ON THE NORM RESIDUE HOMOMORPHISM FOR FIELDS

A. S. Merkurjev

Abstract. It is proved that the triviality of the Bockstein map of degree n for all fields of characteristic different from 2 implies the bijectivity of the norm residue homomorphism of degree n modulo 2. In particular, the bijectivity of the norm residue homomorphism follows from its surjectivity.

1991 Mathematics Subject Classification: 19E20 Keywords and Phrases: Bockstein map, norm residue homomorphism.

Let F be a field and m be a natural number prime to the characteristic of F . The interaction between Milnor K-theory and Galois cohomology of the field F is presented by the norm residue homomorphism of degree n modulo m: h_{n,m,F} : K_nF/mK_nF → H^n(F, μ^{⊗n}_m ). There is a well-known conjecture saying that h_{n,m,F} is always an isomorphism.

This is clear if n = 0, simply follows from Hilbert theorem 90 for n = 1, and is known to be true if n = 2 for arbitrary m [8]. It is also known to be true if m is a power of 2 and n = 3 [9],[14] or n = 4 (Rost, unpublished) for an arbitrary field F .

In the present paper we consider the case of arbitrary n, m = 2 and a field F of characteristic different from 2. It is easy to see (Lemma 2.1) that the surjectivity of the norm residue homomorphism h_n = h_{n,2,F} implies the triviality of the Bockstein connecting map of degree n

B_n = B_{n,F} : H^n(F, μ^{⊗n}_2 ) → H^{n+1}(F, μ^{⊗n}_2 )

given by the short exact sequence

1 → μ^{⊗n}_2 → μ^{⊗n}_4 → μ^{⊗n}_2 → 1.

We prove that, conversely, the purely cohomological property of the Bockstein map to be trivial implies the bijectivity of the norm residue homomorphism h_n. More precisely, our main result is the following Theorem. Suppose that for some n ⩾ 0 the Bockstein map B_n is trivial for all fields. Then the norm residue homomorphism h_n is an isomorphism for all fields. Corollary. The surjectivity of h_n for all fields implies the bijectivity of h_n also for all fields.

Typeset by AMS-TEX 1

1. Notation and preliminary results

Milnor K-theory. Let F be a field. The Milnor graded ring K_∗F of the field F is the factor ring of the tensor Z-algebra T (F^∗) modulo the ideal generated by the tensors a ⊗ (1 − a) for all a ≠ 0, 1 in F [13]. Hence, K_∗F = ∐ n¿0^{KnF , K0F =} Z, K_1F = F^∗.

For any field extension E/F there is a natural ring homomorphism i_{E/F} : K_∗F → K_∗E induced by the inclusion F → E.

If E/F is a finite extension, then there is defined the norm homomorphism n_{E/F} : K_∗E → K_∗F [5]. The projection formula n_{L/F} (u · i_{L/F} (v)) = n_{L/F} (u) · v holds for any u ∈ K_∗E, v ∈ K_∗F . In particular the composition n_{E/F} ∘ i_{E/F} is the multiplication by the degree [E : F ] of the extension E/F .

Throughout the paper we use the notation k_∗F for K_∗F/2K_∗F . The image of the tensor a_1 ⊗ a_2 ⊗ . . . ⊗ a_n in k_∗F will be denoted by {a_1, a_2, . . . , a_n} and called a symbol.

If E/F is a quadratic extension, then k_nE is generated by symbols of the type u = {x, a_1, a_2, . . . a_{n−1}} where x ∈ E^∗, a_i ∈ F^∗ [2] and n_{E/F} (u) = {n_{E/F} (x), a_1, a_2, . . . a_{n−1}} by the projection formula.

Let X be an algebraic variety defined over F . For any i ⩾ 0 denote by X^{(i)} the subset of points in X of codimension i. The group

C^i_n(X) = ∐ x∈X^{(i)} k_nF (x)

is called the group of k_n-cycles of codimension i on X. There is the complex [6]: · · · → C^{i−1}_{n+1}(X) → C^i_n(X) → C^{i+1}_{n−1}(X) → . . . . We denote by H^i(X, k_{n+i}) the homology group of this complex in C^i_n(X).

If X = A^1_F is the affine line, then H^0(X, k_n) = k_nF and H^i(X, k_n) = 0 if i > 0. In other words, there is an exact sequence [13]: 0 → k_nF → k_nF (t) → ∐ x∈A^1 k_{n−1}F (x) → 0.

Cohomology. Denote by F_s a separable closure of the field F , and let Γ = Gal(F_s/F ). For any discrete Γ-module M by H^∗(F, M) we denote the cohomology groups H^∗(Γ, M) [16].

For any field extension E/F there is a natural restriction homomorphism: i_{E/F} : H^∗(F, M) → H^∗(E, M). If E/F is a finite extension, then there exists the norm homomorphism (corestriction): n_{E/F} : H^∗(E, M) → H^∗(F, M).

The composition n_{E/F} ∘ i_{E/F} is the multiplication by [E : F ].

The group H^∗(F, Z/2Z) will be simply denoted by H^∗F . For a quadratic extension E = F ( √ a)/F , char F ≠ 2, there is an infinite exact sequence [1]: · · · → H^{n−1}F^{?∪(a)}−−−→ H^nF^{iL/F}−−−→ H^nL^{nL/F}−−−→ H^nF → . . . Let X be an algebraic variety defined over F . The group Z^i_n(X) = ∐ x∈X^{(i)} H^nF (x) is called the group of H^n-cycles of codimension i on X. There is the complex [3], [12] (char F ≠ 2) : · · · → Z^{i−1}_{n+1}(X) → Z^i_n(X) → Z^{i+1}_{n−1}(X) → . . . The cohomology groups of this complex in Z^i_n(X) we denote by H^i(X, H^{n+i}).

If X = A^1_F , then H^0(X, H^n) = H^nF and H^i(X, H^n) = 0 for i ≥ 1. In other words, there exists an exact sequence [4]: 0 → H^nF → H^nF (t) → ∐ x∈A^1 H^{n−1}F (x) → 0.

If (m, char F ) = 1, then the group μ_m ⊂ F^∗_s of m-th roots of unity is a Γ-module. By μ^{⊗n}_m we denote the n-th tensor power μ_m ⊗ . . . ⊗ μ_m n of μ_m. The exact sequence of Γ-modules 1 → μ_m → F^∗_s^m−→ F^∗_s → 1 induces the connecting homomorphism F^∗/F^{∗m} → H^1(F, μ_m), a · F^{∗m} → (a), which is an isomorphism in view of Hilbert theorem 90 [16].

The cup-product in the cohomology theory induces the homomorphism F^∗ ⊗ . . . ⊗ F^∗ n → H^n(F, μ^{⊗n}_m ); a_1 ⊗ . . . ⊗ a_n → (a_1) ∪ · · · ∪ (a_n)^{def}= (a_1, a_2, . . . , a_n),

which factors through the norm residue homomorphism of degree n modulo m [18]: h_{n,m,F} : K_nF/mK_nF → H^n(F, μ^{⊗n}_m ) If m = 2 the norm residue homomorphism is simply denoted by h_n = h_{n,F} : k_nF → H^nF Comparing the exact sequences of Milnor groups and Galois cohomology for an affine line A^1 one deduces that if h_{n−1} is an isomorphism for any field, then ker h_{n,F} ⋍ ker h_{n,F (t)}, coker h_{n,F} ⋍ coker h_{n,F (t)}, i.e., kernel and cokernel of the norm residue homomorphism do not change under purely transcendental extensions.

The norm residue homomorphism commutes with norms: for a finite field extension E/F the diagram k_nE^{hn,E}−−−−→ H^nE n_{E/F} n_{E/F} k_nF^{hn,F}−−−−→ H^nF commutes [17].

If F is a finite, local or global field, then h_{n,F} is an isomorphism [13],[18]. If X is an algebraic variety over F , then for an étale sheaf M on X_{ét} by H^∗(X, M) we denote étale cohomology groups [12]. The group H^∗(X, Z/2Z) we shall denote by H^∗X.

The degree deg x of a closed point x ∈ X is the degree of the extension F (x)/F . By [1, n] we denote the set {1, 2, . . . , n}.

In the section 2 we prove certain properties of the Bockstein map. The next section is devoted to the study of étale cohomology of conic curves (projective and affine). In section 4 we express the fact that a given element in k_nF is trivial in terms of algebraic equations. This statement generalizes Lemma 4 in [7]. In section 5, we develop a specialization technique, part of which was already used in [7]. The next section is devoted to the computation of K-cohomology groups of affine conic curve. In section 7 we prove that under certain conditions the surjectivity of h_{n,F} implies the surjectivity of h_{n,F (X)} for a conic curve X over F . The proof of the Theorem is presented in section 8. We follow the approach of [7] in the case n = 2.

2. Bockstein map

Let F be a field of characteristic different from 2. The map B_n = B_{n,F} in the exact sequence H^n(F, μ^{⊗n}_4 ) → H^nF^{Bn}−−→ H^{n+1}F → H^{n+1}(F, μ^{⊗n}_4 ) associated to the short exact sequence

1 → μ^{⊗n}_2 → μ^{⊗n}_4 → μ^{⊗n}_2 → 1

will be called the Bockstein map.

Lemma 2.1. The surjectivity of the norm residue homomorphism h_{n,F} implies B_{n,F} = 0.

Proof. Follows from the commutative diagram K_nF K_nF h_{4,F} h2,F H^n(F, μ^{⊗n}_4 ) −−−−→ H^nF^{Bn}−−−−→ H^{n+1}F. □ Later we shall need the following two statements:

Lemma 2.2. If B_{n,F} = 0, then the restriction of the natural map H^{n+1}(F, μ^{⊗n}_4 ) → H^{n+1}F to the subgroup of elements of exponent 2 is trivial. Proof. Follows from the fact that the composition H^{n+1}(F, μ^{⊗n}_4 ) → H^{n+1}F → H^{n+1}(F, μ^{⊗n}_4 ) is the multiplication by 2 and the second map is injective since B_{n,F} = 0. □ Lemma 2.3. If B_n is trivial for all fields, then B_{n−1} = 0 also for all fields. Proof. Let E = F ((t)) be the field of formal power series over F . The statement follows from the diagram with the surjective rows [13]: H^nE^∂−−−−→ H^{n−1}F B_{n,E} B_{n−1,F} H^{n+1}E^∂−−−−→ H^nF. □

3. Étale cohomology of conic curves Let C be a smooth curve over a field F , S be a finite set of closet points in C, U = C − S. Let m be a natural number prime to char F .

There is Gysin exact sequence [12]: · · · → ∐ c∈S H^{n−2}(F (c), μ^{⊗(j−1)}_m ) → H^n(C, μ^{⊗j}_m ) → H^n(U, μ^{⊗j}_m ) → . . . Passing to the inductive limit with respect to S we get the localization sequence : · · · → ∐ c∈C H^{n−2}(F (c), μ^{⊗(j−1)}_m ) → H^n(C, μ^{⊗j}_m ) → H^n(F (C), μ^{⊗j}_m ) → . . . The arrows in the sequence are compatible with the multiplication on H^∗(F, μ^{⊗∗}_m ) up to sign.

In the special case n = 2, j = 1 we get a monomorphism Pic C/m Pic C → H^2(C, μ_m) There is the Hochschild–Serre spectral sequence [12]: E^{p,q}_2 = H^p(F, H^q(C_s, μ^{⊗j}_m )) ⇒ H^{p+q}(C_s, μ^{⊗j}) where C_s = C ⊗_F F_s. To compute E_2-term one must calculate the groups H^q(C_s, μ^{⊗j}_m ) = H^q(C_s, μ_m) ⊗ μ^{⊗(j−1)}_m .

It is known that H^0(C_s, μ^{⊗j}_m ) = μ^{⊗j}_m and H^q(C_s, μ^{⊗j}_m ) = 0 if q ⩾ 3 [12]. The exact sequence 1 → μ_m → G_m^m−→ G_m → 1 implies that H^2(C_s, μ_m) ⋍ Pic C_s/m Pic C_s since H^1(C_s, G_m ) ⋍ Pic C_S and mtorsion in H^2(C_s, G_m) is trivial [12], and we also obtain the exact sequence

1 → F_s[C_s]^∗/F_s[C_s]^{∗m} → H^1(C_s, μ_m) → Pic C_s^m−→ Pic C_s.

Let Y be a projective conic curve given in P^2_F by the equation aU^2 + bV^2 = W^2, a, b ∈ F^∗ (we assume that char F ≠ 2). The following conditions are clearly equivalent:

1. Y has a F -rational point. 2. Y is isomorphic to P^1_F . 3. Quaternion algebra (_{a,b} F ) splits, i.e., (a, b) = 0 ∈ H^2F .

If Y satisfies these conditions, then it is called split conic curve. If Y is not split, then the degree of each closed point is even. The exact sequence [15] 0 → Pic Y → H^0(F, Pic Y_s) → Br F → Br F (Y )

shows that the kernel of Br F → Br F (Y ) is generated by (a, b) ∈ H^2F , Pic Y = Z is generated by the class of any F -rational point if Y is split and Pic Y = 2Z is generated by the class of arbitrary closed point of degree 2.

Since Y_s ⋍ P^1_s, we have F_s[Y_s] = F_s and Pic Y_s = Z. Applying the above computation one gets :

H^q(Y_s, μ^{⊗j}_m ) = μ^{⊗j}_m , if q = 0 μ^{⊗(j−1)} m , if q = 2 0, if q = 1 or q ⩾ 3

Therefore, we have a commutative diagram H^n(F, μ^{⊗j}_m ) ↓ ↘i . . .^∂−→ ∐ y∈Y H^{n−2}(F (y), μ^{⊗(j−1)}_m ) → H^n(Y, μ^{⊗j}_m ) → H^n(F (Y ), μ^{⊗j}_m ) → . . . ↘j ↓π H^{n−2}(F, μ^{⊗(j−1)} m ) where i is the natural map.

Lemma 3.1. The homomorphism j is the sum of the norm homomorphisms.

Proof. Consider first the case where n = 2, j = 1 and y ∈ Y is F -rational point. The statement follows from the commutative diagram H^0(F (y), Z/mZ) −−−−→ H^2(Y, μ_m) ‖ ‖ ‖ Pic Y_s/m Pic Y_s^∼−−−−→ Z/mZ^∼−−−−→ H^2(Y_s, μ_m). The case of a rational point y ∈ Y (with arbitrary n and j) follows from the above and the fact that the homomorphisms in the diagram are compatible up to sign with the multiplication on H^∗(F, μ^{⊗∗}_m ).

For the general case let E = F (y) and y be an E-rational point of Y_E over y, E(y) = F (y). The statement follows from the commutative diagram H^{n−2}(E(y^′), μ^{⊗(j−1)}m ) −−−−→ H^n(Y_E , μ^{⊗j}_m )^{πE}−−−−→ H^{n−2}(E, μ^{⊗(j−1)}m ) ‖ ‖ n^{E/F} n^{E/F} H^{n−2}(F (y), μ^{⊗(j−1)}m ) −−−−→ H^n(Y, μ^{⊗j}_m )^{πF}−−−−→ H^{n−2}(F, μ^{⊗(j−1)}m ). □

It follows from Lemma 3.1 that the norm maps induce a well-defined norm map N : H^1(Y, H^{n−1}) → H^{n−2}F. In the special case n = m = 2 we have a monomorphism Pic Y/2 Pic Y → H^2Y .

Lemma 3.2. If Y is not split, then the image of the canonical generator of Pic Y in H^2Y equals (a, b)_Y .

Proof. The group Pic Y is generated by the class [y] of arbitrary point y ∈ Y of degree 2. Since [y] /∈ im ∂ and j([y]) = 0, we see that the image of [y] in H^2Y comes from a nontrivial element of the kernel of H^2F → H^2F (Y ). But the only nontrivial element in this kernel is (a, b). □

Let X be an open subvariety in Y defined by w ≠ 0, so that X is an affine conic curve : u^2 − av^2 = b, where u =^U_W , v =^V_W . The complement Y − X is isomorphic to Spec L where L = F ( √ a). It is only one “infinite” point ∞ ∈ Y of degree 2 if a ∉ F^{∗2} and a union of two points if a ∈ F^{∗2}. If X is not split, then Pic X = Pic Y/ < ∞ >= 0 since Pic Y is generated by the class of the point ∞ of degree 2.

If X is split but a ∉ F^{∗2}, then the group Pic X ≃ Z/2Z is generated by the class of any rational point. If a ∈ F^{∗2}, then Pic X = 0 since X ≃ A^1 − pt.

Assume that (m, char F ) = 1. It follows from the computation above that the group H^1(X_s, μ_m) is isomorphic to F_s[X]^∗/F^∗_s ≃ Z/mZ and is generated by the class of invertible regular function u + v √ a on X. The Galois group Γ acts through the action of Gal(L/F ) whose generator takes k ∈ Z/mZ to −k. Denote the group

Z/mZ with this Γ-action by ~Z/mZ and put μ̃^{⊗j}_m = ~Z/mZ ⊗ μ^{⊗j}_m . Hence we have :

H^q(X_s, μ^{⊗j}_m ) = μ^{⊗j}_m if q = 0 μ̃^{⊗(j−1)} m if q = 1 0 if q ⩾ 2

The Hochschield–Serre spectral sequence induces the exact sequence · · · → H^n(F, μ^{⊗j}_m ) → H^n(X, μ^{⊗j}_m ) → H^{n−1}(F, μ̃^{⊗(j−1)}_m )^Δ−→ H^{n+1}(F, μ^{⊗j}_m ).

Lemma 3.3. If m = 2, then the differential map Δ: H^{n−1}F → H^{n+1}F is the multiplication by (a, b) ∈ H^2F .

Proof. Since Δ commutes with the multiplication on H^∗F , it follows that Δ is the multiplication on u = Δ(1 + 2Z) ∈ H^2F .

The commutative diagram

Pic X ↓ ↘j H^0F^Δ−→ H^2F → H^2X → H^1F ↘i ↓ H^2F (X)

shows that u ∈ ker i. If X is split, then u = 0 = (a, b). If X is not split, then Pic X = 0 and therefore u generates ker i, i.e., u = (a, b). □

Consider a commutative diagram H^nF ↓ ↘i ∐ x∈X H^{n−2}F (x) → H^nX → H^nF (X) ↘j ↓ H^{n−1}F Lemma 3.4. The map j coincides with the composition of the norm homomorphism and the multiplication by (a) ∈ H^1F on each summand.

Proof. As in the proof of Lemma 3.1 it is sufficient to consider the case of F - rational point x ∈ X (X is therefore split) and n = 2, so we must show that j(1 + 2Z) = (a) ∈ H^1F . If (a) = 0, i.e., a ∈ F^{∗2}, then Pic X = 0, hence 1 + 2Z belongs to the image of H^1F (X) → ∐ x∈X H^0F (x) and j(1 + 2Z) = 0 = (a).

If (a) ≠ 0, then the group Pic X = Z/2Z is generated by the class of x. Since the map i is injective the diagram in the proof of Lemma 3.3 shows that j(1 + 2Z) ≠ 0.

Since (a)_L = 0 ∈ H^1L, by considering X over L and the case described above one shows that j(1+2Z)_L = 0, hence j(1+2Z) ∈ ker(H^1F → H^1L) and j(1+2Z) = (a). □ Corollary 3.5. The sum of the norm homomorphisms induces a well-defined norm map N : H^1(X, H^{n−1}) → H^{n−2}F/n_{L/F} (H^{n−2}L). Proof. The image of the map j belongs to ker(H^{n−1}F → H^{n−1}L) ≃ H^{n−2}F/n_{L/F} (H^{n−2}L) . □ Consider the following sequence: (∗) 0 → H^1(X, H^n)^N−→ H^{n−1}F/n_{L/F} (H^{n−1}L)^{∪(a,b)}−−−−→ H^{n+1}F → H^{n+1}F (X). The map in the middle is the multiplication by (a, b); it is well defined since n_{L/F} (H^{n−1}L) ∪ (a) = 0.

Lemma 3.6. The sequence (∗) is a complex.

Proof. Since (a, b)_{F (X)} = 0, the composition of the last two maps is zero. The equality (a, b)∘N = 0 follows from the fact that N commutes with the multiplication on (a, b) and (a, b)_{F (x)} = 0 for any x ∈ X. □ Remark 3.7. The homology of the complex (∗) at the second term is naturally isomorphic to the homology of the complex H^1(Y, H^n)^N−→ H^{n−1}F^{(a,b)}−−−→ H^{n+1}F. Lemma 3.8. For any x ∈ X the composition H^{n−1}F (x) → H^{n+1}X → H^{n+1}(X, μ^{⊗n}_4 ) is trivial.

Proof. As in the proof of Lemma 3.1 we may assume that n = 1 and x is F -rational point of X. But in this case the statement follows from the fact that 2 · Pic X = 0 and the commutativity of the diagram H^0F (x) −−−−→ Pic X −−−−→ H^2X 2 Pic X −−−−→ H^2(X, μ_4). □ Lemma 3.9. Assume that the Bockstein map B_{n−1,F} is trivial. Then the image of the composition H^n(X, μ^{⊗n}_4 ) → H^nX → H^{n−1}F is contained in n_{L/F} (H^{n−1}L).

Proof. It suffices to show that the map ∂ in the diagram H^n(X, μ^{⊗n}_4 ) −−−−→ H^nX

H^{n−1}(F, μ̃^{⊗(n−1)} 4 ) −−−−→ H^{n−1}F^∂−−−−→ H^nF coincides with the multiplication by (a) ∈ H^1F . The map δ is the connected map relative to the short exact sequence

0 → Z/2Z = μ^{⊗(n−1)}_2 → μ̃^{⊗(n−1)}_4 → μ^{⊗(n−1)}_2 = Z/2Z → 0.

The class of this sequence in Ext^1_Γ(Z/2Z, Z/2Z) is the sum of classes of the following sequences: 0 → Z/2Z → Z/2Z[G] → Z/2Z → 0 where G = Gal(L/F ) and 0 →

Z/2Z → μ^{⊗(n−1)}_4 → Z/2Z → 0. The connecting homomorphism for the first

sequence in the multiplication by (a) [1] and for the second sequence is equal to B_{n−1,F} = 0. □

Consider the following diagram: ∐ x∈X H^{n−1}F (x) −−→ H^{n+1}X

H^n_4 (X) −−→ H^n_4 (F (X)) −−→ ∐ x∈X H^{n−1}_4 (F (x)) −−→ H^{n+1}(X, μ^{⊗n}_4 ) p ∐ x∈X H^{n−2}F (x) −−→ H^nX −−→ H^nF (X) −−→ ∐ x∈X H^{n−1}F (x)

H^{n−1}F (a,b) H^{n+1}F where we write for short H^n_4 (−) for H^n(−, μ^{⊗n}_4 ).

The diagram chase and Lemmas 3.8 and 3.9 show that there is a well-defined map θ : ∐ x∈X H^{n−1}F (x) → H^{n−1}F/n_{L/F} (H^{n−1}L). Lemma 3.10. The homomorphism θ is induced by the norm map N : H^1(X, H^n) → H^{n−1}F/n_{L/F} (H^{n−1}L). Proof. We may assume that (a) ≠ 0 ∈ H^1F . As in Lemma 3.1 it suffices to consider the case n = 1 and X is split. Let x be F -rational point in X. We must show that the nonzero element in H^0F (x) corresponds to nonzero element in

H^0F . Choose a function f ∈ F (X)^∗ such that div f = 2x. Since div f . .2, we have (f) = g_{F (X)} for some g ∈ H^1X. The image of g in H^0F is nontrivial. For if it is trivial, then g ∈ im(H^1F → H^1X) and therefore f ∈ F^∗ · F (X)^{∗2}, but this is impossible since 0 ≠ [x] ∈ Pic X ≃ Z/2Z. On the other hand the image of f in H^0(F (x), Z/4Z) = Z/4Z equals 2 mod 4Z and hence nontrivial. □

Lemma 3.11. Let B_{n−1,F} and B_{n,F (x)} be trivial. Then the sequence (∗) is exact at the second term.

Proof. Diagram chase using the surjectivity of p and Lemma 3.10. □

Lemma 3.12. Assume that B_{n,F} = 0 and h_{n−1} is surjective for all fields. Let u = (u_y) ∈ ∐ y∈Y H^{n−1}F (y) such that ∑ n_y(u_y) = 0 ∈ H^{n−1}F . Then the image of u

in H^{n+1}Y is equal to (a, b) · v_Y for some v ∈ H^{n−1}F .

Proof. Choose w_y ∈ H^{n−1}(F (y), μ^{⊗(n−1)}_4 ) → u_y ∈ H^{n−1}F (y) and assume first that ∑ n_y(w_y) = 0 ∈ H^{n−1}(F, μ^{⊗(n−1)}_4 ). Then the image of w in H^{n+1}(Y, μ^{⊗n}_4 ) equals t_Y for some t ∈ H^{n+1}(F, μ^{⊗n}_4 ). In particular, t_{F (Y )} = 0.

Since L splits Y , the map

H^{n+1}(L, μ^{⊗n}_4 ) → H^{n+1}(L(Y ), μ^{⊗n}_4 ) is injective, and hence t_L = 0. Applying the norm map we have : 2t = n_{L/F} (t_L) = 0 ∈ H^{n+1}(F, μ^{⊗n}_4 ). By Lemma 2.2 the image of t in H^{n+1}F is trivial, therefore, the image of u in H^{n+1}Y is trivial.

In general ∑ n_y(w_y) = k(s) where s ∈ H^{n−1}F and k : H^{n−1}F → H^{n−1}(F, μ^{⊗(n−1)}_4 ). Choose s^′ ∈ H^{n−1}(F, μ^{⊗(n−1)}_4 ) → s ∈ H^{n−1}F . Then k(s) = 2s^′ ∈ H^{n−1}(F, μ^{⊗(n−1)}_4 ) and by the first part of the proof we can replace w by w^′ with the support at one point ∞ of degree 2:

w^′_y = { s^′_L ∈ H^{n−1}(L, μ^{⊗(n−1)}_4 ) if y = ∞ 0 if y ≠ ∞ Therefore, we can replace u by u^′ :

u^′_y = { s_L ∈ H^{n−1}L if y = ∞ 0 if y ≠ ∞ Finally, using the multiplicative property we may assume that n = 1 and apply Lemma 3.2. □ Corollary 3.13. In the conditions of the Lemma the sequence (∗) is exact at the first term.

Proof. Let (u_x) ∈ ∐ H^{n−1}F (x) and ∑ n_x(u_x) = n_{L/F} (w) for some w ∈ H^{n−1}L.

Consider u ∈ ∐ y∈Y H^{n−1}F (y) such that

u_y = { u_x if y = x ∈ X w if y = ∞. Then ∑ n_y(u_y) = 0 and by Lemma 3.12 the image of u in H^{n+1}Y equals (a, b)·v_Y for some v ∈ H^{n−1}F . Hence the image of (u_x) in H^{n+1}X equals zero aud we apply the exact sequence H^nF (X) → ∐ x∈X H^{n−1}F (x) → H^{n+1}X. □ Lemma 3.14. The homology of the complex (∗) at the first and the third terms are isomorphic.

Proof. Follows from the commutative diagram: H^{n−1}F (_{a,b)} H^{n+1}F ↓ ↘i H^nF (X) → ∐ x∈X H^{n−1}F (x) → H^{n+1}X → H^{n+1}F (X) ↘j ↓ H^nF Lemmas 3.3, 3.4 and Lemma of the 700th [11]. □

Combining Lemmas 3.11, 3.14 and Corollary 3.13 we get the following.

Proposition 3.15. Let B_n be trivial and h_{n−1} be surjective for all fields. Then the sequence (∗) is exact. □

4. When some element in k_n is zero

In this section we generalize Lemma 4 in [7].

Let n, m ∈ N, a_1, a_2, . . . , a_m ∈ F^∗ and b_α ∈ F^∗ for any map α: [1, n−1] → [1, m]. Put a_α = {a_{α(1)}, a_{α(2)}, . . . , a_{α(n−1)}} ∈ k_{n−1}F .

Proposition 4.1. Let the images of a_1, . . . , a_m be linearly independent in F^∗/F^{∗2} (considered as a vector space over Z/2Z). The following conditions are equivalent : (1) ∑ α b_α · a_α = 0 ∈ k_nF where the sum is taken over all maps α : [1, n − 1] → [1, m].

(2) There exist an integer r ⩾ m and elements a_{m+1}, . . . , a_r ∈ F^∗, c_{s,j} , d_{s,j} ∈ F for j = 1, 2, . . . , n − 1 and all maps

s: [1, n − 1] → {nonempty subsets in [1, r]}

such that

b_α = ∏ s ( n−1∏ j=1 (c^2_{s,j} − a_{s(j)} · d^2_{s,j} ))

for any map α : [1, n − 1] → [1, r], where the product is taken over all s such that s(k) ∋ α(k) for any k = 1, 2, . . . , n − 1 (also a_T = ∏ i∈T a_i for any subset

T ⊂ [1, r]; b_α = 1, if im α ⊄ [1, m])

Proof. (2) ⇒ (1); ∑ α b_α · a_α = n−1∑ j=1 ( ∑ s (c^2_{s,j} − a_{s(j)} · d^2_{s,j}) · ∑ α(k)∈s(k) a_α)

= n∑ j=1 ( ∑ s {c^2_{s,j} − a_{s(j)} · d^2_{s,j}, a_{s(1)}, . . . , a_{s(j)}, . . . , a_{s(n−1)}}) = 0

since {c^2 − ad^2, a} = 0 ∈ k_2F for a, c, d ∈ F . Note that here we do not need a_i to be linearly independent in F^∗/F^{∗2}.

(1) ⇒ (2); The group k_nF is isomorphic to the factor group of F^∗/F^{∗2} ⊗ . . . ⊗ F^∗/F^{∗2} n by the subgroup generated by u⊗v_1 ⊗. . .⊗v_{n−1} where u is a norm in the quadratic extension F (√v_j )/F for some j = 1, 2, . . . , n−1. Therefore, the element θ = ∑ α b_α ⊗ a_{α(1)} ⊗ . . . ⊗ a_{α(n−1)} is the sum of elements of the type described above. Consider elements a_{m+1}, . . . , a_r such that the images of a_1, . . . , a_r in F^∗/F^{∗2} form a base of a vector space V ⊂ F^∗/F^{∗2} such that the above relation holds in F^∗ ⊗ V ⊗ . . . ⊗ V .

Hence

θ = n−1∑ j=1 ( ∑ s (c^2_{s,j} − a_{s(j)}d^2_{s,j}) ⊗ a_{s(1)} ⊗ . . . ⊗ a_{s(j)} ⊗ . . . ⊗ a_{s(n−1)})

= n−1∑ j=1 ∑ α ∏ s (c^2_{s,j} − a_{s(j)}d^2_{s,j}) ⊗ a_{α(1)} ⊗ a_{α(2)} ⊗ . . . ⊗ a_{α(n−1)})

where the product is taken over all s such that s(k) ∋ α(k) for any k = 1, 2, . . . , n−1. Hence the desired relations hold modulo F^{∗2}. But squares can be included to c_{s,1} and d_{s,1} for s with s(k) = {α(k)}, k = 1, 2, . . . , n − 1. □

5. Specialization

We develop the specialization technique which will be used later many times. Let X be an irreducible variety over a field F , x ∈ X be a closed point. Assume that for any n ⩾ 0 and any point y ∈ X such that x ∈ {y} there is an abelian group V_n(y) such that:

(1) For any points y, z ∈ X such that x ∈ {y} and y is a regular point of codimension 1 in {z} there is a homomorphism ∂^n_{y,z} : V_n(z) → V_{n−1}(y) called residue map, for any n ⩾ 1.

(2) For any z ∈ X such that x ∈ {z} there is a multiplication

V_n(z) ⊗ F (z)^∗ → V_{n+1}(z)

for any n ⩾ 0.

Let y, z ∈ X be the two points as in (1), π ∈ F (z)^∗ be a prime element of the discrete valuation on the field F (z) defined by the point y. Consider the composition

s^n_{y,z} : V_n(z) → V_{n+1}(z)^∂ n y,z−−→ V_n(y) where the first map is the multiplication by π.

Assume that x is a regular point of X. Then there exists a sequence of points in X: x = x_0, x_1, . . . , x_m such that x_m = ξ is the generic point of X and for any i = 0, 1, . . . , m − 1 x_i is the regular point in {x_{i+1}} of codimension 1. Choose prime elements π_{i+1} ∈ F (x_{i+1}) with respect to the discrete valuation defined by x_i on F (x_{i+1}). The composition s^n = s^n_{x0,x1} ∘ s^n_{x1,x2} ∘ · · · ∘ s^n_{xm−1,xm} : V_n(ξ) → V_n(x) is called the specialization map. It depends on the choice of the sequence of points x_i and prime elements π_i.

Examples. 1) V_n(y) = k_nF (y). The residue map ∂^n_{y,z} in (1) is the usual residue map [2],[13] and the multiplication is obvious. We have therefore a specialization map s^n : k_n(F (X)) → k_nF (x).

If the functions f_1, f_2, . . . , f_n ∈ F (X)^∗ are defined and nonzero in x, then s^n({f_1, f_2, . . . , f_n}) = {f_1(x), f_2(x), . . . , f_n(x)}. 2) Let π : V → X be a flat dominating morphism. Fix some integer i ⩾ 0. For any y ∈ X define V_n(y) = H^i(V_y, k_n), where V_y = π^{−1}(y).

Let y, z ∈ X be as in (1) and O be the discrete valuation ring O_{y,z} with fraction field F (z) and residue field F (y). Consider V_O = V ×_X Spec O. Since V^{(i)}_O = V^{(i)}_z ∪ V^{(i−1)}_y , we have the exact sequence of complexes: 0 → ∐ s∈V^{(∗−1)} y K_∗F (s) → ∐ s∈V^{(∗)}_O K_∗F (s) → ∐ s∈V^{(∗)}_z K_∗F (s) → 0.

Taking the exact sequence of homology groups we get the residue map ∂^n_{y,z} : V_n(z) → V_{n−1}(y). The multiplication map clearly exists. We have therefore the specialization map

s^n : H^i(V_ξ, k_n) → H^i(V_x, k_n).

6. K-cohomology of a conic curve

We keep the notation of Section 3. Since the conic curve Y is projective, the norm maps k_nF (y) → k_nF for each y ∈ Y determine the norm map [6]: N : H^1(Y, k_n) → k_{n−1}F. Therefore, the norm map N : H^1(X, k_n) → k_{n−1}F/n_{L/F} (k_{n−1}L) for an affine conic curve X is determined by the commutative diagram k_{n−1}F (∞) −−−−→ H^1(Y, k_n) −−−−→→ H^1(X, k_n) ‖ ‖ ‖ N N k_{n−1}L^{nL/F}−−−−→ k_{n−1}F −−−−→ k_{n−1}F/n_{L/F} k_{n−1}L. We shall show in this section that under certain conditions N is the injective map.

Assume that X is not split. For any m ⩾ 0 we consider the subspace L_m ⊂ F [X] consisting of the functions f(u, v) where f is a polynomial in two variables of degree ⩽ m and u, v are regular functions on X such that u^2 − av^2 = b.

It is clear that dim L_m = 2m + 1. Any function g ∈ L_m has a pole at infinity of order at most m, therefore, the degree of the divisors of poles and zeros of g is at most 2m. Hence for any x ∈ X such that g(x) = 0 we have deg(x) ⩽ 2m. Therefore for any x ∈ X of degree 2m the map L_{m−1}^ρ−→ F (x), g → g(x), is injective.

Lemma 6.1. For any x ∈ X of degree 2m and any w ∈ F (x)^∗ there exist functions g ∈ L_{m−1}, h ∈ L_1 such that w = (gh^{−1})(x).

Proof. Let A be the image of the map ρ above, dim F (x)/A = 1. Consider the map L_1 −→ F (x)/A, h → h(x) · w mod A. Since dim L_1 = 3, there exists a nonzero function h ∈ L_1 such that 0 ≠ h(x)·w ∈ A, i.e., h(x) · w = g(x) for some function g ∈ L_{m−1}. □

For any m ⩾ 1 by A_m we denote the image of the natural map ∐ deg x62m k_{n−1}F (x) → H^1(X, k_n).

It is clear that A_1 ⊂ A_2 ⊂ · · · ⊂ H^1(X, k_n) = ⋃ m A_m.

Lemma 6.2. H^1(X, k_n) = A_1, i.e., any element in H^1(X, k_n) can be represented by some k_{n−1}-cycle with support in the set of points of degree 2. Proof. We shall show that A_1 = A_m by induction on m. Let x ∈ X be a point of degree 2m > 2 and w = {w_1, w_2, . . . , w_{n−1}} ∈ k_{n−1}F (x). By lemma 6.1 we can find functions g_i ∈ L_{m−1}, h_i ∈ L_1 such that w_i = (g_ih^{−1}_i )(x) for any i = 1, 2, . . . , n − 1. Since Pic X = 0, there exists a function f ∈ F (X)^∗ such that div f = x. Consider the symbol t = {g_1h^{−1}_1 , g_2h^{−1}_2 , . . . , g_{n−1}h^{−1}_{n−1}, f} ∈ k_nF (X). It is clear that ∂(t) = u · x + (k_{n−1}-cycle with support in points of degree ⩽ (2m − 2) ∈ ∐ z∈X k_{n−1}F (z). Therefore, u · x ∈ A_{m−1} = A_1 by the inductive hypothesis. □ Lemma 6.3. If x ∈ X such that F (x) ≃ L, then the image of k_{n−1}F (x) in H^1(X, k_n) is trivial.

Proof. The image of k_{n−1}F (x) in H^1(X, k_n) belongs to the image of the norm map n_{L/F} : H^1(X_L, k_n) → H^1(X, k_n). But H^1(X_L, k_n) = 0 since X_L = A^1_L − pt. □ Corollary 6.4. Any element in the kernel of the norm map N : H^1(X, k_n) → k_{n−1}F/n_{L/F} (k_{n−1}L) can be represented by k_{n−1}-cycle ∑ w_x · x, w_x ∈ K_{n−1}F (x), with support in the set of points of degree 2 such that ∑ n_x(w_x) = 0 ∈ k_{n−1}F .

Proof. By Lemma 6.2 we can find the representation we need but ∑ n_x(w_x) = n_{L/F} (s) for some s ∈ k_{n−1}L. Choose a point x_0 ∈ X such that F (x_0) ≃ L. By Lemma 6.3 we can replace w_x by

w^′_x = { w_x, if x ≠ x_0 w_{x0} + s, if x = x_0. □

Let D = (_{a,b} F ) be the quaternion algebra. There is a canonical map [10]:

p: D^∗ − F^∗ → {points of degree 2 in Y }

such that for any w ∈ D^∗ − F^∗ there is a natural isomorphism of the (maximal) quadratic subfield F [w] ⊂ D and the residue field of the point p(w) ∈ Y . Therefore we have a map D^∗ − F^∗ → {K_1-cycles on Y }, w → w · p(w). We extend this map to D^∗ taking c ∈ F^∗ to c · ∞. For any w ∈ D^∗ the corresponding K_1-cycle on Y we simply denote by [w]. It is proved in [10] that the composition D^∗ → {K_1-cycles on Y } → H^1(Y, K_2) is a group homomorphism. Using this property, Corollary 6.4 and also the fact that for any quadratic extension E/F the group K_mE is generated by the symbols {x, a_1, . . . , a_{m−1}} where x ∈ E^∗, a_i ∈ F^∗, one proves the following

Lemma 6.5. Any element in the kernel of the map H^1(X, k_n) → k_{n−1}F/n_{L/F} (k_{n−1}L) can be represented by k_{n−1}-cycle of the type ∑ α [u_α] · a_α, where the sum is taken

over all the maps α : [1, n − 2] → [1, m] for some m > 0, u_α ∈ D^∗, a_α = {a_{α(1)}, . . . , a_{α(n−2)}} ∈ k_{n−2}F , where the images of a_1, a_2, . . . , a_m ∈ F^∗ are linearly independent in F^∗/F^{∗2} and ∑ α (Nrd u_α) · a_α = 0 ∈ k_{n−1}F. □

Let θ be any element in the kernel of the map H^1(X, k_n) → k_{n−1}F/n_{L/F} (k_{n−1}L). We write θ = ∑ α [u_α] · a_α as in Lemma 6.5. By Proposition 4.1. there exist a_{m+1}, . . . , a_r ∈ F^∗, c_{s,j}, d_{s,j} ∈ F such that

Nrd(u_α) = ∏ s ( n−2∏ j=1 (c^2_{s,j} − a_s(j) · d^2_{s,j})).

Let u_α = s_α + t_α · i + v_α · j + w_α · ij where s_α, t_α, v_α, w_α ∈ F and i, j are generators of the quaternion algebra D such that i^2 = a, j^2 = b, ij = −ji. We have: Nrd u_α = s^2_α − at^2_α − bv^2_α + abw^2_α.

Consider indeterminates A, B, P, Q, S_α, T_α, V_α, W_α for all α: [1, n − 2] → [1, r] and the affine variety V over F defined by the equations: { S^2_α − A · T^2_α − B · V^2_α + AB · W^2_α = Nrd(u_α) P^2 − A · Q^2 = B

and also the variety W defined in coordinates A, B, S_α, T_α, V_α, W_α by the equations of the first type.

There is a natural dominating flat morphism π : V → W . The point x ∈ X with the coordinates A = a, B = b, S_α = s_α, T_α = t_α, V_α = v_α, W_α = w_α is nonsingular. The fiber Y_x is isomorphic to the affine conic X.

Let ξ be the generic point of W . Choose any specialization map s: H^1(V_ξ, k_n) → H^1(V_x, k_n) = H^1(X, k_n). Let (_{A,B} F (W ) ) be the quaternion algebra over F (W ) with the anticommutative generators I and J such that I^2 = A, J^2 = B. Consider the element Θ = ∑ α [S_α + T_α · I + V_α · J + W_α · IJ] · a_α ∈ H^1(V_ξ, k_n).

Since N(Θ) = ∑ α (Nrd u_α) · a_α = 0, we have

Θ ∈ ker[H^1(V_ξ, k_n) → k_{n−1}F (W )/n(k_{n−1}L(W ))]. It is clear that s(Θ) = θ.

Consider the natural dominating projection V → A^3 with respect to coordinates A, P and Q. The generic fiber of this morphism is the product of several affine quadrics corresponding to the isotropic quadratic form ⟨1, −A, −B, AB⟩ over

F (A^3 ), and, therefore is a rational variety over F (A^3 ). Hence V is the rational

variety over F .

Lemma 6.6. Assume that h_{n−1} is an isomorphism for all fields. Then for any purely transcendental extension E/F the homomorphism k_nE/k_nF → H^nE/H^nF induced by the map h_{n,E} is an isomorphism.

Proof. We may assume that E = F (A^1 ). In this case the homomorphism in question is isomorphic to ∐ h_{n−1,F (x)} : ∐ x∈A^1 k_{n−1}F (x) → ∐ x∈A^1 H^{n−1}F (x). □

Corollary 6.7. The natural homomorphism H^1(V_ξ, k_n) → H^1(V_ξ, H^n) is an isomorphism.

Proof. The field F (ξ)(V_ξ) = F (V ) is a purely transcendental over F . □ Proposition 6.8. If B_n is trivial and h_{n−1} is an isomorphism for all fields, then the norm map N : H^1(X, k_n) → k_{n−1}F/n_{L/F} (k_{n−1}L) is surjective. Proof. We may clearly assume that X is not split. Let θ be in the kernel. It follows from Proposition 3.15, Corollary 6.7 and the commutative diagram: H^1(V_ξ, k_n) −−−−→ H^1(V_ξ, H^n) N N k_{n−1}F (W )/n(k_{n−1}L(W )) −−−−→_∼ H^{n−1}F (W )/n(H^{n−1}L(W )) that the left vertical map is injective, hence Θ = 0 ∈ H^1(V_ξ, k_n). Applying the specialization map s we get: θ = s(Θ) = 0. □

7. Lifting property for a conic curve Let X be an affine conic curve as in section 3. Denote the groups H^0(X, k_n)/k_nF and H^0(X, H^n)/H^nF by H^0(X, k_n) and H^0(X, H^n) respectively. Lemma 7.1. Let B_n be trivial and h_{n−1} be an isomorphism for all fields. Then the map ∐ E/F splits X H^0(X_E , H^n) P_{nE/F} −−−−−→ H^0(X, H^n) is surjective.

Proof. It follows from the commutative diagram: H^nF → H^nX → H^{n−1}F^{(a,b)}−−−→ H^{n+1}F ↘ ↓ H^nF (X) ↓ ∐ x∈X H^{n−1}F (x) and Proposition 3.15 that there is a canonical surjection (see Remark 3.7)

H^1(Y, H^n) ↠ (ker(H^{n−1}F^{(a,b)}−−−→ H^{n+1}F )) ↠ H^0(X, H^n). The statement of lemma follows from the commutative diagram: ∐ E splits X H^1(Y_E , H^n) −−−−→ ∐ E splits X

H^0(X_E, H^n)

H^1(Y, H^n) −−−−→→ H^0(X, H^n) and the surjectivity of the left vertical map. □ Proposition 7.2. Let B_n be trivial and h_{n−1} be an isomorphism for all fields. Then:

(1) H^0(X, k_n) → H^0(X, H^n) is surjective map, (2) H^1(X, k_n) → H^1(X, H^n) is injective map.

Proof. (1) If X is split, then by Lemma 6.6 k_nF (X)/k_nF ≃ H^nF (X)/H^nF , hence the first map is surjective. In general statement (1) follows from Lemma 7.1 and the commutative diagram: ∐ E splits X H^0(X_E, k_n)^∼−−−−→ ∐ E splits X

H^0(X_E , H^n)

H^0(X, k_n) −−−−→ H^0(X, H^n)

(2) Follows from the commutative diagram: H^1(X, k_n) −−−−→ H^1(X, H^n) ∩

k_{n−1}F/n_{L/F} (k_{n−1}L)^∼−−−−→ H^{n−1}F/n_{L/F} (H^{n−1}L) and Proposition 6.8. □ Corollary 7.3. In the conditions of the Proposition assume that h_{n,F} is surjective. Then h_{n,F (X)} is also surjective.

Proof. Follows from the commutative diagram: k_nF −−−−→ k_nF (X) −−−−→ ∐ x∈X k_{n−1}F (x) −−−−→ H^1(X, k_n) −−−−→ 0 h_{n,F} h_{n,F (X)} ≀ H^nH −−−−→ H^nF (X) −−−−→ ∐ x∈X H^{n−1}F (x) −−−−→ H^1(X, H^n) −−−−→ 0 □ 8. Proof of the Theorem We follow the approach given in [7] in the case n = 2. Consider any quadratic extension L = F ( √ a)/F . Proposition 8.1. If B_n is trivial and h_{n−1,F} is an isomorphism for all fields, then the sequence k_nF −→ k_nL^{nL/F}−−−→ k_nF is exact.

Proof. Let u ∈ k_nL and n_{L/F} (u) = 0 ∈ k_nF . We can write u in the form u = ∑ α x_α · a_α where the sum is taken over all maps α: [1, n − 1] → [1, m], x_α ∈ L^∗, a_α = {a_{α(1)}, . . . , a_{α(n−1)}} ∈ k_{n−1}F and a_1, . . . , a_m ∈ F^∗ are independent in F^∗/F^{∗2}.

Since 0 = n_{L/F} (u) = ∑ α n_{L/F} (x_α) · a_α ∈ k_nF , it follows from Proposition 4.1 that there exist a_{m+1}, . . . , a_r ∈ F^∗, c_{s,j} , d_{s,j} ∈ F^∗ such that

n_{L/F} (x_α) = ∏ s ( n−1∏ j=1 (c^2_{s,j} − a_{s(j)}d^2_{s,j}))

for all α: [1, n − 1] → [1, r].

Consider the indeterminates A_i (i = 1, . . . , r), X^′_α, X^{′′}_α (α: [1, n − 1] → [1, r]), C_{s,j}, D_{s,j}. Denote ∏ i∈T A_i by A_T for T ⊂ [1, r]. We consider the affine variety

X defined over the field F_1 = F_0(a), where F_0 is the prime subfield in F , by the equations:

X^′_α^2 − aX^′_α^2 = ∏ s ( n−1∏ j=1 (C^2_{s,j} − A_{s(j)}D^2_{s,j}))

for all α: [1, n − 1] → [1, r].

Let L_1 = F_1( √ a); consider the element U = ∑ α (X^′_α + X^{′′}_α √ a) · A_α ∈ k_nL_1(X), where A_α = {A_{α(1)}, . . . , A_{α(n−1)}} ∈ k_{n−1}F_1(X). By Proposition 4.1 n_{L1(X)/F1(X)}(U) = 0. Let E be a purely transcendental extension F_1(A_i, C_{s,j}, D_{s,j}) of F_1. The field F_1 is either finite, or global or isomorphic to Q(t). In all the cases h_{n,F1} is an isomorphism, hence h_{n,E} is an isomorphism.

The function field F_1(X) is isomorphic over E to the function field of the product of several conics, therefore, by Corollary 7.3 h_{n,F1(X)} is surjective.

The conics mentioned above are split by the field E( √ a). Hence L_1(X) is a purely transcendental extension of L_1 and since h_{n,L1} is an isomorphism, h_{n,L1(X)} is also an isomorphism. It follows from the commutative diagram: k_nF_1(X)^i−−−−→ k_nL_1(X)^{nL/F}−−−−→ k_nF_1(X) ≀ H^nF_1(X) −−−−→ H^nL_1(X) −−−−→ H^nF_1(X) that U ∈ im(i).

There is a nonsingular point x ∈ X and the specialization maps s and s^′ fitting to the commutative diagram k_nF_1(X)^i−−−−→ k_nK_1(X) s^′ s k_nF^j−−−−→ k_nL such that s(U) = u, hence u = s(U) ∈ im j. □ Corollary 8.2. If α_F is injective, then α_L is also injective. Proof. Follows from the commutative diagram: k_{n−1}F^{{a}}−−−−→ k_nF −−−−→ k_nL^{nL/F}−−−−→ k_nF ≀ ∩ ∩

H^{n−1}F^{(a)}−−−−→ H^nF −−−−→ H^nL^{nL/F}−−−−→ H^nF. □

Proposition 8.3. Assume that B_n is trivial and h_{n−1} is an isomorphism for all fields. Then the sequence k_{n−1}F^{{a}}−−→ k_nF −→ k_nL is exact.

Proof. Let u ∈ k_nF and u_L = 0. We can write u in the form u = ∑ α b_α · a_α where the sum is taken over all maps α: [1, n − 1] → [1, m], b_α ∈ F^∗, a_α = {a_{α(1)}, . . . , a_{α(n−1)}} ∈ k_{n−1}F , a_1, a_2, . . . , a_m ∈ F^∗ and we may assume that a_i are linearly independent in L^∗/L^{∗2}. By Proposition 4.1 there exist a_{m+1}, . . . , a_r ∈ L^∗, c_{s,j}, d_{s,j} ∈ L such that

b_α = ∏ s ( n−1∏ j=1 (c^2_{s,j} − a_{s(j)}d^2_{s,j} ))

for all maps α: [1, n − 1] → [1, r].

Consider the indeterminates A_i(i = 1, . . . , m); A^′_i, A^{′′}_i (i = m + 1, . . . , r); B_α(α: [1, n − 1] → [1, r]), C^′_{s,j}, C^{′′}_{s,j}, D^′_{s,j}, D^{′′}_{s,j}. Put A_i = A^′_i + A^{′′}_i · √ a for i = m + 1, . . . , r and A_T = ∏ i∈T A_i for any T ⊂ [1, r].

We consider the affine variety Y over a field F_1 = F_0(a) given by the equations:

B_α = ∏ s [ n−1∏ j=1 ((C^′_{s,j} + C^{′′}_{s,j} √ a)^2 − A_{s(j)} · (D^′_{s,j} + D^{′′}_{s,j} √ a)^2].

Each equation is considered as a system of two equations over F_1.

Consider the element U = ∑ α B_α · A_α ∈ k_nF_1(Y ), where A_α = {A_{α(1)}, . . . , A_{α(n−1)}} ∈ k_{n−1}F_1(X). By Proposition 4.1 U ∈ ker(k_nF_1(X) → k_nL_1(X)),

where L_1 = F_1( √ a). There is a nonsingular F -point x ∈ X and a specialization map s: k_nF_1(Y ) → k_nF such that s(U) = u.

Consider a purely transcendental extension E of F obtaining by joining all indeterminates except C^′_{s,1}, C^{′′}_{s,1}, D^′_{s,1}, D^{′′}_{s,1} where s(k) consists of one element for all k = 1, . . . , n − 1. The function field F_1(Y ) is isomorphic over E to the function field of the product of varieties of the type Z = R_{E(}^√_{a)/E} (Q), where Q is an affine conic curve over E( √ a) and R is the Weil transfer [16].

Lemma 8.4. There are quadratic extensions E(Z) ⊃ E_1 ⊃ E_2 such that E_2 is a purely transcendental extension of E.

Proof. Let Q → A^1_{E(}^√_{a)} be any double cover. Then it is easy to see that the extension E(Z) of degree 4 over R_{E(}^√_{a)/E} (A^1_{E(}^√_{a)}) contains an intermediate subfield. □

As in the proof of the Proposition 8.1 h_{n,E} is an isomorphism. By Corollary 8.2 and Lemma 8.4 α_{F1(Y )} is injective. It follows from the commutative diagram: k_{n−1}F_1(Y )^{{a}}−−−−→ k_nF_1(Y ) −−−−→ k_nL_1(Y ) ≀ ∩

H^{n−1}F_1(Y )^{(a)}−−−−→ H^nF_1(Y ) −−−−→ H^nL_1(Y ) that the top row is exact, hence U is divisible by {a}. Applying the specialization map in the commutative diagram k_{n−1}F_1(Y )^{{a}}−−−−→ k_nF_1(Y ) s^′ s k_{n−1}F^{{a}}−−−−→ k_nF we deduce that u is in the image of the bottom map. □

Proof of the Theorem. Using Lemma 2.3 by induction on n we may assume that h_{n−1} is an isomorphism for all fields.

Injectivity of h_{n,F} . Let u ∈ k_nF and h_n(u) = 0 ∈ H^nF . Assume that u is the sum of k symbols in k_nF . We prove by induction on k that u = 0. One can find a quadratic extension L = F ( √ a)/F such that u_L is the sum of k − 1 symbols, hence by inductive hypothesis u_L = 0. It follows from the commutative diagram: k_{n−1}L^{nL/F}−−−−→ k_{n−1}F^{{a}}−−−−→ k_nF −−−−→ k_nL ≀ ≀ hn H^{n−1 nL/F}−−−−→ H^{n−1}F^{(a)}−−−−→ H^nF −−−−→ H^nL and Proposition 8.3 that u = 0.

Surjectivity of h_{n,F} . Assume first that F has no odd degree extensions. Let u ∈ H^nF and E be a finite extension of F such that u_E = 0. We prove by induction on the degree [E : F ] that u ∈ im h_{n,F} . By the assumption one can find an intermediate field L, F ⊂ L ⊂ E such that [L : F ] = 2. By the inductive hypothesis u_L ∈ im h_{n,L}. The inclusion u ∈ im h_{n,F} follows from the injectivity of h_n, which is already proved, Proposition 8.1 and the diagram in the proof of Corollary 8.2.

In general, using the first case one can find an odd degree extension E/F such that u_E ∈ im h_{n,E} . Then u = n_{E/F} (u_E ) ∈ im h_{n,F} since h_n commutes with norms. □ Corollary. The surjectivity of h_n for all fields implies the bijectivity of h_n also for all fields.

Proof. Follows from Theorem and Lemma 2.1. □

References

1. J. K. Arason, Cohomologische Invarianten quadratischer Formen, J. Algebra 36 (1975), 448– 491.

2. H. Bass and J. Tate, The Milnor ring of a global field, Lecture Notes Math. 324 (1973), 394–446.

3. S. Bloch and A. Ogus, Gersten’s conjecture and the homology of schemes, Ann. Sci. Ec. Norp.

Sup. Ser. 4 7 (1974), 181–202.

4. R. Elman, On Arason’s theory of Galois cohomology, Comm. Algebra 10 (13) (1982), 1449– 1474.

5. K. Kato, A generalization of local class field theory by using K-groups, J. Fac. Sci. Univ.

Tokyo, Sec. IA 26 (1079), no. 2, 303–376; 27 (1980), no. 3, 603–683.

6. , Milnor K-theory and the Chow group of zero cycles, Contemp. Math 55 (1986), 241–254.

7. A. S. Merkurjev, On the norm residue homomorphism of degree 2, Dokl. Acad. Nauk SSSR 261 (1981), 542–547; English transl. in Soviet Math. Dokl..

8. A. S. Merkurjev and A. A. Suslin, K-cohomology of Severi–Brauer varieties and norm residue homomorphism, Izv. Akad. Nauk SSSR Ser. Mat. 46 (1982), no. 5, 1011–1061; English transl. in Math. USSR-Izv..

9. , The norm residue homomorphism of degree 3, Izv. Akad. Nauk SSSR Ser. Mat. 54 (1990), 339–356; English transl. in Math. USSR-Izv..

10. , The group of K_1-zero-cycles on Severi–Brauer varieties, Nova J. Algebra Geometry 1 (1992), no. 3, 297–315.

11. A. S. Merkurjev and J.-P. Tignol aa, Galois cohomology of biquadratic extensions, Comment.

Math. Helvetici 68 (1993), 138–169.

12. J. S. Milne, Étale Cohomology, Princeton Math. Series, 1980.

13. J. Milnor, Algebraic K-theory and quadratic forms, Invent. Math. 9 (1970), 318–344. 14. M. Rost, Hilbert 90 for K_3 for degree-two extensions, Preprint Regensburg (1986). 15. J.-J. Sansuc, Group de Brauer et arithmétique des groupes algébriques linéaires sur un corps de nombres, J. reine angew. Math. 327 (1981), 12–80.

16. J.-P. Serre, Cohomologie Galoisienne, 5ème édition, Lecture Notes Math. 5 (1994), Springer- Verlag.

17. A. A. Suslin, Algebraic K-theory and the norm-residue homomorphism, Itogi Nauki i Tekhniki, Seriya Sovr. Problemy Math., vol. 25, 1984, pp. 115–208.

18. J. Tate, Relation between K_2 and Galois cohomology, Invent. Math. 36 (1976), 257–274.