HALL ALGEBRA IN A ROOT CATEGORY

Jie Xiao^1 Department of Mathematics, Beijing Normal University, 100875 Beijing, PR China Abstract In order to realize the quantum group in a global way, the Hall algebra of a root category (which is a orbit category of the derived category of a hereditary algebra) is constructed. The PBWbasis, filtration structure and integral form are investigated. Their degeneration at v = 1 actually provide a realization of the universal enveloping algebra of semisimple Lie algebras.

1. Introduction

1.1 Let C = (a_{ij})_{ij} be the Cartan matrix of a finite dimensional semisimple complex Lie algebra g of rank n, this is a symmetrizable matrix, we denote by (ε_i)_i the minimal symmetrization, thus ε_i are integers without a proper common divisor such that ε_ia_{ij} = ε_ja_{ji}. Take a variable v, Q(v) is the function field over the field Q of rational numbers. The quantum group U = U_q(g) introduced by Drinfeld and Jimbo is an associative Q(v)-algebra on the generators: F_1, · · · , F_n, K_1, · · · , K_n, K^{−1}_1 , · · · , K^{−1}_n , E_1, · · · , E_n subject to the relations:

K_iK_j = K_jK_i, K_iK^{−1}_i = K^{−1}_i K_i = 1 K_iE_j = v^{aij}_i E_jK_i, K_iF_j = v^{−aij}_i F_jK_i E_iF_j − F_jE_i = δ_{ij} K_i − K^{−1}_i v_i − v^{−1}_i 1−a_{ij}∑ t=0 (−1)^t [ 1 − a_{ij} t ] ε_i E^t_i E_jE^{1−aij −t} i = 0 for i ≠ j 1−a_{ij}∑ t=0 (−1)^t [ 1 − a_{ij} t ] ε_i F^t_i F_jF^{1−aij −t} i = 0 for i ≠ j

1Supported by the sonderforschungsbereich 343, Diskrete Strukturen in der Mathematik, Universität Bielefeld Key words and phrases: quantum group,Hall algebra, Root category, Hereditary algebra 1991 Mathematics subject classification: primary 17B37, 16G20; secondary 17B35, 16S30 1

We admit the notations q = v^2, v_i = v^{εi} and

[s] = v^s − v^{−s} v − v^{−1} = v^{s−1} + v^{s−3} + · · · + v^{−s+1}

[s]! = s∏ r=1 [r], [ s r ] = [s]! [r]![s − r]! and, for given a polynomial f ∈ Z[v, v^{−1}] and an integer a, we denote by f_a the polynomial obtained from f by replacing v by v^a. U has the triangular decomposition U ≃ U^− ⊗ T ⊗ U^+ where U^+ (resp. U^−) is the subalgebra generated by E_i (resp. F_i), i = 1, · · · , n and T generatd by K^±_i , i = 1, · · · , n.

1.2 Now several programs for the realization of quantum group have been raised. A successful model is the Hall algebra of hereditary algebra which is introduced by Ringel [15].

Let k be a finite field, Λ be a finite dimensional hereditary k-algebra of finite representation type. For a Λ-module M, denoted by dimM its dimension vector, it is an element in the Grothendieck group G_0(Λ). It is well-known from the Gabriel theorem (see [4] and [3]) that Λ is characterized by the Dynkin quivers and dim furnishes a bijection between the isomorphism classes of the indecomposable Λ-modules and the positive roots of the corresponding simple Lie algebra g. It is natural to ask whether it is possible to recover a Lie algebra structure in terms of the representation theory of Λ. This was successfully attained by Ringel ([16], [17]). Not only this, he actually found a remarkable algebra structure from mod Λ which gives a realization of the positive part U^+ of the quantum group U. This is the Hall algebra (see [15], [18]).

By the Krull-Schmidt theorem and Gabriel theorem, we can identify the isomorphism classes of finite dimensional Λ-modules with the set {φ : Φ^+ → N_0}. The bijection is given by M(φ) = ⨁ α∈Φ^+ φ(α)M(α) where M(α) is indecomposable Λ-module with dimM(α) = α.

Let I be the index set of simple Λ-modules , S_i = M(e_i) is the simple Λ-module corresponding to i ∈ I. For φ, ψ : Φ^+ → N_0, we write ⟨φ, ψ⟩ = ⟨M(φ), M(ψ)⟩ = dim_k Hom(M(φ), M(ψ)) − dim_k Ext(M(φ), M(ψ)) where ⟨−, −⟩ is the Euler form defined on Z[I].

Given φ, ψ, λ : Φ^+ → N_0, the Hall polynomial ϕ^λ_{φψ} is a integral polynomial in Z[q] such that ϕ^λ_{φψ}(|E|) counts the number of submodules M of M(λ)^E which are isomorphic to M(ψ)^E such that M(λ)^E/M is isomorphic to M(φ)^E for a finite extension E of k, where ( )^E is ( )⊗_k E as Λ ⊗_k E-module. The existence of Hall polynomials are guaranteed by [17]. We admit q = v^2. Now the (twisted) Hall algebra H(Λ) is defined to be a free Q(v)-space with the basis {M(φ) | φ : Φ^+ → N_0} and the multiplication is given by M(φ)M(ψ) = ∑ λ:Φ^+→N0 v^{⟨φ,ψ⟩}ϕ^λ_{φψ}M(λ).

1.2.1 Theorem There exists a natural isomorphism η : U^+ → H(Λ) of N_0[I]-graded Q(v)-algebra such that η(E_i) = M(e_i) for 1 ≤ i ≤ n. The degeneration of H(Λ) at v = 1 gives a realization of the positive part of the universal enveloping algebra of g and its subspace with a basis indexed by indecomposable Λ-modules gives a realization of the positive part of g.

So the next interesting question is, asked by Ringel in [15], to find a natural enlargement of H(Λ) in order to obtain the whole quantum group and the whole enveloping algebra (not only the positive parts).

1.3 The present work is devoted to this question. As we did in [13], the whole structure of g can be recovered from the derived category D^b(Λ) of mod Λ, more precisely, from a orbit category of D^b(Λ) which is introduced by Happel [6]. This is the root category R. Following a method in [19], which indicated that the directing property of mod Λ provide a good way to list a PBW-basis of H(Λ). We set up our algebra H(R) by taking the indecomposable objects of R as generators. By the property an admissible element can be written as a monomial of divided powers of indecomposable objects, we found there are sufficient (but not all) objects in R can be put into H(R). Although our definition seems to produce a lot of relations, the homological behavior of R permit us to reduce those relations to basic ones, which is very close to the Drinfeld- Jimbo relations in (1.1). Let us mention that the definition of H(R) is given in a global way, this means that the multiplication is given in terms of the root category and not depends on the particular choice of triangular decomposition and generators E_i. However the concrete computation can be furnished locally, for example, if we calculate a commutator [M(α), M(β)]_v for indecomposable objects M(α), M(β), except the case β = −α and then [M(α), M(−α)] =^{Kα−K−1α}_{vε(α)−v−ε(α)} , it coincides with that of M(α), M(β) as modules of a hereditary algebra. This implies that the results of Ringel in [16] and [19] is not only valid for the positive part U^+, actually also for the whole U. Choose any complete slice of R, we get a triangular decomposition of H(R) and generators corresponding to simple modules, but the root vectors of H(R) are automatically provided by all indecomposable objects in R. So the PBW-basis has a stronger form; the filtrations , integral form and etc. can be obtained naturally.

Our aim is still not reached completely. A big shortage in this article is that we are not able to give a Hopf algebra structure for H(R). Anyway, if we consider the degeneration of H(R) at v = 1, this exactly gives a complete realization of the universal enveloping algebra U(g), hence the structure of U(g) and g, particularly, the Konstant Z-form and Chevalley basis, can be recovered from R.

Acknowledgement The work was done during my stay at the Department of Mathematics, University of Bielefeld. I am deeply indebted to Prof. C. M. Ringel for his kind hospitality and continuous encouragement. The cooperation with Prof. L. G. Peng in [13], [11] is also highly appreciated.

2. Root categories and their Hall algebras

2.1 Let k be a finite field, A be a finite dimensional hereditary kalgebra. In this paper we only consider the case A is representationfinite type. This means, according to the Gabriel theorem (see [4] and its generalization [3]), the ordinary quivers of A lies in the classes A_n, B_n, C_n, D_n, E_6, E_7, E_8, F_4, and G_2.

Given an abelian category A, denoted by D^b(A) the derived category of bounded complexes over A. The category D^b(A) is a triangulated category with the translation functor T obtained from the category of bounded complexes over A by localizing with respect to the set of quasi-isomorphisms. Of course the situation we consider is A = mod A, we simply denote their derived category by D^b(A, k) or D^b(A). Denote by R the orbit category D^b(A)/T^2 and let F : D^b(A) → R be the canonical covering functor. According to Happel [6], the isomorphism classes of indecomposable objects in R correspond bijectively to the root system of the corresponding simple Lie algebra g. For this reasion R is called the root category.

2.2 We define the triangle set Ω of R to be all sixtuples isomorphic to F M F f −→ F N F g −→ F L F h −→ T F M with M f −→ N g −→ L h −→ T M being a triangle in D^b(A). According to [13], R together with T and Ω is an ’almost’ triangulated category.

2.2.1 Lemma Given a triangle of the form

M^{(f1,f2)}−→ N_1 ⊕ N_2 ( g_1 g_2 ) −→ L^h−→ T M in R. If f_2 = 0, then it is isomorphic to the triangle of the form

M^{(f1,f2)}−→ N_1 ⊕ N_2 ( g_{11} 0 0 g_{22} ) −→ L_1 ⊕ L_2 ( h_1 0 ) −→ T M, where g_{22} : N_2 → L_2 is an isomorphism and M^{f1}−→ N_1^{g11}−→ L_1^{h1}−→ T M is a triangle. In particular, if h ≠ 0 and both M, L are indecomposible, then for any nontrivial component f_t of (f_1, f_2) and g_s of g = ( g_1 g_2 ) , f_t ≠ 0, g_s ≠ 0.

Proof See [13].

2.3 Given objects X, Y and Z in R, set W (X, Y ; Z) = {(f, g, h) ∈ Hom_R(X, Z)×Hom_R(Z, Y )×Hom_R(Y, T X) | X^f→ Z^g→ Y^h→ T X is a triangle}.

We can introduce the action of Aut X×Aut Y on W (X, Y ; Z) as follows (α, β)(f, g, h) = (αf, gβ, β^{−1}h(T α)^{−1}) for any (α, β) ∈ Aut X × Aut Y, (f, g, h) ∈ W (X, Y ; Z) and define the orbit space to be V (X, Y ; Z) = W (X, Y ; Z)/(Aut X × Aut Y ). If a field E is a finite extension of k, remember from [20] that E is called conservative for R provided (End X/ rad End X)^E is a field for any indecomposable object X ∈ R, where ( )^E means ( ) ⊗_k E. It is easily seen that E is conservative for R if and only if so is E for mod A. Let E be the set of isomorphism classes of finite extension of k which are conservative for R. It follows that E is an infinite set from [20]. Following [20] we have the following definition.

For objects X, Y, Z ∈ R, if there exists an integral polynomial ϕ^Z_{XY} ∈ Z[q] such that ϕ^Z_{XY} (|E|) = |V (X^E, Y^E; Z^E)| holds for any E ∈ E, then we say that R has the Hall polynomial ϕ^Z_{XY} .

We have the following notations. A complete slice of D^b(A) is a subcategory generated by n indecomposable objects such that each one belongs to a distinct τ-orbit and they are connected with respect to irreducible maps, where τ is the Auslander-Reiten translation. For a complete slice S of D^b(A), there exists a unique hereditary subcategory B of D^b(A) which take S as its subcategory of projective objects (in B), where the hereditary subcategory B means that B ≃ mod B with B a hereditary algebra, in fact B enjoys the same type with A. Notice that both of the slice S and the hereditary subcategory B are totally preserved under the covering functor F. So we have the notations for complete slice and hereditary subcategory of R which are, respectively, the image of their correspondents of D^b(A) under F.

2.3.1 Lemma The root category R has the Hall polynomials ϕ^Z_{XY} and ϕ^Z_{Y X} for any X, Y, Z ∈ R with Y indecomposable; moreover, if there is a hereditary subcategory B which contains X and Y , then the Hall polynomial ϕ^Z_{XY} used here is equal to that defined by Ringel [17] for the module category B.

Proof This is just Lemma 3.1 and Proposition 3.2 in [13]

2.4 We can define the Grothendieck group G_0(R) as usual, it is the quotient of a free group with a basis {[M]} indexed by the isomorphism classes of all objects in R subject to the relations [L] − [M] − [N] provided their exists a triangle of form M → L → N → T M By the Gabriel theorem and its generalization, we can understand as follows: for an indecomposable object M in R, the dimension vector dimM is just the natural image of M in G_0(R) and the root system is identified with the set {dimM | M is indecomposable in R}. For α ∈ Φ, we fix an indecomposable object M(α) with dimM(α) = α. Then the isomorphism classes of objects in R can be identified with the morphism set {φ : Φ → N_0} and the bijection is given by M(φ) = ⨁ α∈Φ φ(α)M(α) Because dimM = −dimT M, so we can require T M(α) = M(−α) for any α ∈ Φ. Also we have the Euler form on G_0(R) :

⟨dimM, dimN⟩ = dim_k Hom_R(M, N) − dim_k Hom_R(M, T N)

(dimM, dimN) = ⟨dimM, dimN⟩ + ⟨dimN, dimM⟩ we simply write ⟨α, β⟩ = ⟨dimM(α), dimM(β)⟩ and (α, β) = (dimM(α), dimM(β)) A object M(φ) is called admissible if there exists a hereditary subcategory B such that M(φ) ∈ B. For an admissible object M(φ), M(φ) = φ(α_1)M(α_1) ⊕ · · · ⊕ φ(α_m)M(α_m) is called an admissible presentation if α_i ∈ Φ and satisfy that ε(α_j, α_i) = 0 for j > i and ξ(α_i, α_j) = 0 for i ≤ j; where ε(α_j, α_i) = dim_k Hom_R(M(α_j ), M(α_i)) and ξ(α_i, α_j) = dim_k Hom_R(M(α_i), T M(α_j)). By the directing property of an hereditary algebra, admissible objects always have admissible presentations.

Now we come to give the definition of the Hall algebra H(R).

2.5 Definition The Hall algebra H(R) is defined to be an associative Q(v)-algebra generated by {M(α) | α ∈ Φ} and {K(β) | β ∈ G_0(R)} subject to the following relations

(1) K_αK_β = K_{α+β}, K_0 = 1 (2) K_βM(α) = v^{(β,α)}M(α)K_β (3) M(α)M(−α) − M(−α)M(α) =^{Kα−K−1α}_{vε(α)−v−ε(α)} (4) For α, γ ∈ Φ with α ≠ −γ M(α)M(γ) = ∑ φ:Φ→N0 v^( ∑ i⟨α_i,α_i⟩φ(α_i)− ∑ i≤j ⟨α_i,α_j ⟩φ(α_i)φ(α_j ))v⟨α,γ⟩×

ϕ^φ_{αγ} (M(α_1))^{(φ(α1))} · · · (M(α_m))^{(φ(αm))} where (M(α))^{(t)} =^{(M(α))t}_{[t]!ε(α)} , ε(α) = ε(α, α) and M(φ) = φ(α_1)M(α_1) ⊕ · · · ⊕ φ(α_m)M(α_m) is an admissible presentation.

Remark 1. If α ≠ −γ, there exists a hereditary subcategory B contains α and γ, so M(φ) is always admissible in case ϕ^φ_{αγ} ≠ 0. 2. The Hall algebra H(R) only depends on the corresponding Cartan matrix C, not depends on the orientations of its Dynkin graph and even the (different) realizations of R. 3. R has the Auslander-Reiten quiver and the Auslander-Reiten translation τ and the translation functor T are isomorphisms of R. So they induce the isomorphisms of H(R), respectively, according to Definition 2.5.

3. PBW-basis

3.1 Given α, γ ∈ Φ, if γ ≠ −α, there is a hereditary subcategory B which contains α and γ. Then one of the following cases should occur.

(1) ε(γ, α) = 0, ξ(α, γ) = 0 (2) ε(α, γ) = 0, ξ(γ, α) = 0 We have the following conclusion.

3.1.1 Proposition Let α, γ ∈ Φ with γ ≠ −α and ε(γ, α) = 0, ξ(α, γ) = 0. Then M(γ)M(α) = v^{(α,γ)}M(α)M(γ)+ ∑ φ∈J(α,γ) c_φ(M(α_1))^{(φ(α1))} · · · (M(α_m))^{(φ(αm))}

with coefficients c_φ in Z[v, v^{−1}], where J(α, γ) is the set of maps φ : Φ → N_0 with ϕ^φ_{γα} ≠ 0 but different from α ⊕ γ, and M(φ) = φ(α_1)M(α_1) ⊕ · · · ⊕ φ(α_m)M(α_m) is an admissible presentation.

Proof In view of Definition 2.5,(4), we only need to consider the term corresponding to φ = α ⊕ γ in the expansion of M(γ)M(α). Now M(φ) = M(α)⊕M(γ) is an admissible presentation; and the coefficient of M(α)M(γ) in the expansion is v^{−⟨α,γ⟩}v^{⟨γ,α⟩}ϕ^{α⊕γ}_{γα} , it equals to v^{(α,γ)} since ϕ^{α⊕γ}_{γα} = | Hom_R(M(α), M(γ))| = q^{ε(α,γ)} = v^{2ε(α,γ)} = v^{2ε⟨α,γ⟩}. The proof is completed.

3.1.2 Take any complete slice S of R, denote the corresponding hereditary subcategory by B. Consider the set {M(α) | α ∈ Φ, M(α) ∈ B}. The subalgebra of H(R) generated by this set is denoted by H(B). Since B = mod B is a directing category, we can arrange a total ordering of indecomposable objects of B, say M(α_1), M(α_2), · · · , M(α_m), such that Hom_R(M(α_i), M(α_j)) ≠ 0 implies i ≤ j.

Lemma (Ringel [19]) Let M(α_1), M(α_2), · · · , M(α_m) be a total ordering of indecomposable objects of B, then ⟨α_i, α_j⟩ > 0 implies i ≤ j and ⟨α_i, α_j⟩ < 0 implies i > j.

3.2 We may take the hereditary subcategory B as the module category of a hereditary algebra B, according to Ringel [18], we have the twisted Hall algebra of B, denoted by H(B, ∗), where the multiplication is denoted by ∗ for a differentiate from that of H(R). But we will soon see that the two coincide.

For M(φ) ∈ B, it is easy to see M(φ) = v^− ∑ i<j ⟨α_i,α_j ⟩φ(α_i)φ(α_j )(φ(α 1)M(α_1)) ∗ · · · ∗ (φ(α_m)M(α_m)) and (φ(α_i)M(α_i)) = v^{−⟨αi,αi⟩φ(αi)(φ(αi)−1)}(M(α_i))^{(∗φ(αi))} On the other hand, by Lemma 2.3.1, M(α) ∗ M(γ) = ∑ φ:Φ→N0 v^{⟨α,γ⟩}ϕ^φ_{αγ} M(φ) ( Note: if M(α), M(γ) ∈ B and ϕ^φ_{αγ} ≠ 0 then M(φ) ∈ B. ) Therefore M(α) ∗ M(γ) = ∑ φ:Φ→N0 v^( ∑ i⟨α_i,α_i⟩φ(α_i)− ∑ i≤j ⟨α_i,α_j ⟩φ(α_i)φ(α_j ))v⟨α,γ⟩ϕφ αγ× (M(α_1))^{(∗φ(α1))} ∗ · · · ∗ (M(α_m))^{(∗φ(αm))} This means that the relation (2.5)(4) is satisfied by H(B, ∗) too.

3.3 Proposition Let M(α_1), M(α_2), · · · , M(α_m) be a total ordering of B, then (M(α_1))^{a1} · · · (M(α_m))^{am} with a_1, · · · , a_m ∈ N_0 form a Q(v)- basis of H(B) and for all i < j M(α_j)M(α_i) = v^{(αi,αj )}M(α_i)M(α_j) + ∑ I(i,j) c(α_{i+1}, · · · , α_{j−1})(M(α_{i+1}))^{ai+1} · · · (M(α_{j−1}))^{aj−1} with coefficients c(α_{i+1}, · · · , α_{j−1}) in Q(v), where the index set I(i, j) is the set of sequences (a_{i+1}, · · · , a_{j−1}) of natural numbers such that j−1∑ t=i+1 a_tα_t = α_i + α_j.

Proof We have seen that H(B, ∗) satisfies the relation (2.5)(4). However the relation (2.5)(4) is the define relation of H(B) by (2.5) , so the canonical map η : H(B) → H(B, ∗) which maps M(α) to M(α) induces an algebra homomorphism. By [19], the monomials

(M(α_1))^{∗a1} ∗ · · · ∗ (M(α_m))^{∗am} with a_1, · · · , a_m ∈ N_0 form a Q(v)- basis of H(B, ∗). Therefore the monomials (M(α_1))^{a1} · · · (M(α_m))^{am} with a_1, · · · , a_m ∈ N_0 are, at least, independent over Q(v). By Proposition 3.1.1, the space H(B) is Q(v)-spanned by these monomials. It follows that they form a Q(v)-basis of H(B), and hence, η is an isomorphism.

Let i < j, we may apply Proposition 3.1.1 in this case. Consider φ : Φ → N_0 with φ ≠ α_i ⊕ α_j, ϕ^φ_{αj αi} ≠ 0, there exists a non-split triangle

M(α_i)^f→ m⨁ t=1 φ(α_t)M(α_t)^g→ M(α_j )^h→ T M(α_i)

where M(φ) = φ(α_1)M(α_1) ⊕ · · · ⊕ φ(α_m)M(α_m) is an admissible presentation. If φ(α_t) ≠ 0, then the components f_t ≠ 0 and g_t ≠ 0 by Lemma 2.2.1, so M(α_i) < M(α_t) < M(α_j) in B. The region of t runs

from i + 1 to j − 1 and M(φ) ∈ B, and moreover, j−1∑ t=i+1 a_tα_t = α_i + α_j.

Therefore, by Proposition 3.1.1, the relation in (3.3) holds.

3.3.1 Corollary The canonical map η : H(B) → H(B, ∗) is an algebra isomorphism.

This means that the restriction of H(R) to a hereditary subcategory of R is just the corresponding twisted Hall algebra introduced by Ringel [18].

3.4 Take a complete slice S and get the corresponding hereditary subcategory B, then the root category R is divided into the two nonintersection parts B and T B. Let S_1, · · · , S_n be a complete set of simple objects in B and take e_i = dimS_i, E_i = S_i, F_i = T S_i and K_i = K_{ei} in H(R). It is well-known from [15] that the Hall algebra of a representation finite type hereditary algebra coincides with its composition algebra. So E_i, F_i, K^±_i , 1 ≤ i ≤ n are generators of the algebra H(R). We want to know what happens if we apply the relations in Definition 2.5 to these generators.

First it is easy to see (1) K_iK_j = K_jK_i, K_iK^{−1}_i = K^{−1}_i K_i = 1 (2) K_iE_j = v^{εiaij} E_jK_i, K_iF_j = v^{−εiaij} F_jK_i (3) E_iF_i − F_iE_i =^{Ki−K−1i}_{vεi −v−εi} for 1 ≤ i, j ≤ n, where ε_i = dim_k Hom_R(S_i, S_i), a_{ij} =^{(ei,ej )}_{εi} .

If i ≠ j, then Hom_R(S_i, S_j) = 0 = Hom_R(S_j, S_i). So the triangles with the following form T S_i → Y → S_j → S_i or T S_j → Y → S_i → S_j are always split. On the other side, they satisfy one of the following two possibilities: Hom_R(S_i, T S_j) = 0, which implies ⟨e_i, e_j⟩ = 0 or Hom_R(S_j, T S_i) = 0, which implies ⟨e_j, e_i⟩ = 0. If Hom_R(S_i, T S_j) = 0, since Hom_R(S_i, S_j) = 0, now ⟨e_i, e_j⟩ = 0, by Proposition 3.1.1, E_iF_j = v^{−⟨ej ,ei⟩}F_jE_i. If Hom_R(T S_j, S_i) = 0, since Hom_R(S_j, S_i) = 0, now ⟨e_j, e_i⟩ = 0, similarly we have, F_jE_i = v^{−⟨ei,ej ⟩}E_iF_j. Anyway we get (4) v^{−⟨ei,ej ⟩}E_iF_j − v^{−⟨ej ,ei⟩}F_jE_i = 0 for i ≠ j It is well-known from Ringel [15] and [18], the (twisted) Hall algebra of a hereditary algebra satisfies the quantum Serre relations. According to Proposition 3.3 and Corollary 3.3.1 we have the following quantum Serre relations in H(R).

(5)_{1−a} ij ∑ t=0 (−1)^t [ 1 − a_{ij} t ] ε_i E^t_i E_jE^{1−aij −t} i = 0 1−a_{ij}∑ t=0 (−1)^t [ 1 − a_{ij} t ] ε_i F^t_i F_jF^{1−aij −t} i = 0

for all i ≠ j.

3.5 We define the algebra U^′ to be an associative Q(v)-algebra on the generators E_1, · · · , E_n, K_1, · · · , K_n, K^{−1}_1 , · · · , K^{−1}_n , F_1, · · · , F_n subject to the relations (1),(2),(3),(4) and (5) in (3.4).

According to a standard method in Lie theory (see [21]) or the diamond lemma in ring theory (see [1]), it is not difficult to see that U^′ has the triangular decomposition

U^′ ≃ U^{′−} ⊗ U^{′0} ⊗ U^{′+}

where U^{′0} is the subalgebra generated by K^{±1}_i , 1 ≤ i ≤ n, in fact U^{′0} = Q(v)[K_i, K^{−1}_i ]_{1≤i≤n}; U^{′+} the subalgebra generated by E_i, 1 ≤ i ≤ n; U^{′−} generated by F_i, 1 ≤ i ≤ n.

We have the canonical epimorphism η : U^′ → H(R) which maps E_i to E_i, F_i to F_i and K_i to K_i. By Corollary3.3.1 and Theorem 1.2.1, we have known that η |_U ′+ : U^{′+} → H(B), η |_U ′− : U^{′−} → H(T B), and η |_U ′0 : U^{′0} → H^′, are all isomorphisms.

3.6 We want to prove that η is an isomorphism itself. To this end, we consider the monomials of form M_{b,c,a} := M(−α_1)^{b1} · · · M(−α_m)^{bm} K^{c1}_1 · · · K^{cn}_n M(α_1)^{a1} · · · M(α_m)^{am} with b = (b_1, · · · , b_m) ∈ N^m_0 , c = (c_1, · · · , c_n) ∈ Z^n and a = (a_1, · · · , a_m) ∈ N^m_0 .

Lemma The monomials M_{b,c,a} with (b, c, a) ∈ N^m_0 × Z^n × N^m_0 are linear independent over Q(v).

The proof is a hard part of our work, it will be given in Section 4.

3.7 Proposition The canonical epimorphism η : U^′ → H(R) is an isomorphism.

Proof Since η |_U ′0 : U^{′0} → H^0, η |_U ′+ : U^{′+} → H(B) and η |_U ′− : U^{′−} → H(T B) are all isomorphisms, so we can take M(α_1), · · · , M(α_m) ∈ U^{′+} and M(−α_1), · · · , M(−α_m) ∈ U^{′−} with η(M(α_i)) = M(α_i) and η(M(−α_i)) = M(−α_i). By Proposition 3.3 and the triangular decomposition of U^′, the monomials

M(−α_1)^{b1} · · · M(−α_m)^{bm} K^{c1}_1 · · · K^{cn}_n M(α_1)^{a1} · · · M(α_m)^{am}

with (b, c, a) ∈ N^m_0 × Z^n × N^m_0 form a Q(v)-basis of U^′. Since η is an epimorphism, it suffices to prove the injectivity of η. The later is equivalent to say that the monomials M_{b,c,a} with (b, c, a) ∈ N^m_0 × Z^n × N^m_0 are independent over Q(v).

Now we arrive at a position to state the main result in this section, the PBW-theorem of H(R).

3.8 Theorem Let R be the root category, H(R) the Hall algebra of R. Choose any complete slice S in R, B the corresponding hereditary subcategory. Let S_1, · · · , S_n be the complete set of simple objects in B, denoted by E_i = S_i, F_i = T S_i and K_i = K_{dimSi} in H(R). Let M(α_1), M(α_2), · · · , M(α_m) be a tortal ordering of indecomposable objects in B. Then

(1) The relations (1),(2),(3),(4) and (5) in (3.4) are define relations of H(R). (2) The monomials M_{b,c,a} = M(−α_1)^{b1} · · · M(−α_m)^{bm} K^{c1}_1 · · · K^{cn}_n M(α_1)^{a1} · · · M(α_m)^{am} with (b, c, a) ∈ N^m_0 × Z^n × N^m_0 form a Q(v)-basis of H(R).

(3) a. If i < j, then M(α_j)M(α_i) = v^{(αi,αj )}M(α_i)M(α_j)

13 + ∑ I(i,j) c(α_{i+1}, · · · , α_{j−1})M(α_{i+1})^{ai+1} · · · M(α_{j−1})^{aj−1} with coefficients c(α_{i+1}, · · · , α_{j−1}) in Q(v), where the index set I(i, j) is the set of sequences (a_{i+1}, a_{i+2}, · · · , a_{j−1}) of natural numbers such that ∑j−1 t=i+1 atαt = αi + αj. M(−α_j )M(−α_i) = v^{(αi,αj )}M(−α_i)M(−α_j ) + ∑ I(i,j) c(−α_{i+1}, · · · , −α_{j−1})M(−α_{i+1})^{bi+1} · · · M(−α_{j−1})^{bj−1} with coefficients c(−α_{i+1}, · · · , −α_{j−1}) in Q(v), where the index set I(i, j) is the set of sequences (b_{i+1}, b_{i+2}, · · · , b_{j−1}) of natural numbers such that ∑j−1 t=i+1 bt(−αt) = (−αi) + (−αj). b. If i < j, then M(α_i)M(−α_j ) = v^{−(αj ,αi)}M(−α_j)M(α_i) + ∑ I(j,i) c(−α_{j+1}, · · · , −α_m, α_1, · · · , α_{i−1})× M(−α_{j+1})^{bj+1} · · · M(−α_m)^{bm} M(α_1)^{a1} · · · M(α_{i−1})^{ai−1} with coefficients c(−α_{j+1}, · · · , −α_m, α_1, · · · , α_{i−1}) in Q(v), where the index set I(j, i) is the set of sequences (b_{j+1}, · · · , b_m, a_1, · · · , a_{i−1}) of natural numbers such that ∑m t=j+1 bt(−αt) + ∑i−1 t=1 a_tα_t = α_i − α_j. M(−α_i)M(α_j ) = v^{−(αj ,αi)}M(α_j)M(−α_i) + ∑ I(j,i) c(α_{j+1}, · · · , α_m, −α_1, · · · , −α_{i−1})× M(α_{j+1})^{aj+1} · · · M(α_m)^{am} M(−α_1)^{b1} · · · M(−α_{i−1})^{bi−1} with coefficients c(α_{j+1}, · · · , α_m, −α_1, · · · , −α_{i−1}) in Q(v), where the index set I(j, i) is the set of sequences (a_{j+1}, · · · , a_m, b_1, · · · , b_{i−1}) of natural numbers such that ∑m t=j+1 at(αt) + ∑i−1 t=1 b_t(−α_t) = α_j − α_i.

Proof (1) is just Proposition 3.7. (2) is a direct consequence of the proof of Proposition 3.7. (3) (a) is just Proposition 3.3. Only (3) (b) needs a proof.

If i < j, then ε(M(α_i), M(−α_j)) = 0, ξ(M(−α_j), M(α_i)) = 0 because they amount to ξ(M(α_i), M(α_j)) = 0, ε(M(α_j), M(α_i)) = 0. By Proposition 3.1.1 we get M(α_i)M(−α_j ) = v^{−(αj ,αi)}M(−α_j)M(α_i) + ∑ φ∈J(−α_j ,α_i) c_φM(β)^{φ(β1)} · · · M(β_l)^{φ(βl)} with M(φ) = φ(β_1)M(β_1) ⊕ · · · ⊕ φ(β_l)M(β_l) ≠ M(α_i) ⊕ M(−α_j ) such that ϕ^{M(φ)}_{M(αi)M(−αj )} ≠ 0. Therefore we have the non-split triangle M(−α_j )^f→ ⨁ φ(β_t)M(β_t)^g→ M(α_i)^h→ M(α_j) with every component f_t ≠ 0 and g_t ≠ 0 by Lemma 2.2.1. Then, M(β_t) ∈ T B implies that β_t = −α_t′ for some t^′ with j < t^′ ≤ m; or M(β_t) ∈ B implies β_t = α_t′ with 1 ≤ t^′ < i. Of course ∑ φ(β_t)β_t = α_i − α_j. Thus the first conclusion of (3) (b) is proved, the second is similar.

3.8.1 Remark Roughly speaking, the theorem tells us that a PBWbasis of H(R) is given by the monomials of indecomposable objects of R, which are not arranged in a row order, but in a round way according to the structure of the Auslander-Reiten quiver of R.

4. A H(R)-module V

4.1 Let φ : Φ → N_0, then M(φ) = ⨁ α∈Φ φ(α)M(α). Let ε(φ) = ε(M(φ)) = dim_k Hom_R(M(φ), M(φ)) = ∑ α_i,α_j ∈Φ φ(α_i)φ(α_j) dim_k Hom_R(M(α_i), M(α_j))

ξ(φ) = ξ(M(φ)) = dim_k Hom_R(M(φ), T M(φ)) = ∑ α_i,α_j ∈Φ φ(α_i)φ(α_j) dim_k Hom_R(M(α_i), T M(α_j)) d(φ) = ε(φ) + ξ(φ) The following lemma is well-known in the representation theory of finite dimensional algebras, it seems to appear first in [8], see also [5].

4.1.1 Lemma Let (∗) : X^f→ L^g→ Y^h→ T X be any triangle and Z any object in R. Then (1) dim_k Hom_R(Z, L) ≤ dim_k Hom_R(Z, X ⊕ Y ) dim_k Hom_R(Z, T L) ≤ dim_k Hom_R(Z, T X ⊕ T Y ) (2) dim_k Hom_R(L, Z) ≤ dim_k Hom_R(X ⊕ Y, Z) dim_k Hom_R(T L, Z) ≤ dim_k Hom_R(T X ⊕ T Y, Z)

Proof Let F : D^b(B) → R be the natural covering functor induced by T^2, where B can be taken to be the hereditary algebra corresponding to any hereditary subcategory of R; and suppose (∗^′) : A^a→ C^b→ B^c→ T A to be a triangular in D^b(B) which lies in F^{−1}(∗) and take D ∈ F^{−1}(Z). Applying Hom_Db_{(B)}(D, −) to (∗^′) we obtain the long exact sequence · · ·^{c∗}→ Hom(D, T^{−1}A) → Hom(D, T^{−1}C) → Hom(D, T^{−1}B) c^∗→ Hom(D, A) → Hom(D, C) → Hom(D, B) c^∗→ Hom(D, T A) → Hom(D, T C) → Hom(D, T B) c^∗→ · · · Therefore ∑ i∈Z dim_k Hom(D, T^{2i}C) ≤ ∑ i∈Z dim_k Hom(D, T^{2i}(A ⊕ B)) ∑ i∈Z dim_k Hom(D, T^{2i+1}C) ≤ ∑ i∈Z dim_k Hom(D, T^{2i+1}(A ⊕ B))

Similarly, applying Hom_Db_{(B)}(−, D) to (∗^′) we get · · ·^{c∗}← Hom(A, D) ← Hom(C, D) ← Hom(B, D) c^∗← Hom(T A, D) ← Hom(T C, D) ← Hom(T B, D) c^∗← Hom(T 2A, D) ← Hom(T 2C, D) ← Hom(T 2B, D) c^∗← · · · then ∑ i∈Z dim_k Hom(T^{2i}C, D) ≤ ∑ i∈Z dim_k Hom(T^{2i}(A ⊕ B), D) ∑ i∈Z dim_k Hom(T^{2i+1}C, D) ≤ ∑ i∈Z dim_k Hom(T^{2i+1}(A ⊕ B), D)

Since F is the covering functor, we have the inequalities in (4.1.1).

4.1.2 As a consequence of Lemma 4.1.1, the set {φ : Φ → N_0} is equiped with a partial order, that is, we define φ_1 ≤ φ_2 if for any M ∈ R dim_k Hom_R(M(φ_1), M) ≤ dim_k Hom_R(M(φ_2), M) and dim_k Hom_R(M, M(φ_1)) ≤ dim_k Hom_R(M, M(φ_2)) Thus, if there is a triangle of form M(φ_1) → M(φ) → M(φ_2) → T M(φ_1) then φ ≤ φ_1 ⊕ φ_2.

4.1.3 Corollary Let (∗) : X^f→ L^g→ Y^h→ T X be a triangle in R, then ε(L) ≤ ε(X ⊕ Y ), ξ(L) ≤ ξ(X ⊕ Y ) So d(L) ≤ d(X ⊕ Y ); moreover, the equality holds if and only if L ≃ X ⊕ Y. Proof In the proof of Lemma 4.1.1, if we take D = C and D = A ⊕ B respectively, then we have ε(L) ≤ ε(X ⊕ Y ), ξ(L) ≤ ξ(X ⊕ Y ). If the

equality holds, then every c^∗ = 0. However ( 1 0 ) : T A → T A ⊕ T B is an embedding, then ( c 0 ) : B → T A ⊕ T B is the zero map. Thus c = 0, hence L ≃ X ⊕ Y. 4.2 In general, let {X_α | α ∈ Φ} be a family of variables indexed by the root system Φ, suppose X is a monomial on these variables, say X = X_{αi1} X_{αi2} · · · X_{αit} . We define

φ_X = α_{i1} ⊕ α_{i2} ⊕ · · · ⊕ α_{it} , d(X) = d(φ_X ) = d(M(φ_X )) ¿From now on we fix a complete slice S of R, B the hereditary subcategory corresponding to S, B the hereditary algebra of B and M(α_1), M(α_2), · · · , M(α_m) be a total ordering of indecomposable objects of B.

Let R be a free Q(v)-algebra on the generators M(−α_i), i = 1, · · · , m, K^{±1}_i , i = 1, · · · , n and M(α_i), i = 1, · · · , m subject to the only relations K_iK^{−1}_i = K^{−1}_i K_i = 1, for i = 1, · · · , n. For any monomial M of R, we define φ_M as above, however we should have a new rule φ_K±1_i = 0. Also d(M) = d(φ_M ). Obviously H(R) is a quotient of R modulo the relations in (2.5).

4.3 We introduce the following notation in R.

For α, β ∈ Φ, we define [M(α), M(−α)]_v = K_α − K^{−1}_α v^{ε(α)} − v^{−ε(α)} if β ≠ −α, [M(β), M(α)]_v = ∑ φ:Φ→N0 φ≠β⊕α v^( ∑ i⟨β_i,β_i⟩φ(β_i)− ∑ i≤j ⟨β_i,β_j⟩φ(β_i)φ(β_j ))v⟨β,α⟩×

ϕ^φ_{βα}(M(β_1))^{(φ(β1))} · · · (M(β_t))^{(φ(βt))} − ∑ φ:Φ→N0 φ≠β⊕α v^( ∑ i⟨β_i,β_i⟩φ(β_i)− ∑ i≤j ⟨β_i,β_j ⟩φ(β_i)φ(β_j ))v−⟨β,α⟩×

ϕ^φ_{αβ}(M(β_1))^{(φ(β1))} · · · (M(β_t))^{(φ(βt))} where M(φ) = φ(β_1)M(β_1) ⊕ · · · ⊕ φ(β_t)M(β_t) is an admissible presentation.

We have [M(α), M(−α)]_v = −[M(−α), M(α)]_v and if β ≠ −α and ε(β, α) = 0, ξ(α, β) = 0 then [M(α), M(β)]_v = −v^{−(α,β)}[M(β), M(α)]_v. 4.4 We define V to be the Q(v)-space with the basis X_{b,c,a} = X(−α_1)^{b1} · · · X(−α_m)^{bm} X^{c1}_1 · · · X^{cn}_n X(α_1)^{a1} · · · X(α_m)^{am} where (b, c, a) = (b_1, · · · , b_m, c_1, · · · , c_n, a_1, · · · , a_m) ∈ N^m_0 × Z^n × N^m_0 . In particularly, 1 is a element of this basis.

For a monomial X_{b,c,a} in V, we define φ_{Xb,c,a} and d(X_{b,c,a}) as in (4.2), also we provide φ_X±1_i = 0 for 1 ≤ i ≤ n.

The initial of X_{b,c,a} is defined to be

X(−α_t) if b_t ≠ 0 and b_i = 0 for 1 ≤ i < t X^{ct}_t if b = 0, c_t ≠ 0 and c_i = 0 for 1 ≤ i < t X(α_t) if b = 0, c = 0, a_t ≠ 0 and a_i = 0 for 1 ≤ i < t For λ ∈ Z we write X_{b+λi,c,a} = X(−α_1)^{b1} · · · X(−α_i)^{bi+λ} · · · X(−α_m)^{bm} × X^{c1}_1 · · · X^{cn}_n X(α_1)^{a1} · · · X(α_m)^{am} Similarly for the definitions of X_{b,c+λi,a} and X_{b,c,a+λi}.

First we define V to be a R-module. If r is a monomial in R and w a monomial in V, define d(r, w) := d(φ_r ⊕ φ_w) = d(M(φ_r) ⊕ M(φ_w)) We are proceeding by induction on d(r, w).

In general, (1) we assume that for monomials r_1 ∈ R and w_1 ∈ V with d(r_1, w_1) < d(r, w) = d, the action r_1w_1 is well-defined already such that r_1w_1 is a linear combination of monomials X satisfying φ_X ≤ φ_{r1} ⊕ φ_{w1} . Without loss of generality we may assume that w = X_{b,c,a}, r = M(−α_1), K_i or M(α_i).

We also provide the following order M(−α_1) ≺ M(−α_2) ≺ · · · ≺ M(−α_m) ≺ M(α_1) ≺ · · · ≺ M(α_m) and (2) assume that if d(r_1, w_1) = d(r, w), φ_{r1} ⊕ φ_{w1} ≤ φ_r ⊕ φ_w and r_1 ≺ r then r_1w_1 is well-defined already and r_1w_1 is a linear combination of monomials X satisfying φ_X ≤ φ_{r1} ⊕ φ_{w1} .

4.4.1 When d(r, w) = 0, then r = K^{c1}_1 · · · K^{cn}_n , w = X^{d1}_1 · · · X^{dn}_n , define rw = X^{c1+d1}_1 · · · X^{cn+dn}_n . 4.4.2 When r = M(−α_i).

(a) If b = 0, define rw = M(−α_i)X_{0,c,a} = X_{0+i,c,a}.

(b) If the initial of X_{b,c,a} is X(−α_j) with j ≥ i, define rw = M(−α_i)X_{b,c,a} = X_{b+i,c,a}. (c) If the initial of X_{b,c,a} is X(−α_j) with j < i, define rw = M(−α_i)X_{b,c,a} = v^{(αj ,αi)}M(−α_j )(M(−α_i)X_{b−j,c,a}) + [M(−α_i), M(−α_j )]_vX_{b−j,c,a} Since d(M(−α_i), X_{b−j,c,a}) < d(M(−α_i), X_{b,c,a}), by the inductive as- sumption (1), M(−α_i)X_{b−j,c,a} is well-defined and can be written as a linear combination of monomials X with φ_X ≤ (−α_i) ⊕ φ_{Xb−j,c,a} ; for these monomials X, (−α_j) ⊕ φ_X ≤ (−α_j) ⊕ (−α_i) ⊕ φ_{Xb−j,c,a} = (−α_i) ⊕ φ_{Xb,c,a} and d(M(−α_j), X) = d((−α_j) ⊕ φ_X ) ≤ d((−α_j) ⊕ (−α_i) ⊕ φ_{Xb−j,c,a} ) = d((−α_i) ⊕ φ_{Xb,c,a} ) = d(M(−α_i), X_{b,c,a}) Since M(−α_j ) ≺ M(−α_i), then, by the inductive assumption (2), M(−α_j)X is well-defined and can be written as a linear combination of monomials Y with φ_Y ≤ (−α_j) ⊕ φ_X ≤ (−α_i) ⊕ φ_{Xb,c,a} . Therefore M(−α_j)(M(−α_i)X_{b−j,c,a}) is well-defined and can be written as a linear combination of monomials X with φ_X ≤ (−α_i) ⊕ φ_{Xb,c,a} .

By (4.1.2) and Corollary 4.1.3, [M(−α_i), M(−α_j )]_v is a linear combination of monomials M with φ_M ≤ (−α_i) ⊕ (−α_j) and d(M) < d((−α_i) ⊕ (−α_j)), then d(M, X_{b−j,c,a}) < d((−α_i) ⊕ (−α_j) ⊕ φ_{Xb−j,c,a} ) = d((−α_i) ⊕ φ_{Xb,c,a} ) = d(M(−α_i), X_{b,c,a}) By the inductive assumption (1), MX_{b−j,c,a} is well-defined and can be written as a linear combination of monomials X with φ_X ≤ φ_M ⊕ φ_{Xb−j,c,a} . So by our definition in (c), rw is well-defined and can be written as a combination of monomials X with φ_X ≤ φ_r ⊕ φ_w.

4.4.3 When r = K^{ci}_i , it is easy to define K^{ci}_i X_{b,c,a} := v^{(−ci} ∑_m j=1 b_j (e_i,α_j ))X b,c+c_ii,a. 4.4.4 When r = M(α_i).

(a) If the initial of X_{b,c,a} is M(α_j ) with j ≥ i, define M(α_i)X_{b,c,a} = M(α_i)X_{0,0,a} = X_{0,0,a+i} If the initial of X_{b,c,a} is M(α_j) with j < i, define M(α_i)X_{b,c,a} = M(α_i)X_{0,0,a} = v^{(αj ,αi)}M(α_j)(M(α_i)X_{0,0,a−j}) + [M(α_i), M(α_j)]_vX_{0,0,a−j} Base upon the same discussion as in (4.4.2) (c), we have the well-defined action M(α_i)X_{b,c,a} and it can be written as a linear combination of monomials X with φ_X ≤ α_i ⊕ φ_{Xb,c,a} .

(b) If the initial of X_{b,c,a} is X^{cj}_j , define M(α_i)X_{b,c,a} = M(α_i)X_{0,c,a} = v^{(−} ∑_n j=1 c_j (e_j ,α_i))Kc_1 1 · · · K^{cn}_n M(α_i)X_{0,0,a} Then the action M(α_i)X_{0,0,a} and K^{c1}_1 · · · K^{cn}_n (M(α_i)X_{0,0,a}) is reduced to (4.4.4) (a) and (4.4.3).

(c) The last case, if the initial of X_{b,c,a} is X(−α_j); if i = j, define M(α_i)X_{b,c,a} = M(−α_j )(M(α_i)X_{b−j,c,a}) + [M(α_i), M(−α_j)]_vX_{b−j,c,a} if i < j, define M(α_i)X_{b,c,a} = v^{−(αj ,αi)}M(−α_j )(M(α_i)X_{b−j,c,a}) + [M(α_i), M(−α_j )]_vX_{b−j,c,a} if i > j, define M(α_i)X_{b,c,a} = v^{(αi,αj )}M(−α_j )(M(α_i)X_{b−j,c,a}) − v^{(αi,αj )}[M(−α_j ), M(α_i)]_vX_{b−j,c,a} Base upon the same discussion as in (4.4.2) (c), we have the well-defined action M(α_i)X_{b,c,a} and it can be written as a linear combination of monomials X with φ_X ≤ α_i ⊕ φ_{Xb,c,a} .

By the induction principal we have constructed the R-module V . Furthermore, we claim that the R-module V is a H(R)-module. For this aim, it suffices to prove

4.5 Proposition The action of R on V satisfy the following operator equations (1) M(α)M(−α) − M(−α)M(α) =^{Kα−K−1α}_{vε(α)−v−ε(α)} for any α ∈ Φ. (2) For any α, β ∈ Φ with ε(β, α) = 0, ξ(α, β) = 0, then M(β)M(α) − v^{(α,β)}M(α)M(β) − [M(β), M(α)]_v = 0.

4.6 More general, for a monomial M = M(β_1) · · · M(β_t) in R, we define by induction [M(β), M]_v = [M(β), M(β_1)]_vM(β_2) · · · M(β_t) +v^{f(β,β1)}M(β_1)[M(β), M(β_2) · · · M(β_t)]_v where f(β, α) = { (α, β) if ε(β, α) = 0, ξ(α, β) = 0 −(β, α) if ε(α, β) = 0, ξ(β, α) = 0 and β, β_i, i = 1, · · · , t, ∈ Φ. Additionally, we define f(α, −α) = 0, f(α, α) = 0 and [K^{ci}_i , K^{cj}_j ]_v = 0, [M(β), K^{ci}_i ]_v = 0.

A generalization of Proposition 4.5 is the following

4.7 Proposition For any β, β_i, i = 1, · · · , s in Φ, the action of R on V satisfy the following operator equations M(β)M(β_1) · · · M(β_s) = v^{(f(β,β1)+···f(β,βs))}M(β_1) · · · M(β_s)M(β) + [M(β), M(β_1) · · · M(β_s)]_v Proof Also we proceed by induction on d(M(β)M(β_1) · · · M(β_s), X_{b,c,a}). Assume that (1) when d(M(β^′)M(β^′_1) · · · M(β^′_t), X_b′_{,c}′_{,a}′ ) < d(M(β)M(β_1) · · · M(β_s), X_{b,c,a}) = d, we have the equation M(β^′)M(β^′_1) · · · M(β^′_t)X_b′_{,c}′_{,a}′ = v^{(f(β′,β′1)+···f(β′,β′t))}M(β^′_1) · · · M(β^′_t)M(β^′)X_b′_{,c}′_{,a}′ +[M(β^′), M(β^′_1) · · · M(β^′_t)]_vX_b′_{,c}′_{,a}′ Since [M(β), M(β_1) · · · M(β_s)]_vX_{b,c,a} = [M(β), M(β_1)]_v(M(β_2) · · · M(β_s)X_{b,c,a}) +v^{f(β,β1)}M(β_1)[M(β), M(β_2) · · · M(β_s)]_vX_{b,c,a}, it suffices to prove that when d(M(α)M(β), X_{b,c,a}) = d, we have M(α)M(β)X_{b,c,a} = v^{f(α,β)}M(β)M(α)X_{b,c,a} + [M(α), M(β)]_vX_{b,c,a} We assume also that (2) when d(M(α)M(β^′), X_b′_{,c}′_{,a}′ ) = d(M(α)M(β), X_{b,c,a}) = d and β^′ ⊕ φ_{Xb′,c′,a′} ≤ β ⊕ φ_{Xb,c,a} but β^′ ≺ β, then

M(α)M(β^′)X_b′_{,c}′_{,a}′ = v^{f(α,β′)}M(β^′)M(α)X_b′_{,c}′_{,a}′ +[M(α), M(β^′)]_vX_b′_{,c}′_{,a}′ We only check one situation here, the others are similar.

Let i ≤ j, we come to show (*1) M(α_i)M(−α_j )X_{b,c,a} = v^{f(αi,−αj )}M(−α_j)M(α_i)X_{b,c,a} + [M(α_i), M(−α_j)]_vX_{b,c,a} (a) If the initial of X_{b,c,a} is X(α_t) with 1 ≤ t ≤ m, or X^{ci}_t with 1 ≤ t ≤ n, or X(−α_t) with j ≤ t. Then M(α_i)M(−α_j )X_{b,c,a} = M(α_i)(M(−α_j)X_{b,c,a}) = M(α_i)X_{b+j,c,a} Now the initial of X_{b+j,c,a} is X(−α_j). If j = i, then f(α_i, −α_j) = 0, by the action in (4.4.4) (c), M(α_i)X_{b+j,c,a} = M(−α_j )(M(α_i)X_{b,c,a}) + [M(α_i), M(−α_j)]_vX_{b,c,a} If i < j, then f(α_i, −α_j) = −(α_j, α_i), by the action in (4.4.4) (c), M(α_i)X_{b+j,c,a} = v^{−(αj ,αi)}M(−α_j )(M(α_i)X_{b,c,a})+[M(α_i), M(−α_j )]_vX_{b,c,a} We have (*1).

(b) If the initial of X_{b,c,a} is X(−α_t) with t < j. By the inductive assumption we have the operator equations M(−α_j )M(−α_t) = v^{f(αj ,αt)}M(−α_t)M(−α_j) + [M(−α_j ), M(−α_t)]_v

M(α_i)M(−α_t) = v^{f(αi,−αt)}M(−α_t)M(α_i) + [M(α_i), M(−α_t)]_v where the second is only applied to the non-zero monomials of M(−α_j )X_{b−t,c,a}, it is guaranteed by the inductive assumption (2); and M(α_i)M(−α_j )X_{b−t,c,a} = v^{f(αi,−αj )}M(−α_j )M(α_i)X_{b−t,c,a} +[M(α_i), M(−α_j )]_vX_{b−t,c,a} By a computation we have M(α_i)M(−α_j )X_{b,c,a} = M(α_i)M(−α_j )M(−α_t)X_{b−t,c,a} = v^{f(αi,−αj )}M(−α_j )M(α_i)X_{b,c,a}+v^{f(αj ,αt)}[M(α_i), M(−α_t)]_vM(−α_j )X_{b−t,c,a} +M(α_i)[M(−α_j ), M(−α_t)]_vX_{b−t,c,a} +v^{f(αj ,αt)+f(αi,−αt)}M(−α_t)[M(α_i), M(−α_j )]_vX_{b−t,c,a} −v^{f(αi,−αt)+f(αi,−αj )}[M(−α_j ), M(−α_t)]_vM(α_i)X_{b−t,c,a} −v^{f(αi,−αj )}M(−α_j)[M(α_i), M(−α_t)]_vX_{b−t,c,a}

So the question (*1) is reduced to prove (*2) [M(α_i), M(−α_j )]_vM(−α_t)X_{b−t,c,a} = v^{f(αj ,αt)}[M(α_i), M(−α_t)]_vM(−α_j)X_{b−t,c,a} +M(α_i)[M(−α_j ), M(−α_t)]_vX_{b−t,c,a} +v^{f(αj ,αt)+f(αi,−αt)}M(−α_t)[M(α_i), M(−α_j )]_vX_{b−t,c,a} −v^{f(αi,−αt)+f(αi,−αj )}[M(−α_j ), M(−α_t)]_vM(α_i)X_{b−t,c,a} −v^{f(αi,−αj )}M(−α_j)[M(α_i), M(−α_t)]_vX_{b−t,c,a} By the inductive assumption we knew that M(α_i)[M(−α_j ), M(−α_t)]_vX_{b−t,c,a} = v^{f(αi,−αt)+f(αi,−αj )}[M(−α_j ), M(−α_t)]_vM(α_i)X_{b−t,c,a} +[M(α_i), [M(−α_j ), M(−α_t)]_v]_vX_{b−t,c,a} Since [M(α_i), M(−α_j)M(−α_t)]_v = [M(α_i), M(−α_j)]_vM(−α_t) + v^{f(αi,−αj )}M(−α_j )[M(α_i), M(−α_t)]_v and [M(α_i), M(−α_t)M(−α_j )]_v = [M(α_i), M(−α_t)]_vM(−α_j ) + v^{f(αi,−αt)}M(−α_t)[M(α_i), M(−α_j)]_v So the question (*2) is reduced to prove (*3) [M(α_i), M(−α_j )M(−α_t)]_vX_{b−t,c,a} = v^{f(αj ,αt)}[M(α_i), M(−α_t)M(−α_j)]_vX_{b−t,c,a} +[M(α_i), [M(−α_j ), M(−α_t)]_v]_vX_{b−t,c,a} However by the inductive assumption we have the operator equation [M(−α_j ), M(−α_t)]_v = M(−α_j )M(−α_t) − v^{f(αj ,αt)}M(−α_t)M(−α_j ) So (*3) is valid. The proof is finished.

4.8 Corollary The R-module V is moreover a H(R)-module, in particular, the monomials M_{b,c,a} with (b, c, a) ∈ N^m_0 × Z^n × N^m_0 are linear independent over Q(v).

Proof The relations in Proposition 4.7 imply the relations in Proposition 4.5. So V satisfies the relations in Definition 2.5. Namely V is a H(R)-module. Additionally, X_{b,c,a} in V are obtained by applying M_{b,c,a} to 1 ∈ V, so M_{b,c,a} are linear independent since X_{b,c,a} constitute a basis.

4.9 Corollary For any α, β, γ ∈ Φ we have the Jacobi-type identity in H(R) : v^{f(γ,α)}[M(α), [M(β), M(γ)]_v]_v + v^{f(α,β)}[M(β), [M(γ), M(α)]_v]_v +v^{f(β,γ)}[M(γ), [M(α), M(β)]_v]_v = 0

Proof Expand them according to Proposition 4.7 and then a straightforward computation.

5. A filtration and integral form of H(R)

5.1 Lemma 4.1.1 provides us a way to give a filtration on H(R). For any α ∈ Φ, we define

o(M(α)) = (dim_k Hom_R(M(α), M(β)))_{β∈Φ} ∈ N^Φ_0 Dually

p(M(α)) = (dim_k Hom_R(M(β), M(α)))_{β∈Φ} ∈ N^Φ_0 In general, for a monomial M(α) · · · M(γ), we define o(M(α) · · · M(γ)) = o(M(α)) + · · · + o(M(γ)) p(M(α) · · · M(γ)) = p(M(α)) + · · · + p(M(γ)) Particularly for K ∈ H^0 we take o(K) = 0 and p(K) = 0.

There is an ordinary partial order in N^Φ_0 : a ≥ b if a − b ∈ N^Φ_0 ; a > b if a ≥ b and a − b ≠ 0. By Lemma 4.1.1 and Corollary 4.1.3, we have

5.1.1 Lemma For any α, β ∈ Φ, then, in H(R), [M(α), M(β)]_v = M(α)M(β) − v^{f(α,β)}M(β)M(α) = ∑ i c_iM_i where c_i ∈ Q(v) and M_i are monomials such that o(M_i) < o(M(α)) + o(M(β)), p(M_i) < p(M(α)) + p(M(β)) whenever c_i ≠ 0.

5.2 Set H^{(0)} = H^0, in general, for s ∈ N^Φ_0 , let H^{(s)} be the submodule of H(R) spanned by the monomials M with o(M) ≤ s over H^{(0)}. Obviously H(R) = ⋃ t∈N^Φ0 H^{(t)} and by Lemma 5.1.1 H^{(s)}H^{(t)} ⊆ H^{(s+t)} Therefore it is not difficult to see the following result.

Proposition The Hall algebra H(R) is a filtrated algebra over Q(v) in which the filtration is given by {H^{(s)} | s ∈ N^Φ_0 } with respect to o( ). The associated graded algebra GrH(R) is an algebra over Q(v) on generators M(α) (α ∈ Φ) and K_β (β ∈ G_0(R)) subject to the following relations

K_αK_β = K_{α+β}, K_0 = 1 K_βM(α) = v^{(β,α)}M(α)K_β M(α)M(β) = v^{f(α,β)}M(β)M(α) Dually we have the same conclusion respect to p( ) and its induced filtration. Also as a consequence of this proposition, H(R) is a noetherian domain (without zero divisor).

Remark A similar filtration for quantum group is well-known according to the investigation of de Concini-Kac [2], which depends on a lemma of Levendorskii-Soibelman in [10]. The filtration of H(R) is dominated by the homological behavior of R, so we avoid a case by case examination in the proof and the filtration here is little bit more strict.

5.3 For α ∈ Φ, let dimM(α) be the natural image of the object M(α) in the Grothendick group G_0(R), which is called the dimension vector of M(α). In general, for any monomial M = M(α) · · · M(γ), define dimM = dimM(α) + · · · + dimM(γ). Additionally, for any K_α ∈ H^0, define dimK_α = 0. For any s ∈ Z^n set H_s to be the submodule of H(R) spanned by the monomials M with dimM = s over H^0. Particularly, H_0 = H^0.

Proposition H(R) = ⨁ t∈Z^n Ht is a G0(R)-graded algebra.

Proof We only have to notice that ϕ^φ_{αβ} ≠ 0 implies dimM(α) + dimM(β) = dimM(φ).

5.4 Choosing arbitrary complete slice of R, we get the corresponding hereditary subcategory B of R. Let S_1, · · · , S_n be a complete set of simple object in B, denoted by e_i = dimS_i, K_i = K_{ei} , E_i = S_i, F_i = T S_i. Set

M(α)^{(t)} = (M(α))^t [t]!_{ε(α)} for any α ∈ Φ

This element is called the divided power of M(α). Set [ K_i; c t ] = t∏ s=1 K_iv^{c−s+1} i − K^{−1}_i v^{−c+s−1}_i v^s_i − v^{−s}_i We have the following two fact due to Lusztig [12] and Ringel [19] respectively. (1) E^{(a)}_i F^{(b)}_i = min(a,b) ∑ t=0 F^{(b−t)}_i [ K_i; 2t − a − b t ] E^{(a−t)}_i and the Z[v, v^{−1}]-submodule of H^0 with basis K^{δ1}_1 · · · K^{δn}_n [ K_i; 0 c_1 ] · · · [ K_i; 0 c_n ]

is a subring of H^0, where δ_i ∈ {0, 1} and c_i ∈ N.

(2) For any indecomposable object M(α) ∈ B, the divided power M(α)^{(t)} belongs to the Z[v, v^{−1}]-subalgebra of H(B) generated by E^{(s)}_i , i = 1, · · · , n, s ≥ 1. The property (2) may be considered as a quantum form of the Kostant theorem for the positive part of the universal enveloping algebra of semisimple Lie algebra. For whole quantum group U, this integral form is known from Lusztig [12], the property (1) is only an easy part of it.

5.5 Let M(α_1), · · · , M(α_m) be a total ordering of indecomposable objects in B (or any fixed ordering), set M^{(b,δ,c,a)} = M(−α_1)^{(b1)} · · · M(−α_m)^{(bm)}K^{δ1}_1 · · · K^{δn}_n × [ K_1; 0 c_1 ] · · · [ K_n; 0 c_n ] M(α_1)^{(a1)} · · · M(α_m)^{(am)}

where b = (b_1, · · · , b_m) ∈ N^m_0 , δ = (δ_1, · · · , δ_n) ∈ {0, 1}^n, c = (c_1, · · · , c_n) ∈ N^n, a = (a_1, · · · , a_m) ∈ N^m_0 .

5.5.1 Theorem The Z[v, v^{−1}]-submodule K of H(R) with Z[v, v^{−1}]- basis

{M^{(b,δ,c,a)} | (b, δ, c, a) ∈ N^m_0 × {0, 1}^n × N^n × N^m_0 } is a subring of H(R).

Proof By Theorem 3.8 and (5.4)(1), it is clear that M^{(b,δ,c,a)} are linear independent over Q(v). Base on (5.4)(1), we only need to prove that any monomial of divided powers belongs to K. Let M = M(α)^{(a)}M(β)^{(b)} · · · be a monomial of divided powers with α, β ∈ Φ, a, b ∈ N_0. We are proceeding by induction on o(M) .

If α = −β, without loss of generality, we may assume M(α) ∈ B. By (5.4)(2), M(α)^{(a)} is in the Z[v, v^{−1}]-subalgebra of H(B) generated by E^{(t)}_i . From the formula in (5.4) (1) and the relation in (3.4)(4), it follows that M = M(α)^{(a)}M(−α)^{(b)} · · · belongs to K if and only if M^′ = M(−α)^{(b)}M(α)^{(a)} · · · belongs to K, where we use the inductive assumption .

If α ≠ −β. There exists a hereditary subcategory B^′ such that M(α), M(β) ∈ B^′. We have the notation M(aα) and M(bβ) in H(B^′) in the sense of Ringel [19], where M(aα) = v^{aε(α)(1−a)}M(α)^{(a)}, M(bβ) = v^{bε(β)(1−b)}M(β)^{(b)} without loss of generality we may assume β < α in B^′, then M(aα)M(bβ) = ∑ φ:Φ→N0 ϕ^φ_{aα bβ}M(φ) = v^{ab(β,α)}M(bβ)M(aα) + ∑ φ:Φ→N0 φ≠aα⊕bβ M(φ) where M(φ), when φ ≠ aα ⊕ bβ, is a monomial of divided powers up to a power of v as coefficient. So by the inductive assumption, M = M(α)^{(a)}M(−α)^{(b)} · · · belongs to K if and only if M^′ = M(−α)^{(b)}M(α)^{(a)} · · · belongs to K.

To sum up, any monomial of divided powers can be reduced to one of form M^{(b,δ,c,a)}. The proof is finished.

6. Degeneration of H(R) to the universal enveloping algebras

6.1 We may choose a family of new operators {H_β | β ∈ G_0(R)} which correspond to {K_β | β ∈ G_0(R)} according to the relations K_β = v^{Hβ} or H_β = log_v K_β. Also set v = e^x. In view of the formula: e^{xA}Be^{−xA} = ∞∑ n=0 x^n n! (adA)^n(B) where (adA)(B) = [A, B] = AB − BA, we have K_βM(α)K^{−1}_β = v^{Hβ} M(α)v^{−Hβ} = e^{xHβ} M(α)e^{−xHβ} = M(α) + x[H_β, M(α)] + x^2 2! [H_β, [H_β, M(α)]] + · · · If we set [H_β, M(α)] = (β, α)M(α), then K_βM(α)K^{−1}_β = M(α) + x(β, α)M(α) + (x(β, α))^2 2! M(α) + · · ·

= ∞∑ n=0 (x(β, α))^n n! M(α) = e^{x(β,α)}M(α) = v^{(β,α)}M(α) So the relations (1) and (2) in Definition (2.5) can be replaced by (1) H_α + H_β = H_{α+β}, H_0 = 0 (2) H_βM(α) − M(α)H_β = (β, α)M(α) Obviously^{vHα −v−Hα} v^{ε(α)}−v^{−ε(α)} → Hα ε(α) as v → 1, then the relation (3) in Defini-

tion (2.5) is degenerated into (3) M(α)M(−α) − M(−α)M(α) =^{Hα}_{ε(α)} Lemma For α, γ ∈ Φ with α ≠ −γ and φ : Φ → N_0 with φ ≠ α ⊕ γ. If M(φ) is decomposable, then ϕ^φ_{αγ} = 0.

Proof A direct consequence of Theorem 2 of Ringel [17] and Lemma 2.3.1.

By this lemma, the relation (4) in Definition 2.5 is degenerated into (4) For α, γ ∈ Φ with α ≠ −γ and ε(γ, α) = 0, ξ(α, γ) = 0, M(γ)M(α) − M(α)M(γ) = ∑ λ∈Φ ϕ^λ_{γα}(1)M(λ) Since indecomposable object in R is determined by its dimension vector, if M(γ)M(α) − M(α)M(γ) ≠ 0, then there exists a unique λ ∈ Φ such that M(γ)M(α) − M(α)M(γ) = ϕ^λ_{γα}(1)M(λ)

We are able to define H_1(R) : the degeneration of H(R) at v = 1.

6.2 Definition H_1(R) is defined to be an associative Q-algebra generated by {M(α) | α ∈ Φ} and {H_β | β ∈ G_0(R)} subject to the relations (1), (2), (3) and (4) in (6.1).

As same as above, take any complete slice S of R and get the corresponding hereditary subcategory B. Let S_1, · · · , S_n be a complete set of simple objects in B, let e_i = dimS_i, E_i = S_i, F_i = T S_i and H_i = H_{ei} . Then relations (1), (2), (3), (4) and (5) in (3.4) are degenerated into, respectively,

(1) [H_i, H_j] = 0 (2) [H_i, E_j] = a_{ij}E_j, [H_i, F_j] = −a_{ij}F_j (3) E_iF_j − F_jE_i = δ_{ij}^{Hi}_{εi} (4) 1−a_{ij}∑ t=0 (−1)^t ( 1 − a_{ij} t ) E^t_i E_jE^{1−aij −t} i = 0 for i ≠ j

1−a_{ij}∑ t=0 (−1)^t ( 1 − a_{ij} t ) F^t_i F_jF^{1−aij −t} i = 0 for i ≠ j

where 1 ≤ i, j ≤ n, a_{ij} =^{(ei,ej )}_{εi} , ε_i = dim_k Hom_R(S_i, S_i). Of course, H_1(R) satisfies these relations.

6.3 Let M(α_1), M(α_2), · · · , M(α_m) be a tortal ordering of indecomposable objects in B. Put N_{b,c,a} := M(−α_1)^{b1} · · · M(−α_m)^{bm} H^{c1}_1 · · · H^{cn}_n M(α_1)^{a1} · · · M(α_m)^{am} with (b, c, a) ∈ N^m_0 × N^n_0 × N^m_0 . The degeneration form of Lemma 3.6 is the following , but the proof is much easier.

Lemma The monomials N_{b,c,a} with (b, c, a) ∈ N^m_0 × N^n_0 × N^m_0 are linear independent over Q.

Base on this fact we have the degeneration form of Theorem 3.8.

Theorem Let R be the root category, H_1(R) the degenerated Hall algebra of R. Choose any complete slice S in R. B the corresponding hereditary subcategory. Let S_1, · · · , S_n be the complete set of simple objects in B, denoted by e_i = dimS_i and E_i = S_i, F_i = T S_i, H_i = H_{ei} in H_1(R). Then

(1) The relations (1), (2), (3) and (4) in (6.2) are define relations of H_1(R), that is, H_1(R) is the universal enveloping algebra of the corresponding simple Lie algebra.

(2) Let M(α_1), M(α_2), · · · , M(α_m) be a tortal ordering of indecomposable objects in B, then the monomials N_{b,c,a} with (b, c, a) ∈ N^m_0 × N^n_0 × N^m_0 form a Q-basis of H_(R).

6.4 Let g be the Q-subspace of H_1(R) with basis {H_i, M(α) | i = 1, · · · , n, α ∈ Φ} Obviously g is closed under the operation [−, −], so g is a Lie subalgebra. It is well-known that the relation (4) in (6.2) is nothing else but

(adE_i)^{1−aij} (E_j) = 0, (adF_i)^{1−aij} (F_j) = 0

for i ≠ j. Therefore we get

Corollary g is the simple Lie algebra corresponding to R and H_1(R) is the universal enveloping algebra of g.

6.5 We have pointed out in [13] that the indecomposable objects in R provide a Chevalley basis of g. Analogously, the construction of H_1(R) provides a Kostant Z-form for the universal enveloping algebra, which is exactly the degeneration of that in Theorem 5.5.1.

Let h_i =^{Hi}_{εi} and ( h_i c_i ) = h_i(h_i − 1) · · · (h_i − c_i + 1) c_i!

for c_i ∈ N_0. Let M(α_1), · · · , M(α_m) be a total ordering of indecomposable objects in B (or any fixed ordering). Set N^{(b,c,a)} = M(−α_1)^{b1} b_1! · · · M(−α_m)^{bm} b_m! ( h_1 c_1 ) · · · ( h_n c_n ) M(α_1)^{a1} a_1! · · · M(α_m)^{am} a_m!

for (b, c, a) ∈ N^m_0 × N^n_0 × N^m_0 .

Theorem The Z-submodule of H_1(R) with the Z-basis N^{(b,c,a)}, (b, c, a) ∈ N^m_0 × N^n_0 × N^m_0 , is a subring of H_1(R).

References

[1] Bergman, G. M., The diamond lemma for ring theory. Adv. Math. 29 (1978), 178-218.

[2] De Concini, C. and Kac, V. G., Representations of quantum groups at roots of 1. Progress in Mathematics 92, Birkhäuser, Boston (1990), 471-506.

[3] Dlab, V. and Ringel, C. M., On algebras of finite representation type, J.

Algebra 33, 306-394 (1975).

[4] Gabriel, P., Unzerlegbare Darstellungen I, Manuscripta Math. 6, 71-103 (1972).

[5] Guo, J. Y. and Peng, L. G., Hall algebras and Hall polynomials. Preprint. [6] Happel, D., On the derived category of a finite-dimensional algebra, Comment. Math. Helv. 62, 339-389 (1987).

[7] Happel, D., Triangulated categories in the representation theory of finitedimensional algebras, ( London Math. Soc. LNS 119 ) Cambridge University Press (1988).

[8] Happel, D. and Ringel, C. M., Tilted algebras. Trans. Amer. Math. Soc. 274 (1982), 399-443.

[9] Humphreys, J. E., Introduction to Lie algebras and representation theory, Graduate Texts in Math. 9, Springer (1972).

[10] Levendorskii, S. Z. and Soibelman, Y. S., Algebras of functions on compact quantum groups, Schubert cells and quantum tori, Comm. Math. Physics 139 (1991), 141-170.

[11] Lusztig, G., Introduction to quantum groups. Birkhäuser Progress Math.

(1993).

[12] Lusztig, G., Finite dimensional Hopf algebras arising from quantum groups, J. Amer. Math. Soc. 3 (1990), 257-296.

[13] Peng, L. and Xiao, J., Root categories and simple Lie algebras. Preprint of Universität Bielefeld 95-018, 1995.

[14] Peng, L. and Xiao, J., A realization of affine Lie algebras of type Ãn�_1 via the derived categories of cyclic quivers. Preprint of Universität Bielefeld 95-022, 1995.

[15] Ringel, C. M., Hall algebras and quantum groups. Inventiones math. 101 (1990), 583-592.

[16] Ringel, C. M., Hall polynomials for the representation-finite hereditary algebras. Adv. Math. 84, 137-178 (1990).

[17] Ringel, C. M., Hall algebras. In: Topics in Algebra, 433-447. Banach Centre.

Publ. 26. Part 1. Warszawa. (1990).

[18] Ringel, C. M., Hall algebras revisited. Israel Mathematica Conference Proceedings, Vol. 7 (1993), 171-176.

[19] Ringel, C. M., PBW-bases of quantum groups. Preprint of Universität Bielefeld 93-062, 1993.

[20] Ringel, C. M., Lie algebras arising in representation theory. In Representations of algebras and related topics ( London Math. Soc. LNS 168 ), 284-291, Cambridge University Press (1992).

[21] Rosso, M., Finite dimensional representations of the quantum analog of the enveloping algebra of a complex simple Lie algebra. Comm. Math. Phys. 117 (1988) 581-593.

[22] Serre, J.-P., Lie algebras and Lie groups, New York: W. A. Benjamin, 1965.