ON THE LATTICE POINT PROBLEM FOR ELLIPSOIDS

V. Bentkus^1 F. Götze^1

University of Bielefeld

November 1994

Abstract. For k-dimensional ellipsoids E with k ≥ 9 we show that the number of lattice points in rE is approximated by the volume of rE up to an error of order O(r^k�2), as r tends to infinity. The estimate is best possible and uniform in the class of ellipsoids with bounded ratios of lengths of axes. It improves the classical estimate O(r^k�2^{k/}(^k+1)) due to Landau (1915).

1. Introduction and results

Let R^k, 1 ≤ k < ∞ denote a real k-dimensional Euclidean space with scalar product (·, ·) and norm |x|^2 = x^2_1 + · · · + x^2_k, for x = (x_1, . . . , x_k) ∈ R^k. Denote by |x|_∞ = max{|x_j | : 1 ≤ j ≤ k} the maximum-norm. Let Z^k be the standard lattice of points with integer coordinates in R^k.

For a (measurable) set B ⊂ R^k let volB denote the Lebesgue measure of B, and let vol_Z B denote the lattice volume of B, that is the number of points in B with integer coordinates.

Let us consider a quadratic form,

Q(x)^{def}= (Qx, x), for x ∈ R^k,

where Q : R^k → R^k denotes a symmetric positive linear bounded operator, that is Q(x) > 0, for x ≠ 0. Define the ellipsoid

E_s^{def}= {x ∈ R^k : Q(x) ≤ s}, for s ≥ 0.

1Research supported by the SFB 343 in Bielefeld. 1991 Mathematics Subject Classification. 11P21.

Key words and phrases. lattice points, ellipsoids, multidimensional spaces.

Typeset by AMS-TEX 1

We shall prove the following Theorem 1.1. For k ≥ 9,

Δ(s, Q)^{def}= sup_{a∈}

R^k | | volZ(Es + a) − volEs volEs | | = O ( 1 s ) , for s ≥ 1. The constant in O(s^{−1}) may depend on k and the lengths of axes of the ellipsoid E_1 only.

An inspection of the proof of this result yields an explicit bound for the remainder term. Let 0 < q^2_1 ≤ q^2 ≤ · · · ≤ q^2_k

denote the eigenvalues of the operator Q.

Theorem 1.2. For k ≥ 9,

Δ(s, Q) ≤ cΓΛs^{−1}, for s ≥ q^2_1,

where Λ = q^2_1 (q_k/q_1)^k and Γ = (q_k/q_1)^4, and where the constant c may depend on the dimension k only.

Remark. For the dimension k = 8 we can prove that

Δ(s, Q) ≤ cq^{12}_8 q^{−10}_1 s^{−1} ln^2(s + 1), for s ≥ q^2_1

with an absolute constant c.

For the class of general ellipsoids described above Landau (1915) obtained the estimate O(s^{−1+1/(1+k)}). This result has been extended by Hlawka (1950) to convex bodies with smooth boundary and strictly positive Gaussian curvature. Hlawka’s estimate has been recently improved by Krätzel and Nowak (1991,1992) to O(s^{−1+λ}), where λ = 5/6k + 2, for k ≥ 8, and λ = 12/14k + 8, for 3 ≤ k ≤ 7.

Since the lower bound Δ(s, Q) = Ω(s^{−1}) holds for spheres (Q =Identity) (see, e.g. Fricker (1982)), Theorem 1.2 solves the problem of uniform error bounds for ellipsoids with arbitrary center provided that the dimension k is sufficiently large, i.e. k ≥ 9.

The bound of Theorem 1.2 shows that the number of lattice points in an ellipsoid depends asymptotically only on the size of ellipsoid, i.e. only on radii of the largest inscribed and the smallest circumscribed spheres, and does not depend on assumptions like “rationality” or “orientation” of the ellipsoid that is on the conjugation class of Q under the action of SL(k, Z).

For special ellipsoids a number of particular results is available. For example, the error bound O(s^{−1}) holds for k ≥ 5 for a fixed rational form Q (see Walfisz (1924), k ≥ 9, and Landau (1924), k ≥ 5). Jarnik (1928) proved the same bound for diagonal forms Q with arbitrary (non zero) real coefficients. Related results are due to Novák (1968), Diviš and Novák (1974). For a discussion see the monographs by Walfisz (1957), Fricker (1982) and Krätzel (1988).

Since our results were obtained by extending the methods for proving optimal rates of convergence in the Central Limit Theorem (CLT) for ellipsoids (Bentkus and Götze (1994)) we kept the probabilistic setup. Bounds for rates of convergence in the multivariate CLT for convex bodies seem to correspond to bounds in the lattice point problem for these bodies interpreting s as the number, say N, of random vector summands in the CLT. This fact is mentioned by Esseen (1945), who proved the rate O(s^{−1+1/(1+k)}) for balls around the origin and random vectors with Identity covariance, a result similar to the result of Landau (1915) mentioned above. For sums taking values in a lattice and special ellipsoids the relation of these error bounds for the lattice point problem and the CLT has been made explicit in Yarnold (1972).

The results of Esseen have been extended to convex bodies by Matthes (1970), a result similar to that of Hlawka (1950).

The bound O(N^{−1}), for k ≥ 5 of Bentkus and Götze (1994) for ellipsoids with diagonal Q and random vectors with independent components (and with arbitrary distribution) is comparable to the results of Jarnik (1928). The proofs of these probabilistic results seem to be technically more involved compared to the number theoretic ones.

The basic steps of our proof consist of (1) rewriting in Section 2 the lattice point approximation error as a difference of distribution functions of quadratic forms of sums of uniformly distributed random variables taking values in Z^k and R^k (2) using Fourier transforms and regularization (Lemma 8.1) to bound the error by Fourier integrals over characteristic functions (ch.f.)

(3) replacing the ch.f. of the quadratic form by the ch.f. of a bilinear form using the symmetrization inequality of Section 7 (Götze (1979)), which extends the inequality of Weyl (1915/16) and van der Corput (see, e.g. Graham and Kolesnik (1991)) (4) estimating the size and separating the location of maxima of the resulting ch.f. for k ≥ 9 by means of inequality (5.1) in Section 5 Once the problem has been reformulated in terms of distribution functions in step (1), it is sufficient to assume that the quadratic form Q is nondegenerated (see the Remark in Section 2).

The symmetrization inequality in step (3) has been quite useful in the investigation of the convergence rates and Edgeworth expansions in the CLT in Hilbert and Banach spaces (see, for example the review paper Bentkus, Götze, Paulauskas and Račkauskas (1990)).

Let A ≥ 0. Denote μ(ε) = (εA^2)^{−k}, for ε ≤ 1/A, and μ(ε) = ε^k, for ε ≥ 1/A.

The inequality (5.1) in step (4) represents the essential tool of our proof. In conjunction with symmetrization Lemma 7.1 it yields the following bound

|S(t)S(t + ε)|^2 ≤ c(k)Λ^2μ(ε), for all t ∈ R and ε ≥ 0, (1.1)

for trigonometric sums defined as S(t) = 1 (2A + 1)2^{k2}+2^k ∑ |m1|_∞ ≤A · · · ∑ |m2_k+2|_∞≤A exp{itQ(m_1 + · · · + m_{2k+2})}, (1.2)

for t ∈ R, where the sums are taken over m_j ∈ Z^k, for all 1 ≤ j ≤ 2k + 2.

Taking t = 0 the inequality (1.1) yields so called ’double large sieve’ estimate for distributions on the lattice, see, e.g. Bombieri and Iwaniec (1986), which extends the sieve methods introduced by Brun (1920), Selberg (1947), Linnik (1941) and Rényi (1962).

We shall use the following notation.

By c (resp. C) with or without indices we shall denote generic constants (resp. sufficiently large generic constants) which may depend on the dimension k only. Dependence of constants on other parameters, say α, we indicate by c(α). We shall write B ≪ D instead of B ≤ cD. By [B] we denote the integer part of a real number B. We shall denote r = √ s and A = [r]. If r ≥ 1 then the natural number A ≥ 1, and A ≤ r ≤ 2A. The random variables (r.v.) we introduce in this paper (all in capital letters) are:

r.v. uniformly distributed on lattice points in a box in R^k (lattice r.v. for short); r.v. uniformly distributed in a box in R^k; Gaussian r.v. or sums of independent copies of such r.v. The use of this probabilistic notion will significantly simplify the exposition of the proofs. For example, let M_1 denote a lattice r.v. uniformly distributed in the box {x ∈ R^k : |x|_∞ ≤ A}, and let M_2, M_3, . . . be independent identically distributed (i.i.d.) copies of M_1. Then we may rewrite the trigonometric sum (1.2) as S(t) = E exp{itQ(M_1 + · · · + M_{2k+2})},

where E denotes the expectation.

The distribution (or law) L(X) of a r.v. X is defined as Borel measure on R^k such that L(X)(B) = P {X ∈ B} = ∫ B L(X)(dx), for measurable B ⊂ R^k.

Let X̄ denote an independent copy of X. This means that distributions of X and X̄ are equal, and the independence condition is equivalent to E f(X, X̄) = ∫ R^k ∫ R^{k f(x, y)L(X)(dx)L(X̄ )(dy),}

for any measurable function f such that the Lebesgue integral exists.

We say that X̃ is symmetrization of X if the distribution of X̃ is equal to the distribution of X − X̄. For example, we may choose X̃ = X − X̄.

All random variables are supposed to be independent, if the contrary is not clear. By E_X f(X, Y, Z, . . . ) we shall denote the conditional expectation given all random variables Y, Z, . . . but X. In other words, if random variables X and Y, Z, . . . are independent, then the r.v. E_X f(X, Y, Z, . . . ) = ∫ f(x, Y, Z, . . . )L(X)(dx). Similarly, P_X A denotes the conditional probability of an event A given all random variables but X. Finally, by I{A} we denote the indicator function of event A.

2. Reduction to a probability setting; The Fourier transform

The ellipsoid E_s + a = E(s, a, Q) = {x ∈ R^k : Q(x − a) ≤ s} satisfies E(s, a, Q) = E(λs, a, λQ), for any λ > 0. Therefore Δ(s, a, Q) = | | volZE(s, a, Q) − volE(s, a, Q) volE(s, a, Q) | | satisfies Δ(s, a, Q) = Δ(λs, a, λQ), for any λ > 0, (2.1) as well.

Thus without loss of generality we may assume that q_1 = 1. Under this assumption we shall prove that

Δ(s, a, Q) ≪ s^{−1}ΓΛ, for s ≥ 1, (2.2)

where now and henceforth Γ = q^4_k and Λ = q^k . For operators Q with q_1 ≠ 1 this estimate and (2.1) together imply Theorem 1.2.

Furthermore, we may and shall assume that in (2.2) |a|_∞ ≤ 1/2. Indeed, vol_Z (E_s + a) = vol_Z (E_s + a − m), for any m ∈ Z^k, and we may replace a in (2.2) by a − m, with some m ∈ Z^k such that |a − m|_∞ ≤ 1/2.

For a real D ≥ 0 consider the cube (“box”) B(D) = [−D, D]^k, and the box B ([D] + 1/2), where [D] denotes the integer part of D. Then

(2[D] + 1)^k = vol_Z B ([D] + 1/2) = vol_Z B (D) = volB ([D] + 1/2) .

We have as well that

volB (D) ≤ 2^kvolB ([D] + 1/2) and volB (D) ≥ ( 2 3 )_k volB ([D] + 1/2) ,

for D ≥ 1. Thus different volumes of a given box are equivalent, up to a constant, provided the size of the box is larger than 1.

Recall that q^2_1 ≤ q^2 ≤ · · · ≤ q^2_k denote the eigenvalues of the operator Q, or in other words, 1/q_1 ≥ 1/q_2 ≥ · · · ≥ 1/q_k > 0 denote the lengths of half-axes of the ellipsoid E_1. Due to the assumption q_1 = 1 the longest half-axis of E_1 has length 1. Obviously B_E (r/q_k ) ⊂ E_s ⊂ B_E (r), where B_E (ρ) = {x ∈ R^k : |x| ≤ ρ} denotes the Euclidean ball, and B ( r/( √ kq_k) ) ⊂ E_s ⊂ B (r). Let m = 6k + 10, and let X_∗ ∈ R^k be a lattice random variable uniformly distributed in the box B ([mr] + 1/2), that is P{X_∗ ∈ C} = volZC ⋂ B ([mr] + 1/2) volB ([mr] + 1/2) , for C ⊂ R k. Similarly, let Y_∗ denote a random variable uniformly distributed in the same box, P{Y_∗ ∈ C} = volC ⋂ B ([mr] + 1/2) volB ([mr] + 1/2) , for measurable C ⊂ R k. We assume that r ≥ 1. Thus volB([mr] + 1/2)/volE_s ≪ m^k ≪ 1. The set E_s + a ⊂ B([mr] + 1/2) since |a|_∞ ≤ 1/2. Therefore we can rewrite (2.2) (and the result of Theorem 1.2) as

|P{X_∗ ∈ E_s + a} − P{Y_∗ ∈ E_s + a}| ≪ ΓΛs^{−1}, for s ≥ 1. (2.3)

Notice that the distributions of X_∗ and Y_∗ depend on s.

Let X_1 ∈ R^k denote a lattice random variable uniformly distributed in the box B (r), that is

P{X_1 ∈ C} = volZC ⋂ B (r) volB (A + 1/2) , for C ⊂ R k. Let X_2, X_3, . . . denote independent identically distributed (i.i.d.) copies of X_1, and define X_{∗∗} = X_1 + · · · + X_{6k+6}. Then, for any set C ⊂ B (4r), P{X_∗ ∈ C} = P{X_∗ + X_{∗∗} ∈ C}. (2.4) Indeed, P{X_∗ + X_{∗∗} ∈ C} = E P_{X∗} {X_∗ ∈ C − X_{∗∗}}.

For x ∈ C, the triangle inequality and |X_j |_∞ ≤ A ≤ r imply |x − X_{∗∗}|_∞ ≤ (6k + 10)r, which means that for fixed X_1, . . . , X_{6k+6}, both C and the shifted (random) set C − X_{∗∗} are subsets of the box B (mr) with m = 6k + 10. The (random) shift X_{∗∗} assumes integer values only (with probability 1). Therefore, due to the invariance of the distribution of X_∗ under shifts by integer vectors in the box B (mr), E P_{X∗} {X_∗ ∈ C − X_{∗∗}} = E P{X_∗ ∈ C} = P{X_∗ ∈ C}, which implies (2.4).

Similarly P{Y_∗ ∈ C} = P{Y_∗ + X_{∗∗} ∈ C}. (2.5) Due to (2.4) and (2.5) we may rewrite inequality (2.3) as |Δ(s)| ≪ ΓΛs^{−1}, for s ≥ 1, (2.6) where

Δ(s)^{def}= P{X_∗ + X_{∗∗} ∈ E_s + a} − P{Y_∗ + X_{∗∗} ∈ E_s + a} = P{Q(X_∗ + X_{∗∗} − a) ≤ s} − P{Q(Y_∗ + X_{∗∗} − a) ≤ s}. This suggests to consider the distribution functions F (x) = P{Q(X_∗ + X_{∗∗} − a) ≤ x} and G(x) = P{Q(Y_∗ + X_{∗∗} − a) ≤ x}. Let f(t) = E exp{itQ(X_∗ + X_{∗∗} − a)} and g(t) = E exp{itQ(Y_∗ + X_{∗∗} − a)} denote the characteristic functions of F and G respectively.

Applying the smoothing Lemma 8.1 we have |Δ(s)| = |F (s) − G(s)| ≤ ∫_1 −1 |f(t) − g(t)| dt |t| + R, (2.7) where R^{def}=

∫_1 −1 | f(t) | dt + ∫_1 −1 | g(t) | dt. Relation (2.7) reduces the proof of (2.6) to the estimation of characteristic functions. In the next Section 3 we shall show that R ≪ Λs^{−1}, which is simpler than the estimation of the integral in (2.7). In Section 4 we shall conclude the proof of Theorem 1.2 by showing that a similar estimate holds for the integral in (2.7).

Throughout we shall write

φ(t)^{def}= E exp{2it(QX, Y )}, (2.8)

where X = X̃_2 + · · · + X̃_{2k+1} and Y = X̃_1, and

μ(t)^{def}= { (tA^2)^{−k}, for t ≤ A^{−1}, t^k, for t ≥ A^{−1}. (2.9)

Remark. Once our problem we have reformulated in (2.6) as a problem of the estimation of distribution functions, we can consider the general case of conic sections instead of ellipsoids, that is we only need the assumption that the operator Q is invertible. Furthermore, we can consider the case of polynomials of second order, P (x) = (Qx, x) + (L, x) + C with some L ∈ R^k and C ∈ R, instead of quadratic forms; this leads to certain natural changes in estimating the integral in (2.7) for |t| ≤ s^{−1+2/k}.

3. An estimate of concentration functions of F and G

In this section we shall show that the remainder term R in (2.7) satisfies

R ≪ Λs^{−1}, for s ≥ 1. (3.1)

Before proving (3.1) let us note that this estimate implies the following concentration inequality for the number of lattice points in any shifted “ring” E_{s+1} \ E_s = {x ∈ R^k : s < Q(x) ≤ s + 1}, sup_{a∈}

R^k | | volZ ( (E_s+1 \ Es) + a ) volEs | | ≪ Λ s , for s ≥ 1. This is a consequence of (3.1) and the following well-known estimate of the concentration of a distribution function, say F ,

sup_x { F ( x + 1 T ) − F (x) } ≤ 2T ∫_T −T |f(t)|dt, for any T > 0, where f denotes the characteristic function of F (see, e.g. Petrov (1975)).

Let us return to the estimation of R. We may split R ≤ R_1 + R_2, where

R_1 ≤ ∫ |t|≤s^−2^{/k} (| |f(t)|+|g(t)| ) dt and R_2 ≤ ∫ s^−2^{/k}≤|t|≤1 (| |f(t)|+|g(t)| ) dt. To prove (3.1) it is sufficient to show that R_1 ≪ Λs^{−1} and R_2 ≪ Λs^{−1}.

We shall use the symmetrization Lemma 7.1. Write X_∗ + X_{∗∗} − a = Y_1 + Y_2 + Y_3 + W_X , Y_∗ + X_{∗∗} − a = Y_1 + Y_2 + Y_3 + W_Y , where Y_1 = X_1 + · · · + X_{2k}, Y_2 = X_{2k+1}, Y_3 = X_{2k+2}, and where W_X and W_Y are defined as W_X = X_∗ + X_{2k+3} + · · · + X_{6k+6} − a, W_Y = Y_∗ + X_{2k+3} + · · · + X_{6k+6} − a.

Applying Lemma 7.1 (with L = 0 and C = 0), we obtain |f(t)|^2 ≤ φ(t) and |g(t)|^2 ≤ φ(t), (3.2) where φ(t) is defined by (2.8) (notice that X_1, X_2, . . . are i.i.d. r.v. and therefore we may interchange X_1 with X_{2k+1} in the definition of φ). Estimation of R_1. Let us apply (3.2). Then

R_1 ≤ 2 ∫ |t|≤s^−2^{/k} √ φ(t)dt = 4 ∫_s−2/k 0 √ φ(t)dt. (3.3) Put t = 0 in the estimate of Lemma 5.1. Then φ(t) ≪ Λ^2μ(t), for all t ≥ 0, (3.4) where μ(t) is defined in (2.9). Splitting of the interval [0, s^{−2/k}] = [0, A^{−2}] ∪ [A^{−2}, A^{−1}] ∪ [A^{−1}, s^{−2/k}], the trivial bound φ(t) ≤ 1, for 0 ≤ t ≤ M^{−2}, and the bound (3.4), for t ≥ M^{−2}, allow to deduce from (3.3) that

R_1 ≪ 1 s + ∫_A−1 A^−2 Λdt (tA2)^{k/}2 + ∫_s−2/k A^−1 Λt^{k/2}dt ≪ Λ s . Remark. One could derive the bound (3.4) using a modification of double large sieve method (see, for example, Bombieri and Iwaniec (1986), Graham and Kolesnik (1991)). This would be considerably simpler than to prove Lemma 5.1.

Estimation of R_2. Using (3.2) we get

R_2 ≤ 4

∫_1 s^−2^{/k} √ φ(t)dt ≤ 4 ∫_1 s^−2^{/k} √ φ(t) dt t . (3.5)

We show in Section 5 that φ(t)φ(t + ε) ≪ Λ^2μ(ε), for all t ≥ 0 and ε ≥ 0, with μ defined in (2.9). In Section 6 we show that this inequality implies that

∫_1 s^−2^{/k} √ φ(t) dt t ≪ Λ s , (3.6)

and the desired estimate of R_2 follows.

4. An estimate of the integral in (2.7)

In this section we shall show that the integral I = ∫_1 −1 |f(t) − g(t)| dt|t| in (2.7) may be bounded as I ≪ ΓΛ/s. The proof of this bound for s^{−1+2/k} ≤ |t| ≤ 1 is similar to considerations in Section 3. For |t| ≤ s^{−1+2/k} we shall use Taylor expansions and symmetrization in order to reduce the problem to estimation of integrals like those in Section 3.

We have I ≪ J + R_3 + R_4, where J = ∫ |t|≤s^−1+2^{/k} |f(t) − g(t)| dt|t| , and R_3 = ∫ s^−1+2^{/k}≤|t|≤s^−2^{/k} (|f(t)| + |g(t)|) dt |t| , R_4 = ∫ s^−2^{/k}≤|t|≤1 (|f(t)| + |g(t)|) dt |t| . Estimation of R_3 is similar to the estimation of R_1 in Section 3. Proceeding as by the proof of (3.3) and using (3.4) we obtain

R_3 ≪ ∫ s^−1+2^{/k}≤t≤s^−2^{/k} Λ √ μ(t) dt t ≪ Λ s .

Estimation of R_4 is similar to the estimation of R_2 in Section 3. Proceeding as by the proof of (3.5) and (3.6), we obtain

R_4 ≪

∫_1 s^−2^{/k} √ φ(t) dt t ≪ Λs . We shall show that |f(t) − g(t)| ≪ Γ(|t| + st^2) √ φ(t). (4.1)

Therefore, using the bound (3.4), we get J ≪ ∫_s−1+2/k 0 (1 + s|t|) √ φ(t)dt ≪ ΓΛ s , and it remains to prove only (4.1).

Recall that X_∗ is a random variable uniformly distributed on the lattice points in the box B([mr] + 1/2), where m = 6k + 10, and that Y_∗ is a random variable uniformly distributed in the same box. Introducing a random variable U uniformly distributed in the box {x ∈ R^k : |x|_∞ ≤ 1/2} we have (this relation is obvious and basic for our purposes)

Y_∗ has the same distribution as X_∗ + U.

As before we assume independence of all random variables introduced, in particular, X_∗ and U are independent. Therefore we may write f(t) = E exp{itQ(X_∗ + X_{∗∗} − a)}, g(t) = E exp{itQ(U + X_∗ + X_{∗∗} − a)}. We shall expand into the Taylor series in powers of U. Introduce the (random) functions u and v by

u(x)^{def}= exp{v(x)}, where v(x)^{def}= it ( Q(x + X_∗ + X_{∗∗} − a), x + X_∗ + X_{∗∗} − a ) . The function u is infinitely many times differentiable. We may write the Taylor series u(x) = u(0) + u^′(0)x + θ(x), (4.2)

where θ(x) = E_τ (1−τ )u^{′′}(τ x)x^2, and where τ denotes a random variable uniformly distributed on the interval [0, 1]. Notice that

f(t) = E u(0), g(t) = E u(U), and E_U u^′(0)U = 0 due to the symmetry of U. Thus (4.2) yields |f(t) − g(t)| ≪ |E θ(U)|. (4.3) Since v(x) is a quadratic form in x, we have θ(x) = E_τ (1 − τ )u(τ x) ( b^2(x) + d(x) ) , (4.4) where b(x) = v^′(τ x)x = 2it ( Q(τ x + X_∗ + X_{∗∗} − a), x ) , d(x) = v^{′′}(τ x)x^2 = 2it(Qx, x). Due to (4.3) and (4.4) the proof of (4.1) is reduced to showing that |E (1 − τ )u(τ U)b^2(U)| ≪ q^4_kst^2 √ φ(t), (4.5) and that |E (1 − τ )u(τ U)d(U)| ≪ q^2_k|t| √ φ(t). (4.6) Let us prove (4.6). Recall that X_{∗∗} = X_1 + · · · + X_{6k+6}. As in Section 3 in estimation of R_1 we may write τ U + X_∗ + X_{∗∗} = Y_1 + Y_2 + Y_3 + W, where Y_1 = X_1 + · · · + X_{2k}, Y_2 = X_{2k+1}, Y_3 = X_{2k+2}, and where W is defined as W = τ U + X_∗ + X_{2k+3} + · · · + X_{6k+6} − a.

Using conditional expectations we have by Fubini’s Theorem |E (1 − τ )d(U)u(τ U)| = |E (1 − τ )d(U)E_{Y1,Y2,Y3} u(τ U)| ≤ E |d(U)||E_{Y1,Y2,Y3} exp{itQ(Y_1 + Y_2 + Y_3 + W )}| ≪ |t| √ φ(t) if we apply the symmetrization Lemma 7.1 and use |d(U)| ≪ q^2_k|t||U|^2 ≪ q^2_k|t|.

It remains to prove (4.5). Let us write τ U + X_∗ + X_{∗∗} − a = Z_1 + Z_2 + Z_3 + W, where W = τ U + X_∗ − a, and where Z_j = X_{j(2k+2)−2k−1} + · · · + X_{j(2k+2)}, 1 ≤ j ≤ 3.

Notice that b(U) = b(U, Z_1 + Z_2 + Z_3) is linear in Z_j , 1 ≤ j ≤ 3, and that W is independent of Z_1, Z_2, Z_3. Therefore |E (1 − τ )b^2(U)v(τ U)| ≪ ∑ 1≤i1,i2≤3 |E (1 − τ )u(τ U)b(U, Z_{i1} )b(U, Z_{i2} )|. (4.7) Each summand in the sum in (4.7) depends on two of the random variables Z_1, Z_2, Z_3 only. For notational simplicity, let Z_1 be the remaining one. Using conditional expectations we have |E (1 − τ )u(τ U)b(U, Z_{i1} )b(U, Z_{i2} )| ≪ E |b(U, Z_{i1} )b(U, Z_{i2} )||E_{Z1} u(τ U)|. (4.8) Notice that Z_1 = X_1 + · · · + X_{2k+2}. Thus

E_{Z1} u(τ U) = E_{Z1} exp{itQ(X_1 + · · · + X_{2k+2} + Z_2 + Z_3 + W )}. Applying the symmetrization Lemma 7.1 with L = 0 and C = 0, with Y_1 = X_1 + · · · + X_{2k}, Y_2 = X_{2k+1}, Y_3 = X_{2k+2}, as well as with Z_2 + Z_3 + W instead of W , we obtain |E_{Z1} u(τ U)| ≪ √ φ(t). (4.9) The estimates (4.7)–(4.9) together imply |E (1 − τ )b^2(U)v(τ U)| ≪ √ φ(t)E 3∑ j=1 |b(U, Z_j )| 2 . (4.10)

Using |τ | ≪ 1, |U| ≪ 1, |a| ≪ 1, |X_∗| ≪ A, |X_j | ≪ A we derive |b(U, Z_j )| ≪ q^4_k|t|A. Thus (4.10) and A^2 ≪ s yield (4.5).

5. The basic inequality for characteristic functions

In this section we shall prove the following basic inequality. Lemma 5.1. For all t ≥ 0 and ε ≥ 0 we have φ(t)φ(t + ε) ≪ Λ^2μ(ε). (5.1) Recall that the functions φ and μ are defined by (2.8) and (2.9), and that Λ = q^k .

Before proving Lemma 5.1 – the main result of the section, we introduce some notation and prove several technical Lemmas.

Instead of ∑ m∈Z^k , |m|_∞≤D f(m) we shall write (1/p_D)E f(M), where p_D^{def}= P {M = 0} = (2[D] + 1)^{−k}, and where M denotes a r. v. uniformly distributed on the lattice points in the box B (D).

Lemma 5.2 (symmetrization–desymmetrization). Let M, N and J denote lattice r.v. uniformly distributed in boxes B (D), B (2D) and B (4D) respectively, for some integer D ≥ 0. Then E f(M) ≤ 4^kE f(Ñ ) ≤ 8^kE f(J), for any nonnegative function f : Z^k → [0, ∞). Proof. Notice that

p^{def}= P {M = 0} = (2D + 1)^{−k}, q^{def}= P {N = 0} = (4D + 1)^{−k}. For s ∈ Z^k such that |s|_∞ ≤ D, we have

P {Ñ = s} = E¯_N P_N {N = s + N̄} ≥ qE¯_N I{|N̄|_∞ ≤ D} = q^2(2D + 1)^k. Therefore

E f(M) = ∑ |s|_∞≤D pf(s) ≤ pq^{−2}(2D + 1)^{−k} ∑ |s|_∞≤D P {Ñ = s}f(s) ≤ 4^kE f(Ñ ).

Obviously P {Ñ = s} ≤ q, and E f(Ñ ) ≤ q ∑ |s|_∞≤4D f(s) ≤ 4^kE f(J)

since q/P {J = 0} ≤ 4^k, which concludes the proof of the Lemma.

Recall that X = X̃_2 + · · · + X̃_{2k+1} and Y = X̃_1, where X_1, X_2, . . . is a sequence of i.i.d. r.v. uniformly distributed on the lattice points in the box B(r). Lemma 5.3. Let Ñ = N − N̄ be a symmetrization of a lattice r.v. N uniformly distributed in the box B (4A). Write ψ_t(z)^{def}= E exp{it(Qz, X)}, for z ∈ R^k. Then φ(t)φ(t + ε) ≤ 16^kE ψ_t(Ñ + Y )ψ_{t+ε}(Y ). (5.2) Proof. Fix a z ∈ Z^k. Let us prove that E ψ_t(Y ) ≤ 16^kE ψ_t(Ñ + z), whenever |z|_∞ ≤ 2A. (5.3) Let J denote a lattice r.v. uniformly distributed in the box B(2A). Notice that Y = X_1 − X̄_1 is a symmetrization of lattice r.v. X_1 uniformly distributed in the box B(A). Desymmetrizing and symmetrizing by Lemma 5.2 we have E ψ_t(Y ) ≤ 4^kE ψ_t(J) = 4^k(4A + 1)^{−k} ∑ |j|_∞ ≤2A ψ_t(j)

≤ 4^k(4A + 1)^{−k} ∑ |n|_∞≤4A ψ_t(n + z) ≤ 16^kE ψ_t(Ñ + z),

which implies (5.3).

Let us prove (5.2). Using (5.3) we have (Ȳ denotes an independent copy of Y )

φ(t)φ(t + ε) = E ( E¯_Y ψ_t(Ȳ ) ) ψ_{t+ε}(Y ) (apply (5.3) with Ȳ instead of Y and with z = Y )

≤ 16^kE ( E~_N ψ_t(Ñ + Y ) ) ψ_{t+ε}(Y ) = 16^kE ψ_t(Ñ + Y )ψ_{t+ε}(Y ),

which concludes the proof of the Lemma. Lemma 5.4. For z = (z_1, . . . , z_k) ∈ R^k, E exp{i(z, X)} ≪ ∑ m∈Z^k k∏ j=1 ( 1 1 + A2(z_j − 2πm_j )2 )_{2k} .

Proof. A coordinate (say ξ) of the r. v. X_1 is a random variable uniformly distributed on integers in the interval [−A, A]. Thus its characteristic function is given by E exp{itξ} = (2A + 1)^{−1}D_A(t), for t ∈ R with the Dirichlet kernel

D_A(t) = A∑ n=−A exp{itn} = sin ( t(A + 1/2) ) sin(t/2) .

The random variable X has independent identically distributed coordinates and is a symmetrization of X_2 + · · · + X_{2k+1}. Therefore E exp{i(z, X)} = k∏ j=1 {u(z_j )}^{2k} with u(x) = (2A + 1)^{−2}D^2_A(x). (5.4)

The function u(x) is even and 2π-periodic. Since u(x) ≤ 1, sin y ≤ 1 and sin(x/2) ≥ x/π, for 0 ≤ x ≤ π, it follows that u(x) ≤ 5 1 + A2x2 , for 0 ≤ |x| ≤ π. By the periodicity of u, {u(x)}^{2k} ≪ ∑ m∈Z I{|x − 2πm| ≤ π} (1 + A2(x − 2πm)2)2^k ≪ ∑ m∈Z 1 (1 + A2(x − 2πm)2 )2^k , which together with (5.4) imply the result of the Lemma.

Lemma 5.5. Let B > 0. Assume that θ ≤ 10k. Then

S^{def}= sup_{z∈}

R^k ∑ n∈Z^k ( 1 1 + B2|z − n|2 )_θ ≪ ( 1 + 1 B )_k , for 2θ ≥ k + 1, (5.5) and S_0^{def}= ∑ n≠0, n∈Z^k ( 1 1 + A2|n|2 )_θ ≪ A^{−θ}, for θ ≥ k. (5.6)

Proof. Let us prove (5.5). Notice that |z − n|^2 ≥ (z_j − n_j )^2, for 1 ≤ j ≤ k. Therefore S ≤ sup_{z∈} R^k ∑ n∈Z^k k∏ j=1 ( 1 1 + B2(z_j − n_j )2 )_{θ/k}

= sup_{z∈}

R^k k∏ j=1 ∞∑ n=−∞ ( 1 1 + B2(z_j − n)2 )_{θ/k}

≤ ( sup_{z∈}

R^{F (z)} )_k , where F (z) = ∞∑ n=−∞ ( 1 1 + B2(z − n)2 )_{θ/k} . Since the function F (z) has period 1, we may assume that |z| ≤ 1/2. We have (notice that |z − n| ≥ |n| − |z| ≥ |n|/2, for n ≠ 0) F (z) ≤ 1 + ∑ n≠0 ( 1 1 + B2(z − n)2 )_{θ/k} ≪ 1 + ∞∑ n=1 ( 1 1 + B2n2 )_{θ/k}

≪ 1 + ∫_∞ 0 du (1 + B2u2)^{θ/k} = 1 + 1 B ∫_∞ 0 du (1 + u2)^{θ/k} ≪ 1 + 1 B . Collecting the estimates, we obtain (5.5).

Let us prove (5.6). Obviously

S_0 ≤ k ∑ n1≠0 ∑ (n2,...,n_k)∈Z^{k−}1 ( 1 1 + A2|n|2 )_θ . Notice that 1 + A^2|n|^2 ≥ A^2n^2_1 and 1 + A^2|n|^2 ≥ 1 + A^2(n^2 + · · · + n^2_k). Therefore S_0 ≪ A^{−θ} ∞∑ n=1 n^{−θ} ∑ m∈Z^{k−}1 ( 1 1 + A2|m|2 )_{θ/2} ≪ A^{−θ} by (5.5) and A ≥ 1.

Proof of Lemma 5.1. In order to prove (5.1) it suffices to show that

φ(t)φ(t + ε) ≪ Λ^2A^{−k} + Λ^2μ(ε). (5.7)

Indeed, the minimal value of μ(ε) is equal to A^{−k} = μ(A^{−1}).

Let us apply first Lemma 5.3 followed by Lemma 5.4. We get

φ(t)φ(t + ε) ≪ E ψ_t(Ñ + Y )ψ_{t+ε}(Y ) ≪ E ∑ m∈Z^k ∑ q∈Z^k J(m, q),

where

J(m, q)^{def}= k∏ j=1 ( 1 (1 + A2(u_j − 2πm_j )2)(1 + A2(v_j − 2πq_j )2) )_{2k} , and where u = tQ(Ñ + Y ) and v = (t + ε)QY .

Several times applying the inequality (1 + a)(1 + b) ≥ 1 + a + b, for a ≥ 0, b ≥ 0, we obtain_k ∏ j=1 (1 + x^2_j ) ≥ 1 + |x|^2, for x ∈ R^k, and J(m, q) ≤ (1 + A^2|u − 2πm|^2 + A^2|v − 2πq|^2)^{−2k}.

Using the identity 2a^2 + 2b^2 = (a + b)^2 + (a − b)^2 we have J(m, q) ≪ I(m + q, m − q), where

I(m + q, m − q)^{def}= ( 1 + A^2|u + v − 2πm − 2πq|^2 + A^2|u − v − 2πm + 2πq|^2 )_{−2k} . Note that ∑ m∈Z^k ∑ q∈Z^k I(m + q, m − q) ≤ ∑ m∈Z^k ∑ q∈Z^k I(m, q). Indeed, the map (m, q) −→ (m + q, m − q) : Z^k × Z^k → Z^k × Z^k is injective, and the last sum has more summands than the previous one.

Collecting the bounds of J and I we get φ(t)φ(t + ε) ≪ E ∑ m∈Z^k ∑ q∈Z^k I(m, q) (5.8)

with I(m, q) = ( 1 + W^2 + A^2|u + v − 2πq|^2 )_{−2k} , where W^2 = A^2|u−v −2πm|^2.

Denote B^{2 def}= A^2/(1 + W^2) ≥ 1/(1 + W^2). Applying the inequality (5.5) of Lemma 5.5 we obtain ∑ q∈Z^k I(m, q) ≪ (1 + W^2)^{−2k} sup_{z∈}

R^k ∑ q∈Z^k ( 1 1 + B2|z − q|2 )_{2k}

≪ (1 + W^2)^{−2k} ( 1 + 1 B )_k ≪ 1 (1 + W 2)^k . (5.9)

Inequalities (5.8) and (5.9) together imply φ(t)φ(t + ε) ≪ E ∑ m∈Z^k 1 (1 + A2|tQÑ − εQY − 2πm|2)^k . (5.10)

The random variables Ñ and Y are bounded, |Ñ|_∞ ≤ 8A and |Y |_∞ ≤ 2A. Furthermore, |Qx| ≤ q^2_k|x| and |x| ≤ √ k|x|_∞. Therefore |tQÑ | ≤ D, and |εQY | ≤ D,where D^{def}= 8(1 + t + ε) √ kq^2_kA. Consequently, |m|_∞ > D =⇒ |tQÑ − εQY − 2πm| ≥ 2π|m| − 2D ≥ (2π − 2)|m| since |m| ≥ |m|_∞ > D. Applying inequality (5.6) of Lemma 5.5 we have E ∑ |m|_∞>D 1 (1 + A2|tQÑ − εQY − 2πm|2)^k ≪ ∑ m≠0 1 (1 + A2|m|2)^k ≪ A^{−k}. (5.11)

Thus the estimates (5.10) and (5.11) together imply φ(t)φ(t + ε) ≪ A^{−k} + I_1, where I_1^{def}= E ∑ |m|_∞≤D 1 (1 + A2|tQÑ − εQY − 2πm|2)^k . Writing the sum in the formula for I_1 as expectation and applying Lemma 5.2 to symmetrize the result we get

I_1 ≪ I_2^{def}= (1/p_D)E 1 (1 + A2|tQÑ − εQY − 2πM̃|2)^k , (5.12)

where M denotes a lattice r.v. uniformly distributed in the box B(D).

Notice that E exp{−W η^2/2} = 1/ √ 1 + W , for W ≥ 0, where η denotes a standard normal N(0, 1) random variable. For a sequence η_1, η_2, . . . of independent copies of η, let ξ^{def}= η^2_1 + · · · + η^2_k. Then

E exp{−W^2ξ/2} = 1/(1 + W^2)^k. (5.13)

Applying this formula to I_2 in (5.12) we get

I_2 = (1/p_D)E exp{− ξA2 2 |tQÑ − εQY − 2πM̃ |^2}. Let G denote a centered Gaussian r.v. assuming values in R^k with identity covariance operator. Then

E exp{i(x, G)} = exp{−|x|^2/2}, for x ∈ R^k. (5.14)

Thus

I_2 = (1/p_D)E exp{iA √ ξ(G, tQÑ − εQY − 2πM̃ )} = (1/p_D)E f_1(tA √ ξQG)f_2(εA √ ξQG)f_3(2πA √ ξG), where

f_1(z) = E_Ñ exp{i(z, Ñ )}, f_2(z) = E_Y exp{−i(z, Y )}, f_3(z) = E_{M̃} exp{−i(z, M̃ )}

denote the characteristic functions of Ñ, Y and M̃ respectively. These characteristic functions are nonnegative since Ñ, Y and M̃ are symmetrizations. Using f_1 ≤ 1 and applying (5.14) again, we obtain

I_2 ≪ (1/p_D)E exp{− ξA2 2 |εQY − 2πM̃ |^2} (apply (5.13)) = (1/p_D)E 1 (1 + A2|εQY − 2πM̃|2)^k (desymmetrize M̃ by Lemma 5.2)

≪ I_3^{def}= E ∑ m∈Z^k 1 (1 + A2|εQY − 2πm|2)^k .

Notice that |εQY | ≤ H, where H^{def}= 2q^2_k √ kεA. Similar arguments as for the proof of (5.11) show that E ∑ |m|_∞>H 1 (1 + A2|εQY − 2πm|2)^k ≪ A −k.

Therefore

I_3 ≪ A^{−k} + I_4, where I_4^{def}= E ∑ |m|_∞ ≤H 1 (1 + A2|εQY − 2πm|2)^k . The number of summands (say n) in the last sum is bounded from above by n ≪ max{1; H^k} ≪ Λ^2 max{1; (εA)^k }. Therefore

I_4 ≪ nI_5, where I_5^{def}= sup_{z∈}

R^{k E} 1 (1 + A2|εQY − z|2)^k . Since Q is invertible with the smallest eigenvalue q^2_1 = 1, we have |Qx| ≥ |x|, for all x ∈ R^k. Hence

I_5 ≪ I_6^{def}= sup_{z∈}

R^{k E} 1 (1 + A2ε2|Y − z|2)^k . Recall that Y = X_1 − X̄_1 is a symmetrization of the lattice r.v. X_1 which is uniformly distributed in the box B(A). Let Z denote a lattice random variable which is uniformly distributed in the box B(2A). Applying desymmetrization Lemma 5.2 again and estimate (5.5) of Lemma 5.5, we have

I_6 ≪ sup_{z∈}

R^{k E} 1 (1 + A2ε2|Z − z|2)^k ≪ A^{−k} sup_{z∈} R^k ∑ m∈Z^k 1 (1 + A2ε2|m − z|2)^k ≪ A^{−k} ( 1 + 1 Aε )_k . Collecting the estimates of I_1 to I_6 we obtain

φ(t)φ(t + ε) ≪ A^{−k} + Λ^2I_7 (5.15)

with I_7^{def}= A^{−k} max{1; (εA)^k } max { 1; (εA)^{−k} } . If εA ≤ 1 we get I_7 = (εA^2)^{−k}.

If εA ≥ 1 we have I_7 = ε^k. Thus (5.15) yields the inequality (5.7), which completes the proof of Lemma 5.1.

6. The integration procedure for A^{−4/k} ≤ |t| ≤ 1

Theorem 6.1. Let φ(t), t ≥ 0 denote a continuous nonnegative function such that φ(0) = 1. Assume that

φ(t)φ(t + ε) ≤ Λ^2μ(ε), for all t ≥ 0 and ε ≥ 0, (6.1)

with some Λ ≥ 1 independent of t and ε, where μ(ε) is defined in (2.9). Let L = A^{−4/k} . Then ∫_1 L √ φ(t) dt t ≪ ΛA_2 , for k ≥ 9.

Proof. The inequality (6.1) implies that (put t = 0 and note that Λ ≥ 1)

φ(t) ≤ Λ^2μ(t) and φ(t)φ(t + ε) ≤ Λ^4μ(ε). (6.2)

In order to derive the result starting with (6.2) we may assume that φ(t) ≤ μ(t) and φ(t)φ(t + ε) ≤ μ(ε). (6.3) Indeed, we may replace φ in (6.2) by φ/Λ^2, and we may integrate over √ φ/Λ^2 instead of √ φ. Thus assuming (6.3) we have to prove that ∫_1 L √ φ(t) dt t ≪ 1A_2 , for k ≥ 9.

Let us introduce the sets B_l = [L, 1] ∩ {t : 2^{−l−1} ≤ φ(t) ≤ 2^{−l}} and D_l = [L, 1] ∩ {t : φ(t) ≤ 2^{−l−1}}, for l = 0, 1, 2, . . . Notice that the sets B_l and D_l are closed and that ∪^m_{l=0}B_l∪D_m = [L, 1] since (6.3) yields φ(t) ≤ 1, for t ∈ [L, 1], provided k ≥ 4. Furthermore, (6.3) implies that φ(t) ≤ t^k, for t ≥ A^{−1}, and B_l ⊂ [L_l, 1], where L_l = 2^{−(l+1)/k}, for k ≥ 4. We have ∫_1 L √ φ(t) dt t ≤ m∑ l=0 ∫ B_l √ φ(t) dt t + ∫ D_m √ φ(t) dt t

≤ m∑ l=0 2^{−l/2} ∫ B_l dt t + 2^{−m/2} ln L^{−1} since φ(t) ≤ 2^{−l}, for t ∈ B_l, φ(t) ≤ 2^{−m}, for t ∈ D_m, and D_m ⊂ [L, 1].

We have L = A^{−4/k} and 2^{−m/2} ln L^{−1} = 2 k 2^{−m/2} ln A^2 ≤ A^{−2} provided that we choose m = 2 ln 2 ln(A

2 ln A^2).

Therefore it remains to show that m∑ l=0 I_l ≪ 1 A2 , where I_l = 2^{−l/2} ∫ B_l dt t . (6.4)

For an estimation of I_l we need a description of the structure of the sets B_l with l ≤ m. Let t, t^′ ∈ B_l denote points such that t^′ > t. The inequality (6.3) and the definition of B_l imply 4^{−l−1} ≤ μ(t^′ − t). (6.5) If t − t^′ ≤ A^{−1} then by (6.5) and the definition of μ(ε) we get t^′ − t ≤ δ, where δ = A^{−2}4^{(l+1)/k}. (6.6) If t − t^′ ≥ A^{−1} then by (6.5) and the definition of μ(ε) we have as well t^′ − t ≥ ρ, where ρ = 4^{−(l+1)/k}.

For k > 8 and sufficiently large A ≥ C we note that δ < ρ, provided l ≤ m. (6.7) The verification of (6.7) is elementary and is based on the fact that l ≤ m.

The estimate (6.7) implies that either t − t^′ ≤ δ or t − t^′ ≥ ρ. Therefore it follows from (6.6) and (6.7) that t ∈ B_l =⇒ B_l ∩ (t + δ, t + ρ) = ∅. (6.8) Assuming that the inequalities I_l ≪ A^{−2}l2^{−l/2+4l/k}, hold for l ≤ m, (6.9) we obtain (6.4) since the series ∑_∞ l=0 l2^{−l/2+4l/k} is convergent for k > 8.

Thus it remains to prove (6.9). If the set B_l is empty then (6.9) is obviously fulfilled. If B_l is nonempty then define e_1^{def}= min{t : t ∈ B_l}. Choosing t = e_1 and using (6.8) we see that the interval (e_1 + δ, e_1 + ρ) does not intersect B_l. Similarly, let e_2 denote the smallest t ≥ e_1 + ρ such that t ∈ B_l. Then the interval (e_2 + δ, e_2 + ρ) does not intersect B_l. Repeating this procedure we construct a sequence L_l ≤ e_1 < e_2 < · · · < e_s ≤ 1 such that

B_l ⊂ ∪^s_{j=1} [e_j , e_j + δ] and e_{j+1} ≥ e_j + ρ. (6.11)

The sequence e_1 < · · · < e_s can not be infinite. Indeed, due to (6.11),

1 ≥ e_s ≥ e_1 + (s − 1)ρ ≥ L_l + (s − 1)ρ ≥ sρ,

and therefore s ≤ ρ^{−1}.

From (6.11) we can finally prove (6.9). Indeed, I_l ≤ 2^{−l/2} s∑ j=1 ∫_{ej +δ} e_j dt t = 2^{−l/2} s∑ j=1 ln { 1 + δ e_j }

≤ 2^{−l/2} s∑ j=1 δ e_j ≪ l2 −l/2+4l/kA−2

since ln(1 + x) ≤ x, for x ≥ 0, e_1 ≥ L_l ≥ ρ, e_1 ≥ L_l ≥ ρ, s ≤ 1/ρ, and s∑ j=1 1 e_j ≤ s∑ j=1 1 e1 + (j − 1)ρ ≤ 1 ρ s∑ j=1 1 j ≪ ln ρρ ≪ l4^{l/k}.

7. A symmetrization inequality The following symmetrization inequality slightly improves an inequality due to Götze (1979). This inequality is in fact a generalization of a classical inequality due to Weyl (1915/16) and van der Corput, see, e.g. Graham and Kolesnik (1991). Lemma 7.1. Let L ∈ R^k and C ∈ R. Let Y_1, Y_2, Y_3, W denote arbitrary independent random variables taking values in R^k. Define a real-valued polynomial of the second order by P (x) = (Qx, x) + (L, x) + C, for x ∈ R^k. Then

2|E exp{itP (Y_1 + Y_2 + Y_3 + W )}|^2 ≤ E exp{2it(QỸ_1, Ỹ_2)} + E exp{2it(QỸ_1, Ỹ_3)}.

Furthermore, if Y_2, Y_3 are i.i.d. then

|E exp{itP (Y_1 + Y_2 + Y_3 + W )}|^2 ≤ E exp{2it(QỸ_1, Ỹ_2)}.

Proof. Write A = (QY_1, Y_1) − (QȲ_1, Ȳ_1) and B = (L, Y_1) − (L, Ȳ_1). Using conditional expectations and Hölder’s inequality we obtain

|E exp{itP (Y_1 + Y_2 + Y_3 + W )}|^2 ≤ E |E_{Y1} exp{it(QY_1, Y_1) + 2it(QY_1, Y_2 + Y_3 + W ) + it(L, Y_1)}|^2 = E exp{itA + itB + 2it(QY_1, Y_2 + Y_3 + W ) − 2it(QȲ_1, Y_2 + Y_3 + W )} ≤ E |E_{Y2,Y3} exp{2it(QỸ_1, Y_2 + Y_3)}| = E |E_{Y2} exp{2it(QỸ_1, Y_2)}||E_{Y3} exp{2it(QỸ_1, Y_3)}|

≤ 12 E exp{2it(QỸ_1, Ỹ_2)} + 12 E exp{2it(QỸ_1, Ỹ_3)},

where the last inequality follows from the elementary inequality 2ab ≤ a^2 + b^2.

8. A smoothing Lemma Lemma 8.1. Let F and G be arbitrary distribution functions with the characteristic functions f and g. Then sup_x |F (x) − G(x)| ≤ 1 2π ∫_H −H |f(t) − g(t)| dt|t| + R, (8.1) for any H > 0, where |R| ≤ 1H ∫_H −H | f(t) | dt + 1 H ∫_H −H | g(t) | dt. Introduce the function 2K(s) = K_1(s)+iK_2 (s)/(πs), where K_1(s) = K_2(s) = 0, for s ≥ 1, and

K_1(s) = 1 − |s|, K_2(s) = πs ( 1 − |s| ) cot πs + |s|, for |s| ≤ 1. It is known ( Prawitz (1972) ) that for all x ∈ R and any H > 0 F (x+) ≤ 1 2 + V.P. ∫ R^{exp(−ixt)} 1 H K ( t H ) f(t)dt, (8.2) F (x−) ≥ 1 2 − V.P. ∫ R^{exp(−ixt)} 1 H K ( − t H ) f(t)dt, (8.3) where F (x+) = lim_{z↓x} F (z), F (x−) = lim_{z↑x} F (z), and V.P. denotes Cauchy’s Principal Value, V.P. ∫ R^{. . . dt = limh↓0 ∫}|t|≥h^{. . . dt. Note that all integrals are}

real and that the expressions under the signs of integrals vanish unless |t| ≤ H.

The following lemma is elementary. Lemma 8.2. For 0 ≤ s ≤ 1 we have

K_2(0) = 1, K_2(1) = 0, K_2 ( 1 2 ) = 1 2 , K^′_2(s) ≤ 0, K_2(s) + K_2(1 − s) = 1.

Furthermore,

1 − 2(1 − s) sin^2 πs 2 ≤ K_2(s) ≤ 1,

0 ≤ K_2(s) ≤ 2s sin^2 π(1 − s) 2 , for 0 ≤ s ≤ 1 2 , for 1 2 ≤ s ≤ 1. It follows from Lemma 8.1 that |1 − K_2(s)| ≤ 2|s|, for all s ∈ R. Therefore (8.2), (8.3) and the definition of the function K imply

F (x) = 1 2 + i 2π V.P. ∫_H −H exp(−ixt)f(t) dt t + R, (8.4)

for any H > 0, where |R| ≤ 1H ∫_H −H | f(t) | dt. As a consequence of (8.4) we derive Lemma 8.1.

References

Bentkus V. and Götze F., Optimal rates of convergence in the CLT for quadratic forms, Preprint 94-063 SFB 343, Universität Bielefeld (to appear in Ann. Prob.) (1994).

Bentkus V., Götze F., Paulauskas V. and Račkauskas A., The accuracy of Gaussian approximation in Banach spaces, Preprint 90 -100 SFB 343, Universität Bielefeld (In Russian: Itogi Nauki i Tehniki, ser. Sovr. Probl. Matem., Moskva, VINITI 81 (1991), 39–139; to appear in English in Encyclopedia of Mathematical Sciences, Springer), 1990.

Bombieri E. and Iwaniec H., On the order of ζ(1/2 + it), Annali Scuola Normale Superiore -Pisa (4) vol 13 (1986), 449–472.

Brun V., Le crible d’Eratosthéne et le théoréme de Goldbach, Skr. Vidensk. Selsk. Christ. vol 1 (1920).

Diviš B. and Novák B., On the lattice point theory of multidimensional ellipsoids, Acta Arithmetica vol 25 (1974), 199-212.

Esseen C.G., Fourier analysis of distribution functions, Acta Math. vol 77 (1945), 1-125. Fricker F., Einführung in die Gitterpunktlehre, Birkhäuser, Basel – Boston – Stuttgart, 1982. Götze F., Asymptotic expansions for bivariate von Mises functionals, Z. Wahrsch. verw. Geb.

vol 50 (1979), 333–355.

Graham S.W. and Kolesnik G., Van der Corput’s method of exponential sums, Cambridge University Press, London Mathem. Soc. Lecture Notes series, Cambridge New York Port Chester Melbourne Sydney, 1991.

Hlawka E., Über Integrale auf konvexen Körpern I, II, Mh. Math. vol 54 (1950), 1-36, 81-99. Jarnik C.G., Sur le points á coordonnees entiéres dans les ellipsoides á plusieurs dimensions, Bull. internat. de l’acad. des sciences de Bohême (1928).

Krätzel E., Lattice points, Kluwer, Dordrecht–Boston–London, 1988.

Krätzel E. and Nowak G., Lattice points in large convex bodies, Mh. Math. vol 112 (1991), 61–72. Krätzel E. and Nowak G., Lattice points in large convex bodies, II, Acta Arithmetica vol LXII.3 (1992), 285–295.

Landau, E., Zur analytischen Zahlentheorie der definiten quadratischen Formen (Über die Gitterpunkte in einem mehrdimensionalen Ellipsoid), Sitzber. Preuss. Akad. Wiss. vol 31 (1915), 458–476.

Landau E., Über Gitterpunkte in mehrdimensionalen Ellipsoiden, Mathem. Zeitschrift vol 21 (1924), 126–132.

Landau, E. –Walfisz, A., Ausgewählte Abhandlungen zur Gitterpunktlehre (herausgeg. von A.

Walfisz), Berlin, 1962.

Linnik Ju.V., The large sieve, Dokl. Akad. Nauk SSSR vol 30 (1941), 292–294. Matthes T.K., The multivariate Central Limit Theorem for regular convex sets, Ann. Prob. vol 3 (1970), 503–515.

Novak B., Verallgemeinerung eines Peterssonschen Satzes und Gitterpunkte mit Gewichten, Acta Arithmetica vol 13 (1968), 423–454.

Petrov, V.V., Sums of independent random variables, Springer, New York, 1975. Prawitz H., Limits for a distribution, if the characteristic function is given in a finite domain, Skand. AktuarTidskr (1972), 138–154.

Rényi, On the representation of an even number as the sum of a prime and an almost prime, Izv. Akad. SSSR, ser mat. 2 vol 19 (1962), 299–321.

Selberg A., On an elementary method in the theory of primes, K. norske Vidensk. Selsk. Forh.

Trondhjem vol 19 (1947), 64–67.

Walfisz A., Über Gitterpunkte in mehrdimensionalen Ellipsoiden., Math. Zeitschrift vol 19- (1924), 300-307.

Walfisz A., Über Gitterpunkte in mehrdimensionalen Ellipsoiden., Math. Zeitschrift vol 27- (1927), 245-268.

Walfisz A., Gitterpunkte in mehrdimensionalen Kugeln., Warszawa, 1957. Weyl H., Über die Gleichverteilung der Zahlen mod-Eins, Mathem. Ann. vol 77 (1915/16), 313– 352.

Yarnold J., Asymptotic approximations for the probability that a sum of lattice random vectors lies in a convex set, Ann. Math. Stat. vol 43 (1972), 1566–1580.

Vidmantas Bentkus Fakultät für Mathematik Universität Bielefeld Postfach 100131 33501 Bielefeld 1 Germany E-mail address: bentkus@mathematik.uni-bielefeld.de

Friedrich Götze Fakultät für Mathematik Universität Bielefeld Postfach 100131 33501 Bielefeld 1 Germany E-mail address: goetze@mathematik.uni-bielefeld.de