DRINFELD DOUBLE AND GREEN-RINGEL THEORY OF HALL ALGEBRAS

Jie Xiao^1 Department of Mathematics, Beijing Normal University, 100875 Beijing, PR China

Abstract As a continuation to the work of Ringel and Green on Hall algebras, the Hopf algebra structure of a (extended twisted) Hall algebra is presented here. By introducing the Ringel pairing of Hall algebras, the Drinfeld double of a Hall algebra is constructed. The reduced form of this Drinfeld double is appliable to the generic composition algebra, which gives a complete realization of quantum group. This Green-Ringel theory make us possible give the formulae for the computation of commutators in quantum group in terms of Hall algebra.

1. Introduction

1.1 Let C = (a_{ij})_{ij} be a symmetrizable generalized Cartan matrix, we denote by (ϵ_i)_i the minimal symmetrization, thus ϵ_i are integers without a proper common divisor such that ϵ_ia_{ij} = ϵ_ja_{ji}. Also, according to Lusztig [8], the so-called Cartan datum is an equivalent object with C (see (2.5)). Let Q(v) be the function field in one variable v over the field Q of rational numbers. The quantum group U = U_q(g) introduced by Drinfeld and Jimbo is an associative Q(v)-algebra on the generators: F_1, · · · , F_n, K_1, · · · , K_n, K^{−1}_1 , · · · , K^{−1}_n , E_1, · · · , E_n subject to the relations:

K_iK_j = K_jK_i, K_iK^{−1}_i = K^{−1}_i K_i = 1 K_iE_j = v^{aij}_i E_jK_i, K_iF_j = v^{−aij}_i F_jK_i E_iF_j − F_jE_i = δ_{ij} K_i − K^{−1}_i v_i − v^{−1}_i 1−a_{ij}∑ t=0 (−1)^t [ 1 − a_{ij} t ] ϵ_i E^t_i E_jE^{1−aij −t} i = 0 for i ≠ j 1−a_{ij}∑ t=0 (−1)^t [ 1 − a_{ij} t ] ϵ_i F^t_i F_jF^{1−aij −t} i = 0 for i ≠ j

1Supported by the sonderforschungsbereich 343, Diskrete Strukturen in der Mathematik, Universität Bielefeld Key words and phrases: quantum group, skew-Hopf pairing, Drinfeld double, Hall algebra, composition algebra.

1991 Mathematics subject classification: primary 17B37, 16G20; secondary 16P10, 16W30. 1

We admit the notations q = v^2, v_i = v^{ϵi} and

[s] = v^s − v^{−s} v − v^{−1} = v^{s−1} + v^{s−3} + · · · + v^{−s+1}

[s]! = s∏ r=1 [r], [ s r ] = [s]! [r]![s − r]! and, for given a polynomial f ∈ Z[v, v^{−1}] and an integer a, we denote by f_a the polynomial obtained from f by replacing v by v^a. U has the triangular decomposition

U ≃ U^− ⊗ T ⊗ U^+

where U^+ (resp. U^−) is the subalgebra generated by E_i (resp. F_i), i = 1, · · · , n and T generatd by K^±_i , i = 1, · · · , n.

A strong feature of U is its Hopf algebra structure, however the Hopf operations is not closed in the positive part U^+ (resp. U^−), but it works for the Borel part U_q(b^+) (resp. U_q(b^−)) of U. Drinfeld found a general construction, the Drinfeld double, mirroring a Lie bialgebra. Applying the Drinfeld construction to the Borel parts U_q(b^+) and U_q(b^−), this gives U = U_q(g) up to passage to a quotient (modulo a trivial Hopf ideal). We get this idea from [7].

1.2 Now several programs for the realization of quantum group have been raised. A successful model is the Hall algebra of hereditary algebra which is introduced by Ringel [13].

Let k be a finite field, Λ a finite dimensional hereditary k-algebra, P the set of isomorphism classes of finite dimensional Λ-modules. For every α ∈ P, choose u_α to be a representative in α, for α, β, λ ∈ P, let g^λ_{αβ} be the number of submodules B of u_λ such that B ≃ u_β and u_λ/B ≃ u_α. The bilinear form ⟨−, −⟩ is given by ⟨α, β⟩ = dim_k Hom_Λ(u_α, u_β) − dim_k Ext_Λ(u_α, u_β). The (twisted) Hall algebra H(Λ) is defined to be a Q-space with the basis {u_α | α ∈ P}, which multiplication is given by

u_αu_β = ∑ λ∈P v^{⟨α,β⟩}g^λ_{αβ}u_λ Ringel [13] has proved that the quantum serre relation is a zero element in Hall algebra and, if Λ and g enjoy a common Cartan datum of finite type, the generic form of H(Λ) gives a realization of U^+ of U_q(g). Recently Green [5] found a remarkable formula about the filtration numbers of modules over a hereditary algebra, this led to a formulation for the comultiplication of H(Λ), he proved (depends on Lusztig [8]) that the positive part U^+ of U_q(g) is canonically isomorphic to the generic composition algebra of Λ if g and Λ enjoy a common Cartan datum (of any type), where composition algebra is the subalgebra of the Hall algebra generated by simple Λ-modules.

1.3 Combine the Ringel^′s multiplication and Green^′s comultiplication, Hall algebra becomes nearly a bialgebra. It is natural (as did for quantum group) to add the torus algebra T to H. We presented below (4.5), as an easy consequence of the Green-Ringel theory, this extended Hall algebra becomes really a Hopf algebra, and the antipode can be formulated in a global way too. Due to Ringel [16], we can define the Ringel pairing between positive and negative extended Hall algebras. The (reduced) Drinfeld double is obtained from the Ringel pairing, so according to the philosophy of Drinfeld, Hall algebra also join the Hopf algebra classes which fit to the solutions of the quantum Yang-Baxter equation. We can restrict the construction to the generic composition algebra, it really gives a realization of the whole quantum group U.

It is well-known quantum groups are Hopf algebras, but the operations (multiplication, comultiplication and antipode) can only be defined on the generators: E_i, F_i, K_i. An obvious advantage of the Hall algebra approach is that these operations are globally defined over a basis. Elements in the basis can be interpreted as modules over Λ and these operations have some interpretations from the representation theory of Λ. So the Drinfeld double structure provides us a chance to write down a formula for the commutators u^−_λ′ u^+_λ − u^+_λ u^−_λ′ for any λ, λ^′ ∈ P.

1.4 In Section 2, we give the definitions of Cartan datum, skew-Hopf pairing and Drinfeld double. Our concern is devoted to the skew-Hopf pairing beloning to a Cartan datum C, this class is denoted by L(C). We review the construction of Lusztig and Joseph in the framework of skew-Hopf pairing, both are non-degenerate members of L(C). Section 3 is a review of Green^′s result only with a slight modification. For (A^+, A^−, φ) ∈ L(C), there is an algorithm to calculate φ which only depends on the Cartan datum. This implies that any two non-degenerate members are canonically isomorphic, so the construction of Lusztig and Joseph are canonically isomorphic to each other. In Section 4, one of our main results is Theorem 4.5, which gives the Hopf algebra structure of the (extended twisted) Hall algebra. Since the Hall algebra is naturally a graded and filtrated algebra, although the antipode σ is quite complicated, yet σ^2 is only a v-deformation of the ide! ntity map. This lead to a family o f orthogonal relations for the filtration numbers. In the last section, the positive and negative Hall algebras and their Ringel pairing are formulated precisely, so we have the reduced Drinfeld double of Hall algebras, which restriction to the generic composition algebras give a realization of quantum groups (5.8). The formula for u^−_λ′ u^+_λ − u^+_λ u^−_λ′ is given, if we take one to be simple Λ-module u_i or take C to be finite type, the formula has some simplified form.

1.5 In this paper it is always to be that; N : the set of non-negative integers, Z : the set of integers, Q : the set of rational numbers. We should make clear that, in the following, Hall algebra always means extended twisted Hall algebra (see (4.5)).

Acknowledgement The work was done during my stay at the Department of Mathematics, University of Bielefeld. It comes from an effort to understand the Green-Ringel theory of Hall algebras and its relation to quantum group. I am deeply indebted to Prof. C. M. Ringel for his lectures and new manuscript [16], specially for his many times to be consulted. I am also grateful to Dr. S. König for his suggestion of Drinfeld double.

2. (Skew-)Hopf pairing of a Cartan datum

2.1 In this paper, we choose R to be a commutative integral domain of characteristic zero ( we need Z ⊂ R ), and v an invertible element of R. A special case is Q(v), the rational functional field over Q in one variable v. In the following the tensor product ⊗ means ⊗_R.

A R-module H is called a Hopf algebra, if H possess the R-linear operations (1) multiplication μ : H ⊗ H → H, (2) unit η : R → H, (3) comultiplication Δ : H → H ⊗ H, (4) counit ε : H → R and (5) antipode σ : H → H which satisfy the conditions:

(a) (H, μ, η) is an associative R-algebra. (b) (H, Δ, ε) is an associative R-coalgebra. (c) Δ, ε are algebra morphisms. (d) μ(σ ⊗ 1)Δ = μ(1 ⊗ σ)Δ = ηε.

2.2 Given Hopf algebra A and B, a Hopf pairing of A and B is a R- bilinear function φ : A × B → R satisfying

(a) φ(1, b) = ε_B(b), φ(a, 1) = ε_A(a) (b) φ(a, bb^′) = φ(Δ_A(a), b ⊗ b^′) (c) φ(aa^′, b) = φ(a ⊗ a^′, Δ_B(b)) (d) φ(σ_A(a), b) = φ(a, σ_B (b)) for all a, a^′ ∈ A and b, b^′ ∈ B, where φ(a ⊗ a^′, b ⊗ b^′) = φ(a, b)φ(a^′, b^′). We define Δ^{opp}_B as Δ^{opp}_B (b) = Σb_2 ⊗b_1 where Δ_B(b) = Σb_1 ⊗b_2, and assume that σ_B is invertable. Then the conditions (c),(d) of (2.2) can be replaced by (c^′) φ(aa^′, b) = φ(a ⊗ a^′, Δ^{opp}_B (b)) (d^′) φ(σ_A(a), b) = φ(a, σ^{−1}_B (b)) So for given Hopf algebras A and B, a skew-Hopf pairing of A and B is a R-bilinear function φ : A × B → R which satisfies the conditions (a), (b), (c^′) and (d^′).

A (skew-)Hopf pairing φ : A×B → R is called (two-sided) non-degenerate if φ(a, B) = 0 implies a = 0 and φ(A, b) = 0 implies b = 0 for any a ∈ A, b ∈ B.

2.3 If φ is a skew-Hopf pairing, it is well-know that A ⊗ B has the Hopf algebra structure which is the so-called Drinfeld double of (A, B, φ).

The algebra structure of A ⊗ B is determined by (a) (a ⊗ 1)(a^′ ⊗ 1) = aa^′ ⊗ 1 (b) (1 ⊗ b)(1 ⊗ b^′) = 1 ⊗ bb^′ (c) (a ⊗ 1)(1 ⊗ b) = a ⊗ b (d) (1 ⊗ b)(a ⊗ 1) = ∑ φ(a_1, σ_B(b_1))(a_2 ⊗ b_2)φ(a_3, b_3) for all a, a^′ ∈ A, b, b^′ ∈ B, where Δ^2_A(a) = ∑ a_1 ⊗ a_2 ⊗ a_3, Δ^2_B(b) = ∑ b_1 ⊗ b_2 ⊗ b_3. (Note:Δ^2 = (1 ⊗ Δ)Δ = (Δ ⊗ 1)Δ).

We may identify A and B as the subalgebras of A ⊗ B by taking a → a ⊗ 1, b → 1 ⊗ b. A ⊗ B has the other operations: unit 1 ⊗ 1, counit ε_A ⊗ ε_B, comultiplication Δ_{A⊗B} = τ_{23}(Δ_A ⊗ Δ_B), i.e. Δ_{A⊗B}(a ⊗ b) = Σ(a_1 ⊗ b_3) ⊗ (a_2 ⊗ b_4) where Δ_A(a) = Σa_1 ⊗ a_2, Δ_B(b) = Σb_3 ⊗ b_4 and antipode σ_{A⊗B} with σ_{A⊗B}(a ⊗ b) = (1 ⊗ σ_B(b))(σ_A(a) ⊗ 1).

Retain the operations of A ⊗ B in (2.3), we have

2.4 Proposition Let (A, B, φ) be a skew-Hopf pairing, then A ⊗ B is a Hopf algebra.

For a proof, see [7].

2.5 According to Lusztig [8], a Cartan datum is a pair (I, (, )) consisting of a finite set I and a symmetric bilinear form (−, −) on the free abelian group Z[I] with values in Z such that the following conditions are satisfied (a) (i, i) ∈ {2, 4, 6, · · · } for any i ∈ I, (b)^{2(i,j)}_{(i,i)} ∈ {0, −1, −2, · · · } for any i ≠ j in I.

Then C = (a_{ij})_{i,j∈I} is a symmetrizable Cartan matrix where a_{ij} =^{2(i,j)}_{(i,i)} for all i, j ∈ I. Without loss of generality, we identify C = (a_{ij})_{i,j∈I} to (I, (, )).

2.6 The torus of C is the associative R-algebra T defined by the generators K_α, α ∈ Z[I] subject to the relations K_0 = 1, K_αK_β = K_{α+β} for all α, β ∈ Z[I]. T is a commutative R-algebra, in fact, T = R[K_i, K^{−1}_i ]_{i∈I} .

2.7 We say that the skew-Hopf pairing (A^+, A^−, φ) belongs to the Cartan class C = (I, (, )), or (A^+, A^−, φ) is a member of L(C) if the following conditions are satisfied,

(A^+1) A^+ = ⨁ ν∈N[I]^{A+}ν^{is an N[I]-graded, associative R-algebra gener-}

ated by elements x^+_i ∈ A^+_i (i ∈ I) and A^+_0 = T such that

K_αx^+_i = v^{(α,i)}x^+_i K_α for all i ∈ I, α ∈ Z[I]. (A^−1) A^− = ⨁ ν∈N[I]^{A−}ν^{is an N[I]-graded, associative R-algebra gener-}

ated by elements x^−_i ∈ A^−_i (i ∈ I) and A^−_0 = T such that K_αx^−_i = v^{−(α,i)}x^−_i K_α for all i ∈ I, α ∈ Z[I]. (A2) Δ_A+ (x^+_i ) = x^+_i ⊗ 1 + K_i ⊗ x^+_i , Δ_A+ (K_α) = K_α ⊗ K_α

Δ_A− (x^−_i ) = x^−_i ⊗ K_{−i} + 1 ⊗ x^−_i , Δ_A− (K_α) = K_α ⊗ K_α for all i ∈ I, α ∈ Z[I]. (A3) φ(x^+_i , x^−_i ) ≠ 0 for all i ∈ I.

φ(K_α, K_β) = v^{−(α,β)}, φ(x^+_i , K_β) = φ(K_α, x^−_i ) = 0 for all i ∈ I, α, β ∈ Z[I]. Given any Cartan datum C = (I, (, )), we list a few examples which belong to L(C). 2.8 Example 1 (Lusztig). The free object of L(C).

2.8.1 Let f̃^+ be the free R-algebra on free generators θ^+_i , i ∈ I and F̃^+ be the R-algebra generated by f̃^+ and T subject to the relations K_αθ^+_i = v^{(α,i)}θ^+_i K_α for all i ∈ I, α ∈ Z[I]. F̃ + has a natural N[I]-gradation, for any ν = ∑_{i∈I} ν_ii ∈ N[I], we denote by F̃^+_ν the T-submodule of F̃^+ spanned by the monomials θ^+_{i1} θ^+_{i2} · · · θ^+_{ir} such that for any i ∈ I, the number of occurrences of i in the sequence (i_1, i_2, · · · , i_r) is equal to ν_i. Then each F̃^+_ν is a free T-module of finite rank and F̃^+ = ⨁ ν∈N[I]^{F̃ +}ν^{. We have F̃ +}ν^{F̃ +}ν′^{⊂ F̃ +}ν+ν′^{, θ+}i^{∈ F̃ +}i^{for i ∈ I and}

F̃^+_0 = T. The Hopf algebra structure of F̃ + is given by

Δ(θ^+_i ) = θ^+_i ⊗ 1 + K_i ⊗ θ^+_i , Δ(K_α) = K_α ⊗ K_α ε(θ^+_i ) = 0, ε(K_α) = 1 σ(θ^+_i ) = −K_{−i}θ^+_i , σ(K_α) = K_{−α} for all i ∈ I, α ∈ Z[I]. It is easy to verify that F̃^+ is a Hopf algebra.

2.8.2 Similarly,let f̃^− be the free R-algebra on free generators θ^−_i , i ∈ I and F̃ − be the R-algebra generated by f̃ − and T subject to the relations K_αθ^−_i = v^{−(α,i)}θ^−_i K_α for all i ∈ I, α ∈ Z[I]. F̃^− has a natural N[I]-gradation, for any ν = ∑ i∈I ν_ii ∈ N[I], we denote by F̃^−_ν the T-submodule of F̃^− spanned by the monomials θ^−_{i1} θ^−_{i2} · · · θ^−_{ir} such that for any i ∈ I, the number of occurrences of i in the sequence (i_1, i_2, · · · , i_r) is equal to ν_i. Then each F̃^−_ν is a free T-module of finite rank and F̃^− = ⨁ ν∈N[I]^{F̃ −}ν^{. We have F̃ −}ν^{F̃ −}ν′^⊂

F̃^−_{ν+ν′} , θ^−_i ∈ F̃^−_i for i ∈ I and F̃^−_0 = T. The Hopf algebra structure of F̃ − is given by Δ(θ^−_i ) = θ^−_i ⊗ K_{−i} + 1 ⊗ θ^−_i , Δ(K_α) = K_α ⊗ K_α ε(θ^−_i ) = 0, ε(K_α) = 1 σ(θ^−_i ) = −θ^−_i K_i, σ(K_α) = K_{−α} for all i ∈ I, α ∈ Z[I]. Now Δ^{opp} and σ^{−1} in F̃^− exist and are given by Δ^{opp}(θ^−_i ) = θ^−_i ⊗ 1 + K_{−i} ⊗ θ^−_i , Δ^{opp}(K_α) = K_α ⊗ K_α σ^{−1}(θ^−_i ) = −K_iθ^−_i , σ^{−1}(K_α) = K_{−α}.

2.8.3 Proposition (Lusztig) There exists a unique pairing φ : F̃^+ × F̃^− → R satisfying φ(1, 1) = 1 and

(a) φ(θ^+_i , θ^−_j ) = δ_{ij}(1 − v^{−(i,i)})^{−1}, φ(K_α, K_β) = v^{−(α,β)} for all i, j ∈ I, α, β ∈ Z[I]. (b) φ(x, y^′y^{′′}) = φ(Δ(x), y^′ ⊗ y^{′′}) for all x ∈ F̃^+, y^′, y^{′′} ∈ F̃^−. (c) φ(xx^′, y^{′′}) = φ(x ⊗ x^′, Δ^{opp}(y^{′′})) for all x, x^′ ∈ F̃^+, y^{′′} ∈ F̃^−.

Proof The comultiplication Δ of F̃^+ induces a multiplication in its dual space ∑ ν∈I F̃ +∗_ν , F̃ +∗_ν ⊗ F̃^{+∗}_{ν′} → F̃^{+∗}_{ν+ν′} , (g ∗ h)(x) := μ(g ⊗ h)(Δ(x)). Let ξ_i ∈ F̃^{+∗}_i be the linear function given by ξ_i(K_αθ^+_i ) = v^{(α,i)}(1 − v^{−(i,i)})^{−1}, T_α ∈ F̃^{+∗}_0 be given by T_α(K_β) = v^{−(β,α)} for all i ∈ I, α, β ∈ Z[I]. It is easy to see that T_α, α ∈ Z[I] are one family of commutative linear functions and satisfy that T_αT_β = T_{α+β}, T_αξ_i = v^{−(i,α)}ξ_iT_α, for example, since Δ(K_βθ^+_i ) = K_βθ^+_i ⊗ K_β + K_βK_i ⊗ K_βθ^+_i , then T_αξ_i(K_βθ^+_i ) = T_α(K_βK_i)ξ_i(K_βθ^+_i ) = v^{−(β+i,α)}v^{(β,i)}(1−v^{−(i,i)})^{−1} and ξ_iT_α(K_βθ^+_i ) = ξ_i(K_βθ^+_i )T_α(K_β) = v^{(β,i)}(1− v^{−(i,i)})^{−1}v^{−(β,α)}. So T_αξ_i = v^{−(i,α)}ξ_iT_α. F̃ − is an associative R-algebra with free generators θ^−_i , i ∈ I and generators K_α, α ∈ Z[I] subject to the relations K_αθ^−_i = v^{−(α,i)}θ^−_i K_α, K_αK_β = K_{α+β} Then there exists an algebra morphism ϕ : F̃^− → ∑ ν∈N[I]^{F̃ +∗}ν^{such that}

ϕ(θ^−_i ) = ξ_i, ϕ(K_α) = T_α ϕ(y^′y^{′′})(x) = ∑ ϕ(y^′)(x_1)ϕ(y^{′′})(x_2) where Δ(x) = ∑ (x_1 ⊗x_2). We define φ : F̃^+ ×F̃^− → R by φ(x, y) = ϕ(y)(x).

So the conditions (a), (b) of (2.8.3) are satisfied, and clearly (d) φ(x, y) = 0 if x, y homogenous with different weights. We prove (c) by induction. First we take y^{′′} = θ^−_i , x = θ^+_i and x^′ = K_α, or x = K_α, x^′ = θ^+_i . Note that Δ^{opp}(θ^−_i ) = θ^−_i ⊗ 1 + K_{−i} ⊗ θ^−_i .

φ(θ^+_i K_α, θ^−_i ) = ξ_i(θ^+_i K_α) = v^{−(i,α)}ξ_i(K_αθ^+_i )

= v^{−(i,α)}v^{(α,i)}(1 − v^{−(i,i)})^{−1} = (1 − v^{−(i,i)})^{−1} φ(θ^+_i ⊗ K_α, θ^−_i ⊗ 1 + K_{−i} ⊗ θ^−_i ) = φ(θ^+_i , θ^−_i )φ(K_α, 1) = (1 − v^{−(i,i)})^{−1} φ(K_αθ^+_i , θ^−_i ) = ξ_i(K_αθ^+_i ) = v^{(α,i)}(1 − v^{−(i,i)})^{−1} φ(K_α ⊗ θ^+_i , θ^−_i ⊗ 1 + K_{−i} ⊗ θ^−_i ) = φ(K_α, K_{−i})φ(θ^+_i , θ^−_i )

= v^{−(−i,α)}(1 − v^{−(i,i)})^{−1} = v^{(α,i)}(1 − v^{−(i,i)})^{−1} Let x, x^′ and y, y^′ are homogeneous elements of F̃^+ and F̃^− respectively and assume that Δ(x) = ∑ x_1 ⊗ x_2, Δ(x^′) = ∑ x^′_1 ⊗ x^′_2

Δ(y) = ∑ y_1 ⊗ y_2, Δ(y^′) = ∑ y^′_1 ⊗ y^′_2 then Δ(xx^′) = ∑ x_1x^′_1 ⊗ x_1x^′_2, Δ(yy^′) = ∑ y_1y^′_1 ⊗ y_2y^′_2 We want to show (c) holds for y^{′′} = yy^′. φ(xx^′, yy^′) = ϕ(yy^′)(xx^′) = (ϕ(y)ϕ(y^′))(xx^′) (ϕ(y) ⊗ ϕ(y^′))(Δ(xx^′)) = ∑ ϕ(y)(x_1x^′_1)ϕ(y^′)(x_2x^′_2) = ∑ φ(x_1x^′_1, y)φ(x_2x^′_2, y^′) ( by the inductive assumption ) = ∑ φ(x_1 ⊗ x^′_1, Δ^{opp}(y))φ(x_2 ⊗ x^′_2, Δ^{opp}(y^′)) = ∑ φ(x_1, y_2)φ(x^′_1, y_1)φ(x_2, y^′_2)φ(x^′_2, y^′_1) (according to (b) of (2.8.3)) = ∑ φ(x, y_2y^′_2)φ(x^′, y_1y^′_1) = φ(x ⊗ x^′, Δ^{opp}(yy^′)) Therefore φ(xx^′, y^{′′}) = φ(x ⊗ x^′, Δ^{opp}(y^{′′})). The uniqueness of φ is immediate.

2.8.4 Lemma (F̃^+, F̃^−, φ) is a skew-Hopf pairing which belongs to the Cartan class C = (I, (, )).

Proof It remains to show φ(σ(a), b) = φ(a, σ^{−1}(b)) for all a ∈ F̃^+, b ∈ F̃^−. We may assume that a, b are homgeneous elements and induct on the weights of a and b.

(1) φ(σ(K_α), K_β) = φ(K_α, σ^{−1}(K_β) = v^{(β,α)}.

(2) If a = K_α, b = b_1b_2 is a homogeneous element of F̃^−, then φ(σ(K_α), b_1b_2) = φ(K_{−α}, b_1b_2) = φ(K_{−α}, b_1)φ(K_{−α}, b_2) = φ(σ(K_α), b_1)φ(σ(K_α), b_2) ( by the inductive assumption )

= φ(K_α, σ^{−1}(b_1))φ(K_α, σ^{−1}(b_2)) = φ(Δ(K_α), σ^{−1}(b_2) ⊗ σ^{−1}(b_1)) = φ(K_α, σ^{−1}(b_2)σ^{−1}(b_1)) = φ(K_α, σ^{−1}(b_1b_2)) where one should notice that σ^{−1} is an anti-automorphism.

(3) a = θ^+_i , b = θ^−_i , φ(σ(θ^+_i ), θ^−_i ) = φ(−K_{−i}θ^+_i , θ^−_i ) = ξ_i(−K_{−i}θ^+_i ) = −v^{−(i,i)}(1 − v^{−(i,i)})^{−1} φ(θ^+_i , σ^{−1}(θ^−_i )) = φ(θ^+_i , −K_iθ^−_i ) = φ(Δ(θ^+_i ), −K_i ⊗ θ^−_i )

= φ(θ^+_i ⊗1+K_i⊗θ^+_i , −K_i⊗θ^−_i ) = −φ(K_i, K_i)φ(θ^+_i , θ^−_i ) = −v^{−(i,i)}(1−v^{−(i,i)})^{−1}.

(4) If a = θ^+_i , b = b_1b_2 homogeneous element of F̃^−, then

φ(σ(θ^+_i ), b_1b_2) = φ(−K_{−i}θ^+_i , b_1b_2) = −φ(Δ(K_{−i}θ^+_i ), b_1 ⊗ b_2) = −φ(K_{−i}θ^+_i ⊗ K_{−i} + 1 ⊗ K_{−i}θ^+_i , b_1 ⊗ b_2) = −(φ(K_{−i}θ^+_i , b_1)φ(K_{−i}, b_2) + φ(1, b_1)φ(K_{−i}θ^+_i , b_2)) = φ(σ(θ^+_i ), b_1)φ(K_{−i}, b_2) + φ(1, b_1)φ(σ(θ^+_i ), b_2) ( by the inductive assumption ) = φ(θ^+_i , σ^{−1}(b_1))φ(K_{−i}, b_2) + φ(1, b_1)φ(θ^+_i , σ^{−1}(b_2)) and φ(θ^+_i , σ^{−1}(b_1b_2)) = φ(θ^+_i , σ^{−1}(b_2)σ^{−1}(b_1)) = φ(θ^+_i ⊗ 1 + K_i ⊗ θ^+_i , σ^{−1}(b_2) ⊗ σ^{−1}(b_1)) = φ(θ^+_i , σ^{−1}(b_2))φ(1, σ^{−1}(b_1)) + φ(K_i, σ^{−1}(b_2))φ(θ^+_i , σ^{−1}(b_1)) = φ(θ^+_i , σ^{−1}(b_1))φ(K_{−i}, b_2) + φ(1, b_1)φ(θ^+_i , σ^{−1}(b_2)) So φ(σ(θ^+_i ), b_1b_2) = φ(θ^+_i , σ^{−1}(b_1b_2)).

(5) In general let a = a_1a_2, b = b_1b_2 be homegeneous elements of F̃^+ and F̃ − respectively, Δ(a_1) = ∑ a_{11} ⊗ a_{12}, Δ(a_2) = ∑ a_{21} ⊗ a_{22}. By using the identity Δσ = τ_{12}(σ ⊗ σ)Δ we have

φ(σ(a_1a_2), b_1b_2) = φ(Δσ(a_1a_2), b_1 ⊗ b_2) = φ(τ_{12}(σ ⊗ σ)Δ(a_1a_2), b_1 ⊗ b_2) = φ(τ_{12}(σ⊗σ)( ∑ a_{11}a_{21}⊗a_{12}a_{22}), b_1⊗b_2) = ∑ φ(σ(a_{12}a_{22}), b_1)φ(σ(a_{11}a_{21}), b_2) ( by the inductive assumption ) = ∑ φ(a_{12}a_{22}, σ^{−1}(b_1))φ(a_{11}a_{21}, σ^{−1}(b_2)) = ∑ φ(a_{11}a_{21} ⊗ a_{12}a_{22}, σ^{−1}(b_2) ⊗ σ^{−1}(b_1)) = φ(Δ(a_1a_2), σ^{−1}(b_2)⊗σ^{−1}(b_1)) = φ(a_1a_2, σ^{−1}(b_2)σ^{−1}(b_1)) = φ(a_1a_2, σ^{−1}(b_1b_2)) The proof is finished.

2.9 Example 2 (Lusztig) We continue Example 1. Let I^+ = {x ∈ F̃^+ | φ(x, F̃^−) = 0}. If x ∈ I^+, y ∈ F̃^+, for any z ∈ F̃^− with Δ(z) = ∑ z_1 ⊗z_2 we have φ(xy, z) = φ(x ⊗ y, Δ^{opp}(z)) = ∑ φ(x, z_2)φ(y, z_1) = 0 and φ(yx, z) = ∑ φ(y, z_2)φ(x, z_1) = 0. So xy, yx ∈ I^+, I^+ is a two-sided ideal of F̃^+. It is also easy to see I^+ ≃ T ⊗ I^+_0 , where I^+_0 = I^+ ∩ f̃^+.

Dually let I^− = {y ∈ F̃^− | φ(F̃^+, y) = 0}. I^− is a two-sided ideal of F̃^−. I^− ≃ T ⊗ I^−_0 , where I^−_0 = I^− ∩ f̃^−.

Let f^+ = f̃^+/I^+_0 , F^+ = F̃^+/I^+, f^− = f̃^−/I^−_0 , F^− = F̃^−/I^−. Since I^±_0 , I^± are compatible with the weight decomposition of f̃^± and F̃^± respectively, we have the weight decomposition f^± = ⨁ ν∈N[I]^{f ±}ν^{where f ±}ν^{is}

the image of f̃^±_ν under the natural maps f̃^± → f^± and F^± = ⨁ ν∈N[I]^{F ±}ν

where F^±_ν is the image of F̃^±_ν under the natural maps F̃^± → F^±. Also we have F^±_ν ≃ T ⊗ f^±_ν , so F^± ≃ T ⊗ f^±.

If x ∈ I^+, for any y, z ∈ F̃^−, then φ(Δ(x), y ⊗ z) = φ(x, yz) = 0. Therefore Δ(x) is contained in the (left) radical of the pairing φ defined on F̃ + ⊗ F̃ + × F̃ − ⊗ F̃ −. This (left) radical equals to I+ ⊗ F̃ + + F̃ + ⊗ I+. Thus Δ(I^+) ⊂ I^+ ⊗ F̃^+ + F̃^+ ⊗ I^+. Then Δ induces an algebra homomorphism F^+ → F^+ ⊗ F^+, denote it again Δ. Same for Δ : F^− → F^− ⊗ F^− and σ : F^+ → F^+, σ : F^− → F^−. The pairing φ : F̃^+ × F̃^− → R factor to a pairing F^+ × F^− → R, again by φ : F^+ × F^− → R.

2.9.1 Proposition The induced skew-Hopf pairing (F^+, F^−, φ) is a nondegenerate member of L(C), where C = (I, (, )).

2.10 Example 3 (Joseph)

2.10.1 Given a Cartan datum (I, (, )), let Ũ^+ be a free R-algebra with generators x^+_i , i ∈ I, Ũ^− a free R-algebra with generators x^−_i , i ∈ I. Same as before they have the natural gradation Ũ^+ = ⨁ ν∈N[I] Ũ^+_ν , Ũ^− = ⨁ ν∈N[I] Ũ^−_ν

with Ũ^+_0 = Ũ^−_0 = R1.

Let T_λ denote the automorphism of Ũ^− defined by T_λ(x^−_i ) = v^{(i,λ)}x^−_i for any λ ∈ Z[I] and define the T_j-leftskew derivation δ_j of Ũ^− for any j ∈ I through δ_j(x^−_i ) = δ_{ij} δ_j(a^−_ν b^−_μ ) = δ_j(a^−_ν )b^−_μ + T_j(a^−_ν )δ_j (b^−_μ ) for any i ∈ I and any homogeneous elements a^−_ν ∈ Ũ^−_ν and b^−_μ ∈ Ũ^−_μ , where δ_{ij} is the Kronecker sign. Particularly δ_j(R1) = 0. Note that δ_j is not an algebra endomorphism of Ũ^− and T_λ(a^−_ν ) = v^{(ν,λ)}a^−_ν for any a^−_ν ∈ Ũ^−_ν . One can verify the relation δ_jx^−_i − v^{(i,j)}x^−_i δ_j = δ_{ij} as operations acting on Ũ^−.

2.10.2 Since Ũ^+ is a free R-algebra with generators x^+_i , i ∈ I, there is a unique homomorphism φ^+ : Ũ^+ → Hom_R(Ũ^−, Ũ^−) by taking φ^+(x^+_j ) = δ_j for any j ∈ I. Since the decomposition Ũ^− = ⨁ ν>0 Ũ−_ν ⊕ R1, we have the canonical projection ε^− : Ũ^− → R. ε^− is an algebra homomorphism. So we can define a pairing φ : Ũ^+ × Ũ^− → R by φ(x, y) = ε^−(φ^+(x)y).

2.10.3 We need to add the torus algebra T to Ũ^+ and Ũ^− respectively. Ṽ+ = TŨ+ subject to the relations K_αa^+_β = v(α,β)a^+_β K_α where α ∈ Z[I] and a^+_β ∈ Ũ^+_β for any β ∈ N[I]. Ṽ^− = TŨ^− subject to the relations K_αb^−_β = v^{−(α,β)}b^−_β K_α where α ∈ Z[I] and b^−_β ∈ Ũ^−_β for any β ∈ N[I]. The action φ^+ of Ũ+ on Ũ− extends to an action of Ṽ+ on Ṽ− by setting T_β(K_α) = v(α,β)K_α, φ^+(K_β) = T_β and δ_j(Y ) = 0 for all j ∈ I and α, β ∈ Z[I]. For example we check that T_βδ_j(K_αx^−_j ) = T_β(T_j(K_α)) = v^{(α,j)+(α,β)} δ_jT_β(K_αx^−_j ) = δ_j(v^{(α,β)+(j,β)}K_αx^−_j ) = v^{(α,β)+(j,β)+(α,j)} So T_βδ_j = v^{(j,β)}δ_jT_β. Then φ^+ : Ṽ^+ → Hom_R(Ṽ^−, Ṽ^−) is a homomorphism. Now Ṽ^+, Ṽ^− has the graded decomposition too, Ṽ^+ = TŨ^+ = ⨁ ν>0 TŨ^+_ν ⊕ T

Ṽ^− = TŨ^− = ⨁ ν>0 TŨ^−_ν ⊕ T

Let ε^−(K_α) = 1 for any α ∈ Z[I], then ε^− : Ṽ^− → R is a well-defined projection.

Let φ : Ṽ^+ × Ṽ^− → R be given by φ(x, y) = ε^−(φ^+(x)y), then φ is a well-defined pairing.

2.10.4 As same as before, there are induced Hopf algebra structure on Ṽ^+ and Ṽ^−. The Hopf algebra Ṽ^+ is given by

(a) Δ(x^+_i ) = x^+_i ⊗ 1 + K_i ⊗ x^+_i , Δ(K_α) = K_α ⊗ K_α (b) ε(x^+_i ) = 0, ε(K_α) = 1 (c) σ(x^+_i ) = −K_{−i}x^+_i , σ(K_α) = K_{−α} for all i ∈ I, α ∈ Z[I]. The Hopf algebra Ṽ^− is given by (a^′) Δ(x^−_i ) = x^−_i ⊗ K_{−i} + 1 ⊗ x^−_i , Δ(K_α) = K_α ⊗ K_α (b^′) ε(x^−_i ) = 0, ε(K_α) = 1 (c^′) σ(x^−_i ) = x^−_i K_α, σ(K_α) = K_{−α} for all i ∈ I, α ∈ Z[I]. The operations Δ^{opp} and σ^{−1} for Ṽ^− is

(d^′) Δ^{opp}(x^−_i ) = x^−_i ⊗ 1 + K_i ⊗ x^−_i , Δ^{opp}(K_α) = K_α ⊗ K_α (e^′) σ^{−1}(x^−_i ) = −K_ix^−_i , σ^{−1}(K_α) = K_{−α}

2.10.5 Proposition The pairing φ : Ṽ^+ × Ṽ^− → R defined in (2.10.3) satisfies

(a) φ(1, y) = ε(y), φ(x, 1) = ε(x) (b) φ(x, yy^′) = φ(Δ(x), y ⊗ y^′) (c) φ(xx^′, y) = φ(x ⊗ x^′, Δ^{opp}(y)) (d) φ(σ(x), y) = φ(x, σ^{−1}(y)) for all x, x^′ ∈ Ṽ^+ and y, y^′ ∈ Ṽ^−. Proof As same as in (2.8), or see [7].

2.10.6 We come back Ũ^+ and Ũ^− now. If I is a subspace of Ũ^− stable by the derivations δ_i, i ∈ I, then so are its graded components. It follows easily that there is a unique maximal proper ideal I^− of Ũ^− contained in the graded complement of R1, i.e, contained in ⊕_{ν>0}Ũ^−_ν and stable by δ_i, i ∈ I. Moreover I^− is graded. Set U^− = Ũ^−/I^−. By the construction, the derivations δ_i, i ∈ I factor to acting on U^−. Because Ũ^+ is a free algebra on generators x^+_i , i ∈ I, so we have the canonical homomorphism φ^+ : Ũ^+ → Hom_R(U^−, U^−) by taking φ^+(x^+_i ) = δ_i, i ∈ I. Obviously I^+ = ker φ^+ is a graded ideal of Ũ^+. let U^+ = Ũ^+/I^+, so φ^+ factor to the algebra morphism U^+ → Hom_R(U^−, U^−), still denoted by φ^+. Since U^− = ⨁ ν>0 U^−_ν ⊕ R1, ε^− : U^− → R is a well-defined projection too. Define the pairing φ : U^+ × U^− → R by φ(a, b) = ε^−(φ^+(a)(b)). Obviously φ(U^+_μ , U^−_ν ) = 0 unless μ = ν. 2.10.7 Lemma The pairing φ : U^+ × U^− → R is non-degenerate

Proof Take y_μ ∈ U^−_μ non-zero, show that φ(U^+_μ , y_μ) ≠ 0 by induction on |μ|. It is clear if μ = 0. If |μ| > 0, by the maximality of I^−, there is i ∈ I such that φ^+(x^+_i )(y_μ) ≠ 0. Then there exists x_{μ−i} ∈ U^+_{μ−i} such that φ(x_{μ−i}, φ^+(x^+_i )(y_μ)) ≠ 0 by the inductive hypothesis. Thus φ(x_{μ−i}x^+_i , y_μ) ≠ 0 as required.

Take x_μ ∈ U^+_μ non-zero. Because φ^+(x_μ) is a derivation of degree μ, then φ^+(x_μ)U^−_μ ⊂ R1. Since φ(x_μ, U^−_ν ) = 0 if ν ≠ μ, then φ(x_μ, U^−_μ ) ≠ 0 by the definition of I^+.

2.10.8 Let V^+ = TU^+ by the relations K_αx_β = v^{(α,β)}x_βK_α, V^− = TU^− by the relation K_αy_β = v^{−(α,β)}y_βK_α where α ∈ Z[I], β ∈ N[I], x_β ∈ U^+_β , y_β ∈ U^−_β .

V^+ and V^− are Hopf algebras under the operations induced from those of Ṽ+ and Ṽ− respectively (2.10.4). The action φ+ of U+ on U− extends to an action of V^+ on V^− by setting φ^+(K_β) = T_β, δ_i(T) = 0, T_β(K_α) = v^{(α,β)}K_α for all i ∈ I, α, β ∈ Z[I]. Let ε^−(K_α) = 1, α ∈ Z[I]. Then ε^− : V^− → R and the pairing φ : V^+ × V^− → R with φ(x, y) = ε^−(φ^+(x)y). We get

2.10.9 Proposition The pairing φ : V^+ × V^− → R is a non-degenerate skew-Hopf pairing in L(C).

3. Uniqueness of non-degenerate pairing

3.1 Given a Cartan datum C = (I, (, )), consider the class of skew-Hopf pairing (A^+, A^−, φ) in L(C). If we take (A^+, A^−, φ) ∈ L(C), it is easy to see that φ is determined by (2.2) (a), (b) and (c^′) as soon as the elements φ(x^+_i , x^−_i ), i ∈ I are given. However, according to Green [5], there is an algorithm to calculate φ which only depends on the Cartan datum. This implies that any two non-degenerate skew-Hopf pairing in L(C) are canonically isomorphic.

If ν = ∑ i∈I ν_ii ∈ N[I], let trν = ∑ i∈I ν_i and write p = trν. Define I(ν) to be the set of all vectors a = (a_1, a_2, · · · , a_p) ∈ I^p which have weight ν, i.e, which satisfy ν_i = |{k ∈ N | 1 ≤ k ≤ p, a_k = i}| for all i ∈ I. Define I(0) to consist of a single element ∅. Let I(∞) denote the disjoint union ⋃ ν∈N[I]^{I(ν). Then A+}ν^{(resp. A−}ν^{) for any ν ∈ N[I] is}

the T-spain of the monomials x^+_a = x^+_{a1} · · · x^+_{ap} (resp. x^−_a = x^−_{a1} · · · x^−_{ap} ), a ∈ I(ν), in case ν = 0 we define x^±_∅ = 1.

3.2 Lemma Let (A^+, A^−, φ) ∈ L(C), then

(1) φ(A^+_μ , A^−_ν ) = 0 if μ ≠ ν in N[I].

(2) For any α, β ∈ Z[I], ν ∈ N[I] and a, b ∈ I(ν), then φ(K_αx^+_a , K_βx^−_b ) = v^{−(α,β)−(ν,β)+(α,ν)}φ(x^+_a , x^−_b ).

Proof (1) It follows from (A2), (A3) of (2.7) and (b), (c^′) of (2.2) by induction.

(2) Let a = (a_1, · · · , a_p), b = (b_1, · · · , b_p), then x^+_a = x^+_{a1} · · · x^+_{ap} , x^−_b = x^−_{b1} · · · x^−_{bp} . φ(K_αx^+_a , K_βx^−_b ) = φ(Δ(K_αx^+_a ), K_β ⊗ x^−_b ) = φ((K_α ⊗ K_α)(x^+_{a1} ⊗ 1 + K_{α1} ⊗ x^+_{a1} ) · · · (x^+_{ap} ⊗ 1 + K_{αp} ⊗ x^+_{ap} ), K_β ⊗ x^−_b ) ( by (1) ) = φ(K_αK_{α1} · · · K_{αp} ⊗ K_αx^+_{a1} · · · x^+_{ap} , K_β ⊗ x^−_b )

= φ(K_αK_{nu}, K_β)φ(K_αx^+_a , x^−_b ) = v^{−(α,β)−(ν,β)}φ(K_α ⊗ x^+_a , Δ^{opp}(x^−_b )) ( by (A2) of (2.7) and (1) ) = v^{−(α,β)−(ν,β)+(α,ν)}φ(x^+_a , x^−_b ). 3.3 Proposition (Green) Given a Cartan datum C = (I, (, )), for any ν ∈ N[I] and a, b ∈ I(ν), then there exists an element M_{a,b}(t) ∈ Z[t, t^{−1}] ( t indeterminter ) such that for any (A^+, A^−, φ) ∈ L(C), there holds

φ(x^+_a , x^−_b ) = M_{a,b}(v) ∏ i∈I φ(x^+_i , x^−_i )^{νi} ,

moreover, M_{a,b}(t) = M_{b,a}(t), therefore φ(x^+_a , x^−_b ) = φ(x^+_b , x^−_a ).

Proof This is by induction on p = trν = ∑ i∈I ν_i. If p = 0, then a = b = ∅ and φ(x^+_a , x^−_b ) = φ(1, 1) = 1 by (2.2) (a). So the statement is satisfied by taking M_{∅,∅}(t) = 1. Assume now that p ≥ 1 and that the Notation: If a ∈ I^p and S is a subset of {1, · · · , p}, we denote by a(S) the vector of length p − |S| obtained by removing from a = (a_1, · · · , a_p) all the terms a_i, i ∈ S. In case S = {π} for some π ∈ {1, · · · , p}, write a(π) for a(S). Now let a, b ∈ I(ν), we have x^−_b = x^−_{b(p)}x^−_{bp} . By (2.2) (b)

φ(x^+_a , x^−_b ) = φ(Δ(x^+_a ), x^−_{b(p)} ⊗ x^−_{bp} )

= φ( ∏ π∈{1,··· ,p} (x^+_{aπ} ⊗ 1 + K_{aπ} ⊗ x^+_{aπ} ), x^−_{b(p)} ⊗ x^−_{bp} )

Expand the product ∏ π∈{1,··· ,p}(x + aπ ⊗ 1 + K_{aπ} ⊗ x^+_{aπ} ) as ⨁ P ⊂{1,··· ,p} z(P ) where for each subset P ⊂ {1, · · · , p}, z(P ) = z_1 · · · z_p such that z_π = x^+_{aπ} ⊗1 if π ∈ P and z_π′ = K_{aπ′} ⊗ x^+_{aπ′} if π^′ ∈ P^′ = {1, · · · , p} \ P. Multiplying out this product according to the formula in (2.7) (A^+1), we get

z(P ) = v^{(a:P )}K_{a(P )}x^+_{a(P ′)} ⊗ x^+_{a(P )}

where (a : P ) = − ∑ π′∈P ′,π∈P π<π′ (a_π′ , a_π). But by Lemma 3.2, φ(z(P ), x^−_{b(p)} ⊗ x^−_{bp} ) = 0 unless P^′ = {π} for some π ∈ {1, · · · , p}, and in this case we have

φ(z(P ), x^−_{b(p)} ⊗ x^−_{bp} ) = v^{(a:P )}φ(K_{aπ} x^+_{a(P ′)}, x^−_{b(p)})φ(x^+_{aπ} , x^−_{bp} )

( by Lemma 3.2 ) = v^{(a:P )}v^{(aπ ,b(p))}φ(x^+_{a(P ′)}, x^−_{b(p)})φ(x^+_{aπ} , x^−_{bp} )

where (a : P ) = −(a_π, a_1 + · · · + a_{π−1}), (a_π, b(p)) = (a_π, b_1 + · · · b_{p−1}). By the inductive assumption we have φ(x^+_a , x^−_b ) = ∑ π∈{1,··· ,p} aπ=bp v^{(aπ ,b1+···bp−1)−(aπ ,a1+···+aπ−1)}M_{a(π),b(p)}(v) ∏ i∈I φ(x^+_i , x^−_i )^{νi} .

Since ν = b_1 + · · · + b_{p−1} + b_p = a_1 + · · · + a_{π−1} + a_π + a_{π+1} + · · · + a_p, then if a_π = b_p, v^{(aπ ,b1+···bp−1)−(aπ ,a1+···+aπ−1)} = v^{(aπ ,aπ+1+···+ap)}. Hence φ(x^+_a , x^−_b ) = ∑ π∈{1,··· ,p} aπ=bp v^{(aπ ,aπ+1+···+ap)}M_{a(π),b(p)}(v) ∏ i∈I φ(x^+_i , x^−_i )^{νi} .

We get M_{a,b}(t) = ∑ π∈{1,··· ,p} aπ=bp v^{(aπ ,aπ+1+···+ap)}M_{a(π),b(p)}(t) Let S_p be the permutation group of {1, · · · , p} and G_{ab} = {s ∈ S_p | a_{s(π)} = b_π for all π ∈ {1, · · · , p}}.

By induction one can prove M_{a,b}(t) = ∑ s∈G_{ab} t^{(s:a)} where (s : a) = ∑ π′<π s−1(π′)>s−1(π) (a_π′ , a_π). Since G_{ab} = G_{ba} and (s : a) = (s^{−1} : b), we have M_{a,b}(t) = M_{b,a}(t). The proof is finished.

3.4 Given a Cartan datum C = (I, (, )), let (A^+, A^−, φ) ∈ L(C). As we did as in Section 2, it follows that I^+ = {x ∈ A^+ | φ(x, A^−) = 0} and I^− = {y ∈ A^− | φ(A^+, y) = 0} are two sided ideals of A^+ and A^− respectively. It is easy to see that (1) I^+ = ∑ ν∈N[I]^{(A} + ν ⋂ I^+), A^+_0 ⋂ I^+ = 0

I^− = ∑ ν∈N[I]^{(A} − ν ⋂ I^−), A^−_0 ⋂ I^− = 0 (2) Δ(I^+) ⊂ A^+ ⊗ I^+ + I^+ ⊗ A^+, Δ(I^−) ⊂ A^− ⊗ I^− + I^− ⊗ A^−.

Set A^+ = A^+/I^+, which is generated by x^+_i = x^+_i + I^+, i ∈ I and A^+_0 = A^+_0 = T. A^− = A^−/I^−, which is generated by x^−_i = x^−_i + I^−, i ∈ I and A^−_0 = A^−_0 = T. Then (A^+, A^−, φ) is again a skew-Hopf pairing in L(C), where the Hopf algebra structure of A^+ and A^− and φ inherited in obvious ways from A^+, A^− and φ respectively. Of course φ is non-degenerate.

3.5 Let (A^+, A^−, φ) and (A^{′+}, A^{′−}, φ^′) be two skew-Hopf pairing in L(C), we say a canonical isomorphism f : (A^+, A^−, φ) → (A^{′+}, A^{′−}, φ^′), it means that we have the isomorphisms f : A^+ → A^{′+} and f : A^− → A^{′−} as Hopf algebras, moreover f(x^+_i ) = x^{′+}_i , f(x^−_i ) = x^{′−}_i for all i ∈ I and f preserves T = A_0 = A^′_0 fixed.

According to Proposition 3.3, the relation between φ and φ^′ is also clear, precisely, for any ν ∈ N[I] and any a, b ∈ I(ν), φ^′(x^{′+}_a , x^{′−}_b ) = c(ν)φ(x^+_a , x^−_b ) where c(ν) is non-zero in R which only depends on ν.

3.6 Theorem (Green) Given a Cartan datum C = (I, (, )), any two nondegenerate skew-Hopf pairings in L(C) are canonical isomorphic.

Proof Let (A^+, A^−, φ) and (A^{′+}, A^{′−}, φ^′) be two non-degenerate members of L(C). Then any element of A^+ can be writen as x = ∑ a∈I(∞) cax + a where c_a ∈ T and x^+_a = x^+_{a1} · · · x^+_{ap} if a = (a_1, · · · , a_p) ∈ I^p, in partular x^+_∅ = 1.

We define the morphism f : A^+ → A^{′+} by sending x = ∑ a∈I(∞) cax + a to x^′ = ∑ a∈I(∞) cax ′+ a . We show that f is a well-defined morphism. In fact x = 0 if and only if φ(x, A^−) = 0 since φ is non-degenerate. By Lemma 3.2 (2) it is equivalent to φ(x, x^−_b ) = 0 for any b ∈ I(∞), that is ∑ a∈I(∞) caφ(x + a , x^−_b ) = 0 for any b ∈ I(∞). Since φ(x^+_a , x^−_b ) = 0 if a, b are different weights by Lemma 3.2 (1), it is equivalent to ∑ a∈I(ν) c_aφ(x^+_a , x^−_b ) = 0, for all b ∈ I(ν) and all ν ∈ N[I].

By Proposition 3.3, this is equivalent to ∑ a∈I(ν) c_aM_{a,b}(v) = 0, for all b ∈ I(ν) and all ν ∈ N[I]

since ∏ i∈I φ(x^+_i , x^−_i )^{νi} ≠ 0 by (A3) of (2.7). But this condition is independent of A^+ according to Proposition 3.3, we obtain that x = ∑ a∈I(∞) cax + a = 0 if and only if x^′ = ∑ a∈I(∞) cax ′+ a = 0. So f : A^+ → A^{′+} is well-defined. it is easily seen that f is a canonical algebra isomorphism and f is admissible with the comultiplication and counit. Although there is no hypothesis on antipodes in (2.7), by μ(σ⊗1)Δ = δε, σ(K_α)K_α = 1 and σ(x^+_i )+σ(K_i)x^+_i = 0, hence σ(K_α) = K_{−α}, σ(x^+_i ) = −K_{−i}x^+_i for all α ∈ Z[I], i ∈ I. Thus f is admissible with antipodes. Therefore f is an isomorphism of Hopf algebras. Similar for f : A^− → A^{′−}.

3.6.1 Remark The construction of non-degenerate skew-Hopf pairings of Lusztig and Joseph as did as in Section 2 are canonical isomorphic to each other, by Theorem 3.6.

4. Hall and composition algebras

4.1 ¿From now on, we come to consider the Hall algebras over hereditary algebras. We fix some notations in this section. Let k be a finite field, v = √ q, q = |k|; Λ be an associative hereditary k-algebra, assume also that Λ is finitary in the sense that | Ext^1_R(S, S^′)| < ∞ for all simple Λ-modules S, S^′ which are finite as sets. This condition is met if Λ is finitely generated as k-algebra [12].

Let P be the set of isomorphism classes of Λ-modules of finite cardinality. We denote by 0 both the zero module and its isomorphism class. Let P_1 = P \ {0}. For every α ∈ P let u_α be a representative in α. Given α ∈ P, let a_α be the order of the automorphism group of u_α. Given α, β, λ ∈ P, let g^λ_{αβ} be the number of submodules B of u_λ such that B ≃ u_β and u_λ/B ≃ u_α.

J.A.Green gave us the following remarkble formula.

4.2 Theorem (Green) Assume that Λ is hereditary and finitary. Given any α, β, α^′, β^′ ∈ P, then a_αa_βa_α′ a_β′ ∑ λ∈P g^λ_{αβ}g^λ_α′_β′ a^{−1}_λ = ∑ ρ,σ,σ^′,τ∈P | Ext^1(u_ρ, u_τ )| | Hom(u_ρ, u_τ )| g^α_{ρσ}g^{α′}_{ρσ}′ g^β_σ′_τ g^{β′}_{στ} a_ρa_σa_σ′ a_τ .

The Green formula reflects the symmetricity of the module category of a hereditary algebra deeply. For its proofs we referee to [5] and [16].

More general, given α_1, · · · , α_t, λ ∈ P, let F^{uλ}_{uα1 ,··· ,uαt} be the set of filtrations u_λ = M_0 ⊇ M_1 ⊇ · · · ⊇ M_t = 0 such that M_{i−1}/M_i is isomorphic to u_{αi} for all 1 ≤ i ≤ t. The cardinality of F^{uλ}_{uα1 ,··· ,uαt} will be denoted by g^λ_{α1···αt} . A routine generalization of the Green formula is the following.

4.3 Corollary Let Λ be hereditary and finitary. Given {α_i}^n_{i=1}, {β_j}^m_{j=1} ⊂ P, then n∏ i=1 a_{αi} m∏ j=1 a_{βj} ∑ λ∈P g^λ_{α1···αn} g^λ_{β1···βm} a^{−1}_λ

= ∑ (ρ_{ij} )_{1≤i≤n} 1≤j≤m ∏ 1≤i≤n 1≤j≤m a_{ρij} ∏ i<k j<l | Ext(u_{ρij} , u_{ρkl} )| | Hom(u_{ρij} , u_{ρkl} )| n∏ i=1 g^{αi}_{ρi1ρi2···ρim} m∏ j=1 g^{βj}_{ρ1j ρ2j ···ρnj}

where the sum is taken over P.

4.4 Given Λ-modules M, N, let

⟨M, N⟩_R = dim_k Hom(M, N) − dim_k Ext^1(M, N).

Since Λ is hereditary, ⟨M, N⟩_R depends only on the dimension vectors dimM and dimN. For α, β ∈ P, we write ⟨α, β⟩_R = ⟨u_α, u_β⟩_R So the Ringel form ⟨−, −⟩_R is defined on Z[I], where I is the set of isomorphism classes of simple Λ-modules. The Ringel symmetric form (−, −)_R is given by (α, β)_R = ⟨α, β⟩_R + ⟨β, α⟩_R on Z[I]. The following two lemmas are due to Ringel (see [16]).

Lemma 1 Let Λ be a finite dimensional hereditary k-algebra, then the Ringel symmetric form (I, (−, −)_R) is a Cartan datum.

We denote by k an algebraic closure of k. For any n ∈ N, let F (n) be the subfield of k with [F (n) : k] = n.

Lemma 2 Let (I, (, )) be any Cartan datum, k any finite field. Fix some total ordering ⪯ on the set I. Then there exists a k-species S = (F_i,_i M_j)_{i,j∈I} defined as follows. F_i = F ( (i, i) 2 ) for any i ∈ I iM_j = F (−(i, j)) if i ≺ j or 0 otherwise.

such that the tensor algebra T (S) is a finite dimensional hereditary k-algebra, the simple T (S)-modules are indexes by I and the Ringel symmetric form (−, −)_R of T (S) is equal to (−, −) of (I, (, )).

4.4.1 Remark This means that any Cartan datum can be realized by the Ringel symmetric form of some finite dimensional hereditary k-algebra, moreover, if the Cartan datum (I, (, )) is simply-laced, one may take T (S) to be the path algebra kQ, where the quiver Q is made by orienting the Dynkin graph of (I, (, )) in any way which gives no oriented cycles.

R is a commutative integral domain containing the integers Z and containing also elements v, v^{−1}. Λ, P, P_1, I is given as above. Let H(Λ) be the free R-module with the basis {K_αu_λ | α ∈ Z[I], λ ∈ P}. With these notations we have

4.5 Theorem H(Λ) is endowed with a Hopf algebra structure under the following operations.

(a) (Ringel) Multiplication: u_αu_β = ∑ λ∈P v^{⟨α,β⟩}g^λ_{αβ}u_λ for all α, β ∈ P K_αu_β = v^{(α,β)}u_βK_α for all α ∈ Z[I], β ∈ P K_αK_β = K_{α+β} for all α, β ∈ Z[I] with unit 1 = u_0 = K_0. (b) (Green) Comultiplication:

Δ(u_λ) = ∑ α,β∈P v^{⟨α,β⟩} a_αa_β a_λ g^λ_{αβ}u_αK_β ⊗ u_β for all λ ∈ P

Δ(K_α) = K_α ⊗ K_α for all α ∈ Z[I] with counit: εu_λ = 0 for λ ≠ 0 in P and εK_α = 1 for all α ∈ Z[I]. (c) Antipode:

σ(u_λ) = δ_{λ0}+ ∑ m≥1 (−1)^m ∑ π∈P λ1,··· ,λm∈P1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ g^λ_{1···λm} g^π_{λ1···λm} K_{−λ}u_π for all λ ∈ P σ(K_α) = K_{−α} for all α ∈ Z[I] where ⟨−, −⟩ = ⟨−, −⟩_R, (−, −) = (−, −)_R and δ_{λ0} is the Kronecker sign.

Proof (a) The associativity of the multiplication follows from the fact that (u_αu_β)u_γ = ∑ λ∈P v^{⟨α,β⟩+⟨α,γ⟩+⟨β,γ⟩}g^λ_{αβγ} u_λ = u_α(u_βu_γ ). Obviously the unit element is just u_0 = K_0 = 1.

(b) By [9] or [16], it is known that^{aαaβ}_{aλ} g^λ_{αβ} belongs to Z[v^{−1}], so Δ : H(Λ) → H(Λ) ⊗ H(Λ) is R-linear. Obviously Δ(K_αK_α′ ) = Δ(K_α)Δ(K_α′ ) for all α, α^′ ∈ Z[I]. It will be enough to prove that Δ(u_α′ u_β′ ) = Δ(u_α′ )Δ(u_β′ ) for all α^′, β^′ ∈ P.

Since u_α′ u_β′ = ∑ λ∈P v^{⟨α′,β′⟩}g^λ_α′_β′ u_λ, then (∗) Δ(u_α′ u_β′ ) = ∑ λ∈P v^{⟨α′,β′⟩}g^λ_α′_β′ Δ(u_λ) = ∑ λ,α,β∈P g^λ_α′_β′ g^λ_{αβ} a_αa_β a_λ u_αK_β ⊗ u_β and Δ(u_α′ )Δ(u_β′ ) = ( ∑ ρ,σ∈P v^{⟨ρ,σ⟩} a_ρa_σ a_α′ g^{α′}_{ρσ}u_ρK_σ⊗u_σ)( ∑ ρ^′,σ^′∈P v^{⟨ρ′,σ′⟩} a_ρ′ a_σ′ a_β′ g^{β′}_ρ′_σ′ u_ρ′ K_σ′ ⊗u_σ′ )

= ∑ ρ,σ,ρ^′,σ^′∈P v^{⟨ρ,σ⟩+⟨ρ′,σ′⟩} a_ρa_σa_ρ′ a_σ′ a_α′ a_β′ g^{α′}_{ρσ}g^{β′}_ρ′_σ′ u_ρK_σu_ρ′ K_σ′ ⊗ u_σu_σ′ By (a) we have

(∗^′) Δ(u_α′ )Δ(u_β′ ) = ∑ ρ,σ,ρ′,σ′∈P α,β∈P v^D a_ρa_σa_ρ′ a_σ′ a_α′ a_β′ g^{α′}_{ρσ}g^{β′}_ρ′_σ′ g^α_{ρρ}′ g^β_{σσ}′ u_αK_β ⊗ u_β

where D = ⟨ρ, σ⟩ + ⟨ρ^′, σ^′⟩ + ⟨ρ, ρ^′⟩ + ⟨σ, σ^′⟩ + (σ, ρ^′). ¿From the definition of g^λ_{αβ} it follows that g^λ_{αβ} ≠ 0 implies that dimu_λ = dimu_α + dimu_β for any α, β, λ ∈ P. So we may assume here that dimu_α + dimu_β = dimu_λ = dimu_α′ + dimu_β′ and that

dimu_ρ + dimu_σ = dimu_α′ , dimu_ρ′ + dimu_σ′ = dimu_β′ dimu_ρ + dimu_ρ′ = dimu_α, dimu_σ + dimu_σ′ = dimu_β So K_β = K_σK_σ′ . Therefore we have ⟨α^′, β^′⟩ = ⟨ρ, ρ^′⟩ + ⟨ρ, σ^′⟩ + ⟨σ, ρ^′⟩ + ⟨σ, σ^′⟩ ⟨α, β⟩ = ⟨ρ, σ⟩ + ⟨ρ, σ^′⟩ + ⟨ρ^′, σ⟩ + ⟨ρ^′, σ^′⟩ and hence D = ⟨α, β⟩ + ⟨α^′, β^′⟩ − 2⟨ρ, σ^′⟩.

Comparing with the coefficients of u_αK_β ⊗ u_β in (∗) and (∗^′), we see that the validity of Δ(u_α′ u_β′ ) = Δ(u_α′ )Δ(u_β′ ) reduces to that of the following equation. ∑ λ∈P g^λ_{αβ}g^λ_α′_β′ a_αa_βa_α′ a_β′ a_λ = ∑ ρ,σ,ρ^′,σ^′∈P v^{−2⟨ρ,σ′⟩}g^α_{ρρ}′ g^β_{σσ}′ g^{α′}_{ρσ}g^{β′}_ρ′_σ′ a_ρa_σa_ρ′ a_σ′ Since v^{−2⟨ρ,σ′⟩} = q^{−⟨ρ,σ′⟩} = q^{(dimk Ext1(uρ,uσ′ )−dimk Hom(uρ,uσ′ ))} =^{| Ext1(uρ,uσ′ )|}_{| Hom(uρ,uσ′ )|} , this equation is exactly the Green formula (4.2).

It is easy to see ε given in (b) is the counit.

(c) It is also known that^{aλ1 ···aλm}_{aλ} g^λ_{1···λm} belongs to Z[v^{−1}]. According to the definition of Hopf algebra, we only need to verify that μ(σ ⊗ 1)Δ(u_λ) = δ_{λ0} and μ(1 ⊗ σ)Δ(u_λ) = δ_{λ0} for all λ ∈ P. Since

Δ(u_λ) = ∑ λ^′,λ_{m+1}∈P v^{⟨λ′,λm+1⟩} a_λ′ a_{λm+1} a_λ g^λ′_{λm+1} u_λ′ K_{λm+1} ⊗ u_{λm+1} , then μ(σ ⊗ 1)Δ(u_λ) = ∑ λ^′,λ_{m+1}∈P v^{⟨λ′,λm+1⟩} a_λ′ a_{λm+1} a_λ g^λ′_{λm+1} K_{−λm+1} σ(u_λ′ )u_{λm+1} where we use σ(u_λ′ K_{λm+1} ) = σ(K_{λm+1} )σ(u_λ′ ), this is easy to check according to the rule σ(K_{λm+1} u_λ′ ) = σ(u_λ′ )σ(K_{λm+1} ). So we deduce to prove

(∗∗) σ(u_λ) = δ_{λ0}− ∑ λ^′∈P,λ_{m+1}∈P_1 v^{⟨λ′,λm+1⟩} a_λ′ a_{λm+1} a_λ g^λ′_{λm+1} K_{−λm+1} σ(u_λ′ )u_{λm+1} . Because σ(u_λ′ ) = δ_λ′_0+ ∑ m≥1 (−1)^m ∑ π′∈P λ1,··· ,λm∈P1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ′ g^{λ′}_{λ1···λm} g^{π′}_{λ1···λm} K_{−λ}′ u_π′ ,

the right side of (∗∗) is = δ_{λ0} − K_{−λ}u_λ − ∑ λ^′,λ_{m+1}∈P_1 v^{⟨λ′,λm+1⟩} a_λ′ a_{λm+1} a_λ g^λ′_{λm+1} K_{−λm+1} × ∑ m≥1 (−1)^m ∑ π′∈P λ1,··· ,λm∈P1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ′ g^{λ′}_{λ1···λm} g^{π′}_{λ1···λm} K_{−λ}′ u_π′ u_{λm+1}

= δ_{λ0} − K_{−λ}u_λ − ∑ m≥1 (−1)^m ∑ π′∈P λ′,λ1,··· ,λm,λm+1∈P1 v^2 ∑ i<j≤m⟨λi,λj ⟩v⟨λ ′,λ_{m+1}⟩×

a_{λ1} · · · a_{λm} a_{λm+1} a_λ g^{λ′}_{λ1···λm} g^λ′_{λm+1} g^{π′}_{λ1···λm} K_{−λm+1} K_λ′ ∑ π∈P v^{⟨π′,λm+1⟩}g^π′_{λm+1} u_π = δ_{λ0} − K_{−λ}u_λ − ∑ m≥1 (−1)^m ∑ π∈P λ1,··· ,λm,λm+1∈P1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩×

a_{λ1} · · · a_{λm} a_{λm+1} a_λ g^λ_{1···λmλm+1} g^π_{λ1···λmλm+1} K_{−λ}u_π, because that g^λ_{α1···αt} ≠ 0 implies that dimu_λ = dimu_{α1} + · · · + dimu_{αt} , so where we may assume that

dimu_λ′ = dimu_{λ1} + · · · + dimu_{λm} , dimu_π′ = dimu_{λ1} + · · · + dimu_{λm} dimu_λ′ + dimu_{λm+1} = dimu_λ, dimu_π′ + dimu_{λm+1} = dimu_π.

Then the right side of (∗∗) is = δ_{λ0}−K_{−λ}u_λ+ ∑ m≥2 (−1)^m ∑ π∈P λ1,··· ,λm∈P1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ g^λ_{1···λm} g^π_{λ1···λm} K_{−λ}u_π

= δ_{λ0} + ∑ m≥1 (−1)^m ∑ π∈P λ1,··· ,λm∈P1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ g^λ_{1···λm} g^π_{λ1···λm} K_{−λ}u_π. According to the definition of σ in (c), this is exactly equal to σ(u_λ). It is same to verify that μ(1 ⊗ σ)Δ(u_λ) = δ_{λ0}. The proof of Theorem 4.5 is completed.

4.5.1 Remark 1. Let us mention the following special case of Theorem 4.5; if u_i, i ∈ I are simple Λ-modules, we have Δ(u_i) = u_i ⊗ 1 + K_i ⊗ u_i, σ(u_i) = −K_{−i}u_i.

2. The subalgebra of H(Λ) generated by {K_α | α ∈ Z[I]} is a torus defined on Z[I], also it is isomorphic to the group algebra of the Grothendieck group of mod Λ.

4.5.2 The Hopf algebra H(Λ) given in (4.5) is called the (extended twisted) Hall algebra of Λ.

4.6 Proof of Corollary 4.3 In view of (a) and (b) of Theorem 4.5

u_{β1} u_{β2} · · · u_{βm} = ∑ λ∈P v ∑ i<j ⟨β_i,β_j⟩gλ β_1···βm uλ, Δ^n(u_λ) = ∑ α_1,··· ,αn∈P v ∑ i<j ⟨α_i,α_j ⟩gλ α_1···αn a_{α1} · · · a_{αn} a_λ × u_{α1} K_{α2+···+αn} ⊗ u_{α2} K_{α3+···+αn} ⊗ · · · ⊗ u_{αn−1} K_{αn} ⊗ u_{αn} where Δ^n = (1 ⊗ · · · ⊗ 1 ⊗ Δ) · · · (1 ⊗ Δ)Δ. By Theorem 4.5 (b), (⋆) Δ^n(u_{β1} u_{β2} · · · u_{βm} ) = Δ^n(u_{β1} )Δ^n(u_{β2} ) · · · Δ^n(u_{βm} ).

The left side of (⋆) is = ∑ λ∈P v ∑ i<j ⟨β_i,β_j ⟩gλ β_1···βm ∑ α_1,··· ,αn∈P v ∑ i<j ⟨α_i,α_j ⟩gλ α_1···αn a_{α1} · · · a_{αn} a_λ × u_{α1} K_{α2+···+αn} ⊗ u_{α2} K_{α3+···+αn} ⊗ · · · ⊗ u_{αn−1} K_{αn} ⊗ u_{αn}

= ∑ α_1,··· ,αn∈P v ∑ i<j ⟨β_i,β_j ⟩+ ∑ i<j ⟨α_i,α_j ⟩ n∏ i=1 a_{αi} × ∑ λ∈P g^λ_{α1···αn} g^λ_{β1···βm} a^{−1}_λ u_{α1} K_{α2+···+αn} ⊗ u_{α2} K_{α3+···+αn} ⊗ · · · ⊗ u_{αn} . The right side of (⋆) is = m∏ j=1 Δ^n(u_{βj} ) = m∏ j=1 ∑ ρ_{1j} ···ρ_{nj} v ∑ i<k⟨ρ_{ij} ,ρ_{kj} ⟩gβj ρ_{1j} ···ρ_{nj} a_{ρ1j} · · · a_{ρnj} a_{βj} × u_{ρ1j} K_{ρ2j +···+ρnj} ⊗ u_{ρ2j} K_{ρ3j +···+ρnj} ⊗ · · · ⊗ u_{ρnj} = ∑ ρij ∈P 1≤i≤n,1≤j≤m v^( ∑ 1≤j≤m ∑ i<k⟨ρ_{ij} ,ρ_{kj} ⟩) m∏ j=1 g^{βj}_{ρ1j ···ρnj} ∏ 1≤i≤n 1≤j≤m a_{ρij} ( m∏ j=1 a_{βj} )^{−1}× m∏ j=1 u_{ρ1j} K_{ρ2j +···+ρnj} ⊗ m∏ j=1 u_{ρ2j} K_{ρ3j +···+ρnj} ⊗ · · · ⊗ m∏ j=1 u_{ρnj}

= ∑ ρij ∈P 1≤i≤n,1≤j≤m v^( ∑ 1≤j≤m ∑ i<k⟨ρ_{ij} ,ρ_{kj} ⟩) m∏ j=1 g^{βj}_{ρ1j ···ρnj} ∏ 1≤i≤n 1≤j≤m a_{ρij} ( m∏ j=1 a_{βj} )^{−1}v^( ∑_{i>k} j<l (ρ_{ij} ,ρ_{kl})) ×

( m∏ j=1 u_{ρ1j} )K_(∑_{1≤j≤m ρ2j +···+ρnj )} ⊗( m∏ j=1 u_{ρ2j} )K_(∑_{1≤j≤m ρ3j +···+ρnj )} ⊗· · ·⊗ m∏ j=1 u_{ρnj}

= ∑ α_1,··· ,αn∈P ∑ ρij ∈P 1≤i≤n,1≤j≤m v^( ∑ 1≤j≤m ∑ i<k⟨ρ_{ij} ,ρ_{kj} ⟩+ ∑ 1≤i≤n ∑ j<l⟨ρ_{ij} ,ρ_{il}⟩+ ∑_{i>k} j<l (ρ_{ij} ,ρ_{kl})) × m∏ j=1 g^{βj}_{ρ1j ···ρnj} n∏ i=1 g^{αi}_{ρi1···ρim} ∏ 1≤i≤n 1≤j≤m a_{ρij} ( m∏ j=1 a_{βj} )^{−1}× u_{α1} K_{(α2+···+αn)} ⊗ u_{α2} K_{(α3+···+αn)} ⊗ · · · ⊗ u_{αn} Then we have v ∑ j<l⟨β_j ,β_l⟩+ ∑ i<k⟨α_i,α_k⟩ n∏ i=1 a_{αi} ∑ λ∈P g^λ_{α1···αn} g^λ_{β1···βm} a^{−1}_λ

= ( m∏ j=1 a_{βj} )^{−1} ∑ ρij ∈P 1≤i≤n,1≤j≤m ∏ 1≤i≤n 1≤j≤m a_{ρij} ×

v^( ∑ 1≤j≤m ∑ i<k⟨ρ_{ij} ,ρ_{kj} ⟩+ ∑ 1≤i≤n ∑ j<l⟨ρ_{ij} ,ρ_{il}⟩+ ∑_{i>k} j<l (ρ_{ij} ,ρ_{kl})) n∏ i=1 g^{αi}_{ρi1···ρim} m∏ j=1 g^{βj}_{ρ1j ···ρnj} Since ∑ j<l ⟨β_j, β_l⟩ = ∑ i,j,k,l j<l ⟨ρ_{ij}, ρ_{kl}⟩ ∑ i<k ⟨α_i, α_k⟩ = ∑ i,j,k,l i<k ⟨ρ_{ij}, ρ_{kl}⟩

∑ i>k j<l (ρ_{ij}, ρ_{kl}) = ∑ i>k j<l ⟨ρ_{ij}, ρ_{kl}⟩ + ∑ i<k j>l ⟨ρ_{ij}, ρ_{kl}⟩

So we obtain th formula n∏ i=1 a_{αi} m∏ j=1 a_{βj} ∑ λ∈P g^λ_{α1···αn} g^λ_{β1···βm} a^{−1}_λ

= ∑ ρij ∈P 1≤i≤n,1≤j≤m ∏ 1≤i≤n 1≤j≤m a_{ρij} v^{−2} ∑_{i<k} j<l ⟨ρ_{ij} ,ρ_{kl}⟩ n∏ i=1 g^{αi}_{ρi1···ρim} m∏ j=1 g^{βj}_{ρ1j ···ρnj}

This is just the formula in Corollary 4.3, the proof is finished.

4.7 Let H_ν be the R-submodule of H(Λ) with the basis {K_αu_λ | α ∈ Z[I], dimu_λ = ν} for any ν ∈ N[I]. Then

Proposition 1 H(Λ) = ⨁ ν∈N[I]^Hν^{is a N[I]-graded algebra.}

Proof We only have to observe that g^λ_{αβ} ≠ 0 implies that dimu_λ = dimu_α + dimu_β.

On the other hand, H(Λ) is also a filtrated algebra. Let ind Λ = {u_α | α ∈ P, u_α indecomposable}. For any u_λ, λ ∈ P, define degu_λ = (dim_k Hom(u_λ, u_γ ))_{uγ ∈ind Λ}; of course, let degK_α = 0, degK_αu_λ = degu_λ for α ∈ Z[I], λ ∈ P. H^r is defined, for any r ∈ N[ind Λ], as the R-spain of K_αu_λ with degu_λ ≤ r. Particularly H^0 = H_0 = T.

Proposition 2 {H^r | r ∈ N[ind Λ]} is a filtration of H(Λ).

Proof Only need to show that g^λ_{αβ} ≠ 0 implies that degu_λ ≤ degu_α +degu_β, this is equivalent to say

dim_k Hom(u_λ, u_γ ) ≤ dim_k Hom(u_α, u_γ ) + dim_k Hom(u_β, u_γ )

for any γ ∈ P. It can be observed by applying Hom(−, u_γ ) to the exact sequence 0 → u_β → u_λ → u_α → 0 and from the induced long exact sequence.

4.7.1 Remark The Levendorkkii-Soibelman Lemma in [2] is a consequence of this simple observation.

4.8 Proposition The antipode σ of H(Λ) satisfies that σ^2(x_ν ) = v^{−(ν,ν)}x_ν for any x_ν ∈ H_ν, ν ∈ N[I].

Proof We consider H^′ which satisfies H^′ ≡ H(Λ) as associative algebras but is equipped with its opposed comultiplication Δ^′ = Δ^{opp}, that is

Δ^′(u_λ) = ∑ α,β∈P v^{⟨α,β⟩} a_αa_β a_λ g^λ_{αβ}u_β ⊗ u_αK_β Δ^′(K_α) = K_α ⊗ K_α for all λ ∈ P and α ∈ Z[I], and the same counit as in H(Λ). As same as in the proof of Theorem 4.5, the following formulae

σ^′(u_λ) = δ_{λ0}+ ∑ m≥1 (−1)^m ∑ π∈P λ1,··· ,λm∈P1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ g^λ_{1···λm} g^π_{λ1···λm} u_πK_{−λ}

σ^′(K_α) = K_{−α} for all λ ∈ P, α ∈ Z[I], define the antipode of H^′. It is easy to see σ(x_ν) = v^{−(ν,ν)}σ^′(x_ν ) for any x_ν ∈ H_ν, ν ∈ N[I]. Set ϕ : H(Λ) → H(Λ) by taking ϕ(x_ν) = v^{−(ν,ν)}x_ν for any x_ν ∈ H_ν, ν ∈ N[I]. ϕ is a bijection. We have σ = ϕσ^′ = σ^′ϕ, σ^′ = ϕ^{−1}σ = σϕ^{−1}, for σ and σ^′ are graded-morphisms. Since H(Λ) is a Hopf algebra, End_R H(Λ) is an associative algebra under the multiplication: f ∗ g = μ(f ⊗ g)Δ and the unit ηε. For any h ∈ H(Λ), assume that Δ(h) = ∑ h_1 ⊗ h_2, since μ(σ^′ ⊗ 1)Δ^′ = ηε then ∑ σ^′(h_2)h_1 = ηε(h) = ε(h), hence (σ ∗ (σσ^′))(h) = ∑ σ(h_1)σσ^′(h_2) = σ( ∑ σ^′(h_2)h_1) = σ(ε(h)) = ε(h), where we admit that σ is an anti-homorphism of H(Λ). So σ ∗ (σσ^′) = ηε. However also σ ∗ 1 = ηε, then σσ^′ = 1. Therefore σ^2 = ϕ by σ^′ = ϕ^{−1}σ. The proof is completed.

It follows from Proposition 4.8 that H(Λ) is a non-commutative and noncocommutative Hopf algebra excepts Λ is semisimple or their degeneration at v = 1.

4.9 Let λ, π ∈ P, m ∈ N. Set B^{λπ}_m = ∑ λ_1,··· ,λm∈P v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ g^λ_{1···λm} g^π_{λ1···λm} A^{λπ}_m = ∑ λ_1,··· ,λm∈P_1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ g^λ_{1···λm} g^π_{λ1···λm} It is easily seen that A^{λπ}_m = m−1∑ i=0 (−1)^{m−i} ( m i ) B^{λπ}_{m−i} Set A^{λπ} = ∑ m≥1(−1)^mA^{λπ}_m . Note that A^{λπ}_m = 0 for almost all m, A^{λπ} is well-defined. By Theorem 4.5,

σ(u_λ) = ∑ π∈P A^{λπ}K_{−λ}u_π σ(u_π) = ∑ γ∈P A^{πγ} K_{−π}u_γ then σ^2(u_λ) = ∑ π∈P A^{λπ} ∑ γ∈P A^{πγ}K_{−π}u_γK_λ. Since σ is a graded-morphism, we may assume that dimu_λ = dimu_π = dimu_γ , then σ^2(u_λ) = v^{−(λ,λ)} ∑ γ∈P ( ∑ π∈P A^{λπ}A^{πγ})u_γ . Therefore Proposition 4.8 is equivalent to the following orthogonal relations

4.9.1 ∑ π∈P A^{λπ}A^{πγ} = δ_{λγ} for any λ, γ ∈ P. By Corollary 4.3, the orthogonal relation (4.9.1) can be expanded into

4.9.2 ∑ m,n≥1 (−1)^{m+n} m−1∑ i=0 n−1∑ j=0 (−1)^{m+n−(i+j)} ( m i ) ( n j ) × ∑ ρst∈P 1≤s≤n−j,1≤t≤m−i v^2 ∑_{1≤s,k≤n−j} 1≤t,l≤m−i ⟨ρst,ρ_{kl}⟩+2 ∑_{s<k} t<l ⟨ρst,ρ_{kl}⟩ × ∏ 1≤s≤n−j 1≤t≤m−i a_{ρst} a^{−1}_λ g^λ_{ρ11···ρn−j1···ρ1m−i···ρn−jm−i} g^γ_{ρ11···ρ1m−i···ρn−j1···ρn−jm−i} = δ_{λγ}

4.10 The subalgebra of H(Λ, R) generated by the element u_i with i ∈ I and K_α with α ∈ Z[I] is called the composition algebra of Λ and denoted by C(Λ, R) or simply C(Λ). It is easy to see that C(Λ) is a Hopf subalgebra of H(Λ) which is still N[I]-graded.

4.11 Given any Cartan datum C = (I, (, )), by Lemma 2 of (4.4), we have a finite dimensional hereditary k-algebra Λ such that the simple Λ-modules u_i are indexed by i ∈ I and the Ringel symmetric form (−, −)_R is (−, −) of C = (I, (, )). We denote k an algebraic closure of k. For any n ∈ N, let F (n) be the subfield of k such that [F (n) : k] = n. Let Λ(n) = Λ ⊗_k F (n), then Λ(n) is a hereditary F (n)-algebra corresponding to the Cartan datum C = (I, (, )). We have Λ(m) ≃ Λ(n) ⊗_{F (n)} F (m) if n|m. Let P(n) be the set of isomorphism classes of Λ(n)-modules which are finite dimensional over F (n) and P^∗ the set of

α = {α(n) ∈ P(n) | there exists m ∈ N, u_{α(n)} ∼ u_{α(m)} for all n ≥ m}.

where u_{α(n)} ∼ u_{α(m)} means that there is l ∈ N such that n|l, m|l and u_{α(n)} ⊗_{F (n)} F (l) ≃ u_{α(m)} ⊗_{F (m)} F (l) ≃ u_{α(l)}. Now α = β ∈ P^∗ means that α(n) = β(n) for almost all n ∈ N. For α, β ∈ P^∗, since ⟨α(n), β(n)⟩ depends only on the dimension vectors of α(n) and β(n), there is m ∈ N such that ⟨α(n), β(n)⟩ = ⟨α(m), β(m)⟩ for all n ≥ m. So we can take ⟨α, β⟩ = lim_{n→∞}⟨α(n), β(n)⟩. Take v_n = √ |F (n)|, we have the Hall algebra H(Λ(n), Z[v_n, v^{−1}_n ]) according to Theorem 4.5. Let ϕ_{ml} : ∏ n≥m H(Λ(n), Z[v_n, v^{−1}_n ]) → ∏ n≥l H(Λ(n), Z[v_n, v^{−1}_n ])

be the canonical projection for l ≥ m. Then {ϕ_{ml} | m, l ∈ N} is a directed system since ϕ_{ml}ϕ_{lp} = ϕ_{mp}. We consider the directed limit L = lim_{m→∞} ∏ n≥m H(Λ(n), Z[v_n, v^{−1}_n ])

We define a new tensor product for L as L ⊗ L = lim_{m→∞} ∏ n≥m (H(Λ(n), Z[v_n, v^{−1}_n ]) ⊗ H(Λ(n), Z[v_n, v^{−1}_n ]))

where each ⊗ in the right hand side is over Z[v_n, v^{−1}_n ]. With this ⊗, L become a Hopf algebra which is induced from H(Λ(n), Z[v_n, v^{−1}_n ]). Let u_α = lim m→∞(u_{α(n)})_{n≥m} for α ∈ P^∗ and K_α = K_α1 for α ∈ Z[I], where 1 is the unit of L. Define v = lim_{m→∞}(v_n)_{n≥m}, a_α = lim_{m→∞}(a_{α(n)})_{n≥m} and g^λ_{αβ} = lim m→∞(g^{λ(n)}_{α(n)β(n)})_{n≥m} for α, β, λ ∈ P^∗. Define H^∗(Λ) to be the subalgebra of L generated by {K_αu_β | α ∈ Z[I], β ∈ P^∗}. It is easy to see that

4.12 Proposition H^∗(Λ) is a Hopf subalgebra of L satisfying the following relations (a) u_αu_β = ∑ λ∈P^∗ v^{⟨α,β⟩}g^λ_{αβ}u_λ for all α, β ∈ P^∗ K_αu_β = v^{(α,β)}u_βK_α for all α ∈ Z[I], β ∈ P^∗

K_αK_β = K_{α+β} for all α, β ∈ Z[I] with unit 1 = u_0 = K_0. (b) Δ(u_λ) = ∑ α,β∈P^∗ v^{⟨α,β⟩} a_αa_β a_λ g^λ_{αβ}u_αK_β ⊗ u_β for all λ ∈ P^∗

Δ(K_α) = K_α ⊗ K_α for all α ∈ Z[I] with counit: εu_λ = 0 for λ ≠ 0 in P^∗ and εK_α = 1 for all α ∈ Z[I]. (c) σ(u_λ) = δ_{λ0}+ ∑ m≥1 (−1)^m ∑ π∈P∗ λ1,··· ,λm∈P1∗ v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ g^λ_{1···λm} g^π_{λ1···λm} K_{−λ}u_π for all λ ∈ P^∗.

σ(K_α) = K_{−α} for all α ∈ Z[I]

4.13 Of course v is a central element of H^∗(Λ) and transcendental over Q. Since H^∗(Λ) is torsionfree as Z[v, v^{−1}]-module, if we tensor H^∗(Λ) with the quotient field Q(v) of Z[v, v^{−1}], we obtain an embedding of H^∗(Λ) into H^∗(Λ) ⊗Z_{[v,v}−1_] Q(v). We call H^∗(Λ) ⊗Z_{[v,v}−1_] Q(v) to be the (extended twisted) generic Hall algebra of Λ, it is a Hopf algebra over Q(v), denote it as H^∗(Λ, Q(v)).

The subalgebra C^∗(Λ, Q(v)) of H^∗(Λ, Q(v)) generated by u_i, i ∈ I and K_α, α ∈ Z[I] is called the (extended twisted) generic composition algebra of Λ. It is a Hopf subalgebra too. Since

Δ(u_i) = u_i ⊗ 1 + K_i ⊗ u_i, Δ(K_α) = K_α ⊗ K_α,

so the tensor product for C^∗(Λ, Q(v)) concides with the ordinary tensor product over Q(v). Hence C^∗(Λ, Q(v)) has the Hopf algebra structure as Q(v)-algebra.

Note that C^∗(Λ, Q(v)) = H^∗(Λ, Q(v)) when Λ is finite representation type, i.e, the Cartan datum C = (I, (, )) is finite type. In this situation a more pleasant treatment for g^λ_{αβ} is the replacement by the Hall polynomial corresponding to it (see [11],[12]).

5. Drinfeld double of Hall algebras

5.1 Given a Cartan datum C = (I, (, )), let Λ be a finite dimensional hereditary k-algebra corresponding to it. Let R be a commutative integral domain containing the integers Z and elements v, v^{−1}, where v^2 = q = |k|.

5.1.1 Let H^+(Λ) be the Hall algebra defined as in Theorem 4.5, that is, H^+(Λ) is the free R-module with the basis {K_αu^+_λ | α ∈ Z[I], λ ∈ P}. The Hopf algebra of H^+(Λ) is given as follows. (a) u^+_α u^+_β = ∑ λ∈P v^{⟨α,β⟩}g^λ_{αβ}u^+_λ for all α, β ∈ P

K_αu^+_β = v^{(α,β)}u^+_β K_α for all α ∈ Z[I], β ∈ P

K_αK_β = K_{α+β} for all α, β ∈ Z[I]

with unit 1 = u^+_0 = K_0. (b) Δ(u^+_λ ) = ∑ α,β∈P v^{⟨α,β⟩} a_αa_β a_λ g^λ_{αβ}u^+_α K_β ⊗ u^+_β for all λ ∈ P

Δ(K_α) = K_α ⊗ K_α for all α ∈ Z[I] with counit: εu^+_λ = 0 for λ ≠ 0 in P and εK_α = 1 for all α ∈ Z[I]. (c) σ(u^+_λ ) = δ_{λ0}+ ∑ m≥1 (−1)^m ∑ π∈P λ1,··· ,λm∈P1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ g^λ_{1···λm} g^π_{λ1···λm} K_{−λ}u^+_π for all λ ∈ P.

σ(K_α) = K_{−α} for all α ∈ Z[I]

5.1.2 Dually, let H^−(Λ) be the free R-module with the basis {K_αu^−_λ | α ∈ Z[I], λ ∈ P}. The Hopf algebra of H^−(Λ) is given as follows. (a) u^−_α u^−_β = ∑ λ∈P v^{⟨α,β⟩}g^λ_{αβ}u^−_λ for all α, β ∈ P K_αu^−_β = v^{−(α,β)}u^−_β K_α for all α ∈ Z[I], β ∈ P K_αK_β = K_{α+β} for all α, β ∈ Z[I] with unit 1 = u^−_0 = K_0. (b) Δ(u^−_λ ) = ∑ α,β∈P v^{⟨α,β⟩} a_αa_β a_λ g^λ_{αβ}u^−_β ⊗ u^−_α K_{−β} for all λ ∈ P

Δ(K_α) = K_α ⊗ K_α for all α ∈ Z[I] with counit: εu^−_λ = 0 for λ ≠ 0 in P and εK_α = 1 for all α ∈ Z[I]. (c) σ(u^−_λ ) = δ_{λ0}+ ∑ m≥1 (−1)^m ∑ π∈P λ1,··· ,λm∈P1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ g^λ_{1···λm} g^π_{λ1···λm} u^−_π K_λ for all λ ∈ P.

σ(K_α) = K_{−α} for all α ∈ Z[I] In H^−(Λ), Δ^{opp} and σ^{−1} exist and satisfy that (d) Δ^{opp}(u^−_λ ) = ∑ α,β∈P v^{⟨α,β⟩} a_αa_β a_λ g^λ_{αβ}u^−_α K_{−β} ⊗ u^−_β for all λ ∈ P

Δ^{opp}(K_α) = K_α ⊗ K_α for all α ∈ Z[I] (e) σ^{−1}(u^−_λ ) = δ_{λ0}+ ∑ m≥1 (−1)^m ∑ π∈P λ1,··· ,λm∈P1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ g^λ_{1···λm} g^π_{λ1···λm} K_λu^−_π for all λ ∈ P.

σ^{−1}(K_α) = K_{−α} for all α ∈ Z[I] It is a same work to prove that H^−(Λ) is a Hopf algebra as did for H^+(Λ) as in Theorem 4.5.

5.2 Following Ringel [16], we associate a bilinear form φ : H^+(Λ)×H^−(Λ) → R which is defined as follows. φ(K_αu^+_β , K_α′ u^−_β′ ) = v^{−(α,α′)−(β,α′)+(α,β′)}|u_β|a^{−1}_β δ_{ββ}′ where |u_β| is the ordinary cardinality of the module u_β.

5.3 Proposition The bilinear form φ : H^+(Λ) × H^−(Λ) → R given as in (5.2) is a skew-Hopf pairing.

Proof We need to check the conditions (a), (b), (c^′) and (d^′) in (2.2). (a) is trivial to do. For (b) we should prove

φ(K_{α1} u^+_{β1} , K_{α2} u^−_{β2} K_{α3} u^−_{β3} ) = φ(Δ(K_{α1} u^+_{β1} ), K_{α2} u^−_{β2} ⊗ K_{α3} u^−_{β3} ) Indeed we have

φ(K_{α1} u^+_{β1} , K_{α2} u^−_{β2} K_{α3} u^−_{β3} ) = v^{(α3,β2)}φ(K_{α1} u^+_{β1} , K_{α2} K_{α3} u^−_{β2} u^−_{β3} ) = v^{(α3,β2)}φ(K_{α1} u^+_{β1} , K_{α2} K_{α3} ∑ λ∈P v^{⟨β2,β3⟩}g^λ_{β2β3} u^−_λ ) = v^{D1} g^{β1}_{β2β3} |u_{β1} |a^{−1}_{β1}

where D_1 = (α_3, β_2) + ⟨β_2, β_3⟩ − (α_1, α_2) − (α_1, α_3) − (β_1, α_2) − (β_1, α_3) + (α_1, β_1), and φ(Δ(K_{α1} u^+_{β1} ), K_{α2} u^−_{β2} ⊗ K_{α3} u^−_{β3} ) = φ( ∑ ρ_1,ρ_2∈P v^{⟨ρ1,ρ2⟩}g^{β1}_{ρ1ρ2} a_{ρ1} a_{ρ2} a^{−1}_{β1} K_{α1} u^+_{ρ1} K_{ρ2} ⊗ K_{α1} u^+_{ρ2} , K_{α2} u^−_{β2} ⊗ K_{α3} u^−_{β3} )

= v^{D2} g^{β1}_{β2β3} |u_{β2} ||u_{β3} |a^{−1}_{β1} where D_2 = ⟨β_2, β_3⟩ + (β_2, β_3) − (α_1, α_2) − (β_3, α_2) − (β_2, α_2) + (α_1, β_2) + (β_3, β_2) − (α_1, α_3) − (β_3, α_3) + (α_1, β_3). If g^{β1}_{β2β3} ≠ 0 then (β_1, α_2) = (β_3, α_2) + (β_2, α_2), (α_1, β_1) = (α_1, β_2) + (α_1, β_3), (α_3, β_2) − (β_1, α_3) = −(β_3, α_3) and |u_{β1} | = |u_{β2} ||u_{β3} |. Therefore D_1 = D_2, and (b) is verified.

For (c^′) we should show that φ(K_{α1} u^+_{β1} K_{α2} u^+_{β2} , K_{α3} u^−_{β3} ) = φ(K_{α1} u^+_{β1} ⊗ K_{α2} u^+_{β2} , Δ^{opp}(K_{α3} u^−_{β3} )) We have

φ(K_{α1} u^+_{β1} K_{α2} u^+_{β2} , K_{α3} u^−_{β3} ) = v^{−(β1,α2)}φ(K_{α1} K_{α2} u^+_{β1} u^+_{β2} , K_{α3} u^−_{β3} ) = v^{−(β1,α2)}φ(K_{α1} K_{α2} ∑ λ∈P v^{⟨β1,β2⟩}g^λ_{β1β2} u^+_λ , K_{α3} u^−_{β3} ) = v^{D1} g^{β3}_{β1β2} |u_{β3} |a^{−1}_{β3}

where D_1 = −(β_1, α_2) + ⟨β_1, β_2⟩ − (α_1, α_3) − (α_2, α_3) − (β_3, α_3) + (α_1, β_3) + (α_2, β_3) and

φ(K_{α1} u^+_{β1} ⊗ K_{α2} u^+_{β2} , Δ^{opp}(K_{α3} u^−_{β3} )) = φ(K_{α1} u^+_{β1} ⊗ K_{α2} u^+_{β2} , ∑ ρ_1,ρ_2∈P v^{⟨ρ1,ρ2⟩}a_{ρ1} a_{ρ2} a^{−1}_{β3} g^{β3}_{ρ1ρ2} K_{α3} u^−_{ρ1} K_{−ρ2} ⊗ K_{α3} u^−_{ρ2} )

= φ(K_{α1} u^+_{β1} ⊗ K_{α2} u^+_{β2} , v^{⟨β1,β2⟩}a_{β1} a_{β2} a^{−1}_{β3} g^{β3}_{β1β2} K_{α3} u^−_{β1} K_{−β2} ⊗ K_{α3} u^−_{β2} )

= v^{D2} g^{β3}_{β1β2} |u_{β1} ||u_{β2} |a^{−1}_{β3} where D_2 = ⟨β_1, β_2⟩ − (β_1, β_2) − (α_1, α_3) + (α_1, β_2) − (β_1, α_3) + (β_1, β_2) + (α_1, β_1) − (α_2, α_3) − (β_2, α_3) + (α_2, β_2). If g^{β3}_{β1β2} ≠ 0 then

(β_3, α_3) = (β_1, α_3) + (β_2, α_3), (α_1, β_3) = (α_1, β_1) + (α_1, β_2), −(β_1, α_2) + (α_2, β_3) = (α_2, β_2) and |u_{β1} ||u_{β2} | = |u_{β3} |. (c^′) is proved.

It remains to show (d^′) φ(σ(K_αu^+_λ ), K_α′ u^−_λ′ ) = φ(K_αu^+_λ , σ^{−1}(K_α′ u^−_λ′ )) It is trivial if λ = 0 or λ^′ = 0. So we assume that λ ≠ 0 ≠ λ^′ in P. Then

φ(σ(K_αu^+_λ ), K_α′ u^−_λ′ )

= φ( ∑ m≥1 (−1)^m ∑ π∈P λ1,··· ,λm∈P1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ g^λ_{1···λm} g^π_{λ1···λm} K_{−λ}u^+_π K_{−α}, K_α′ u^−_λ′ )

= v^{(α,λ′)}φ( ∑ m≥1 (−1)^m ∑ λ_1,··· ,λm∈P_1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ g^λ_{1···λm} g^{λ′}_{λ1···λm} K_{−λ}K_{−α}u^+_λ′ , K_α′ u^−_λ′ )

= v^{D1} ∑ m≥1 (−1)^m ∑ λ_1,··· ,λm∈P_1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩a λ_1 · · · aλm g λ λ_1···λm g λ^′ λ_1···λm |uλ^′ |a −1 λ a^{−1}_λ′ where D_1 = (α, λ^′)+(λ, α^′)+(α, α^′)−(λ^′, α^′)−(λ, λ^′)−(α, λ^′), if g^λ_{1···λm} g^{λ′}_{λ1···λm} ≠ 0 then D_1 = (α, α^′) − (λ, λ^′).

φ(K_αu^+_λ , σ^{−1}(K_α′ u^−_λ′ ))

= φ(K_αu^+_λ , ∑ m≥1 (−1)^m ∑ π∈P λ1,··· ,λm∈P1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ′ g^{λ′}_{λ1···λm} g^π_{λ1···λm} K_λ′ u^−_π K_{−α}′ )

= φ(K_αu^+_λ , ∑ m≥1 (−1)^m ∑ λ_1,··· ,λm∈P_1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ′ g^{λ′}_{λ1···λm} g^λ_{1···λm} K_λ′ u^−_λ K_{−α}′ )

= v^{D2} ∑ m≥1 (−1)^m ∑ λ_1,··· ,λm∈P_1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩a λ_1 · · · aλm g λ^′ λ_1···λm g λ λ_1···λm |uλ|a −1 λ^′ a −1 λ where D_2 = −(λ, α^′)−(α, λ^′)+(α, α^′)−(λ, λ^′)+(λ, α^′)−(α, λ), if g^{λ′}_{λ1···λm} g^λ_{1···λm} ≠ 0 then D_2 = (α, α^′)−(λ, λ^′) and |u_λ′ | = |u_λ|. So (d^′) is proved. We complete the proof.

5.3.1 The skew-Hopf pairing φ : H^+(Λ) × H^−(Λ) → R defined in (5.2) may be called the Ringel pairing, which is easily seen to be non-degenerate. We remark here that, if we restrict φ to their composition algebras, this restriction of φ coincide with the Lusztig pairing given in Proposition 2.8.3, because φ(u^+_i , u^−_i ) = |u_i|a^{−1}_i = v^{(i,i)}(v^{(i,i)} − 1)^{−1} = (1 − v^{−(i,i)})^{−1}.

5.4 By the Ringel pairing φ, we have the Drinfeld double structure on H^+(Λ) ⊗ H^−(Λ), according to (2.3), which we denote by D_0(Λ). It is clear that the ideal of D_0(Λ) generated by K_α ⊗ K_{−α} − 1, or equivalently, by K_α ⊗ 1 − 1 ⊗ K_α for any α ∈ Z[I] is a Hopf ideal. The corresponding quotient inherits a Hopf algebra structure, which is called the reduced Drinfeld double of Λ and denoted by D(Λ).

5.5 Proposition Let Λ be a finite dimensional hereditary k-algebra, D(Λ) the reduced Drinfeld double of the Ringel pairing (H^+(Λ), H^−(Λ), φ). For any λ, λ^′ ∈ P, we have the following formula in D(Λ).

u^−_λ′ u^+_λ − u^+_λ u^−_λ′ = ∑ β,β′∈P γ∈P1 v^{⟨β,γ⟩−⟨β′,γ⟩}g^λ_{βγ} g^{λ′}_{γβ}′ a_βa_γa_β′ a^{−1}_λ a^{−1}_λ′ |u_γ|u^+_β u^−_β′ K_γ

+ ∑ β,γ,β′∈P α,γ′∈P1 v^{⟨β,γ⟩−⟨β,α⟩+⟨β′,α⟩−⟨β′,γ⟩}g^λ_{αβγ} g^{λ′}_{γβ}′_γ′ a_βa_γa_β′ a^{−1}_λ a^{−1}_λ′ |u_α||u_γ |× ∑ m≥1 (−1)^m ∑ λ_1,··· ,λm∈P_1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩a λ_1 · · · aλm g γ^′ λ_1···λm g α λ_1···λm u + β u^−_β′ K_γK_{−γ}′

Proof Since

Δ^2(u^+_λ ) = ∑ α,β,γ∈P v^{⟨α,β⟩+⟨α,γ⟩+⟨β,γ⟩}g^λ_{αβγ} a_αa_βa_γ a^{−1}_λ u^+_α K_{β+γ} ⊗ u^+_β K_γ ⊗ u^+_γ and Δ^2(u^−_λ′ ) = ∑ α^′,β^′,γ^′∈P v^{⟨α′,β′⟩+⟨α′,γ′⟩+⟨β′,γ′⟩}g^{λ′}_α′_β′_γ′ a_α′ a_β′ a_γ′ a^{−1}_λ′ u^−_γ′ ⊗u^−_β′ K_{−γ}′ ⊗u^−_α′ K_{−(β}′_{+γ}′_) then, according to (2.3) (d), we have

u^−_λ′ u^+_λ = ∑ α,β,γ∈P α′,β′,γ′∈P v^{⟨α,β⟩+⟨α,γ⟩+⟨β,γ⟩+⟨α′ ,β′⟩+⟨α′,γ′⟩+⟨β′,γ′⟩}g^λ_{αβγ} g^{λ′}_α′_β′_γ′ ×

a_αa_βa_γ a_α′ a_β′ a_γ′ a^{−1}_λ a^{−1}_λ′ φ(u^+_α K_{β+γ}, σ(u^−_γ′ ))u^+_β K_γ u^−_β′ K_{−γ}′ φ(u^+_γ , u^−_α′ K_{−(β}′_{+γ}′_)) Since that

σ(u^−_γ′ ) = δ_γ′_0+ ∑ m≥1 (−1)^m ∑ π∈P λ1,··· ,λm∈P1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_γ′ g^{γ′}_{λ1···λm} g^π_{λ1···λm} u^−_π K_γ′ and u^+_α K_{β+γ} = v^{−(α,β)−(α,γ)}K_{β+γ} u^+_α , u^−_π K_γ′ = v^{(γ′,γ′)}K_γ′ u^−_π where we may assume that dimu_π = dimu_γ′ , then φ(u^+_α K_{β+γ}, σ(u^−_γ′ )) = v^{−(α,β)−(α,γ)}(δ_γ′_0δ_{α0}+v^{−(β,γ′)−(γ,γ′)+(β,α)+(γ,α)−(α,γ′ )+(γ′,γ′)}×

32 ∑ m≥1 (−1)^m ∑ λ_1,··· ,λm∈P_1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_γ′ g^{γ′}_{λ1···λm} g^α_{λ1···λm} |u_α|a^{−1}_α ) Since dimu_α = dimu_γ′ , then φ(u^+_α K_{β+γ}, σ(u^−_γ′ )) = v^{−(α,β)−(α,γ)}δ_γ′_0δ_{α0} + v^{−(β,γ′)−(γ,γ′)} ∑ m≥1 (−1)^m× ∑ λ_1,··· ,λm∈P_1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_γ′ g^{γ′}_{λ1···λm} g^α_{λ1···λm} |u_α|a^{−1}_α Also u^+_β K_γ u^−_β′ K_{−γ}′ = v^{−(γ,β′)}u^+_β u^−_β′ K_γK_{−γ}′ and φ(u^+_γ , u^−_α′ K_{−(β}′_{+γ}′_)) = v^{−(α′,β′)−(α′,γ′)}φ(u^+_γ , K_{−(β}′_{+γ}′_)u^−_α′ ) = v^{−(α′,β′)−(α′,γ′)+(γ,β′)+(γ,γ′)}|u_γ|a^{−1}_γ δ_{γα}′ Then

u^−_λ′ u^+_λ = ∑ α,β,γ,β^′,γ^′∈P v^{⟨α,β⟩+⟨α,γ⟩+⟨β,γ⟩+⟨γ,β′ ⟩+⟨γ,γ′⟩+⟨β′,γ′⟩}g^λ_{αβγ} g^{λ′}_{γβ}′_γ′ × a_αa_βa_γa_γ a_β′ a_γ′ a^{−1}_λ a^{−1}_λ′ (v^{−(α,β)−(α,γ)}δ_γ′_0δ_{α0} + v^{−(β,γ′)−(γ,γ′)} ∑ m≥1 (−1)^m× ∑ λ_1,··· ,λm∈P_1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_γ′ g^{γ′}_{λ1···λm} g^α_{λ1···λm} |u_α|a^{−1}_α )v^{−(γ,β′)}u^+_β u^−_β′ K_γK_{−γ}′ |u_γ |a^{−1}_γ Since that ∑ β,γ,β′∈P α=0,γ′=0 v^{⟨α,β⟩+⟨α,γ⟩+⟨β,γ⟩+⟨γ,β′ ⟩+⟨γ,γ′⟩+⟨β′,γ′⟩}g^λ_{αβγ} g^{λ′}_{γβ}′_γ′ ×

a_αa_βa_γa_γ a_β′ a_γ′ a^{−1}_λ a^{−1}_λ′ v^{−(α,β)−(α,γ)}v^{−(γ,β′)}u^+_β u^−_β′ K_γ K_{−γ}′ |u_γ|a^{−1}_γ = ∑ β,γ,β^′∈P v^{⟨β,γ⟩−⟨β′,γ⟩}g^λ_{βγ} g^{λ′}_{γβ}′ a_βa_γ a_β′ a^{−1}_λ a^{−1}_λ′ |u_γ |u^+_β u^−_β′ K_γ

= u^+_λ u^−_λ′ + ∑ β,β′∈P γ∈P1 v^{⟨β,γ⟩−⟨β′,γ⟩}g^λ_{βγ} g^{λ′}_{γβ}′ a_βa_γa_β′ a^{−1}_λ a^{−1}_λ′ |u_γ|u^+_β u^−_β′ K_γ and ∑ β,γ,β′∈P α,γ′∈P1 v^{⟨α,β⟩+⟨α,γ⟩+⟨β,γ⟩+⟨γ,β′ ⟩+⟨γ,γ′⟩+⟨β′,γ′⟩}g^λ_{αβγ} g^{λ′}_{γβ}′_γ′ a_αa_βa_γa_γ a_β′ a_γ′ a^{−1}_λ a^{−1}_λ′ ×

v^{−(β,γ′)−(γ,γ′)} ∑ m≥1 (−1)^m ∑ λ_1,··· ,λm∈P_1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_γ′ × g^{γ′}_{λ1···λm} g^α_{λ1···λm} |u_α|a^{−1}_α v^{−(γ,β′)}u^+_β u^−_β′ K_γK_{−γ}′ |u_γ |a^{−1}_γ = ∑ β,γ,β′∈P α,γ′∈P1 v^{⟨β,γ⟩−⟨β,α⟩+⟨β′ ,α⟩−⟨β′,γ⟩}g^λ_{αβγ} g^{λ′}_{γβ}′_γ′ a_βa_γ a_β′ a^{−1}_λ a^{−1}_λ′ ×

33 |u_α||u_γ | ∑ m≥1 (−1)^m ∑ λ_1,··· ,λm∈P_1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩a λ_1 · · · aλm g γ^′ λ_1···λm g α λ_1···λm u + β u^−_β′ K_γK_{−γ}′ So, in D(Λ), we have our formula. The proof is completed.

5.5.1 Remark A special case of Proposition 5.5 is

u^−_j u^+_i − u^+_i u^−_j = δ_{ij} |u_i| a_i (K_i − K^{−1}_i )

for any i, j ∈ I where u_i, i ∈ I are the representatives of simple Λ-modules.

Moreover, the following situation is easily checked from Proposition 5.5.

5.5.2 Corollary For any λ ∈ P and i ∈ I, we have the formulae in D(Λ),

u^−_i u^+_λ − u^+_λ u^−_i = |u_i| a_λ ∑ β∈P a_βu^+_β (v^{⟨β,i⟩}g^λ_{βi}K_i − v^{−⟨β,i⟩}g^λ_{iβ}K_{−i})

u^−_λ u^+_i − u^+_i u^−_λ = |u_i| a_λ ∑ β∈P a_βu^−_β (v^{−⟨β,i⟩}g^λ_{iβ}K_i − v^{⟨β,i⟩}g^λ_{βi}K_{−i})

5.6 Under the assumption of R being a principal ideal domain (only within (5.6)), we consider the composition algebra C^+(Λ, R), which is the subalgebra of H^+(Λ, R) generated by the elements u^+_i , i ∈ I and T. Dually, the composition algebra C^−(Λ, R) is the subalgebra of H^−(Λ, R) generated by the elements u^−_i , i ∈ I and T. Obviously they are Hopf subalgebras of H^+(Λ, R) and H^−(Λ, R) respectively. We can restrict the Ringel pairing φ : H^+(Λ, R) × H^−(Λ, R) → R to their composition algebras, the restriction φ : C^+(Λ, R) × C^−(Λ, R) → R is easily seen to be a member of L(C), where C = (I, (, )) is the Cartan datum corresponding to Λ. Therefore we have the reduced Drinfeld double of the skew-Hopf pairing (C^+(Λ, R), C^−(Λ, R), φ), which we denote by D_c(Λ). Obviously D_c(Λ) is a Hopf subalgebra of D(Λ). By construction one has the triangular decomposition D_c(Λ) = C^<(Λ, R) ⊗ T ⊗ C^>(Λ, R) where C^<(Λ, R) is the subalgebra generated by u^−_i , i ∈ I, C^>(Λ, R) generated by u^+_i , i ∈ I.

5.7 Of course the skew-Hopf pairing φ in (5.6) induces a skew-Hopf pairing

φ^∗ : C^{∗+}(Λ, Q(v)) × C^{∗−}(Λ, Q(v)) → Q(v) where C^{∗+}(Λ, Q(v)) (resp. C^{∗−}(Λ, Q(v))) is the generic composition algebra corresponding to H^+(Λ) (resp. H^−(Λ)) (see (4.13)). φ^∗ is also a member of L(C) over Q(v). Once more we have the reduced Drinfeld double of (C^{∗+}(Λ, Q(v)), C^{∗−}(Λ, Q(v)), φ^∗) which we denote by D^∗(Λ) and the triangular decomposition

D^∗(Λ) = C^{∗<}(Λ, Q(v)) ⊗ T ⊗ C^{∗>}(Λ, Q(v))

where C^{∗<}(Λ, Q(v)) (resp. C^{∗>}(Λ, Q(v))) is the subalgebra of C^{∗−}(Λ, Q(v)) (resp. C^{∗+}(Λ, Q(v))) generated by u^−_i (resp. u^+_i ) for i ∈ I.

One of the significant applications of Green-Ringel theory of Hall algebras is the following

5.8 Theorem (Green-Ringel) Let C = (I, (, )) be a Cartan datum, U the Drinfeld-Jimbo quantum group over Q(v) of type (I, (, )). Let Λ be a finite dimensional hereditary algebra over a finite field k of type (I, (, )), C^∗(Λ, Q(v)) the generic composition algebra of Λ, D^∗(Λ) the reduced Drinfeld double of (C^{∗+}(Λ, Q(v)), C^{∗−}(Λ, Q(v)), φ^∗) defined in (5.7). Then the map D^∗(Λ) → U by taking u^+_i → E_i, u^−_i → −^{|ui|}_{ai} (v_i − v^{−1}_i )F_i, K_i → K_i for all i ∈ I induces an isomorphism as Hopf Q(v)-algebras.

Proof Since the skew-Hopf pairing φ^∗ is a member of L(C), in view of (3.4) and Theorem 3.6, we have the canonical homomorphisms of Hopf algebras ϕ^+ : C^{∗+}(Λ, Q(v)) → F^+ and ϕ^− : C^{∗−}(Λ, Q(v)) → F^− where F^± are the Lusztig algebras defined in (2.9). By [13] ,[14] or to see [16] , the quantum serre relations are zero elements in C^∗(Λ). However F^± = F̃^±/I^±, according to Lusztig [8], Theorem 33.1.3, the quantum Serre relations are just the generators of I^±. So we have the canonical homomorphisms ψ^+ : F^+ → C^{∗+}(Λ, Q(v)) and ψ^− : F^− → C^{∗−}(Λ, Q(v)). Clearly the composition of ϕ^+ and ψ^+ (resp. ϕ^− and ψ^−) is the identity map, So ϕ^± are isomorphisms of Hopf algebras. Again from Lusztig [8], Theorem 33.1.3 it follows that we have the canonical isomorphisms C^{∗+}(Λ, Q(v)) ≃ U(b^+) and C^{∗−}(Λ, !Q(v)) ≃ U(b^−), w here U(b^+) (resp.U(b^−)) is the quantized enveloping algebra of the positive (resp. negative) Borel subalgebra of the corresponding Kac-Moody Lie algebra, of course, they are subalgebras of U. We have the following relations in D^∗(Λ) and U respectively

u^−_j u^+_i − u^+_i u^−_j = δ_{ij} |u_i| a_i (K_i − K^{−1}_i )

E_iF_j − F_jE_i = δ_{ij} K_i − K^{−1}_i v_i − v^{−1}_i for all i, j ∈ I. Then

(−|u_j|a^{−1}_j (v_j −v^{−1}_j ))F_jE_i −E_i(−|u_j|a^{−1}_j (v_j −v^{−1}_j ))F_j = δ_{ij}|u_i|a^{−1}_i (K_i −K^{−1}_i )

The relations involved in K_i are easy to be confirmed. So we have the morphism ϕ : D^∗(Λ) → U sending u^+_i to E_i, u^−_i to −|u_i|a^{−1}_i (v_i − v^{−1}_i )F_i and

K_i to K_i for all i ∈ I, which is comparible with the triangular decompositions ( moreover, with the weight space decomposition ). It must be an isomorphism.

5.8.1 Corollary The skew-Hopf pairing (C^{∗+}(Λ, Q(v)), C^{∗−}(Λ, Q(v)), φ^∗) is a non-degenerate member of L(C) over Q(v).

Proof It is immediate from Theorem 5.8 and Theorem 3.6.

5.9 In the rest of this section, we concentrate to the case C = (I, (, )) is a finite type Cartan datum, that is, the Dynkin graphs of (I, (, )) are classified into the types A_n, B_n, C_n, D_n, E_i (i = 6, 7, 8), F_4, G_2 and the form (−, −) is positive definite. In this case Λ is a finite representation type hereditary algebra and the Hall algebra H(Λ) coincide with its composition algebra C(Λ). So we have

5.9.1 Proposition Let C = (I, (, )) be a finite type Cartan datum, Λ a finite dimensional hereditary k-algebra of type (I, (, )). Then the Ringel pairing (H^+(Λ), H^−(Λ), φ) is a non-degenerate member of L(C) and hence canonical isomorphic to the skew-Hopf pairing (F^+, F^−, φ) of the Lusztig algebra of type (I, (, )) defined in (2.9).

Proof Since The Ringel pairing of a Hall algebra is clearly non-degenerate, the assertion is immediate from Proposition 2.9.1 and Theorem 3.6.

This result means that the reduced Drinfeld double D(Λ) of H(Λ) give us a complete realization of the quantum group of type (I, (, )).

5.9.2 Set ind P = {α ∈ P | u_α is an indecomposable Λ-module }, this just corresponds to the positive root system of (I, (, )) according to the wellknown Gabriel theorem ( see [4] and its generalization in [3] ). There exists a total ordering in ind P, say α^1, α^2, · · · , α^m such that Hom_Λ(u_αi , u_αj ) ≠ 0 implies that i ≤ j, in this case it holds that Ext_Λ(u_αi , u_αj ) = 0. For any α ∈ P, we may write α = α(1)α^1 ⊕ · · · ⊕ α(m)α^m which corresponds to the Krull-Schmidt decompositions of u_α into direct sum of indecomposables. Set (u_α)^{(n)} =^1_{[n]!ϵ(α)} (u_α)^n where ϵ(α) = dim_k End_Λ u_α. The following proposition together with Proposition 5.5 gives an answer for the computation of commutators of root vectors in terms of Hall algebra.

5.9.3 Proposition (Ringel [15]) Let β, γ ∈ ind P with Hom_Λ(u_γ , u_β) = 0, Ext_Λ(u_β, u_γ ) = 0, then

u^+_γ u^+_β −v^{(β,γ)}u^+_β u^+_γ = v^{⟨γ,β⟩} ∑ α∈P α≠γ⊕β v^( ∑ 1≤i≤m α(i)⟨α i,α^i⟩− ∑ 1≤i≤j≤m α(i)α(j)⟨α i,α^j ⟩)×

g^α_{γβ}(u^+_{α1} )^{(α(1))} · · · (u^+_αm )^{(α(m))} u^−_γ u^−_β −v^{(β,γ)}u^−_β u^−_γ = v^{⟨γ,β⟩} ∑ α∈P α≠γ⊕β v^( ∑ 1≤i≤m α(i)⟨α i,α^i⟩− ∑ 1≤i≤j≤m α(i)α(j)⟨α i,α^j ⟩)×

g^α_{γβ}(u^−_{α1} )^{(α(1))} · · · (u^−_αm )^{(α(m))}

5.9.4 Lemma Let M be an indecomposable Λ-module. If there are exact sequences of Λ-modules 0 → A → M → B → 0 and 0 → B^′ → M → A^′ → 0 with dimA = dimA^′ and dimB = dimB^′, then A = A^′ = 0 or B = B^′ = 0.

Proof If A ≠ 0 and B ≠ 0, then A^′ ≠ 0 and B^′ ≠ 0. Let α = dimA = dimA^′. The sequences are non-split since M is indecomposable; we have Hom_Λ(A^′, A) = 0 since M is a directing module. Then

⟨α, α⟩ = ⟨dimA^′, dimA⟩ = dim_k Hom_Λ(A^′, A) − dim_k Ext_Λ(A^′, A) ≤ 0

a contradiction to the positivity of ⟨−, −⟩. The proof is finished.

5.9.5 Corollary For any λ ∈ ind P, in D(Λ) we have

u^−_λ u^+_λ − u^+_λ u^−_λ = |u_λ| a_λ (K_λ + ∑ m≥1 (−1)^m ∑ λ_1,··· ,λm∈P_1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩×

a_{λ1} · · · a_{λm} a^{−1}_λ (g^λ_{1···λm} )^2K_{−λ}) More general we have

(u^−_λ )^{(N)}(u^+_λ )^{(M)} = |u_λ| a_λ ∑ t≥0 (u^+_λ )^{(M−t)} t∏ s=1 (v^{−2t+N+M+s−1}K_λ−v^{−2t−N−M−s+1}× ∑ m≥1 (−1)^m ∑ λ_1,··· ,λm∈P_1 v^2 ∑ i<j ⟨λ_i,λ_j ⟩a λ_1 · · · aλm a −1 λ (g^λ_{1···λm} )^2K_{−λ})(u^−_λ )^{(N−t)} for any natural numbers M, N ≥ 1.

Proof The first formula is immediate from Proposition 5.5 and Lemma 5.9.4. The second can be proved directly from the first by induction.

References

[1] Abe, E., Hopf algebras. Cambridge Tracts in Mathematics 74, Cambridge University Press, Cambridge 1977.

[2] De Concini, C. and Kac, V. G., Representations of quantum groups at roots of 1.

Progress in Mathematics 92, Birkhäuser, Boston (1990), 471-506. [3] Dlab, V. and Ringel, C. M., On algebras of finite representation type. J. Algebra 33, 306-394 (1975).

[4] Gabriel, P., Unzerlegbare Darstellungen I. Manuscripta Math. 6, 71-103 (1972).

[5] Green, J. A., Hall algebras, hereditary algebras and quantum groups. Inventiones math. 120 (1995), 361-377.

[6] Green, J. A., Quantum groups, Hall algebras and quantized shuffles. (to appear). [7] Joseph, A., Quantum groups and their primitive ideals. Ergebnisse der Mathematik 3.Folge, Band 29, Springer-Verlag Heidelberg (1995).

[8] Lusztig, G., Introduction to quantum groups. Birkhäuser Progress Math. (1993). [9] Peng, L., Some Hall polynomials for representation-finite trivial extension algebras.

Preprint of Universität Bielefeld 94-053, 1994.

[10] Peng, L. and Xiao, J., Root categories and simple Lie algebras. Preprint of Universität Bielefeld 95-018, 1995.

[11] Ringel, C. M., Hall polynomials for the representation-finite hereditary algebras.

Adv. Math. 84, 137-178 (1990).

[12] Ringel, C. M., Hall algebras. In: Topics in Algebra, 433-447. Banach Centre. Publ.

26. Part 1. Warszawa. (1990).

[13] Ringel, C. M., Hall algebras and quantum groups. Inventiones math. 101 (1990), 583-592.

[14] Ringel, C. M., Hall algebras revisited. Israel Mathematica Conference Proceedings, Vol. 7 (1993), 171-176.

[15] Ringel, C. M., PBW-bases of quantum groups. Preprint of Universität Bielefeld 93-062, 1993.

[16] Ringel, C. M., Green^′s theorem. Preprint.