VISUAL BASIC REPRESENTATIONS: AN ATLAS

Eugene Plotkin ♮, Andrei Semenov ♭, Nikolai Vavilov ♯

♮, ♭, ♯ Fakultät für Mathematik Universität Bielefeld 33615 Bielefeld, Deutschland and ♭, ♯ Department of Mathematics and Mechanics University of Sanct-Petersburg Petrodvorets, 198904, Russia and ♮ Department of Mathematics and Computer Science Bar Ilan University Ramat Gan, 52900, Israel

Abstract. We depict the weight diagrams of basic and adjoint representations of complex simple Lie algebras/algebraic groups and describe some of their uses.

Introduction

In this paper we collect the weight diagrams of basic representations of complex simple Lie algebras as well as of those adjoint representations, which are not basic. These pictures arise in a number of contexts, but their main significance stems from the fact that they allow to visualize calculations with root systems, Weyl

1991 Mathematics Subject Classification. 17B10, 17B20, 17B25, 20G05, 20G15, 20G35, 20G40, 20G45, secondary 06A07, 20C33, 20D06.

Key words and phrases. Semisimple Lie algebra, Chevalley group, Weyl modules, root systems, Weyl group, basic representation, microweight, adjoint representation, weight diagram, Bruhat order.

The authors gratefully acknowledge the support of the Sonderforschungsbereich 343 and of the Alexander von Humboldt-Stiftung and the hospitality of the Universität Bielefeld during the preparation of the present article.

Typeset by AMS-TEX 1

2 e.plotkin, a.semenov, n.vavilov

groups, Lie algebras, Chevalley groups and their representations, to a large extend replacing (or sometimes enhancing) such tools as calculations with matrices or Bruhat decompositions.

These pictures and related combinatorial objects appeared dozens (hundreds?) of times in various contexts, such as representation theory and structure theory of semisimple Lie algebras, algebraic groups and Lie groups, invariant theory, algebraic K-theory, combinatorial geometries, Schubert calculus, Jordan systems, Hermitian symmetric spaces, combinatorics, computer algebra, etc. Our primary emphasis in this paper are the pictures themselves, rather than their uses. In this sense it is a pendant to [V7], which contains a detailed description of significance of the pictures and various numerical invariants connected with them, as well as proofs of some results quoted here en passant.

The paper is organized as follows. In Section 1 we recall the notation. In Section 2 we define the weight diagrams, discuss various ways to draw them and explain how the diagrams in the atlas were constructed. Finally, Section 3 discusses some of the applications of the pictures referring to [BE], [BC1], [BC2], [CCu], [Cl], [CIK], [DES], [ES1], [ES2], [HS], [Hi1], [Hi2], [Ho], [Ir], [Mz2], [PR], [Pl3] – [Pl5], [Sch], [St2], [V2], [V4], [V6] – [V9], [VP1] – [VP3], [Z] for a detailed explanation of these and further examples and many additional references. In the bibliography we cite further papers containing these and similar pictures. Tables 1 and 2 reproduce the numbering of the fundamental roots and the list of basic and adjoint representations. The core of the paper, its raison d’être, are the pictures themselves, Figures 1 – 28.

1. Basic notions

In this section we briefly recall the notation used in the sequel and the notion of a basic representation. All background information on root systems, Lie algebras, algebraic groups, Chevalley groups and representations may be found in [Bo1], [Bo2], [Bu1], [Bu2], [Ca], [Hé], [H1] – [H3], [Ja], [Sp1], [Sp2], [Sb].

1o. Root systems and Weyl groups. Let Φ be a reduced irreducible root system of rank l, Q(Φ) be the root lattice, P (Φ) be the weight lattice. Fix an order on Φ, and let Φ^+, Φ� and Π = {α_1, . . . , α_l} be the sets of positive, negative and fundamental roots respectively. Our numbering of the fundamental roots follows that of [Bu1] (see Table 1). By ω_1, . . . , ω_l one denotes the corresponding fundamental weights.

Let W = W (Φ) be the Weyl group of the root system Φ, i.e. the group generated by the set of fundamental reflections w_{α1} , . . . , w_{αl} . For brevity sake we write s_i = w_{αi} . Denote the set {s_i, 1 ≤ i ≤ l}, of fundamental reflections by S. A conjugate t of a fundamental reflection, t = ww_{αi} w�^1, is called a reflection and the set of all reflections will be denoted by T . Let l be the length function on W , i.e. l(w) is the length of the shortest expression of w ∈ W in terms of the fundamental reflections.

There are two partial orders on the group W called the strong and the weak Bruhat orders. Namely, for u, v ∈ W we write u ≤ v and say that u precedes v in the strong Bruhat order (usually called simply the Bruhat order), if there exist visual basic representations: an atlas 3

reflections t_1, t_2, . . . , t_k ∈ T such that l(ut_1t_2 · · · t_m) = l(u) + m, for 1 ≤ m ≤ k, and ut_1t_2 · · · t_k = v. Similarly, the element u precedes v in the weak Bruhat order, u ⪯ v, if there exist fundamental reflections t_1, t_2, . . . , t_k ∈ S such that l(ut_1t_2 · · · t_m) = l(u) + m, for 1 ≤ m ≤ k, and ut_1t_2 · · · t_k = v (see [Bj1], [Bj2] for additional references).

For any subset J ⊆ S let W_J be the parabolic subgroup of W generated by J. The set of left cosets W^J = W/W_J inherits the structure of a partially ordered set according to both orderings. Indeed, there is a well-known characterization of the set W^J in terms of the length function [Bu1], [Ca]. Let D_J be the set of elements w ∈ W , such that l(ws) > l(w) for all s ∈ J. Then the map D_J → W^J sending u ∈ D_J to uW_J is a bijection. Each element w ∈ W can be uniquely expressed in the form w = uv, where v ∈ W_J , u ∈ D_J and l(w) = l(u) + l(v). In other words, u is the unique shortest representative of the coset wW_J . The Bruhat order (weak Bruhat order) on W/W_J is induced by the corresponding order on the set D_J , namely: w_1W_J ≤ w_2W_J (respectively w_1W_J ⪯ w_2W_J ) if and only if u_1 ≤ u_2 (respectively u_1 ⪯ u_2) for the shortest representatives u_1, u_2 of these cosets: u_1, u_2 ∈ D_J , u_1 ∈ w_1W_J , u_2 ∈ w_2W_J .

2o. Chevalley algebras and groups. We denote by L = L_C the complex semisimple Lie algebra of type Φ, by [ , ] the Lie bracket on L and by H its Cartan subalgebra. Then L admits root decomposition L = H ⨁ ∑ L_α, where L_α are the root subspaces, i.e. one-dimensional subspaces, invariant with respect to H. For each root α denote by the same letter the linear functional on H, such that [h, e_α] = α(h)e_α. We can identify H and H� via the Killing form and consider α’s as elements in H. However, it is more convenient to consider coroots h_α = 2α/(α, α) instead of roots. A choice of non-zero elements e_α ∈ L_α, α ∈ Φ^+, uniquely determines the elements e�_α ∈ L�_α, α ∈ Φ^+, such that [e_α, e�_α] = h_α. Then the set {e_α, α ∈ Φ; h_β, β ∈ Π} is a base of the Lie algebra L, called a Weyl base of L.

Usually one normalizes a Weyl base in such a way, that all the structure contants N_{αβ}, where [e_α, e_β] = N_{αβ}e_{α+β}, become integers. Such a normalized base is called a Chevalley base. Let L_Z be the integral span of a Chevalley base, it is a Z-form of L, called an admissible Z-form or a Chevalley order. For any commutative ring R we set L_R = L_Z ⊗_Z R. In other words L_R is the free R-module with the base e_α = e_α ⊗1, h_β = h_β ⊗1, with the same multiplication table as over C . The algebra L_R is called the Chevalley algebra of type Φ over R.

To a reduced irreducible root system Φ and a lattice P , P (Φ) ≤ P ≤ Q(Φ), there corresponds a (unique) affine group scheme G = G_P (Φ, ) over Z, called the Chevalley–Demazure group scheme of type (Φ, P ), see [Ch2]. The value of the functor G on a commutative ring R with identity is called the Chevalley group of type (Φ, P ) over R. When R = K a field, this group, i.e. the group of rational points G(Φ, K) with coefficients in K, is the split semisimple algebraic group of type (Φ, P ) over K.

In the sequel we always assume that the group G(Φ, R) = G_P (Φ, R) is simply

4 e.plotkin, a.semenov, n.vavilov

connected, or, in other words, P = P (Φ). Fix a split maximal torus T(Φ, ) of G = G(Φ, ). Its value T = T(Φ, R) on a ring R will be called the split maximal torus of the group G(Φ, R). We denote by x_α(ξ), α ∈ Φ, ξ ∈ R, the elementary root unipotents of the group G(Φ, R) with respect to the given torus T(Φ, R). The group E(Φ, R) generated by all the elementary unipotents x_α(ξ) is called the elementary subgroup of G(Φ, R). As usual for an ε ∈ R� we set w_α(ε) = x_α(ε)x�_α(−ε�^1)x_α(ε) and h_α(ε) = w_α(ε)w_α(1)�^1.

3o. Weyl modules. Let π : L → gl(V ) be a representation of L in a finite dimensional vector space V over C . For an element λ ∈ H� denote by V^λ the corresponding weight subspace of the space V regarded as an H-module, i.e. V^λ = {v ∈ V | π(h)v = λ(h)v, h ∈ H}. We say, that λ is a weight of the representation π if V^λ ≠ 0. The dimension m_λ = mult(λ) of the space V^λ is called the multiplicity of the weight λ. Let us denote by Λ(π) the set of weights of the representation π, and by Λ(π) the set of weights with multiplicities. This means that all the weights from Λ(π) are distinct, and we assign to each weight λ ∈ Λ(π) a collection of m distinct “weights” λ_1, . . . , λ_m ∈ Λ(π), where m = mult(λ). We denote by Λ�(π) and by Λ�(π) the sets of non-zero weights and non-zero weights with multiplicity, respectively. Let P = P (π) be the lattice of weights of the representation π, i.e. the subgroup in P (Φ) generated by Λ(π). Then, V = ⨁ V^λ, λ ∈ Λ(π). In particular, for the adjoint representation π = ad, we have V = L, Λ�(π) = Φ, Λ(π) = Φ ∪ {0_1, . . . , 0_l}, P = Q(Φ), V^α = L_α for α ∈ Φ and V^0 = H.

Let μ ∈ Λ(π) and v^+ ∈ V . The weight μ is called the highest weight of the representation π and the vector v^+ is called a highest weight vector (or a primitive element) if π(e_α)v^+ = 0 for all α ∈ Φ^+. Of course, this notion depends on the choice of order on the root system Φ. The representation π is irreducible if and only if V is generated as an L-module by a vector of the highest weight. The multiplicity of the highest weight of an irreducible representation is equal to 1, hence a primitive element in this case is uniquely determined up to multiplication by a non-zero scalar. It is well-known, that the correspondence between the finite dimensional irreducible modules and their highest weights yields a bijection of the set of isomorphism classes of irreducible finite dimensional L-modules and the set

P (Φ)_{++} = {μ ∈ P (Φ) | (μ, α) > 0, α ∈ Π}

of dominant integral weights (with respect to a fixed order).

The Chevalley-Ree theorem asserts, that each finite dimensional L-module V contains a Z-lattice M, invariant with respect to all divided powers π(e_α)^m/m!, α ∈ Φ, m ∈ Z^+, and that such a lattice is the direct sum of its weight components M^λ = M ∩ V^λ (see [Ca2], [R3], [K], [Sb3], [H2]). Such a lattice M = V_Z is called an admissible Z–form of the module V or simply an admissible lattice. A base v^λ, visual basic representations: an atlas 5

λ ∈ Λ(π), of the space V , consisting of weight vectors, such that M =

∑ Zv^λ is an

admissible lattice, is called an admissible base of V .

Let again R be an arbitrary commutative ring. Set V_R = V_Z ⊗_Z R. In other words, V_R is the free R-module with the base v^λ = v^λ ⊗ 1, λ ∈ Λ(π). It is clear that V_R is a module over the Chevalley algebra L_R. Indeed, e_α and h_α act on the first component of the product v ⊗ ξ, v ∈ V_Z , ξ ∈ R, while the scalars of R act on the second one. If V is an irreducible L-module with the highest weight μ, then V_R is called the Weyl module of the Chevalley algebra R with the highest weight μ.

Clearly V_R may be considered also as a representation of the (simply connected) Chevalley group G(Φ, R). It will be also refered to as the Weyl module with the highest weight μ. Even when R = K is a field, this representation does not in general coincide with the irreducible representation with the highest weight μ. In fact it is only indecomposable, not irreducible (of course, it is irreducible for fields of characteristic 0). In the sequel we deal exclusively with the Weyl modules.

4o. Basic representations. Let us recall that an irreducible representation π of the complex semi-simple Lie algebra L is called basic^1 if the Weyl group W = W (Φ) acts transitively on the set Λ�(π) of non-zero weights of the representation π. This is equivalent to saying that if for any two non-zero weights λ, μ their difference is a fundamental root α = λ − μ, then w_αλ = μ for the corresponding fundamental reflection w_α ∈ W .

It is straightforward to enumerate basic representations. First of all, it is clear that the non-zero weights of such a representation have multiplicity 1 (they are in the Weyl orbit of the highest weight). Thus Λ�(π) = Λ�(π). It is easy to show [Ch1] that the multiplicity of the zero weight is m = |Δ(π)|, where Δ(π) = Π ∩ Λ�(π) is the set of fundamental roots which are weights of the representation π. Therefore we may speak about m “zero-weights” ^α, where α ∈ Δ(π).

Now if π actually has zero weight then all the remaining weights of π must be the short roots of the root system Φ. Thus every complex semisimple Lie algebra has a unique such representation, called the “short-root representation”. Its highest weight μ coincides with the short dominant root of Φ. If there is just one root length then μ is the maximal root and this representation is the adjoint representation of L. If there is no zero weight then Λ(π) = Λ�(π) and all the weights of π form one Weyl orbit. Such a representation is called a microweight or minuscule representation and of course a list of such these representations is very well known (see [Bu2]). Many further details and references concerning these representations may be found in [Hi2], [Pr2], [V4], [PR], [V7], [VP3]. For the types Φ = G_2, F_4, E_8 there are no microweight representations. The total number of basic representations of the Lie algebra L of type Φ equals |P (Φ) : Q(Φ)| (see [M]).

1This usage follows [Ch1] and [M]. Many authors, especially in physics, use ‘basic’ as a substitute of ‘fundamental’. In [Se1] ‘basic’ refers to a subclass of infinitesimally irreducible representations. However we always use the word ‘basic’ in the same sense as [M].

6 e.plotkin, a.semenov, n.vavilov

In Table 2 we reproduce an explicit list of basic representations for all root systems Φ, giving the corresponding highest weight μ, type and dimension. With the sole exception of the adjoint representation for A_l all these representations are fundamental. The last column refers to the corresponding figures in the atlas. For the classical types we cannot of course draw all of the pictures and in the next section we explain how to construct them (see [PR] and [V7] for details).

Besides basic representations, we include the diagrams of adjoint representations for the root systems B_l, C_l, F_4 and G_2. Of course, these representations are not basic, since the roots have different length and therefore the Weyl group has two orbits on non-zero weights. However, they also have the property that all non-zero weights have multiplicity one, and in this sense they are close to the basic ones. In these cases Δ(π) = Π is the set of all fundamental roots and the multiplicity m of the zero weight equals l. We refer to the modules in Table 2 as the minimal modules^2.

5o. Action on a minimal module. Fix a basic representation π of a Chevalley group G = G(Φ, R) on the free R-module V = V_R = V_Z ⊗_Z R. We tend to identify G with its image π(G) = G_π(Φ, R) under this representation and often omit the symbol π in the action of G on V . Thus for an x ∈ G and v ∈ V we write xv for π(x)v. Decompose the module R into the direct sum of its weight submodules V = ∑ V^λ ⊕ V^0, λ ∈ Λ�(π).

H.Matsumoto [M, Lemma 2.3], has shown that one may normalize a base of weight vectors v^λ ∈ V^λ, λ ∈ Λ�(π), v^0_α ∈ V^0, α ∈ Δ(π), in such a way that the action of the root unipotents x_α(ξ), α ∈ Φ, ξ ∈ R, is described by the following very nice formulas:

i. if λ ∈ Λ�(π), λ + α ∉ Λ(π), then x_α(ξ)v^λ = v^λ;

ii. if λ, λ + α ∈ Λ�(π), then x_α(ξ)v^λ = v^λ ± ξv^{λ+α};

iii. if α ∉ Λ�(π), then x_α(ξ)v^0 = v^0, for any v^0 ∈ V^0;

iv. if α ∈ Λ�(π), then x_α(ξ)v�^α = v�^α ± ξv^0(α) ± ξ^2v^α, x_α(ξ)v^0 = v^0 ± ξα�(v^0)v^α;

where α� is a certain unimodular element of the dual space (V^0)� = Hom_R(V^0, R) and v^0(α) is a unimodular element of V^0 (recall that an element v of a free R-module V is unimodular if the submodule generated by v is a direct summand of V , or, equivalently, if there exists a φ ∈ V � = Hom_R(V, R), such that φ(v) ∈ R�). We refer to this fact as Matsumoto’s lemma. In fact since the only basic representations

2There is no consensus on the usage of the word ‘minimal’ either. In [JP] ‘minimal’ is used for what we call ‘basic’. Some authors use ‘minimal’ as a synonim of ‘minuscule’, some others reserve it solely for the modules of the smallest dimension.

visual basic representations: an atlas 7

which actually have zero weights come from the adjoint ones, it is easy to give explicit formulas for v^0(α), α�(v) as well, see [VP3]. For the sake of brevity we write vb^α instead of v^0_α. Then our base {v^λ} of V is indexed by all the weights λ ∈ Λ(π) with multiplicities.

Now we may expand any v ∈ V in the chosen base, v = ∑ c_λv^λ + ∑ c^0_αv^0_α, λ ∈ Λ�(π), α ∈ Δ(π). Usually we suppress distinction between zero and nonzero weights and write simply v = ∑ c_λv^λ, λ ∈ Λ(π). Then c_λ is called the λ-th coordinate of v. Matsumoto’s lemma provides explicit formulas for the action of x_α(ξ) on v and on its coordinates.

2. Weight diagrams

In this section we briefly recall how the weight diagrams^3 of the above representations are constructed.

1o. Weight diagrams. It is well known, that a choice of a fundamental system Π defines a partial order of the weight lattice P (Φ) as follows: λ ≥ μ if and only if λ − μ is a linear combination of the fundamental roots with non-negative integral coefficients. Let us associate with a representation π a graph which is almost the Hasse diagram of the set Λ(π) of its weights with respect to the above order. Actually, for the representations where all weights have multiplicity one it will be precisely this Hasse diagram. However in general we want the nodes of the diagram to correspond to the base vectors of the corresponding representation space, rather than the weights themselves, so we need mult(μ) nodes corresponding to a weight μ. Fortunately for the basic and adjoint representations all non-zero weights have multiplicity one, so this problem arises only for the zero weight.

We construct a labeled graph in the following way. Its vertices correspond to the weights λ ∈ Λ(π) with multiplicities of the representation π, and the vertex corresponding to λ is actually marked by λ (usually these labels are omitted). This means that there is one node corresponding to each non-zero weight and that to the zero weight there correspond m distinct nodes ^α, α ∈ Δ(π). We read the diagram from right to left and from bottom to top, which means that a larger weight tends to stand to the left of and higher than a smaller one, with the landscape orientation being primary.

The vertices corresponding to the weights λ, μ ∈ Λ(π) are joined by a bond marked α_i (or simply i) if and only if their difference λ−μ = α_i ∈ Π is a fundamental

3Once more our usage dramatically differs from that common in physics, where the ‘weight diagram’ denotes the actual configuration of weights in the l-dimensional Euclidean space. The weight diagrams in our sense were first drawn by E.B.Dynkin in mid-fifties (private communication of E.B.Vinberg) and were systematically used starting with the paper of M.R.Stein [St2]. They preserve most of the essential information about the configuration of weights.

8 e.plotkin, a.semenov, n.vavilov

root^4. We draw the diagrams in such a way that the marks on the opposite sides of a parallelogram are equal and in that case at least one of them is omitted.

When λ and μ are non-zero weights this definition is unambiguous. It remains to explain how we understand the equality when λ or μ is a zero weight. If λ = ^α, where α ∈ Δ(π), then we stipulate μ = −α and α_i = α, so that ^α = (−α) + α. If μ = ^α, α ∈ Δ(π), then λ = α_i = α and α = ^α + α. This means that to any root α ∈ Δ(π) there corresponds the following weight chain of length three: ∘ α α ∘ ~α α ∘ −α and ^α is not adjacent to any other vertex.

In fact the above convention is somewhat arbitrary. To really calculate in the presense of the zero weights we have to introduce also another sort of bonds, which we denote by dotted lines and which join ^α to ±β if α, β ∈ Δ(π), α ≠ β, are not orthogonal. But these bonds have to be read in one direction, from a zero weight to a non-zero one, see [V4], [VP3] for details. (In fact the dotted bonds are precisely the ones which come from those covering relations of the strong Bruhat order which are not present in the weak Bruhat order, see the two following subsections for the explanation and an example).

2o. Hasse diagrams of Bruhat order. For the case of microweight representations there is another natural way to look at these diagrams. Let ω = ω_k be the highest weight of a microweight representation. Then all the other weights lie in the Weyl orbit of ω and thus correspond bijectively to the cosets W/W_k, where W_k is the Weyl subgroup of the Weyl group W = W (Φ) generated by reflections in all the fundamental roots except α_k. As recalled in Section 1, there is a usual way to introduce a partial order on the set of such cosets, viz. the (induced) Bruhat order. The following result is essentially contained in [Pr1], [Pr2] (although never stated there in this form, see [V7] for a proof).

Lemma. Let ω = ω_k be a microweight and W_J = W_k be its stabilizer in the Weyl group. Then the Bruhat order on W^J = W/W_J coincides with the weak Bruhat order and the poset W^J is anti-isomorphic to the poset W ω with respect to the usual ordering of weights. In other words

w_1W_J ⪯ w_2W_J ⇐⇒ w_1W_J ≤ w_2W_J ⇐⇒ w_1ω ≥ w_2ω.

This lemma tells us that for the microweight representations the diagrams described in the preceding subsection are precisely the duals of the Hasse diagrams

4There is another graph, associated with a representation, in which the nodes are as above and two nodes are joined by a bond if their difference is any root, not necessarily fundamental. We refer to this graph as the weight graph of a representation, see the next section. One may find discussion of some examples in [BCN], [RS], [Cp2], [CS].

visual basic representations: an atlas 9

of the Bruhat order (which in these cases coincides with the weak Bruhat order) on the coset spaces W^J modulo the corresponding parabolic subgroups W_J of W . This explains why precisely the same pictures appear in a variety of contexts, see, for example, [CIK], [BC1], [BC2], [CCh], [Cl], [DES], [ES1], [ES2], [Hi1], [Ho], [I], [PR], [Pl1] – [Pl5], [Pr2], [Pr3], [Sch], [St2], [V2], [V4], [V6] – [V9], [VP3], [Z].

When there is a zero-weight the dotted lines occur precisely because the corresponding Bruhat order on the non-zero weights is actually stronger then the weak order: a pair of an ordinary and a dotted line with a common vertex corresponds to a bond in the Hasse diagram of the Bruhat order which does not come from a fundamental reflection.

3o. An example. In this subsection we compare different ways to draw the weight diagrams and the Hasse diagrams of the Bruhat order for the case of the adjoint representation of a group of type A_2. First, in the literature on physics the ‘weight diagram’ of this representation would be something like

In M.R.Stein’s paper [St2] the weight diagram of this representation is depicted as follows (no multiplicities!):

Our way to draw this picture, according to the above convention is:

This way was used in the papers by the present authors and A.E.Zalesskii, see [VP1], [Z], [Pl1] – [Pl5], [V1], [V2], [V4], [V6], [Se]. This is the way how we draw the diagrams in the present paper.

10 e.plotkin, a.semenov, n.vavilov

The same diagram with the ‘dotted’ lines read in one direction, see [VP3] looks as follows:

It remains to compare these diagrams with the diagrams of the weak Bruhat order

and the strong Bruhat order

on the Weyl group of type A_2 (no zero weight!).

As observed in the preceding subsection, for a microweight all these modes to draw the diagram coincide – what a relief!

4o. Construction of the weight diagrams. In this subsection we explain how the weight diagrams in this atlas have been drawn and how to draw the diagrams for the classical groups, which are not there. The general idea is to construct the diagrams inductively, i.e. to build them from the weight diagrams corresponding to a proper subsystem.

Take (A_l, ω_k) as an example. For this case we construct the weight diagram according to the ‘Pascal triangle’. The weights of this representation have the form e_{i1} +. . .+e_{ik} , where 1 ≤ i_1 < . . . < i_k ≤ l +1. Clearly, there are (_{l+1} k ) such weights.

Now consider the root subsystem A_l�_1 in A_l, generated by all the fundamental roots, except α_l, and restrict the representation (A_l, ω_k) to this subsystem. Clearly with respect to this subsystem there are two orbits of weights, those without e_{l+1} and those with e_{l+1}. There are (_l k ) weights of the form e_{i1} + . . . + e_{ik} , where visual basic representations: an atlas 11

1 ≤ i_1 < . . . < i_k ≤ l, and (_l k�1^{) weights of the form ei}1^{+ . . . + ei}k�1^{+ el+1,}

where 1 ≤ i_1 < . . . < i_k�_1 ≤ l, and they form precisely the weight diagrams of the representations (A_l�_1, ω_k) and (A_l�_1, ω_k�_1) respectively. All the bonds of these diagrams are marked with the fundamental roots α_1, . . . , α_l�_1 and it remains only to fit α_l in the picture. This is done as follows. Clearly, the only weights from which one can subtract α_l = e_l − e_{l+1} are the weights of the form e_{i1} + . . . + e_{ik}�_1 + e_l, where 1 ≤ i_1 < . . . < i_k�_1 ≤ l − 1. There are

(_l�_1

k�1^{) such weights.}

Thus we have described an inductive procedure to construct the weight diagram of the representation (A_l, ω_k): we have to take the diagrams of the representations (A_l�_1, ω_k) and (A_l�_1, ω_k�_1) and glue them with the bonds with label l along the weight diagram of (A_l�_2, ω_k�_1). In all other cases we proceed similarly.

Consider the spin and half-spin representations as another example. In this case one has to restrict to the subsystem generated by all the fundamental roots except α_1. For example, a weight of the spin representation for B_l has the form 1 2 (±e_1 ± . . . ± e_l) and will be denoted in the sequel simply by the sequence of signs (±, ±, . . . , ±). There are 2^l such weights. Clearly, restricting to the subsystem B_l�_1 generated by the fundamental roots α_2, . . . , α_l, we fix the first component to be + or −. There are 2^l�^1 weights which start with + and 2^l�^1 weights which start with −. Thus the weight diagram (B_l, ω_l) consists of two weight diagrams of type (B_l�_1, ω_l). It remains to establish how they are glued together by the root α_1. Clearly, the only weights, from which one can subtract α_1 = e_1 − e_2 have the form (+, −, ±, . . . , ±) and there are 2^l�^2 such weights. Thus we glue the two copies of (B_l�_1, ω_l) by the bonds with label 1 along the weight diagram of (B_l�_2, ω_l).

The same procedure works for the half-spin (D_l, ω_l�_1) and (D_l, ω_l). Their weights may be presented by the same sequences of signs (±, ±, . . . , ±), with the number of pluses even in one case and odd in another one. As graphs without labels they are isomorphic to the weight diagrams of type (B_l�_1, ω_l�_1). To construct, say, (D_l, ω_l�_1) one has to take a copy of (D_l�_1, ω_l�_2) and a copy of (D_l�_1, ω_l�_1) and glue them along (D_l�_2, ω_l�_2).

Exactly the same procedure has been applied to construct the weight diagrams in all other cases. For example, the weight diagram for the adjoint representation of the Lie algebra of type E_8 was constructed as follows. The dimension of this representation equals 248. Its restriction to E_7 clearly gives a copy of the adjoint representation of the Lie algebra of type E_7, two copies of the minuscule module of type E_7 (in positive and negative roots respectively) and three copies of the trivial representation (the maximal and the negative maximal root and the one dimensional toral subalgebra, corresponding to α_8): 248 = 133 + 56 + 56 + 1 + 1 + 1. Now we do the same with the representations of E_7, considering their branching with respect to E_6. Thus the restriction of the adjoint representation of type E_7 to E_6 decomposes into the direct sum of the adjoint representation of E_6, the two minuscule modules (the one with the highest weight ω_1 in the positive roots and its dual with the highest weight ω_6 in the negative ones) and a trivial summand (the toral subalgebra, corresponding to α_7): 133 = 78 + 27 + 27 + 1. Further we

12 e.plotkin, a.semenov, n.vavilov

restrict the adjoint representation of the Lie algebra of type E_6 to a subalgebra of type D_5, etc. By the same token we restrict the 56-dimensional representation of E_7 to E_6 to get the two minuscule and two trivial summands, then we restrict the 27-dimensional representations of E_6 to D_5, etc. Looking at the weights we find out in each case how the pieces are glued together. The details of the inductive procedure should be clear in each case from the way we draw the diagrams.

For three cases, namely for (A_l, ω_k), k ≥ 3, spin and half-spin representations, we do not draw general patterns, since they are too messy. In these cases we restrict ourselves to few examples, Figures 5 – 12, which should explain how to construct the diagrams in the general case. On the other hand for the adjoint representation of type E_6 we draw the diagram in two different ways, acoording to D_5 and according to A_5. The diagrams for the adjoint representations of types E_7 and E_8 do not fit into a page. For these cases we draw one half of the diagram, representing the positive roots and how they are joined to the zero weight. Most of the pictures were contained in our Theses [Pl2], [Se], [V1].

3. Some applications

In this section we sketch some of the uses of the weight diagrams. Many more details and additional references may be found in [BE], [BC1], [BC2], [CCu], [Cl], [CIK], [DES], [ES1], [ES2], [HS], [Hi1], [Hi2], [Ho], [Ir], [Mz2], [PR], [Pl3] – [Pl5], [Sch], [St2], [V2], [V4], [V6] – [V9], [VP1] – [VP3], [Z]. No attempt to be complete is being made here. We know of many similar recipies and it might be useful to collect them in one place, but this is far beyond the scope of the present paper.

1o. Root systems. Even at the level of the root systems the weight diagrams may be very useful, especially for the exceptional types. In fact, the diagrams of the adjoint representations visualize the order relation at the set of roots. This may be very helpful, for example, for calculations in the maximal unipotent subgroup U(Φ, R) of a Chevalley group or the maximal nilpotent subalgebra n(Φ, R) of the corresponding Chevalley algebra.

More precisely, for the adjoint representation of the group of type Φ the non-zero weights are precisely the roots of Φ. The bonds represent covering relations with respect to the usual partial ordering of the roots, associated with the choice of a fundamental system Π: α ≥ β ⇐⇒ α − β = ∑ m_iα_i, m_i ≥ 0. This means that α covers β if α − β is a fundamental root, the mark i at the bond tells us that in fact α − β = α_i.

Another visualization of roots which works for all diagrams is via equivalence classes of paths. As we know, the bonds represent fundamental roots. A positive/negative root α = ∑ m_iα_i is represented by strictly increasing/decreasing paths which has |m_1| bonds with the label 1, |m_2| bonds with the label 2, . . . , |m_l| bonds with the label l. For example, the sum of a weight λ with a given positive visual basic representations: an atlas 13

root α = α_{i1} + . . . + α_{im} is a weight if and only if there is a strictly increasing path with the origin λ and the labels i_1, . . . , i_m (in any order). All directed paths with the same origin λ and the same terminus μ are equivalent.

After some practice with the weight diagrams a combination of the two above interpretations makes calculations in E_8 not much more complicated than the calculations in G_2, based on the usual two-dimensional picture. For example, the weight diagram replaces tables of roots. Thus, to recall the coefficients of the maximal root one has simply to count the number of labels in a path from zero to the leftmost node of the diagram.

2o. Weight graphs. With every representation one can associate other graphs, where the nodes are again the weights of this representation – or sometimes the extremal weights – and two weights are joined by a bond if their difference is a root. These graphs often have extremely strong symmetry properties. They arise in a number of contexts, for instance, as regular graphs [BCN], [BCS]; as adjacency graphs of regular polytopes [Cox]; as kissing graphs for sphere packings and in coding theory [CS]; and in finite geometries [RS], [CSh]. Many of these graphs have special names. For example, the weight graph of (E_6, ω_1) is called the Schläfli graph, whereas the weight graph of (E_7, ω_7) is the Gosset graph.

An attemp to draw these graphs produces a mess and they are usually depicted by various shorthand pictures, showing some of their subgraphs and the way how they are glued together. However a weight diagram together with the table of roots (or, what is the same, together with the weight diagram of the adjoint representation of the corresponding type) contains all the information necessary to reconstruct the graph completely. In fact the weight diagrams are very faithful and practical graphical presentation of the graphs.

For example, Figure 24 represents the 240 non-intersecting equal spheres in the 8- dimensional Euclidean space kissing a central sphere of the same radius (one should drop the zero weights, corresponding to the central sphere). The whole configuration of spheres is made extremely transparent by contemplating the picture. Two spheres kiss each other exactly when there difference is a root. Thus, the sphere represented by the leftmost node kisses 56 further spheres, apart from the central one, and these are exactly all other spheres lying in the two upper layers of the diagram. In turn, these spheres form a configuration presented at Figure 21 and it is easy to see, that there are exactly 27 spheres kissing the central one and two further kissing spheres, see Figure 20, etc.

3o. Weyl groups. The pictures provide also a very convenient vizualization of some permutation actions of the Weyl groups, as well as very powerful tools for calculations in these groups. Namely, the pictures contain detailed information about the action of the Weyl group on the extremal weights of a minimal representation. The Weyl group W = W (Φ) is generated by the fundamental reflections s_1, . . . , s_l. For a microweight representation a fundamental reflection s_i transposes the pairs of nodes joined by a bond marked i and leaves all other nodes invariant. The only other possibility which may occur for any minimal representation is a chain of two

14 e.plotkin, a.semenov, n.vavilov

consecutive bonds marked i which passes through a zero weight. In this case s_i transposes the non-zero nodes of such a chain.

In general, for an arbitrary element w ∈ W one proceeds as follows: one decomposes w as a product of the fundamental reflections s_{i1} , . . . , s_{im} and looks at the paths whose bonds have labels i_1, . . . , i_m. The paths do not have to be monotonous this time, but the order of labels is important, s_is_j does not in general coincide with s_j s_i. Such a presentation of W is especially convenient when one is given two weights λ and μ and wants to find an element w of the Weyl group sending λ to μ. To do this one has only to find a path from λ to μ and then to take w = s_{i1} . . . s_{im} , where i_1, . . . , i_m are the labels at the path in the inverse order.

As we know from the previous section, for a microweight representation with the highest weight ω our diagram is anti-isomorphic to the Hasse diagram of the induced Bruhat order on W/W_J , where W_J is the stabilizer of ω in W . In other words, the nodes of the diagram are the cosets wW_J of W modulo W_J and two cosets w_1W_J and w_2W_J are joined by a bond marked i if s_iw_1W_J = w_2W_J . However now the leftmost node represents the coset W_J . This interpretation may be used, for example, to find the shortest element in a coset (one has to find a shortest path from the leftmost node to the node representing a given coset and then to multiply the corresponding fundamental reflections) or to find the decomposition of W into (W_K , W_J )-double cosets (say, if K is a maximal subset of Π obtained by dropping α_h, one has simply to cut the diagram through the bonds marked h, see [CIK], [Sch], [PR] and the subsection “Branching rules” below).

4o. Action constants. In Section 1 - 5^o we described the action of G(Φ, R) on a minimal module (V, π). This action is most suggestively described in the following way. Conceive a vector v = ∑ a_λv^λ ∈ V as the marked graph which is obtained by putting marks a_λ to the corresponding vertices of the weight diagram of type (Φ, π). Thus, the components of a vector are partially ordered and not linearly ordered. Expand a root α ∈ Φ in the fixed base of the root system: α = ∑ m_iα_i, as in Subsection 2. Then the action of x_α(ξ) on v looks as follows: it adds the λ-th coordinate of v multiplied by ±ξ to the coordinate standing in the vertex μ such that there is a directed path (we go in the positive/negative direction if m_i are positive/negative) from λ to μ having precisely |m_i| bonds with the label i for any i = 1, . . . , l. There are slightly more complicated rules if the path starts/stops at zero and the path which has 2|m_i| bonds with the label i has to be taken onto account too (see [M], [St2], [V4] for details).

Let for simplicity V be a minuscule representation. Then the above paragraph shows that the weight diagram completely determines the structure constants c_{λα},

x_α(1)v^λ = v^λ + c_{λα}v^{λ+α},

of the action G × V −→ V up to sign. A slightly more delicate analysis allows to read off the signs of these constants as well, see [V8]. For example, look at Figure 20, representing the action of G(E_6, R) on a 27-dimensional module. In can be checked, that with respect to an appropriate base all the c_{λ,α} for a fundamental visual basic representations: an atlas 15

or a negative fundamental root α take values 0 or 1. In this base there is a simple rule, which allows to read off the signs of c_{λ,α} for all α by looking at the order of labels in the paths representing α. For example, let α = α_1 + α_3. Then an inspection of the diagram shows that out of the six paths representing α three have the labels (1, 3), whereas the remaining three have the labels (3, 1) (as read in the positive direction, from right to left). This means precisely, that in the first three cases c_{λ,α} = 1, while in the remaining three cases c_{λ,α} = −1, where λ is the origin of the corresponding path.

This interpretation has been used, for example, to calculate the orbits of these representations, stabilizers of vectors, etc. In many instances this is very important to understand the structure of the groups, both over fields (in the study of internal modules, see the next subsection) and over rings, where the study of groups in specific representations may be the only approach that works (see Subsection 10 below).

5o. Internal Chevalley modules. One of the most important applications of the fact that we can explicitly control the action constants by the weight diagram is to the structure theory of the group G itself. First, the structure constants appearing in the Chevalley commutator formula may be themselves interpreted as a special case of the action constants and may be read off from the weight diagram. Second, many important calculations have to be performed not in the whole group but in one of its parabolic subgroups, usually a maximal one.

The representations occuring as the conjugation action of the Levi factor L_P of a parabolic subgroup P on the consecutive factors of the descending central series of its unipotent radical U_P are called internal Chevalley modules. These modules have been extensively studied [ABS], [Ri], [R1], [R2]. For a maximal parabolic subgroup they are usually basic [ABS]. This means that the pictures collected in this atlas give an important tool for vizualizing the structure of parabolic subgroups of G.

Let u ∈ ∏ x_α(a_α) be an element of the unipotent radical U_P of a parabolic subgroup P . Look at its projection u to U_P /[U_P , U_P ]. In many calculations (computation of Bruhat decomposition, classification of conjugacy classes, etc.) the only thing that matters is whether some entries can be made zeros or not by the action of the Levi factor or its Borel subgroup. Weight diagrams are very suitable for such calculations. For example, if we know that the entry a_α is non-zero, we may assume that all entries a_β , such that α − β is a root of L_P , are zeros. Very often such easy arguments allow to reduce to groups of smaller rank, where everything can be done by hand. Roughly speaking, this procedure stands to the usual calculations with the Chevalley commutator formula as the calculations with block matrices do to the calculations with ordinary matrices.

It is particularly efficient when [U_P , U_P ] is very small, for example, for the cases when U_P is abelian (these are exactly the parabolic subgroups corresponding to the microweights of the dual root system and there is an a priori explanation due to R.Steinberg [Pr2] for the coincidence of the usual order on the roots in the unipotent radical with the induced Bruhat order) or extraspecial, see [V2], [RRS], [R3], [V6],

16 e.plotkin, a.semenov, n.vavilov

[VS] and references there. Thus, in the case of an extraspecial parabolic subgroup the above argument immediately reduces analysis to the case of D_4. Analogous arguments work more generally, but then one has to iterate them in consecutive layers of U_P .

6o. Tensor products. It is very easy to construct the weight diagram of a tensor product of two distinct groups. It is simply the direct product of the weight diagrams of the factors. Thus, for example, the weight diagram of the natural representation of A_l is a chain of length l + 1. This means that the weight diagram of the tensor product of the natural representations of A_l and A_m looks as follows

where the subscribed indices refer to the fundamental roots of A_l, whereas the superscribed ones refer to the fundamental roots of A_m. As one can expect, this diagram often arises as a subdiagram of the diagrams for other types.

Quite remarkably, the diagrams allow to visualize the decomposition of the tensor product of two representations of the same group into irreducible/indecomposable summands^5. It is easy to describe several simple transformation rules, which break such a tensor product into indecomposable summands. We do not intend to go into details here, restricting ourselves to the following self-explanatory example. One of the basic rules is presented below:

5Here, as in the next subsection discussing branching rules, one should be cautious about characteristic. Microweight representation remain irreducible after reduction. Otherwise to be on the safe side one should assume that R = K is a field of characteristic 0.

visual basic representations: an atlas 17

Already this simple rule suffices to see the difference in the decomposition of ω_1 × ω_1 and ω_1 × ω_2 for A_2:

Indeed, in the first case the left and the right squares must be contracted, whereas in the second case the top and the bottom ones.

7o. Branching rules. From the weight diagram it is immediate to read off the branching of the corresponding representation with respect to a subsystem subgroup. In the case when Δ = ⟨Π \ {α_h}⟩ is the symmetric part of the maximal parabolic subset obtained by dropping the h-th fundamental root the procedure is particularly easy. Then the restriction of π to G(Δ, R) looks as follows: one has to cut the diagram of π through the bonds with the label h. In general, when Δ = ⟨J⟩, J ⊆ Π, is the symmetric part of a parabolic subset, one has to simply cut the diagram through all the bonds having labels not in J.

For example, to restrict a 27-dimensional module of type E_6 to D_5 or to A_5 one has to cut the weight diagram at Figure 20 through the bonds marked with 1 or with 2, respectively^6. In this way one gets summands of degrees 1,16 and 10, or, respectively, 6, 15 and 6. One may go one step further and restrict to D_4, cutting both 1 and 6 and getting three summands of degrees 8 and three summands of degree 1; or to A_4, cutting both 2 and 6 and getting three summand of degree 5, one summand of degree 10 and 2 summands of degree 1.

6As shown in [PR] for the microweight representations there is an a priori correspondence between the irreducible constituents of the restriction to a subsystem subgroups and the corresponding double cosets of the Weyl group, see Subsection 3 above.

18 e.plotkin, a.semenov, n.vavilov

For the remaining subsystem subgroups the procedure is only slightly more complicated. It is classically known that any subsystem of Φ is obtained by spanning a subsystem by a subset of the extended fundamental system Π = Π ∪ {α_0} and then repeating this procedure for every irreducible component of the resulting systems, etc. In other words, the negative maximal root has to be introduced in the picture as well. As observed by C.Parker, an advanced way to do this is to draw the corresponding weight diagram for the affine Weyl group, cut it along the bonds labelled i, where Δ = ⟨Π \ {α_i}⟩, and then to identify the weights in one w_0-orbit again. (The genuine Russian approach was, of course, to roll a sheet with the weight diagram in the form of a cylinder, glue it up and cut it elsewhere.)

Not to go into details here, we illustrate the idea of Parker’s method by the following self-explanatory example:

This picture shows that the restriction of the 27-dimensional module for E_6 to 3 A_2 is the direct sum of three 9-dimensional modules, each of which is the tensor product of the natural module for one copy of A_2 with the dual natural module for another copy.

8o. Orbit of the highest weight vector. It is well known that the orbit G v^+ of the highest weight vector v^+ ∈ V is an intersection of quadrics [Li]. For example, when (Φ, ω) = (A_l, ω_k), the equations defining these quadrics are precisely the Plücker equations. At a seminar C.M.Ringel asked one of us “Does the fact that 10 out of the 27 quadratic equations defining the orbit of the highest weight vector for the 27-dimensional representation of E_6 are algebraically independent anything to do with the fact that the corresponding weight diagram (Figure 20) has 10 squares?”. It does indeed, and the answer is called the theory of standard monomials [Se], [LS], [CCu].

Let R = K be a field. Then any unimodular row of length l+1 over K can be the first row of SL(l + 1, K) in the natural representation (for a commutative ring there are further K-theoretical obstructions which depend on a ring and which we do not discuss here). The only other representation which has this property is the natural representation of Sp(2l, K). In the diagrams of these representations (Figures 1 and 3) this is expressed by the fact that they do not have neither squares, nor two consecutive bonds with the same label. The orbit of the highest weight vector in the natural representation of an orthogonal group is a quadric, or, in other words, visual basic representations: an atlas 19

it is defined by one homogeneous quadratic equation. This equation is visible in the corresponding diagrams (Figures 2 and 4). Namely the diagram for the case B_l has two consecutive bonds in the middle labeled by l. On the other hand, the diagram for the case D_l is not a chain anymore, it has a square in the middle.

In general, any occurence of either of these situations drops the dimension of the orbit of the highest weight vector by 1. For example, a square

corresponds to the tensor product of the natural representations of A_1 = ⟨α_i⟩ and A_1 = ⟨α_j ⟩. To be the first column of a matrix of SL(2, K) × SL(2, K) in such a representation, a column (x_1, x_2, x_3, x_4)^t must satisfy the equation x_1x_4 = x_2x_3. In general, counting the squares in the weight diagram of the tensor product of the natural representations of A_l and A_m convinces us that in this case the dimension of the orbit of the highest weight vector is l +m+1 (there are (l +1)(m+1) vertices and lm small squares). This is, of course, classically known (Segre embedding). As another example, Figure 8 suggests us that the dimension of the orbit of the highest weight vector in the spin representation of B_4 equals 16 − 5 = 11.

The same argument works for more complicated pictures. For example, it is easy to check that a cube:

(which corresponds to the tensor product of the natural representations of A_1 = ⟨α_i⟩, A_1 = ⟨α_j ⟩ and A_1 = ⟨α_k⟩) gives us 4 independent quadratic equations. Now Figure 21 convinces us that the orbit of the highest weight vector in (E_7, ω_7) has dimension 56 − 2 · 9 − 4 = 34.

However weight diagrams contain much more information than just the dimensions of the orbits. Figure 20 has 10 small squares, but even more remarkably, it has 27 rectangles. Each of these rectangles represents an equation and in fact a slightly more delicate analysis shows that one can read off the shape of the equation and the corresponding signs from the weight diagram [V9]. No wonder, since the theory of standard monomials ([Se], [LS]) tells us that for the microweight representations all equations come from subsystems of type D_m, in other words they have the shape ±x_{λ1} x_{μ1} ± . . . ± x_{λm} x_{μm} = 0, where λ_1 + μ_1 = . . . = λ_m + μ_m and there is exactly one pair (λ_i, μ_i) such that λ_i and μ_i are not comparable.

20 e.plotkin, a.semenov, n.vavilov

9o. Multilinear invariants. The quadratic equations described in the preceding subsection are a part of a more general problem: to describe all equations among matrix entries of a matrix representing an element of a Chevalley group G in a representation (V, π). Indeed, we seldom think of the split classical groups as being generated by the root unipotents x_α(ξ). For most mathematicians they are rather the isometry groups of certain bilinear/quadratic forms.

Analogous realizations of some of the exceptional groups in terms of multilinear forms/forms of higher degree were known already to L.E.Dickson. Later in the 50-ies and early 60-ies such realizations were extensively studied by H.Freudenthal, C.Chevalley, T.A.Springer, J.Tits, F.Veldkamp, N.Jacobson and others. However in the mid 60-ies this theory came out of fashion.

Now after the works of M.Aschbacher, A.M.Cohen and others [As1] – [As3], [Cc], [CCu], [CW], [V4], [VP2], etc., it is gradually becoming clear that the approach of H.Freudenthal was the correct approach to the exceptional groups. These realizations are extremely useful even to study exceptional groups over finite fields, where there are a variety of other methods that work. For example, the corresponding geometries are much richer than buildings and allow to construct subgroups of the exceptional groups more easily (it has been used by M.Aschbacher and others to classify the maximal subgroups of the finite exceptional groups). Over rings this might be even the only reasonable approach.

The characteristic free multilinear invariants for the exceptional groups may be very easily reconstucted from the diagram. Once more, this applies not only to their shape, but also to the corresponding signs. This has been demonstrated in [V4] in an easy example of (Φ, π) = (E_6, ω_1). In this case the monomials appearing in the cubic form invariant under the action of G_{sc}(Φ, R) form one orbit under the action of the extended Weyl group ~W = ⟨w_α(1), α ∈ Φ⟩. Thus one fixes the sign of a single monomial, say x_λx_μx_ν , where λ is the leftmost node of the diagram, μ is the upper middle node and ν is the rightmost node, and applies the elements of ~W to it to get the signs of other monomials. As a permutation of the one-dimensional subgspaces ⟨v^λ⟩ the preimage w_i(1) of a fundamental reflection s_i acts exactly as does s_i, but it also changes sign of v^λ if λ − α_i is a weight of π, see [V4] for a detailed analysis in this case and [V9] in general.

10o. Matrices for Chevalley groups. For the natural representations of the classical Chevalley groups (that is SL(l + 1, R), SO(2l + 1, R), Sp(2l, R) and SO(2l, R) for types A_l, B_l, C_l and D_l respectively, Figures 1 – 4) it is easy to perform calculations involving the whole matrix π(g). The use of matrices is especially important, when everything else does not work, i.e. for groups over rings of large dimension, which have few units. In these cases the corresponding groups do not admit anything like Bruhat or Gauß decomposition. This inhibits efficient use of elementary calculations.

It is our belief that the easiest and one of the most efficient ways to think about the groups of types G_2, F_4, E_6, E_7 and E_8 over rings is precisely to think of them as certain groups of 7 × 7, 26 × 26, 27 × 27, 56 × 56 or 248 × 248 matrices. Let (V, π) visual basic representations: an atlas 21

be a representation of G = G(Φ, R). Then an element g ∈ G may be represented by a matrix π(g) = (g_{λμ}), λ, μ ∈ Λ(π), with respect to an admissible base (recall, that we always consider weights with multiplicities). It is crucial here, that the rows and columns of the matrices π(g) are partially ordered by the corresponding weight diagram and not linearly ordered.

For example, the μ-th column g�_{,μ} of the matrix π(g) consists of the coefficients in the expansion of π(g)v^μ with respect to v^λ. In other words, columns above are obtained by freezing the second index in (g_{λμ}). Such columns may be identified with the corresponding elements of V . Analogously the rows g_{λ,}� are obtained by freezing the first index and correspond to the vectors from the dual module V �. As we know from Subsections 4 and 8, one can very efficiently calculate with such columns and rows using the corresponding weight diagrams.

As has been observed in [VPS], many usual calculations with Chevalley groups over rings may be reorganized in such a way, that they would involve only elementary calculations (the ones based on the Steinberg relations among the elementary root unipotents, [Ca], [Sb]) and the stable calculations (i.e. calculations involving only one row or one column of a matrix at a time, [M], [St2]). In particular, this applies to the calculations needed to prove the main structure theorems for Chevalley groups over commutative rings and stability of K-functors. See [V4], [VP2] for a detailed description of the whole project and exhaustive references. Further papers are forthcoming. The same techniques has been applied by L.Di Martino and N.A.Vavilov to study generation of finite Chevalley groups [DMV].

Acknowledgements

We would like to express our most sincere thanks to our Gastgeber A.Bak and U.Rehmann for their friendly attention and support.

22 e.plotkin, a.semenov, n.vavilov

References

[As1] Aschbacher M., The 27-dimensional module for E_6. I, Inv. Math. 89 (1987), no. 1, 159–195.

[As2] Aschbacher M., Chevalley groups of type G_2 as the groups of a trilinear form, J. Algebra 109 (1987), no. 1, 193–259.

[As3] Aschbacher M., Some multilinear forms with large isometry groups, Geom. dedic.

25 (1988), no. 1–3, 417–465.

[ABS] Azad H., Barry M., Seitz G.M., On the structure of parabolic subgroups, Commun. Algebra 18 (1990), 551–562.

[BE] Baston R.J., Eastwood M.G., The Penrose transform, its interactions with representation theory, Claredon Press, Oxford, 1984.

[BGG] Bernstein I.N., Gelfand I.M., Gelfand S.I., Schubert cells and cohomology of the spaces G/P , Russian Math. Surveys 28 (1973), no. 3, 1–26.

[Bj1] Björner A., Orderings of Coxeter groups, Contemp. Math. 34 (1984), 175–195. [Bj2] Björner A., Some combinatorial and algebraic properties of Coxeter complexes and Tits buildings, Advances in Math. 52 (1984), 173–212.

[BW1] Björner A., Wachs M., Bruhat order of Coxeter groups and shellability, Adv.

Math. 43 (1983), no. 1, 87–100.

[BW2] Björner A., Wachs M., Generalized quotients in Coxeter groups, Trans. Amer.

Math. Soc 308 (1988), no. 1, 1–37.

[BC1] Boe B.D., Collingwood D.H., A comparison theory for the structure of induced representations. I, II, J. Algebra 94 (1985), no. 3, 511–545; Math. Z. 190 (1985), no. 1, 1–11.

[BC2] Boe B.D., Collingwood D.H., A multiplicity one theorem for holomorphically induced representations, Math. Z. 192 (1986), no. 1, 265–282.

[Bo1] Borel A., Linear algebraic groups, 2nd ed., Springer, N.Y. et al., 1991. [Bo2] Borel A., Properties and linear representations of Chevalley groups, Lecture Notes Math., vol. 131, 1970, pp. 1–55.

[BCN] Brouwer A.E., Cohen A.M., Neumaier A., Distance regular graphs, Springer, Berlin et al., 1989.

[Bu1] Bourbaki N., Groupes et algèbres de Lie. Ch. 4–6, Hermann, Paris, 1968. [Bu2] Bourbaki N., Groupes et algèbres de Lie. Ch. 7–8, Hermann, Paris, 1975. [BCS] Bussemaker F.C., Cvetkovič D.M., Seidel J.J., Graphs related to exceptional root systems, Combinatorics, Colloquia Mathematica Soc. János Bolyai, vol. 18, North Holland, Amsterdam, 1978, pp. 185–191.

[Ca] Carter R.W., Simple groups of Lie type, Wiley, London et al., 1972. [Ch1] Chevalley C., Classification des groupes de Lie algebriques, vol. 2, Secretariat Mathématique, Paris, 1956–1958.

[Ch2] Chevalley C., Certain schemas des groupes semi-simples, Sem. Bourbaki (1960– 1961), no. Exp.219, 1–16.

[C1] Cohen A.M., Coxeter groups and three related topics, Generators and relations in groups and geometries, Kluwer, Dordreht et al., 1991, pp. 235–278.

visual basic representations: an atlas 23

[C2] Cohen A.M., Point-line spaces related to buildings, Handbook of incidence geometry, Chapter 12 (to appear).

[CC] Cohen A.M., Cooperstein B.N., The 2–spaces of the standard E_6(q)-module, Geom. dedic. 25 (1988), no. 1–3, 467–480.

[CCu] Cohen A.M., Cushman R.H., Gröbner bases and standard monomial theory, Computational algebraic geometry, Birchäuser, Boston et al., 1993, pp. 41–61.

[CW1] Cohen A.M., Wales D.B., Embeddings of the group L(2, 13) in groups of type E_6, Israel Journal of Math. (to appear).

[CW2] Cohen A.M., Wales D.B., Finite subgroups of F_4(C ) and E_6(C ) (to appear).

[Cl] Collingwood D., Embeddings of Harish-Chandra modules, n-homology and the composition series problem, Trans. Amer. Math. Soc. 285 (1984), 565–579.

[CS] Conway J.H., Sloane N.J.A., Sphere packings, lattices and groups, 2nd ed., Springer, N.Y. et al., 1993.

[Cp1] Cooperstein B.N., The 56-dimensional module for E_7. I, Preprint Univ. California at Santa Cruz (1988), 1–52.

[Cp2] Cooperstein B.N., A note on the Weyl group of type E_7, Europ. J. Comb. 11 (1990), no. 5, 415–419.

[CS] Cooperstein B.N., Shult E., Geometric hyperplanes of embeddable Lie incidence geometries, Adv. Finite Geom. & Designs, Proc. 3rd Isle of Thorns Conf., 1990, Chelwood Gate, 1991, pp. 81–91.

[Cx] Coxeter H.S.M., Regular complex polytopes, Cambridge Univ. Press, 1974. [CIK] Curtis C.W., Iwahori N., Kilmoyer R., Hecke algebras and characters of parabolic type of finite groups with (B, N)-pairs, Publ. Math. Inst. Hautes Et. Sci. (1971), no. 40, 81–116.

[DES] Davidson M., Enright T., Stanke R., Differential operators and highest weight representations, Memoirs of AMS 94 (1991), no. 455, 1–102.

[De1] Deodhar V.V., Some characterisations of Bruhat ordering on a Coxeter group and determination of the relative Möbius function, Invent. Math. 39 (1977), no. 2, 187–198.

[De2] Deodhar V.V., On Bruhat ordering and weight lattice ordering for a Weyl group, Proc. Nederl. Akad. Wetensch Ser.A 40 (1978), no. 5, 423–435.

[De3] Deodhar V.V., A splitting criterion for the Bruhat orderings on Coxeter groups, Comm. Algebra 15 (1987), no. 9, 1889–1894.

[DMV] Di Martino L., Vavilov N.A., (2, 3)-generation of E_6(q) (to appear).

[ES1] Enright T., Shelton B., HigheBst weight modules for Hermitian symmetric pairs of exceptional type, Proc. Amer. Math. Soc. 106 (1989), 807–819.

[ES2] Enright T., Shelton B., Categories of highest weight modules: applications to classical Hermitian symmetric pairs, Memoirs of AMS. 67 (1987), no. 367, 1– 94. [GR] Gabriel P., Roiter A.V., Representations of finite-dimensional algebras, Springer, N.Y. et al., 1993.

[HS] Hartley B., Shute G., Monomorphisms and direct limits of finite groups of Lie type, Quart. J. Math. 35 (1984), no. 1, 49–71.

24 e.plotkin, a.semenov, n.vavilov

[Hé] Hée J.-Y., Groupes de Chevalley et groupes classiques, Publ. Math. Univ. Paris VII 17 (1984), 1–54.

[Hi1] Hiller H., Geometry of Coxeter groups, Pitman, Boston and London, 1982. [Hi2] Hiller H., Combinatorics and intersections of Schubert varieties, Comm. Math.

Helv. 57 (1982), no. 1, 41–59.

[Ho] Howe R., Perspectives on invariant theory: Schur duality, multiplicity-free actions and beyond, Israel Math. Conf. Proc. (to appear).

[H1] Humphreys J.E., Linear algebraic groups, Springer, N.Y. et al., 1975. [H2] Humphreys J.E., Introduction to Lie algebras and representation theory, Springer, Berlin et al., 1980.

[H3] Humphreys J.E., Reflection groups and Coxeter groups, Cambridge Univ. Press, 1990.

[Ir] Irving R.S., Projective modules in the category O_S : self–duality, Trans. Amer.

Math. Soc. 291 (1985), no. 2, 701–732.

[Ja] Jantzen J. C., Representations of algebraic groups, Academic Press, N.Y. et al., 1987.

[JP] Jones W., Parshall B., On the 1-cohomology of finite groups of Lie type, Proc.

Conf. Finite Groups (Park City, Utah – 1975), Academic Press, N.Y., 1976, pp. 313–328.

[LS] Laksmibai V., Seshadri C.S., Geometry of G/P . V, J. Algebra 100 (1986), 462– 557.

[Li] Lichtenstein W., A system of quadrics describing the orbit of the highest weight vector, Proc. Amer. Math. Soc. 84 (1982), no. 4, 605–608.

[Mr] Mars J.G.M., Les nombres de Tamagawa de certains groupes exceptionnels, Bull.

Soc. Math. France 94 (1966), 97–140.

[M] Matsumoto H., Sur les sous-groupes arithmétiques des groupes semi-simples deployés, Ann. Sci. Ecole Norm. Sup., 4ème sér. 2 (1969), 1–62.

[Mz1] Mizuno K., The conjugate classes of Chevalley groups of type E_6, J. Fac. Sci.

Univ. Tokyo 24 (1977), no. 3, 525–563.

[Mz2] Mizuno K., The conjugate classes of unipotent elements of the Chevalley groups E_7 and E_8, Tokyo J. Math. 3 (1980), no. 2, 391–458.

[PR] Parker C., Röhrle G., Miniscule Representations, Preprint Universität Bielefeld (1993), no. 72.

[Pl1] Plotkin E.B., Chevalley–Matsumoto decomposition for twisted Chevalley groups, Topological spaces and their maps, Riga Univ. Press, Riga, 1985, pp. 64–73, (in Russian).

[Pl2] Plotkin E.B., Net subgroups of Chevalley groups and stability problems for K_1- functor, Ph. D. Thesis, Leningrad State University, 1985, pp. 1–118, (in Russian).

[Pl3] Plotkin E., Stability theorems of K_1–functor for Chevalley groups, Proc. Conf.

Nonassociative Algebras and related Topics (Hiroshima – 1990), World Scientific, London et al., 1991, pp. 203–217.

visual basic representations: an atlas 25

[Pl4] Plotkin E.B., Surjective stability of K_1–functor for some exceptional Chevalley groups, J. Soviet. Math (1993), no. 1, 751–767.

[Pl5] Plotkin E.B., Surjective stability of K_1–functor for twisted Chevalley groups, Rings and Modules. Limit theorems of the probability theory, III, Sankt-Peters-burg Univ. Press, 1993, pp. 86–99, (in Russian).

[Pr1] Proctor R.A., Classical Bruhat orders and lexicographic shellability, J. Algebra 77 (1982), no. 1, 104–126.

[Pr2] Proctor R.A., Bruhat lattices, plane partition generating functions, and minuscule representations, Europ. J. Combinatorics 5 (1984), 331–350.

[Pr3] Proctor R.A., A Dynkin diagram classification theorem arising from a combinatorial problem, Adv. Math. 62 (1986), no. 2, 103–117.

[Ri] Richardson R., Finiteness theorems for orbits of algebraic groups, Indag. Math.

88 (1985), 337–344.

[RRS] Richardson R., Röhrle G.E., Steinberg R., Parabolic subgroups with abelian unipotent radical, Invent. Math. 110 (1992), no. 3, 649–671.

[RS1] Richardson R.W., Springer T.A., The Bruhat order on symmetric varieties, Geom. dedic. 35 (1990), 389–436.

[RS2] Richardson R.W., Springer T.A., Combinatorics and geometry of K–orbits on the flag manifold, Report Centre for Math. Analysis, Australian National University 222 (1992).

[R] Ringel C.M., Representation theory of finite-dimensional algebras, Representations of Algebras (Durham – 1985), Cambridge Univ. Press, 1986, pp. 7–79.

[R1] Röhrle G.E., Orbits in internal Chevalley modules, Groups, Combinatorics and Geometry (Durham – 1990), Cambridge Univ. Press, 1992, pp. 311–315.

[R2] Röhrle G.E., On the structure of parabolic subgroups in algebraic groups, J. Algebra 157 (1993), no. 1, 80–115.

[R3] Röhrle G.E., On extraspecial parabolic subgroups, Contemp. Math. 153 (1993), 143–155.

[RS] Ronan M.A., Smith S.D., Sheaves on buildings and modular representations of Chevalley groups, J. Algebra 96 (1985), no. 2, 319–346.

[Sch] Scharlau R, Buildings, Preprint Universität Bielefeld (1993), no. 16, 1–129.

[S] Seitz G.M., Maximal subgroups of classical algebraic groups, Mem. Amer. Math.

Soc. 67 (1987), no. 365, 1–286.

[Se] Semenov A., Bruhat decomposition of long root tori in Chevalley groups, Ph. D.

Thesis, Leningrad State University, 1991, pp. 1–143, (in Russian). [SV] Semenov A., Vavilov N.A., Semisimple root elements of Chevalley groups, (to appear, see also; Halbeinfache Wurzelelemente in Chevalley-Gruppen, Preprint Universität Bielefeld (1994), no. 2, 1–11).

[Ss] Seshadri C.S., Geometry of G/P . I. Standard monomial theory for minuscule P , C.P.Ramanujan: a tribute, Tata Press, Bombay, 1978, pp. 207–239.

[Sp1] Springer T.A, Linear algebraic groups. 2nd ed., Birkhäuser, Boston et al., 1981. [Sp2] Springer T.A., Linear algebraic groups, Fundam. trends in Math. 55 (1989), 5–136, (in Russian, English translation to appear in Springer).

26 e.plotkin, a.semenov, n.vavilov

[Sy] Stanley R.P., Weyl groups, the hard Lefschetz theorem, and the Sperner property, SIAM J. Alg. Discr. Methods 1 (1980), 168–184.

[St1] Stein M.R., Matsumoto’s solution of the congruence subgroup problem and stability theorems in algebraic K-theory, Proc. 19th Meeting Algebra Section Math. Soc. Japan, 1983, pp. 32–44.

[St2] Stein M.R., Stability theorems for K_1, K_2 and related functors modeled on Chevalley groups, Japan J. Math. 4 (1978), no. 1, 77–108.

[Sb] Steinberg R., Lectures on Chevalley groups, Yale University, 1968. [V1] Vavilov N.A., Subgroups of split classical groups, Dr. Sci. Thesis (Habilitationschrift), Leningrad State Univ., 1987, pp. 1–334, (in Russian).

[V2] Vavilov N.A., Bruhat decomposition of the semisimple long root elements in Chevalley groups, Rings and modules. Limit theorems of probability theory, II, Leningrad Univ. Press, 1988, pp. 18–39, (in Russian).

[V3] Vavilov N.A., Subgroups of Chevalley groups containing a maximal torus, Amer.

Math. Soc. Transl. 155 (1993), 59–100.

[V4] Vavilov N., Structure of Chevalley groups over commutative rings, Proc. Conf.

Nonassociative Algebras and related Topics (Hiroshima – 1990), World Scientific, London et al., 1991, pp. 219–335.

[V5] Vavilov N.A., Intermediate subgroups in Chevalley groups, Proc. Conf. Groups of Lie Type and their Geometries (Como – 1993), Cambridge Univ. Press, 1995, pp. 233–280.

[V6] Vavilov N.A., Weight elements of Chevalley groups, Preprint Univ. Warwick (1994), no. 35, 1–46.

[V7] Vavilov N.A., The ubiquity of microweights, Rendiconti Seminario Matematico e Fisico di Milano (1994).

[V8] Vavilov N.A., Third look at the weight diagrams (to appear). [V9] Vavilov N.A., Chevalley groups over commutative rings. III. Defining equations (to appear).

[VP1] Vavilov N.A., Plotkin E.B., Net subgroups of Chevalley groups. I, II, J. Sov.

Math. 19 (1982), no. 1, 1000–1006; 27 (1984), no. 4, 2874–2885.

[VP2] Vavilov N.A., Plotkin E.B., Chevalley groups over commutative rings. I. Elementary calculations, Preprint Universität Bielefeld (1994), no. 40, 1–44.

[VP3] Vavilov N.A., Plotkin E.B., Chevalley groups over commutative rings. II. Minimal modules (to appear).

[VPS] Vavilov N.A., Plotkin E.B., Stepanov A.V., Calculations in Chevalley groups over commutative rings, Soviet Math. Doklady 40 (1990), no. 1, 145–147.

[Ve] Verma D.-N., Möbius inversion for the Bruhat ordering on a Weyl group, Ann.

Sci. Ecole Norm. Sup. 4ème sér. 4 (1971), 393–398.

[Z] Zalesskii A.E., Semisimple root elements of algebraic groups, Preprint Inst.

Math. Bielorussian Acad. Sci. (1980), no. 13, 1–23, (in Russian). [Za] Zarhin Yu.G., Weights of semi-simple Lie algebras on the cohomology of algebraic varieties, Izv. Akad. Nauk U.S.S.R. 48 (1984), no. 2, 264–304.

visual basic representations: an atlas 27

Table 1: Numbering of the fundamental roots.

A_l ∘ 1 ∘ 2 · · · ∘ l B_l ∘ 1 ∘ 2 · · · ∘ l − 1 > ∘ l C_l ∘ 1 ∘ 2 · · · ∘ l − 1 < ∘ l

D_l ∘ 1 ∘ 2 · · · ∘ l − 2 ∘ l − 1� @∘ l E_6 1 ∘ 3 ∘ 4 ∘ ∘ 2

5 ∘ 6 ∘

E_7 1 ∘ 3 ∘ 4 ∘ ∘ 2

5 ∘ 6 ∘ 7 ∘

E_8 1 ∘ 3 ∘ 4 ∘ ∘ 2

5 ∘ 6 ∘ 7 ∘ 8 ∘

F_4 ∘ 1 ∘ 2 > ∘ 3 ∘ 4 G_2 ∘ 1 < ∘ 2

28 e.plotkin, a.semenov, n.vavilov

Table 2: Minimal representations.

Φ μ Type dim Figure

Microweight representations:

A_l ω_k, 1 ≤ k ≤ l ∧^k (natural) ( l + 1 k ) 1, 5, 6

B_l ω_l spin 2^l 7 − 9 C_l ω_1 natural 2l 3 D_l ω_1 natural 2l 4 ω_l�_1, ω_l half-spin 2^l�^1 10 − 12 E_6 ω_1, ω_6 minimal 27 20 E_7 ω_7 minimal 56 21

Short-root representations:

A_l ε_1 − ε_{l+1} adjoint l^2 + 2l 13 B_l ω_1 natural 2l + 1 2 C_l ω_2 short-root 2l^2 − l − 1 16 D_l ω_2 adjoint 2l^2 − l 17 − 19 E_6 ω_2 adjoint 78 22, 22a E_7 ω_1 adjoint 133 23 E_8 ω_8 adjoint 248 24 F_4 ω_4 minimal 26 26 G_2 ω_1 minimal 7 27

Non-basic adjoint representations:

B_l ω_2 adjoint 2l^2 + l 14 C_l 2ω_1 adjoint 2l^2 + l 15 F_4 ω_1 adjoint 52 25 G_2 ω_2 adjoint 14 28 visual basic representations: an atlas 29

ATLAS

30 e.plotkin, a.semenov, n.vavilov

Figure 1. (A_l, ω_1)

Figure 2. (B_l, ω_1)

Figure 3. (C_l, ω_1)

Figure 4. (D_l, ω_1) visual basic representations: an atlas 31

Figure 5. (A_l, ω_2)

Figure 6. (A_5, ω_3)

32 e.plotkin, a.semenov, n.vavilov

Figure 7. (B_3, ω_3)

Figure 8. (B_4, ω_4)

Figure 9. (B_5, ω_5) visual basic representations: an atlas 33

Figure 10. (D_4, ω_4)

Figure 11. (D_5, ω_5)

Figure 12. (D_6, ω_6)

34 e.plotkin, a.semenov, n.vavilov

Figure 13. (A_l, ad) visual basic representations: an atlas 35

Figure 14. (B_l, ω_2)

Figure 15. (C_l, ω_l)

36 e.plotkin, a.semenov, n.vavilov

Figure 16. (C_l, 2ω_1) visual basic representations: an atlas 37

Figure 17. (D_4, ω_2)

Figure 18. (D_5, ω_2)

38 e.plotkin, a.semenov, n.vavilov

Figure 19. (D_l, ω_2) visual basic representations: an atlas 39

Figure 20. (E_6, ω_1)

Figure 21. (E_7, ω_7)

40 e.plotkin, a.semenov, n.vavilov

Figure 22. (E_6, ω_2)

Figure 22a. (E_6, ω_2) visual basic representations: an atlas 41

Figure 23. (E_7, ω_1)

42 e.plotkin, a.semenov, n.vavilov

Figure 24. (E_8, ω_8) visual basic representations: an atlas 43

Figure 25. (F_4, ω_2)

Figure 26. (F_4, ω_4)

Figure 27. (G_2, ω_1)

Figure 28. (G_2, ω_2)