Tame Minimal Non-Polynomial Growth Strongly Simply Connected Algebras

Rainer Nörenberg and Andrzej Skowroński

Abstract

A finite dimensional basic connected algebra A over an algebraically closed field

K is called strongly simply connected if every full convex subcategory of A is sim-

ply connected. We give a complete classification of tame minimal non-polynomial growth strongly simply connected algebras by quivers and relations.

Throughout this article, K will denote a fixed algebraically closed field. By an algebra we mean a finite dimensional K–algebra, which we shall assume to be basic. An algebra A can be written as a bound quiver algebra A ≃ KQ/I where Q = Q_A is the quiver of A and I is an admissible ideal in the path algebra KQ of Q. Equivalently, every algebra A = KQ/I will equally be considered as a K–category of which the object class is the set of vertices of Q, and the set of morphisms from x to y is the vector space KQ(x, y) of all linear combinations of paths in Q from x to y modulo the subspace I(x, y) = I ∩KQ(x, y). We shall call an algebra A triangular whenever its quiver Q_A has no oriented cycles. Following [AS] a triangular algebra A is called simply connected if, for any presentation A ≃ KQ/I of A as a bound quiver algebra, the fundamental group Π_1(Q, I) of (Q, I) is trivial. Further, A is called strongly simply connected if every full convex subcategory of A is simply connected [S1]. It was shown in [S1] that a triangular algebra A is strongly simply connected if and only if the first Hochschild cohomology H^1(C, C) of any full convex subcategory C of A vanishes. This is also equivalent to the fact that every full convex subcategory C of A has the separation property (in the sense of [BLS].) Recall also that an algebra A is called tame, if for any dimension d, there is a finite number of K[X]–A–bimodules M_i which are finitely generated and free as left K[X]–modules and satisfy the following condition: all but a finite number of isomorphism classes of indecomposable right A–modules of dimension d are of the form K[X]/(X − λ) ⊗_{K[X]} M_i for some λ ∈ K and some i. Let μ_A(d) be the least number of bimodules M_i satisfying the above condition. Then A is called of polynomial growth if there is a natural number m such that μ_A(d) ≤ d^m for all d ≥ 1.

1991 Mathematics Subject Classification 16G60,16G20 The results presented in the paper were proven while the first named author was visiting Nicholas Copernicus University at Toruń.

It is shown in [S2],[S3], that a strongly simply connected algebra A is of polynomial growth if and only if A does not contain a convex subcategory which is hypercritical or pg-critical. The hypercritical algebras (being the preprojective tilts of minimal wild hereditary tree algebras) have been classified by quivers and relations in [U] (see also [L],[W]). The definition of pg-critical algebras presented in [S2] is in some general terms (see section 1), and does not allow to apply the above criterion in practice. Note that it follows from the above criterion that the class of strongly simply connected pg-critical algebras coincides with the class of tame strongly simply connected algebras which are minimal not of polynomial growth (they themselves are not of polynomial growth but every proper convex subcategory is of polynomial growth).

The aim of this paper is to establish a handy description of the tame minimal nonpolynomial growth strongly simply connected algebras by quivers and relations. In the course of our proofs we also obtain a description of tame minimal non-polynomial growth incidence algebras of finite partially ordered sets.

Throughout the paper, by an A–module always is meant a finitely generated right A–module, and we shall denote their module category by modA. For each vertex i of Q_A we denote by S_A(i) the corresponding simple A–module, by P_A(i) the projective cover of S_A(i), and by I_A(i) the injective envelope of S_A(i). We shall denote by Γ_A the Auslander-Reiten quiver of A and by τ_A = DTr and τ^−_A = TrD the Auslander-Reiten translations. Finally, we shall call an A-module M thin, if the entries of its dimension vector dimM = (dim_K Hom_A(P_A(i), M))_i vertex in_{QA} all are less or equal to 1. For a basic background from representation theory we refer to [Ri].

1 The main results

We shall present a complete description of tame minimal non-polynomial growth strongly simply connected algebras by quivers and relations. From [S2] we know, that this class of algebras coincides with the class of strongly simply connected pg-critical algebras. We first recall the definition of pg-critical algebras. For an algebra A = KQ/I, generators of I are usually called relations. In our quivers, a dashed line indicates a relation being the sum of all paths from the starting point to the end point.

We know from [B], [HV] that there are only four families of critical algebras of type D̃_n, n ≥ 4, given by the following quivers and relations:

(1) q q

q q q q

q q � @@_{· · ·} � @@^{(2)}_q q

q q q � @@_{· · · q}^q q �Æ JĴ @@R_· · � (3)^q q

q JĴ �Æ �_· · @@R^{q q· · · q} q

q �Æ JĴ @@R_· · �^{(4) q} q q

q q q �` -_{· · ·} - @ @R XXXz ¸¸¸: HHHj �*

where the number of vertices is equal to n + 1 and^{q q} means^{q q}- or^{q q}œ . Note that all of the above algebras are strongly simply connected, and those of types (1) – (3) are completely separating [Dr]. It is known (see [Ri]) that if C is a critical algebra of type D̃_n, n ≥ 4, then the Auslander-Reiten quiver Γ_C consists of a preprojective component P, a preinjective component I and a IP_1(K)–family T = (T_λ)_{λ∈IP1(K)} of stable tubes. Moreover, two tubes in T have rank 2, one tube has rank n − 2, and the remaining ones have rank 1. The modules lying in T are called regular and they form a serial category whose simple objects are just the modules lying on the mouth of the tubes (T_λ)_{λ∈IP1(K)}. Following [S2], by a pg-critical algebra we mean an algebra of one of the following forms or their opposites:

D(M) = [ K M 0 C ] , E(N) = K 0 N 0 K N 0 0 C , F (N) = [ Λ N^t 0 C ]

where C is a critical algebra of type D̃_n, n ≥ 4, M is an indecomposable C–module of regular length 2 lying in a tube of rank n − 2, N is a simple regular C–module lying in a tube of rank n − 2, Λ is given by one of the following quivers

q q q q

q · · · �@ @ w a^{q q} · · ·^q q

q �Æ JĴ @@R_· · � w a (possibly w = a, but no loop) and such that F (N)(x, y) = N(y)⊗_K Λ(x, w) for any object x in Λ and any object y in C. Observe that the structure of the above modules M and N depends on the orientations of arrows in the quiver of C.

In order to save space in the theorem below and to make the list below more accessible we write down only the possible frames. Given such a frame, we allow the following admissible operations:

(i) Replacing each subgraph q q

q � @@ p p p by q q

q � @@^{or q} q

q �Æ JĴ @@R_· · � (ii) Choice of arbitrary orientations in non-oriented edges.

(iii) Constructing the opposite algebra.

We want to illustrate the admissible operations. For example, consider the following frame:

q q q q q

q qq q

q � @@ p p p � ?@@R

� @@R � ····· ···· ····· ···· ·· ·· ·· ·· We obtain 6 different algebras by choosing orientations for the non-oriented edges in

q q q q q

q q q

q � ?@@R

� @@R � � @@ ····· ···· ···· ····· ·· ·· ·· ·· and the following 2 families of algebras

q q q q q

q qq q

q �Æ JĴ @@R_· · � � ?@@R

� @@R � œ ····· ···· ····· ···· ·· ·· ·· ··_{q q q} q q

q qq q

q �Æ JĴ @@R_· · � � ?@@R

� @@R � - ····· ···· ····· ···· ·· ·· ·· ·· Finally, we also have to take the opposite algebras of the ones above. Hence this frame

yields 12 non-isomorphic algebras with 9 vertices and 4 families of algebras.

THEOREM 1 Let A be a strongly simply connected algebra. Then A is tame minimal

non-polynomial growth if and only if A is obtained from a frame in the following list by

admissible operations:

(1)^q q

q �Æ JĴ ··· q q

q @@ � p p p · · ·^q q

q � @@ p p p

· · ·^q q

q � @@ p p p (2)^q q q

q @@R � ? ·· ·· ·· ·· ·· ·· ··· q q

q @@ � p p p · · ·^q q

q � @@ p p p

(3)^q q

q

q

q q @@R �_· · ? ? ?_· @@R

AA AA AU � � �ff

·· ·· ·· ··· q q

q @@ � p p p · · ·^q q

q � @@ p p p (4)^{q q} q

q

q

q q @@RBBN �_· · ? ? ?_· @@R

AA AA AU � � �ff

·· ·· ·· · · · · · ·_q q

q � @@ p p p

(5)^q q

q

q @@R @@R � ·· ·· ·· ·· ·

··· q q

q @@ � p p p · · ·^q q

q � @@ p p p (6) q q

q

q

q @@R � @@R � ·· ·· ·· ·· ·

·· ·· ·· ·· · · · ·^q q

q � @@ p p p

(7)^q q q

q � @@R @@R � ··· q q

q @@ � p p p · · ·^q q

q � @@ p p p (8) q q

q

q q @@R � � @@R ····· ···· ··· · ····· · ····· ···· ···· ····· · · · ·^q q

q � @@ p p p

(9) q

q

q q q

q q � ?_· @@R AA AU � �ff

� @@R_{· ·} · @@R

@@ @@ @@ @@R � �

····· ···· ····· ····· · ···· ···· ···· ···· ···· ···· ···· · · ·^q q

q � @@ p p p

(10)^q q

q

q

q q �Æ JĴ

JĴ �Æ

HHj_{· · ·} HHj � �ff HHH HHH Hj ····· ··· ···· ···· ···· ···· ··· · · ·^q q

q � @@ p p p

(11) q q

q

q

q

q q @@R �_· · ? ? ? ?_· @@R · · ·^q q

q � @@ p p p AA AA AAU � � �ff

·· ·· ·· ·· (12)

q

q q

q q

q

q

q

� � �Æ JJ JJ Ĵ

� �fl BB BBN

@@ @R @@R ?_· � � �ffl CC CW ´/_{···} ´/

····· ···· ····· ···· ····· ···· ·

(13)^{q q} q

q q q

q � � @@ @R � �ff AA AU PPqB BN BBNPPq �_{···} � ····· ···· ····· ·· (14)^{q q}

q

q q

q q � � �ffl � � �ff AA AA AAU CC CC CW

@@R_{· ·} · ? ? ?_{···} �

�^··_{······}^{· · · q} q

q � @@ p p p

(15)^{q q}

q

q q

q q q � � �ffl � � �ff AA AA AU CC CC CW

@@R_{· ·} · ? ? ?_{···} �

�ıı)^··_{······ ············ (16) q q} q

q q

q

q q � � �ffl � � �ff AA AA AAU CC CC CW

@@R_{· ·} · ? ? ? ?_{···} �

� � ··· ··· ··· ··· ··· ··· ··· ··

In all cases, directed paths of non-fixed length denoted by^q - · · · -^q may consist of only one point, but in the cases (3) and (4) this may not occur simultaneously for both of these paths.

Following [Dr] a triangular algebra A is called completely separating if it is schurian (dim_K(Hom_A(P_A(x), P_A(y)) ≤ 1 for all vertices x and y of Q_A) and every full convex subcategory of A has the separation property.

We then get the following consequence of the above theorem

COROLLARY 1 Let A be a completely separating algebra. Then A is tame of minimal non-polynomial growth if and only if A is obtained from one of the frames (1) – (11) by applying admissible operations.

In the course of the proof we also obtain the following description of tame incidence algebras which are minimal of non-polynomial growth.

COROLLARY 2 Let A be the incidence algebra of a finite partially ordered set. Then A is tame minimal of non-polynomial growth if and only if A is obtained by admissible operations from one of the following frames:

A)_q q q

q � @@R @@R � ··· q q

q @@ � p p p · · ·^q q

q � @@ p p p

B) q q

q

q

q q �Æ JĴ JĴ �Æ

HHj_{· · ·} HHj � �ff HHH HHH Hj ····· ··· ···· ···· ···· ···· ··· · · ·^q q

q � @@ p p p

C)^{q q} q q

q ? @@ @R ? � � @@R � ·· ·· ·· ·· ·· ·· ·· ·· · · ·^q q

q � @@ p p p

D) q

q

q

q q q q

q q � ?_· ? @@R

AA AA AAU �ß ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ+ �ff AAU AAU �ff �ß_{···} �ß ····· ···· ···· ····· ···· ····· ···· ····· ····· ····· ·· 2 Constructions

By definition, a complete list of pg-critical algebras can be obtained by computing the modules of regular lengths one and two lying in the tubes of rank n-2 for the critical algebras of type D̃_n. We will do this separately for the cases (1) – (3) of completely separating and for the case (4) of canonical algebras, and will start with the canonical algebras, as they are easier to handle because of the fixed orientations of their quivers.

During the construction, we shall discuss, whether a given class of algebras consists of incidence algebras of partially ordered sets only for such classes, as do not occur in the list of the main theorem, since for those classes occurring there, this should be quite obvious from their given quivers.

2.1 pg-critical algebras arising from simple regular modules of canonical algebras

Let us start by fixing some notations. For n ≥ 4, let Q be the quiver:

x_{n−2} x_{n−3} x_1 x_0

x_n x_{n−1} @R ?_· ? � ? ?

� � @@ @@R Let C = kQ/I where I is the ideal generated by the sum of all pathes from x_0 to x_{n−2} in kQ. We observe, that for i ∈ {0, . . . , n − 3} the module P_C (x_{i+1}) is a submodule of P_C (x_i) and set X_i := P_C (x_i)/P_C (x_{i+1})

This gives a family of pairwise non-isomorphic indecomposable thin modules. In fact, for i = 1, . . . , n − 3 the module X_i is just the simple A-module S_C(x_i), while X_0 is isomorphic to the module

k 0

0 k

k k @R ?_· ? � ? ?

� � @@ @@R 1

−1

1

1 Moreover these modules have the following property:

LEMMA 1 The τ -translate of each module in the sequence

(X_0, X_{n−3}, X_{n−2}, . . . , X_2, X_1, X_0)

is given by its unique predecessor in the sequence.

Proof We observe, that the modules X_i indeed are given in terms of their projective resolutions 0 −→ P_C (x_{i+1}) −→ P_C (x_i) −→ X_i −→ 0. This enables us to compute the τ -translates DTrX_i of the modules X_i explicitly. As DHom(P_C (x_j), C) = I_C(x_j), τ X_i is just the kernel of the map I_C(x_{i+1}) −→ I_C(x_i), which is easily identified as X_{i+1} for i = 0, . . . , n − 4 or X_0 in case i = n − 3 respectively.

COROLLARY 3 The modules (X_0, . . . , X_{n−3}) are simple regular and form the mouth of a tube of rank n − 2 in Γ_C .

Proof By the above lemma, the modules X_0, . . . , X_{n−3} form a cyclic τ -orbit. As they are pairwise non-isomorphic, the length of this cycle is n − 2. Thus these modules lie in a tube T of rank n − 2. (For the structure of Γ_C we refer to [Ri].) As furthermore X_1 is a simple module, it also is simple regular. Therefore X_i lies in the mouth of the tube T and its τ -orbit (X_0, . . . , X_{n−3}) consits of simple regular modules and forms the mouth of this tube.

Let us point out, that by the above construction, we obtain all simple regular modules of C lying in a tube of rank n − 2. In particular, for n > 4 there is exactly one such tube, and by the corollary, the simple regular objects are just the constructed modules (X_0, . . . , X_{n−3}). For n = 4, we have three equivalent choices for the point X_1, because of the internal symmetry of the quiver Q. Each of these choices yields a family (X^{(κ)}_0 , X^{(κ)}_1 ) forming the mouth of a tube of rank 2. As by construction these families are pairwise disjoint and as in Γ_C there exist exactly 3 tubes of rank 2, the modules (X^{(κ)}_0 , X^{(κ)}_1 )_{κ=1,2,3} are just the simple regular modules of these tubes.

It is now easy to construct the pg-critical algebras obtained from C by means of the simple regular modules (X_i)_{i=0,...,n−3} as defined in section 1. In fact, the algebras of type

E(X_i) = K 0 X_i 0 K X_i 0 0 C

are just the algebras of type (15) in the list of the main theorem. Those of type

F (X_i) = [ Λ X^t_i 0 C ]

are just those of type (14) in the list.

2.2 pg-critical algebras arising from modules of canonical algebras of regular length 2

Let Q and C be as above. Knowing the simple regular modules (X_0, . . . , X_{n−3}) in a tube of rank n − 2 together with their τ -translates allows easily to compute the modules of regular length 2 in such a tube, as these modules are given by the middle terms Y_i of almost split sequences of the form 0 −→ τ X_i −→ Y_i −→ X_i −→ 0 . As dim_K Ext^1(X_i, τ X_i) = dim_K Hom(τ X_i, τ X_i) = 1, it is sufficient to find an indecomposable module Y_i that allows for such an exact sequence. Obviously, for i = 0, . . . , n − 4 such a module Y_i is given by Y_i = P_C (x_i)/P_C (x_{i+2}). For i = n − 3 the following module will do:

k k 0 0 k

k k @R ?_· ? � ? ?

� � @@ @@R 1

−1

1

1 Again it is easy to identify the corresponding pg-critical algebras. In fact, for i = 0, . . . , n − 4, the algebras of type D(Y_i) are just those of type (16) in the list of theorem 1.

Let us finally consider the algebra

D = D(Y_{n−3} ) = [ K Y_{n−3} 0 C ] . As this is a one-point extension of C, the quiver Q_D of D is obtained from the quiver Q_C by adding a source w, the additional arrows and relations being of course defined by Y_{n−3}. Deleting the vertex x_{n−2} from Q_D we will obtain a corresponding convex subcategory D^′ of D, for which the projective module P_D0(w) does not have separating radical. (The radical of P_D0(w) being just the restriction of Y_{n−3} to D^′.) Therefore D is not strictly simply connected.

2.3 pg-critical algebras arising from simple regular modules of completely separating algebras

For n ≥ 4, let Q be a bound quiver with n + 1 points of the following form:

x_{α+1} x_1

a_1 a_2 aβ y_{γ+1} y_1 q q q q q q @@ � � @@ · · ·

Let C = kQ/I be the corresponding algebra. With the notations introduced in section 1, this decribes all of the three families of completely separating critical algebras of type D̃_n. In order to control the effect of orientation of edges, we will, for the ‘left end’ (

x_{α+1} x_1

a_1 p p p @ �^{), distinguish the following four cases:}

a_l) x1 x_2 x_α x_{α+1} a_1

�_· · · @R AA AU � �ff b_l)

a_1 x_1

x_2 @R � c_l)

a_1 x_1 x_2@R � d_l)

a_1 x_1 x_2� @R

By a_r), b_r), c_r) and d_r) we will denote the corresponding cases for the ‘right end’. Note that only the cases a_r) ans a_l) contribute any relations to the ideal I.

In order to control the orientation of the ‘center line’ a_1—a_2— · · · —a_β we introduce some further notations:

We will call the point a_i a left slope point of C if i > 1 and there is an arrow from a_i to a_{i−1} in Q. We will call a_i a right slope point if i < β and there is an arrow from a_i to a_{i+1} in Q.

Let λ be the number of left slope points and let i_1 < i_2 < . . . < i_λ indices such that the set S_l := {a_{ik} |k = 1, . . . , λ} is the set of all left slope points of C.

Let ρ be the number of right slope points and let j_1 < j_2 < . . . < j_ρ be indices such that the set S_r := {a_{jk} |k = 1, . . . , ρ} is the set of all right slope points of C.

The sum ρ + λ is invariant under change of orientation, as turning an arrow a_i → a_{i+1} into an arrow a_{i+1} → a_i will remove the point a_i from the set S_r and add a_{i+1} to the set S_l and vice versa. Therefore ρ + λ = β − 1, (which is the number of right slope points of the oriented chain a_1 → a_2 → . . . → a_β, there being no left slope points.)

For each left slope point a_{ik} , (k ∈ {1, . . . , λ}) we observe, that P_C (a_{ik−1}) is a submodule of P_C (a_{ik} ) and set U_k := P_C (a_{ik} )/P_C (a_{ik−1}).

We shall call U_k the left slope module corresponding to a_{ik} .

In the same way we define for each right slope point a_{jk} a right slope module V_k by

V_k := P_C (a_{jk} )/P_C (a_{jk +1}).

Depending on the shape of the left end, we define modules X_1, . . . , X_α in the following way:

In case a_l) set X_i = P_C (x_i)/P_C (x_{i+1}) for i = 1, . . . α.

In case b_l) set X_1 = P_C (x_1)/P_C (x_2).

In case c_l) let X_1 be the cokernel of the map

P_C (a_1)

(^{ι1}�_{ι2}) −→ P_C (x_1) ∐ P_C (x_2)

Here ι_k denotes the inclusion map P_C (a_1) −→ P_C (x_k) (k=1,2).

In case d_l) set X_i = P_C (a_1)/(P_C (x_1) ∐ P_C (x_2)).

In essentially the same way, substituting y_i for x_i, γ for α, and a_β for a_1, we define modules Y_1, . . . , Y_γ, depending on the shape of the right end.

Thus we obtain a family (V_ρ, V_{ρ−1}, . . . , V_1, X_α, X_{α−1}, . . . , X_1, U_1, . . . , U_λ, Y_γ, . . . , Y_1) of λ + ρ + α + γ = β − 1 + α + γ = n − 2 pairwise non-isomorphic thin modules. As in section 2.1 we get:

LEMMA 2 The τ -translate of each module of the sequence (Y_1, V_ρ, V_{ρ−1}, . . . , V_1, X_α, X_{α−1}, . . . , X_1, U_1, . . . , U_λ, Y_γ, . . . , Y_1) is given by its unique predecessor.

Proof Observe, that again, as in lemma 1 the modules to be considered are given in terms of projective resolutions. Thus determining their τ -translates is a matter of elementary computation, which can indeed be carried out, since the definition of the left and right slope modules in terms of left and right slope points gives sufficient control of the possible orientations. Also due to left-right symmetry it is sufficient to compute the translates of the left slope modules U_k and the left end modules X_i. Still due to the effects of orientations the need to distinguish some cases remains.

As we will have to discuss all these cases arising from orientation in somewhat more detail when computing the modules of regular length 2 in a tube on rank n − 2 in section 2.4, we do not list them right now but rather refer to section 2.4 for a complete account.

Let us note in addition, that neither left nor right slope modules need to exist, whereas always there is at least one left end module X_1 and one right end module Y_1. Thus the sequence given above is to be read in the following way: The τ -translate of the module X_α is the module V_1 if there is a right slope point, or else it is Y_1.

COROLLARY 4 The modules (Y_1, V_ρ, V_{ρ−1}, . . . , V_1, X_α, X_{α−1}, . . . , X_1, U_1, . . . , U_λ, Y_γ, . . . , Y_1) are simple regular and form the mouth of a tube of rank n − 2 in Γ_C .

Proof By the above lemma, the n − 2 modules in question form a cyclic τ -orbit und thus lie in a tube of rank n − 2.

In case a_l) the module X_1 is a simple module, thus simple regular. Therefore its whole τ -orbit consists of simple regular modules.

By [Ri] the sum s of the dimension vectors of all modules in a given τ -orbit inside a tube is a multiple νc of the critical vector c ∈ ZZ^{n+1} of the quadratic form q_C associated with C, and ν is the regular length of every module in this orbit.

For the orbit in question, for any feasible shape of the left end and any orientation of arrows, x_1 always lies in the support of exactly one of the above modules. In case b_l) and c_l) this is X_1. In case d_l) this is V_1 if there is a right slope point or else it is Y_1. Therefore the component s_{x1} of s in x_1 is (νc)_{x1} = s_{x1} = 1. Therefore ν = 1 and thus all modules in question are simple regular.

As we have seen, the construction described above will yield the modules in the mouth of one tube of rank n − 2. For n > 4 there is a unique tube of that rank, so that by this uniqueness we have constructed all such modules. For n = 4 there are three tubes of rank n − 2 = 2. Let us recall, that in this case the quiver Q_C of C up to orientation is

z_3 z_1 z_2

z_4 a_1@@ �

� @@

As there is no ’middle line’, we are free to divide the set {z_1, z_2, z_3, z_4} into two disjoint subsets containing 2 elements each, one forming the right end, the other the left end. To do this, there are up to left-right symmetry

(_4 2 ) = 3 possibilities. Each of these choices leading to one tube of rank 2, the three together will then yield all three different tubes of length 2.

Knowing the modules in the mouth of the tubes of rank n − 2 it again is easy to determine the corresponding pg-critical algebras.

Because of left-right symmetry the families of algebras obtained from the right slope modules V_k are the same as those obtained from the left slope modules U_k, and those obtained from the right end modules Y_i are the same as those obtained from the left end modules X_i.

In particular the algebras of type F (U_k) (or F (V_k) respectively) are just those of type (1) in the list of the main theorem. The algebras of type E(U_k) (resp. E(V_k)) are just those of type (2).

In case a) for the left (resp. right) end, the algebras of type F (X_i) (resp. F (Y_i)) are just those of type (3) and those of type E(X_i) (resp. E(Y_i)) are just those of type (4).

In case b), the algebras of type F (X_1) (resp. F (Y_1)) are just those of type (5) and those of type E(X_1) (resp. E(Y_1)) are just those of type (6).

In case c) the algebras of type F (X_1) (resp. F (Y_1)) are just those of type (7) in the list of the main theorem. Let us point out, that these are as yet the first algebras obtained during our construction, that are algebras of partially ordered sets, and thus are listed in corollary 2 as item A). The algebras of type E(X_1) (resp. E(Y_1)) also are algebras of partially ordered sets, namely just those of type C) in corollary 2. As however they contain the following algebra q q q q ? ?@@R�

of type Ã_3(as a convex subcategory), which is not simply connected, they themselves are not strongly simply connected.

In case d), the algebras of type F (X_1) (resp. F (Y_1)) are just the duals of those of type (2). The algebras of type E(X_1) (resp. E(Y_1)) are just those of type (8).

2.4 pg-critical algebras arising from modules of completely separating algebras of regular length 2

Let Q = Q_C and C be as above. The knowledge of the simple regular modules in the tubes of rank n − 2 in Γ_C together with their τ translates again enables us to compute the modules of regular length 2 in these tubes, as of course these again are given by the middle term Z of almost split sequences 0 −→ τ X −→ Z −→ X −→ 0 where X is a simple regular module. We will in this situation call the module Z, which is an extension of X by τ X, the corresponding module of regular length 2 to X. As in section 2.2 because of dim_K Ext^1(X, τ X) = 1 it is sufficient to find a short exact sequence of the above form, which is non-split, in order to determine Z. As a consequence of the left-right symmetry in our description of the quiver Q_C and of the simple regular modules it furthermore is sufficient to consider only such modules Z which are an extension of a left end module X_i or of a left slope module U_k.

Depending on orientation, the shape of the left end and on the specific module itself, the τ -translate τ X_i of a left end module X_i may be the left end module X_{i+1}, the right slope module V_1 or the right end module Y_1. Also the τ -translate τ U_k of a left slope module U_k may be the left end module U_{k−1} or the left end module X_1 (cf. lemma 2). We will consider these situations separately below.

In general, every pg-critical algebra of type D(Z) for an appropriate C-module Z is by definition a one-point extension of C by Z. Therefore the quiver Q_{D(Z)} of D(Z) is obtained from the quiver Q_C of C by adding one additional source ω, the additional arrows and relations being such, that the radical of the new projective module P_{D(C)}(ω) is Z.

In order to abbreviate our notation, for two vertices x and y of Q_{D(C)}, we will write x ⪯ y if there is a directed path in Q_{D(C)} from y to x or if x = y. As ω is a source in Q_{D(C)}, for x ≠ ω ≠ y ≠ x this is equivalent to the existence of a directed path for y to x in Q_C.

Let us also recall from [Dr] that an indecomposable thin module over a completely separating algebra such as C is up to isomorphism uniquely determined by its support. This property will in many cases enable us to identify the modules of regular length 2 just by calculation of their dimension vectors.

2.4.1 Extensions of left end modules by left end modules

This situation only occurs in case a_l) for the left end. Here for i = 1, . . . , α − 1 there is a non-split short exact sequence

0 −→ X_{i+1} −→ P_C (x_i)/P_C (x_{i+2}) −→ X_i −→ 0

As X_{i+1} = τ X_i by lemma 2, the corresponding module of regular length 2 to X_i is Z = P_C (x_i)/P_C (x_{i+2}). The algebras of type D(Z) obtained from these modules then are just those of type (11) in the list of theorem 1.

2.4.2 Extensions of left slope modules by left slope modules

In this situation, which occurs if and only if there are at least two left slope points, we have to consider non-split extensions of the form 0 −→ U_{k−1} −→ Z −→ U_k −→ 0 for k ∈ {2, . . . λ}. If a_{ik−1} is a right slope point, this implies i_k−1 = i_{k−1}. Therefore U_k = P_C (a_{ik} )/P_C (a_{ik−1}), U_{k−1} = P_C (a_{ik}�_1 )/P_C (a_{ik}�_{1−1}) = P_C (a_{ik −1})/P_C (a_{ik −2}), and Z = P_C (a_{ik} )/P_C (a_{ik −2}). The extensions of type D(Z) then are the duals of those of type (5) in the list of theorem 1.

If a_{ik −1} is not a right slope point, then a_{ik −1} ⪯ a_{ik −2} and Q_C is of the form ··· q q

q @@ � p p p a_{ik}�_1

a_{ik −1} a_{ik} · · · q q

q � @@ p p p @@R @@R � ···

From the dimension vector dim(Z) = dim(U_{k−1} +dim(U_k) we find, that Z is a thin module with support {a_{ik}�_1 , . . . , a_{ik −1}} ∪ {x|x ⪯ a_{ik} }. Therefore Z has to be the unique (up to isomorphism) thin module with this support. The algebras of type D(Z) obtained this way are then special cases of the duals of algebras of type (3) in the list of theorem 1.

2.4.3 Extensions of left slope modules by left end modules

Here we have to consider extensions of the form 0 −→ X_1 −→ Z −→ U_1 −→ 0 From the dimension vector dim(Z) = dim(U_1) + dim(X_1) we find, that in any case for the left end, and thus for X_1, Z is a thin module, the support of which then is of course supp(Z) = supp(U_1) ∪ supp(X_1).

By this, Z as an indecomposable thin module again is uniquely determined up to isomorphism, and thus readily attainable from the knowledge of the modules X_1 and U_1.

In particular, in case a_l) for the left end, the algebras of type D(Z) are just those of type (9) in the list of theorem 1, in case c_l) they are those of type (10), which also occur as item B) in corollary 2. In case b_l) we obtain special cases of duals of algebras of type (11) and for case d_l) we obtain special cases of duals of algebras of type (4), both classes having in total already been accounted for.

Note, that in the cases a_l), b_l) and d_l) it is essentially the structure of Z inherited from the module X_1, that induces a zero relation that prevents the algebra D(Z) from being an algebra of a partially ordered set.

2.4.4 Extensions of left end modules by right slope modules

Here we have to consider extensions of the following form: 0 −→ V_1 −→ Z −→ X_α −→ 0 This especially means, there is at least one right slope point.

In case a_l) for the left end, we again observe from the dimension vector, that Z is a thin module with support supp(Z) = supp(V_1) ∪ supp(X_α) = {x_{α+1}, a_1, . . . , a_{j1} } ∪ {x_α}.

The quiver Q_{D(Z)} of D(Z) then is x_1 x_2

x_α x_{α+1} a_1 a_{j1} a_{j1+1} · · · q q

q � @@ p p p

ω � ?_· ? @@R � CC CC CW �^{···} � @@R @@R � � � However D(Z) is neither strongly simply connected, as it contais a convex subalgebra of type Ã_ν, nor is it the algebra of a poset.

In the remaining cases for the left end, i.e. in the cases b_l), c_l) ans d_l) computing dim(Z) = dim(V_1) + dim(X_α), we obtain (dim(Z))_x = 1 for all x ∈ supp(Z) \ {a_1} and (dim(Z))_{a1} = 2.

For a closer analysis of the situation, we take a look at the quiver Q_C of C, writing at a vertex x the corresponding entry (dim(Z))_x of the dimension vector of Z. The resulting picture does not only depend on the shape of the left end, but also on whether j_i = 1 or j_i > 1. That way we get:

In case b_l): j > 1

1 1 2 1 1 1 0 · · ·^q q

q � @@ p p p @@R � � ··· � @@R_{j = 1} 1 1 2 1 · · ·^q q

q � @@ p p p @@R � @@R

In case c_l): j > 1 1 1 2 1 1 1 0 · · ·^q q

q � @@ p p p @@R?� ··· � @@R^{j = 111}_2

1 · · ·^q q

q � @@ p p p @@R? @@R In case d_l):

j > 1

1 1 2 1 1 1 0 · · ·^q q

q � @@ p p p ?� � ··· � @@R_{j = 1} 1 1 2 1 · · ·^q q

q � @@ p p p ?� @@R

(Note, that in the cases with j_i = 1 the support of Z is given by supp(Z) = {x_1, x_2} ∩ {x|x| ⪯ a_1}.) We now observe, that an algebra of type D(Z) cannot be strongly simply connected, if the full subquiver Q^′ of Q_C, whose set of vertices is given by R = {x ∈ supp(Z)|x ⪯ a_1andx ≠ a_1} has at most two connected components.

In order to see this, we recall, that the quiver Q_{D(Z)} of D(Z) is obtained from Q_C by adding a single source ω such that radP_{D(Z)}(ω) = Z. We now consider the full convex subcategory D^′ of D(Z) induced by the set of all vertices x of Q_{D(Z)} with the property a_1 ⪯ x ⪯ ω. The radical radP_D0(ω) of P_D0(ω) then is just the restriction Z^′ of Z to D^′. By assumption we may write the set R as disjoint union R = R_1 ∪ R_2, R_1 ∩ R_2 = ∅, where R_i is either a connected component of Q^′ or the empty set. Then Z^′ decomposes over D^′ into two indecomposable thin modules Z^′_1 and Z^′_2 with supports supp(Z^′_i) = R_i ∪ {a_1}, i = 1, 2. As the intersection supp(Z^′_1) ∩ supp(Z^′_2) = (R_1 ∪ {a_1}) ∩ (R_2 ∪ {a_1}) = {a_1} is non-empty, the module P_D0(ω) does not have separating radical. Therefore D(Z) is not strongly simply connected.

Thus in all the cases stated above, the algebras D(Z) obtained, are not strongly simply connected, except for the case c_l) and j_1 > 1.

Also it is easy in this remaining case to find an indecomposable extension Z of X_α by V_1. Such an extension is given over its support by:

K^2 K K K

K @@ @R ?� �_{···} � 1 1 (_1 1 ) (_0 1 ) (_1 0 )

The algebras D(Z) obtained this way are special cases of duals of the algebras of type (14) in the list of theorem 1.

Let us finally mention, that in all these cases, no further algebras which belong to partially ordered sets occur, as for such an algebra, the indecomposable projective modules and thus their radicals are thin moduls, whence Z would have to be thin.

2.4.5 Extensions of left end modules by right end modules

Here we have to consider extensions of the form: 0 −→ Y_1 −→ Z −→ X_α −→ 0

This situation is very similar to that of the previous section. We therefore will omit most of the rather technical details. As in section 2.4.4 it turns out, that Z is a thin module if the left end is of shape a_l) whereas otherwise (dim(Z))_x = 1 for all x ∈ supp(Z)\{a_1} and (dim(Z))_{a1} = 2. Also like in the previous section, the algebras of type D(Z) are strongly simply connected if the left end is of shape c_l). In this case, for a right end of shape a_r) the algebras D(Z) are just those of type (12) in the list of theorem 1, in case c_r) for the right end they are those of type (13). Thus all families in the list of theorem 1 now have been accounted for.

Furthermore, in case b_r) for the right end, the algebras of type D(Z) are special cases of duals of those of type (16) and in case d_r) they are special cases of duals of those of type (15).

As was already mentioned, for an algebra D(Z) to belong to a poset, the module Z has to be thin. Thus such algebras can only occur in case a_l) for the left end. Similarly to the considerations made in section 2.4.3, in the cases a_r),b_r) and d_r) the structure of Z inherited from the module Y_1 will impose a zero relation upon D(Z) that prevents it from being the algebra of a poset. Therefore, algebras of posets can only occur in the case of c_l) for the left and c_r) for the right end. Indeed in this case, the algebras D(Z) are algebras of posets, namely those of type D) in the list of corollary 2, which also completes that list.

References

[AS] I. Assem and A. Skowroński, On some classes of simply connected algebras. Proc.

London Math. Soc. 56 (1988) 417–450.

[B] K. Bongartz, Critical simply connected algebras, Manuscr. Math. 46 (1984), 117– 136 [BLS] R. Bautista, F. Larrion and L. Salmeron, On simply connected algebras, J. London Math. Soc. 27 (1983), 212-220.

[Dr] P. Dräxler, Completely Separating Algebras, Journal of Algebra 165 (1994), 550–565

[HV] D. Happel and D. Vossieck, Minimal algebras of infinite representation type with preprojective component, Manuscripta Mathematica 42 (1983), 221–243.

[L] M. Lersch, Minimal wilde Algebren, Diplomarbeit, Düsseldorf (1987).

[Ri] C. M. Ringel, Tame algebras and integral quadratic forms, Lecture Notes in Math. 1099, (Springer,1984).

[S1] A. Skowroński, Simply connected algebras and Hochschild cohomologies, in: Representations of Algebras, CMS Conference Proceedings, Vol 14 (1993), 431–447.

[S2] A. Skowroński, Criteria for polynomial growth of algebras, Bull. Polish. Acad. Sci., Mathematics, 42 (1994), to appear.

[S3] A. Skowroński, Tame algebras with simply connected Galois coverings, in preperation.

[U] L. Unger, The concealed algebras of minimal wild, hereditary algebras, Bayreuther Math. Schriften 31 (1990), 145–154.

[W] J. Wittmann, Verkleidete zahme und minimal wilde Algebren, Diplomarbeit (Bayreuth, 1990).

Rainer Nörenberg, Fakultät für Mathematik, Universität Bielefeld, POB 100131, D-33501 Bielefeld, Germany, e-mail: noerenbg@mathematik.uni-bielefeld.de Andrzej Skowroński, Uniwersytet Mikołaja Kopernika, WydziałMatematyki i Informatyki, ul. Chopina 12/18, PL 87-100, Poland, e-mail: skowron@mat.uni.torun.pl