Regularity of invariant measures for a class of perturbed Ornstein–Uhlenbeck operators

Vladimir I. Bogachev^∗ Department of Mechanics and Mathematics Moscow State University, 119899 Moscow, Russia

Giuseppe Da Prato^† Scuola Normale Superiore di Pisa Piazza dei Cavalieri 6, 56126 Pisa, Italy

Michael Röckner^‡ Faculty of Mathematics, University of Bielefeld D–33615 Bielefeld, Germany

Abstract In the framework of [5] we prove regularity of invariant measures ¯ for a class of Ornstein{Uhlenbeck operators perturbed by a drift which is not necessarily bounded or Lipschitz continuous. Regularity here means that

¯ is absolutely continuous with respect to the Gaussian invariant measure

of the unperturbed operator with the square root of the Radon{Nikodym density in the corresponding Sobolev space of order 1.

AMS Subject Classification (1991) Primary: 60H15, 35D10 Secondary: 35K22, 60H10, 31C25, 35R15, 47D06, 28C20

1 Introduction and main result

The purpose of this paper is to apply the main result in [3], see also [6], and a modification of a technique from [2] to prove regularity of invariant measures

∗Partially supported by the International Science Foundation (Grant M 38000), the Russian Foundation of Fundamental Research (Grant 94–01–01556), and EC–Science Project SC1*CT92–0784.

†Partially supported by the Italian National Project MURST ”Problemi nonlineari nell’Analisi : : : ”

‡Partially supported by the DFG(SFB–256–Bonn, SFB–343–Bielefeld) and EC–Science Project SC1*CT92–0784.

in the cases considered in [5] but without assuming that the non–linear part of the drift is bounded or Lipschitz continuous.

Consider the stochastic equation dX = (AX + F (X))dt + dW, X(0) = x ∈ H (1)

on a real separable Hilbert space H, with inner product < ·, · > and norm | · |. We assume throughout this paper that A is a non negative definite self–adjoint operator on H such that A^{−1} is trace–class. Let S(t) := e^{tA}, t ≥ 0. For F = 0 it is known that (1) has a well defined H–valued mild solution given by X(t) = S(t)x + ∫_t 0 S(t − s)dW (s), (2) which has as unique invariant (probability) measure the Gaussian measure μ_0 = N (0,^1_2 A^{−1}) (cf.[4]).

Suppose that the following condition holds

F is bounded and Lipschitz continuous. (3)

Then the integral version of (1), i.e. X(t) = S(t)x + ∫_t 0 S(t − s)F (X(s))ds + ∫_t 0 S(t − s)dW (s), t ≥ 0, (4) has a unique solution X(t, x), t ≥ 0,(cf.[4]). It also follows (cf.[5, Theorem 3.5]) that this solution has a unique invariant measure μ_F , μ_F is absolutely continuous with respect to μ_0 and dμ_F dμ_0 ∈ W^{1,2}(H, μ_0).

Here the Sobolev space W^{1,2}(H, μ_0) is defined as follows: Let FC^∞_b (H) be the set of all functions φ on H of the form φ(x) = f(< e_1, x >, ..., < e_n, x >), x ∈ H, where n ∈ N, f ∈ C^∞_b (R^n), and {e_j | j ∈ N} is an eigenbasis of A which we fix from now on. For φ ∈ FC^∞_b (H) let φ^′ denote its Fréchet derivative, and for x ∈ H let D_xφ(x) denote the element in H corresponding to φ^′(x) ∈ H^∗. Then W^{1,2}(H, μ_0) is defined as the completion of FC^∞_b (H) with respect to the norm given by ‖φ‖^2_W 1,2_{(H,μ0 )} = ‖φ‖^2_L2_{(H,μ0)} + ∫ H |D_xφ(x)|^2μ_0(dx). (5)

Since each e_n is in the Cameon–Martin space (=reproducing kernel Hilbert space) of μ_0 it follows that W^{1,2}(H, μ_0) ⊂ L^2(H, μ_0), (cf. [1]). Note that in [5] in the above definition C^∞_b (R^n) was replaced by P_n, n ∈ N, i.e. the space of all polynomials in n variables. But since μ_0 is Gaussian the resulting space W^{1,2}(H, μ_0) is the same.

For φ ∈ FC^∞_b (H) let φ^{′′} denote its second Fréchet derivative, and for x ∈ H let D_{xx}φ(x) denote the corresponding element in L(H) (the set of all bounded linear operators on H) . Note that D_{xx}φ(x) is trace class and that D_xφ = n∑ j=1 ∂_j f(< e_1, · >, ..., < e_n, · >)e_j , (6)

if φ = f(< e_1, · >, ..., < e_n, · >) and ∂_j f(y) =^{∂f}_{∂yj} (y), y ∈ R^n. Hence D_xφ(x) ∈ D(A) for all x ∈ H and we can define A_0φ(x) = Tr [D_{xx}φ(x)] + ⟨x, AD_xφ(x)⟩, x ∈ H (7) and A_F φ(x) = A_0φ(x) + ⟨F, D_xφ(x)⟩, x ∈ H. (8) By [5, Theorems 2.10 and 3.1] it follows that (since (3) holds) ∫ H A_F φ(x)μ_F (dx) = 0 for all φ ∈ FC^∞_b (H), (9)

and ∫ H < e_j , x >^2 μ_F (dx) < +∞ for all j ∈ N. (10)

Since F is bounded, we also have that ∫ H |F (x)|^2μ_F (dx) < +∞ for all j ∈ N. (11)

Note that A_F is well defined on FC^∞_b (H) if F : H → H is merely Borel measurable. Hence (9)–(11) give rise to a definition of generalized invariant measures, in case (3) does not hold and (1) might not even have a solution.

Definition 1.1 Let F : H → H be Borel measurable. A probability μ on B(H)(:=Borel σ– algebra on H) is called a generalized invariant measure if (9)–(11) hold with μ replacing μ_F . In this case we write A^∗_F μ = 0.

We note that if (10),(11) hold, then A_F φ ∈ L^2(H, μ_F ) and (9) is hence well– defined. In this paper we do not discuss the existence of measures satisfying A^∗_F μ = 0, but we refer to [2, §5] in this respect. Here we are only interested in regularity properties of such μ. Our main result is the following:

Theorem 1.1 Let F : H → H be Borel measurable and let μ be a probability measure on B(H) such that A^∗_F μ = 0. Then μ = ρμ_0 with √ ρ ∈ W^{1,2}(H, μ_0).

The proof will be given in the next section. It is based on three main ingedients. The first is that by [3]

W^{1,2}(H, μ_0) ⊂ L^2(H, μ_0) is compact. (12)

The second is Theorem 3.1 in [2], i. e. a regularity result in finite dimensions. The third ingredient is a modified version of a technique used in the proof of [2, Theorem 3.5] to ”lift” [2, Theorem 3.1] to infinite dimensions. This ”lifting” will be presented in detail and in a self–contained way below. It should be noted that FC^∞_b (H) and hence Definition 1.1 depend on the choice of {e_j |j ∈ N}. But the conclusions in Theorem 1.1 hold for any such choice.

Finally, we would like to describe the connection of Theorem 1.1 with Theorem 3.5 in [2]. The latter is the situation studied by I. Shigekawa in [7] which (in the terminology used above) is the case where A_0 in (7) has the form A_0φ(x) = Tr [QD_{xx}φ(x)] + ⟨x, D_xφ(x)⟩, x ∈ H (i.e. A = id_H ) . Here Q ∈ L(H) and it is trace class. Furthermore, F in the definition of A_F (cf. (8)) is then assumed to take values in Q^{1/2}H such that |Q^{−1/2}F | ∈ L^2(H, μ_0), where μ_0 is the centered Gaussian measure on H with covariance operator Q (i.e., (Q^{1/2}H, ⟨Q^{−1/2}·, Q^{−1/2}·⟩) is the Cameron–Martin = reproducing kernel Hilbert space of μ_0). In this case the embedding of the corresponding Sobolev space into L^2(H, μ_0) is not compact, but instead a log– Sobolev inequality holds which is essential in the proof of [2, Theorem 3.5]. For more details and the underlying background literature we refer to [2]. Both above results can be combined into one, and we think that extensions to more general situations are possible. This will be the subject of future research.

2 Proof of Theorem 1:2

Let G denote the closure of the set {D_xφ|φ ∈ FC^∞_b (H)} in the Hilbert space L^2(H → H, μ). Let F_0 denote the orthogonal projection of F onto G in L^2(H → H, μ). Then ∫ H ⟨F (x) − F_0(x), D_xφ(x)⟩μ(dx) = 0 for all φ ∈ FC^∞_b (H), consequently, A^∗_{F0} μ = 0,

and we may hence assume without loss of generality that F ∈ G. (13)

Let −α_n, n ∈ N, be the eigenvalues of A corresponding to the eigenbasis {e_n |n ∈ N} fixed in §1.

For n ∈ N let P_n be the orthogonal projection from H onto span{e_1, ..., e_n} which we identify with R^n, hence P_n : H → R^n and the euclidean inner product

on R^n is just < ·, · > (i.e. the one induced by (H, < ·, · >) on span{e1, ..., en}).

Let E_μ[ |P_n] denote the conditional expectation of μ given the σ–algebra generated by P_n. For any G ∈ L^2(H → H, μ) e.g. by [8, Ch. II, Theorem 4.1] G_n := E_μ[G|P_n]^{n→∞}→ G in L^2(H → H, μ). Hence ∫ H |G(x) − P_nG_n(x)|^2μ(dx)

≤ 2 ∫ H |G(x) − P_nG(x)|^2μ(dx) + 2 ∫ H |P_nG(x) − P_nG_n(x)|^2μ(dx)

≤ 2 ∫ H |G(x) − P_nG(x)|^2μ(dx) + 2 ∫ H |G(x) − G_n(x)|^2μ(dx)^{n→∞}→ 0. Therefore, if F^j_n := E_μ[< e_j , F > |P_n], 1 ≤ j ≤ n, and F_n := (F^1_n, ..., F^n_n ) ≡ n∑ j=1 F^j_ne_j , then we have F_n^{n→∞}→ F in L^2(H → H, μ). (14) Fix n ∈ N and let ~F^j_n : R^n → R^n be Borel–measurable such that F^j_n = ~F^j_n ∘ P_n, 1 ≤ j ≤ n, and set ~F_n := ( ~F 1_n, ..., ~F n_n ). Let μ_n := μ ∘ P^{−1}_n and

G_n := closure of {∇u| u ∈ C^∞_b (R^n)} in L^2(R^n → R^n, μ_n). (15) Set α_n := (α_1, ..., α_n).

Claim 1 — μ_n = p_ndx(where dx denotes Lebesgue measure on R^n) with √p_n ∈ W_{1,2}(R_n, dx) and_{∇pnp} n is the orthogonal projection of (−α_n, ·) + ~F_n onto G_n in L^2(R^n → R^n, μ_n).

To prove this claim define for u ∈ C^∞_b (R^n) L_nu = n∑ i=1 ∂^2_i u + ⟨ −α_n + ~F_n, ∇u ⟩ . Note that for 1 ≤ j ≤ n by assumption on μ ∫ Rn^{(αjzj )2μn(dz) = α2j ∫}H^{⟨ej , Pnx⟩2 μ(dx)} = α^2_j ∫ H ⟨e_j , x⟩^2 μ(dx) < ∞, (16)

∫ Rn^{( ~F jn(z))2μn(dz) = ∫}H^{(Eμ [⟨ej , F ⟩ |Pn])2 (x)μ(dx)} = ∫ H ⟨e_j , F (x)⟩^2 μ(dx) < ∞, (17)

and for all u ∈ C^∞_b (R^n), if φ := u ∘ P_n, ∫ Rn^{Lnu(x) μn(dx) = ∫}H^{( Tr Dxxφ(x)} + n∑ j=1 [ − α_j∂_jf(< e_1, x >, · · ·, < e_n, x >) < e_j , x >

+E_μ [⟨e_j , F ⟩ |P_n] (x) ⟨e_j , D_xφ(x)⟩ ]) μ(dx), = ∫ H Lφ(x) μ(dx) = 0,

(18)

where we used (6) in the second last step. By [2, Theorem 3.1] (16) –(18) imply the assertion of Claim 1.

For the next step we note that if μ_{0,n} := μ_0 ∘ P^{−1}_n , then

μ_{0,n} = q_n · dx (19)

with q_n(z) := (2πα_1 · · · α_n)^{−n/2}e^{− 12} ∑_n i=1 α^iz 2_i

, z ∈ R^n. (20)

Claim 2 — Let ρ_n :=^{pn}_{qn} . Then ∇ρ_n ρ_n = ⟨α_n, ·⟩ + ∇p_n p_n ∈ G_n.

In particular, √ ρ_n ∈ W^{1,2}(R^n, μ_{0,n}).

The equality in the assertion of the claim is clear. The fact that √ ρ_n ∈ W^{1,2}(R^n, μ_{0,n}) follows then by an elementary calculation from (16). Since we know that^{∇pn}_{pn} ∈ G_n by Claim 1, we only need to show that ⟨α_n, ·⟩ ∈ G_n. But if

f(z) := 1 2 n∑ i=1 α_iz^2_i , z ∈ R^n,

then ∇f = ⟨α_n, ·⟩ . A simple truncation argument and (16) imply that ⟨α_n, ·⟩ ∈ G_n. Claim 3 —^{∇ρn}_{ρn} ∘ P_n^{n→∞}→ F in L^2(H → H, μ). Let d_n := ⟨−α_n, ·⟩ + ~F_n −^{∇pn}_{pn} . Then by Claim 1 d_n ⊥ G_n in L^2(R^n →

R^n, μn) and hence_{~F}

n = d_n + ∇ρ_n ρ_n (which holds by Claim 2) is an orthogonal decomposition of ~F_n in L^2(R^n →

R^n, μn). Hence by (14) d_n ∘ P_n^{n→∞}→ d, ∇ρ_n ρ_n ∘ P_n^{n→∞}→ G in L^2(H → H, μ) for some d, G ∈ L^2(H → H, μ) which are orthogonal. Since d_n ⊥ G_n in L^2(R^n →

R^n, μn) it easily follows that d ⊥ G in L^2(H → H, μ). Hence by (13) we have

that d ⊥ F. Since F = d + G, this implies that d = 0, i.e. , F = G and Claim 3 is proved.

By Claim 3 and (12) it is now easy to complete the proof: Since √ ρ_n ∈ W^{1,2}(R^n, μ_{0,n}) (cf. Claim 2), by approximation it follows that √ ρ_n ∘ P_n ∈ W^{1,2}(H, μ_0) &D_x ( √ ρ_n ∘ P_n) = (∇ √ ρ_n) ∘ P_n, (21)

where we denote the closure of (D_x, FC^∞_b (H)) defined on all W^{1,2}(H, μ_0) again by D_x. By definition of ρ_n and (19) we have that

ρ_nμ_{0,n} = p_ndx = μ_n = μ ∘ P^{−1}_n . (22)

Consequently by (21) 4 ∫ H |D_x ( √ ρ_n ∘ P_n) (x)|^2 μ_0(dx)

= 4 ∫ Rn^{| ∇√ρn√}ρn^{(z)|2 μn(dz)} = ∫ Rn^{| ∇ρn}ρn^{(z)|2 μn(dz)} = ∫ H | | | ∇ρ_n ρ_n ∘ P_n(x) | | | 2 μ(dx)

(23)

Furthermore, by Claim 2 ∫ H ( √ ρ_n ∘ P_n)^2 μ_0(dx) = ∫ Rn^{pndx = ∫}Rn^{μn(dx) = 1.} Hence (23) and Claim 3 imply that {√ ρ_n ∘ P_n| n ∈ N } is bounded in W^{1,2}(H, μ_0) and thus by (12) √ ρ_{nl} ∘ P_{nl}^{l→∞}→ √ ρ in L^2(H, μ_0)

for some √ ρ ∈ W^{1,2}(H, μ_0) and some subsequence (n_l)_{l∈}N. It remains to show that μ = ρμ_0. To this end let

h := m∑ i=1 c_ie_i, m ∈ N, c_1, ..., c_m ∈ R.

Then, since ρ_{nl} ∘ P_{nl}^{l→∞}→ ρ in L^1(H, μ_0), ∫ H e^{i<h,x>}ρ(x)μ_0(dx)

= lim_{l→∞} ∫ H e^{i<h,x>}(ρ_{nl} ∘ P_{nl} )(x)μ_0(dx). On the other hand if n_l ≥ m, we have that < h, x >= ⟨h, P_{nl}x⟩ for all x ∈ H. Hence ∫ H e^{i<h,x>}(ρ_{nl} ∘ P_{nl} )(x)μ_0(dx)= ∫ Rnl^{ei ∑mj=1 cj zj ρnl (z)μ0,nl (dz)} = ∫ H e^{i<h,x>}μ(dx) where we used (22) in the last step. Consequently μ = ρμ_0.

Acknowledgements V. I. Bogachev and M. Röckner would like to express their gratitude for the hospitality during very pleasant and fruitful stay at the Scuola Normale Superiore di Pisa.

References

[1] ALBEVERIO S. & RÖCKNER M. (1990)Classical Dirichlet forms on topological vector spaces–closability and a Cameron–Martin formula. J. Funct. Anal., 88, 395–436

[2] BOGACHEV V. I. & RÖCKNER M. Regularity of invariant measures on finite and infinite dimensional spaces and applications, Preprint 1994. To appear in J. Funct. Anal.

[3] DA PRATO G. , MALLIAVIN P. & NUALART. D (1992) Compact families of Wiener functionals, C.R. Acad. Sci. Paris, 315, 1287– 1291.

[4] DA PRATO G. & ZABCZYK J. (1992) Stochastic equations in infinite dimensions. Encyclopedia of Mathematics and its Applications, Cambridge University Press.

[5] DA PRATO G. & ZABCZYK J. Regular densities of invariant measures for nonlinear stochastic equations, Preprint 1992. To appear in J. Funct. Anal.

[6] PESZAT S. (to appear) On a Sobolev space of function of infinite numbers of variables, Bull. Pol. Acad. Sciences.

[7] SHIGEKAWA I. (1987)Existence of invariant measures of diffusions on an abstract Wiener space, Osaka J. Math., 24, 37–59.

[8] VAKHANIA N.N., TARIELADZE V.I. & CHOBANYAN S.A.(1985) Probability distributions in Banach spaces. Moscow, Nauka (in Russian); English translation: Kluwer, 1990.