such measures are then solutions of (0.1).

If an extension of L generates a strongly continuous semigroup (T_t)_{t≥0} on L^2(μ) and μ is an invariant measure for (T_t)_{t≥0}, then μ solves (0.1), but in general not vice versa (cf. Remark 3.0 below). In this sense solutions to (0.1) could be called generalized invariant measures. We, however, shall not use this terminology, but it explains the title of this paper.

Though we also present some new existence results for equation (0.1) in Section 5 below, the main problems we deal with are:

(1) Regularity of solutions to (0.1);

(2) Uniqueness of those solutions μ to (0.1) which are, in particular, symmetrizing for L, i.e., satisfy ∫ Lu v dμ = ∫ u Lv dμ for all smooth finitely based functions u, v, (0.6)

(cf. Section 6).

The latter problem is of fundamental importance for uniquenesss of Gibbs states (cf. Remark 3.11 (ii)).

Let us now briefly describe our main results on (1) and (2).

If X = R^n and B : R^n → R^n is a smooth mapping, then a classical result, which goes back to H. Weyl, says that any solution of (0.1) is an absolutely continuous measure which has a smooth density with respect to Lebesgue measure dx. Less restrictive conditions, such as local boundedness, are known to be sufficient for μ to possess a density φ^2 with integrable ∇φ^2. As the first main result in this paper (cf. Theorem 3.1) we prove that, if merely (0.3) holds, a solution μ of equation (0.1) must be absolutely continuous w.r.t. Lebesgue measure and, if φ^2 is the density, then φ is in the Sobolev space H^{1,2}(R^n; dx). The major part of our paper is, however, devoted to infinite-dimensional generalizations of this result. We settle a conjecture of I. Shigekawa [65] (and R.v. Vintschger [68]) by proving that any solution of (0.1) is absolutely continuous with respect to the Gaussian measure γ on X corresponding to H, provided B(x) = −x + v(x), where v : X → H and ‖v‖_H ∈ L^2(μ). In addition, if φ^2 is the corresponding Radon-Nikodym density then φ is in H^{1,2}(X; γ), i.e., in the Sobolev space over (X, H, γ) (cf. Theorem 3.5 below). For the proof it is crucial that the logarithmic Sobolev inequality holds in this case (cf. [41]). Some other regularity results in infinte dimensions are presented in Proposition 3.3 and Corollary 3.14. All these results may be regarded as hypoellipticity of elliptic operators in infinite dimensions (cf. Malliavin’s fundamental work [53]).

As there is no Lebesgue measure on infinite dimensional spaces X, one has to make precise what it means here that a measure μ on X is ”regular”. It turns out that the appropiate notion is that μ has a (vector) logarithmic derivative.

In Sections 1 and 2 we present all details on this and only mention here that if μ = φ^2 dx on X = R^n, then its logarithmic derivative exists (and is then equal to ∇(log φ^2)), if and only if φ ∈ H^{1,2}(R^d; dx). This is thus exactly the type of regularity proved in Theorem 3.1.

Hence the existence of a vector logarithmic derivative is an infinite-dimensional substitute of the existence of a density with integrable gradient. According to Proposition 2.4 vector logarithmic derivatives exist under wide conditions. However, in infinite dimensions they are not gradients of functions, but, as Theorem 2.8 below says, still “generalized gradients” (i.e., certain limits of gradients of functions).

Vector logarithmic derivatives also arise naturally when one deals with symmetric diffusion processes in infinite dimensions. This connection was discovered by Albeverio and Høegh-Krohn and investigated in [3, 4, 5], [10, 11, 12]. In Section 4 we prove that squareintegrable vector logarithmic derivatives are precisely the drifts of symmetric diffusions.

In Section 5 on existence of invariant measures we also derive sufficient conditions for a given map B : X → X to be the vector logarithmic derivative of a measure μ (cf. Remark 5.5(ii)). This is the so-called “inverse problem”(cf e.g. [15]).

We emphazise that the existence of a vector logarithmic derivative for μ has nothing to do with “Gaussian”. There exists such μ on X which is singular with respect to all Gaussian measures on X (cf. Example 2.1 (ii)).

The regularity results described above can be interpreted in the sense that they identify conditions under which the logarithmic derivative of a measure μ satisfying (0.1) exists. In the second half of Section 3 we systematically discuss consequences of the existence of logarithmic derivatives. In particular, we prove that L is symmetric on L^2(μ) (cf. (0.6)) if and only if B is the logarithmic derivative of μ (cf. Theorem 3.10). This ( in connection with Theorems 2.8 and 4.1) extends A. Kolmogorov’s classical result (cf. [49]) on symmetrizable diffusions to our infinite dimensional framework. As as consequence we obtain that, if (0.6) is satisfied for two probability measures μ and ν, then their logarithmic derivatives must coincide. This provides a uniqueness criterion for symmetrizing measures.

Section 6 is entirely devoted to this uniqueness criterion, more precisely to the question under what conditions probability measures are uniquely determined by their (vector or even only partial) logarithmic derivatives. Clearly, this is not always the case as Example 6.1 even for X = R^1 shows. Theorem 6.2, however, states that we have uniqueness if X = R^d and the logarithmic derivative is locally Lebesgue integrable. This is in contrast to the infinite dimensional case, since there one can find two different centred Gaussian measures μ_1 and μ_2 having the same logarithmic derivative, and the latter is linear and continuous (cf. Theorem 6.8; see also Theorem 6.5 for the much easier non centred case, including the free field of Euclidean quantum field theory in Example 6.7). This leads to an example of an infinite dimensional Ornstein-Uhlenbeck process with bounded linear drift which has two different centred Gaussian measures as invariant measures and is symmetric w.r.t. both of them (cf. Corollary 5.9).

Our main result on uniqueness is, however, Theorem 6.15 which gives a complete characterization in terms of the associated Dirichlet forms. Crucial for a part of the proof is Proposition 6.11 (in this form taken from [11], [60]) which characterizes weak differentiability on infinite dimensional spaces in terms of absolute continuity on rays. With regard to the length of this paper we do not include any of the numerous applications of this result. These will appear in forthcoming papers. We only indicate here that for finite range interactions on a lattice the (easy) half of Theorem 6.15(ii) in physics terminology says that if there is only one Gibbs state, then the infinite volume Hamiltonian has the constant function 1 as its unique (normalized) ground state (cf. Remark 6.16(i)5.).

Finally, we mention that part of the results in this paper have been announced in [23]. Essentially, all results have been presented in talks at various conferences at Edinburgh, Holzhau, Marseille, Passau, and the International Congress of Mathematicians in Zürich during the spring and summer of 1994.

1 Notation and terminology

Let X be a locally convex (topological vector) space over R with dual X^∗.

FC^∞ resp. FC^∞_b is the class of functions f = g(ℓ_1, ..., ℓ_n), n ∈ N, ℓ_i ∈ X^∗, g ∈ C^∞(R^n) resp. g ∈ C^∞_b (R^n). We say that H ⊂ X is a continuously embedded Hilbert space, if H is a linear subspace equipped with a separable Hilbert norm such that the natural embedding H ⊂ X is continuous. If H is dense in X, we can define an injection j_H : X^∗ → H as follows. For any k ∈ X^∗ the restriction of k to H is continuous in the Hilbert norm of H. Hence by the Riesz representation theorem there is an element j_H (k) ∈ H such that X^∗⟨k, h⟩X = (jH (k), h)H ∀h ∈ H. Since H is dense, such an element is unique. Let R_H : H^∗ → H denote the Riesz isomorphism. Note that if X = H then j_H = R_H . Otherwise, these maps are completely different. If there is no risk of ambiguity j_H is denoted by j. Identifying X^∗ with j(X^∗) we have: X^∗ ⊂ H ⊂ X, densely and continuously.

Note that if {e_i} is an orthonormal basis in H then j(k) = ∞∑ i=1 k(e_i)e_i ∀k ∈ X^∗, (with the sum converging in H). Note that if X is a Banach space with norm | |_X, then j(X^∗) consists of exactly those h ∈ H which satisfy sup{(h, h^′)_H : h^′ ∈ H, |h^′|_X ≤ 1} < ∞. Example 1.1 (i) Let X := S^′(R^n), H := L^2(R^n) := L^2(R^n; dx) where dx denotes Lebesgue measure on R^n. Then we get the triple S ⊂ H ⊂ S^′ with natural embeddings.

(ii) Let X := R^∞, H := ℓ^2. Then X^∗ = R^∞_0 ⊂ H. Note that here (as in (i)) we have considered the duals already as subspaces of H hence j(k) is represented by k itself.

(iii) Let X be a separable Hilbert space, T an injective nonnegative definite Hilbert-Schmidt operator in X, and H := T (X) be equipped with the natural Hilbert norm |h|_H := |T^{−1}h|_X . Then j_H (X^∗) = T^2(X), so that, X^∗⟨k, h⟩X = (T −2j_H (k), h)_X ; k ∈ X^∗, h ∈ H , i.e., j_H = T^2R_X .

(iv) Let X = R^∞, H = {(h_n) : ∑ α^2_nh^2_n < ∞} where α_n ∈ R, n ∈ N. Then X^∗ is naturally identified with R^∞_0 , but j(k) is represented by the element (α^{−2}_n k_n) and not by k itself (except the case α_n = 1 ∀n).

A finite nonnegative Radon measure μ on the σ-field of Borel sets B(X) of X will be simply called a measure on X. In typical examples, such as X = ℓ^2, X = R^∞, X = S^′(R^n), any finite Borel measure is Radon. Set L^2(μ) := L^2(X; μ) (i.e., the space of classes of μsquare integrable real functions on X) and L^2(μ, Z) := L^2(X → Z; μ) if Z is a Banach space.

Let γ be a centred Gaussian measure on a locally convex space X (see [25]). H(γ) denotes the reproducing kernel Hilbert space of γ, that is H(γ) := {h ∈ X : |h|_{H(γ)} < ∞}, where |h|_{H(γ)} := sup { ℓ(h) : ℓ ∈ X^∗ with ∫ ℓ(x)^2 γ (dx) ≤ 1 } . Note that for any ℓ ∈ X^∗ one has that ‖ℓ‖_L2_{(γ)} = |ℓ|_H ∗ ( := sup_{|h|H ≤1} |ℓ(h)| ) . Denote the completion of X^∗ in L^2(γ)by X^∗_γ . It is known that X^{∗∗}_γ = H(γ). Hence for the canonical linear isometry J between X^∗_γ and H(γ) we have that Jk = j_H (k) for all k ∈ X^∗ and that ∫ k(x) ℓ(x) γ (dx) = (Jk, Jℓ)_{H(γ)} ∀ k, ℓ ∈ X^∗_γ . Example 1.2 Let X be a Hilbert space, T a nonnegative injective self-adjoint Hilbert- Schmidt operator in X with eigenvalues t_n and (normed) eigenvectors e_n, n ∈ N. Then the function exp(−(T x, T x)_X/2) is the Fourier transform of a centred Gaussian measure γ on X, such that H(γ) = T (X), (h_1, h_2)_{H(γ)} = (T^{−1}h_1, T^{−1}h_2)_X .

In this case the elements of X^∗_γ have the representation ℓ(x) =^∞ ∑ n=1 c_nt^{−1}_n (x, e_n)_X , where ∞∑ n=1 c^2_n < ∞. The operator T^2 is called the covariance operator of μ.

We say that a measure μ on a LCS X is differentiable along a vector h ∈ X (in the sense of Fomin) and has the (partial) logarithmic derivative β^μ_h along h if β^μ_h is a μ-integrable function such that the following integration by parts formula holds: ∫ ∂_h f(x) μ (dx) = − ∫ f(x) β^μ_h (x) μ (dx) ∀ f ∈ FC^∞_b , (1.1) where ∂_hf =^{∂f}_{∂h} :=^d_{ds} f(· + sh)|_{s=0}. In this case (1.1) holds for any function f with μintegrable partial derivative ∂_hf, provided fβ^μ_h ∈ L^1(μ) (see [22, Theorem 2.6]). For a characterization of such h with β^μ_h ∈ L^2(μ) in terms of the corresponding one dimensional conditional measures we refer to [8, Theorem 2.5]. Clearly, β^μ_h is uniquely determined by (1.1).

Note that a measure μ on R is differentiable along the vector h = 1 if and only if it has an absolutely continuous density p with respect to Lebesgue measure such that p^′ ∈ L^1(R^1). In this case β^μ_1 = p^′/p. In a similar way, a measure μ on R^n is differentiable along all directions if and only if it has a density p w.r.t. Lebesgue measure such that the partial derivatives ∂_hp in the sense of distributions are integrable functions on R^n.

Remark 1.3 A measure μ on R^n is differentiable along all h ∈ R^n with β^μ_h ∈ L^2(μ) ∀h ∈ R^n if and only if μ = φ^2 dx with φ ∈ H^{1,2}(R^n; dx), i.e., the classical Sobolev space of order 1 in L^2(R^n; dx) (cf. e.g. [14]). In this case β_hμ = 2^{∂φ}_{∂h} /φ.

In the infinite dimensional case no nonzero measure can be differentiable along all directions (see [22]).

It is known (see [22]) that μ is differentiable along h if and only if for all Borel sets B ⊂ X lim_{t→0} μ(B + th) − μ(B) t exists. This limit defines a signed measure D_hμ. Moreover, D_hμ ≪ μ (see [15], [26]). The signed measure D_hμ is called the derivative of μ along h. The Radon-Nikodym density D_hμ/μ is exactly β^μ_h . In this paper we only use the definition of differentiability via (1.1).

The subspace of differentiability D(μ) of a measure μ is defined (see [16]) as the collection of all vectors h along which μ is differentiable. Clearly, by (1.1) h → β^μ_h is linear and injective on D(μ). D(μ) is a Banach space with the norm ‖β^μ_h ‖_L1_{(μ)} (see [22]). For a centred Gaussian measure γ, D(γ) coincides with the reproducing kernel Hilbert space H(γ). For a general measure μ, the symbol H(μ) denotes the space of all vectors h ∈ D(μ), such that β^μ_h ∈ L^2(μ). Equipped with the norm |h|_{H(μ)} = ‖β^μ_h ‖_L2_{(μ)} H(μ) is a Hilbert space which is continuously embedded into the Banach space D(μ). By [22, Corollary 3 of Theorem 3.3] the embedding H(μ) ⊂ X is a Hilbert-Schmidt map, if X is a Hilbert space.

Note that if γ is a centred Gaussian measure on a locally convex space X and H := H(γ), then for any ℓ ∈ X^∗_γ β^γ_{Jℓ}(x) = −ℓ(x) (1.2) (cf. e.g. [11, Proposition 5.5]).

To conclude this section we mention the following result to be used later, whose prove can be found in [17, Proposition 3.6] .

Lemma 1.4 For n ∈ N let μ_n be a measure on X differentiable along h_n ∈ X. Assume that (h_n)_{n∈N} converges weakly to h ∈ X and that

C := sup_n ‖ ‖β^{μn}_{hn} ‖ ‖ L2(μn) < ∞ . If there exists a measure λ such that the Fourier transforms of μ_n converge pointwise to the Fourier transform of λ, then λ is differentiable along h and ‖β^μ_h ‖_L2_{(μ)} ≤ C.

2 Vector logarithmic derivatives

Now we describe a construction which associates to a differentiable measure μ some map - its vector logarithmic derivative. In R^n with μ = p dx this map gives ∇p/p.

In this section let X be a locally convex space, H ⊂ X a continuously and densely embedded separable Hilbert space, j_H : X^∗ → H the injection defined above. If a measure μ on X is differentiable along all directions from j_H (X^∗) and there exists a Borel map β^μ_H : X → X such that X^∗⟨k, β μ_H⟩_X = βμ j_H (k) ∀ k ∈ X ∗, (2.1)

then this map β^μ_H is called the vector logarithmic derivative of μ associated with H. β^μ_H is uniquely determined by μ (and H).

Note that the definition of β^μ_H can be restated as an integration by parts formula: ∫ ∂_{jH (k)}f(x)μ(dx) = − ∫ f(x)_{X∗}⟨k, β^μ_H (x)⟩_X μ(dx) ∀ f ∈ FC^∞_b , ∀ k ∈ X^∗ . Example 2.1 (i) Assume that H is the reproducing kernel Hilbert space of some Gaussian Radon measure on X. Note that this is e.g. the case if X contains a dense separable Banach space which is the completition of H w.r.t. a measurable norm (in the sense of L. Gross, cf. [39] and also [50]). Let A be a self-adjoint operator on H such that for some c ∈ ]0, ∞[ , (Ah, h)_H ≥ c(h, h)_H for all h ∈ H. Let γ^A be the centered Gaussian measure on X with covariance operator A^{−1}, i.e., ∫ X e^{iℓ(x)} γ^A (dx) = e^{− 12 |A−1/2jH (ℓ)|2H} for all ℓ ∈ X^∗. Define for h ∈ H X_h := lim_{n→∞ X∗}⟨ℓ_n, ·⟩_X in L^2(γ^A)

where ℓ_n ∈ X^∗, n ∈ N, such that ℓ_n −→_{n→∞} h in H. Let ℓ ∈ X^∗ such that j_H (ℓ) ∈ D(A). Then by direct computation (cf. e.g. [11, Proposition 5.5(i)] and [59, Subsection 6a)])

β^{γA}_{jH (ℓ)} = −X_{AjH (ℓ)} (∈ L^2(γ^A)) .

In particular, if in addition Aj_H (ℓ) ∈ j_H (X^∗), then β^{γA}_{jH (ℓ)} = − ( j^{−1}_H Aj_H ) (ℓ) (∈ X^∗).

Suppose now that j_H (X^∗) ⊂ D(A), that A(j_H (X^∗)) ⊂ j_H (X^∗),

and that Λ : ℓ → ( j^{−1}_H Aj_H ) (ℓ) is continuous on X^∗ which by the closed graph theorem is e.g. the case if X^∗ is completely metrizable. Suppose that X^{∗∗} = X and let A^X denote the bounded linear operator on X adjoint to Λ. Then, clearly, β^{γA}_H = −A^X. In particular, if A = id_H and γ := γ^{id}H , then β^γ_H (x) = −x ∀x ∈ X.

(ii) The fact that a measure μ is Gaussian is, however, not at all necessary for the existence of β^μ_H . This is illustrated by the following example. Let λ be the countable product of the measures λ_n defined on R with probability densities c_np(t/M_n), where M_n := log(n + 1), p ∈ C^∞_0 (] − 1, 1[). According to [22, Theorem4.1] D(λ) = { (x_n)_{n∈N} ∈ R^∞ : ∞∑ n=1 M^2_n x^2_n < ∞ } . Moreover, D(λ) = H(λ) =: H and |h|_H = ‖β^λ_h ‖_L2_{(μ)} for all h ∈ H. Let X be an arbitrary Hilbert space, X ⊂ R^∞, with λ(X) = 1. Finally, let

μ := ∞∑ n=1 2^{−n}λ_{an} , where {a_n| n ∈ N} is dense in H. Then it follows by [22, Theorem3.4] that β^μ_H exists, ‖β^μ_H ‖_X ∈ L^2(μ) and μ is singular w.r.t. all Gaussian measures on X.

(iii) Let X := R^∞, H := ℓ^2 and let μ be the countable product of probability measures μ_n, defined by smooth densities p_n on the line. Then β^μ_H : R^∞ → R^∞ is given by ( β^μ_H (x) ) n = p^′_n(x_n) p_n(x_n) = d dx_n log p_n(x_n).

In the infinite dimensional case the vector logarithmic derivative of a nonzero measure is not an H − gradient ∇_H f of a Gâteaux differentiable function f where ∇_H f(x) := j_H (f^′(x)), x ∈ X. This will be proved (even in more generality) in Proposition 2.7 below. Here we only give an example.

Example 2.2 Let X := R^∞, H := ℓ^2, and let μ be the countable product of standard Gaussian measures on the line. Then again β^μ_H (x) = −x, but there is no function f with ∇_H f(x) = −x. Indeed, the only possibility is f(x) = − ∑ x^2_i /2 + C, but this series diverges μ-a.e.

Remark 2.3 Let V be a finite dimensional subspace of X such that X = V ⊕ Y , where Y is a closed linear subspace of X. If a measure μ on X is differentiable along V, then one can choose conditional measures μ^y, y ∈ Y, on slices V + y, differentiable along V (see [22, Theorem 2.5], or [14, Proposition 4.1]). If the corresponding logarithmic derivatives are exponentially integrable, then μ^y admit densities exp(U_y) with respect to Lebesgue measure on V + y. This observation relates logarithmic derivatives with Gibbs measures (see [30], [31], [32], [35], [37], [36], [44]).

Proposition 2.4 Assume X is a Banach space and let μ be a measure on X.

(i) Assume that X has the Radon–Nikodym property and that the natural embedding H ⊂ X is absolutely summing (see [57]; both assumptions are e.g. fulfilled if X is a Hilbert space and H ⊂ X is Hilbert–Schmidt). If H ⊂ D(μ) then β^μ_H exists and ‖β^μ_H ‖_X ∈ L^1(μ).

(ii) Assume that X is a Hilbert space, that j_H (X^∗) ⊂ H(μ) (which is e.g. fulfilled if H = H(μ)), and that this embedding is Hilbert-Schmidt. Then β^μ_H exists and ‖β^μ_H ‖_X ∈ L^2(μ).

Proof (i): We start with recalling Pettis’ theorem. Let ϕ be a map from a σ-field B to a Banach space Z. Assume that for each continuous linear functional f on Z the real-valued set function f(ϕ) is countably additive. Then according to Pettis’ theorem (see [33, Theorem 4.10.1]) ϕ is a countably additive Z-valued measure of bounded semivariation. We apply this theorem to the following situation.

By (1.1) and the closed graph theorem the embedding H → D(μ) is continuous. Hence for any Borel set B the functional h → D_hμ(B) is continuous on the Hilbert space H by the continuity of this functional on D(μ). According to the Riesz representation theorem there is a vector Dμ(B) ∈ H, such that for any h ∈ H

(Dμ(B), h)_H = D_h μ(B) = ∫ B β^μ_H (x) μ(dx). (2.2)

Thus, we get an H-valued measure Dμ, which is weakly countably additive. By Pettis’ theorem the vector measure Dμ is countably additive and has bounded semivariation. Now we shall use the following simple fact from the theory of vector measures: for any Z-valued measure ϕ of bounded semivariation and any absolutely summing map T : Z → X the measure T (ϕ) has bounded variation (cf. [16, Lemma1]). Thus, in our case the same measure Dμ regarded as an X-valued measure has bounded variation since the embedding H ⊂ X is assumed to be absolutely summing. Since in addition, we suppose that X has the Radon-Nikodym property, Dμ has a vector density Λ with respect to μ, since Dμ ≪ μ. This means that there is a strongly μ-integrable map Λ : X → X such that for any Borel set B the vector integral ∫ B Λ(x)μ(dx) is an element of H and for any h ∈ H one has: (∫ B Λ(x) μ(dx), h ) H = D_hμ(B). (2.3)

Now we can set β^μ_H := Λ.

Indeed, if h = j(k), k ∈ X^∗, then the left-hand side is equal to X^∗⟨k, ∫ B Λ(x)μ(dx)⟩_X = ∫ B X^∗⟨k, Λ(x)⟩X μ(dx). Recall that Hilbert spaces have the Radon-Nikodym property and absolutely summing operators between Hilbert spaces are exactly Hilbert-Schmidt operators (see [57]). This proves assertion (i).

(ii): Take an orthonormal basis {e_n} in X and let {e^∗_n} be its dual basis in X^∗. Note that the series^∞ ∑ n=1 β^μ_{jH (e}∗_{n)}(x)^2 converges μ-a.e.. Indeed, by the Hilbert-Schmidt character of the embedding j_H : X^∗ → H(μ) we have: ∞∑ n=1 |j_H (e^∗_n)|^2_{H(μ)} < ∞. This is precisely the convergence of the series ∞∑ n=1 ∫ β^μ_{jH (e}∗_{n)}(x)^2μ(dx). Hence we get the convergence of the series above μ-a.e.. Therefore, one can define a square integrable map β^μ_H : X → X by

β^μ_H (x) := ∞∑ n=1 β^μ_{jH (e}∗_{n)}(x)e_n, x ∈ X , (where the sum converges both μ-a.e. and in L^2(μ, X)). By construction this is vector logarithmic derivative of μ. 2 Example 2.5 Assume that X is a Hilbert space and let γ be a non–degenerate centered Gaussian measure on X with corresponding operator T as in Example 1.2. Then D(γ) = H(γ) = T (X) and | · |_{H(γ)} = |T −1 · |_X . Let Q be another injective non-negative definite Hilbert–Schmidt operator on X such that Q(X) ⊂ T (X) and Q^2(X) ⊂ T^2(X). Then R := T^{−2}Q^2 is a bounded operator on X and if H := Q(X), | · |_H := |Q^{−1} · |_X, then β^γ_H = −R^∗ (where R^∗ is the adjoint of R on X).

Proof By the closed graph theorem T^{−2}Q^2 is continuous on X. By 1.1 (iii) j_H = Q^2R_X , j_{H(γ)} = T^2R_X .

Let k ∈ X^∗, then by assumption and 1.1 (iii) j_H (k) ∈ j_{H(γ)}(X^∗) , hence by (1.2) β^γ_{jH (k)}(z) = −_{X∗}⟨j^{−1}_{H(γ)}(j_H (k)), z⟩_X = −_{X∗}⟨(R^{−1}_X T^{−2}Q^2R_X )(k), z⟩_X = − ((T^{−2}Q^2R_X )(k), z)_X = − (R_X(k), (T^{−2}Q^2)^∗z)_X = −_{X∗}⟨k, R^∗z⟩_X . 2 Later we shall see that T^2 is not uniquely determined by Q and R. More precisely, the range of R might not be dense in X(cf. Theorem 6.8 below).

It should be noted that in Proposition 2.4(ii), it is not sufficient that the embedding H ⊂ X is Hilbert-Schmidt as the following example shows.

Example 2.6 Let H := ℓ^2, X := { (x_n) :^∞ ∑ n=1 n^{−2}x^2_n < ∞ } . Then H ⊂ X is Hilbert– Schmidt and j_H (X^∗) = { (x_n) : ∞∑ n=1 n^2x^2_n < ∞ } . For μ take the countable product of the Gaussian measures on R^1 with densities

p_n(t) = n(2π)^{−1/2} exp(−n^2t^2/2).

In this case D(μ) = j_H (X^∗), and the vector logarithmic derivative β^μ_H does not exist. Indeed, otherwise we would have got (β^μ_H(x))_n = −n^2x_n, since for the n-th coordinate functional ℓ_n : x → x_n one has: j_H (ℓ_n) = e_n, where e_n = (0, ..., 0, 1, 0, ...), and β^μ_{en} (x) = p^′_n(x_n)/p_n(x_n) = −n^2x_n. But the series_∞ ∑ n=1 n^{−2} ( β^μ_H (x)

)_2 n = − ∞∑ n=1 n^2x^2_n

diverges μ-a.e..

The last result of this section describes vector logarithmic derivatives as generalized H − gradients, that is as L^2-limits of H-gradients of smooth functions. However, as mentioned before, in infinite dimensions vector logarithmic derivatives cannot be gradients of functions. The heuristic idea behind this is that if β^μ_H = ∇_H p, then μ would be of the form μ = “e^pdx”, where “dx” does not exist separately. More precisely, we have

Proposition 2.7 Suppose that X is an infinite dimensional Banach space and that μ is differentiable along all h in a dense set M of H. If there exists a function p with p^{−1} locally μ–integrable having (μ-weak) partial derivatives along all directions in H such that β^μ_h = ∂_hp/p and p^{−1}β^μ_h locally μ–integrable for all h ∈ M. Then μ = 0.

Proof We may assume that M = {e_n| n ∈ N} is an orthonormal base in H. Let x_0 ∈ X and r > 0 such that p is μ–integrable on B_r(x_0) := {x ∈ X : |x − x_0|_X ≤ r}. Let g be a Lipschitz continuous function such that I_{Br/2(x0)} ≤ g ≤ I_{Br(x0)}. Consider ν := gp^{−1}μ. Then obviously β^ν_{en} = −^{∂en g}_g p^{−1} on {g > 0}, hence β^ν_{en} = 0 on B_{r/2}(x_o). Since for the measure ν_{ten} obtained from ν by translation by te_n, we have β^{νten}_{en} = β^ν_{en} (· − te_n), it follows that the ν–measure of a small ball remains invariant when the ball is shifted within B_{r/2}(x_0) in direction e_n for all n ∈ N. Hence ν must be the zero measure, since it is countably additive. Since x_0 was arbitrary, we obtain μ = 0. 2

Assume that X is a separable Hilbert space. Denote the orthogonal projection onto the closure of the class of H-valued maps {∇_H f : f ∈ FC^∞_b } in L^2(μ, X) , by Γ. Elements in this closure are called generalized H-gradients.

Theorem 2.8 (i) If H = E = R^n with the Euclidean inner product and μ = φ^2 · dx where φ ∈ H^{1,2}(R^n; dx), then β^μ_H = 2∇φ/φ is in the closure of {∇f : f ∈ C^∞_0 (R^n)} in L^2(μ, R^n).

(ii) Assume that X is a Hilbert space and let μ be a measure on X. Assume that β^μ_H exists and β^μ_H ∈ L^2(μ, X). Then β^μ_H is a generalized H-gradient.

Proof (i): Note that by Remark 1.3 indeed β^μ_H = 2∇φ/φ, where ∇ is understood in the Sobolev sense (i.e., the w.r.t. Lebesgue measure weak gradient). We want to approximate β^μ_H by smooth gradients in L^2(μ, R^n). For n ∈ N let g_n(t) = t, if t ∈ [−n, n], and g_n(t) = n · sgn(t), if |t| > n. Then each g_n is Lipschitzian on [0, ∞), and hence the functions ϕ_n = g_n(log(φ +^1_n )^2) belong to the domain D(E^+_φ ) of the maximal Dirichlet form E^+_φ (f, f) = ∫ (∇f, ∇f)φ^2dx (cf. [14, Sections 2,3]. In addition,

∇ϕ_n = g^′_n ( log ( φ + 1 n )_2) 2∇φ / ( φ + 1 n ) = I_{{e}−n/2_− 1_{n <φ<e}n/2_− 1_{n }}2∇φ / ( φ + 1 n ) . So, ∇ϕ_n converge to 2∇φ/φ in L^2(μ, R^n). It remains to notice that by virtue of [61, Proof of Theorem 3.1] one can approximate ϕ_n in the Dirichlet norm by smooth compactly supported functions. This gives L^2-approximations of 2∇φ/φ by the gradients of such functions.

(ii): Let {e_n} be an orthonormal base in H, such that e_n = j_H (ℓ_n) and {ℓ_n : n ∈ N} is dense in X^∗. Denote by P_n the projection of X onto the subspace X_n spanned by e_1, ..., e_n. Conditional expectations B_n of the map β^μ_H with respect to the σ-fields, generated by P_n, form a square-integrable X–valued martingale converging to β^μ_H in L^2(μ, X) (see [67, Chapter II, Theorem 4.1] ). Therefore, {P_nB_n} also converges to β^μ_H in L^2(μ, X) since

‖P_nB_n − β^μ_H ‖_L2_{(μ,X)} ≤ ‖P_nB_n − P_nβ^μ_H ‖_L2_{(μ,X)} + ‖P_nβ^μ_H − β^μ_H ‖_L2_{(μ,X)} ≤

‖B_n − β^μ_H ‖_L2_{(μ,X)} + ‖P_nβ^μ_H − β^μ_H ‖_L2_{(μ,X)} −→ 0 as n → ∞ .

On the other hand, P_nB_n(x) = β_n(P_nx), where the maps β_n : X_n → X_n can be taken as versions of vector logarithmic derivatives of the projections μ_n of μ on X_n. Indeed, this is an immediate consequence of [14, Lemma 4.2] .

Now we can apply (i) to obtain assertion (ii). 2

Remark 2.9 The statement of Theorem 2.8(ii) can also be found in [47]. But there, only the trivial part of the proof is given, namely the reduction to the finite dimensional result. The essential part, i.e., the finite dimensional case (cf. Theorem 2.8(i)) was left out.

3 Regularity of solutions of elliptic equations for measures

Throughout this section we assume that H is a separable Hilbert space, which is continuously and densely embedded into a locally convex space X (e.g. a Banach space). Let B : X → X be a Borel measurable map. We shall study elliptic equations

L^∗μ = 0 for measures on X. Here L is defined for f ∈ FC^∞_b by Lf(x) = Δ_Hf(x) +_{X∗}⟨f^′(x), B(x)⟩_X , x ∈ X , (3.1) where Δ_Hf(x) := T race_Hf^{′′}(x) = m∑ i,j=1 ∂^2g ∂y_i∂y_j (ℓ_1(x), . . . , ℓ_m(x)) (j_H (ℓ_i), j_H (ℓ_j ))_H ,

if f = g(ℓ_1, . . . , ℓ_m), m ∈ N, ℓ_i ∈ X^∗, g ∈ C^∞_b (R^m).

For the rest of this section we fix a probability measure μ on X such that X^∗⟨ℓ, B⟩X ∈ L 2(μ) ∀ ℓ ∈ X^∗. (3.2)

Recall that by our definition (cf. (0.4)) the equation L^∗μ = 0 means the following ∫ X Lf(x) μ(dx) = 0 ∀ f ∈ FC^∞_b . (3.3)

Note that Lf ∈ L^1(μ) by (3.2).

Remark 3.0 Let (T_t)_{t≥0} be a strongly continuous semigroup on L^2(μ) with generator L. μ is called invariant for (T_t)_{t≥0} if for all bounded Borel functions f and all t ≥ 0, ∫ X T_tf(x) μ(dx) = ∫ f(x) μ(dx). (3.3)’

In fact, it suffices to have (3.3)’ only for f ∈ FC^∞_b . (3.3)’ is equivalent to (3.3) with L replacing L holding for all f in a subset of D(L) dense w.r.t. the graph norm of L. Hence if merely FC^∞_b ⊂ D(L) and L = L on FC^∞_b , (3.3) holding for all f ∈ FC^∞_b is in general weaker than (3.3)’, since FC^∞_b is in general not dense w.r.t. the graph norm of L.

In the case when H = X := R^n, equipped with the Euclidean inner product and B is smooth, a classical result says that any solution of (3.3) is an absolutely continuous measure which has a smooth density with respect to Lebesgue measure. An extension of this result to the case of a locally bounded (or locally Lebesgue integrable ) map B gives the existence of a density in some Sobolev space. However, in our more general setting the classical theory does not apply since B is not supposed to be locally dx–integrable. Nevertheless, some regularity holds even in this general setting.

Theorem 3.1 Assume that H = X := R^n with the Euclidean inner product ( , ) and that ∫ Lu(x) μ(dx) = 0 for all u ∈ C^∞_b (R^n) .

Then:

(i) μ = p dx, where p = φ^2 with φ ∈ H^{1,2}(R^n; dx). In particular, μ is differentiable along all elements in R^n.

(ii) 1 4 ∫ ( |∇p| p )_2 p dx = ∫ |∇φ|^2dx ≤ 1 4 ∫ |B(x)|^2μ(dx) (3.4)

where | | denotes Euclidean norm.

(iii) ∫ ( ∇u, B −^{∇p}_p ) p dx = 0 ∀u ∈ C^∞_b (R^n) (i.e., Γ(B) =^{∇p}_p ). In particular, if B is a generalized H-gradient, then 2∇φ/φ = B μ–a.e.

(iv) Assertion (i) and (ii) remain true if ( , ) on H(= R^n) is replaced by (A·, ·) where A is a symmetric strictly positive definite n×n-matrix and^1_4 in (ii) is replaced by^1_4 ‖A^{−1}‖^2.

Proof Let g be the standard Gaussian density on R^n. Set

f_ε(x) := g_ε ∗ μ(x) = ∫ g_ε(x − y) μ(dy), where g_ε(x) = ε^{−n}g(x/ε). Then each f_ε is strictly positive, infinitely differentiable, and tends to zero at infinity together with all its derivatives by Lebesgue’s dominated convergence theorem. Furthermore, ∫ f_εdx = 1 ∀ε > 0 and f_εdx −→_{ε→0} μ vaguely. Assertion (i) is proved by the following claim: there exists a subsequence (ε_n)_{n∈N} with ε_n −→_{n→∞} 0 and p ∈ L^1(R^n; dx) such that f_{εn} −→_{n→∞} p in L^1_{loc}(R^n; dx) and φ := √ p ∈ H^{1,2}(R^n; dx). This claim, however, follows from the estimate ∫ |∇ √ f_ε|^2dx ≤ 1 4 ∫ |B|^2dμ . (3.5) Indeed, if (3.5) holds, then for φ_n := √ f 1_n ∫ ( φ^2_n + |∇φ_n|^2 ) dx ≤ 1 + 1 4 ∫ |B|^2dμ . Since H^{1,2}(D; dx) ⊂ L^2(D; dx) compactly for every open ball D ⊂ R^n, there exists φ ∈ H^{1,2}(R^n; dx) and a subsequence (n_k)_{k∈N} such that φ_{nk} −→_{k→∞} φ weakly in H^{1,2}(R^n; dx) and strongly in L^2(D; dx). Hence take p := φ^2. So, it remains to prove (3.5). For any u ∈ C^∞_0 (R^n), integrating by parts and using Fubini’s theorem we obtain that ∫ u ( Δf_ε − n∑ i=1 ∂_i [g_ε ∗ (B_iμ)] ) dx = ∫ Δuf_εdx + ∫ n∑ i=1 (∂_iu) [g_ε ∗ (B_iμ)] dx = ∫∫ Δu(x)g_ε(x − y)μ(dy) dx + ∫∫ n∑ i=1 (∂_iu)(x)g_ε(x − y)B_i(y)μ(dy) dx = ∫ Δu ∗ g_ε(y) μ(dy) + ∫ n∑ i=1 ∂_iu ∗ g_ε(y) B_i(y) μ(dy) = ∫ Δu ∗ g_ε(y) μ(dy) + ∫ n∑ i=1 ∂_i(u ∗ g_ε)(y) B_i(y) μ(dy) = ∫ L(u ∗ g_ε)(y) μ(dy) = 0, since u ∗ g_ε ∈ C^∞_b . Therefore, Δf_ε − n∑ i=1 ∂_i[g_ε ∗ (B_iμ)] = 0 dx-a.e., (3.6)

and for any positive c

log(f_ε + c)Δf_ε = log(f_ε + c) n∑ i=1 ∂_i[g_ε ∗ (B_iμ)] . (3.7)

We shall need the following estimate. Let ψ ∈ L^2(μ). Then

∫ (g_ε ∗ (ψμ))^2(x) f_ε(x) dx ≤ ∫ ψ^2(x) μ(dx). (3.8)

Indeed, we may assume that ψ ≥ 0. Then we have that for every x ∈ R^n

[g_ε ∗ (ψμ)(x)]^2 = (∫ g_ε(x − y) ψ(y) μ(dy) )_2

≤ ∫ ψ^2(y)g_ε(x − y) μ(dy) ∫ g_ε(x − y) μ(dy) = ∫ ψ^2(y)g_ε(x − y) μ(dy)f_ε(x). Hence ∫ (g_ε ∗ (ψμ))^2f^{−1}_ε dx ≤ ∫ ∫ ψ^2(y) g_ε(x − y) μ(dy) dx = ∫ ψ^2(y) (∫ g_ε(x − y) dx ) μ(dy) = ∫ ψ^2(y) μ(dy), as ∫ g_ε(x − y) dx = ∫ g_ε(z) dz = 1, and (3.8) is shown.

Define h := log(f_ε + c), F_i := ∂_if_ε − (g_ε ∗ (B_iμ)), 1 ≤ i ≤ n, and F := (F_1, . . . , F_n). Then h· div(F ), (∇h, F ), h|F | ∈ L^1(R^n; dx) which easily follows by (3.6) resp. Fubini’s theorem, since ∂_if_ε(x) = −ε^{−2} ∫ (x_i − y_i)g_ε(x − y) μ(dy), 1 ≤ i ≤ n , μ(R^n) = 1, and |B| ∈ L^2(μ).

Hence we can integrate by parts in (3.7) to obtain 0 = ∫ log(f_ε + c)Δf_ε dx − ∫ log(f_ε + c) n∑ i=1 ∂_i [g_ε ∗ (B_iμ)] dx = − ∫ | ∇f_ε |^2 f_ε + c dx + ∫ n∑ i=1 ∂_if_ε f_ε + c [g_ε ∗ (B_iμ)] dx. Hence ∫ | ∇f_ε |^2 f_ε + c dx = | | | | | ∫ n∑ i=1 ∂_if_ε f_ε + c [g_ε ∗ (B_iμ)] dx | | | | | ≤ (∫ | ∇f_ε |^2 f_ε + c dx )_1/_2 (∫ n ∑ i=1 [g_ε ∗ (B_iμ)]^2 f_ε + c dx )_1/_2 .

Taking into account (3.8) we get ∫ | ∇f_ε |^2 f_ε + c dx ≤ ∫ n∑ i=1 [g_ε ∗ (B_iμ)]^2

f_ε + c dx ≤ ∫ n∑ i=1 [g_ε ∗ (B_iμ)]^2 f_ε dx ≤ ∫ n∑ i=1 B^2_i (x)μ(dx) = ∫ | B(x) |^2 μ(dx) . Since |∇ √ f_ε|^2 =^1_4 |∇f_ε|^2f^{−1}_ε , by Fatou’s lemma this implies (3.5).

To prove assertion (iii) one notes that by Theorem 2.8(i) ∇p/p is a generalized Hgradient. So, it suffices to check that for any u ∈ C^∞_b (R^n) one has ∫ ( ∇u, B − ∇p p ) p dx = 0 . But integrating by parts we see that the left hand side is equal to ∫ Lu dμ which is zero by assumption.

Assertion (iv) easily follows from (i) and (ii) by a change of coordinates. 2

Remark 3.2 Under the additional assumption that there exists a diffusion process with drift b having μ as invariant measure the assertion of Theorem 3.1 follows from [36]. We do not assume the existence of a process here and even if there existed one generated by L, by Remark 3.0 it is not clear wether μ is an invariant measure of this process. It is worth mentioning that a proof similar to that above works also for operators of type Lf(x) = n∑ i,j=1 a^{ij}(x) ∂_{xixj} f(x) + n∑ i=1 b_i(x) ∂_{xi} f(x), where the matrix-valued function A = (a^{ij}) is uniformly nondegenerate, bounded and Lipschitzian. This more general case is studied in [21].

Proposition 3.3 Assume that μ satisfies (3.3). Then for any continuous linear surjection P : X → R^n the induced measure μ_P on R^n is differentiable along all elements in R^n and possesses a density p := φ^2 with φ ∈ H^{1,2}(R^n; dx).

Proof Since j_H (X^∗) is dense in X, P (j_H (X^∗)) = R^n. Hence we can find ℓ_1, . . . , ℓ_n ∈ X^∗ such that e_1 := j_H (ℓ_1), . . . , e_n := j_H (ℓ_n) are orthonormal in H and a_1 := P e_1, . . . , a_n := P e_n span R^n and e_1, . . . , e_n span (kerP )^⊥. Since then

P (j_H (ℓ)) = n∑ i=1^X ∗⟨ℓ_i, j_H (ℓ)⟩_X P (j_H (ℓ_i)) ∀ ℓ ∈ X^∗ , by continuity and the definition of a_i it follows that P x = n∑ i=1 ℓ_i(x)a_i ∀x ∈ X .

Defining a new inner product (·, ·)_Rn := (P^{−1}·, P^{−1}·)_H on R^n with corresponding norm | |_Rn we hence have that a_1, . . . , a_n are orthonormal w.r.t. (·, ·)_Rn and

|P x|^2_Rn = n∑ i=1 ℓ_i(x)^2 . (3.9)

We complement e_1, . . . , e_n to an orthonormal basis {e_i} of H. By (3.2) and (3.9) we have that |P B|_Rn ∈ L^2(μ). Hence there exists the conditional μ−expectation B_P of the map P B with respect to the σ-field σ_P , generated by P. Then B_P (x) = b(P x) for some Borel map b : R^n → R^n, b = ∑n i=1 b^ia_i. Clearly, |b|_Rn ∈ L^2(μ_P ) since |B_P |_Rn ∈ L^2(μ). The measure μ_P satisfies the equation L^∗_P μ_P = 0, where L_P g := Δ_ng + (∇g, b)_Rn , g ∈ C^∞_b (R^n) , (3.10) and Δ_ng := n∑ i=1 ∂^2_{ai} g, (∇g, b)_Rn := n∑ i=1 b^i∂_{ai}g. Indeed if f(x) := g(P x), x ∈ X, one has that ∂_{ei} f(x) = ∂_{ai}g(P x), ∂^2_{ei} f(x) = ∂^2_{ai} g(P x), and X^∗⟨f ′(x), B(x)⟩_X = (∇g(P x), P B(x))_Rn. In addition, ∂_{ek} f(x) = 0 for any k > n, since P e_k = 0. Therefore, ∫ L_P g(x) μ_P (dx) = ∫ L_P g(P x) μ(dx) = ∫ n∑ i=1 ∂^2_{ai} g(P x) μ(dx) + ∫ (∇g(P x), b(P x))_Rn μ(dx) = ∫ n∑ i=1 ∂^2_{ai} g(P x) μ(dx) + ∫ (∇g(P x), P B(x))_Rn μ(dx) = ∫ n∑ i=1 ∂^2_{ei} f(x) μ(dx) + ∫ X^∗⟨f ′(x), B(x)⟩_X μ(dx) = ∫ Lf(x) μ(dx) = 0. Applying Theorem 3.1 we get the assertion. 2 Remark 3.4 (i) Differentiability of the finite dimensional projections of a measure μ does not imply in general differentiability of μ or differentiability of the conditional measures. A counter-example can be found in [22, e.g. Example 4.1]. In how far differentiability of the conditional measures is enough for differentiability of μ has been clarified in [8, Theorem 2.5]. The results in [30], [37], [44] can be interpreted as differentiability of the conditional measures on some finite-dimensional subspaces.

(ii) Projections of an invariant measure μ of the Ornstein-Uhlenbeck process under a smooth (in Malliavin’s sense) nonlinear map to a finite-dimensional manifold have been studied in [1]. It would be interesting to investigate this problem in a more general case, for example, for solutions of our equation L^∗μ = 0.

Theorem 3.5 Let γ be a centred Gaussian measure on X with reproducing kernel Hilbert space H. Assume μ satisfies equation (3.3), where B(x) = −x + v(x), v : X → H, |v|_H ∈ L^2(μ). (Recall B is still assumed to satisfy (3.2)) Then:

(i) μ is absolutely continuous with respect to γ and its Radon-Nikodym derivative p admits the representation p = φ^2, where φ is in the Sobolev space H^{1,2}(X; γ). (cf. e.g. [60].)

(ii) β^μ_H exists and β^μ_H (x) = −x + u(x), where u : X → H is the orthogonal projection of v on the closure of the set {∇_Hf| f ∈ FC^∞_b } in the Hilbert space L^2(μ, H). Furthermore, u = 2∇_H φ/φ (see e.g. [60] for the definition of ∇_H φ).

(iii) μ is differentiable along all vectors h ∈ H.

Proof (i): The method of the proof of Proposition 3.3 applies here with some technical alterations. However, in order to keep this proof self-contained we repeat some of the steps.We assume first that X is a Souslin space, i.e., the continuous image of a polish space (e.g. a separable Banach space). We may assume that u = v, since μ satisfies equation (3.3) with B_1(x) = −x + u(x). This follows from the equality ∫ X^∗⟨f ′(x), u(x) − v(x)⟩_X μ(dx) = ∫ (∇_H f(x), u(x) − v(x))_H μ(dx) = 0 ∀f ∈ FC^∞_b . It is known (see e.g. [12, Lemma 5.6]) that there is a countable set {y_n : n ∈ N} ⊂ X^∗ generating B(X). Applying the Gram–Schmidt orthonormalization procedure we get an orthonormal basis {e_n} in H, such that e_n = j_H (ℓ_n), where ℓ_n ∈ span {y_i : i ∈ N}.

For any μ-square-integrable map F : X → H the sequence F_n = E_μ[F |σ_n] of the conditional expectations of F with respect to the σ-fields σ_n, generated by ℓ_1, ..., ℓ_n, converges to F in L^2(μ, H) (see e.g. [67, Chapter II, Theorem 4.1]). Let H_n := span (e_1, ..., e_n) and P_nx = ℓ_1(x)e_1 + ... + ℓ_n(x)e_n. The space H_n is regarded with the inner product from H. Note that ℓ_i(e_j) = (e_i, e_j)_H for any i, j. Hence P_n|_H is the orthogonal projection on H_n with respect to the inner product of H and ‖P_nh − h‖_H → 0 as n → ∞ ∀h ∈ H. Therefore, if F and F_n are as above then (P_nF_n)_{n∈N} converges to F in L^2(μ, H). Indeed, ∫ |F (x) − P_nF_n(x)|^2_H μ(dx) ≤ ∫ |F (x) − P_nF (x)|^2_H μ(dx) + ∫ |P_nF (x) − P_nF_n(x)|^2_H μ(dx) ≤ ∫ |F (x) − P_nF (x)|^2_H μ(dx) + ∫ |F (x) − F_n(x)|^2_H μ(dx) −→_{n→∞} 0 , since the first term in the right-hand side tends to 0 by Lebesgue’s dominated convergence theorem. Set v_n := E_μ[P_nv|σ_n] (= P_nE_μ[v|σ_n]) and b_n := E_μ[P_nB|σ_n] .

As it has been just explained, v_n −→_{n→∞} v in L^2(μ, H). Note that b_n(x) = −P_nx+v_n(x). Let μ_n := μ∘P^{−1}_n . There exist b̃_n : H_n → H_n measurable such that b_n = b̃_n ∘ P_n μ-a.e. As we have seen in the proof of Proposition 3.3 the measure μ_n on H_n satisfies the equation L^∗_nμ_n = 0 , where L_nu = n∑ i=1 ∂^2_{ei} u + (∇_H u, b̃_n)_{Hn} , ∀u ∈ C^∞_b (H_n).

Therefore, by Proposition 3.3 μ_n has a density f_n with respect to the standard Gaussian measure γ_n on H_n. Let q_n be the standard Gaussian density on H_n (the space H_n is equipped with the Lebesgue measure dx associated with the inner product in H_n). By Theorem 3.1 p_n := f_nq_n ∈ H^{1,1}(H_n; dx) and β^{μn}_{Hn} = ∇_H p_n/p_n with |β^{μn}_{Hn}|_{Hn} ∈ L^2(μ_n). Hence β^{μn}_{Hn} (z) = −z + ∇_H f_n(z) f_n(z) for μ_n-a.e. z ∈ H_n. (3.11) On the other hand, by virtue of Theorem 3.1(iii) b̃_n(z) = β^μn_{Hn} (z) + d_n(z) for μ_n-a.e. z ∈ H_n, (3.12)

where d_n : H_n → H_n such that ∫ Hn (∇_H f(z), d_n(z))_{Hn} μ_n(dz) = 0 ∀f ∈ C^∞_b (H_n). (3.13)

From (3.11) and (3.12) we obtain that v_n(x) = b_n(x) + P_nx = β^{μn}_{Hn}(P_nx) + d_n(P_nx) + P_nx = ∇_Hf_n(P_nx) f_n(P_nx) + d_n(P_nx) for μ-a.e. x ∈ X.

By (3.13) it follows that ∫ X

( ∇_H f_n(P_nx) f_n(P_nx) , d_n(P_nx) ) H μ(dx) = 0. (3.14)

Indeed, by (3.11) this can be seen as follows. According to Theorem 2.8 there exist functions q_i ∈ C^∞_0 (H_n), i ∈ N such that ∇_H q_i −→_{i→∞} β^{μn}_{Hn} in L^2(μ_n, H_n). The map S : z → −z on H_n coincides with ∇_H Q, where Q(z) = −^1_2 (z, z)_{Hn} . Hence it is easy to check that the map S belongs to the closure of {∇_H f| f ∈ C^∞_b (H_n)} in L^2(μ_n, H_n) as well, using the fact that S ∈ L^2(μ_n, H_n). (The latter follows because both b_n and v_n are μ-square-integrable). Since v_n −→_{n→∞} v in L^2(μ, H), (3.14) implies that d_n ∘ P_n −→_{n→∞} d and^{∇H fn∘Pn} fn∘Pn −→^{n→∞} G in L 2(μ, H). By (3.13) it is easy to see that d is orthogonal to {∇_H f :

f ∈ FC^∞_b }, hence by the arguments above also to G. But since we assumed v = u, d is orthogonal to v, hence d = 0.

Therefore, ∇_H f_n ∘ P_n f_n ∘ P_n −→_{n→∞} v in L^2(μ, H). (3.15)

We shall use Gross’s well-known logarithmic Sobolev inequality (see [41]), i.e. ∫ X F (x)^2 log |F (x)| γ(dx) ≤ 2 ∫ X ‖∇_H F (x)‖^2_H γ(dx) + ‖F ‖^2_L2_{(γ)} ln ‖F ‖_L2_{(γ)} ∀F ∈ H^{1,2}(X; γ) .

Since √ f_n ∈ H^{1,2}(H_n; γ_n) by Theorem 3.1, we have that

φ_n := √ f_n ∘ P_n ∈ H^{1,2}(H; γ)

and we can apply the logarithmic Sobolev inequality to φ_n. Moreover,

‖φ_n‖^2_L2_{(γ)} = ∫ X f_n(P_nx) γ(dx) = ∫ Hn f_n(x) γ_n(dx) = ∫ Hn dμ_n = 1,

and 4 ∫ X |∇_H φ_n(x)|^2_H γ(dx) = ∫ Hn | ∇_H f_n(x) √ f_n(x) |^2_{Hn} γ_n(dx) = ∫ Hn | ∇_H f_n(x) f_n(x) |^2_{Hn} f_n(x) γ_n(dx) = ∫ Hn | ∇_Hf_n(x) f_n(x) |^2_{Hn} μ_n(dx) (3.16)

= ∫ X | ∇_Hf_n(P_nx) f_n(P_nx) |^2_H μ(dx). (where the use of the chain rule is justified by replacing f_n by f_n + ε and letting ε → 0). By virtue of (3.15) the norms of the mappings ∇_H f_n/f_n in L^2(μ, H) are bounded by some constant C. Therefore,

sup_n ∫ X φ_n(x)^2 log |φ_n(x)|γ(dx) ≤ C^2.

This estimate provides the uniform integrability of f_n ∘ P_n = φ^2_n on (X, γ). Furthermore, (f_n ∘P_n)_{n∈N} is a (σ_n)_{n∈N}-martingale (under γ), thus it converges to some function p ∈ L^1(γ). Let λ := p · γ. Then for λ_n := φ^2_nλ, n ∈ N, and for any ℓ = c_1ℓ_1 + ... + c_mℓ_m one has that ∫ X exp(iℓ(x)) λ_n(dx) −→_{n→∞} ∫ X exp(iℓ(x)) λ(dx).

On the other hand, for k such that n_k ≥ m we have that ∫ X exp(iℓ(x))λ_n(dx) = ∫ X exp(iℓ(P_nx))f_n(P_nx) γ (dx) = ∫ Hn exp(iℓ(x))f_n(x)γ_n(dx)

= ∫ Hn exp(iℓ(x))μ_n(dx) = ∫ X exp(iℓ(P_nx))μ(dx) = ∫ X exp(iℓ(x))μ(dx). Therefore, μ = λ. Furthermore, since φ_n → √ p =: φ in γ-measure and since by (3.16) ‖∇_Hφ_n‖^2_L2_{(γ,H)} ≤

C^2 4 , by a standard argument we obtain that φ ∈ H^{1,2}(X; γ) and assertion (i) is proved.

(ii) and (iii): Let h ∈ H. Since β^γ_h = Jh (cf. Sect. 1) we have that for sufficiently small positive c ∫ exp ( −c(β^γ_h)^2 ) dγ < ∞ . Hence applying the logarithmic Sobolev inequality to φ, we obtain that φβ^γ_h ∈ L^2(γ). It follows e.g. by [60, Proposition 2.1] that β^μ_h exists, β^μ_h ∈ L^2(μ), and β^μ_h = β^γ_h + (h, 2φ^{−1}∇_H φ)_H , (3.17) which proves (iii). Since β^γ_h = −ℓ if h = j_H (ℓ) for some ℓ ∈ X^∗ (cf. Example 2.1(i)), (3.17) also implies that β^μ_H exists with β^μ_H(x) = −x + 2φ^{−1} ∇_H φ(x) for μ − a.e. x ∈ X . It remains to be shown that 2φ^{−1}∇_H φ = u which is now equivalent to β^μ_{jH(ℓ)} = −ℓ +_{X∗}⟨ℓ, u⟩_X ∀ℓ ∈ X^∗ . So, let ℓ ∈ X^∗, and let H_n, n ∈ N, be as in the proof of (i). We may assume that h := j_H (ℓ) ∈ H_m for some m ∈ N (otherwise we increase {y_i : i ∈ N} accordingly). We adopt the notation of the proof of (i). Since by assumption ℓ =_{X∗} ⟨ℓ, u⟩_X −_{X∗}⟨ℓ, B⟩_X = (h, u)_H −_{X∗}⟨ℓ, B⟩_X ∈ L^2(μ) , and ℓ = ℓ ∘ P_n for n ≥ m, we have that ℓ ∈ L^2(λ_n) hence φ^2_nβ^γ_h and thus (e.g. by [60, Proposition 2.1]) β^{λn}_h = 2φ^{−1}_n (∇_H φ_n, h)_H − ℓ .

Hence −i_{X∗}⟨ℓ, h⟩_X μ̃(ℓ) = lim_{n→∞} −i_{X∗}⟨ℓ, h⟩_X λ̃_n(ℓ) = lim_{n→∞} ∫ exp(iℓ) β^{λn}_h dλ_n = lim_{n→∞} ∫ exp(iℓ) [(f_n ∘ P_n)^{−1}(∇_H f_n ∘ P_n, h)_H − ℓ] dλ_n = lim_{n→∞} ∫ exp(iℓ) [(f_n ∘ P_n)^{−1}(∇_H f_n ∘ P_n, h)_H − ℓ] dμ = ∫ exp(iℓ)[(u, h)_H − ℓ] dμ , where we used (3.15) in the last step. Consequently, β^μ_{jH(ℓ)} = −ℓ +_{X∗}⟨ℓ, u⟩_X . Now let us explain the necessary changes in the proof for a general locally convex space X. First of all we can find y_n ∈ X^∗, n ∈ N, such that any γ-measureable function φ is γ-equivalent to a σ({y_n : n ∈ N})-measurable function. (This follows from the existence of metrizable compacts K_n, n ∈ N, with γ(K_n) −→_{n→∞} 1, see [66]). Increasing {y_n : n ∈ N}, we may assume that there is an orthonormal basis {e_n} in H such that e_n = j_H (ℓ_n), ℓ_n ∈ span{y_i}, n ∈ N. By the same argument as above, we see that on the σ-field σ({y_n : n ∈ N}) we have that μ = f · γ. Now let ℓ ∈ X^∗ be arbitrary. Then again μ = f^ℓ · γ on σ({y_n : n ∈ N} ∪ {ℓ}). However, by our choice of {y_n : n ∈ N} f^ℓ is γ-equivalent to some σ({y_n : n ∈ N})-measurable function g. Therefore f = f^ℓ γ − a.e.. In particular μ̃(ℓ) = ~fγ(ℓ) which implies that μ = fγ because both are Radon measures. 2

Remark 3.6 (i) Theorem 3.5 (i) gives a positive answer to a problem raised by Shigekawa [65] and Vintschger [68]. Note that in those papers additional restrictions were imposed on v. In [65] under the assumption that sup |v|_H < ∞ Shigekawa established the (existence and) uniqueness for invariant probabilities which are absolutely continuous with respect to γ. Hence by our result the latter restriction can be dropped. Some other conditions, among which the inclusion |v|_H ∈ L^2(γ), were used in [68]. However, even for measures on the line uniqueness is not guaranteed if one only assumes that |v|_H ∈ L^2(μ) (see Example 6.1 below). However, by our methods we expect to be able to show that if in the situation of Theorem 3.5 two probability measures μ and ν on X solve L^∗μ = L^∗ν = 0, satisfy (3.2), and |v|_H ∈ L^2(γ) ∩ L^2(μ) ∩ L^2(ν), then μ = ν. This will be treated in a forthcoming paper.

(ii) A result of a similar type was obtained in [29] in a different situation. In our case the method of [29] works if v is bounded and Lipschitzian. (In this case the same follows from a combination of [65] and [51].) We refer to [20] for details.

Now we shall systematically discuss some useful consequences of the existence of β^μ_H .

Proposition 3.7 Suppose that β^μ_H exists. Then:

(i) L^∗μ = 0 if and only if ∫ X^∗⟨u ′, B − β^μ_H⟩_X dμ = 0 ∀ u ∈ FC^∞_b . (ii) If L^∗μ = 0, then (L, FC^∞_b ) is negative definite on L^2(μ).

(iii) Suppose B, β^μ_H ∈ L^2(μ, X) and H = X. Then L^∗μ = 0 if and only if Γ(B) = β^μ_H. In this case (L, FC^∞_b ) is closable on L^2(μ).

Remark 3.8 The conditions in Proposition 3.8(iii) (as well as in Theorem 3.10(iii)and Remark 3.11 below) are basically only fulfilled if X = R^n.

For the proof of Proposition 3.7 we first state the following simple

Lemma 3.9 Suppose β^μ_H exists and let u, v ∈ FC^∞_b . Then: (i) L(uv) = uLv + vLu + 2(∇_H u, ∇_Hv)_H. (ii) Define L^{H,μ}f := Δ_H f +_{X∗}⟨f^′, β^μ_H ⟩_X , f ∈ FC^∞_b . Then − ∫ L^{H,μ}u v dμ = ∫ (∇_Hu, ∇_H v)_H dμ . (iii) − ∫ Lu v dμ = ∫ (∇_H u, ∇_Hv)_H dμ − ∫ X^∗⟨u ′, B − β^μ_H ⟩_X v dμ. (iv) If (L, FC^∞_b ) is symmetric on L^2(μ), then L^∗μ = 0.

Proof Writing u = ϕ(ℓ_1, . . . , ℓ_m), v = ψ(ℓ_1, . . . , ℓ_m) with ℓ_i ∈ X^∗, 1 ≤ i ≤ m, ϕ, ψ ∈ C^∞_b (R^m), and j_H (ℓ_1), . . . , j_H (ℓ_m) orthonormal in H one derives (i), (ii) by an elementary calculation. (iii) is an immediate consequence of (ii), and (iv) follows since 1 ∈ FC^∞_b and L1 = 0. 2

Proof of Proposition 3.7 (i): Take v ≡ 1 in 3.9 (iii). Then the assertion follows.

(ii): If u ∈ FC^∞_b , then uu^′ =^1_2 (u^2)^′ and u^2 ∈ FC^∞_b . Hence by (i) and 3.9 (iii) − ∫ Lu u dμ = ∫ |∇_Hu|^2_H dμ ≥ 0 , (3.18)

i.e., L is negative definite on L^2(μ).

(iii): The equivalence is obvious by (i) and Theorem 2.8. To prove the last part of the assertion let u_n ∈ FC^∞_b , n ∈ N, such that u_n −→_{n→∞} 0 and Lu_n −→_{n→∞} w in L^2(μ). (3.18) now implies that |∇_H u_n|_H −→_{n→∞} 0 in L^2(μ). Since H = E, β^μ_H ∈ L^2(μ, X), and FC^∞_b is dense in L^2(μ), it hence follows by 3.9 (iii) that Lu_n −→_{n→∞} 0 weakly in L^2(μ). Consequently, w = 0 and the proof is complete. 2

As an easy consequence we obtain the following partial extension of A. Kolmogorov’s classical result in [49]. For the corresponding result in probabilistic terms we refer to Theorem 4.1 below.

Theorem 3.10 (i) (L, FC^∞_b ) is symmetric on L^2(μ) (i.e., ∫ Lu v dμ = ∫ u Lv dμ ∀u, v ∈ FC^∞_b ) if and only if β^μ_H exists and B = β^μ_H. In particular, if (L, FC^∞_b ) is symmetric on both L^2(μ) and L^2(ν) for some other probability measure ν on X, then β^μ_H and β^ν_H exist and have a joint Borel version, namely B.

(ii) Let (L, FC^∞_b ) be symmetric on L^2(μ) (hence β^μ_H exists). Then μ is the only such measure if and only if μ is the only measure having β^μ_H as vector logarithmic derivative.

(iii) Suppose B ∈ L^2(μ, X) and X = H. Then (L, FC^∞_b ) is symmetric on L^2(μ) if and only if β^μ_H exists in L^2(μ, X), L^∗μ = 0, and B = Γ(B).

Proof (i): Assume that (L, FC^∞_b ) is symmetric on L^2(μ). Then L^∗μ = 0 by 3.9 (iv). Hence ∀u, v ∈ FC^∞_b by 3.9 (i) 0 = ∫ L(uv)dμ = 2 ∫ u Lv dμ + 2 ∫ (∇_Hu, ∇_H v)_H dμ , i.e., − ∫ u Lv dμ = ∫ (∇_H u, ∇_Hv)_H dμ . (3.19)

Let g_n ∈ C^∞_b (R), n ∈ N, such that g_n(t) = t on [−n, n] and sup{|g^′_n(t)| + |g^{′′}_n(t)| : n ∈ N, t ∈ R} < ∞. Let ℓ ∈ X^∗. Applying (3.19) to v := g_n(ℓ) we can take n → ∞ according to Lebesgue’s dominated convergence theorem, and since

L(g_n(ℓ)) = g^{′′}_n(ℓ)|j_H (ℓ)|^2_H + g^′_n(ℓ)_{X∗} < ℓ, B >_X , ∇_H (g_n(ℓ)) = g^′_n(ℓ)j_H (ℓ) , we obtain that − ∫ u_{X∗}⟨ℓ, B⟩_X dμ = ∫ ∂u ∂j_H(ℓ) dμ . Hence β^μ_H exists and β^μ_H = B. The converse follows from 3.9 (ii) and thus (i) is proved.

(ii): The assertion follows immediately from (i).

(iii): Suppose L^∗μ = 0 and B = Γ(B). Then (L, FC^∞_b ) is symmetric on L^2(μ) by 3.7(iii) and 3.9(ii). The converse follows from assertion (i) by 3.9(iv) and 3.7(iii). 2

Remark 3.11 (i) Assume that β^μ_H exists in L^2(X, μ) and that X = H. Consider the set M of all operators L = L^B of type (3.1) with B ∈ L^2(X, μ) and L^∗μ = 0. Then by 3.9 (iii) and 3.10 (iii) the (according to 3.10(i)) unique operator L ∈ M which is symmetric on L^2(μ) is exactly the one whose drift has minimal norm in L^2(μ, X).

(ii) Theorem 3.10(ii) is a result with many applications in statistical mechanics, since e.g. in lattice models with finite range interactions the Gibbs states μ are exactly the ones for which an operator (L, FC^∞_b ) of the above type (uniquely determined by the corresponding local specification ) is symmetric on L^2(μ). Hence it is an important question whether a measure μ is uniquely determined by its logarithmic derivative, since it implies uniqueness of Gibbs states in these models (cf. [7]). In Section 6 we shall come back to this problem and prove a characterization for such measures in the general case.

To conclude this section we prove the following useful characterization of L^∗μ = 0 resp. “(L, FC^∞_b ) symmetric on L^2(μ)” in terms of the Fourier transform μ̃ of μ defined by

μ̃(ℓ) := ∫ e^{iℓ(x)}μ(dx), ℓ ∈ X^∗ . Proposition 3.12 (i) L^∗μ = 0 if and only if −|j_H (ℓ)|^2_H μ̃(ℓ) + i ∫ X^∗⟨ℓ, B⟩X e iℓdμ = 0 ∀ ℓ ∈ X^∗. (ii) (L, FC^∞_b ) is symmetric on L^2(μ) if and only if

− (j_H (k), j_H (ℓ))_H μ̃(ℓ) + i ∫ X^∗⟨k, B⟩X e iℓdμ = 0 ∀ k, ℓ ∈ X^∗ . (3.20)

Proof (i): Let u := e^{iℓ}, ℓ ∈ X^∗. Then, extending L to complex valued functions we obtain Lu = ( −|j_H (ℓ)|^2_H + i_{X∗}⟨ℓ, B⟩_X ) e^{iℓ} . Hence if L^∗μ = 0 (by separation into real and imaginary parts) we obtain that −|j_H(ℓ)|^2_H μ̃(ℓ) + i ∫ X^∗⟨ℓ, B⟩X e iℓdμ = 0 ∀ℓ ∈ X^∗ . Conversely, if this holds we obtain for u which are finite linear combinations of e^{iℓ}, ℓ ∈ X^∗, that ∫ Lu dμ = 0 . Hence if u = g(ℓ_1, . . . , ℓ_m) with m ∈ N, ℓ_1, . . . , ℓ_m ∈ X^∗, and g ∈ C^∞_b (R^m), writing g as the Fourier transform of a function in the Schwartz test function space, one easily sees that then also ∫ Lu dμ = 0. Obviously, another limit argument allows to drop the restriction that g has compact support and (i) is proved.

(ii): As in the proof of (i) one sees that (L, FC^∞_b ) is symmetric on L^2(μ) if and only if ∀ ℓ, k ∈ X^∗ −|j_H (k)|^2_H μ̃(ℓ + k) + i ∫ X^∗⟨k, B⟩X e i(ℓ+k) dμ = −|j_H(ℓ)|^2_H μ̃(ℓ + k) + i ∫ X^∗⟨ℓ, B⟩X e i(ℓ+k) dμ . Renaming ℓ + k by k this is equivalent with −|j_H (ℓ)|^2_H μ̃(ℓ) + i ∫ X^∗⟨ℓ, B⟩X e iℓdμ = 2 ( −(j_H(k), j_H (ℓ))_H + i ∫ X^∗⟨k, B⟩X e iℓ dμ ) ∀ ℓ, k ∈ X^∗ . Since the left hand side of this equality does not depend on k, this is equivalent with the right hand side being equal to zero for all ℓ, k ∈ X^∗ and (ii) is proved. 2

Remark 3.13 (i) In the Proposition 3.12 it suffices to assume that_{X∗}⟨ℓ, B⟩_X ∈ L^1(μ) ∀ ℓ ∈ X^∗ instead of (3.2)

(ii) Note that if |B|_X ∈ L^1(μ), 3.12 (ii) says that (L, FC^∞_b ) is symmetric on L^2(μ) if and only if the function F : X^∗ → X defined by F (ℓ) = −j_H(ℓ) μ̃(ℓ) + i ∫ X Be^{iℓ} dμ vanishes on X^∗, while 3.12 (i) says that L^∗μ = 0 if and only if_X ∗ ⟨ℓ, F (ℓ)⟩_X = 0 ∀ ℓ ∈ X^∗.

Corollary 3.14 Assume that μ satisfies (3.3) and that for every continuous linear map P : X → R^2, E_μ[P B|σ(P )] = ∇_H(f_P ∘ P ) μ-a.e. for some f_P ∈ D(E^+_φ ) (cf. the proof of 2.8) where φ ∈ H^{1,2}(R^2; dx) such that μ_P := μ ∘ P^{−1} = φ^2dx. (φ exists by Proposition 3.3.) Then (L, FC^∞_b ) is symmetric on L^2(μ), in particular β^μ_H(= B) exists.

Proof We shall verify (3.20). So let k, ℓ ∈ X^∗. We may assume that k, ℓ are independent since otherwise we just apply 3.12 (i). For the same reason we can then assume that for e_1 := j_H (ℓ), e_2 := j_H (k) we have (e_i, e_j) = δ_{ij}, i, j ∈ {1, 2}. Define P : X → span {e_1, e_2} by P x := ℓ(x)e_1 + k(x)e_2, x ∈ X . Then ℓ ∘ P = ℓ, k ∘ P = k, and hence ∫ X^∗⟨k, B⟩X e iℓdμ = ∫ E_μ[k(P (B))|σ(P )]e^{iℓ∘P} dμ = ∫ ∫ R2 ∂f_P ∂x_2 e^{ix1} φ^2(x_1, x_2) dx_1dx_2 (3.21)

where we identified R^2 with span (e_1, e_2). By the proof of Proposition 3.3 we know that L^∗_P μ_P = 0 where L_P is as in (3.10) with b = ∇f_P . But hence by Theorem 3.1 (iii), ∇f_P = 2φ^{−1}∇φ, and thus the right hand side of (3.20) is equal to ∫ ∫ ∂φ^2 ∂x_2 (x_1, x_2) dx_2e^{ix1} dx_1

which in turn is equal to zero, since φ ∈ H^{1,2}(R^d; dx). 2

4 Logarithmic derivatives as drifts to symmetrizable diffusions

A diffusion (ξ_t)_{t≥0} with the transition semigroup (T_t)_{t≥0} is called symmetrizable if there exists a measure μ such that for all bounded Borel functions f, g ∫ T_t f(x) g(x) μ(dx) = ∫ f(x) T_t g(x) μ(dx). In this case (ξ_t)_{t≥0} is also called μ − symmetric. It is clear that μ is an invariant measure for the diffusion (ξ_t)_{t≥0} with the additional property that the generator L of (T_t)_{t≥0} on L^2(μ) is symmetric on L^2(μ).

In the celebrated paper [49] A. N. Kolmogorov studied the following problem. Let (ξ_t)_{t≥0} be a diffusion on a Riemannian manifold X with generator L = Δ/2+B, where B is a smooth vector field on X. When is the process η_t = ξ_{T −t} governed by the same equation, that is has the same generator L? The answer found by Kolmogorov says: if and only if B is a gradient (see also [63], [45]). In [49] Kolmogorov discussed only solutions of the Fokker - Planck - Kolmogorov equations as the densities of the transition probabilities, because stochastic integration was not developed then. Moreover, mainly the case of compact X was considered, when an invariant probability always exists. In this case the property studied by Kolmogorov is equivalent to the symmetrizability of (ξ_t)_{t≥0}. Therefore, Kolmogorov’s result is a criterion for the symmetrizability of a diffusion on a compact manifold. In the noncompact case one needs additional conditions to ensure the existence of invariant probabilities. The best known conditions of this type were found by Hasminskii [42]. These conditions involve certain Lyapunov functions. For example, if X = R^n it suffices that B be continuous and outside of some ball (B(x), x) ≤ c < 0. Symmetric diffusions with singular drifts in finite-dimensional spaces were investigated e.g. in [6], [38] (see also the references therein).

The difference between the existence of an invariant measure and the symmetrizability of a diffusion (ξ_t)_{t≥0} with generator L = Δ/2 + B can be read of Proposition 3.7 and Theorem 3.10. We only mention that in the case the diffusion (ξ_t)_{t≥0} is not symmetric, and the reversed process (η_t)_{t≥0} is a diffusion with (a different) drift B^∗, the drifts B and B^∗ are related by the duality equation B + B^∗ = 2∇p/p (see [35]).

In recent years there has been a lot of progress in the study of analogous questions both in the finite- and infinite dimensional setting (see e.g. [31], [35] [36], [43], [55]).

In particular, the following result (whose first assertion was already proved in [12]) shows that in infinite dimensions vector logarithmic derivatives are exactly the drifts to symmetric diffusions. It can be considered as the probabilistic counterpart of Theorem 3.10 (i).

Theorem 4.1 Let X be a Banach space, H ⊂ X a densely and continuously embedded separable Hilbert space such that there is a Gaussian measure γ on X with H = H(γ), and μ a measure on X such that X^∗ ⊂ L^2(μ). Assume that β^μ_H exists and |β^μ_H|_X ∈ L^2(μ). Then one can find an X-valued Wiener process (w_t)_{t≥0}, with covariance given by H, such that the stochastic differential equation dξ_t = √ 2dw_t + B(ξ_t)dt, ξ_0 = x, where B = β^μ_H, admits a weak solution (ξ_t)_{t≥0} for μ-a.e. (or even quasi–every, cf. [12]) x ∈ X, which is a μ-symmetric diffusion with invariant measure μ. Conversely, if there is a μ-symmetric diffusion (ξ_t)_{t≥0}, satisfying the equation above, for μ-a.e. x ∈ X and ‖B‖_X ∈ L^2(μ), then μ is differentiable along all directions in j_H (X^∗), β^μ_H exists, and β^μ_H = B (μ-a.e.).

Proof The first implication is just [12, Theorem 6.10]. Conversely, it is easy to see (and well–known) that the generator L of the transition semigroup (T_t)_{t≥0} of (ξ_t)_{t≥0} on L^2(μ) has FC^∞_b in its domain and is of type (3.1). Hence the dual implication follows from Theorem 3.10 (i). 2

It is worth mentioning that Theorem 4.1 gives a certain characterization of mappings β : X → X which are vector logarithmic derivatives of measures on X. The question of finding necessary and/or sufficient conditions for a map to be a vector logarithmic derivative was raised in [15]. Some sufficient conditions of a rather special character can be found in Theorem 5.2 (cf. also Remark 5.5(ii)) below and also in [48].

5 Existence of solutions of elliptic equations for measures

In this section let X be a separable (real) Hilbert space with inner product (·, ·)_X and norm | · |_X. Let H ⊂ X be a separable Hilbert space densely embedded into X by a

Hilbert-Schmidt map. Then there exists a nonnegative definite injective self-adjoint Hilbert- Schmidt operator T on X such that H = T (X) and | · |_H = |T^{−1} · |_X . Let {h_n} be a corresponding eigenbvasis with respective eigenvalues t_n, n ∈ N. The vectors e_n := t_nh_n form an orthonormal basis in H and clearly ∑_∞ n=1 t^2_n < ∞. Furthermore, we fix B : X → X B(X)/B(X)-measurable and define as before Lf := Δ_H f +_{X∗}⟨f^′, B⟩_X , f ∈ FC^∞_b . Clearly, for all x ∈ X, f ∈ FC^∞_b , Lf(x) = ∞∑ n=1 [ t^2_nf^{′′}(x)(h_n, h_n) +_{X∗}⟨f^′(x), h_n⟩_X (B(x), h_n)_X ]

= ∞∑ n=1 [ t^2_n ∂^2_{hn} f(x) + ∂_{hn} f(x)(B(x), h_n)_X ] . For n ∈ N let P_n denote the orthogonal projection onto X_n := span{h_1, . . . , h_n} in X.

The following lemma is a modification of a standard moment estimate for diffusions (see e.g. [71]). Here, however, we do not assume the existence of a process, but only deal with operators. Some additional difficulties in the proof arise from the fact that we are dealing with weak solutions.

Lemma 5.1 Suppose μ is a probability measure on X such that_{X∗}⟨ℓ, B⟩_X ∈ L^1(μ) ∀ ℓ ∈ X^∗ and L^∗μ = 0 (in the sense of (3.3)). Assume, furthermore that x → (B(x), x)_X is bounded on balls and that lim |x|X →∞ (B(x), x)_X = −∞ (5.1)

Let k ∈ N and V_k(x) := (x, x)^k_X, x ∈ X. Then ∫ V_k dμ ≤ M_k, (5.2)

where M_k := sup_{|x|X ≤Rk} |LV_{k+1}(x)| + R^{2k}_k ≤ R^{2k}_k [2(k + 1) T race(T^2) + 4k(k + 1) ‖T^2‖ + 2(k + 1) sup_{|x|} X ≤R_k (B(x), x)_X + 1]

(5.3)

and R_k := inf R > 0 : sup_{|x|} X ≥R (B(x), x)_X ≤ −[T race(T^2) + 2k‖T^2‖ + (2(k + 1))^{−1}]

Proof: Note first that Δ_H and hence L acts on V_k since H ⊂ X is Hilbert-Schmidt. We have that for all x ∈ X LV_k(x) = 2k(x, x)^{k−1}_X T race(T^2) + 4k(k − 1)(x, x)^{k−2}_X (T^2x, x)_X + 2k(x, x)^{k−1}_X (B(x), x)_X.

By definition, if |x|_X ≥ R_{k−1}, (B(x), x)_X ≤ −(T race(T^2) + 2(k − 1)‖T^2‖ + (2k)^{−1}), hence LV_k(x) ≤ −(x, x)^{k−1}_X . Consequently, LV_k ≤ M_{k−1} − V_{k−1} on X (5.4) Formal integration of (5.4) gives the desired estimate. To justify this, fix ϵ < 0 and m ∈ N, and consider W_{ϵ,m} := V_k ∘ P_m 1 + ϵV_k ∘ P_m = ϵ^{−1} ( 1 − 1 1 + ϵV_k ∘ P_m ) . Then ∀n ∈ N ∂_{hn} W ϵ, m = ∂_{hn} (V_k ∘ P_m) (1 + ϵV_k ∘ P_m)^2 and ∂^2_{hn} W_{ϵ,m} = ∂^2_{hn} (V_k ∘ P_m)(1 + ϵV_k ∘ P_m)^2 − 2ϵ(∂_{hn} (V_k ∘ P_m))^2(1 + ϵV_k ∘ P_m) (1 + ϵV_k ∘ P_m)^2 ≤ ∂^2_{hn} (V_k ∘ P_m) (1 + ϵV_k ∘ P_m)^2 . Since L(V_k ∘ P_m) = (LV_k) ∘ P_m, by (5.4) we conclude that LW_{ϵ,m} ≤ (LV_k) ∘ P m (1 + ϵV_k ∘ P_m)^2 ≤ M_{k−1} − V_{k−1} ∘ P_m (1 + ϵV_k ∘ P_m)^2 on X. (5.5)

But W_{ϵ,m} ∈ FC^∞_b ( in particular LW_{ϵ,m} ∈ L^1(μ)) hence by (5.5) ∫ V_{k−1} ∘ P_m (1 + ϵV_k ∘ P_m)^2 dμ ≤ M_{k−1}. First letting ϵ ↓ 0 and then m ↗ ∞ we obtain the assertion. 2 The main result of this section is the following Theorem 5.2 Assume that lim |x|X →∞ (B(x), x)_X = −∞, that every_{X∗}⟨ℓ, B⟩_X , ℓ ∈ X^∗, is weakly continuous on X, and that there exist C_1, C_2, d ∈]0, ∞[ such that |B(x)|_X ≤ C_1 + C_2|x|^d_X ∀ x ∈ X . (5.6) Then there exists a probability measure μ on X satisfying (3.2) such that L^∗μ = 0. In particular, Proposition 3.3 and Corollary 3.14 apply.

We first prove the finite dimensional case where we can even drop the continuity assumption, i.e., we have

Theorem 5.3 Assume that X = H = R^n (but possibly with different inner products (·, ·)_X and (·, ·)_H on X resp. H). Assume that lim |x|→∞ (B(x), x) = −∞ and that there exist C_1, C_2, d ∈ ]0, ∞[ such that |B(x)| ≤ C_1 + C_2|x|^d ∀x ∈ R^n. Then there exists a probability measure μ on R^n satisfying (3.2) such that L^∗μ = 0. In particular, Theorem 3.1 applies.

Proof We may asume that C_1, C_2, d ≥ 1. We may also assume that (·, ·)_X is the Euclidean inner product on R^n. For each j ∈ N let B_j : R^n → R^n denote the map which coincides with B on the closed ball K_j of radius j and B_j (x) = −x if x is not in this ball. According to [72, Theorem 2.3 and the following Remark] there exists a probability measure μ_j on R^n equivalent to the standard normal distribution γ on R^n with^{dμj}_{dγ} ∈ H^{1,2}(R^n; γ), satisfying (Δ_H + B_j · ∇)^∗μ_j = 0. In particular, |B_j| ∈ L^1(μ_j) (since |B_j| ∈ L^2(γ)) and by Lemma 5.1 we conclude that |B_j| ∈ L^2(μ_j). Hence we can apply Theorem 3.1(iv) to obtain that μ_j = φ^2_j dx for some φ_j ∈ H^{1,2}(R^n; dx) and ∫ |∇φ_j|^2_H dx ≤ const. ∫ |B_j|^2 dμ_j ≤ const. ∫ (C_1 + C_2(x, x)^d)^2 μ_j(dx) ≤ C

where by Lemma 5.1 C is a constant independent of j. Hence the same arguments as in the proof of Theorem 3.1 imply the convergence of a subsequence (φ_{jk} )_{k∈N} in L^2_{loc}(dx) to some φ ∈ H^{1,2}(R^n; dx). But since by Lemma 5.1 and (5.3) μ_j , j ∈ N, have uniformly bounded moments, the Chebychev-Markov inequality and Prohorov’s theorem imply that (μ_j )_{j∈N} has a weakly convergent subsequence. Hence ∫ φ^2 dx = 1 and clearly μ := φ^2 dx has finite moments, in particular |B| ∈ L^2(μ). Furthermore, β^μ_H = 2φ^{−1}∇φ ∈ L^2(μ, R^n) and, since B is locally bounded, we have that

0 = lim_{j→∞} ∫ (Δ_Hf +_{X∗}⟨f^′, B_j⟩_X ) φ^2_j dx = ∫ (Δ_Hf +_{X∗}⟨f^′, B⟩_X ) dμ ∀ f ∈ C^∞_0 (R^n) . (5.7)

Since |B| ∈ L^2(μ), (5.7) and a simple approximation argument imply that 0 = ∫ (Δ_Hf +_{X∗}⟨f^′, B⟩_X ) dμ ∀ f ∈ C^∞_b (R^n),

i.e., μ satisfies (3.3). 2

Remark 5.4 If we replace the polynomial growth condition (5.6) in Theorem 5.2 by the assumption: ∀ℓ ∈ X^∗ there exist C_1(ℓ), C_2(ℓ), d(ℓ) such that |_{X∗}⟨ℓ, B(x)⟩_X | ≤ C_1(ℓ) + C_2(ℓ)|x|^{d(ℓ}_X ∀ x ∈ X, we would get (5.12) in the proof of Theorem 5.2 below only ∀ ℓ ∈ K := R^{−1}_X ( ⋃ n∈N X_n) and not for all ℓ ∈ X^∗. Then by the same arguments as in the proof of Proposition 3.12(i) one can show that then ∫ Lu dμ = 0 for all u ∈ FC^∞_b (K) := {g(ℓ_1, . . . , ℓ_m)| m ∈ N, g ∈ C^∞_b (R^m), ℓ_1, . . . , ℓ^m ∈ K} (^⊂_≠ FC^∞_b ) which is a little less than (3.3).

Proof of Theorem 5.2. For n ∈ N define maps B_n : X_n → X_n by B_n(x) := P_n(B(x)) , x ∈ X_n. Since (B_n(x), x)_{Xn} = (B(x), x)_X ∀x ∈ X_n, by Theorem 5.3 there exists a probability measure μ_n on X_n such that |B_n|_X ∈ L^2(μ_n) and L^∗_nμ_n = 0 where

L_n = Δ_n + B_n · ∇

with Δ_n = n∑ i=1 t^2_i ∂^2_{hi} and B_n · ∇ = n∑ i=1 (h_i, B)_X ∂_{hi} . We consider μ_n as a measure on X by extending it on X \ X_n by zero. We claim that μ_n, n ∈ N, have uniformly bounded moments of any fixed order. Indeed, if for k ∈ N we denote the restriction of V_k to X_n by V_{k,n} and if R_k is defined as in Lemma 5.1, then ∫ V_k dμ_n = ∫ Xn V_{k,n} dμ_n ≤ sup{|L_nV_{k+1,n}(x)| : x ∈ X_n, |x|_{Xn} ≤ R_k} + R^{2k}_k . But L_nV_{k+1,n} = LV_{k+1} on X_n. Hence (5.3) and the assumption on B yield our claim. Since balls are weakly compact, the claim and the Chebychev-Markov inequality imply that μ_n, n ∈ N, are uniformly tight on X w.r.t. the weak topology. Applying Prohorov’s theorem (cf.[64, p.379] for the version needed here) we conclude that {μ_n : n ∈ N} is relatively compact w.r.t. to the topology τ_w on the space M_1(X) of probability measures on X which is generated by the bounded weakly continuous functions on X. Recall that B(X) coincides with the σ-algebra generated by the weakly open sets in X. Hence there exists μ ∈ M_1(X) and a subsequence (μ_{ni} )_{i∈N} of (μ_n)_{n∈N} such that τ_w − lim_{i→∞} μ_{ni} = μ. (We note that since closed balls in X are compact and metrizable, it is easy to see that really a convergent subsequence and not just a convergent subnet exists.) We now claim that μ has finite moments of every order. Indeed, fix k ∈ N and let m, M ∈ N. Then x → |P_mx|^{2k}_X ∧ M is a bounded weakly continuous function on X. Hence ∫ |P_mx|^{2k}_X ∧ M dμ = lim_{i→∞} ∫ |P_mx|^{2k}_X ∧ Mdμ_{ni} ≤ sup_n ∫ V_k dμ_n =: C_k,

(5.8) and C_k < ∞ as shown above. Letting m, M → ∞ we prove the claim. Fix ℓ ∈ X^∗. By assumption we can now conclude that_{X∗}⟨ℓ, B⟩_X ∈ L^2(μ). Furthermore, if n ∈ N and ℓ ∈ R^{−1}_X (X_n) , then j_{Hn} (ℓ|_{Xn} ) = j_H (ℓ), (cf. Example 1.1(iii)), where H_n = X_n, but equipped with the inner product (·, ·)_{Hn} induced by (·, ·)_H, and_{X∗n}⟨ℓ|_{Xn} , B_n⟩_{Xn} =_{X∗n}⟨ℓ, B⟩_{Xn} . Hence by Proposition 3.12(i) 0 = −|j_{Hn} (ℓ|_{Xn} )|^2_{Hn} + i ∫ X^∗n⟨ℓ|Xn , Bn⟩Xn e iℓ dμ_n = −|j_H (ℓ)|^2_H + i ∫ X^∗⟨ℓ, B⟩X e iℓ dμ_n. (5.9)

We claim that ∀ ℓ ∈ X^∗ lim_{i→∞} ∫ X^∗⟨ℓ, B⟩X e iℓ dμ_{ni} = ∫ X^∗⟨ℓ, B⟩X e iℓ dμ. (5.10) Indeed, if f :=_{X∗}⟨ℓ, B⟩_X e^{iℓ}, , K_r := closed ball of radius r, and c_r := sup_{Kr} |f|, then ∀ n ∈ N, r > 0 | | | | ∫ f dμ_n − ∫ f dμ | | | | ≤ | | | | ∫ Kr f dμ_n − ∫ Kr f dμ | | | | + ∫ X\Kr |f| dμ_n + ∫ X\Kr |f| dμ (5.11) ≤ | | | | ∫ f ∧ c_r dμ_n − ∫ f ∧ c_r dμ | | | | + 2( ∫ X\Kr |f| dμ_n + ∫ X\Kr |f| dμ). But by assumption for some k ∈ N ∫ X\Kr |f| dμ_n ≤ μ_n(X \ K_r)^{1/2}C_k and ∫ X\Kr |f| dμ ≤ μ(X \ K_r)^{1/2}C_k, where C_k is as in (5.8). Again by (5.8) for ϵ > 0 there exists r > 0 such that

sup_n μ_n(X \ K_r) + μ(X \ K_r) < ϵ^2/C^2_k .

Since f ∧ c_r is a bounded weakly continuous function, (5.11) now implies (5.10). Hence we can take the limit over the subsequence (n_i)_{i∈N} in (5.9) to conclude that ∀ℓ ∈ R^{−1}_X ( ⋃ n∈N X_n) 0 = −|j_H (ℓ)|^2_H + i ∫ X^∗⟨ℓ, B⟩X e iℓ dμ. (5.12) Let ℓ ∈ X^∗. There exist ℓ_n ∈ R^{−1}_X ( ⋃ m∈N X_m), n ∈ N, such that ℓ_n −→_{n→∞} ℓ in X^∗. As X^∗⟨ℓ, B⟩X ∈ L 2(μ), we can take the limit for n → ∞ in (5.12) which hence also holds for ℓ and the proof is complete because of Proposition 3.12(i). 2

Remark 5.5 (i) Theorem 5.2 is an extension of [47] in two directions. First, in [47] the coercitivity condition figurates in a stronger form (with some compact operator), and, second, B has to be the uniform limit of its restrictions to finite dimensional subspaces

(which implies weak continuity ). If there exists a compactly embedded Hilbert space E ⊂ X such that H ⊂ E, the natural embedding H ⊂ E is a Hilbert-Schmidt map, B(E) ⊂ E, and lim |x|E →∞ (B(x), x)_E = −∞, then instead of the weak continuity of the functions_{X∗}⟨ℓ, B⟩_X , ℓ ∈ X^∗, it suffices to assume their continuity in the X-norm. Indeed, in this case {μ_n : n ∈ N} is relatively weakly compact on X with the norm topology, since by similar arguments as in the proof of Theorem 5.2 this sequence has uniformly bounded moments on the space E. This covers the existence result in [48].

(ii) We point out that Theorem 5.2 in connection with Proposition 3.3 and Corollary 3.14 provides a sufficient condition for the given map B to be the vector logarithmic derivative of a measure.

6 Uniqueness problem

Let X be a locally convex space over R. Let H be a separable real Hilbert space such that H ⊂ X continuously and densely and let j_H : X^∗ → H be as in Section 1. Fix a linear subspace K of X^∗, dense w.r.t the strong topology, and a probability measure μ on B(X) such that all partial logarithmic derivatives β^μ_{jH (ℓ)} for ℓ ∈ K exist. For each ℓ ∈ K we choose and fix a Borel version of β^μ_{jH (ℓ)}, again denoted by β^μ_{jH (ℓ)}. The reader is warned that various quantities below depend on this choice. Define G^{βμ}_K to be the set of all probability measures ν on B(X) such that for every ℓ ∈ K the partial logarithmic derivative β^ν_{jH (ℓ)} of ν along j_H (ℓ) exists and β^ν_{jH (ℓ)} = β^μ_{jH(ℓ)} ν − a.e.. As already mentioned in Remark 3.11(ii) the question whether ♯G^{βμ}_K = 1 (6.1)

is of interest, in particular w.r.t. uniqueness of Gibbs states. In this section we shall also study the question whether ♯G^{βμ}_{K,ac} = 1 , (6.2) where G^{βμ}_{K,ac} := { ν ∈ G^{βμ}_K : ν ≪ μ } . (6.3)

We note that both G^{βμ}_K and G^{βμ}_{K,ac} are convex sets.

a) Some results on uniqueness / non-uniqueness

In general (6.2) and so (6.1) do not hold, even if dimX = 1, as the following example shows.

Example 6.1 Let K = H = X = R with the euclidean inner product and φ ∈ C^∞_b (R) ∩ H^{1,2}(R; dx) is such that φ(0) = 0, φ > 0 on R \ {0}, and ∫ φ^2 dx = 1. Let ψ :=^1_2 φ on [0, ∞[ and ψ := cφ on ] − ∞, 0] where c ∈ ]0, ∞[ is such that ∫ ψ^2 dx = 1. Let μ := φ^2 dx, ν := ψ^2 dx. Then μ ≠ ν and β^μ_H = 2^{∇φ}_φ = β^ν_H (cf. Remark 1.3), hence ♯G^{βμ} > 1.

More concretely, we can take φ(x) := x √ g(x), x ∈ R, where g is the standard Gauss density on R. Since in this case β^μ_H (x) = −x +^2_x, hence , in particular, by Theorem 3.10(ii) the uniqueness result in [65] mentioned in Remark 3.6(i) does not hold if one drops the condition sup ‖v‖_H < ∞. On the other hand we have the following positive result in the finite dimensional case.

Theorem 6.2 Let K = H = X = R^n equipped with the Euclidean inner product. Let φ ∈ H^{1,2}(R^n; dx) and μ := φ^2 dx. If |∇φ|/φ ∈ L^1_{loc}(R^n; dx) , then G^{βμ}_K = {μ}.

Remark 6.3 Since ∇φ = 0 dx − a.e. on {φ = 0}, in Example 6.1 and Theorem 6.2 below we set ∇φ φ ≡ 0 on {φ = 0}. For the proof of Theorem 6.2 we need

Lemma 6.4 Let φ ∈ H^{1,1}_{loc} (R^n; dx) (i.e., φ, |∇φ| ∈ L^1_{loc}(R^n; dx)) such that φ ≥ 0 dx − a.e. and |∇φ|/φ ∈ L^1_{loc}(R^n; dx). Then log φ ∈ H^{1,1}_{loc} (R^n; dx) and ∇ log φ = ∇φ/φ.

Proof Let δ ∈]0, 1]. Then log(φ + δ) ∈ H^{1,1}_{loc} (R^n; dx) and |∇ log(φ + δ)| = |∇φ|/(φ + δ) ≤ |∇φ|/φ dx − a.e. on {φ > 0} (6.4)

But on {φ = 0}, log(φ + δ) = log δ hence ∇ log(φ + δ) = 0 on {φ = 0} and (6.4) holds dx − a.e. on R^n. Hence by Poincare’s inequality we have for every open ball K in R^n that, if |K| = ∫ K dx, ∫ K | | | || log(φ + δ)| − 1 |K| | | | | ∫ K log(φ + δ) dx | | | | | | | | dx ≤ ∫ K |∇ log(φ + δ)| dx (6.5) ≤ ∫ K |∇φ|/φ dx (< ∞) . Now suppose that ∫ K | log φ| dx = ∞ . (6.6)

Then | | | | ∫ K log(φ + δ) dx | | | | ≥ | | | | | ∫ K∩{φ+δ<1} log(φ + δ) dx | | | | | − ∫ K∩{φ+δ≥1} log(φ + δ) dx ≥ ∫ K∩{φ+δ<1} − log(φ + δ) dx − ∫ K φ dx. Since (6.6) implies that − ∫ K∩{φ<1} log φ dx = +∞, it follows by the monotone convergence theorem that lim_{n→∞} | | | ∫ K log ( φ + 1 n ) dx | | | = ∞. Thus by Fatou’s lemma

lim inf_{n→∞} ∫ K∩{φ>0} | | | | | | | |log ( φ + 1 n )| | | − 1 |K| | | | ∫ K log ( φ + 1 n )| | | | | | | | dx ≥ ∞, since dx({φ > 0}) > 0 because ∫ φ^2 dx = 1. This contradicts (6.5), hence (6.6) is false and therefore log φ ∈ L^1_{loc}(R^n; dx). Note that in L^1_{loc}(R^n; dx) log ( φ + 1 n ) −→_{n→∞} log φ and ∇ log ( φ + 1 n ) = ∇φ/ ( φ + 1 n ) −→_{n→∞} ∇φ/φ . Hence log φ ∈ H^{1,1}_{loc} (R^n; dx) and ∇ log φ = ∇φ/φ. 2

Proof of Theorem 6.2 Since |φ| ∈ H^{1,2}_{loc} (R^n; dx), we may assume that φ ≥ 0 dx − a.e.. Let ν_0 ∈ G^{βμ}. Then by Remark 1.3 there exists ψ_0 ∈ H^{1,2}(R^n; dx) such that ν_0 = ψ^2_0 dx. Set ψ :=

√_1

2 (φ^2 + ψ^2_0). Then ν := ψ^2 dx ∈ G^{βμ}. Since by Lemma 6.4 log φ ∈ H^{1,1}_{loc} (R^n; dx), in particular φ > 0 dx−a.e., hence ψ ≥

√_1

2 φ > 0, and so^{∇ψ}_ψ =^{∇φ}_φ dx−a.e.. Applying Lemma 6.4 again we conclude that log ψ ∈ H^{1,1}_{loc} (R^n; dx) and that ∇ log φ = ∇ log ψ dx − a.e..

Consequently, log φ − log ψ is constant dx − a.e.. But both φ^2 and φ^2 are probability densities. Thus φ = ψ dx − a.e., hence φ = ψ_0 dx − a.e.. 2

We can also prove and disprove (6.1) in some infinite dimensional (Gaussian) cases.

Theorem 6.5 Consider the situation described in Example 2.1(i) and let A, γ^A be as defined there. Assume that K := j^{−1}_H (D(A)) separates the points of X and that Aj_H (K) ⊂ j_H (X^∗). Define M := ⋂ ℓ∈K {x ∈ X|_{X∗}⟨j^{−1}_H Aj_H (ℓ), x⟩_X = 0}. (i) Let σ be a probability measure on X such that σ(M) = 1. Then γ^A ∗ σ ∈ G^{γA}_K .

(ii) G^{γA}_K = {γ^A} if and only if M = {0}.

Proof (i): Let ℓ ∈ K. Then for all f ∈ FC^∞_b ∫ ∂_{jH (ℓ)}f d(γ^A ∗ σ) = ∫∫ ∂_{jH(ℓ)}f(x + y) γ^A(dx) σ(dy) = − ∫∫ X^∗⟨(j −1 H Aj_H )(ℓ), x⟩_X f(x + y) γ^A(dx) σ(dy) = − ∫ (j^{−1}_H Aj_H )(ℓ) f d(γ^A ∗ σ) where the last step follows since σ(M) = 1. Since by Example 2.1(i), β^{γA}_{jH (ℓ)} = (j^{−1}_H Aj_H )(ℓ), the assertion follows.

(ii): Suppose G^{γA}_K = {γ^A} and let x ∈ M. Then by (i) γ^A ∗ δ_x ∈ G^{γA}_K , hence x = {0}. Conversely, suppose that M = {0} and let ν ∈ G^{γA}_K . Fix ℓ ∈ K and set ℓ_A := (j^{−1}_H Aj_H )(ℓ)(∈ X^∗). Then for all s ∈ R d ds ν̃(sℓ_A) = i ∫ ℓ_Ae^{isℓA} dν (6.7) Since −ℓ_A = β^{γA}_{jH(ℓ)} = β^ν_{jH(ℓ} (∈ L^2(ν)) by Example 2.1(i) and the assumption, the right hand side of (6.7) is equal to i ∫ ∂_{jH (ℓ)}(e^{isℓA} ) dν = −((Aj_H)(ℓ), j_H (ℓ))_H s ν̃(sℓ_A) . Consequently , since ν̃(0) = 1, we have that for all s ∈ R ν̃(sℓ_A) = e^{− 12 s2(AjH (ℓ),jH (ℓ))2H} = γ̃^A(sℓ_A). Thus, ν̃(ℓ) = γ̃^A(ℓ) for all ℓ in a linear subset of X^∗ that separates the points of X. Since both are Radon, it follows that ν = γ^A. 2

Remark 6.6 (i) Unfortunately, in Theorem 6.5 we were not able to prove that

G^{γA}_K = {γ^A ∗ σ | σ probability measure on X such that σ(M) = 1}. (6.8)

However, this is known to be true if X is a separable Hilbert space and the semigroup generated by A on H extends to a strongly continuous semigroup on X. In this case it can be shown that G^{βγA}_K coincides with the set M of probability measures μ satisfying (L^{H,γA} )^∗μ = 0 and that M coincides with the set M_1 of invariant measures for the semigroup generated by L^{H,γA} which is given by a Mehler type formula (cf. [24]). But M_1 is known to be just the right hand side of (6.8) (cf. [28, Theorem 11.7] and [24, Theorem 4.4]).

(ii) The converse of Theorem 6.5 was first proved in [62] in the case where A = identity and (X, H, γ) is the classical Wiener space.

Note that though A in Theorem 6.5 is strictly positive, it can happen that M ≠ {0} as the following example shows.

Example 6.7 Let X := D^′(R^d) (i.e., the space of Schwartz distributions), X^∗ = K := C^∞_0 (R^d), H := L^2(R^d; dx) and A := −Δ + 1, D(A) := H^{2,2}(R^d; dx). Then γ^A is just the free Euclidean field of quantum field theory which has been studied extensively (cf. [56]). Furthermore, M is the set of (−Δ + 1)-harmonic functions in D^′(R^d) which is certainly nonempty. (Note, however, that if S^′(R^d) denotes the space of tempered Schwartz distributions, then γ^A(S^′(R^d)) = 1, but M ∩ S^′(R^d) = {0}). It has been shown in [58] that the set on the right hand side of (6.8) is exactly the set of all Gibbs measures for the corresponding “free field specification” (cf. [58] for details).

By taking σ to be a Dirac measure it follows by Theorem 6.5 (and Example 6.7) that G^{γA}_K in general contains other, but non-centred, Gaussian measures. It is surprising that even if X is a separable Hilbert space there exist two centred Gaussian measures on X having the same vector logarithmic derivative which is even a continuous linear operator on X. ( Note that this is entirely in contrast to the finite dimensional case). That this is possible, is based on the earlier observation that the range of R in Example 2.5 might not be dense (as is the case in the following theorem).

Theorem 6.8 There exist separable real Hilbert spaces H, X such that H ⊂ X is Hilbert- Schmidt, and two different centred Gaussian measures μ_1, μ_2 on X such that there exists a bounded linear operator A on X which is a joint Borel version for β^{μ1}_H and β^{μ2}_H .

Proof We shall use Example 2.5.

Let X := L^2( ]0, 1[ ; dx), H := H^{4,2}_0 ( ]0, 1[ ; dx) (i.e., the Sobolev space of functions with absolutely continuous third derivatives such that

f^{(4)} ∈ L^2( ]0, 1[ ; dx), f^{(j)}(0) = f^{(j)}(1) = 0 , 1 ≤ j ≤ 3 .

Define operators (A_i, D(A_i)), i = 1, 2, on X by

A_1 := −Δ , D(A_1) := {u ∈ H^{2,2}( ]0, 1[ ; dx)|u(0) = u(1) = 0},

A_2 := −Δ , D(A_2) := {u ∈ H^{2,2}( ]0, 1[ ; dx)|u(1) − u^′(1) = 0 = u(0) + u^′(0)}. Then, as is well-known, (A_i, D(A_i)), i = 1, 2, are injective non-negative definite self-adjoint operators on X such that T_i := A^{−1}_i , i = 1, 2, injective non-negative definite self-adjoint Hilbert-Schmidt operators on X. SinceH ⊂ X is Hilbert-Schmidt, there exists an injective non-negative definite self-adjoint Hilbert-Schmidt operator Q on X such that Q(X) = H and | · |_H = |Q^{−1} · |_X (cf. Example 2.1(i)). Clearly,

Q(X) = H ⊂ T^2_1 (X) ∩ T^2_2 (X) and T^{−2}_1 h = T^{−2}_2 h ∀ h ∈ H .

Since Q^2(X) ⊂ Q(X) and T^2_i (X) ⊂ T_i(X), i = 1, 2, the assertion now follows by Example 2.5 by taking μ_i to be the centered Gaussian measure on X with covariance operator T^2_i , i = 1, 2, and A := R^∗ with R := T^{−2}_1 Q^2 = T^{−2}_2 Q^2. 2

Now we are ready to give an example of a linear equation (0.1) with continuous linear operator B such that several Gaussian measures are solutions, which is at the same time an example of a nondegenerate Gaussian diffusion with nonunique invariant probability. Such an example is not possible in the finite dimensional case, but as noticed first by J. Zabczyk is possible in infinite dimensions. In [69], [70] there is an example of a diffusion dξ_t = Aξ_tdt + b dω_t with a fixed vector b and unbounded linear A such that the transitions probabilities are positive on nonvoid open sets, but an invariant probability for (ξ_t)_{t≥0} is not unique. Later modifications were suggested (see [54], [51]) even with bounded A. Below we describe an easy example of a diffusion governed by the equation dξ_t = Aξ_t dt + √ 2 ω_t and possessing different invariant probabilities, which are nondegenerate Gaussian measures. In addition, (ξ_t)_{t≥0} is symmetric with respect to these Gaussian measures.

Corollary 6.9 Let μ_1, μ_2 be the centred Gaussian measures and A the bounded linear operator on X as in Theorem 6.8. Then the unique mild solution (ξ_t)_{t≥0} of the stochastic differential equation dξ_t = dω_t + Aξ_t dt, ξ_0 = x (∈ X) has μ_1 and μ_2 as invariant measures and (ξ_t)_{t≥0} is symmetric w.r.t. both μ_1 and μ_2.

Proof First of all, note that since the operator A is bounded, the equation above has a unique solution which is given by the formula (see [28, Theorem 5.4])

ξ_t = e^{tA}x + ω_t + ∫ t 0 Ae^{(t−s)A}ω_s ds = e^{tA}x + ∫ t 0 e^{(t−s)A}dω_s , t ≥ 0 . Hence, for t > 0 by [28, Theorem 5.2] the distribution P_t of the random vector ξ_t is a Gaussian measure with mean e^{tA}x and covariance (Q_tv, v)_X = ∫ t 0 (e^{(t−s)A}Qe^{(t−s)A∗} v, v)_X ds, where Q is the covariance of the law of ω_1. Since the integrand above is continuous and Q is injective, it follows that Q_t is injective as well, that is, P_t has full support. It remains to note that since in this case the transition semigroup sends the linear span of the functions exp(il), l ∈ X^∗, into itself, any measure satisfying our elliptic equation is in fact an invariant measure of the process (ξ_t)_{t≥0}. So both μ_1 and μ_2 are invariant measures and (ξ_t)_{t≥0} is then symmetric w.r.t. both by Theorem 3.10(i). 2

b) Characterization of uniqueness

Now we want to state and prove the main result of this section, i.e., the characterization of all probability measures μ as above for which G^{βμ}_{K,ac} = {μ} resp. G^{βμ}_K = {μ}. In order to do so we have to recall the definition of the (maximal ) Dirichlet form (E^μ, D(E^μ)) associated with μ (introduced in [11], see also [8]) where μ is as specified at the beginning of this section. For simplicity from now on we assume X to be a Souslin space. We emphasize, however, that everything below is true for general locally convex spaces. The same holds for previous papers on classical Dirichlet forms by S. Albeverio and one of the authors. The reason is that since μ is Radon, its images under projections are Radon, FC^∞_b is dense in L^2(μ), and regular conditional probabilities w.r.t. subspaces of finite codimension exist. These are the only properties used below which, in particular, Souslin spaces have. Now we recall (cf. [34], [52])

Definition 6.10 (i) A closed non-negative definite symmetric bilinear form (E, D(E)) with domain D(E) dense in L^2(μ) is called a Dirichlet form if u^♯ := u^+ ∧ 1 ∈ D(E) and E(u^♯, u^♯) ≤ E(u, u) for all u ∈ D(E).

(ii) A Dirichlet form is called irreducible if E(u, u) = 0 implies u = constant μ − a.e..

Fix k ∈ X such that β^μ_k exists and β^μ_k ∈ L^2(μ). We define D(E^μ_k ) to be the space of all u ∈ L^2(μ) such that there exists f_k ∈ L^2(μ) so that ∫ u ∂v ∂k dμ = − ∫ f_k v dμ − ∫ uvβ^μ_k dμ ∀v ∈ FC^∞_b . (6.9)

In this case f_k is uniquely determined by u and we set ∂^μu ∂k := f_k,

and for u, v ∈ D(E^μ_k ) E^μ_k (u, v) := ∫ ∂^μu ∂k ∂^μv ∂k dμ. In order to show that (E^μ_k , D(E^μ_k )) is a Dirichlet form one needs the characterization in Proposition 6.11 below. For this we recall that for any closed subspace X_k of X such that X = kR ⊕ X_k, if π_k : X → X_k is the canonical projection, there exists a function ϱ_k : X_k × R → [0, ∞[ such that ϱ_k(y, s) ds is a subprobability kernel from (X_k, B(X_k)) to (R, B(R)) and for all u : X → [0, ∞[ , B(X)-measurable, ∫ X u(x)μ(dx) = ∫ X_k ∫ R u(y + sk)ϱ_k(y, s) ds ν_k(dy) . Here x = y+sk with y ∈ X_k, s ∈ R uniquely determined, and ν_k := μ∘π^{−1}_k . Furthermore, for ν_k − a.e. y ∈ X_k, ϱ_k(y, ·) satisfies Hamza’s condition (H). We recall that a B(R)-measurable function ϱ : R → [0, ∞[ satisfies (H) if ϱ = 0 ds − a.e. on R \ R(ϱ) where

R(ϱ) := { t ∈ R| ∫ t_+ϵ t−ϵ ϱ(s)^{−1} ds < ∞ for some ϵ > 0 } , i.e., R(ϱ) is the largest open set U ⊂ R such that ϱ^{−1} ∈ L^1_{loc}(U; ds). (Here ϱ^{−1}(s) := +∞ if ϱ(s) = 0.) All this follows from the main result (i.e., Theorem 3.2, particularly part (ii)) in [11] (see also [8, Proposition 2.2]).

We also note that correspondingly L^2(μ) can then be written as a direct integral of L^2-spaces over R,i.e., L^2(μ) = ∫_⊕ X_k L^2(R; ϱ_k(y, s) ds) ν_k(dy) (6.10)

in the sense that each u ∈ L^2(μ) corresponds to a “field of vectors”(u_y)_{y∈Xk} where u_y := u(y + ·k), y ∈ X_k (cf. [11] for details and references).

Proposition 6.11 Let u ∈ L^2(μ). Then u ∈ D(E^μ_k ) if and only if for the corresponding element (u_y)_{y∈Xk} in ∫_⊕ X_k L 2(R; ϱ_k(y, s) ds) ν_k (dy) (see (6.10)) for ν_k − a.e. y ∈ X_k there exists a locally absolutely continuous ds-version ũ_y of u_y on R(ϱ_k(y, ·)) and ( dũy ds ) y∈X_k ∈ ∫_⊕ L^2(R; ϱ_k(y, s) ds) ν_k (dy). In this case ∂^μu ∂k = ( dũ_y ds ) y∈X_k in the sense of (6.10). In particular, (E^μ_k , D(E^μ_k )) is a Dirichlet form on L^2(μ).

Proof [60, Remark 1.5(i)] or [14, Lemma 2.2] resp. [11, Theorems 3.2(i) and 3.8] 2

Proposition 6.11 will also be crucial in the proof of our main characterization theorem. (See the proof of Lemma 6.14 below).

Corollary 6.12 Let D(E^μ_K ) denote the set of all u ∈ L^2(μ) such that u ∈ D(E^μ_{jH (ℓ)}) for all ℓ ∈ K and there exists ∇^μ_H u : X → H, B(X)/B(H)-measurable, such that (∇^μ_H u, j_H (ℓ))_H = ∂^μu ∂j_H (ℓ) μ − a.e. ∀ℓ ∈ K and ∫ |∇^μ_Hu|^2_H dμ < ∞. Let E^μ_K(u, v) = ∫ (∇^μ_H u, ∇^μ_Hv)_H dμ ; u, v ∈ D(E^μ_K ) . Then (E^μ_K, D(E^μ_K )) is a Dirichlet form on L^2(μ).

Proof [11, Theorem 3.10] 2 Remark 6.13 By [12, Lemma 5.6] there exists K_0 ⊂ K such that j_H (K_0) is an orthonormal base of H. Hence if u ∈ D(E^μ_K ) such that^{∂μu}_{∂jH (ℓ)} = 0 μ − a.e. for all ℓ ∈ K , then |∇^μ_Hu|_H = 0 μ − a.e.. The following lemma is the main part of the proof of Theorem 6.15 below.

Lemma 6.14 Let ϱ ∈ L^1(μ), ϱ ≥ 0, ν := ϱ · μ, and ℓ ∈ K such that for k := j_H (ℓ) we have that β^ν_k exists and that β^ν_k ∈ L^2(ν). Assume furthermore that ϱ^{1/2}β^μ_k ∈ L^2(μ). (6.11) Then √ ϱ ∈ D(E^μ_k ) and^{∂μ√ϱ}_{∂k} =^1_2 ϱ^{1/2}(β^ν_k − β^μ_k ).

Proof We know by [8, Theorem 2.5 and Definition 2.1] that we may assume that for every y ∈ X_k, ϱ_k(y, ·) ∈ L^1(R; ds) with distributional derivative^∂_{∂s} ϱ_k(y, ·) ∈ L^1_{loc}(R; ds) and (cf. [8, Proposition 2.4]) there exists a ds-version ϱ̃_k(y, ·) of ϱ_k(y, ·) which is absolutely continuous on R and R(ϱ_k(y, ·)) = {ϱ̃_k(y, ·) > 0}. (6.12) Note that the set L_0 of all functions T : X_k → R of the form T (y) = f(ℓ_1(y), . . . , ℓ_m(y)) , y ∈ X_k, where m ∈ N, f ∈ C^∞_b (R^m), ℓ_1, . . . , ℓ_m ∈ X^∗_k , is dense in L^2(X_k; ν_k). Let ℓ ∈ X^∗ such that ℓ(k) = 1 and ℓ(y) = 0 ∀y ∈ X_k. ( Then, of course, π_k(x) = x − ℓ(x)k ∀x ∈ X). Applying (1.1) to f := (T ∘ π_k)(g ∘ ℓ), g ∈ C^∞_0 (R), T ∈ L_0, we obtain that there exists Ω ∈ B(X_k) with ν_k(Ω) = 1 and for all y ∈ Ω, g ∈ C^∞_0 (R) ∫ dg ds ϱ(y + sk)ϱ_k(y, s) ds = − ∫ g(s)ϱ(y + sk)β^ν_k (y + sk)ϱ_k(y, s) ds. (6.13) and ϱ(y + ·k)ϱ_k(y, ·), ϱ(y + ·k) β^ν_k (y + ·k)ϱ_k(y, ·) ∈ L^1(R; ds) (6.14) Fix y ∈ Ω.

Claim ϱ(y + ·k) ∈ L^1_{loc}(R(ϱ_k(y, ·)); ds) and its distributional derivative on R(ϱ_k(y, ·)) is in L^1_{loc}(R(ϱ_k(y, ·); ds) and is equal to ϱ(y + ·k)[β^ν_k (y + ·k) − β^μ_k (y + ·k)] .

If [a, b] ⊂ R(ϱ_k(y, ·)), by [8, Proposition 2.4(i)] we know that β^μ_k (y + ·k) ∈ L^1([a, b]; ds) and ϱ̃_k(y, s) = ϱ̃_k(y, a) exp [∫ s a β^μ_k (y + tk) dt ] , s ∈ [a, b]. (6.15) Hence the claim follows by (6.12)-(6.14).

Let us now first assume that ϱ ≥ ϵ for some ϵ > 0. Then by the claim on R(ϱ_k(y, ·)) ∂ ∂s ϱ^{1/2}(y + ·k) = 1 2 ϱ^{1/2}(y + ·k)[β^ν_k (y + ·k) − β^μ_k (y + ·k)] .

By assumption^1_2 ϱ^{1/2}(β^ν_k − β^μ_k ) ∈ L^2(μ). Hence by Proposition 6.11 and (6.10) the assertion follows.

In the general case consider ϱ_ϵ := (ϱ + ϵ). Then (ϱ_ϵ)^{1/2}β^μ_k ∈ L^2(μ),

β^{(ϱϵμ)}_k = (ϱ + ϵ)^{−1}(ϱβ^ν_k + ϵβ^μ_k ) ∈ L^2(ϱ_ϵ · μ) ,

and hence ∂^μ ∂k √ ϱ_ϵ = 1 2 ϱ^{1/2}_ϵ ϱ ϱ + ϵ (β^ν_k − β^μ_k ) .

Since (D(E^μ_k ), E^μ_k ) is closed, we obtain the assertion by letting ϵ → 0. 2

Now we can state and prove our characterization theorem.

Theorem 6.15 (i) G^{βμ}_{K,ac} = {μ} if and only if (E^μ_K, D(E^μ_K )) is irreducible.

(ii) G^{βμ}_K = {μ} if and only if (E^ν_K , D(E^ν_K )) is irreducible for all ν ∈ G^{βμ}_K .

Proof

(i) : Suppose G^{βμ}_{K,ac} = {μ} and let ϱ ∈ D(E^μ_K ) such that E^μ_K (ϱ, ϱ) = 0, i.e. ∇^μ_H ϱ = 0 μ−a.e..

Case 1. Assume that ϱ ≥ c where c ∈ R. Set ϱ_0 := (ϱ − c) · ( ∫ (ϱ − c) dμ)^{−1}. Then ∫ ϱ_0 dμ = 1 and |∇^μ_Hϱ_0|_H = 0. Define ν := ϱ_0 ·μ. Then by (6.9) for all v ∈ FC^∞_b , ℓ ∈ K, ∫ ∂v ∂j_H (ℓ) dν = − ∫ ∂^μϱ_0 ∂j_H(ℓ) v dμ − ∫ ϱ_0vβ^μ_{jH(ℓ)} dμ. Since^{∂μϱ0}_{∂jH(ℓ)} = 0 μ − a.e. it follows that ν ∈ G^{βμ}_{K,ac}, hence μ = ν by assumption, i.e., ϱ_0 ≡ 1, and thus ϱ = const. μ − a.e.. Case2. ϱ arbitrary.

Since also |∇^μ_H |ϱ||_H = 0 (because (E^μ_K, D(E^μ_K )) is a Dirichlet form) we conclude by Case1 that |ϱ| = const. μ − a.e., in particular ϱ ≥ c μ − a.e. for some c ∈ R. Applying Case1 again we obtain that ϱ = const. μ − a.e. and hence (E^μ_K , D(E^μ_K )) is irreducible. Now assume that (E^μ_K, D(E^μ_K )) is irreducible and let ν ∈ G^{βμ}_{K,ac}. Then ν = ϱ · μ for some ϱ ∈ L^1(μ), ϱ ≥ 0, and for all ℓ ∈ K, β^μ_{jH (ℓ)} = β^ν_{jH(ℓ)} ∈ L^2(ν), which is equivalent with ϱ^{1/2}β^μ_{jH (ℓ)} ∈ L^2(μ). Hence by Lemma 6.14 and Remark 6.13 it follows that √ ϱ ∈ D(E^μ_K ) and |∇^μ_H √ ϱ|_H = 0. Consequently, by assumption √ ϱ = const., thus ϱ = const. μ−a.e.. Hence ν = μ, i.e., G^{βμ}_K = {μ}.

(ii) : Assume that (E^ν_K, D(E^ν_K )) is irreducible for all ν ∈ G^{βμ}_K . Let ν ∈ G^{βμ}_K . Define μ_0 :=^1_2 (μ + ν). Then μ_0 ∈ G^{βμ}_K and ν ∈ G^{βμ0}_{K,ac} ( where for μ_0 and ℓ ∈ K we choose and fix a Borel version of β^{μ0}_{jH (ℓ)}, which coincides with the chosen one of β^μ_{jH (ℓ)} everywhere on X). Hence by (i) and the assumption ν = μ_0, therefore ν = μ and thus G^{βμ}_K = {μ}.

The converse trivially follows by (i). 2

Remark 6.16 (i) Since irreducibility is so crucial for our uniqueness problem we recall here some characterizations of it in terms of the semigroup (T_t)_{t>0} and generator (L, D(L)) of (E^μ_K, D(E^μ_K )) on L^2(μ) (cf. [52, Chap.I] for this terminology). The following are equivalent:

1. (E^μ_K, D(E^μ_K )) is irreducible.

2. (T_t)_{t>0} is irreducible, i.e., if g ∈ L^2(μ) such that T_t(gf) = gT_tf for all t > 0, f ∈ L^2(μ), then g = const. 3. If g ∈ L^2(μ) such that T_tg = g for all t > 0 then g = const. 4. ∫ (T_tg − ∫ g dμ)^2 dμ −→_{t→∞} 0 for all g ∈ L^2(μ).

5. If u ∈ D(L) with Lu = 0, then u = const.

The corresponding proofs are entirely standard and essentially well-known. More details on this and applications to Gibbs states will be published in [13], [2] and [7]. (ii) We note that Theorem 6.15(i) implies that in the situation of Theorem 6.2 the corresponding Dirichlet form is irreducible.

Acknowledgements We would like to thank Sergio Albeverio, Hans Föllmer and Nicolai Krylov for fruitful discussions on the contents of this paper. Financial support of the Sonderforschungsbereich 256 (Bonn), EC-Science Project SC1*CT92-0784, the International Science Foundation (Grant No. M 38000), and the Russian Foundation of Fundamental Research (Grant No. 94-01-01556) is gratefully acknowledged.

References

[1] Airault, H.: Projection of the infinitesimal generator of a diffusion. J. Funct. Anal.

85 (1989), 353-391.

[2] Albeverio, S., Bogachev, V.I., Röckner, M.: in preparation.

[3] Albeverio, S.,Høegh-Krohn, R.: Quasi-invariant measures, symmetric diffusion processes and quantum fields. In: Les méthodes mathématiques de la théorie quantique des champs, Colloques Internationaux du C.R.N.S., no. 248, Marseille, 23-27 juin 1975, C.N.R.S., 1976.

[4] Albeverio, S., Høegh-Krohn, R.: Hunt processes and analytic potential theory on rigged Hilbert spaces. Ann. Inst. Henri Poincaré Sect. B 13, 269-291 (1977).

[5] Albeverio, S., Hoegh-Krohn, R.: Dirichlet forms and diffusion processes on rigged Hilbert spaces. Z. Wahr. theor. verw. Geb. 40 (1977), 1-57.

[6] Albeverio, S., Hoegh-Krohn, R., Streit, L.: Energy forms, Hamiltonians, and distorted Brownian paths. J. Math. Phys. 18 (1977), n 5, 907-917.

[7] Albeverio, S., Kondratiev, Ju., Röckner, M.: in preparation.

[8] Albeverio, S., Kusuoka, S., Röckner, M.: On partial integration in infinite dimensional space and applications to Dirichlet forms. J. London Math. Soc. 42, 122-136 (1990).

[9] Albeverio, S. Ma, Z.M., Röckner, M.: Partition of unity in Dirichlet space.

Preprint (1994).

[10] Albeverio, S., Röckner, M.: Classical Dirichlet forms on topological vector spaces - construction of an associated diffusion process. Probab. Theor. Rel. Fields 83 (1989), 405-434.

[11] Albeverio, S., Röckner, M.: Classical Dirichlet forms on topological vector spaces – closability and a Cameron-Martin formula. J. Funct. Anal. 88, 395-436 (1990).

[12] Albeverio S., Röckner M.: Stochastic differential equations in infinite dimensions:

solutions via Dirichlet forms. Probab. Theor. Rel. Fields 89 (1991), 347-386.

[13] Albeverio, S., Röckner, M.: in preparation.

[14] Albeverio, S., Röckner, M., Zhang, T.S.: Markov uniqueness for a class of infinite dimensional Dirichlet operators. In: Stochastic Processes and Optimal Control. Stochastic Monographs Vol. 7, 1-26, Editors: H.J. Engelbert et al. Gordon & Breach 1993.

[15] Averbuh, V.I., Smolyanov, O.G., Fomin, S.V.: Generalized functions and differential equations in linear spaces. Trans. Moscow Math. Soc. 24 (1971), 140-184.

[16] Bogachev, V.I.: Some results on differential measures. Math. USSR Sb. 55 (1986), 335-349.

[17] Bogachev, V.I.: Remarks on integration by parts in infinite dimensions. Acta Univ. Carolina 34, 11-29 (1993).

[18] Bogachev, V.I.: Locally convex spaces with the CLT property and supports of measures. Moscow Univ. Bull. 41:6 (1986), 19-23.

[19] Bogachev, V.I.: Remarks on invariant measures and reversibility of infinite dimensional diffusions. Proc. Intern. Conf. Stochastic Analysis, Euler Math. Institute, St.-Petersburg (1993).

[20] Bogachev, V.I., Da Prato, G., Röckner, M.: Perturbation of symmetric diffusions and regularity of associated invariant measures. Preprint (1994).

[21] Bogachev, V.I., Krylov, N.V., Röckner, M.: Regularity of invariant measures: the case of non-constant diffusion part. Preprint (1994).

[22] Bogachev, V.I., Smolyanov, O.G.: Analytic properties of infinite dimensional distributions. Russian Math. Surveys 45 (1990), n 3, 1-104.

[23] Bogachev, V.I., Röckner, M.: Hypoellipticity and invariant measures of infinitedimensional diffusions. C. R. Acad. Sci. Paris, Sér. 1, 318 (1994), 553-558.

[24] Bogachev, V.I., Röckner, M. Schmuland, B.: Generalized Mehler semigroups and applications. Preprint (1994).

[25] Borell, Ch.: Gaussian Radon measures on locally convex spaces. Math. Scand. 38 (1976), n 2, 265-285.

[26] Daleckii, Yu., Fomin, S.: Measures and differential equations in infinite dimensions. Kluwer (1991).

[27] Da Prato, G., Gatarek, D., Zabczyk, J.: Invariant measures for semilinear stochastic equations. Stoch. Anal. Appl. 10 (1992), n 4, 387-408.

[28] Da Prato, G., Zabczyk, J.: Stochastic equations in infinite dimensions. Cambridge Univ. Press, 1992.

[29] Da Prato, G., Zabczyk, J.: Regular densities of invariant measures for nonlinear stochastic equations. Preprints di Matematica n 149 (1992), Scuola Normale Super., Pisa. (to appear in J. Funct. Anal.)

[30] Deuschel, J.: Infinite-dimensional diffusion processes as Gibbs measures on C[0, 1].

Probab. Theor. Rel. Fields 76 (1987), 325-340.

[31] Deuschel, J., Föllmer, H.: Time reversal and smoothing of infinite dimensional diffusion processes. BiBos Preprint 192 (1986); Proc. I Int. Ascona-Como Meeting ”Stoch. processes in Classical and Quantum Systems”, Eds. S.Albeverio, G.Casati, D.Merlini.

[32] Doss, H., Royer, G.: Processus de diffusion associés aux mesures de Gibbs sur R^{Zd} . Z. Wahr. theor. verw. Geb. 46 (1979), 125-158.

[33] Dunford, N., Schwarz, J.: Linear operators, I, II. Interscience Publ. 1958, 1963.

[34] Fukushima, M.: Dirichlet forms and Markov processes. Amsterdam-Oxford-New York: North Holland (1980).

[35] Föllmer, H.: Random fields and diffusion processes. Lect. Notes Math. 1362 (1988), 101-203.

[36] Föllmer, H., Wakolbinger, A.: Time reversal of infinite-dimensional diffusions.

Stochastic Proc. Appl. 22 (1986), 59-77.

[37] Fritz, J.: Stationary measures of stochastic gradient systems, infinite lattice models. Z. Wahr. theor. verw. Geb. 59 (1982), 479-490.

[38] Fukushima, M.: Energy forms and diffusion processes. In: Streit L. (ed.), Mathematics and Physics, Singapore: World Scientific 1984.

[39] Gross, L.: Abstract Wiener spaces. Proc. 5th Berkeley Symp. Math. Stat. Prob.

2, 31-42 (1965).

[40] Gross, L.: Potential theory in Hilbert spaces. J. Funct. Anal. 1 (1967), 123-189.

[41] Gross, L.: Logarithmic Sobolev inequalities. Amer. J. Math. 97 (1976), 1061-1083.

[42] Hasminskii, R.Z.: Ergodic properties of reccurent diffusion processes and stabilization of the solution of the Cauchy problem for parabolic equations. Theor. Probab. Appl. 5 (1960), 179-196.

[43] Haussmann, U.G., Pardoux, E.: Time reversal of diffusions. Ann. Probab. 14 (1986), n 4, 1188-1205.

[44] Holley, R., Stroock, D.: Diffusions on an infinite dimensional torus. J. Funct.

Anal. 42 (1981), 29-63.

[45] Ikeda, N., Watanabe, S.: Stochastic differential equations and diffusion processes.

North-Holland, 1984.

[46] Kirillov, A.I.: On two mathematical problems of the canonical quantization, I.

Theor. and Math. Phys. 87 (1991), n 1, 22-33; II, ibidem, 87 (1991), n 2, 163-172; III, ibidem,91 (1992), n 3, 377-395; 93 (1992), 249-263.

[47] Kirillov, A.I.: Distorted Brownian motion on Hilbert space and its application in the theory of integration. Theor. Probab. and Appl. 38 (1993), n 3, 628-635.

[48] Kirillov, A.I.: On determining measures on the functional spaces by their logarithmic derivatives and by infinitely multiple integrals. BiBos Preprint n 587 (1993), Univ. Bielefeld.

[49] Kolmogorov, A.N.: Zur Umkehrbarkeit der statistischen Naturgesetze. Math.

Ann. 113 (1937), 766-772.

[50] Kuo, H.: Gaussian measures in Banach spaces. Springer, 1975.

[51] Leha, G., Ritter, G.: Stationary distributions of diffusion processes in completely regular and Hilbert spaces. Preprint (1992).

[52] Ma, Z.M., Röckner, M.: An introduction to the theory of (non-symmetric) Dirichlet forms. Berlin: Springer 1992.

[53] Malliavin, P.: Hypoellipticity in infinite dimensions. In: Diffusion processes and related problems in Analysis, V. 1, Chicago 1989, Birkhauser 1991 (M.Pinsky ed.), 17-31.

[54] Maslowski, B.: Uniqueness and stability of invariant measures for stochastic differential equations in Hilbert spaces. Stochastics and Stoch. Rep. 28 (1989), 85-114.

[55] Millet, A., Nualart, D., Sanz, M.: Integration by parts and time reversal for diffusion processes. Ann. Probab. 17 (1989), n 1, 208-238.

[56] Nelson, E.: The free Markov field. J. Funct. Anal. 12, 211-227 (1973).

[57] Pietch, A.: Operator ideals. Springer, 1975.

[58] Röckner, M.: A Dirichlet problem for distributions and specifications for random fields. Memoirs of the Am. Math. Soc. 54, 324 (1985).

[59] Röckner, M.: Dirichlet forms on infinite dimensional state space and applications.

In: Stochastic Analysis and Related Topics, 131-186. Editors: H. Körezlioglu, A.S. Ustumel. Boston: Birkhäuser 1992.

[60] Röckner, M., Zhang, T.S.: Uniqueness of generalized Schrodinger operators and applications. J. Funct. Anal. 105 (1992), n 1, 187-231.

[61] Röckner, M., Zhang, T.S.: Uniqueness of generalized Schrödinger operators- Part II. J. Funct. Anal. 119, 455-467 (1994).

[62] Roelly, S., Zessin, H.: Une caractérisation des mesures de Gibbs sur C(0, 1)^{Zd} par le calcul des variationes stochastiques. Ann. Inst. Henri Poincaré 29, 327-338 (1993).

[63] Schrödinger, E.: Uber die Umkehrung der Naturgesetze. Sitzungsber. Preuss.

Akad. Wiss. Berlin, Phys.-Math. Kl., 1931, 12. Marz, 144-153.

[64] Schwartz, L.: Radon measures on arbitrary topological space and cylindrical measures. London: Oxford University Press 1973.

[65] Shigekawa, I.: Existence of invariant measures of diffusions on an abstract Wiener space. Osaka J. Math. 24 (1987), n 1, 37-59.

[66] Tsirelson, B.S.: Supplement to: A natural modification of a random process and its application to series of random functions and to Gaussian measures. Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov (LOMI), 72 (1977), 202-211.

[67] Vakhania, N.N., Tarieladze, V.I., Chobanyan, S.A.: Probability distributions in Banach spaces. Moscow, Nauka, 1985 (in Russian); English translation: Kluwer, 1990.

[68] Vintschger, R.v.: The existence of invariant measures for C[0,1]-valued diffusions.

Probab. Ther. Rel. Fields 82 (1989), 307-313.

[69] Zabczyk, J.: On stability of infinite dimensional stochastic systems. Probab. Theory,Banach Center Publications Vol. 5 (1979), Z.Ciesielski (ed.), Warsaw, 273-281.

[70] Zabczyk, J.: Structural properties and limit behaviour of linear stochastic systems in Hilbert spaces. Math. Control Theory, Banach Center Publ., Vol. 14 (1981).

[71] Zakai, M.: On the ultimate boundedness of moments associated with solutions of stochastic differential equations. SIAM J. Control 5 (1967), 588-593.

[72] Zhang, T.S.: Existence of invariant measures for diffusion processes with infinte dimensional state space. In: Ideas and Methods in Mathematical Analysis, Stochastics, and Applications. R. Høegh-Krohn Memorial Vol.II, 283-294. Cambridge University Press: Cambridge 1992.