Generalized Mehler semigroups and applications

Vladimir I. Bogachev^1 Michael Röckner^2 Byron Schmuland^3

Abstract. We construct and study generalized Mehler semigroups (p_t)_{t≥0} and their associated Markov processes M. The construction methods for (p_t)_{t≥0} are based on some new purely functional analytic results implying, in particular, that any strongly continuous semigroup on a Hilbert space H can be extended to some large Hilbert space E, with the embedding H ⊂ E being Hilbert-Schmidt. The same analytic extension results are applied to construct strong solutions to stochastic differential equations of type dX_t = CdW_t + AX_tdt (with possibly unbounded linear operators A and C on H) on a suitably chosen larger space E. For Gaussian generalized Mehler semigroups (p_t)_{t≥0} with corresponding Markov process M, the associated (non-symmetric) Dirichlet forms (E, D(E)) are explicitly calculated and a necessary and sufficient condition for path regularity of M in terms of (E, D(E)) is proved. Then, using Dirichlet form methods it is shown that M weakly solves the above stochastic differential equation if the state space E is chosen appropriately. Finally, we discuss the differences between these two methods yielding strong resp. weak solutions.

AMS Subject Classification (1991)

Primary: 47D07, 60H15 Secondary: 31C25, 60H10, 60G15

1 Department of Mechanics and Mathematics, Moscow State University, 119899 Moscow, Russia.

2 Department of Mathematics, University of Bielefeld, D–33615 Bielefeld, Germany. 3 Department of Mathematical Sciences, University of Alberta, Edmonton, Alberta, Canada T6G 2G1.

Contents.

0. Introduction.

1. Functional analytic preliminaries: Extensions of semigroups. 2. Generalized Mehler semigroups. 3. Corresponding Markov processes. 4. The general Gaussian case.

5. Strong solutions for the associated stochastic differential equations on enlargements. 6. Associated generators and Dirichlet forms.

7. Quasi-regularity, continuity of sample paths, and weak solutions for the associated stochastic differential equations via Dirichlet forms.

0. Introduction.

The two main objectives of this paper are the following two topics: (1) The study and construction of so-called generalized Mehler semigroups, and (2) The solution of stochastic differential equations of type dX_t = AX_tdt + CdW_t, (0.1) on infinite dimensional spaces, where A and C are in general unbounded linear operators on a separable Hilbert space H and W_t is a cylindrical Wiener process in H. Here we always assume that A generates a strongly continuous semigroup on H. As will be seen, and is essentially known, solutions of (0.1) are connected with a special class of generalized Mehler semigroups, namely Gaussian ones.

Generalized Mehler semigroups (p_t)_{t≥0} on a separable Banach space E are defined by p_tf(x) = ∫ f(T_tx + y)μ_t(dy) = (μ_t ∗ f)(T_t x). (0.2)

t ≥ 0, f: E → IR, bounded Borel-measurable. Here (T_t)_{t≥0} is a strongly continuous semigroup on E and μ_t, t ≥ 0, are probability measures such that

μ_{t+s} = ( μ_t ∘ T^{−1}_s ) ∗ μ_s for all s, t ≥ 0. (0.3)

Then (p_t)_{t≥0} is always a Feller semigroup (i.e., p_t(C_b(E)) ⊂ C_b(E) for all t ≥ 0). In Section 2 below they are treated in detail. In particular, construction methods are described (cf. Lemma 2.6) and a class of non-Gaussian examples is given (cf. Example 2.7).

The construction methods for (p_t)_{t≥0} are based on some purely functional analytic results on extensions of strongly continuous semigroups presented in Section 1. More precisely, we show that for a strongly continuous semigroup (T_t)_{t≥0} on a Hilbert space H there exists a larger separable Hilbert space E such that the embedding H ⊂ E is Hilbert-Schmidt, and (T_t)_{t≥0} extends (uniquely) to a strongly continuous semigroup on E (see Corollary 1.4). Various extensions of this result (e.g. that E can be chosen in common for finitely many commuting semigroups), which are particularly important in connection with constructing solutions for (0.1), are also discussed (cf. Theorems 1.6, 1.8). These functional analytic results are of their own interest.

In Section 3 we consider the Markov processes on E whose transition functions are given by generalized Mehler semigroups. They always exist by the classical Kolmogorov theorem, but might (even in the Gaussian case) have no sample path regularity whatsoever (cf. Remark 3.1 below). However, generalizing a result in [BR 93], we show that if the Markov process started with one probability measure on E has continuous (resp. cadlag resp. right continuous) sample paths, then it has the same sample path regularity when started with any other probability measure on E (cf. Theorem 3.2). In Section 4 we study the most general type of Gaussian Mehler semigroups on Hilbert spaces E. It turns out that in this case, (0.3) implies that (t, x) → p_tf(x) is continuous on (0, ∞) × E for all f ∈ C_b(E), in particular,

lim_{t→0} p_tf(x) = f(x) for all x ∈ E.

A way to obtain examples for (p_t)_{t≥0} is described in Remark 4.5 (ii). We also consider invariant measures for (p_t)_{t≥0} in this case. However, the corresponding results are more or less well-known (cf. [DPZ 92]), but they read a little differently in our framework.

We emphasize that throughout this paper our viewpoint with respect to both topics (1) and (2) is the following: we think of the quantities involved, i.e., operators, processes, and measures, as being given on a separable Hilbert space H as operators, cylindrical processes, and cylindrical measures. Our task is to construct a larger state space E such that all quantities have natural extensions to E so that (0.2) makes sense and (in the strongest possible sense) also (0.1).

Equations (0.1) and their non-linear perturbations have been studied extensively (see [Ro 90], [DPZ 92], and the references therein; for the linear case see also [MS 92]). It turns out that because the linear operators in our infinite dimensional setting are unbounded and are only defined on subdomains of the Hilbert space, a substantial part of the work is “to give the best possible sense” to the linear equation (0.1). Then a variety of wellunderstood (but nevertheless sophisticated) methods lead to solutions for the non-linear ones. However, in most of the literature the authors try to find solutions in an a priori chosen state space E, which if this space is too small, might require restrictive conditions on the operators A, C. Our approach is to first construct an appropriate sufficiently big state space E on which (0.1) can be solved (uniquely) in the strongest possible sense, then try to solve the perturbed non-linear equation and (simultaneously) try to determine a smaller natural sub-manifold of E which carries the process.

Step 1 of this programme is carried out in Section 5 of this paper (cf. Theorem 5.1) on the basis of the analytic extension results in Section 1. We emphasize that we do not assume the diffusion operator C to be bounded on H, but only need that it can be represented as the composition of a bounded operator and the generator of a strongly continuous semigroup on H, which commutes with the semigroup generated by A. As is well-known (and in this case particularly easy to see), the transition probabilities of the strong solutions of (0.1) on the enlarged state space E are then given by Gaussian Mehler semigroups. They are determined explicitly in Proposition 5.3.

Sections 6 and 7 are devoted to a different approach to (0.1), namely to construct weak solutions via Dirichlet forms using the method developed in [AR 91]. In contrast to [AR 91] we treat here only linear cases, but these are much more general, in particular nonsymmetric. Moreover, the solutions are constructed on state space E, so that their transition probabilities are given by Gaussian Mehler semigroups. In particular, they are Feller.

The starting point in Section 6 is a general Gaussian Mehler semigroup (p_t)_{t≥0} which has an invariant measure μ on one of the enlarged spaces E constructed in Section 1. We first calculate the L^2(E; μ)-generator L of (p_t)_{t≥0} and the corresponding positive definite bilinear form E. Assuming that the sector condition is fulfilled (cf. Condition 6.2) we prove (Theorem 6.3) that its closure (E, D(E)) is a local (non-symmetric) Dirichlet form on L^2(E; μ) (cf. [MR 92]). We characterize when (E, D(E)) is symmetric (cf. Remark 6.4). We point out that the symmetry of (E, D(E)) depends on symmetry properties of the involved operators on H and not of their extensions to the state space E.

In Section 7 we prove that (E, D(E)) is quasi-regular if and only if the Markov process M associated with (p_t)_{t≥0} (constructed in Section 3) has cadlag resp. continuous sample paths. We also prove a sufficient condition for (E, D(E)) to be quasi-regular and identify an enlarging space E constructed in Section 1 for which this is always the case. Subsequently, we prove that M weakly solves (0.1) on this particular state space E. We emphasize that the diffusion coefficient C may not be an operator of the type as in Section 5 and that this solution of (0.1) may not be a strong one (see the final discussion in Remark 7.11 about the connection with the results in Section 5).

The idea of extending equations to larger spaces E is quite standard. In many concrete situations, say where A is a differential operator on L^2, an extension may be obvious with some Sobolev space of negative order for E. Also if E is not required to be a Banach or Hilbert space; or if A is self-adjoint on H with discrete spectrum the extension results in Section 1 are entirely trivial. However, in more general situations, even for self-adjoint A, the existence of suitable extensions on Banach or even Hilbert spaces as above is not trivial. To the best of our knowledge [R 88a,b] seem to be the first papers in this direction. In [BR 93] a complete solution to the case with an arbitrary self-adjoint A was presented. In fact [BR 93] together with [S 93] were the starting point of this work. A substantial part of the results of this paper are extensions of results in [BR 93], [S 93].

Finally, we would like to note one technical point which might appear odd to the reader. Since we mostly work with two different Hilbert spaces H and E with H ⊂ E, to avoid confusion we identify neither H nor E with its dual.

1. Functional-analytic preliminaries: Extensions of semigroups.

For a Banach space E, let L(E) denote the set of all bounded linear operators on E with the corresponding norm ‖ · ‖_{L(E)}. Also, we let B(E) denote the σ-algebra of Borel sets in E. Let H be a separable Hilbert space. A set Q ⊂ H is called a (nondegenerate) Hilbert- Schmidt ellipsoid, if there exists a Hilbert-Schmidt operator T on H with dense range such that Q = T (U_H ), where U_H is the unit ball in H, i.e., U_H = {h ∈ H | ‖h‖_H ≤ 1}.

Remark 1.1. (i) We note that the operator T above can be assumed to be injective, self-adjoint, and nonnegative. Indeed, to get an injective Hilbert-Schmidt operator T_1 with T_1(U_H ) = T (U_H ) we define ~T to be the restriction of T to ~H := (ker T )^⊥. Clearly, ~T is an injective Hilbert-Schmidt operator with the same range as T . It follows that ~H is infinite dimensional, and since H is separable there exists a unitary map Λ: H → H̃. We then can take T_1 := ~T Λ. Assuming that T is already injective, let T = T_0J be the polar decomposition of T, that is, J is a partial isometry, and T_0 is self-adjoint and nonnegative. Since T has dense range, it follows that J is onto and so J(U_H ) = U_H and T_0 is injective. Thus T_0(U_H ) = T_0(J(U_H )) = T (U_H ) where T_0 is injective, self-adjoint, and non-negative.

(ii) Clearly, Q ⊂ H is a Hilbert-Schmidt ellipsoid if and only if Q = T (U_{H1} ) for some Hilbert space H_1 and a Hilbert-Schmidt operator T : H_1 → H with dense range.

(iii) Note that, of course, every Hilbert-Schmidt ellipsoid is compact in H. (iv) If T is injective, then the space H_0 = T (H) possesses a natural Hilbert space structure given by

(x, y)_{H0} = (T^{−1}x, T^{−1}y)_H , x, y ∈ H_0. (1.1)

The set Q := T (U_H ) is the unit ball in (H_0, ‖·‖_{H0} ) and ‖·‖_H ≤ a‖·‖_{H0} , with a = ‖T ‖_{L(H)}.

Lemma 1.2. Let (T_t)_{t≥0} be a strongly continuous semigroup in a separable Hilbert space H, such that ‖T_t‖_{L(H)} < 1 for some t ≥ 0. Then there exists a Hilbert-Schmidt ellipsoid Q so that T_t(Q) ⊆ Q for all t ≥ 0. Moreover, if T^1_t , . . . , T^m_t are commuting semigroups, satisfying the condition above, then Q can be chosen common for all of them.

Proof. We note that the assumption ‖T_t‖_{L(H)} < 1 for some t ≥ 0, implies that there exist positive constants b, c so that ‖T_t‖_{L(H)} ≤ be^{−ct} for all t ≥ 0.

Let H_0 be a Hilbert space in H corresponding to any nondegenerate Hilbert-Schmidt ellipsoid, as in Remark 1.1 (iv), and a the corresponding constant. Let X := L^2([0, ∞) → H_0; ds), be the L^2-space, with respect to Lebesgue measure, of H_0-valued functions on [ 0, ∞). Define an operator T : X → H by T x := ∫_∞ 0 T_sx(s) ds. This integral is welldefined since s → T_sx(s) is weakly measurable, and hence strongly measurable, and for every x ∈ X ∫_∞ 0 ‖T_sx(s)‖_H ds ≤ ba ∫_∞ 0 ‖x(s)‖_{H0} e^{−cs} ds ≤ ba (∫^∞ 0 e^{−2cs} ds )_{1/2} ‖x‖_X . (1.2)

In particular, the operator T is bounded.

We claim that T is a Hilbert-Schmidt operator with dense range, and that T_t(T (U_X )) ⊆ T (U_X ) for every t ≥ 0. If we can prove these statements, then the result follows by letting Q = T (U_X ).

First we prove that T is a Hilbert-Schmidt operator. Let (e_k)_{k∈IN} be an orthonormal basis in H_0. For m of the form m = 2^q consider the orthonormal system in X defined by

e^m_{i,k}(s) = { √ m e_k, if^i_m ≤ s ≤^{i+1}_m , 0, otherwise. i, k ∈ IN (1.3)

Denote by X_m the closed subspace generated by (e^m_{i,k})_{i,k∈IN} .

This is an increasing sequence of subspaces with union dense in X. So for any vector x ∈ X, the sequence P_mx of the projections of x onto X_m converges to x; in particular, T P_mx → T x. Hence by Fatou’s lemma it suffices to prove that the operators T P_m have uniformly bounded Hilbert-Schmidt norms. We may now estimate the Hilbert-Schmidt norm of T P_m directly: ∑ i,k∈IN ‖T P_me^m_{i,k}‖^2_H = ∑ i,k∈IN ‖T e^m_{i,k}‖^2_H

= ∑ i,k∈IN ‖ ‖ (i+1)/m ∫ i/m √ m T_se_k ds ‖ ‖^2 H

≤ ∑ i,k∈IN m ‖e_k‖^2_H (i+1)/m ∫ i/m ‖T_s‖_{L(H)} ds 2

≤ ∑ i,k∈IN m ‖e_k‖^2_H (b/m) (i+1)/m ∫ i/m ‖T_s‖_{L(H)} , ds

≤ α^2b ∫_∞ 0 ‖T_s‖_{L(H)} ds,

(1.4)

where α is the Hilbert-Schmidt norm of the natural embedding H_0 → H. The left hand side of this estimate is precisely the Hilbert-Schmidt norm of T P_m, as T P_m is zero on the orthogonal complement of X_m and the Hilbert-Schmidt norm does not depend upon the choice of an orthogonal basis. This proves that T is Hilbert-Schmidt.

For any h ∈ H_0, the sequence T (n1_{[0,1/n]}h) = n ∫_{1/n} 0 T_sh ds converges to h in H-norm as n → ∞. This shows that the range of T is dense in H_0, and hence also in H.

Finally, we see that T_t(T x) = T (x_t) where

x_t(s) = { x(s − t); if s ≥ t, 0; otherwise.

(1.5)

If x ∈ U_X , then x_t ∈ U_X and so it follows that T_t(T (U_X )) ⊆ T (U_X ).

The case with finitely many commuting semigroups is handled similarly, with X being a space of H_0-valued functions on [ 0, ∞)^m and the operator T given by T x = ∫_∞ 0 · · · ∫_∞ 0 T^1_{s1} . . . T^m_{sm} x(s_1, . . . , s_m) ds_1 . . . ds_m. (1.6)

Theorem 1.3. Let (T_t)_{t≥0} be a continuous semigroup on a separable Hilbert space H. Assume that ‖T_t‖_{L(H)} < 1, for some t ≥ 0. Then H can be linearly and continuously embedded into a Hilbert space E such that H is dense in E, the embedding is Hilbert- Schmidt, and so that (T_t)_{t≥0} admits an extension to a strongly continuous contraction semigroup (T^E_t )_{t≥0} on E.

Moreover, finitely many commuting semigroups satisfying the condition above can be extended simultaneously on such a space.

Remark. In the symmetric case, Bogachev and Röckner [BR 93] have proved this extension result where (T_t)_{t≥0} was only assumed to be a strongly continuous contraction semigroup without the exponential decay of ‖T_t‖_{L(H)}.

Proof. Since ‖T^∗_t ‖_{L(H}�_) = ‖T_t‖_{L(H)} we can consider the Hilbert-Schmidt ellipsoid Q obtained by applying Lemma 1.2 to the dual semigroup (T^∗_t )_{t≥0}. For x ∈ H, define p(x) := sup_{q∈Q H}�⟨q, x⟩_H . Since Q is absolutely convex with dense linear span, it follows that p is a norm on H. Let E be the completion of H with respect to the norm p. If T^∗ is a self-adjoint Hilbert-Schmidt operator on H^∗ that maps the unit ball U_H� onto Q, then for all x ∈ H, p(x) = sup_{q∈Q H}�⟨q, x⟩_H = sup_{u∈UH} �^H �⟨T^∗u, x⟩_H = sup_{u∈UH} �^H �⟨u, T x⟩_H = ‖T x‖_H . (1.7) It follows that E is a Hilbert space and that the natural embedding H ⊂ E is Hilbert- Schmidt.

For each t ≥ 0 we have T^∗_t Q ⊂ Q, so for all x ∈ H p(T_tx) = sup_{q∈Q H}�⟨q, T_tx⟩_H = sup_{q∈Q H}�⟨T^∗_t q, x⟩_H ≤ sup_{q∈Q H}�⟨q, x⟩_H = p(x), (1.8) from which it follows that T_t can be extended to a linear operator T^E_t on E with ‖T^E_t ‖_{L(E)} ≤ 1. The strong continuity of (T^E_t )_{t≥0} on E follows from the strong continuity of (T_t)_{t≥0} on H, the density of H in E, and the fact that ‖T^E_t ‖_{L(E)} ≤ 1 for all t ≥ 0. In the case of finitely many commuting semigroups, (1.8) holds for all of them by Lemma 1.2.

Corollary 1.4. Let (T_t)_{t≥0} be a strongly continuous semigroup on a separable Hilbert space H. Then H can be linearly and continuously embedded into a Hilbert space E such that H is dense in E, the embedding is Hilbert-Schmidt, and so that (T_t)_{t≥0} admits an extension to a strongly continuous semigroup (T^E_t )_{t≥0} on E. If T^1_t , . . . , T^m_t are strongly continuous commuting semigroups on H, then the space E as above can be chosen common for all of them.

Proof. Since T_t is strongly continuous on H, ‖T_t‖_{L(H)} ≤ be^{ct} for some c > 0. We can apply Theorem 1.3 to the semigroup ~T_t = e^{−2ct} T_t. Now we can take its extension and multiply it by e^{2ct}. In the case of finitely many semigroups the proof is the same.

Remark 1.5. In Corollary 1.4, we have H ⊂ E, and the semigroup (T_t)_{t≥0} extends to a strongly continuous semigroup (T^E_t )_{t≥0} on E. Letting (A, D(A)) resp. (A^E , D(A^E )) be the generator of (T_t)_{t≥0} resp. (T^E_t )_{t≥0} on E, it is not hard to show that

D(A) ⊂ D(A^E ) and A^E = A on D(A), (1.9)

since ‖ · ‖_E ≤ constant ‖ · ‖_H on H. On the dual spaces, everything is reversed. That is, E^∗ ⊂ H^∗ and if (T^∗_t )_{t≥0} and ((T^E_t )^∗)_{t≥0} are the dual semigroups on H^∗ and E^∗ respectively, then (T^E_t )^∗ is just the restriction of the operator T^∗_t to the subspace E^∗. In addition, the generators satisfy D((A^E )^∗) ⊂ D(A^∗ ) and (A^E )^∗ = A^∗ on D((A^E )^∗).

In Sections 5 and 7 (cf. Theorems 5.1, 5.2, and Proposition 7.5 below) we shall need the following stronger version of Corollary 1.4.

Theorem 1.6. Let (T_t)_{t≥0} be a strongly continuous semigroup with generator (A, D(A)) on a separable Hilbert space H. Then H can be linearly and continuously embedded into a Hilbert space E such that H is dense in E, (T_t)_{t≥0} admits an extension to a strongly continuous semigroup (T^E_t )_{t≥0} on E, and so that H embeds into D(A^E ) (equipped with the graph norm) with a Hilbert-Schmidt map.

Proof. For any fixed t ∈ (0, ∞), there exists c ∈ (0, ∞) so that for T̃_t := e^{−ct}T_t, we have ‖T̃_t‖_{L(H)} =: γ < 1. Then also ‖T̃^∗_t ‖_{L(H}�_) = γ < 1.

Consider the Hilbert space D(A^∗) equipped with the graph norm ‖h‖_{D(A}�_) = (‖h‖^2_H� + ‖A^∗h‖^2_H�)^{1/2}. One can easily check that (T^∗_t )_{t≥0} is a strongly continuous semigroup on D(A^∗). In addition, for the same value of t as above,

‖T^∗_t h‖^2_{D(A}�_) = ‖T^∗_t h‖^2_H� + ‖A^∗T^∗_t h‖^2_H� = ‖T^∗_t h‖^2_H� + ‖T^∗_t A^∗h‖^2_H�

≤ e^{2ct}γ^2‖h‖^2_H� + e^{2ct}γ^2‖A^∗h‖^2_H� = e^{2ct}γ^2‖h‖^2_{D(A}�_).

(1.10)

Therefore we can apply Lemma 1.2 to (T̃^∗_t )_{t≥0} on D(A^∗) and let Q be a nondegenerate Hilbert-Schmidt ellipsoid in D(A^∗) such that T̃^∗_t (Q) ⊆ Q for every t ≥ 0. Since A^∗: D(A^∗ ) → H^∗ is continuous it follows that A^∗(Q) is a (possibly degenerate) Hilbert- Schmidt ellipsoid in H^∗.

Since Q is also a Hilbert-Schmidt ellipsoid in H, as in the proof of Theorem 1.3, we can now define E to be the completion of H with respect to the following Hilbertian norm, ‖x‖_E := sup_{q∈Q H}�⟨q, x⟩_H , x ∈ H. (1.11) As in Corollary 1.4, the semigroup (T_t)_{t≥0} extends to a strongly continuous semigroup (T^E_t )_{t≥0} on E. Let (A^E , D(A^E )) be the generator of (T^E_t )_{t≥0} on E. Using (1.9), we can evaluate the graph norm of A^E for x ∈ D(A),

‖x‖^2_{D(A}E_) = ‖A^E x‖^2_E + ‖x‖^2_E = sup_{q∈Q H}�⟨q, Ax⟩^2_H + sup_{q∈Q H}�⟨q, x⟩^2_H = sup p∈A�_{(Q)}^H �⟨p, x⟩^2_H + sup_{q∈Q H}�⟨q, x⟩^2_H . (1.12)

Let (e_k)_{k∈IN} be an orthonormal basis for H sitting in D(A). Since both Q and A^∗(Q) are Hilbert-Schmidt ellipsoids in H^∗, from (1.12) and (1.7) we see that ∑_∞ k=1 ‖e_k‖^2_{D(AE)} < ∞. This shows that the injection (D(A), ‖ · ‖_H ) → (D(A^E ), ‖ · ‖_{D(A}E_)) is Hilbert-Schmidt and hence extends to a unique Hilbert-Schmidt map from H into D(A^E ). Using (1.12) and the fact that Q is non-degenerate shows that this extension is one-to-one, i.e., it is an embedding.

In Section 5 below we need yet a stronger version of Theorem 1.6. For the proof we need

Theorem 1.7. Let (T_t)_{t≥0} and (S_t)_{t≥0} be two commuting strongly continuous semigroups on a separable Hilbert space H with generators (A, D(A)) and (G, D(G)). Then: (i): T_t(D(G)) ⊂ D(G) and T_t commutes with G on D(G) for all t ≥ 0. (ii): The domain D_{A,G} = {h ∈ D(A) ∩ D(G) | Ah ∈ D(G), Gh ∈ D(A)} (1.13) is dense in H and AG = GA on D_{A,G}. In addition, D_{A,G} is complete with the norm ‖h‖_{A,G} := (‖h‖^2_H + ‖Ah‖^2_H + ‖Gh‖^2_H + ‖AGh‖^2_H + ‖GAh‖^2_H )^{1/2}. Proof. (i): Let h ∈ D(G) and t > 0. Then the map τ → S_τ h is differentiable and so is the map τ → T_tS_τ h = S_τ T_th. Hence T_th ∈ D(G) and T_tGh = GT_th.

(ii): If h ∈ D_{A,G}, then AGh = Gh. Indeed, for t > 0, G T_th − h t = 1 t G ∫_t 0 T_sAh ds = 1 t ∫_t 0 T_sGAh ds, (1.14) which converges to GAh as t goes to zero. On the other hand, the derivative of t → T_tGh at zero equals AGh. Furthermore, note that vectors of the form z = ∫_t 0 ∫_s 0 T_r S_τ h drdτ, h ∈ H, (1.15) belong to D_{A,G}. Indeed, they are clearly in D(A) ∩ D(G) and (see [P 83; Theorem 2.4]), A (∫^t 0 ∫_s 0 T_rS_τ h drdτ ) = A (∫^s 0 T_r( ∫_t 0 S_τ h dτ ) dr )

= T_s( ∫_t 0 S_τ h dτ ) − ∫_t 0 S_τ h dτ = ∫_t 0 S_τ T_sh dτ − ∫_t 0 S_τ h dτ, (1.16) which belongs to the domain of G. Similarly, Gz ∈ D(A). The collection of vectors given by (1.15) span a dense subspace in H, since if some h_0 is orthogonal to all of them, then differentiating the scalar product of h_0 with such a vector in s and in t at zero we get (h_0, h)_h = 0 for all h ∈ H. This implies that h_0 = 0.

Finally, to prove that D_{A,G} is complete, assume that (h_n)_{n∈IN} is a Cauchy sequence in the norm above. Then the sequences (h_n)_{n∈IN} , (Ah_n)_{n∈IN} , (Gh_n)_{n∈IN} , (GAh_n)_{n∈IN} , (AGh_n)_{n∈IN} are fundamental in H. Since both A and G are closed operators, this implies that there exists h = lim_{n→∞} h_n such that h ∈ D(A) ∩ D(G) and Ah = lim_{n→∞} Ah_n, Gh = lim_{n→∞} Gh_n. For the same reason, Gh ∈ D(A), AGh = lim_{n→∞} AGh_n, and Ah ∈ D(G), GAh = lim_{n→∞} GAh_n and the proof in complete.

Theorem 1.8. Let (T_t)_{t≥0} and (S_t)_{t≥0} be two commuting strongly continuous semigroups on a separable Hilbert space H with generators (A, D(A)) and (G, D(G)). Then

H can be linearly and continuously embedded into a Hilbert space E such that H is dense in E, (T_t)_{t≥0} and (S_t)_{t≥0} admit extensions to strongly continuous commuting semigroups (T^E_t )_{t≥0} and (S^E_t )_{t≥0} on E, and so that H embeds into D_AE_{,G}E (equipped with ‖ ‖_AE_{,G}E ) with a Hilbert-Schmidt map.

Proof. Using the last part of Lemma 1.2 and Lemma 1.7, the proof is done in exactly the same way as that of Theorem 1.6 replacing the role of D(A) and D(A^∗) (with the graph norm) by D_{A,G} resp. D_A�_{,G}� (with ‖ ‖_{A,G} resp. ‖ ‖_A�_{,G}�). We leave the details to the reader.

2. Generalized Mehler semigroups.

Let E be a separable Banach space and (T_t)_{t≥0} a strongly continuous semigroup on E. Given a family (μ_t)_{t≥0} of probability measures on B(E) we define for f ∈ B_b(E) (:= the set of all bounded B(E)-measurable functions on E), t ≥ 0

p_tf(x) := ∫ f(T_tx + y)μ_t(dy) = (μ_t ∗ f)(T_tx), x ∈ E. (2.1) Note that for each t ≥ 0, p_t is Feller (i.e., p_t maps C_b(E) into itself, where C_b(E) is the space of bounded, continuous functions on E).

Lemma 2.1. Assume that t → μ_t is continuous in the weak topology on [0, ∞). Then (t, x) → p_tf(x) is continuous on [0, ∞) × E for all f ∈ C_b(E).

Proof. Let t_n → t, x_n → x. Fix ϵ > 0. Let C = ‖f‖_∞. By the Prohorov theorem, there is a compact K with μ_s(E\K) < ϵ for all s ∈ {t, t_1, . . . , t_n, . . .}. (2.2) By the strong continuity of the semigroup (T_t)_{t≥0}, the set S = {T_tx} ∪ {T_{tn} x_n| n ∈ IN} is compact. Hence K + S is compact, and since f is uniformly continuous on compacts, there exists N ∈ IN such that for any n > N and any y ∈ K |f(T_{tn} x_n + y) − f(T_tx + y)| ≤ ϵ. (2.3) In addition, increasing this N if necessary, we also have that for any n > N | | ∫ K f(T_tx + y) μ_t(dy) − ∫ K f(T_tx + y) μ_{tn} (dy) | | ≤ (2C + 1)ϵ, (2.4)

since by the weak continuity ∫ E f(T_tx + y) μ_{tn} (dy) → ∫ E f(T_tx + y) μ_t(dy) as n → ∞.

Finally we get for all n > N | | ∫ E f(T_tx + y) μ_t(dy) − ∫ E f(T_{tn} x_n + y) μ_{tn} (dy) | | ≤ | | ∫ K f(T_tx + y) μ_t(dy) − ∫ K f(T_{tn} x_n + y) μ_{tn} (dy) | | + 2Cϵ ≤ | | ∫ K f(T_tx + y) μ_t(dy) − ∫ K f(T_tx + y) μ_{tn} (dy) | | + ∫ K | f(T_{tn} x_n + y) − f(T_tx + y) | μ_{tn} (dy) + 2Cϵ ≤ (2C + 1)ϵ + ϵ + 2Cϵ = (4C + 2)ϵ.

(2.5)

Since ϵ is arbitrary, this proves the result.

Now we turn to the question when (p_t)_{t≥0} in (2.1) defines a semigroup. To this end, for a probability measure ν on B(E), (or just a cylindrical probability measure on E), we denote its Fourier transform by ν̃, i.e.,

ν̃(l) := ∫ E e^{il} dν, l ∈ E^∗, (2.6) where E^∗ denotes the topological dual of E.

The following gives a characterization of the semigroup property of (p_t)_{t≥0}.

Proposition 2.2. (p_t)_{t≥0}, as in (2.1), is a semigroup on B_b(E) if and only if for all t, s ≥ 0 μ_{t+s} = ( μ_t ∘ T^{−1}_s ) ∗ μ_s (2.7)

where μ_t ∘ T^{−1}_s is the image measure of μ_t under T_s. (2.7) is equivalent to

~μ_{t+s}(l) = μ̃_s(l) μ̃_t(T^∗_s l) for all l ∈ E^∗. (2.8)

Proof. Let f ∈ B_b(E) and t, s ≥ 0. Then for all x ∈ E :

p_t(p_sf)(x) = (μ_t ∗ p_sf)(T_tx) = (μ_t ∗ (μ_s ∗ f)(T_s·))(T_tx) = (((μ_t ∘ T^{−1}_s ) ∗ μ_s) ∗ f)(T_{t+s}x),

(2.9)

while p_{t+s}f(x) = (μ_{t+s} ∗ f)(T_{t+s}x). (2.10) Comparing these two expressions the assertion follows (where for the converse one applies both to functions f = e^{il}, l ∈ E^∗).

Remark 2.3. Note that the validity of (2.8) for t = s = 0 implies that μ̃_0 = μ̃^2_0, hence by continuity, and since μ̃_0 is equal to 1 at 0, we conclude that μ̃_0 ≡ 1.

Definition 2.4. If (T_t)_{t≥0}, (μ_t)_{t≥0} satisfy (2.7), we call (p_t)_{t≥0} defined in (2.1) a generalized Mehler semigroup.

In section 4 we shall see that the classical Gaussian Mehler semigroups (cf. e.g. [BR 93]) are special cases. Now we want to present a general method to construct examples of generalized Mehler semigroups.

Let E be a Banach space and H a separable Hilbert space such that H ⊂ E is a continuous linear embedding. We say that a cylindrical measure ν on H admits a countably additive extension to E, if the cylindrical measure ν^E on E defined by the formula ν^E (C) = ν(C ∩ H), where C is a cylindrical subset of E, is countably additive. Note that for the Fourier transforms the following formula holds: ~νE(l) = ~ν(l), for all l ∈ E∗ ⊂ H∗. (2.11) Note also that (2.7) and (2.8) make sense if μ_t, t > 0, are merely cylindrical probability measures. We call a cylinder measure on H strong or strongly cylindrical if its Fourier transform is continuous on H^∗.

Theorem 2.5. Let (T_t)_{t≥0} be a strongly continuous semigroup on a separable Hilbert space H and let (μ_t)_{t≥0} be a family of strongly cylindrical probability measures on H satisfying (2.7). Let E be a Hilbert space so the properties of Corollary 1.4 are satisfied. Then

(i) μ, μ_t admit countably additive extensions to E (denoted by μ^E, μ^E_t ). (ii) (p_t)_{t≥0}, defined as in (2.1) with (T^E_t )_{t≥0} and (μ^E_t )_{t≥0}, is a generalized Mehler semigroup on E.

(iii) If, in addition, (t, l) → μ̃_t(l) is continuous on [0, ∞) × H^∗, then (μ^E_t )_{t≥0} is weakly continuous and Lemma 2.1 applies.

Proof. Since H ⊂ E is Hilbert-Schmidt, we obtain (i). From (2.11) and the fact that (T^E_s )^∗ = T^∗_s on E^∗ ⊂ H^∗, we see that if (2.8) holds for (μ̃_t)_{t≥0} and (T^∗_t )_{t≥0} on H^∗, then (2.8) also holds for (μ̃^E_t )_{t≥0} and ((T^E_t )^∗)_{t≥0} on E^∗. Therefore, by Proposition 2.2, (ii) also holds. Finally, assume that (t, l) → μ̃_t(l) is continuous on [0, ∞) × H^∗, and let t_0 ≥ 0 and t_n → t_0 as n → ∞. Suppose that we can prove that (μ^E_{tn} )_{n∈IN} is relatively compact in the weak topology, then by the assumption, it is easy to see that μ^E_{tn} → μ^E_{t0} weakly as n → ∞. To show relative compactness, by [VTC 87, p. 365] it suffices to check that (μ̃^E_{tn} )_{n∈IN} is equicontinuous at zero with respect to the Sazonov topology on E^∗ (cf. [VTC 87, p. 363]). Let ϵ > 0. Since (t, l) → μ̃_t(l) is continuous on [0, ∞) × H^∗, there exists δ > 0 such that for all l ∈ δU_H�, |μ̃_{tn} (l) − 1| ≤ ϵ for all n ∈ IN. (2.12) Let Q := (δU_H�) ∩ E^∗. Then for all l ∈ Q, |μ̃^E_{tn} (l) − 1| ≤ ϵ for all n ∈ IN. (2.13) It remains to show that Q is a neighborhood of zero in the Sazonov topology on E^∗. Note that l ∈ Q if and only if l ∈ E^∗ and ‖l‖_H� ≤ δ. Since U_H is a Hilbert-Schmidt ellipsoid in E, by Remark 1.1 (i), (ii) there exists an injective, self-adjoint, non-negative Hilbert-Schmidt operator T on E such that U_H = T (U_E ). Hence for l ∈ E^∗, ‖l‖_H� = sup_{h∈UH H}�⟨l, h⟩_H = sup_{h∈UE E}�⟨l, T h⟩_E = sup_{h∈UE E}� ⟨T^∗l, h⟩_E = ‖T^∗l‖_E�. (2.14) Since T^∗ is a Hilbert-Schmidt operator on E^∗, Q is a neighborhood of zero in the Sazonov topology on E^∗.

The following lemma provides both structural information and a construction method for (μ_t)_{t≥0} satisfying (2.7).

Lemma 2.6. Let H be a separable real Hilbert space and (T_t)_{t≥0} a strongly continuous semigroup on H.

(i) Let (μ_t)_{t≥0} be a family of cylindrical probability measures on H. Assume that for all l ∈ H^∗, t → μ̃_t(l) is differentiable at t = 0 and set λ(l) := −^d_{dt} μ̃_t(l)|_{t=0}. Assume also that t → μ̃_t(l) is locally absolutely continuous on [0, ∞) and s → λ(T^∗_s l) is locally Lebesgue integrable. Then the following are equivalent:

μ̃_{t+s}(l) = μ̃_s(l)μ̃_t(T^∗_s l), for all l ∈ H^∗, t, s ≥ 0. (2.15)

μ̃_t(l) = exp ( − ∫_t 0 λ(T^∗_s l) ds ) , for all l ∈ H^∗, t ≥ 0. (2.16)

In this case, λ is a negative definite function (cf. [BF 75]).

(ii) Suppose that λ: H^∗ → IC is a continuous, negative-definite function with λ(0) = 0.

Then there exist (μ_t)_{t≥0} as in (i), satisfying (2.16) and hence (2.15).

Proof. (i) Suppose that (2.15) holds. Then by Remark 2.3, μ̃_0 ≡ 1 and for all l ∈ H^∗, s, t ≥ 0 we have μ̃_{s+t}(l) − μ̃_s(l) t = μ̃_t(T^∗_s l) − 1 t μ̃_s(l), (2.17)

hence^d_{ds}μ̃_s(l) = −λ(T^∗_s l)μ̃_s(l) and (2.16) follows. Conversely, if (2.16) holds, then for all l ∈ H^∗, s, t ≥ 0 we have

μ̃_{t+s}(l) = exp ( − ∫_s 0 λ(T^∗_u l) du ) exp ( − ∫_{s+t} s λ(T^∗_u l) du ) = μ̃_s(l) μ̃_t(T^∗_s l).

(2.18)

If (2.16) holds, then λ is negative definite since it is a limit of (μ̃_0 − μ̃_t)/t as t → 0, as μ̃_0 −μ̃_t = 1−μ̃_t = μ̃_t(0)−μ̃_t, as seen above, and [BF 75; Chapter II, Corollary 7.7] applies.

(ii) By [BF 75; Chapter II, Theorem 7.8] and the assumption, the function on the right hand side of (2.16) is positive definite. Its restrictions to finite dimensional subspaces of H^∗ are continuous, hence e.g. by [VTC 87; Chapter VI, Proposition 3.2 (c)], the family (μ_t)_{t≥0} as in (i), satisfying (2.16) exists.

Example 2.7. Let H := L^2(T, B, μ) where (T, B, μ) is a finite measure space. Let a: IR → IC be a globally Hölder-continuous negative-definite function with a(0) = 0. Define

λ(l) := ∫ T a((R_H l)(t)) μ(dt), l ∈ H^∗, (2.19) where R_H : H^∗ → H denotes the Riesz identification. Then, since by [BF 75; Chapter II, Corollary 7.16], there exists c ∈ (0, ∞) such that |a(s)| ≤ c(1 + |s|^2) for all s ∈ IR, λ is well-defined, continuous on H^∗, and negative-definite. Hence Lemma 2.6 (ii) applies. If we replace H by some Sobolev space of arbitrary order r ∈ IN in L^2(T ; dx) with T an open subset of IR^d, and assume a: IR^n → IC to be continuous and negative-definite, where n is the number of multi-indices of length r, then Lemma 2.6 (ii) also applies for

λ(l) := ∫ T a ( (∂^α(R_H l))_{|α|≤r} ) dx, l ∈ H^∗. (2.20)

3. Corresponding Markov processes.

In this section we extend the results from [BR 93; Section 4] to generalized Mehler semigroups. Let E be a separable Banach space, (T_t)_{t≥0} a strongly continuous semigroup on E, and (μ_t)_{t≥0} a family of probability measures on B(E). Let (p_t)_{t≥0} be as specified in (2.1); where we assume that (2.7) holds, and that t → μ_t is continuous on [0, ∞) in the weak topology. By the usual Kolmogorov scheme one can construct a normal Markov process M = (Ω, F, (X_t)_{t≥0}, (P_z )_{z∈E} ) with transition semigroup (p_t)_{t≥0}. This process, however, is only of interest if one can prove certain regularity properties of its sample paths. Unfortunately, M is in general not a right process (i.e., is strong Markov and has right continuous sample paths) as will be seen in Section 7 below. We intend now to give conditions which imply that the sample paths of M are even continuous (P_z-a.s. for all z ∈ E). In particular, M is then strong Markov (since (p_t)_{t≥0} is Feller), hence a diffusion.

Let μ be a fixed probability measure on E. By Kolmogorov’s existence theorem there exists a unique probability measure P̃_μ on (E^{[0,∞)}, A) (where A is the σ-algebra generated by the canonical projections X̃_t: E^{[0,∞)} → E) such that for any n ∈ IN, 0 < t_1 < · · · < t_n < ∞, and A_0, A_1, . . . , A_n ∈ B(E),

P̃_μ[X̃_0 ∈ A_0, X̃_{t1} ∈ A_1, . . . , X̃_{tn} ∈ A_n] = ∫ A0 ∫ A1 · · · ∫ A_n p_{tn−tn}�_1 (z_{n−1}, dz_n) · · · p_{t1} (z_0, dz_1) μ(dz_0).

(3.1)

Let Ω = C([0, ∞), E), X_t := X̃_t on Ω for t ≥ 0 and let F := σ(X_t | t ∈ [0, ∞)). Suppose that the following holds:

There exists a probability measure P in (Ω, F) having the same

finite dimensional distributions as P̃_μ, i.e., P satisfies (3.1).

(3.2)

Remark 3.1. In Section 7 below, we shall prove a necessary and sufficient condition for (3.2) to hold, using the theory of Dirichlet forms (cf. Theorem 7.3). Condition (3.2) is not always true, a counterexample may be found in [BR 93; Example 6.6 (ii)]. Define Y : Ω → Ω and T : E → Ω (componentwise) by

Y_t := X_t − T_tX_0, t ≥ 0, (3.3)

and for z ∈ E, (T z)_t := T_tz, t ≥ 0. (3.4) Clearly, Y is F/F-measurable and T is B(E)/F-measurable. Define for z ∈ E the probability measure P_z on (Ω, F) by P_z[F ] := (P ∘ Y^{−1})[F − T z], F ∈ F. (3.5) Then we have the following

Theorem 3.2. Assume that (3.2) holds and that (P_z)_{z∈E} are as in (3.5). Then for all z ∈ E, and 0 < t_1 < · · · < t_n < ∞, n ∈ IN, and A_1, . . . , A_n ∈ B(E), P_z[X_{t1} ∈ A_1, . . . , X_{tn} ∈ A_n] = ∫ A1 · · · ∫ A_n p_{tn−tn}�_1 (z_{n−1}, dz_n) · · · p_{t1} (z, dz_1). (3.6)

In particular, M= (Ω, F, (X_t)_{t≥0}, (P_z)_{z∈E} ) is a (conservative) diffusion process (i.e., a conservative, normal, strong Markov process with state space E and continuous sample paths) having transition probabilities (p_t)_{t≥0}. Moreover, (3.2) holds with μ replaced by any other probability measure ν on E.

Proof. Equation (3.6) is proved by calculating the Fourier transform of P_z∘(X_{t1} , . . . , X_{tn} )^{−1} (cf. [R 88b]). Indeed, let z ∈ E, 0 < t_1 < t_2 < . . . < t_n < ∞, n ∈ IN, l_1, . . . , l_n ∈ E^∗, and for x_1, . . . , x_n ∈ E f(x_1, . . . , x_n) := exp[i n∑ j=1 E�⟨l_j , x_j ⟩_E ]. (3.7)

Obviously, it suffices to show that ∫ f(X_{t1} , . . . , X_{tn} ) dP_z = ∫ · · · ∫ f(x_1, . . . , x_n)p_{tn−tn}�_1 (x_{n−1}, dx_n) · · · p_{t2−t1} (x_1, dx_2)p_{t1} (z, dx_1). (3.8) By definition, ∫ f(X_{t1} , . . . , X_{tn} ) dP_z = ∫ f(X_{t1} − T^E_{t1} X_0 + T^E_{t1} z, . . . , X_{tn} − T^E_{tn} X_0 + T^E_{tn} z) dP

= exp[i n∑ j=1 E� ⟨l_j , T^E_{tj} z⟩_E ] · D_μ, (3.9) where for a probability measure ν on B(E) we set

D_ν := ∫ ν(dx_0) exp[i n∑ j=1 E� ⟨l_j , T^E_{tj} x_0⟩_E ] · D(x_0), (3.10)

where by induction for k ∈ {1, . . . , n}, if t_0 := 0 =: t_{−1},

D(x_0) := ∫ · · · ∫ p_{t1} (x_0, dx_1) . . . p_{tn−tn}�_1 (x_{n−1}, dx_n) exp[i n∑ j=1 E�⟨l_j , x_j ⟩_E ] = ∫ · · · ∫ p_{t1} (x_0, dx_1) . . . p_{t(n}�_{k) −t(n}�_{(k+1))} (x_{(n−(k+1))}, dx_{(n−k)})

exp[i k−1∑ j=0 E� ⟨l_{n−j} , T^E_{tn}�_{j−tn}�_k x_{n−k}⟩_E ] · c_k (3.11)

with c_k ∈ IC only depending on t_n, . . . , t_{n−k}, l_n, . . . , l_{n−(k+1)}. Thus for k = n,

D(x_0) = exp[i n∑ j=1 E� ⟨l_j , T^E_{tj} x_0⟩_E ] · c_n (3.12)

and hence D_ν = c_n, in particular, D_μ = D_{εz} . But

exp[i n∑ j=1 E�⟨l_j , T^E_{tj} z⟩_E ] · D_{εz} = D(z) (3.13) which is exactly the right hand side of (3.6)

Remark 3.3. (i) A similar study of the corresponding Martin boundary as in [R 88b, 92] can be carried out in the more general situation of Theorem 3.2 above. (ii) Replacing Ω resp. (X_t)_{t≥0}, in condition (3.2) by the set Ω^′ consisting of all cadlag sample paths on [0, ∞) resp. X^′_t := X̃_t on Ω^′, Theorem 3.2 (with the same proof) obviously remains true in the sense that we obtain a conservative normal strong Markov process M^′ with merely cadlag sample paths. In Section 7 below we shall see, however, that in fact also in this case the sample paths are continuous P_z-a.s. for all z ∈ E.

4. The general Gaussian case.

Let H be a separable real Hilbert space and (T_t)_{t≥0} a strongly continuous semigroup on H. Let (μ_t)_{t≥0} be a family of centred Gaussian strong cylinder measures on H, and let (B_t)_{t≥0} the corresponding covariance operators, i.e., B_t ∈ L(H^∗) for all t > 0, such that

μ̃_t(l) = exp ( −(1/2)‖B_tl‖^2_H� ) , l ∈ H^∗, t ≥ 0. (4.1)

Proposition 4.1. The family (μ_t)_{t≥0} satisfies (2.7) on H^∗ if and only if for all l ∈ H^∗, ‖B_{t+s}l‖^2_H� − ‖B_sl‖^2_H� = ‖B_tT^∗_s l‖^2_H�, s, t ≥ 0. (4.2) In this case, (t, l) → ‖B_tl‖^2_H� is continuous on [0, ∞) × H^∗, and Theorem 2.5 (i)–(iii) applies.

Proof. The equivalence is obvious by Proposition 2.2, and the proof of part (ii) is a exercise in real analysis, so is included in the appendix.

Remark 4.2. (i) Let l ∈ H^∗ such that (4.2) holds. Then t → ‖B_tl‖^2_H� is a distribution function of some measure m^l on B([0, ∞)). If this holds for all l ∈ H^∗, then (4.2) just says that the image measure of m^l under shift by s, is exactly the measure m^T �_{s l} . One should note the resemblance with the defining property of additive functionals of Markov processes.

(ii) Note that Theorem 4.1 applies also if each μ_t is even a Gaussian probability measure on H. In this case (μ_t)_{t≥0} gives rise to a generalized Mehler semigroup (2.1) on H.

We now want to apply Lemma 2.6 (i) to gain some structural information about (B_t)_{t≥0}.

Proposition 4.3. Assume that (4.2) holds and that t → ‖B_tl‖^2_H� is differentiable at t = 0 for all l ∈ H^∗. Then there exists C^∗ ∈ L(H^∗) such that for all l ∈ H^∗,^d_{dt} ‖B_tl‖^2_H�|_{t=0} = ‖C^∗l‖^2_H� and

‖B_tl‖^2_H� = ∫_t 0 ‖C^∗T^∗_s l‖^2_H� ds, t ≥ 0. (4.3)

Proof. Since the mapping that takes l ∈ H^∗ to^d_{dt} ‖B_tl‖^2_H�|_{t=0} = lim_{t→0} ↓ (1/t)‖B_tl‖^2_H�, is non-negative, satisfies the parallelogram law, and is defined on all of H^∗, there exists C^∗ ∈ L(H^∗) such that for all l ∈ H^∗, d dt ‖B_tl‖^2_H�|_{t=0} = ‖C^∗l‖^2_H� (4.4)

It is not hard (cf. Section 8) to show that (4.2) combined with differentiablity at t = 0 implies, in fact, that t → ‖B_tl‖^2_H� is absolutely continuous and so (4.3) follows by Lemma 2.6 (i).

Invariant measures.

Let E be a Hilbert space such that the properties in Corollary 1.4 are satisfied. Let (μ_t)_{t≥0} be a family of centred Gaussian strong cylinder measures on H, and (B_t)_{t≥0} be the corresponding covariance operators as above, and assume that (4.2) is satisfied. Let (p_t)_{t≥0} be the corresponding generalized Mehler semigroup defined as in Theorem 2.5. Then (p_t)_{t≥0} exists by Proposition 4.1. For the rest of this section, we make the following crucial assumption sup_{t≥0} ‖B_tl‖^2_H� < ∞ for all l ∈ H^∗. (4.5)

Condition (4.5) is related to the existence of an invariant measure for (p_t)_{t≥0}. The proof of the corresponding theorem below is an adaptation of [DPZ 92; Theorem 11.7] to our situation. We nevertheless include the proof for completeness. cylindrical

Theorem 4.4. (i) Condition (4.5) holds if and only if there exists a probability measure ν on B(E), which is a strong cylinder measure on H, and which is invariant for (p_t)_{t≥0}, i.e., ∫ p_tf dν = ∫ f dν for all t ≥ 0, f ∈ B_b(E). (4.6)

(ii) If (4.5) holds, there exists a self-adjoint operator B ∈ L(H^∗) such that sup_{t≥0} ‖B_tl‖^2_H� = ‖Bl‖^2_H� for all l ∈ H^∗. Let μ be the centred Gaussian measure on B(E) with Fourier transform μ̃(l) = exp{−(1/2)‖Bl‖^2_H�}, l ∈ E^∗. (4.7) Then a probability ν on B(E) is invariant for (p_t)_{t≥0} if and only if there exists a probability measure σ on B(E) such that σ ∘ (T^E_t )^{−1} = σ for all t ≥ 0, and ν = μ ∗ σ.

Proof. We first note that for t ≥ 0 and a probability measure ν on B(E), by an elementary calculation, νp_t = ν ⇐⇒ ( ν ∘ (T^E_t )^{−1} ) ∗ μ_t = ν ⇐⇒ ν̃ ( (T^E_t )^∗l ) μ̃_t(l) = ν̃(l) for all l ∈ E^∗.

(4.8)

(i): Now suppose that (4.5) holds. Since t → ‖B_tl‖^2_H�, l ∈ H^∗ is increasing by (4.2), it follows that there exists a self-adjoint B ∈ L(H^∗) such that

‖Bl‖^2_H� = lim_{t→∞} ‖B_tl‖^2_H� for all l ∈ H^∗. (4.9)

Letting t → ∞ in (4.2) we obtain

‖Bl‖^2_H� − ‖BT^∗_s l‖^2_H� = ‖B_sl‖^2_H� for all l ∈ H^∗, s ≥ 0. (4.10)

Since H ⊂ E is Hilbert-Schmidt, there exists a probability μ on B(E) satisfying (4.7). Clearly, μ is a strong cylinder measure on H, and by (4.8), (4.10) it is an invariant measure for (p_t)_{t≥0}.

Conversely, if ν is a probability measure on B(E), which is a strong cylinder measure on H, satisfying (4.6), then the equation involving the Fourier transforms in (4.8) extends to all of H^∗. Suppose l ∈ H^∗ such that sup_{t≥0} ‖B_tl‖^2_H� = ∞. Fix s ∈ IR \ {0}. Then lim_{t→∞} μ̃_t(sl) = 0. Hence by (4.8), since t → ν̃(s(T^E_t )^∗l) is bounded, ν̃(sl) = 0. Letting s → 0 it follows that 1 = ν̃(0) = 0. This contradiction proves (4.5).

(ii): The first part of the assertion was already proved above. To show the second, let σ be as in the assertion. Then if ν := μ ∗ σ, obviously, since σ̃((T^E_t )^∗l) = σ̃(l) for all l ∈ E^∗ and t ≥ 0, ν̃((T^E_t )^∗l)μ̃_t(l) = ν̃(l) for all l ∈ E^∗. (4.11)

Hence ν is an invariant probability measure for (p_t)_{t≥0} by (4.8). Conversely, if ν is an invariant probability measure for (p_t)_{t≥0}, then by (4.8) for all l ∈ E^∗,

lim_{t→∞} ν̃((T^E_t )^∗l) = ν̃(l) exp{(1/2)‖Bl‖^2_H�}. (4.12)

Since the right hand side of (4.12) is a function on E^∗ which is continuous in the Sazonov topology (cf. [VTC 87; p. 363]), by the Bochner-Sazonov theorem (cf. [VTC 87; Chapter VI, Theorem 1.1]) the left hand side of (4.12) is the Fourier transform of a measure σ on B(E). Clearly, σ ∘ (T^E_t )^{−1} = σ for all t ≥ 0 and the proof is complete.

Remark 4.5. (i) The existence of an invariant measure (which is strongly cylindrical on H) imposes extra regularity on t → ‖B_tl‖^2_H� via (4.10). For l ∈ D(A^∗), the map t → ‖B_tl‖^2_H� is continuously differentiable with d dt ‖B_tl‖^2_H� = −2(BA^∗T^∗_t l, BT^∗_t l)_H�, t ≥ 0, (4.13)

and so

‖B_tl‖^2_H� = ∫_t 0 (−BA^∗T^∗_s l, BT^∗_s l)_H� + (BT^∗_s l, −BA^∗T^∗_s l)_H� ds. (4.14) If the quadratic form under the integral in (4.14) extends to all of H^∗, then the square root of the corresponding generator would be exactly the C^∗ in Proposition 4.3 and we would be in that case.

(ii) Suppose that (4.5) holds. Since t → ‖B_tl‖^2_H� is increasing, the derivative in (4.13) must be positive. In particular, at t = 0, we get

−(BA^∗l, Bl)_H� ≥ 0, for all l ∈ D(A^∗). (4.15)

Conversely, if we are given B ∈ L(H^∗) satisfying (4.15), then we may define B_t by the left-hand side of (4.10) and obtain a family (B_t)_{t≥0} which satisfies (4.2) and (4.5). Thus any such B leads to a Gaussian generalized Mehler semigroup with invariant measure μ given by (4.7).

5. Strong solutions for the associated stochastic differential equations on enlargements.

As is well-known, the Gaussian Mehler semigroups studied in the preceding section arise as transition probabilities of processes solving linear stochastic differential equations of type (0.1). Using Theorem 1.8 we can solve (0.1) in a very strong sense on an enlarged state space E. This can be done even if the diffusion operators are unbounded.

Let H be a separable real Hilbert space and (T_t)_{t≥0}, (S_t)_{t≥0} strongly continuous commuting semigroups on H with generators (A, D(A)) resp. (G, D(G)).

Theorem 5.1. Let C ∈ L(H) and (CW_t)_{t≥0} be the cylindrical centred Gaussian process on H having covariance (t ∧ s)(C^∗h_1, C^∗h_2)_H�, h_1, h_2 ∈ H^∗, s, t ≥ 0, (i.e., (CW_t)_{t≥0} is the cylindrical Wiener process on H if C = identity). Let E be a Hilbert space such that the properties of Theorem 1.8 are satisfied. Then

(i) (CW_t)_{t≥0} is a continuous Gaussian process on D_AE_{,G}E .

(ii) For each x ∈ E, there exists a continuous Gaussian process (X^x_t )_{t≥0} in E which solves equation (0.1) in the following sense

X^x_t = x + G^E CW_t + A^E (∫_t 0 X^x_s ds ) . (5.1)

It is given by

X^x_t = T^E_t x + G^E CW_t + ∫_t 0 A^E T^E_{t−s}G^E CW_s ds, t ≥ 0. (5.2) In particular, if x ∈ D(A^E ), then (X^x_t )_{t≥0} takes values in D(A^E ) and A^E can be interchanged with the integral in (5.1).

Proof. Assertion (i) follows immediately from standard results about Gaussian processes on Hilbert spaces, since the embedding H ⊂ D_AE_{,G}E is Hilbert-Schmidt.

Therefore it remains to prove assertion (ii). Let t → F_t be any continuous map from [0, ∞) to D_AE_{,G}E with F_0 = 0. Define for x ∈ E,

X^x_t := T^E_t x + F_t + ∫_t 0 A^E T^E_{t−s}F_s ds. (5.3) Since A^E T^E_{t−s}F_s = T^E_{t−s}A^E F_s, the integrand is a continuous map with values in E. Hence t → X^x_t is continuous from [0, ∞) to E, and integrating (5.3) from 0 to t we obtain by a simple computation ∫_t 0 X^x_s ds = ∫_t 0 T^E_s x ds + ∫_t 0 T^E_{t−s}F_s ds. (5.4) Hence ∫_t 0 X^x_s ds ∈ D(A^E ), and we can apply A^E to (5.4). Since (A^E , D(A^E )) is closed on E and s → T^E_{t−s}F_s is continuous as a D(A^E )-valued map, A^E can be interchanged with the integral on the right hand side of (5.4), and so we obtain

X^x_t = x + F_t + A^E (∫_t 0 X^x_s ds ) . (5.5)

For each fixed ω ∈ Ω, taking F_t := G^E CW_t(ω) for t ≥ 0 we obtain (5.1).

Remark 5.2. (i) Note that if

X_t = x + G^ECW_t + ∫_t 0 A^E X_s ds, t ≥ 0, (5.6) where we assume implicitly that X_s ∈ D(A^E ) for all s ≥ 0, i.e.: (X_t)_{t≥0} solves (0.1), then it is well-known and easy to see that (X_t)_{t≥0} satisfies (5.2). Therefore, at least if x ∈ D(A^E ), the solution in Theorem 5.1 is unique.

(ii) In the situation of Theorem 5.1, the Gaussian strong cylinder measure ν_0 on H whose Fourier transform is given by

~ν_0(l) := exp(−1/2‖C^∗l‖^2_H�), l ∈ H^∗, (5.7)

extends to a Gaussian probability measure on D_AE_{,G}E . Let ν denote the image of this measure on E under the map G^E . Then by Remark 1.5

~ν(l) = exp ( −1/2‖C^∗G^∗l‖^2_H�), for all l ∈ D((G^E )^∗). (5.8)

Hence by Sazonov’s theorem (cf. [VTC 87; p. 363]) there exists a Hilbert-Schmidt operator Λ^∗ on E^∗ such that

‖C^∗G^∗l‖^2_H� = ‖Λ^∗l‖^2_E� for all l ∈ D((G^E )^∗). (5.9)

(iii) A theorem corresponding to Theorem 5.1 can be found in [FD 93], but their operators T^E_t , S^E_t were only μ-measurable extensions of T_t, S_t, t ≥ 0 (see also [FD 91, 92]) which are not “true” semigroups.

Proposition 5.3. Consider the situation of Theorem 5.1 and let Λ^∗ be as in Remark 5.2 (ii). Define Hilbert-Schmidt operators B_t, t ≥ 0, on E^∗ by

‖B_tl‖^2_E� = ∫_t 0 ‖Λ^∗(T^E_s )^∗l‖^2_E� ds, l ∈ E^∗ (5.10)

and let (μ_t)_{t≥0} be centred Gaussian probability measures on E with Fourier transform

μ̃_t(l) = exp ( −1/2‖B_tl‖^2_E� ) , l ∈ E^∗. (5.11) Let (p_t)_{t≥0} be the generalized Mehler semigroup defined by p_tf(x) := (μ_t ∗ f)(T^E_t x), x ∈ E, f ∈ B_b(E). (5.12) Then for all f ∈ B_b(E) p_tf(x) = E[f(X^x_t )] x ∈ E, t ≥ 0. (5.13)

Proof. First note that (μ_t)_{t≥0} satisfies (2.7) by Proposition 4.1, hence (p_t)_{t≥0} is indeed a generalized Mehler semigroup. Fix x ∈ E, t ≥ 0, and f ∈ B_b(E). We may assume that f = e^{il} for some l ∈ D_{(A}E_)�_{,(G}E_)�. It is well-known that by Itô’s product formula, equation (5.1) can be rewritten as

X^x_t = T^E_t x + ∫_t 0 T^E_{t−s} d(G^E CW_s). (5.14)

Hence E[exp{il(X^x_t )}] = exp{il(T^E_t x)}E[exp{il( ∫_t 0 T^E_{t−s} d(G^E CW_s))}]. (5.15) We now replace the stochastic integral by a Riemannian sum and obtain that E[exp{il( n∑ k=1 T^E_{t−sk} (G^E CW_{sk+1} − G^ECW_{sk} ))}]

= n∏ k=1 E[exp{_E�⟨(T^E_{t−sk} )^∗l, G^E CW_{sk+1} − G^E CW_{sk} ⟩_E }]

= n∏ k=1 exp{−(1/2)(s_{k+1} − s_k)‖G^E C^∗T^∗_{t−sk} l‖^2_H�}

= exp{−(1/2) n∑ k=1 ‖Λ^∗T^∗_{t−sk} l‖^2_H�(s_{k+1} − s_k)}

Eqno(5.16)

(cf. Remark 5.2 (ii)). Consequently, taking the limit over partitions of [0, t], and changing variables we get

E[exp{il(X^x_t )}] = exp{il(T^E_t x) − (1/2) ∫_t 0 ‖Λ^∗T^∗_s l‖^2_H� ds} = exp{il(T^E_t x) − (1/2)‖B_tl‖^2_H�} = p_tf(x). (5.17)

Thus (5.7) is shown.

Remark 5.4. In Theorem 5.1 we solved (0.1) for a diffusion operator which can be decomposed into a bounded operator on H^∗ and a possibly unbounded one, but which is a generator of a semigroup which commutes with the one generated by the drift. In Section 7 below, using the theory of Dirichlet forms, we shall construct a solution for (0.1) where the diffusion operator might not have such a representation.

6. Associated generators and Dirichlet forms

Let H be a separable real Hilbert space and (T_t)_{t≥0} a strongly continuous semigroup on H. Let (μ_t)_{t≥0} be a family of centred Gaussian strong cylinder measures on H, and let (B_t)_{t≥0} the corresponding covariance operators. Let E be a Hilbert space satisfying the conditions in Corollary 1.4. We assume that (4.2) holds and let (p_t)_{t≥0} be the generalized Mehler semigroup as in Theorem 2.5 (iii). We also assume that (4.5) holds, so that there is an invariant measure μ for (p_t)_{t≥0} on E.

It follows from the μ-invariance that (p_t)_{t≥0} gives rise to a contraction semigroup (P_t)_{t≥0} on L^2(E; μ). We can now calculate the generator (L, D(L)) on L^2(E; μ) corresponding to this semigroup (P_t)_{t≥0}. Although the semigroup (P_t)_{t≥0} acts on real L^2-space, for computational convenience, we will apply it to a space C of complex-valued functions. To this end, define the following subspace of complex L^2(E; μ), C := {u = n∑ j=1 α_j exp[il_j] μ-a.e.; n ∈ IN, l_j ∈ D((A^E )^∗), α_j ∈ IR}. (6.1)

Since C is closed under complex conjugation, it is then possible to deduce the values of any linear operator or linear form on the real space C^′ = Re C ⊕ Im C. We also recall (cf. Remark 1.5) that A^∗ = (A^E )^∗ on D((A^E )^∗) ⊂ D(A^∗).

Proposition 6.1. C^′ is dense in L^2(E; μ) and the generator (L, D(L)) of (P_t)_{t≥0} is the closure of (L, C^′), where for u = ∑_n j=1 α_j exp[il_j ] ∈ C^′, Lu = n∑ j=1 α_j exp[il_j ] ( i((A^E )^∗l_j ) + (BA^∗l_j , Bl_j )_H� ) . (6.2)

Proof. From (2.1) and (4.1), for any l in E^∗, if u = exp[il], then P_tu = exp[i(T^E_t )^∗l] exp[−(1/2)‖B_tl‖^2_H�]. (6.3) Hence, if l ∈ D((A^E )^∗), t → P_tu is differentiable in L^2 with (cf. (4.13)) d dt P_t(exp[il]) = exp[i(T^E_t )^∗l] (i((A^E )^∗l)) exp[−(1/2)‖B_tl‖^2_H�]

+ exp[i(T^E_t )^∗l] exp[−(1/2)‖B_tl‖^2_H�](BA^∗T^∗_t l, BT^∗_t l)_H�.

(6.4)

Thus, exp[il] ∈ D(L) and, L(exp[il]) = exp[il] ( i((A^E )^∗l) + (BA^∗l, Bl)_H� ) . (6.5) By linearity, this holds for all of C, in particular we have shown that the subspace C^′ is contained in the domain of L, and that equation (6.5) is valid there. Using a monotone class argument, it is not hard to show and well-known that C^′ is dense in L^2(E; μ). In addition, (T^E_t )^∗ maps D((A^E )^∗) back into itself, and so taking real and imaginary parts in (6.3), implies that P_t maps C^′ back into itself. Consequently, we can apply the core theorem [Reed Simon II X. 49], and conclude that L is equal to the closure of (L, C^′), i.e., L is uniquely determined by its values on C^′.

We now calculate the corresponding quadratic form E on C^′ × C^′. Let l, k ∈ D((A^E )^∗) and u = exp[il] and v = exp[ik]. Then, since μ is Gaussian, using intergration by parts we obtain ∫ ( − Lu) v dμ = −i ∫ ((A^E )^∗l) exp[i(l + k)] dμ − (BA^∗l, Bl)_H� ∫ exp[i(l + k)] dμ = − ( i^2(BA^∗l, B(l + k))_H� + (BA^∗l, Bl)_H� ) exp{−‖B(l + k)‖^2_H�/2} = (BA^∗l, Bk)_H� exp{−‖B(l + k)‖^2_H�/2}.

(6.6)

On the other hand, u^′ = ilu and v^′ = ikv, where u^′, and v^′ are the Frechet derivatives of u and v on E. This gives (BA^∗u^′, Bv^′)_H� = −(BA^∗l, Bk)_H�uv, and then by integrating this equation over E we obtain E(u, v) := ∫ (−Lu) v dμ = ∫ (−BA^∗u^′, Bv^′)_H� dμ. (6.7) By linearity, this holds for all of C, in particular for all u, v in the real space C^′.

Now we assume, in addition, that the following condition holds.

Condition 6.2. There is a constant K so that for k, l ∈ D(A^∗) we have |(−BA^∗k, Bl)_H�| ≤ K (BA^∗k, Bk)_H�(BA^∗l, Bl)_H�. (6.8)

For the definition of a non-symmetric Dirichlet form we refer to [MR 92; Chapter I, Definition 4.5].

Theorem 6.3. The form (E, C^′) is closable, and its closure (E, D(E)) is a Dirichlet form satisfying the local property, that is, if u, v ∈ D(E) and uv = 0 μ − a.e., then E(u, v) = 0. (6.9)

Proof. Note first that, since (L, D(L)) generates a contraction semigroup or because of (4.15), (E, C^′ ) is positive definite. Condition 6.2 guarantees that (E, C^′) satisfies the sector condition, and so by [MR 92; Chapter I, Proposition 3.3] it is closable. The generator (L̃, D(L̃)) of the closure (E, D(E)) i.e., the Friedrichs extension (L, C^′), generates the L^2- semigroup corresponding to (E, D(E)). On the other hand, we already know that (L, D(L)), the closure of (L, C^′), generates a strongly continuous L^2-semigroup and since (L̃, D(L̃)) extends (L, D(L)), these two operators must coincide. It now follows that the semigroup corresponding to (E, D(E)) is, in fact, the semigroup (P_t)_{t≥0} that we began with.

Formula (6.7) tells us how the Dirichlet form (E, D(E)) behaves on the space C^′, which is the linear span of {sin(X_l), cos(X_l) | l ∈ D((A^E )^∗)}. The space C^′ is useful for identification purposes, but for computations, the following space (6.11) is more useful. Using fairly standard techniques in functional calculus for Dirichlet forms [S 92], you can show that (E, D(E)) can also be realized as the closure of E(u, v) = ∫ (−BA^∗u^′, Bv^′)_H� dμ, u, v ∈ FC^∞_b (D((A^E )^∗)), (6.10) where FC^∞_b (D((A^E )^∗)) = {f(l_1, . . . , l_k) | k ∈ IN, l_1, . . . , l_k ∈ D((A^E )^∗), f ∈ C^∞_b (IR^k )}. (6.11)

To show the Dirichlet property we shall use [MR 92; Chapter I, Proposition 4.7]. So, let φ_ϵ: IR → [−ϵ, 1 + ϵ] such that φ_ϵ(t) = t for all t ∈ [0, 1], and 0 ≤ φ_ϵ(t_2) − φ_ϵ(t_1) ≤ t_2 − t_1 for t_1 ≤ t_2. Then by the chain rule, for all u ∈ FC^∞_b (D((A^E )^∗)) E(u ± φ_ϵ(u), u ∓ φ_ϵ(u)) = ∫ ( 1 ± φ^′_ϵ(u) )( 1 ∓ φ^′_ϵ(u) ) (−BA^∗u^′, Bu^′) dμ ≥ 0, (6.12)

by (4.15), since 0 ≤ φ^′_ϵ ≤ 1. Hence [MR 92; Chapter I, Proposition 4.10] implies that (E, D(E)) is a Dirichlet form on L^2(E; μ). The local property follows immediately from [S94; Proposition 2.3].

Remark 6.4. (i) For l, k ∈ D((A^E )^∗) and u := exp[il], v := exp[ik] ∫ vp_tu dμ = exp[(−1/2)‖Bl‖^2_H�] exp[(−1/2)‖Bk‖^2_H�] exp[−(Bk, BT^∗_t l)_H�]. (6.13)

Hence (p_t)_{t≥0} is symmetric on L^2(E; μ), (or equivalently (E, D(E)) is a symmetric Dirichlet form), if and only if (k, l) → (Bk, BT^∗_t l)_H� is symmetric for all t ≥ 0. This situation has been studied in [BR 93]. Note that, in [BR 93], B_t := √ 1 − T^∗_{2t} B for all t ≥ 0, where (T^∗_t )_{t≥0} was assumed to be a strongly continuous symmetric contraction semigroup on H^∗, which commutes with B.

(ii) There is a result due to M. Fuhrman [Fuh 93] related to Theorem 6.3 above proved in a different framework under more restictive assumptions.

7. Quasi-regularity, continuity of sample paths, and weak solutions of the associated stochastic differential equations via Dirichlet forms.

Let E, μ be as in Section 6. We recall the following notions from [MR 92].

Definition 7.1. Let (E, D(E)) be a Dirichlet form on L^2(E; μ). (i) An increasing sequence (F_k)_{k∈IN} of closed subsets of E is called an E-nest if ∪_{k≥1}{u ∈ D(E) | u = 0 μ-a.e. on E \ F_k for some k ∈ IN} is Ẽ^{1/2}_1 -dense in D(E). Here E_1 := E + ( , )_L2_{(E;μ)} and Ẽ_1 is its symmetric part.

(ii) A subset N ⊂ E is called E-exceptional if N ⊆ ∩_{k≥1}F^c_k for some E-nest (F_k)_{k∈IN} . A property of points in E holds E-quasi-everywhere (abbreviated E-q.e.), if the property holds outside some E-exceptional set.

(iii) An E-q.e. defined function f : E → IR is called E-quasi-continuous if there exists an E-nest (F_k)_{k∈IN} so that f|_{Fk} is continuous for each k ∈ IN.

Definition 7.2. A Dirichlet form (E, D(E)) on L^2(E; μ) is called quasi-regular if:

(QR1) There exists an E-nest (F_k)_{k∈IN} consisting of compact sets.

(QR2) There exists an Ẽ^{1/2}_1 -dense subset of D(E) whose elements have E-quasi-continuous μ-versions.

(QR3) There exist u_n ∈ D(E), n ∈ IN, having E-quasi-continuous m-versions ũ_n, n ∈ IN, and an E-exceptional set N ⊂ E such that {ũ_n | n ∈ IN} separates the points of E \ N. Now we are prepared to prove the first main result of this section. Let (p_t)_{t≥0} and (E, D(E)) be as in Section 6. We also adopt the notation of Section 3.

Theorem 7.3. The following assertions are equivalent:

(i) Condition (3.2) holds.

(ii) (p_t)_{t≥0} is the transition function of a (conversative) diffusion process.

(iii) Condition (3.2) holds with Ω resp. X_t, t ≥ 0, replaced by the set Ω^′ of all cadlag paths from [0, ∞) to E resp. X^′_t := evaluation at t on Ω^′ , t ≥ 0.

(iv) (E, D(E)) is quasi-regular.

Proof.

(i) ⇒ (ii): This is the last part of Theorem 3.2. (ii) ⇒ (iii): Trivial.

(iii) ⇒ (iv): Since (p_t)_{t≥0} is Feller, it follows by [Dy 71; Satz 5.10] that the normal Markov process M^′ in Remark 3.3 (ii) is strong Markov, hence a right process. Clearly, M^′ is associated with (E, D(E)) (cf. [MR 92; Chapter IV, Section 2]). Therefore, using [MR 92; Chapter IV, Theorems 1.15 and 5.4 (including Remark 5.5)] and also [MR 92; Chapter III, Proposition 2.11 (i)] we conclude that (QR1) holds. Hence (E, D(E)) is quasi-regular. (iv) ⇒ (i): Since (E, D(E)) has the local property by Theorem 6.3, [MR 92; Chapter V, Theorem 1.11] (see also [AMR 93]) implies that there exists a diffusion process M= (Ω, F, (X_t)_{t≥0}, (P_x)_{x∈E}) having (p_t)_{t≥0} as transition semigroup. (Note that the lifetime ζ is identically equal to +∞, since p_t1 = 1, t ≥ 0.) Hence P := ∫ P_x μ(dx) satisfies (3.2).

Remark 7.4. (i) Note that if (E, D(E)) is quasi-regular, by [MR 92; Chapter V, Theorem 1.11] there always exists a diffusion process such that for its transition semigroup (p̃_t)_{t≥0} we have that p̃_tf is a E-quasi-continuous μ-version of P_tf for all f ∈ L^2(E; μ), t ≥ 0. Theorem 6.3, however, implies that we can even find “better versions”, namely (p_t)_{t≥0} given by (2.1) and these (p_t)_{t≥0} are even Feller.

(ii) We emphasize that (E, D(E)) is not always quasi-regular and refer to [BR 93; Example 6.6 (ii)] for a counterexample. A sufficient condition for quasi-regularity is given in the following proposition (cf. [BR 93; Proposition 6.5] for a special case of this.)

Proposition 7.5. Suppose that there exists c ∈ (0, ∞) such that (−BA^∗l, Bl)_H� ≤ c‖l‖^2_E� for all l ∈ D((A^E )^∗). Then (E, D(E)) is quasi-regular. In particular, this is always true for a Hilbert space E satisfying the properties in Theorem 1.6.

Proof. We want to apply [RS 93; Theorem 3.4]. To this end, let l_j ∈ D((A^E )^∗), j ∈ IN, such that ‖l_j‖_E� ≤ 1 for all j ∈ IN, and ‖z‖_E = sup_j l_j (z) for all z ∈ E. Let φ ∈ C^1_b (IR) such that φ(0) = 0, φ is strictly increasing, and φ^′ is both decreasing and bounded by 1. Then ρ_1(z, x) := φ(‖z − x‖_E ) is a bounded metric on E that is uniformly equivalent with the usual metric ρ(z, x) = ‖z − x‖_E . Let {x_i | i ∈ IN} be a countable dense subset of E, and define for i, j ∈ IN f_{ij} (z) := φ(l_j (z − x_i)). (7.1)

Then f_{ij} ∈ FC^∞_b (D((A^E )^∗)) for every i, j ∈ IN and

f^′_{ij} (z) = φ^′(l_j (z − x_i))l_j , (7.2)

and so for all z ∈ E,

sup_{i,j} (−BA^∗f^′_{ij} , Bf^′_{ij} )_H� = sup_{i,j} (φ^′(l_j (z − x_i)))^2 (−BA^∗l_j , l_j )_H� ≤c‖l_j ‖^2_E� ≤ c. (7.3)

Furthermore, for every fixed i ∈ IN

sup_j f_{ij} (z) = φ(sup_j l_j(z − x_i)) = φ(‖z − x_i‖_E) = ρ_1(z, x_i)

(7.4)

for every z ∈ E. Hence the conditions of [RS 93; Theorem 3.4] with Γ^h(u, v) = (BA^∗u^′, Bv^′)_H�, u, v ∈ FC^∞_b (D((A^E )^∗)) and h ≡ 1, are satisfied and hence (E, D(E)) is quasi-regular. To prove the last part of the assertion, let l_n ∈ D((A^E )^∗), n ∈ IN, su ch that l_n → 0 in E^∗ as n → ∞. Clearly, it suffices to prove that A^∗l_n → 0 weakly in H^∗ as n → ∞. So, let l ∈ H^∗. Then, if R_H: H^∗ → H denotes the Riesz isomorphism,

(A^∗l_n, l)_H� =_H�⟨A^∗l_n, R_Hl⟩_H

=_E� ⟨(A^E )^∗l_n, R_H l⟩_E

=_E� ⟨l_n, A^E R_H l⟩_E → 0 as n → ∞ (7.5)

where we used that, by construction in the situation of Theorem 6, we have H ⊂ D(A^E ).

Assumption 7.6. We assume from now on that one of the equivalent conditions in Theorem 7.3 holds.

Let M= (Ω, F, (X_t)_{t≥0}, (P_x)_{x∈E} ) be the (conservative) diffusion process introduced in Theorem 3.2. Since (p_t)_{t≥0} is the corresponding transition semigroup, by [MR 92; Chapter IV, Theorem 5.1], M is properly associated ( see ibidem ) to the quasi-regular Dirichlet form (E, D(E)). We intend to show that under P_x (for E-q.e. x ∈ E), (X_t)_{t≥0} solves an equation of type (0.1) where (CW_t)_{t≥0} will be a Gaussian process whose covariance is determined by a not-necessarily bounded linear operator C^∗ on H^∗. This operator exists by virtue of the sector condition 6.2 and is defined as follows:

Let q(k, l) := (−BA^∗k, Bl)_H�, k, l ∈ D(A^∗). (7.6) Then, since B is bounded on H^∗, it is known (e.g. by [MR 92; Chapter I, Propositions 3.3 and 3.5]) that (q, D(A^∗ )) is closable and the closure (q, D(q)) is a closed coercive form. Therefore, its symmetric part (q̃, D(q)) is also closed. Let (C_1, D(C_1)) be the corresponding self-adjoint operator, i.e., the unique negative definite self-adjoint operator on H^∗ such that D(C_1) ⊂ D(q) and q̃(k, l) = (−C_1k, l)_H� for all k ∈ D(C_1), l ∈ D(q). Define C^∗ := √ −C_1.

Note that D(A^∗ ) ⊂ D(C^∗) and

(C^∗l, C^∗l)_H� = (−BA^∗l, Bl)_H� for all l ∈ D(A^∗). (7.7)

For l ∈ E^∗ set u_l(x) :=_E�⟨l, x⟩_E , x ∈ E. (7.8) Note that for l ∈ E^∗, ∫ u^2_l dμ = ‖Bl‖^2_H�, and hence u_l ∈ L^2(E; μ). Moreover, we have

Lemma 7.7. Let l ∈ D((A^E )^∗). Then u_l ∈ D(L) and Lu_l = u_A�_l.

Proof. We will approximate u_l with the trigonometric function u_n := n sin(u_l/n). Elementary calculations show that (x − n sin(x/n))^2 ≤ x^6/(36n^4) for all x ∈ IR. Thus, we obtain ∫ E (u_l(x) − u_n(x))^2 μ(dx) ≤ (1/(36n^4)) ∫ E u_l(x)^6 μ(dx) → 0, (7.9)

as n → ∞, since μ is Gaussian and ∫ u^6_l dμ < ∞. Furthermore, taking imaginary parts in (6.5) shows that u_n ∈ D(L) and hat

Lu_n = cos(u_l/n)(u_A�_l) + (1/n) sin(u_l/n)(−BA^∗l, Bl)_H�. (7.10)

Taking the limit as n → ∞ shows that Lu_n converges to −u_A�_l in L^2(E; μ), and since L is a closed operator, the result follows.

Proposition 7.8. Let l ∈ D((A^E )^∗). Then for E-q.e. x ∈ E we have P_x-a.s. that

u_l(X_t) − u_l(X_0) = M^{[ul]}_t + ∫_t 0 u_A�_l(X_s) ds, t ≥ 0, (7.11)

where (M^{[ul ]}_t )_{t≥0} is a martingale additive functional of finite energy (cf. [F 80; §5.1, §5.2]) resp. [MR 92; Chapter VI, Section 2]). Furthermore, ⟨M^{[ul]}⟩_t = t‖C^∗l‖^2_H�, t ≥ 0; in particular, (M^{[ul ]}_t )_{t≥0} is a (time-scaled) one-dimensional (F_t)_{t≥0}-Brownian motion starting at zero, where (F_t)_{t≥0} is the minimum completed admissible filtration corresponding to M (cf. [F 80;§4.1]).

Proof. This follows by [MR 92; Chapter VI, Theorem 2.5] and [F 80; p. 138]. Since (E, D(E)) is quasi-regular, by [MR 92; Chapter VI, Theorem 2.5], the last part is proved in exactly the same way as Proposition 4.5 in [AR 91].

For the rest of this section we assume that E is as in Theorem 1.6. In particular, we know that Assumption 7.6 holds. Set A^E x := 0 if x ∈ E \ D(A^E ). (7.12)

Lemma 7.9. (i) There exists a Hilbert-Schmidt operator Λ^∗ on E^∗ such that ‖Λ^∗l‖^2_H� = ‖C^∗‖^2_H� for all l ∈ D((A^E )^∗)(⊂ D(A^∗)). (7.13) (ii) ∫ ‖A^E x‖^2_E� μ(dx) < ∞. (7.14) Proof. (i): By Theorem 1.6, μ is a probability measure on D(A^E ). Let ν := μ∘(A^E )^{−1}, i.e., the image measure of μ on E under A^E . Then ν is centred Gaussian so that ~ν(l) = exp ( −1/2‖B^∗A^∗l‖^2_H� ) for all l ∈ D((A^E )^∗). (7.15) Hence by Sazonov’s theorem (cf. [VTC 87; p. 368]) and (7.7) the assertion follows. (ii): Let (l_n)_{n∈IN} be an orthonormal basis for E^∗ in D((A^E )^∗). Then ∫ ‖A^Ex‖^2_E� μ(dx) = ∞∑ n=1 ∫ E�⟨l_n, A^E x⟩_E μ(dx) ∞∑ n=1 ‖Λ^∗l_n‖^2_E� < ∞.

(7.16)

Now we can solve (0.1) by means of the quasi-regular Dirichlet form (E, D(E)) on E. Theorem 7.10. Let E be as in Theorem 1.6. Then there exists a map CW : Ω → C([0, ∞)) such that for E-q.e. x ∈ E, under P_x the process CW = (CW_t)_{t≥0} is an (F_t)_{t≥0}- Brownian motion on E starting at zero with covariance ‖C^∗·‖^2_H� such that for E-q.e. x ∈ E,

X_t = z + CW_t + ∫_t 0 A^E (X_s) ds, t ≥ 0, P_x − a.s.. (7.17)

Proof. This is proved in exactly the same way as Theorem 6.10 in [AR 91].

Remark 7.11. (i) Equation (7.17) says that M solves (0.1) weakly (in the sense of probability theory). The reader is warned that (7.17) does not imply that (X_t)_{t≥0} takes values in D(A^E ), but merely that for E-q.e. x ∈ E, and for P_x-a.e. ω ∈ Ω, X_s(ω) ∈ D(A^E ) for ds-a.e. s ∈ [0, ∞) (cf. the proof of Theorem 6.10 in [AR 91]). Therefore, (7.17) in general cannot be rewritten in the form (5.2) (cf. Remark 5.2 (i)). In particular, in contrast to the process given by (5.2), the process (X_t)_{t≥0} in (7.17) is maybe not adapted to the filtration generated by (CW_t)_{t≥0}.

(ii) As is well-known the solution constructed in Theorem 7.10 is unique (cf. [AR 93], also with respect to the definition of “uniqueness” is this case). 8. Appendix.

Lemma 8.1. Let H be a separable Hilbert space and (T_t)_{t≥0} be a strongly continuous semigroup on H. Suppose that (B_t)_{t≥0} is a family in L(H) that satisfies ‖B_{t+s}l‖^2_H − ‖B_sl‖^2_H = ‖B_tT_sl‖^2_H , for all s, t ≥ 0, l ∈ H. (8.1) Then the map (t, l) → ‖B_tl‖^2_H is continuous on [0, ∞) × H.

Proof. We first show that g(t) := ‖B_tl‖^2_H is continuous on [0, ∞) for each fixed l ∈ H. By (8.1) we see that g is increasing, and so for each l ∈ H, and T > 0 sup 0≤t≤T ‖B_tl‖_H = ‖B_T l‖_H < ∞, (8.2) which, by the uniform boundedness principle, means that sup 0≤t≤T ‖B_t‖_{L(H)} =: c_1 < ∞. (8.3)

Similarly, by the strong continuity of (T_t)_{t≥0}, we get sup_{0≤t≤T} ‖T_t‖_{L(H)} =: c_2 < ∞. Define a family (f_t)_{0<t<T} of real-valued functions on [0, T ] by f_t(s) := ‖B_{t+s}l‖^2_H − ‖B_sl‖^2_H . 0 ≤ s ≤ T. (8.4) Then using (8.1) we see that for 0 < t < T and 0 ≤ s, u ≤ T we have |f_t(s) − f_t(u)| = | |‖BtTsl‖^2_H − ‖BtTul‖^2_H | | = ( ‖B_tT_sl‖_H + ‖B_tT_ul‖_H )| ‖B_tT_sl‖_H − ‖B_tT_ul‖_H | ≤ (2c_1c_2)c_1‖l‖_H ‖T_sl − T_ul‖_H ≤ (2c_1c_2)c_1‖l‖_H ‖T_{s∧u}(T_{|u−s|} − I)l‖_H ≤ (2c^2_1c^2)‖l‖_H ‖(T_{|u−s|} − I)l‖_H .

(8.5)

Because of the strong continuity of (T_t)_{t≥0}, (8.5) shows that (f_t)_{0<t<T} is equicontinuous on [0, T ]. Now for each s ∈ [0, T ], as t ↓ 0 we have f_t(s) → g(s+) − g(s) =: f(s). By Ascoli’s theorem the convergence is uniform and so f is continuous. But g is increasing and so f is equal to zero, except possibly at countably many points. Thus f ≡ 0 and g is right-continuous on [0, T ]. Since T is arbitrary, g is right-continuous on [0, ∞). Similarly, consider the family (h_t)_{0<t<1/T} in C([1/T, T ]) given by h_t(s) := f_t(s − t) = ‖B_sl‖^2_H − ‖B_{s−t}l‖^2_H, 1/T ≤ s ≤ T. (8.6)

As before, (h_t)_{0<t<1/T} is equicontinuous and converges pointwise to h(s) := g(s) − g(s−) as t ↓ 0. As before, h ≡ 0 and so g is left-continuous on [1/T, T ]. Since T is arbitrary, we conclude that g is left-continuous on (0, ∞).

Now consider the family of continuous functions (g_t)_{0≤t≤T} defined on H by g_t(l) = ‖B_tl‖^2_H . We have |g_t(l) − g_t(k)| ≤ c^2_1‖l‖_H + ‖k‖_H‖l − k‖_H, (8.7) and so the family is equicontinuous at each point in H. Let t_n → t ∈ [0, T ] and l_n → l ∈ H and let K be the compact set K := {l_1, l_2, . . . } ∪ {l} ⊂ H. Since, by the first part, g_{tn} (l) → g_t(l) for all l ∈ H, the Ascoli theorem says that the convergence is uniform on compact sets. In particular, for ε > 0 there exists N so that if n ≥ N, then sup_{k∈K} |g_{tn} (k) − g_t(k)| ≤ ε. (8.8) For n ≥ N, then |g_{tn} (l) − g_t(l)| ≤ |g_t(l_n) − g_t(l_n)| + |g_{tn} (l_n) − g_t(l_n)| ≤ |g_t(l) − g_t(l_n)| + ε. (8.9)

Thus lim sup_{n→∞} |g_{tn} (l_n)−g_t(l)| ≤ ε by the continuity of g_t. Since ε is arbitrary, g_{tn} (l_n) → g_t(l) which establishes the joint continuity.

Lemma 8.2. Let H be a separable Hilbert space and (T_t)_{t≥0} be a strongly continuous semigroup on H. Suppose that (B_t)_{t≥0} is a family in L(H) that satisfies (8.1). If the map t → ‖B_tl‖^2_H is differentiable at zero for all l ∈ H, then t → ‖B_tl‖^2_H is absolutely continuous for all l ∈ H.

Proof. Fix l ∈ H and define g(t) := ‖B_tl‖^2_H . Dividing (8.1) by t > 0 and letting t ↓ 0 shows that g is also right differentiable at s with

D^+g(s) = lim_{t↓0} (1/t)‖B_t(T_sl)‖^2_H =: ‖C^∗(T_sl)‖^2_H . (8.10)

By assumption ((1/t)‖B_tl‖^2_H )_{0≤t≤1} is bounded for each l ∈ H, so the uniform boundedness principle says that sup_{0≤t≤1} ‖B_t/ √ t‖_{L(H)} =: c < ∞. Thus the family of functions f_t(l) := (1/t)‖B_tl‖^2_H for 0 ≤ t ≤ 1 is equicontinuous on H, and so the convergence f_t(l) → ‖C^∗l‖^2_H is uniform on compacts. To check left differentiability, consider 0 < t < s, and look at the ratio ‖B_sl‖^2_H − ‖B_{s−t}l‖^2_H t = 1 t ‖B_t(T_{s−t}l)‖^2_H . (8.11) For fixed s > 0, l ∈ H the set K := (T_{s−t}l)_{0≤t≤s} is compact. So for any ε > 0, there exists 0 < t_0 ≤ 1 so that t ≤ t_0 implies sup_{k∈K} | (1/t)‖B_tk‖^2_H − ‖C^∗k‖^2_H | ≤ ε. (8.12)

For such t we have, | (1/t)‖B_t(T_{s−t}l)‖^2_H − ‖C^∗(T_sl)‖^2_H | ≤ | ‖C^∗(T_{s−t}l)‖^2_H − ‖C^∗(T_sl)‖^2_H | + ε ≤ 2c^2‖l‖^2_H ‖T_{s−t}l − T_sl‖_H + ε. (8.13)

This implies that

lim sup t↓0 | (1/t)‖B_t(T_{s−t}l)‖^2_H − ‖C^∗(T_sl)‖^2_H | ≤ ε, (8.14) and since ε is arbitrary, we conclude that the left derivative D^−g(s), is also equal to ‖C^∗(T_sl)‖^2_H . This shows that, in fact, g is continuously differentiable.

Acknowledgements. V.I.B. and M.R. would like to thank the Department of Mathematical Sciences at the University of Alberta for the hospitality during pleasant stays in Edmonton when a substantial part of this work was done. B.S. thanks the Institute of Applied Mathematics at the University of Bonn for hospitality and an invigorating working environment. Financial support of the Sonderforschungsbereich 256 (Bonn), EC-Science Project SC1^∗CT92-0784, the International Science Foundation (Grant No. M 38000), the Russian Foundation of Fundamental Research, as well as the Natural Sciences and Engineering Research Council of Canada is gratefully acknowledged.

References

[AMR 93] S. Albeverio, Z.M. Ma, and M. Röckner: Local property of Dirichlet forms and diffusions on general state spaces. Math. Ann. 296, 677-686 (1993).

[AR 91] S. Albeverio and M. Röckner: Stochastic differential equations in infinite dimensions: solutions via Dirichlet forms. Probab. Th. Rel. Fields 89, 347-386 (1991).

[AR 93] S. Albeverio and M. Röckner: Dirichlet form methods for uniqueness of martingale problems and applications. In: Proceedings of the 1993 Summer Research Institute on Stochastic Analysis, Cornell 1993, to appear.

[Ba 91] H. Bauer: Wahrscheinlichkeitstheorie. Berlin-New York: deGruyter 1991.

[BF 75] C. Berg and G. Forst: Potential Theory on Locally Compact Abelian Groups. Berlin: Springer 1975.

[BR 92] V. Bogachev and M. Röckner: Les capacités gaussiennes sont portées par des compacts métrisables. C. R. Acad. Sci. Paris 315, 197-202 (1992).

[BR 93] V.I. Bogachev and M. Röckner: Mehler formula and capacities for infinite dimensional Ornstein-Uhlenbeck processes with general linear drift. Preprint 1993. To appear in Osaka J. Math.

[DPZ 92] G. Da Prato and J. Zabczyk: Stochastic Equations in Infinite Dimensions. Cambridge: Cambridge University Press 1992.

[Dy 71] E.B. Dynkin: Die Grundlagen der Theorie der Markoffschen Prozesse. Berlin: Springer 1971.

[FD 91] D. Feyel and A. De La Pradelle: Opérateurs linéaires et espaces de Sobolev sur l’espace de Wiener. C. R. Acad. Sci. Paris 313, 727-729 (1991).

[FD 93] D. Feyel and A. De La Pradelle: Processus Browniens de dimension infinie. Preprint 1993.

[FD 94] D. Feyel and A. De La Pradelle: Opérateurs linéaires gaussiens. Potential Anal. 1, 89-105 (1994).

[Fuh 93] M. Fuhrman: Analyticity of transition semigroups and closability of bilinear forms in Hilbert spaces. Preprint 1993.

[F 80] M. Fukushima: Dirichlet Forms and Markov Processes. Amsterdam: North Holland 1980.

[MR 92] Z.M. Ma and M. Röckner: Introduction to the Theory of (Non-Symmetric) Dirichlet Forms. Berlin: Springer 1992.

[MS 92] A. Millet and W. Smoleński: On the continuity of Ornstein-Uhlenbeck processes in infinite dimensions. Probab. Th. Rel. Fields 92, 529-547 (1992).

[P 83] A. Pazy: Semigroups of Linear Operators and Applications to Partial Differential Equations. Berlin: Springer 1983.

[R 88a] M. Röckner: Traces of harmonic functions and a new path space for the free quantum field. J. Funct. Anal. 79, 211-249 (1988).

[R 88b] M. Röckner: On the transition function of the infinite dimensional Ornstein-Uhlenbeck process given by the free quantum field. In: Potential Theory. ed. J. Kral et al., New York-London: Plenum Press 1988.

[R 92] M. Röckner: On the parabolic Martin boundary of the Ornstein-Uhlenbeck operator on Wiener space. Ann. Probab. 20, 1063-1085 (1992).

[RS 93] M. Röckner and B. Schmuland: Quasi-regular Dirichlet forms: Examples and counterexamples. To appear in the Canadian Journal of Mathematics.

[Ro 90] B. Rozovskii: Stochastic Evolution Systems. Kluwer Acad. Publ. 1990 (Russian edition: Moscow: Nauka 1983).

[S 92] B. Schmuland: Dirichlet forms with polynomial domain. Mathematica Japonica 37, 1015-1024 (1992).

[S 93] B. Schmuland: Non-symmetric Ornstein-Uhlenbeck processes in Banach space via Dirichlet forms. Canad. J. Math. 45, 1324-1338 (1993).

[S 94] B. Schmuland: On the local property for positivity preserving coercive forms. To appear in the proceedings of the International Conference on Dirichlet Forms and Stochastic Processes, Beijing 1993. Editors: Z.M. Ma, M. Röckner, and J.A. Yan.

[VTC 87] N.N. Vakhania, V.I. Tarieladze, and S.A. Chobanyan: Probability Distributions on Banach Spaces. Dordrecht: D. Reidel 1987.