GEOMETRY OF 1-TORI IN GL_n

Nikolai Vavilov

Department of Mathematics and Mechanics University of Sanct-Petersburg Petrodvorets, 198904, Russia and Fakultät für Mathematik Universität Bielefeld 33615, Bielefeld, Deutschland and Departement Wiskunde en Informatica Universitaire Instelling Antwerpen B-2610 Wilrijk (Antwerpen), Belgium

Introduction

Geometry of unipotent (long) root subgroups in Chevalley groups and related geometries have been extensively studied and are very well understood, see, for example, [AS], [Co1] – [Co4], [Cu], [Ka1], [LS], [Mc], [Ne], [Ti1] – [Ti4], [W1], [ZS1] and references in [Ka2], [Kn], [Z1]. At the same time very little is known about the geometry of tori. Anisotropic groups do

1991 Mathematics Subject Classification. 20G15, 20G35.

Key words and phrases. General linear group, unipotent root subgroups, pseudoreflections, one-dimensional tori, diagonal subgroup, orbitals.

The author gratefully acknowledges support of the Alexander von Humboldt-Stiftung and the Universitaire Instelling Antwerpen during the preparation of the present work.

Typeset by AMS-TEX 1 not have unipotents and in this case the study of tori is a necessity. Here one could mention, for example, very interesting results of B.N.Weisfeiler and D.G.James [We1] – [We3], [JW]. However even for Chevalley groups it might be interesting to describe orbits on pairs, triples, etc. of tori of various classes, identify corresponding spans, classify irreducible subgroups generated by tori from this class, etc. This may lead to geometries similar to, but different from buildings and their residues (compare [We3], p.365). Results in this spirit might shed a new light on the known results concerning description of subgroups (see the surveys [Kn], [V7] – [V9], [Z1] – [Z3]). They would be also the first step towards generalization of results on subgroups generated by pseudoreflections, two-dimensional elements or the like [C1], [C2], [Cox], [Hu], [HW1] – [HW3], [Ko1] – [Ko3], [ST], [W2], [W3], [Wa], [ZS2], [ZS3] to other types of groups and to other types of semisimple elements.

In this paper we study in some detail the model case of 1-tori in the general linear group G = GL(n, T ) over a skew-field T . The 1-tori are one parameter groups of pseudoreflections with the same axis and centre. First we study the orbits of G acting by conjugation on pairs (X, Y ) of 1-tori (referred to as orbitals in the sequel). It turns out, that when the skewfield T contains at least 7 elements, there is a close analogy with the root subgroups. Namely, as for the root subgroups one can define the angle ϕ between two 1-tori X and Y , taking values 0, π/3, π/2, 2π/3 and π. When ϕ < π the above orbitals are almost completely defined by the angle between X and Y . (As for the root subgroups the angle π/3 leads to two possible configurations, fused by the external automorphism of G.) Unlike root subgroups the angle π leads to |T | − 1 distinct orbitals, falling into two essentially different cases, in one of which the span ⟨X, Y ⟩ is isomorphic to GL(2, T ), in another one it is triangularizable. There is another important aspect in which this result differs from the case of root subgroups. Namely, whereas for pairs (X, Y ) of root subgroups the orbitals and the corresponding spans ⟨X, Y ⟩ do not depend on the skew-field, in our case the fields K with |K| ≤ 7 are true exceptions. In these cases the shape of the span ⟨X, Y ⟩ for a given orbital differs from the generic case.

We show how the above result immediately implies description of the irreducible subgroups in G generated by 1-tori (the analogue of McLaughlin’s theorem for pseudoreflections, see [V6]) and description of overgroups of the diagonal subgroup D = D(n, T ) (see [B], [BV], [V1] for the first proof of this result; [Se] for a proof for finite fields; [V2], [V4] for different proofs; [BK], [K1] – [K4], for the description in the exceptional cases |K| ≤ 5; [Fr], [L1] for proofs of a weeker statement about the maximality of the monomial subgroup; [V3], [Ki] for the case of the special linear group; and surveys [Z1] – [Z3], [V7] – [V9] for the general background and further references).

Of course for a (commutative) field T = K the results of the present paper are a very special case of the forthcoming papers by V.V.Nesterov and the author, where the same problems are studied for the microweight tori (see [V8], [V10]) and long root tori in arbitrary Chevalley groups. However there are at least three reasons to publish this elementary case separately. Firstly, this is the only case (among the groups of normal type) which makes sense over skew-fields, so that the results of this paper are slightly more general in this respect. Secondly, it is very easy to completely describe the spans also in the exceptional cases of very small fields. In the general case we treat only the generic case of large fields. Thirdly, in the present paper we can afford to use only very rudimentary matrix calculations. Thus it may serve as an elementary introduction and an invitation to the forthcoming much more sophisticated and technical papers.

The paper is organized as follows. In § 1 we recall the necessary notation and background. In § 2 we introduce the obvious invariants of the orbits and reduce description of the orbits of GL(n, T ) on pairs of 1-tori to the cases of B(3, T ) and GL(2, T ), which are treated in § 3 and § 4 respectively. In § 5 we summarize the results and discuss the exceptional cases. In § 6 we show how the description of subgroups of GL(n, T ) containing D(n, T ) follows from the result of the present paper. Finally, in § 7 we prove an analogue of McLaughlin’s theorem for irreducible linear groups, generated by 1-tori.

§ 1. Notation

The following standard notation will be used throughout the paper. Let T be a skew-field, T^∗ = T \{0} be its multiplicative group, G = GL(n, T ) be the general linear group of degree n over T . We will use the following subgroups of G: the group B = B(n, T ) of upper triangular matrices, the group B^− = B^−(n, T ) of lower triangular matrices, the group D = D(n, T ) of diagonal matrices, the monomial subgroup N = N(n, T ). By U = U(n, T ) and U^− = U^−(n, T ) we denote the unipotent radicals of B and B^− respectively, i.e. the groups of upper and lower unitriangular matrices.

The quotient group N/D is isomorphic to S_n, the symmetric group on n letters. Denote by W = W_n the group of permutation matrices in G. We identify S_n and W_n via the isomorphism π → w_π, where w_π is the matrix whose entry in the position (i, j) is δ_{i,πj} . As usual we denote by w_{ij} the permutation matrix corresponding to the transposition (i, j).

Denote by V = T^n the right vector space of columns of height n over T . Sometimes we identify a matrix g ∈ G with the corresponding linear transformation of the space T^n. This transformation multiplies a column by g on the left. When we want to stress this geometric viewpoint we refer to the elements of G as transformations. By v_1, . . . , v_n we denote the standard base of T^n, i.e. v_i is the column, which has 1 as its i-th coordinate, while all other coordinates are zeros. The dual space V^∗ =^nT is the left vector space of rows of length n. By u_1, . . . , u_n we denote the standard base of nT , dual to v_1, . . . , v_n with respect to the standard pairing.

For a matrix g ∈ G we denote by g_{ij} its entry in the position (i, j), so that g = (g_{ij} ), 1 ≤ i, j ≤ n. As usual g^{−1} = (g^′_{ij} ) denotes the inverse of g, e denotes the identity matrix and e_{ij} is a standard matrix unit, i.e. the matrix whose entry in the position (i, j) is 1 and all the remaining entries are zeros. Thus g = ∑ g_{ij} e_{ij} . By g^t we denote the formal transpose of g, whose entry in the position (i, j) equals g_{ji} considered as an element of T . (In the correct definition of a transpose g_{ji} should be considered an element of the opposite skew-field T^0).

By t_{ij} (ξ) = e + ξe_{ij} for ξ ∈ T and 1 ≤ i ≠ j ≤ n we denote an elementary transvection. For given i ≠ j we consider the corresponding unipotent root subgroup X_{ij} = {t_{ij} (ξ), ξ ∈ T }. The subgroup E(n, T ) of G, generated by all X_{ij} , 1 ≤ i ≠ j ≤ n, is called the elementary subgroup of G. When T = K is commutative, it coincides with the special linear group SL(n, K). Similarly, by d_i(ε) = e + (ε − 1)e_{ii} we denote an ‘elementary’ pseudoreflection. For a given i we consider the corresponding ‘1-torus’ Q_i = {d_i(ε), ε ∈ T^∗}. We write Q = Q_1. Clearly, GL(n, T ) is generated by E(n, T ) and Q.

Let us recall that the residual space of a transformation g ∈ G is the space S(g) = {ga − a | a ∈ T^n} and the residue of g is the dimension of S(g) or, in other words, the rank of the transformation g − e. We denote the residue of g by res(g). It follows immediately from the definition that res(gh) ≤ res(g) + res(h) for all g, h ∈ G, and one may find many further properties of S(g) and res(g) in [HO]. Sometimes an element g such that res(g) = m is called m-dimensional.

The most important individual elements of GL(n, T ) are of course the 1-dimensional elements, which play the crucial role in the study of linear groups. The general form of an 1-dimensional transformation is x_{ab}(ξ) = e + aξb, where a = (α_1, . . . , α_n)^t is a column of height n, ξ ∈ T , and b = (β_1, . . . , β_n) is a row of length n.

The subspace generated by the column a is called the centre of the transformation x_{ab}(ξ). The hyperplane orthogonal to the row b is called the axis of x_{ab}(ξ). Sometimes we will loosely apply the terms ‘centre’ and ‘axis’ to a and b themselves. The centre and axis of an 1-dimensional transformation x will be denoted by a(x) and b(x) respectively. Note that they are defined only projectively, i.e. only up to an invertible scalar factor. For any matrix g ∈ GL(n, T ) one has gx_{ab}(ξ)g^{−1} = x_{ga,bg}�1 (ξ). In particular, a(gxg^{−1}) = ga(x) and b(gxg^{−1}) = b(x)g^{−1}.

Let ba = β_1α_1 + . . . + β_nα_n = δ. If δ = 0 the transformation x_{ab}(ξ) is a transvection for every ξ ∈T. If δ ≠ 0 then changing ξ if necessary we can always assume that ba = δ = 1. In that case to guarantee the invertibility of x_{ab}(ξ) one has to require ξ ≠ −1. Set T^# = T \{−1}. In this case the transformations x_{ab}(ξ), ξ ∈ T^#, are called pseudoreflections. Usually we will write a pseudoreflection in the form d_{ab}(ε) = x_{ab}(ε − 1), where ε = ξ + 1 ∈ T^∗. Clearly, d_{ab}(ε)d_{ab}(η) = d_{ab}(εη) for two ε, η ∈ T^∗.

Fix some r and consider the conjugate y(ε) = xd_r (ε)x^{−1} of d_r(ε) by x:

y(ε) = 1 + α_1(ε − 1)β_1 α_1(ε − 1)β_2 . . . α_1(ε − 1)β_n α_2(ε − 1)β_1 1 + α_2(ε − 1)β_2 . . . α_2(ε − 1)β_n . . . . . . α_n(ε − 1)β_1 α_n(ε − 1)β_2 . . . 1 + α_n(ε − 1)β_n ,

where α_i = x_{ir} are the entries of the r-th column of x, while β_j = x^′_{rj} are the entries of the r-th row of the inverse matrix x^{−1} = (x^′_{ij} ). Thus xd_r (ε)x^{−1} = d_{ab}(ε)

In this paper we consider one-parameter groups of pseudoreflections Q_{ab} = { d_{ab}(ε), ε ∈ T^∗ } . For brevity sake such one-parameter groups will be called 1-tori. Over a skew-field every row and column whose product equals 1, may be interpreted as the first row of an invertible matrix and the first column of the inverse of this matrix respectively. It follows that over a skew-field every 1-torus is conjugate to the torus Q = Q_1.

§ 2. Initial reduction

Our purpose is to describe orbits of G = GL(n, T ) acting by simultaneous conjugation on pairs of 1-tori (X, Y ) → (gXg^{−1}, gY g^{−1}), g ∈ G, and to identify the corresponding spans. In this section we discuss the obvious invariants of these orbits and reduce their description to two special cases in degrees 2 and 3 respectively.

We start with some obvious general observations. Let X and Y be two 1-tori with the corresponding centres a_1 and a_2 and axes b_1 and b_2. Let l = l(X, Y ) = dim⟨a_1, a_2⟩ and m = m(X, Y ) = dim⟨b_1, b_2⟩. Then, clearly, l and m can take values 1 or 2 and are not changed by simultaneous conjugation. The products b_1a_2 and b_2a_1 also remain invariant in the projective sence. This means that if b_1a_2 was equal to zero, respectively distinct from zero, for a given pair (X, Y ), then the same holds for any conjugate pair (gXg^{−1}, gY g^{−1}). Denote by p = p(X, Y ) and q = q(X, Y ) the invariants of a pair (X, Y ), taking value 0 if b_1a_2 = 0 and b_2a_1 = 0, respectively, and 1 otherwise. It turns out that generically these obvious discrete invariants almost suffice to distinguish all ‘small’ orbits.

However to distinguish ‘typical’ orbits we have to introduce one more continuous parameter. Namely, assume that both products b_1a_2 and b_2a_1 are distinct from zero (which is, of course, the ‘typical’ case) and consider the matrix ( b_1a_1 b_1a_2 b_2a_1 b_2a_2 ) . This matrix is defined only up to multiplication of its columns and rows by invertible scalar factors, but, clearly, the ratio c = c(X, Y ) = (b_1a_2)(b_2a_1) (b_1a_1)(b_2a_2) ∈ T^∗. is an actual invariant of the orbit defined by the pair (X, Y ). Then an orbit is completely determined by the invariants l, m, p, q and c and in each occurring case the corresponding span can be easily identified. Generically (when l = m = 2, p = q = 1 and c ≠ 1) it is GL(2, T ).

As a first step we reduce the problem to degree n ≤ 3.

Lemma 1. Let X and Y be two 1-tori in GL(n, T ), n ≥ 4. Then there exists g ∈ GL(n, T ) such that gXg^{−1}, gY g^{−1} ≤ H, where H is the subgroup of degree 3 generated by Q, X_{12}, X_{21}, X_{13} and X_{23}.

Proof. Let (X, Y ) = (xQx^{−1}, yQy^{−1}) be two 1-tori. Without loss of generality we may from the very start assume that x = 1 and thus X = Q. Let Y = Q_{ab}, as above, where a = (α_1, . . . , α_n)^t is the first column of y and b = (β_1, . . . , β_n) is the first row of y^{−1}.

Either α_2 = . . . = α_n = 0, or at least one of α_i, 2 ≤ i ≤ n, is distinct from zero. If not all α_i, 2 ≤ i ≤ n, are zeros, then, possibly after a conjugation by a permutation matrix, we may assume that α_2 ≠ 0. Conjugating by d_2(α^{−1}_2 ) we may even assume that α_2 = 1. Now, conjugating by a transvection t_{32}(−α_3) . . . t_{n2}(−α_n) we may assume that α_3 = . . . = α_n = 0. These conjugations preserve X = Q. In any case after conjugation we may assume that the centres of X and Y are both contained in the subspace v_1T ⊕v_2T ≤ T^n.

It remains to repeat the same argument for β_i. Either β_3 = . . . = β_n = 0 and we are done, or at least one of β_i, 3 ≤ i ≤ n, is distinct from zero. In the second case, possibly after a conjugation by a permutation matrix, we may assume that β_3 ≠ 0. Conjugating by d_3(b_3) we may even assume that β_3 = 1. Now, conjugating by a transvection t_{34}(β_4) . . . t_{3n}(β_n) we may assume that β_4 = . . . = β_n = 0. These conjugations preserve X and the subspace v_1T + v_2T ≤ T^n. Now the axes of X and Y are both contained in the subspace T u_1 ⊕ T u_2 ⊕ T u_3 ≤^nT , which, together with the above claim about the centres, proves the lemma.

It follows from the above lemma that – possibly after a simultaneous conjugation – we may assume that X, Y ≤ ∗ ∗ ∗ ∗ ∗ ∗ 0 0 1 . Repeating the same argument, as above, but with columns and rows interchanged, we see that – again up to simultaneous conjugation – one has X, Y ≤ ∗ ∗ 0 ∗ ∗ 0 ∗ ∗ 1 . Obviously, any pair of parabolic subgroups is simultaneously conjugate to a pair P_1, wP_2w^{−1}, where P_1 and P_2 are standard parabolic subgroups and w is an element of the Weyl group. In particular, only one of the two following possibilities may occur for the intersection of two non-conjugate maximal parabolic subgroups in GL(3, T ): either their intersection is GL(2, T ) (if they are opposite), or it is B(3, T ) (otherwise). Thus the previous lemma immediately implies.

Lemma 2. Let X and Y be two 1-tori in GL(n, T ), n ≥ 4. Then there exists g ∈ GL(n, T ) such that gXg^{−1}, gY g^{−1} ≤ H, where H is either the subgroup of degree 2 generated by Q, X_{12} and X_{21}, isomorphic to GL(2, T ), or the subgroup of degree 3 generated by Q_2, X_{12}, X_{13} and X_{23}.

Thus from now on we may assume that X and Y are both contained in one of the following subgroups: ∗ ∗ 0 ∗ ∗ 0 0 0 1 or 1 ∗ ∗ 0 ∗ ∗ 0 0 1 . In Sections 3 and 4 we treat these cases under assumption |T | ≥ 7 and then in Section 5 summarize the results. In the sequel we refer to the case |T | ≥ 7 as generic. The cases |T | ≤ 5 are real exceptions.

§ 3. The case of B(3, T )

In this section we describe the orbits of GL(3, T ) (or, in fact, B(3, T )) acting by conjugation on pairs of 1-tori contained in the following subgroup P = 1 ∗ ∗ 0 ∗ ∗ 0 0 1 .

It turns out that this case furnishes exactly one new orbit as compared with the orbits occuring in GL(2, T ). The span of X and Y , where (X, Y ) is a representative of this orbit, coincides with P .

The following lemma is a variation of Lemma 1.

Lemma 3. Any pair (X, Y ) of 1-tori in GL(n, T ) such that l(X, Y ) = 1 or m(X, Y ) = 1 is conjugate to a pair of subgroups in B(2, T ).

Proof. Keep the setting from the proof of Lemma 1. Let, moreover a_1, a_2 be the centres and b_1 and b_2 be the axes of the tori X and Y respectively. As in lemma 1 we may assume that X = Q.

If a_1 = a_2, then a_1 = a_2 = v_1. Either β_2 = . . . = β_n = 0, or at least one of β_i, 2 ≤ i ≤ n, is distinct from zero. In the first case we are done, in the second case we may assume that β_2 ≠ 0 and β_i = 0 for all 3 ≤ i ≤ n. Thus X, Y ≤ QX_{12} ≤ B(2, T ). If b_1 = b_2, we get in the same way, that X, Y ≤ QX_{21} ≤ B^−(2, T ). But B^−(2, T ) is conjugate to B(2, T ) by a permutation matrix.

Lemma 4. There is one B(3, T )-orbit of pairs of 1-tori in P such that l(X, Y ) = m(X, Y ) = 2. Proof. Denote by a_1 and a_2, respectively by b_1 and b_2, the centres, respectively the axes, of X and Y . Then, clearly, a_1, a_2 ∈ v_1T ⊕ v_2T and b_1, b_2 ∈ T u_2 ⊕ T u_3. This means, that conjugation by X_{12} preserves the axes, whereas conjugation by X_{23} preserves the centres. Conjugating by a transvection from X_{12} we may assume that a_1 = v_2 and conjugating by a transvection from X_{23} (which does not change a_1) we may assume that b_2 = u_2. Now l = 2 implies that a_2 ∉ v_2T and m = 2 implies that b_1 ∉ T u_2. This means that conjugating by an element from Q_3 and by an element from Q_1 respectively, we may assume that a_2 = v_1 + v_2 and b_1 = u_2 + u_3. This shows that any pair of 1-tori in P such that l = m = 2 is conjugate to the pair X = x(ε) = 1 0 0 0 ε ε − 1 0 0 1 , ε ∈ T^∗ ,

Y = y(ε) = 1 ε − 1 0 0 ε 0 0 0 1 , ε ∈ T^∗ .

Clearly for this pair one has p = q = 1 and c = 1. Now we identify the span of this pair in the generic case.

Lemma 5. Let T be a skew-field having at least 5 elements. If X and Y are two 1-tori in P such that l(X, Y ) = m(X, Y ) = 2, then ⟨X, Y ⟩ = P

Proof. By the preceding lemma we may from the very start assume that X and Y have the above form. Denote the subgroup ⟨X, Y ⟩ by Z. We want to prove that Z = P .

Take any three commuting elements ε, η, θ ≠ 0, 1 and form the product z = x(ε)y(η)x(θ) = 1 (η − 1)θ (η − 1)(θ − 1) 0 εηθ εη(θ − 1) + (ε − 1) 0 0 1 ∈ Z.

Now we set θ = η^{−1}ε^{−1}(εη − ε + 1) so that εη(θ − 1) + (ε − 1) = 0. Then θ ≠ 0 imposes one additional restriction on η, namely η ≠ 1 − ε^{−1}, whereas θ ≠ 1 is automatically fulfilled since η ≠ 0 and ε ≠ 1.

Consider the element u = zy(εηθ)^{−1} ∈ Z. Clearly u ∈ X_{12}X_{13} and we want to prove that we may choose such ε and η that u /∈ X_{13}. Indeed, u = t_{12}(λ)t_{13}(∗), where

λ = (η − 1)η^{−1}e^{−1}(εη − ε + 1) − (εη − ε + 1) + 1,

and an easy calculation shows that under the above restrictions on ε, η one has λ ≠ 0 provided that εη + 1 ≠ 0. For a given ε ≠ 0, 1 this imposes on η four linear restrictions altogether, so that the desired ε and η may be found whenever T contains at least 5 elements (as is well known [Co] every non-central element of an infinite skew-field is contained in an infinite subfield).

Now the proof is finished as follows. Since X_{13} coincides with the centre of P , one has [g, u] = [g, t_{12}(λ)] for any g ∈ P . Taking g = y(ξ^{−1}), where ξ ∈ T^∗, we get t_{12}(λ(ξ − 1)) ∈ Z. Since ξ is arbitrary, this shows that X_{12} ≤ Z. Since moreover Y ≤ Z, one has Q_2 ≤ Z, and now since X ≤ Z, one has X_{23} ≤ Z. But then X_{13} = [X_{12}, X_{23}] ≤ Z and thus, finally, Z = P .

The excluded cases of fields K containing less than 5 elements are true exceptions. The case of F_2 is vacuous. On the other hand for the cases

F_3 and F_4 a straightforward computation shows that X and Y generate a

proper subgroup of P of order 6 or 24, respectively (in these cases P itself is of order 2 · 3^3 or 2^6 · 3, respectively).

§ 4. The case of GL(2, T )

Now we start describing the orbits of GL(2, T ) acting by conjugation on pairs of 1-tori in the generic case. In this section we identify the corresponding spans. Under a slightly different disguise this problem has been treated in [B], [BV], [V1] and in terms even closer to our present terms in [V2], [V3]. These papers gave (among other things) a description of subgroups of GL(n, T ) over a skew-field T , |T | ≥ 7, containing the group D(n, T ) of diagonal matrices and, more generally, normalized by it. In the special case n = 2 one of the main results of these papers may be summarized as follows.

Lemma 6. Let T be a skew-field having at least 7 elements. Then there are only three proper intermediate subgroups between D(2, T ) and GL(2, T ), namely, N(2, T ), B(2, T ) and B^−(2, T ).

It is an elementary exercise in matrix calculus to give a direct proof of this result independent of the general case (see [V2], for example). To the contrary, an analogue of this result for SL(2, K) is extremely deep [Ki] (see also [V8], [V9]).

This result (and its higher dimensional analogues) is in general no longer valid when |K| ≤ 5. A very easy argument (see [BV] or [V1]) shows that this result implies the following slightly more general one.

Lemma 7. Assume as in Lemma 3. Let H be a subgroup of GL(2, T ), normalized by D(2, T ). Then one of the following holds:

(1) E(2, T ) ≤ H ≤ GL(2, T ),

(2) U^±(2, T ) ≤ H ≤ B^±(2, T ),

(3) H ≤ N(2, T ).

This result already almost answers our question. Indeed for the case n = 2 the group D(2, T ) is the product of Q and the centre of GL(2, T ). It follows that any subgroup containing Q is normalized by D(2, T ) and thus satisfies the conclusion of Lemma 4. In particular, if H is generated by Q and another 1-torus Q_{ab}, then it must either coincide with GL(2, T ) or to be contained in B(2, T ) or N(2, T ) up to conjugacy.

The following ‘connectivity theorem’ shows that the case N(2, T ) may be discarded. This is essentially a special case of [V5], 7^0 or of [V4], Proposition 1. In these papers we assumed that xDx^{−1} ≤ N, but we may repeat essentially the same argument. Below we follow [V5] since it is more elementary, the proof from [V4] (see also [V8]) is more natural but it uses some facts about Bruhat decomposition.

Lemma 8. Let T be a skew-field having at least 4 elements. If xQx^{−1} ≤ N(n, T ) for some x ∈ G, then in fact xQx^{−1} ≤ D(n, T ).

Proof. Suppose x has at least two non-zero entries x_{p1} and x_{q1}, p ≠ q, in the first column. The inverse x^{−1} = (x^′_{ij} ) has at least one non-zero entry in the first row, say x^′_{1s} ≠ 0. For all ε ∈ T^∗ one has

y(ε) = xd_1(ε)x^{−1} = e + ∑ i,j x_{i1}(ε − 1)x^′_{1j} e_{ij} .

At least one of the indices p, q is distinct from s. If p ≠ s, then clearly y(ε)_{ps} = x_{p1}(ε − 1)x^′_{1s} ≠ 0 for all ε ≠ 0, 1. If q is also distinct from s we are done, since in this case y(ε)_{qs} is also distinct from 0 for all ε ≠ 0, 1 and thus y(ε) cannot be monomial. Thus we are left with the case, when q = s. In this case y(ε)_{ss} = 1 + x_{s1}(ε − 1)x^′_{1s} equals zero at most for one value of ε ≠ 0. Altogether this prohibits three values of ε. Since |T | ≥ 4 we can find an ε such that y(ε) is not monomial.

The above contradiction shows that x has exactly one non-zero entry in the first column, say x_{p1} ≠ 0. The same argument with the roles of x and x^{−1} interchanged shows that x^{−1} has exactly one non-zero entry in the first row, say x^′_{1s} ≠ 0. Since x^{−1} and x are mutually inverse, p = s. Thus, finally, xQx^{−1} = Q_p, which proves the lemma.

The two above lemmas immediately imply the following result.

Lemma 9. Let X and Y be two 1-tori in GL(2, T ), |T | ≥ 7. Then either X, Y ≤ B(2, T ) up to simultaneous conjugacy, or ⟨X, Y ⟩ = GL(2, T ).

§ 5. Pairs of 1-tori

In this section we prove the main result of this paper. In analogy with the root subgroups (see [AS], [Ka1], [Co1], [Co2], [DV]), we introduce the ‘angle’ between two 1-tori which almost completely describes if not the orbits themselves, then, at least, there spans. Unlike the root subgroups this angle is purely conventional and expresses what the angle between two root subgroups with the same values of l, m, p, q would have been. For example, from a different viewpoint one could say that in the case 7 below the angle is 2π/3.

Theorem 1. Assume that |T | ≥ 7. Then for any n ≥ 3 there are |T | + 5 orbits of GL(n, T ) acting by simultaneous conjugation on pairs (X, Y ) of 1-tori. These orbits can be distinguished by the values of l, m, p, q and c. The values of these invariants on the orbits and the corresponding spans are identified in the following table. NN. ϕ l m p q c ⟨X, Y ⟩ 1. 0 1 1 1 1 1 Q_1

2. π/3 1 2 1 1 1 Q_1X_{12} 3. π/3 2 1 1 1 1 Q_1X_{21}

4. π/2 2 2 0 0 − Q_1Q_2 5. 2π/3 2 2 0 1 − Q_1Q_2X_{12}

6. 2π/3 2 2 1 0 − Q_1Q_2X_{12} 7. π 2 2 1 1 1 Q_2X_{12}X_{13}X_{23}

8 ∗ . π 2 2 1 1 ≠ 1 GL(2, T )

Proof. Lemmas 3, 4 and 9 imply that, with exactly one exception, for all orbits (X, Y ) one has the following alternative: either X, Y ≤ B(2, T ), or ⟨X, Y ⟩ = GL(2, T ). The exceptional orbit is represented by (Q_{v1,u1+u2}, Q_{v1+v3,u1}) ∼ (Q, Q_{v1+v3,u1+u2}), this is exactly the case when ϕ = π and c = 1. Now Lemma 5 implies that under the assumption |T | ≥ 5 the span of this pair has the required shape. On the other hand the following lemma settles the case when X, Y ∈ B(2, T ).

Lemma 10. Assume that |T | ≥ 3. Then all pairs X, Y ≤ B(2, T ) belong to one of the orbits 1 – 6 listed above and their spans have the required shape.

Proof. Without loss of generality we may assume that X = Q_i, i = 1, 2. In turn, for Y = Q_{ab} we have an alternative: either a = v_1, or b = u_2.

If X = Q_1 and a = v_1, then either b = u_1, in which case X = Y , or b = u_1 + λu_2, λ ≠ 0. Conjugating by an element of Q_2, we may assume that λ = 1, which leads to one orbit, represented by (X, Y ) = (Q_1, Q_{v1,u1+u2}). Clearly, ⟨X, Y ⟩ ≥ X_{12}. This gives us the orbits corresponding to ϕ = 0 and the first case for ϕ = π/3.

The case of X = Q_2 and b = u_2 is similar, but it leads to the second case for ϕ = π/3, represented by (Q_2, Q_{v1+v2,u2}) (or, what is the same, by (Q_1, Q_{v1+v2,u1} ). Clearly, this case is fused with the first one by the contragredient map.

On the other hand, if X = Q_1 and b = u_2, then either a = v_2, in which case Y = Q_2, or a = λu_1 + u_2, λ ≠ 0. Conjugating by an element of Q_1 we may assume that λ = 1, which leads to one orbit, represented by (X, Y ) = (Q_1, Q_{v1+v2,u2} ). Since |T | ≥ 3, one has [X, Y ] = X_{12}. This gives us the orbit, corresponding to ϕ = π/2 and the first case for ϕ = 2π/3.

The case of X = Q_2 and a = v_1 is similar, but it leads to the second case for ϕ = 2π/3, represented by (Q_2, Q_{v1,u1+u2}). Clearly, this case is fused with the first one, if we are allowed to permute X and Y . This finishes the proof of the lemma.

Finally, when ⟨Q, Q_{ab}⟩ = GL(2, T ) one must have a = v_1 + λv_2, λ ≠ 0, and b = u_1 + μu_2, μ ≠ 0. Conjugating by an element of Q_2 one may even assume that a = v_1 +v_2. Now for this orbit one has ϕ = π and c = 1+μ ≠ 1. Since c is left invariant by simultaneous conjugation, for every c ≠ 1 we get one orbit, represented by (Q, Q_{v1+v2,u1+(c−1)u2}).

It remains only to describe the orbits and the corresponding spans in the exceptional cases of fields containing less, than 7 elements. Only the case of ϕ = π is problematic. The case of K = F_2 is vacuous. In the cases F_3 , F_4 and

F_5 the 1-torus is generated by a pseudoreflection of order 2 (i.e. a reflection),

3, or 4, respectively. Thus, our problem amounts to the description of orbits of GL(2, K) on pairs of such conjugate pseudoreflections.

In the case F_3 Lemma 8 breaks down. Out of 12 reflections 10 lie in B(2, 3) or B^−(2, 3), but each of the remaining two ±(e_{12} + e_{21}) generates N(2, 3) together with d_1(−1). Thus in this case the spans in 7 and 8(−1) differ from the generic case.

As observed in § 3, for the case F_4 the span for the orbit 7 differs from the generic case. Otherwise no alterations are necessary. It follows from the results of [K2] that Lemma 6 remains valid for F_4 . Indeed, let ω be a generator of F_4 , ω^3 = 1. Then 14 out of 20 pseudoreflections conjugate to d_1(ω) lie in B(2, 4) or B^−(2, 4). Up to conjugation by a monomial matrix the remaining 6 have the form ( 0 ω^2 ω^2 ω^2 )

It is immediate that each of these matrices together with d_1(ω) generates GL(2, 4).

Finally, let K = F_5 . In this case 18 out of 30 pseudoreflections conjugate to d_1(2) lie in B(2, 5) or B^−(2, 5). Up to conjugation by a monomial matrix 8 of the remaining 12 have the form ( 0 1 3 3 )

and thus generate the whole group GL(2, 5) together with d_1(2). The remaining 4 are conjugate by a monomial matrix to ( −1 1 −1 −1 )

and a straightforward computation (see [BK], for example) shows that each of these matrices together with d_1(2) generates a subgroup of order 96.

§ 6. Overgroups of the diagonal subgroup

In this section we show that Theorem 1 immediately implies results on overgroups of the overgroups of the diagonal subgroup D = D(n, T ) in the general linear group G = GL(n, T ) over a skew-field T , see [B], [BV], [V1]. These overgroups are described in terms of the closed sets of roots in the root system Φ of type A_{n−1}.

Recall that Φ may be realized as follows: Φ = { (i, j) | 1 ≤ i ≠ j ≤ n } .

The Weyl group W (A_{n−1}) = S_n acts in the obvious way and it remains to define the sum of two roots. One sets (i, j) + (j, h) = (i, h) and says that (i, j) + (h, k) is not a root if j ≠ h and i ≠ k.

A subset S ⊆ Φ is called closed if with any two roots α, β ∈ S such that there sum is a root, also α + β ∈ S. One may associate with S several subgroups in G = GL(n, T ). Let E(S) be the subgroup of G spanned by all X_{ij} , such that (i, j) ∈ S. Then, clearly, E(S) is normalized by D and the subgroup G(S) = DE(S) contains D. One denotes by N(S) the normalizer of G(S) in G. If T contains at least 3 elements N(S) is spanned over G(S) by all permutation matrices w ∈ S_n such that wS = S (see [B] or [BV] for a direct proof, but in fact this is a very special case of Tits conjugacy theorem).

Then the standard description of subgroups in G containing D asserts that for any such subgroup H, D ≤ H ≤ G, there exists a unique closed set of roots S ⊆ Φ such that G(S) ≤ H ≤ N(S). In [B], [BV], [V1] it is proven that the standard description holds whenever T contains at least 7 elements, i.e. that the following result holds.

Theorem 2. Let T be a skew-field which contains at least 7 elements. Then for any subgroup H of GL(n, T ) containing D(n, T ) there exists a unique closed set of roots S such that G(S) ≤ H ≤ N(S). When T = K is a (commutative) field, this theorem asserts precisely, that all intermediate subgroups are algebraic, i.e. groups of K-rational points of the overgroups of the the corresponding algebraic torus D = D(n, K) in the general linear group G = GL(n, K) over the algebraic closure K of the field K (see [BT]). Nothing like that holds for non-split tori, even for the field R of real numbers (see references in [V8], [V9]).

In fact in the papers quoted above a slightly different language has been used. The closed sets of roots were identified with D-nets of ideals in T , i.e. square tables σ = (σ_{ij} ), 1 ≤ i, j ≤ n, of ideals σ_{ij} ◁ T , such that

(1) σ_{ij} σ_{jh} ⊆ σ_{ih} for all i, j, h, (2) σ_{ii} = T for all i.

Namely for any closed set of roots S one may define the corresponding Dnet σ of ideals as follows: σ_{ij} = T if either i = j or (i, j) ∈ S and σ_{ij} = 0 otherwise. Now the group G(S) may be defined as follows: G(S) = { a = (a_{ij} ) ∈ G | a_{ij} ∈ σ_{ij} , 1 ≤ i, j ≤ n } . This language is more suitable for generalizations to rings, [BV], [V1], [V7].

Standard arguments from the theory of linear groups (see [Z3]) reduce Theorem 1 to the question of non-existence of proper primitive irreducible subgroups of GL(n, T ), containing D(n, T ) (compare [Ko4] or [V3], where this is done for the case of the special linear group, the case of GL_n is simpler). Using McLaughlin’s theorem [Mc] and its non-commutative version [L2], [V6] (Lemmas 11 and 12 below) one readily sees (compare Proposition 2 of [V2–II]) that this is equivalent to the following statement.

Lemma 11. Assume that T is a skew-field containing at least 7 elements and H is a non-monomial subroup of the general linear group G = GL(n, T ), containing the group D = D(n, T ) of diagonal matrices. Then H contains a unipotent root subgroup.

Clearly this lemma – and thus also Theorem 2 – immediately follows from our Theorem 1. Indeed, if x ∈ H is a non-monomial matrix, then it follows from Lemma 8 that for some i the 1-torus X = xQ_ix ≤ H is non-monomial (otherwise one would have xDx^{−1} ≤ D, which contradicts the assumption that x is non-monomial). Being non-monomial X cannot coincide with Q_i. Since the centres v_1, . . . , v_n of the tori Q_1, . . . , Q_n span the whole space T^n and the pairing^nT × T^n −→ T is non-degenerate, it follows that X cannot be orthogonal to all Q_i, 1 ≤ i ≤ n. Thus there exists such an i that X is distinct from Q_i and not orthogonal to it. Then by Theorem 1 already the span ⟨X, Q_i⟩ ≤ H contains a unipotent root subgroup.

Of course, for the case of GL_n this proof is not much simpler than the direct proof from the papers [B], [BV], [V1]. But already for other classical groups, not to say for exceptional ones, it is usually an enormous advantage to work with two one-dimensional tori lying in something very small, like D_4, instead of calculating in the group itself.

§ 7. Irreducible groups generated by 1-tori

In this section we prove an analogue of McLaughlin’s theorem for irreducible subgroups generated by 1-tori. We recall the theorem first.

Lemma 12. Let K be a field containing at least 3 elements, H be an irreducible subgroup of G = GL(n, K) generated by unipotent root subgroups. Then either H = SL(n, K), or n = 2l is even and H ∼ Sp(n, K).

Let now T be a skew-field. Recall that E(n, T ) is the elementary subgroup of degree n over T , generated by all elementary transvections of degree n. In the non-commutative case symplectic group does not exist. The following analogue of McLaughlin’s theorem has been established in [L2], [V6].

Lemma 13. Let T be a non-commutative skew-field, H be an irreducible subgroup of G = GL(n, T ) generated by unipotent root subgroups. Then H = E(n, T ).

Now we prove an analogue of these results for pseudoreflections. Like Theorem 2 the following result may be deduced from Theorem 1. However we prefer to give a direct proof in the style of [B], [BV], [V1].

Theorem 3. Let T be a skew-field containing at least 7 elements. Then any irreducible subgroup H of G = GL(n, T ), generated by 1-tori, coincides with G.

Proof. To reduce to the preceding lemmas we have to prove that H contains a unipotent root subgroup. Passing from H to its conjugate, we may from the very start assume that Q_1 ≤ H. Let Q_{ab} = { x_{ab}(ξ), ξ ∈ T^# } ≤ H, be another 1-torus, contained in H. Here we keep notation from Section 1, in particular a = (α_1, . . . , α_n)^t is a column of height n and b = (β_1, . . . , β_n) is a row of length n subject to the condition β_1α_1 + . . . + β_nα_n = 1.

Since H is irreducible, there exists an 1-torus Q_{ab} ≤ H such that β_1 ≠ 0 and not all α_2, . . . , α_n are equal to 0. We fix such a and b and denote x_{ab}(ξ), ξ ∈ T^#, simply by x(ξ). One has x(ξ)^{−1} = x(ξ), where ξ = −ξ(1 + ξ)^{−1}.

If α_1 ≠ 0 we pick up commuting ξ, η ≠ 0, −1 such that ξ ≠ η, ξ ≠ η, α_1ξβ_1 ≠ −1, α_1ηβ_1 ≠ −1. Such ξ and η exist since T contains at least 7 elements. When T is non-commutative β_1α_1 is contained in an infinite subfield, thus we may always assume that ξ and η both commute with β_1α_1. Now consider the following matrix y = x(ξ)d_1(ε)x(η) ∈ H, where ε = (1 + α_1ξβ_1)^{−1}α_1ξη^{−1}α_1^{−1}(1 + α_1ηβ_1).

A straightforward calculation shows that y_{1j} = 0 for all 2 ≤ j ≤ n, and that y_{j1} differs from α_j by an invertible factor. In particular, not all b_{j1}, 2 ≤ j ≤ n, are equal to 0. Take θ ≠ 0, 1, and set z = [y, d_1(θ)] ∈ H. Thus z ≠ e is a nontrivial transvection in H. But then H contains the whole unipotent root subgroup X = { d_1(ε)zd_1(ε)^{−1}, ε ∈ T^∗ } ∪ {e}. If α_1 = 0, then we may set y = x(ξ), ξ ≠ 0, −1, in the preceding argument.

Let now L be the normal subgroup of H, generated by X. If H were imprimitive, it must be monomial ([ZS1], Lemma 1.8), and then it cannot contain a root subgroup. Thus we may assume that H is primitive and then by Clifford’s theorem (which remains valid for skew-fields, see [Z3]),

L is irreducible (see [ZS1], Lemma 1.10). Then the two preceding lemmas imply that either H = E(n, T ), or T = K is commutative, n = 2l is even and L ∼ Sp(n, K). But the second possibility is excluded, since the normalizer of Sp(n, K) in GL(n, K) coincides with GSp(n, K) (see [KL]) and does not contain pseudoreflections. Since, moreover, Q_1 ≤ H, one has H = GL(n, T ).

Acknowledgements

The idea behind this work and the subsequent papers by V.V.Nesterov and the author was suggested by G.M.Seitz and A.E.Zalesskii who (independently) observed that the study of orbits of a Chevalley group on pairs of (long) root tori might lead to a new proof of results on overgroups of split maximal tori, much easier, than the one described in [V8]. The author would like to thank A.M.Cohen, B.N.Cooperstein, W.M.Kantor and F.G.Timmesfeld for extremely useful discussion of this circle of ideas at the last “Groups and Geometries” Tagung in Oberwolfach. The final text has been written while the author was visiting Antwerp in September – October 1994. I am very grateful to F.Van Oystaeyen for making this visit as pleasant and illuminating, as it actually has been, both mathematically and otherwise.

Bibliography

[AS] Aschbacher M., Seitz G.M., Involutions in Chevalley groups over fields of odd order, Nagoya Math. J. 63 (1976), 1–91.

[BT] Borel A., Tits J., Groupes réductifs, Publ. Math. Inst. Hautes Et. Sci.

(1965), no. 27, 55–150.

[B] Borewicz Z.I., Description of subgroups of the general linear group that contain the group of diagonal matrices, J. Sov. Math. 17 (1981), no. 2, 1718–1730.

[BK] Borewicz Z.I., Koibaev V.A., Subgroups of the general linear group over the field of five elements, Algebra and Number Theory, Ordzhonikidze (Vladikavkaz), 1978, pp. 9–32, (In Russian).

[BV] Borewicz Z.I., Vavilov N.A., Subgroups of the general linear group over a semilocal ring containing the group of diagonal matrices, Proc. Steklov Inst. Math. (1980), no. 4, 41–54.

[C1] Cohen A.M., Finite complex reflection groups, Ann. Sci. Ec. Norm. Sup.

9 (1976), 379–436.

[C2] Cohen A.M., Finite quaternionic reflection groups, J. Algebra 64 (1980), 293–324.

[Co] Cohn P.M., Free rings and their relations, 2nd ed., Academic Press, London et al., 1985.

[Co1] Cooperstein B.N., Subgroups of the group E_6(q) which are generated by root subgroups, J. Algebra 46 (1977), 355–388.

[Co2] Cooperstein B.N., The geometry of root subgroups in exceptional groups.

I, II, Geom. dedic. 8 (1979), 317–381; 15 (1983), 1–45.

[Co3] Cooperstein B.N., Geometry of long root subgroups in groups of Lie type, Proc. Symp. Pure Math. 37 (1980), 243–248.

[Co4] Cooperstein B.N., Subgroups of exceptional groups of Lie type generated by long root elements. I, II, J. Algebra 70 (1981), no. 1, 270–282; 283– 298.

[Cox] Coxeter H.S.M., Finite groups generated by unitary reflections, Abh.

Math. Sem. Univ. Hamburg 31 (1967), 125–135.

[Cu] Cuypers H., The geometry of k-transvection groups, Preprint Eindhoven Univ. Technology (1994), 1–24.

[DV] Di Martino L., Vavilov N.A., (2,3)-generation of SL(n, q). I. Cases n = 5, 6, 7, Comm. Algebra 22 (1994), no. 4, 1321–1347.

[HO] Hahn A.J., O’Meara O.T., The classical groups and K-theory, Springer, Berlin et al., 1989.

[Hu] Huffman W.C., Linear groups containing an element with an eigenspace of codimension two, J. Algebra 34 (1975), 260–287.

[HW1] Huffman W.C., Wales D.B., Linear groups of degree n containing an element with exactly n − 2 equal eigenvalues., Linear and multilinear Algebra 3 (1975), 53–59.

[HW2] Huffman W.C., Wales D.B., Linear groups containing an element with an eigenspace of codimension two, Proc. Conf. Finite groups, Utah, Acad.Press, N.Y., 1976.

[HW3] Huffman W.C., Wales D.B., Linear groups containing an involution with two eigenvalues −1, J. Algebra 45 (1977), 465–515.

[JW] James D.G., Weisfeiler B., On the geometry of unitary groups, J. Algebra 63 (1980), 514–540.

[Ka1] Kantor W.M., Subgroups of classical groups generated by long root elements, Trans. Amer. Math. Soc. 248 (1979), no. 2, 347–379.

[Ka2] Kantor W.M., Generation of linear groups, The geometric Vein: Coxeter Festschrift, Springer, Berlin et al., 1981, pp. 497–509.

[Ki] King O.H., On subgroups of the special linear group containing the diagonal subgroup, J. Algebra 132 (1990), no. 1, 198–204.

[KL] Kleidman P., Liebeck M.W., The subgroup structure of the finite classical groups, Cambridge Univ. Press, 1990.

[K1] Koibaev V.A., Some examples of non-monomial linear groups without transvections, J. Sov. Math. 20 (1982), no. 6, 2610–2611.

[K2] Koibaev V.A., Subgroups of the full linear group over the field of four elements, Algebra and Number Theory, Nalchik, 1979, pp. 21–31, (In Russian).

[K3] Koibaev V.A., A description of D-complete subgroups of the full linear group over the field of three elements, J. Sov. Math. 24 (1984), no. 4,

434–436.

[K4] Koibaev V.A., Subgroups of the full linear group over the field of three elements, Structural Properties of Algebraic Systems, Nalchik, 1981, pp. 56–68, (In Russian).

[Ko1] Korlyukov A.V., Linear groups generated by two-dimensional elements of order r ≥ 5, Mosc. Univ. Math. Bull. 38 (1983), no. 5, 21–25.

[Ko2] Korlyukov A.V., Finite linear groups over a field of characteristic 0 which are generated by two-dimensional elements of order 3 and 4, Arithmetic & subgroup constructions of finite groups, Minsk, 1986, pp. 75–86, (In Russian).

[Ko3] Korlyukov A.V., Finite linear groups generated by quadratic elements of order 4, Izv. Akad. Nauk BSSR, Ser. fiz.-mat. nauk (1986), no. 4, 38–40, (In Russian).

[Kn] Kondratiev A.S., Subgroups of finite Chevalley groups, Russian Math.

Surv. 41 (1986), 65–118.

[L1] Li Shang Zhi , The maximality of monomial subgroups of linear groups over division rings, J. Algebra 127 (1989), no. 1, 22–39.

[L2] Li Shang Zhi , Irreducible subgroups of SL(n, K) generated by root subgroups, Geom. dedic. 31 (1989), 41–44.

[LS] Liebeck M.W., Seitz G.M., Subgroups generated by root elements in groups of Lie type, Ann. Math. 139 (1994), 293–361.

[Mc] McLaughlin J., Some groups generated by transvections, Arch. Math.

18 (1967), 364–368.

[N] Nesterov V.V., Pairs of short root subgroups in a Chevalley group, submitted.

[S] Seitz G.M., Subgroups of finite groups of Lie type, J. Algebra 61 (1979), no. 1, 16–27.

[ST] Shephard G.C., Todd J.A., Finite unitary reflection groups, Canad. J.

Math. 6 (1954), 274–304.

[Ti1] Timmesfeld F.G., Groups generated by k-transvections, Invent. Math.

100 (1990), 167–206.

[Ti2] Timmesfeld F.G., Groups generated by k-root subgroups, Invent. Math.

106 (1991), 575–666.

[Ti3] Timmesfeld F.G., Groups generated by k-root subgroups – a survey, Groups, Combinatorics and Geometry (Durham – 1990), Cambridge Univ. Press, 1992, pp. 183–204.

[Ti4] Timmesfeld F.G., Abstract root-subgroups and quadratic action. I – III, submitted.

[V1] Vavilov N.A., On subgroups of the general linear group over a semi-local ring that contain the group of diagonal matrices, Vestnik Leningr. Univ., Math. 14 (1981), 9–15.

[V2] Vavilov N.A., Bruhat decomposition for subgroups containing the group of diagonal matrices. I, II, J. Sov. Math. 24 (1984), 399–406; 27 (1984), 2865–2874.

[V3] Vavilov N.A., On subgroups of the special linear group that contain the group of diagonal matrices. I – IV, Vestnik Leningr. Univ., Math. 18 (1985), no. 4, 3–7; 19 (1986), 9–15; 20 (1987), 1–8; (1988), no. 3, 7–15.

[V4] Vavilov N.A., Bruhat decomposition of one-dimensional transformations, Vestnik Leningr. Univ., Math. 19 (1986), 17–24.

[V5] Vavilov N.A., A conjugacy theorem for subgroups of GL_n containing the group of diagonal matrices, Colloq. Math. 54 (1987), no. 1, 9–14.

[V6] Vavilov N.A., Linear groups generated by one-parameter subgroups of one-dimensional transformations, Russ. Math. Surveys 44 (1989), no. 1, 265–266.

[V7] Vavilov N.A., On subgroups of the split classical groups, Proc. Math.

Inst. Steklov (1991), no. 4, 27–41.

[V8] Vavilov N.A., Subgroups of Chevalley groups containing a maximal torus, Transl. Amer. Math. Soc. 155 (1993), 59–100.

[V9] Vavilov N.A., Intermediate subgroups in Chevalley groups, Proc Conf.

Groups of Lie Type and their Geometries (Como – 1993), Cambridge Univ. Press, 1994.

[V10] Vavilov N.A., Weight elements of Chevalley groups, Preprint Univ. Warwick (1994), no. 35, 1–46.

[W1] Wagner A., Groups generated by elations, Abh. Math. Sem. Univ. Hamburg 41 (1974), 199–205.

[W2] Wagner A., Collineation groups generated by homologies of order greater than 2, Geom. dedic. 7 (1978), 387–398.

[W3] Wagner A., Determination of the finite primitive reflection groups over an arbitrary field of characteristic not 2. I – III, Geom. dedic. 9 (1980), 239–253; 10 (1981), 191–203; 475–523.

[Wa] Wales D.B. Linear groups of degree n containing an involution with two eigenvalues −1. II, J. Algebra 53 (1978), 58–67.

[We1] Weisfeiler B., Abstract monomorphisms between big subgroups of some groups of type B_2 in characteristic 2, J. Algebra 60 (1979), 209–222.

[We2] Weisfeiler B., Monomorphisms between subgroups of groups of type G_2, J. Algebra 68 (1981), 306–334.

[We3] Weisfeiler B., Abstract isomorphisms of simple algebraic groups split by quadratic extension, J. Algebra 68 (1981), 335–368.

[Z1] Zalesskii A.E., Linear groups, Russian Math. Surveys 36 (1981), no. 5, 56–107.

[Z2] Zalesskii A.E., Linear groups, J. Sov. Math. 31 (1985), no. 3, 2974–3004. [Z3] Zalesskii A.E., Linear groups, Itogi Nauki i Techniki, Fundam. Trends of Math., vol. 37, 1989, pp. 114–228.

[ZS1] Zalesskii A.E., Serezhkin V.N., Linear groups generated by transvections, Math. USSR Izv. 10 (1977), 25–46.

[ZS2] Zalesskii A.E., Serezhkin V.N., Linear groups generated by pseudoreflections, Izv. Akad. Nauk BSSR, Ser. fiz.-mat. nauk (1977), no. 5, 9–16, (In Russian).

[ZS3] Zalesskii A.E., Serezhkin V.N., Finite linear groups generated by reflections, Math. USSR Izv. 17 (1981), 477–503.