O ALGEBRAS WITH THREE SIMPLE MODULES

Pu Zhang

0. Introduction.

In [D], Dyer has introduced the concept of O algebra, this is a basic quasihereditary Koszul algebra with an anti-involution, such that its quadratic dual is also quasi-hereditary. Typical examples of such algebras are ones associated with blocks of category O of Bernstein-Gelfand-Gelfand [BGG], see also Beilinson- Ginsburg-Soergel [BGS].

The present paper grew out of a desire to understand O algebras in the framework of the representation theory of finite-dimensional algebras, in particular, inside the one of quasi-hereditary algebras in the sense of Cline-Parshall-Scott [CPS]; see also Dlab-Ringel [DR] and Ringel [R2]. We consider such algebras with three (two) simple modules, this is the simplest and basic case: any O algebra has a subalgebra of this form.

We recall some definitions and facts in section 1. In section 2 we classify Dyer algebras with three simple modules in terms of quivers and relations (denoted by O(l, m, n)), they are all quadratic. Representation types of O(l, m, n) are determined in section 3. It is proved in section 4 that algebras O(l, m, n) are closed under quadratic duals, and that they are all O algebras; as a corollary the global dimensions are given. In section 5 we give a sufficient condition for the existence of an exact Borel subalgebra (in the sense of König [K]) of a Dyer algebra, and then use this to compute Kazhdan-Lusztig-Vogan polynomials of O(l, m, n). One of the most important things in representations of a quasi-hereditary algebra is the existence of the characteristic module and the Ringel dual, see [R2]. In section 6 we discuss Ringel duals of O(l, m, n, M, B_v).

This work is done in University Bielefeld, I would like to thank Professor C. M. Ringel, who has introduced me into this topic, and other colleagues, both for helpful conversations and hospitality; I am indebted to the Alexander von Humboldt Foundation for the generous supports.

This work is supported by the Alexander von Humboldt Foundation

1. Preliminaries.

1.1. Throughout the paper we consider basic finite-dimensional associative algebras over an algebraically closed field k. By a theorem of Gabriel such an algebra is given by quiver and relations.

Let A-mod denote the category of finite-dimensional left modules over A, and Λ the complete set of orthogonal primitive idempotents of A, which is assumed to be a poset and is called weight poset of A. If i ∈ Λ, denote by L(i) the corresponding simple module; by P (i) and I(i) its projective cover and injective hull respectively, then the standard A-module Δ(i) (the costandard A-modules ∇(i), resp.) is defined to be the marximal factor module of P (i) with composition factors L(j) for j ≤ i (the marximal submodule of I(i) with composition factors L(j) for j ≤ i, resp.); and A is said to be quasi-hereditary with weight poset Λ provided that first, L(i) occurs with multiplicity one in Δ(i), and second, all projective A-modules are in F({Δ(i), ∀i ∈ Λ}), where F({Δ(i), ∀i ∈ Λ}) denotes the full subcategory of A−mod of modules having a filtration with all factors in {Δ(i), ∀i ∈ Λ}, see [DR].

Assume that A is a quasi-hereditary algebra with weight poset Λ, then there exists a unique basic (generalized) tilting module T such that addT = F({Δ(i), ∀i ∈ Λ}) ∩ F({∇(i), ∀i ∈ Λ}), where addT is the full subcategory of A−mod of direct sums of direct summands of T , and T is then called the characteristic module of (A, Λ); form the endomorphism algebra B = End_AT , then B is quasi-hereditary with weight poset Λ^{op}; and B is called the Ringel dual of A; note that the Ringel dual of B is exactly A; see [R2].

1.2. Let A = k^→△/I with a finite quiver^→△ and an admissible ideal I, we identify the set of vertices of^→△ with the weight poset Λ. Let A_1 be the k-space spanned by arrows of^→△, denote by A^± the subalgebra of A generated by the union Λ ∪ A^±_1 , where A^+_1 = ∑ y>x yA_1x, and A^−_1 = ∑ y<x yA_1x. The following is called qh algebra in

[D], here we use the name suggested by C.M.Ringel. Note that we don’t require that A is a graded algebra.

Definition. Let A be an k-algebra with weight poset Λ, which satisfies the following conditions, then A is called a Dyer algebra with weight poset Λ:

(1) One has A = A^−A^+. (2) One has dim_kA ≥ ∑ i∈Λ (dim_kΔ(i))^2.

(3) There is an involutory algebra anti-automorphism ω of A such that ω(i) = i

for i ∈ Λ and ω sends arrows in^→△ to arrows.

Observe that if A is a Dyer algebra with weight poset Λ, then A is quasihereditary with Λ; in this case, the standard module Δ(i) = Ai/AA^+_1 i for i ∈ Λ;

and one has the dimension equality dim_kA = ∑ i∈Λ (dim_kΔ(i))^2.

1.3. Let A = k^→△/I, if I is generated by relations which are k-linearly combinations of paths of length 2, then A is said to be quadratic. For a quadratic algebra A one can form the quadratic dual A^! of A, see [BGS].

1.4. Let A = ⨁ n≥o A_n be a graded algebra with respect to length of paths. A

graded A-module M is defined to be a A-module M with a k-space decomposition M = ⨁ i∈Z M_i such that A_iM_j ⊆ M_{i+j} for all i ∈ N, j ∈ Z. Let grA denote the the

category of graded A-modules, the morphisms M −→ N in grA are A-morphisms f : M −→ N with f(M_i) ⊆ N_i. For a left graded A-module M, the dual space M^∗ can be regarded as a right graded A-module with (M^∗)_i = (M_{−i})^∗. If A has an anti-involution ω as graded algebra, then one gets a right graded A-module M^t with operation ma = ω(a)m for m ∈ M, a ∈ A; in this case, we obtain a duality δ on grA by δM = (M^t)^∗, which fixing simple modules. For i ∈ Z let σ^i be the shift functor on grA: (σ^iM)_j = M_{j−i}.

Definition. Let A be a basic graded k-algebra with weight set Λ, A is called a Koszul algebra provided that Ext^n_{grA}(L, σ^mL) = 0 unless n = m, where L = ⨁ i∈Λ L(i). Note that a Koszul algebra must be quadratic, see [BGS]. In order to explain equivalent conditions of a Koszul algebra we need the following complex from [D].

Let A be a quadratic graded algebra, N a right graded A-module, M a left graded A^!-module, the complex K(N, M) of graded k-spaces is defined as follows · · · −→ K(N, M)^{p ∂}−→ K(N, M)^{p+1} −→ · · · where K(N, M)^p_q = N_{p+q} ⊗_{A0} M_p for p, q ∈ Z; and ∂(n ⊗ m) = ∑ i ne_i ⊗ e^∗_i m, where

{e_i} is a basis of A_1 and {e^∗_i } is a dual basis of A^!_1. We call K(A, (A^!)^∗) the Koszul complex of A, it is a complex of graded projective left A-modules. Then A is a Koszul algebra if and only if K(A, (A^!)^∗) is a resolution of L ( we may identify L with A_0, the k-space spanned by Λ), see [BGS, D].

Defintion 1.5. A Koszul algebra A is called an O algebra with weight poset Λ if A and A^! are both Dyer algebras with weight poset Λ and Λ^{op} respectively.

Observe that if A is an O algebra, so is A^!. For a quadratic Dyer algebra A, A is an O algebra if and only if the complex K(Δ(i)^t, δΔ_!(j)) of k-spaces is acyclic for i ≠ j in Λ, where Δ_!(j) means the standard module of A^!, t and δ are in the sense of 1.4, see [D, 2.15].

2. Classification.

2.1. We need a notation of Dlab-Ringel [DR]: let A be a k-algebra, two weight posets Λ and Λ^′ of A are said to be equivalent provided the sets of standard modules {Δ_Λ(λ)/λ ∈ Λ} and {Δ_Λ0 (λ)/λ ∈ Λ^′} coincide, and sets of costandard modules {∇_Λ(λ)/λ ∈ Λ} and {∇_Λ0 (λ)/λ ∈ Λ^′} coincide.

Definition. Let A and A^′ be two quasi-hereditary algebras with weight posets Λ and Λ^′ respectively, an algebra isomorphism π from A to A^′ is called an equivalence provided π(Λ) and Λ^′ are equivalent as weight posets of A^′, where the partial order in π(Λ) is induced by the one in Λ. In this case, we say (A, Λ) is equivalent to (A^′, Λ^′), or briefly, A is equivalent to A^′.

Note that if (A, Λ) is equivalent to (A^′, Λ^′), then Λ and Λ^′ is not necessarily isomorphic as posets.

Lemma 2.2. Assume that A is a Dyer algebra with weight poset Λ, i and j are not comparable in Λ, then there is no arrow between i and j in the quiver of A. If A is in addtion connected, then the Hasse diagram of Λ is connected.

Proof. Otherwise, let α be an arrow connecting i and j in the quiver of A, then α /∈ A^−A^+ = A, from this assertions follow. □

Proposition 2.3. Let A be a Dyer algebra with weight poset Λ, then Λ can be refined to be a totally ordered set Λ^′, such that (A, Λ) and (A, Λ^′) are equivalent.

Proof. Since Λ is finite, Λ can be refined to be a tatolly ordered set Λ^′. By Lemma 2.2 we see that for both weight poset Λ and Λ^′ we obtain the same A^+_1 and A^−_1 in 1.2, note that Δ(i) = Ai/AA^+_1 i and ∇(i) = D(iA/iA^−_1 A) for each weight i, where D is the dual Hom_k( , k), so Λ and Λ^′ are equivalent; and (A, Λ^′) is also a Dyer algebra. □

Let n denote the set {1, · · · n}.

Lemma 2.4. Let A be the k−algebra given by the following quiver with l(m^2 + n^2) + mn ≠ 0: the set of vertices is {x, y, z}; there are l arrows from x to z and l arrows from z to x, which are denoted by η_i and ξ_i for i ∈ l respectively; there are m arrows from x to y and m arrows from y to x, which are denoted by α_i and β_i for i ∈ m respectively; there are n arrows from y to z and n arrows from z to y, which are denoted by γ_i and δ_i for i ∈ n respectively. Relations are as follows δ_iγ_j for (i, j) ∈ n × n; ξ_iη_j for (i, j) ∈ l × l; ξ_iα_j and β_j η_i for (i, j) ∈ l × m; β_iα_j − ∑ s,t a_{ijst}γ_sδ_t for (i, j) ∈ m × m, where a_{ijst} = a_{jits} with all a^′s∈ k (if

m = 0, it is understood as there are no such relations; if n = 0, it reads β_iα_j );

2v linearly independent k−combinations ∑ i,j b_{iju}α_iγ_j , ∑ i,j b_{iju}δ_j β_i for u ∈ v, where all b^′s∈ k and 0 ≦ v ≦ mn.

Then A is a connected quadratic Dyer algebra with weight poset Λ = {x < y < z}. Proof. Since l(m^2 + n^2) + mn ≠ 0 and the relations given, A is obviously connected and quadratic. Let ω be the anti-involution of A determined by the followings: ω(i) = i for i ∈ Λ, ω(α_i) = β_i for i ∈ m, ω(γ_i) = δ_i for i ∈ n and ω(η_i) = ξ_i for i ∈ l. This is indeed well defined, by the relations given.

Let V be the k−space spanned by α_iγ_j for (i, j) ∈ m×n, and V_1 the k−subspace of V spanned by k− combinations ∑ i,j b_{iju}α_iγ_j for u ∈ v. One can choose a subset

T of m × n with |T | = mn − v such that {α_iγ_j /(i, j) ∈ T } is a basis of V /V_1. Then A has a basis consisting of the followings:

i ∈ Λ; α_i and β_i for i ∈ m; γ_i and δ_i for i ∈ n; η_i and ξ_i for i ∈ l; α_iβ_j for (i, j) ∈ m × m; γ_iδ_j for (i, j) ∈ n × n; η_iξ_j for (i, j) ∈ l × l; η_iδ_j and γ_j ξ_i for (i, j) ∈ n × l; α_iγ_j and δ_j β_i for (i, j) ∈ T ; α_iγ_jδ_s and γ_sδ_j β_i for (i, j, s) ∈ T × n; α_iγ_jξ_s and η_sδ_j β_i for (i, j, s) ∈ T × l; α_iγ_j δ_sβ_t for (i, j, t, s) ∈ T × T . So one has A = A^−A^+. Consider standard the modules Δ(i) = Ai/AA^+_1 i for i ∈ Λ, then Δ(x) = L(x); Δ(y) has a basis consisting of y and α_i for i ∈ m; and Δ(z) has a basis consisting of z, η_i for i ∈ l, γ_i for i ∈ n and α_iγ_j for (i, j) ∈ T . Thus one has the dimensional equality

dim_kA = 3 + 2(l + m + n) + l^2 + m^2 + n^2 + 2ln + 2(mn − v) + 2n(mn − v) + 2l(mn − v) + (mn − v)^2 = 1 + (1 + m)^2 + (1 + l + n + mn − v)^2 = ∑ i∈Λ (dim_kΔ(i))^2

This completes the proof. □

2.5. For later use we need some notations. For a pair (i, j) ∈ m × m, from relations in Lemma 2.4 one forms a n × n matrix a_{ij} = (a_{ijst}), and then gets a mn × mn symmetric matrix M = (a_{ij} ). Let B_v denote the mn × v matrix (b_1, · · · , b_v), where b_u = (b_{11u}, · · · , b_{1nu}, · · · , b_{iju}, · · · , b_{mnu})^t for u ∈ v, t means the transpose and v suggests the rank. We denote the algebra in 2.4 together with the linear order {x < y < z} by O(l, m, n, M, B_v), or briefly, O(l, m, n), where l(m^2 + n^2) + mn ≠ 0.

By interchanging the positions of a_{ijst} and a_{stij} for (i, j) ∈ m × m and (s, t) ∈ n × n in M, one gets a symmetric matrix, denote by P_M . Since B_v is a mn × v matrix with rank v, one can find a (mn − v) × mn matrix (c_1, · · · , c_{mn−v})^t of rank mn − v such that c_wb_u = 0 for w ∈ mn − v and u ∈ v. Let c_w = (c_{11w}, · · · , c_{n1w}, · · · , c_{jiw}, · · · , c_{nmw}), then ∑ i,j c_{jiw}b_{iju} = 0 for u ∈ v, w ∈ mn − v. (1) Denote by L_{Bv} the mn × (mn − v) matrix (d_1, · · · , d_{mn−v}) with d_w = (c_{11w}, · · · , c_{1nw}, · · · , c_{ijw}, · · · , c_{mnw})^t for w ∈ mn − v, where rank(L_{Bv} ) = mn − v.

Lemma 2.6. Let A be a connected Dyer algebra with weight poset Λ = {x < y < z}. Then there exist deta l, m, n, M and B_v such that A ≃ O(l, m, n, M, B_v); in particular, A is quadratic.

Proof. Let ω be the anti-involution of A, then ω sends arrows from i to j to arrows from j to i, where i, j ∈ Λ. So the number of arrows from i to j is equal to the number of arrows from j to i. Since A is quasi-hereditary, the quiver of A contains no loops, it follows that the quiver of A must be the one in Lemma 2.4, say → △. Let A = k^→△/I, where I is an ideal in k^→△ generated by some k−combinations of paths of length at least two. Since A = A^−A^+ and zA^−A^+z = ⟨z⟩, zA^−A^+y = ⟨δ_i for i ∈ n⟩, yA^−A^+z = ⟨γ_i for i ∈ n⟩, yA^−A^+y = ⟨y, γ_iδ_j for (i, j) ∈ n×n⟩ (where ⟨ , ⟩ denotes the k-space spanned by elements inside), there exist a mn × mn matrix M and a mn × v matrix B_v with rank v, where 0 ≦ v ≦ mn, such that all relations in 2.4 are contained in I. Since ω(β_iα_j − ∑ s,t a_{ijst}γ_sδ_t) = β_j α_i − ∑ s,t a_{ijst}γ_tδ_s, one has a_{ijst} = a_{jits}, i.e. M is symmetric.

We claim that I is exactly the ideal generated by all relations in 2.4. In fact, note that bases of standard modules Δ(i) for i ∈ Λ are still as stated in the proof of Lemma 2.4, so, if there are other relations not generated by the ones in Lemma 2.4, then the dimension of A must be less than ∑ i∈Λ (dim_kΔ(i))^2, this implies that A ≃ O(l, m, n, M, B_v). □ Summerizing 2.3, 2.4 and 2.6 we have Theorem 2.7. Let A be a connected k-algebra with three simple modules.

Then A is a Dyer algebra if and only if A is equivalent to some O(l, m, n, M, B_v) for l(m^2 + n^2) + mn ≠ 0. In particular, A is quadratic.

Corollary 2.8. (1) Let Λ be the poset {x < y, x < z}, A a connected k−algebra. Then A is a Dyer algebra with weight poset Λ if and only if A is equivalent to some O(l, m, 0) with lm ≠ 0.

(2) Let Λ be the poset {x < z, y < z}, A a connected k-algebra with weight poset Λ if and only if A is equivalent to some O(l, 0, n) with ln ≠ 0.

Proof. Let Λ = {x < y, x < z}. By 2.2 and 2.3 we have the necessity of (1); by dropping the order y < z in the weight poset of O(l, m, 0), one gets also a Dyer algebra with weight poset Λ, which has the same standard modules and costandard modules with O(l, m, 0), this proves the sufficiency of (1); and (2) is similarly proved. □

Remark 2.9. A is a basic connected quasi-hereditary algebra with weight poset {x < y} if and only if A is given by the quiver which has s arrows from x to y (denoted by α_i for α ∈ s) and t arrows from y to x(denoted by β_j for j ∈ t), and with relations β_iα_j for (i, j) ∈ t × s. Such an algebra is a Dyer algebra if and only if s = t.

3. Representation types.

With notations in 2.5, we have Theorem 3.1. Let A be a connected Dyer algebra with three simple modules, then

(i) A is representation-finite if and only if A is isomorphic to O(0, 1, 1, 1, 0) or O(0, 1, 1, λ, 1) for λ ∈ {0, 1};

(ii) A is of tame representation type if and only if A is isomorphic to one of O(1, 1, 0), O(1, 0, 1) and O(0, 1, 1, 0, 0);

(iii) A is of wild representation type if and only if A is not the case in (i) and (ii).

3.2. In order to prove the Theorem, we need a special case of a result due to C.M.Ringel.

Let Q be the quiver with the set of vertices {a, a_1, · · · , a_{s+t}}, and the arrows α_i : a_i −→ a and β_j : a −→ a_{s+j} for 1 ≤ i ≤ s and 1 ≤ j ≤ t. Let Γ be the union of the subquiver Q and some subquiver Γ^′, which is not specfied, and the two subquivers intersect in precisely the set {a_1, · · · , a_{s+t}} of vertices, but in no arrows. We admit that some of a_i coincide. Consider the quiver △ obtained as follows: replace the vertex a in Γ by two vertices a^′ and a^{′′} (note that: a^′ ≠ a^{′′}); and keep all others fixed (of course, α_i in Γ is replaced by α_i : a_i −→ a^{′′} and β_j is replaced by β_j : a^′ −→ a_{s+j}. Note that △ has the same subquiver Γ^′).

Consider the functor ϕ: k△ − mod −→ kΓ − mod which associates to a representation V = (V_i, φ_α) of △ the representation W with W |_Γ0 = V |_Γ0 and W_a = V_a0 ⊕ V_a00 and correspondingly forming direct sums of the given linear transformations.

Lemma. The functor ϕ induces a bijection between the indecomposable representations V in k△ − mod and in A − mod which are non-zero at at least one of the vertices a_i, where A = kΓ/⟨α_iβ_j for (i, j) ∈ s × t⟩.

Proof. Assume that W is indecomposable in A − mod, then W |_a = X ⊕ Y , where Y is the sum of all images of the maps α_i for i ∈ s. Let V ∈ k△ − mod: V |_Γ0 = W |_Γ0 , V |_a0 = X and V |_a00 = Y , then W = ϕ(V ). The rest is easily seen. □ Remark. If A is given by the quiver Γ above and relations α_iβ_j for (i, j) ∈ s×t and some other relations (not only in Γ^′, even α_i and β_j are involved), then the corresponding assertion is also true (just reserve the corresponding relations for △). 3.3. Proof of Theorem 3.1. We divide this into several steps (1) Using Theorem 1 of Reiten-Donkin in [DoRe] one gets (i). (2) Algebras of the form O(l, m, n) where there at least one of l, m, n is not less than 2 are of wild representation type, since they have quotient algebras k(▪ ⇒ ▪ ← ▪) or k(▪ ← ▪ ⇒ ▪). (3) O(1, 1, 0) is of tame representation type, since it is a string algebra in the sense of [BR] and not representation-finite.

(4) O(1, 0, 1) is of tame representation type. In fact, by using Lemma 2 in [R1,p.153], one sees that O(1, 0, 1) has the same representation type with the

algebra k(▪^γ⇄_δ^↓▪_↓)/I, where I is the ideal generated by δγ; repeating this argument,

then O(1, 0, 1) has the same representation type with the tame quiver

s_{D4.}

(5) Consider A ≃ O(0, 1, 1, λ, μ) for λ, μ ∈ k. If μ ≠ 0, then one can take μ = 1, and normalize the relation such that λ ∈ {0, 1}, this is the case O(0, 1, 1, λ, 1) in (1). If μ = 0 and λ ≠ 0, then again normalizing the relation and reducing this to the case O(0, 1, 1, 1, 0) in (1). Finally, again by using Lemma 2 in [R1, p.153] we know that O(0, 1, 1, 0, 0) has the same representation type with the tame quiver

s_{D4.}

(6) It remains to check that algebra A of the type O(1, 1, 1) is of wild representation type. Consider the algebra A^′ = A/I, where A = O(1, 1, 1, λ, μ) and I is the ideal generated by βα(with the notation in 2.4). By using twice the Remark in 3.2 one finds that A^′ has the same representation type with an algebra B, such that B has a quotient algebra which is of wild representation type.

Note that (1)-(6) are all possible cases, the theorem is proved. □

4. O algebras with three simple modules.

Theorem 4.1. Keep notations in 2.5, then O(l, m, n, M, B_v)^! = O(l, n, m, −P_M , L_{Bv} ) note that the algebra on left is with weight poset Λ = {x < y < z} and the right one is with weight poset Λ^{op} = {z < y < x}; in particular, O(l, m, 0)^! = O(l, 0, m).

Proof. Write O(l, m, n, M, B_v) as a quotient of a tensor algebra: let V be the k-space spanned by all arrows of the quiver of O(l, m, n, M, B_v), A_0 the semisimple subalgebra generated by x, y, z; W the k-space spanned by all relations in Lemma 2.4, then O(l, m, n, M, B_v) = T_{A0} (V )/⟨W ⟩, where ⟨W ⟩ denotes the ideal generated by W in T_{A0} (V ), the tensor algebra of V over A_0. Form the dual space V^∗, by α^∗, denotes the element of the dual basis of V^∗ corresponding to α. Let U be the k-subspace of V^∗ ⊗_{A0} V^∗ spanned by the following elements: β^∗_i ⊗ α^∗_j for (i, j) ∈ m × m; ξ^∗_i ⊗ η^∗_j for (i, j) ∈ l × l; ξ^∗_i ⊗ γ^∗_j and δ^∗_j ⊗ η^∗_i for (i, j) ∈ l × n; δ^∗_i ⊗ γ^∗_j + ∑ s,t a_{stij} α^∗_s ⊗ β^∗_t for (i, j) ∈ n × n; 2(mn−v) linearly independent k-combinations ∑ i,j c_{ijw}γ^∗_i ⊗α^∗_j and ∑ i,j c_{ijw}β^∗_j ⊗δ^∗_i for (i, j) ∈ n × m, where w ∈ (mn − v), and c_{ijw} is in the sense of 2.5.

Using the equality (1) in 2.5 and making direct calculations one finds that f(r) = 0 for all f ∈ U and r ∈ W . Since dim_kW + dim_kU = dim_k(V ⊗_{A0} V ), one has U = W^⊥, where W^⊥ := {f ∈ V^∗ ⊗ V^∗/f(W ) = 0} (here we identify

V^∗ ⊗ V^∗ with (V ⊗ V )^∗), this proves that O(l, m, n, M, B_v)^! := T_{A0} (V^∗)/⟨W^⊥⟩ ≃ O(l, n, m, −P_M , L_{Bv} ). □ Now we can give a classification of O algebras with three simple modules Theorem 4.2. Let A be a connected k-algebra with three simple modules.

Then A is O algebra if and only if A isomorphic to some O(l, m, n, M, L_{Bv} ) for l(m^2 + n^2) + mn ≠ 0.

Proof. By Theorem 2.7, 4.1 and the definition of O algebra, it suffices to prove that O(l, m, n, M, B_v) is a Koszul algebra. Let A = O(l, m, n, M, B_v) with weight poset Λ = {x < y < z}, using Proposition 2.15 in [D], we need to verify that the complex K(Δ(i)^t, δΔ_!(j)) of graded vector spaces is acyclic for i ≠ j in Λ.

Keep notations in Lemma 2.4, then grounded k-spaces of Δ(i) and Δ_!(j) are as follows Δ(x) = ⟨x⟩; Δ(y) = ⟨y, α_i for i ∈ m⟩; Δ(z) = ⟨z, η_i for i ∈ l, γ_i for i ∈ n, α_iγ_j for (i, j) ∈ m × n⟩; Δ_!(x) = ⟨x, η^∗_i for i ∈ l, α^∗_i for i ∈ m, γ^∗_i α^∗_j for (i, j) ∈ n × m⟩; Δ_!(y) = ⟨y, γ^∗_i for i ∈ n⟩; Δ_!(z) = ⟨z⟩. Note that A and A_! are graded algebra respect to lengths of paths; and standard modules are graded modules in the natural way. Since Δ_!(i)_p = 0 for p > 2, i ∈ Λ, where Δ_!(i)_p denotes the p−th homogenous component of Δ_!(i)_p as a graded A^!- module, it suffices to prove that the following complex is acyclic for i ≠ j in Λ 0 −→ K(Δ(i)^t, δΔ_!(j))^{−2 ∂}−→ K(Δ(i)^t, δΔ_!(j))^{−1 ∂}−→ K(Δ(i)^t, δΔ_!(j))^0 −→ 0

i.e.

0 −→ Δ(i)^t ⊗ (Δ_!(j)^t_2)^{∗ ∂}−→ Δ(i)^t ⊗ (Δ_!(j)^t_1)^{∗ ∂}−→ Δ(i)^t ⊗ j −→ 0

where the tensor product is over A_0, the semisimple subalgebra of A generated by x, y, z. Writing out this graded complex in terms of the homogenous components and noting that i ⊗ j = 0 = Δ(i)^t_2 ⊗ (Δ_!(j)^t_2)^∗ for i ≠ j, it reduces to check the following isomorphisms under ∂ for i ≠ j

Δ(i)^t_1 ⊗ (Δ_!(j)^t_2)^∗ ≃ Δ(i)^t_2 ⊗ (Δ_!(j)^t_1)^∗; i ⊗ (Δ_!(j)^t_1)^∗ ≃ Δ(i)^t_1 ⊗ j.

and the exactness of the following complex for i ≠ j

0 −→ i ⊗ (Δ_!(j)^t_2)^{∗ ∂}−→ Δ(i)^t_1 ⊗ (Δ_!(j)^t_1)^{∗ ∂}−→ Δ(i)^t_2 ⊗ j −→ 0

We make the verification for i = z, j = x in the above complex, the rest can be done by direct calculations. Let (⟨γ^∗_i α^∗_j ⟩^t)^∗ denote the k-space (Δ_!(x)^t_2)^∗, and by ((γ^∗_i α^∗_j )^t)^∗ denote the corresponding element in it, using grounded spaces of Δ(i) and Δ_!(j) listed above and the operation of t and ∗, then the complex above reads 0 −→ z ⊗ (⟨γ^∗_i α^∗_j ⟩^t)^{∗ ∂}−→ ⟨η_i, γ_j ⟩^t ⊗ (⟨η^∗_i , α^∗_j ⟩^t)^{∗ ∂}−→ ⟨α_iγ_j ⟩^t ⊗ x −→ 0 or 0 −→ (⟨γ^∗_i α^∗_j ⟩^t)^{∗ ∂}−→ ⟨γ_i⟩^t ⊗ (⟨α^∗_j ⟩^t)^{∗ ∂}−→ ⟨α_iγ_j ⟩^t −→ 0 (2) where ∂((γ^∗_i α^∗_j )^t)^∗ = γ^t_i ⊗ ((α^∗_j )^t)^∗; ∂(γ^t_i ⊗ ((α^∗_j )^t)^∗) = (α_j γ_i)^t for (i, j) ∈ n × m.

Note that the first ∂ is injective and the second one is surjective; and the dimension equality dim_k(⟨γ^∗_i α^∗_j ⟩^t)^∗ + dim_k⟨α_iγ_j⟩^t = v + (mn − v) = dim_k⟨γ_i⟩^t ⊗ (⟨α^∗_j ⟩^t)^∗. From this it follows that (2) must be exact. This completes the proof. □ Remark 4.3. (1) Let Λ = {x < y}, then A is O algebra with weight poset Λ if and only if A is Dyer algebra with weight poset Λ.

(2) Let A be an O algebra with weight poset Λ, where |Λ| ≥ 3. Assume that Λ^′ = {x_i/i = 1, 2, 3} is a coideal of Λ, i.e. if y ∈ Λ, y ≥ some x_i, then y ∈ Λ^′. Then by [D,Proposition 2.13] and 4.2, eAe is isomorphic to some O(l, m, n, M, B_v), where e = x_1 + x_2 + x_3.

Proposition 4.4. Assume that A is an arbitrary Koszul algebra and A^! its quadratic dual. Then the global dimension of A is equal to the Loewy length of A^!.

Proof. Since A is Koszul, there is an isomorphism (A^!)^{op} ≃ Ext^•_A(L, L) of graded k-algebra, where Ext^•_A denotes the Yoneda Ext-algebra in ungraded Amodules, L is the direct sum of all non-isomorphic simple A-modules, see [BGS]. Let A^! = ⨁ i≥0 A^!_i as graded algebra, then rad^mA^! = ⨁ i≥m A^!_i for m ≥ 1, and A^!_i ≃

Ext^i_A(L, L) as k-space for i ≥ 0, from this the assertion follows. □ From Theorem 4.1 one can see the Loewy length of O(l, m, n, M, B_v)^!, so we have

Corollary 4.5. Let l, m, n be non-negative integers such that l(m^2+n^2)+mn ≠ 0, then gl.dim.O(l, m, n, M, B_v) = { 4, mn ≠ 0 2, mn = 0 5. Kazhdan-Lusztig-Vogan polynomials.

5.1. For definitions and criterions for an exact Borel subalgebra and a Δsubalgebra of a quasi-hereditary algebra we refer to [K]. Since we consider basic algebra, both notations of exact Borel(Δ−, resp.) and strong exact Borel(strong Δ− resp.) subalgebras coincide. Let A = k^→△/I be a Dyer algebra with weight poset Λ, we keep notions in 1.2, i.e. let A_1 be the k-space of A spanned by arrows of^→△, A^± the subalgebra of A generated by the union Λ ∪ A^±_1 , where A^+_1 = ∑ y>x yA_1x and A^−_1 = ∑ y<x yA_1x. In this case, if B is an exact Borel subalgebra

of A, then ω(B) is a Δ-subalgebra of A, where ω is the anti-involution of A. The following proposition give a sufficient condition for the existence for an exact Borel subalgebra of A in terms of usual quiver and relations.

Proposition. Keeping notions above, then A^+ is an exact Borel subalgebra of A if and only if iA^+ ∩ iA^−_1 A = 0 for every weight i ∈ Λ.

Proof. It is clear that A^+ is directed, i.e. the usual quiver of B := A^+ has no oriented cycles. By Theorem A in [K] it suffices to verify that the given condition is equivalent to the following: for each weight i ∈ Λ, the restriction from A−modules to B−modules gives an isomorphism of B−modules: ∇_A(i) ≃ ∇_B(i). Since A^+ is directed, the costandard module ∇_B(i) is just the indecomposable injective B−module D(iB) = D(iA^+), where D is the dual functor Hom_k( , k). By definition one has ∇_A(i) = D(iA/iA^−_1 A). Note that iA = iA^−A^+ = iA^+ + iA^−_1 A^−A^+ = iA^+ + iA^−_1 A, and ∇_A(i) ≃ D(iA^+/iA^+ ∩ iA^−_1 A), from this one sees the assertion. □

Corollary 5.2. Let A = O(l, m, n, M, B_v), then A^+ and A^− are respectively an exact Borel subalgebra and Δ-subalgebra of A.

5.3. Let A be a quasi-hereditary algebra with weight poset Λ. Given y ≤ w in Λ, the Kazhdan-Lusztig-Vogan polynomial associated to y and w (see [I]) is P_{y,w}(q) = ∑ i (−1)^{d(y,w)−i}dim_kExt^i_A(Δ(y), L(w))q^{(d(y,w)−i)/2}

where d(y, w) is the maximum of the non-negative integer n such that there is a sequence y = y_0 < y_1 < · · · < y_n = w in Λ. The following proposition was given in [I] in case A is a BGG algebra, since BGG-reciprocity holds for any quasihereditary algebra([DR, Lemma 2.5]), one has also the following

Proposition. Let A be a quasi-hereditary algebra with weight poset Λ, y and w be elements of Λ, then

(i) P_{w,w}(q) = 1;

(ii) If y < w, P_{y,w}(1) = (−1)^{d(y,w)}[L(w) : Δ(y)], where [L(w) : Δ(y)] denotes the Δ(y)−cofficient of L(w) in Gr(A).

Proposition 5.4. Let A = O(l, m, n, M, B_v) with weight poset Λ = {x < y < z}, then P_{x,y}(q) = m; P_{y,z}(q) = n; P_{x,z}(q) = −lq^{1/2} + v. Proof. We only compute P_{x,z}(q), the rest is easy. By 5.2(ii) B := A^+ is an exact Borel subalgebra of A, so one has Ext^i_A(Δ(x), L(z)) = Ext^i_A(A ⊗_B L(x), L(z)) ≃ Ext^i_B ((L(x), L(z)), for the last isomorphism we refer to [DX, 3.5]. It is clear that radP_B (x) = P (z)^l ⊕ N, where N is spanned by β_i for i ∈ m and δ_j β_i for (i, j) ∈ T (we keep notations in Lemma 2.4). Let Θ = {i ∈ m/δ_j β_i = 0 in A, ∀j ∈ n}, and |Θ| = t, then N = L(y)^t ⊕ ( ⨁ i∈m−Θ N_i), where N_i is the

B−module Bβ_i. Denote by n_i the dimension of the k−space ⟨δ_j β_i, ∀j ∈ n⟩, then we have the exact sequence for each i ∈ m − Θ 0 −→ L(z)^{ni} −→ N_i −→ L(y) −→ 0 (3) Since L(z) = P_B (z) and p.d._BL(y) = 1, one has p.d._BL(x) = 2. Applying Hom_B ( , L(z)) to the exact sequence 0 −→ P_B (z)^l ⊕ N −→ P (x) −→ L(x) −→ 0 one gets Hom_B (P_B(z)^l ⊕ N, L(z)) = Ext^1_B (L(x), L(z)) ≃ k^l; Ext^1_B(N, L(z)) = Ext^2_B(L(x), L(z)). From the first equality above one sees Hom_B (N, L(z)) = 0, using this and applying Hom_B ( , L(z)) to (2) one finds Ext^1_B(N_i, L(z)) ≃ k^{n−ni} . Thus Ext^2_B(L(x), L(z)) ≃ Ext^1_B (L(y)^t, L(z)) ⊕ ( ⨁ i∈m−Θ Ext^1_B (N_i, L(z)) so dimExt^2_B(L(x), L(z)) = nt + n(m − t) − ∑ i∈m−Θ n_i = nm − (mn − v) = v

it follows that P_{x,z}(q) = −dim_kExt^1_A(Δ(x), L(z))q^{1/2} + dim_kExt^2_A(Δ(x), L(z)) = −dim_kExt^1_B(L(x), L(z))q^{1/2} + dim_kExt^2_B(L(x), L(z)) = −lq^{1/2} + v.□ 6. Ringel duals.

6.1. We have the following simple observation from the definition of the characteristic module.

Lemma. Let (A, Λ) and (A, Λ^′) be equivalent as quasi-hereditary algebras, then they have the same characteristic module.

6.2. Let A be an algebra of the form O(m, 0, n) for mn ≠ 0, we want determine the characteristic A-module. By Lemma 6.1 we may assume that the weight poset Λ = {x < z, y < z} (keep notations in 2.4). Then radP (x) = P (z)^m; radP (y) = P (z)^n; radP (z) = L(x)^m ⊕ L(y)^n let T = T (x) ⊕ T (y) ⊕ T (z) be the characteristic module of A, since both x, y are minimal in Λ, one has T (x) = Δ(x) = L(x), T (y) = Δ(y) = L(y), we need to determine T (z). By applying Hom_A( , P (z)) to the exact sequence 0 −→ P (z)^m −→ P (x) −→ L(x) −→ 0 one gets dim_kExt^1_A(L(x), P (z)) = m; similarly, dim_kExt^1_A(L(y), P (z)) = n. Let e_i for i ∈ m and ϵ_j for j ∈ n be bases of Ext^1_A(L(x), P (z)) and Ext^1_A(L(y), P (z)) respectively, by making the push-out of

the exact sequence (^m ⨁ i=1 e_i) ⊕ (^n ⨁ j=1 ϵ_j ) along the diagonal map P (z)^{m+n} −→ P (z)

which sends (x_1, · · · , x_{m+n}) to x_1 + · · · + x_{m+n} one obtains the exact sequence 0 −→ P (z) −→ C_z −→ L(x)^m ⊕ L(y)^n −→ 0 We call this push-out the universal sequence. Applying Hom_A(L(x) ⊕ L(y), ) to the universal sequence one has Hom_A(L(x) ⊕ L(y), L(x)^m ⊕ L(y)^n) −→ Ext^1_A(L(x) ⊕ L(y), P (z)) −→ Ext^1_A(L(x) ⊕ L(y), C_z) −→ 0 the first map is surjective by the construction of the universal sequence, so Ext^1_A(L(x)⊕L(y), C_z ) = 0. This means that C_z ∈ F(Δ)∩Y(Δ)) = F(Δ)∩F(∇)). We claim that T (z) = C_z. In fact, C_z ∈ addT , C_z is of the form L(x)^a ⊕ L(y)^b ⊕ T (z)^c with a, b ≥ 0, c ≥ 1. Since Hom_A(Δ(z), C_z ) = Hom_A(Δ(z), T (z)^c) ≃ EndΔ(z) = 1, one has c = 1. From the universal sequence one gets the exact sequence 0 −→ P (z) −→ T (z) −→ L(x)^{m−a} ⊕ L(y)^{n−b} −→ 0, then one has a su- jection Hom_A(L(x), L(x)^{m−a} ⊕ L(y)^{n−b}) −→ Ext^1_A(L(x), P (z)) −→ 0, comparing dimensions one gets that a = 0 = b. This proves T (z) = C_z.

The same arguments can be applied to O(m, n, 0), so we obtain Proposition. (1) Let A be an algebra of the form O(m, n, 0), then the characteristic A-module T = L(x) ⊕ T (y) ⊕ T (z), where T (y) and T (z) are given by the following universal sequences 0 −→ P (y) −→ T (y) −→ L(x)^n −→ 0; 0 −→ P (z) −→ T (z) −→ L(x)^m −→ 0. (2) Let A be an algebra of the form O(m, 0, n), then the characteristic A-module T = L(x) ⊕ L(y) ⊕ T (z), where T (z) is given by the universal sequence 0 −→ P (z)^σ−→ T (z)^{(ρ1,ρ2)}−→ L(x)^m ⊕ L(y)^n −→ 0 (4) Theorem 6.3. RO(m, n, 0) = O(m, 0, n); RO(m, 0, n) = O(m, n, 0), where R denotes the Ringel dual.

Proof. It suffices to prove the second equality above. Let A = O(m, 0, n) with weight poset Λ = {x < z, y < z}, and B := RO(m, 0, n) = End_AT , where

T = L(x) ⊕ L(y) ⊕ T (z) is the characteristic A-module. Denote by P_B(i) the indecomposable projective B-module corresponding to T (i) for i ∈ Λ. Then by using the tilting equivalence one sees

Hom_B(P_B (x), P_B (y)) = 0 = Hom_B(P_B (y), P_B (x)).

Applying some suitable functors to (4) one finds dim_kHom_B (P_B (x), P_B (z)) = m = dim_kHom_B(P_B (z), P_B (x)); dim_kHom_B (P_B (y), P_B (z)) = n = dim_kHom_B(P_B (z), P_B (y)). Since radP_A(z) = L(x)^m ⊕ L(y)^n, one gets m canonical injections λ_i: L(x) → radP_A(z) → P_A(z)^σ−→ T (z) and n canonical injections λ^′_i from L(y) to T (z), where i ∈ n. Then the corresponding maps in Hom_B (P_B(x), P_B (z)) induced by λ_i for i ∈ n form a base of Hom_B (P_B (x), P_B (z)), by construction it is clearly a base of Irr(P_B (x), P_B (z)) = radHom_B (P_B (x), P_B (z))/rad^2 Hom_B(P_B (x), P_B (z)). Sim- ilarly, one gets a basis of Irr(P_B (y), P_B (z)). Dually, by using canonical projections μ_i : T (z)^{ρ1}−→ L(x)^{m pi}−→ L(x) and μ^′_j : T (z)^{ρ2}−→ L(y)^{n pj}−→ L(y) for i ∈ m and j ∈ n, one gets the corresponding bases of Irr(P_B (z), P_B (x)) and Irr(P_B (z), P_B (y)). It follows that the quiver of B must be the one of O(m, n, 0) (note that B has no loop since B is quasi-hereditary). Since λ_iμ_j = 0 for (i, j) ∈ m × m; λ^′_iμ^′_j = 0 for (i; j) ∈ n × n; λ_iμ^′_j = 0 = λ^′_j μ_i for (i, j) ∈ m × n; and note that there is no other relations, B is of the form O(m, n, 0) with weight poset Λ^{op} = {z < x, z < y}. This completes the proof. □

References

[BGG] I. N. Bernstein, I. M. Gelfand and S. I. Gelfand, A category of G-modules, Funct. Anal. and Appl. 10(1976), 87-92.

[BGS] A. Beilinson, V. Ginsburg and W. Soergel, Koszul duality patterns in representation theory, Preliminary version of preprint.

[BR] M. C. R. Butler and C. M. Ringel, Auslander-Reiten sequences with few middle terms and applications to string algebras, Comm. Algebra 15(1987), 145-179.

[CPS] E. Cline, B. Parshall and L. L. Scott, Finite dimensional algebras and highest weight categories, J. Reine Angew. Math. 391(1988), 85-89.

[D] M. J. Dyer, Kazhdan-Lusztig-Stanley polynomials and quadratic algebras I, Preprint.

[DoRe] S. Donkin and I. Reiten, On Schur algebras and related algebras V: some quasihereditary algebras of finite type, J. Pure and App. Algebra 97(1994) 114-134.

[DR] V. Dlab and C. M. Ringel, The module theoretical approach to quasi-hereditary algebras, London Math. Soc. LNS 168, ”Representations of algebras and related topics”, Cambridge Univ. Press (1992), 200-224.

[DX] B. M. Deng and C. C. Xi, Quasi-hereditary algebras which are twisted double incidence algebras of posets, Preprint.

[I] R. S. Irving, BGG algebras and the BGG reciprocity principle, J. Algebra 135(1990), 363-380.

[K] S. König, A guide to exact Borel subalgebras of quasi-hereditary algebras, Canadian Math. Soc. Conference Proceeding 14(1993), 291-308.

[R1] C. M. Ringel, Tame algebras, Springer LNM 831(1980), 137-289. [R2] C. M. Ringel, The category of modules with good filtrations over a quasihereditary algebra has almost split sequences, Math. Z. 208(1991), 209-223.

Facultät für Mathematik, Universität Bielefeld D-33501 Bielefeld, Germany e-mail: pzhang@mathematik.uni � bielefeld.de Permanent address: Department of Mathematics, University of Science and Technology of China, Hefei 230026, P R China