DIRICHLET FORMS AND MARKOV PROCESSES: A GENERALIZED FRAMEWORK INCLUDING BOTH ELLIPTIC AND PARABOLIC CASES

Wilhelm Stannat

Universität Bielefeld, Fakultät für Mathematik, Postfach 100131, 33501 Bielefeld, Germany

Abstract. We extend the framework of classical Dirichlet forms to a class of bilinear forms, called generalized Dirichlet forms, which are the sum of a coercive part and a linear unbounded operator as a perturbation. The class of generalized Dirichlet forms, in particular, includes symmetric and coercive Dirichlet forms (cf. [Fu2], [M/R]) as well as time dependent Dirichlet forms (cf. [O1]) as special cases and also many new examples. Among these are, e.g. transformations of time dependent Dirichlet forms by ff–excessive functions h (h–transformations), Dirichlet forms with time dependent linear drift and fractional diffusion operators. One of the main results is that we identify an analytic property of these forms which ensures the existence of associated strong Markov processes with nice sample path properties, and give an explicit construction for such processes. This construction extends previous constructions of the processes in the elliptic and the parabolic cases, is, in particular, carried out on general topological state spaces (as in [M/R]), and is applied to the above examples.

Mathematics Subject Classification (1991): 60J, 31C25

Running Head: Generalized Dirichlet forms

Key Words: Generalized Dirichlet forms, Strong Markov processes, Quasi–regularity

Diese Arbeit ist eingereicht bei: Potential Analysis

I. Introduction

This paper is concerned with the development of an extended framework for Dirichlet forms including both elliptic cases (i.e.,symmetric and coercive Dirichlet forms as treated in [Fu2] resp. [M/R]) and parabolic ones (i.e.,time dependent Dirichlet forms as considered in [O1]) .

To this end we introduce a new class of bilinear forms, defined on some L^2-space L^2(E, m), called generalized Dirichlet forms, which are in general neither symmetric nor coercive nor of the type considered in [O1], but still have corresponding generators, strongly continuous contraction semigroups and resolvents. These forms are the sum of a coercive closed form (A, D(A)) (in the sense of [M/R]) and a linear (unbounded) operator (Λ, D) on L^2(E, m), where the latter is a small perturbation of the first in the following sense: (Λ, D) generates a C_0–semigroup (U_t)_{t≥0} of contractions such that (U_t)_{t≥0} and the adjoint semigroup (Û_t)_{t≥0} can be extended to C_0–semigroups on the dual space D(A)^′ of D(A). Then the generalized bilinear form is defined as follows:

(1.1) E(u, v) := { A(u, v) − ⟨Λu, v⟩ if u ∈ D(Λ) ∩ D(A), v ∈ D(A) A(u, v) − ⟨Λ̂v, u⟩ if u ∈ D(A), v ∈ D(Λ̂) ∩ D(A) . Here ⟨·, ·⟩ denotes the dualization between D(A) and D(A)^′, and (Λ, D(Λ)), (Λ̂, D(Λ̂)) the generators of the extension of (U_t)_{t≥0}, (Û_t)_{t≥0} resp. Forms of this type have been studied in [L/Ma] and also in [L].

We are interested in a special subclass of these forms, called generalized Dirichlet forms, and their probabilistic counterparts. We call a form of type (1.1) a generalized (semi–) Dirichlet form if the associated strongly continuous contraction resolvent (G_α)_{α>0} is sub–Markovian and if there is a dense subspace Y ⊂ D(Λ) ∩ D(A) such that u ∧ α ∈ Y for u ∈ Y and α ≥ 0. It is clear that in the case Λ = 0 we end up in the class of coercive Dirichlet forms (cf. [M/R],[M/Ov/R]). But the class of generalized Dirichlet forms also includes the time dependent Dirichlet forms, as considered in [O1], which are defined as follows: Let (E^{(t)}, V )_{t∈}R be a family of coercive Dirichlet forms with uniform sector constant K and common domain V in some L^2–space such that t → E^{(t)}(u, v) is Borel–measurable, ∀u, v ∈ V , and cE^{(0)}_1 (u, u) ≤ E^{(t)}_1 (u, u) ≤ c^{−1}E^{(0)}_1 (u, u), ∀u ∈ V, t ∈ R, for some positive constant c. Then the corresponding time dependent Dirichlet form

E(u, v) := ∫ R E^{(t)}(u(t), v(t)) dt − ∫ R⟨^{du}dt (t), v(t)⟩ dt if u ∈ L^2(R, V )∩ H^{1,2}(R, V^′), v ∈ L^2(R, V ) ∫ R E^{(t)}(u(t), v(t)) dt + ∫ R⟨^{dv}dt (t), u(t)⟩ dt if u ∈ L^2(R, V ), v ∈ L^2(R, V ) ∩ H^{1,2}(R, V^′),

is a generalized Dirichlet form in the above sense. Here ⟨·, ·⟩ denotes the dualization between V and the dual space V^′. We emphasize, however, that if we replace the time–derivative in these examples by the time derivative (^d_{dt} )^α of power α, α ∈ (0, 1), we still have a generalized Dirichlet form (cf. Example II.11(iv)). Moreover, also the h–transformation (cf. Example II.11(v) for the precise definition) of a time dependent Dirichlet form is again a generalized (semi–) Dirichlet form, while it is, of course, not a time dependent Dirichlet form.

Dirichlet forms with time dependent linear drift can also be treated, as shown by the following example: Let (A_t)_{t∈}R be a family of (non–symmetric) d × d–matrices with traceA_t ≥ 0, t ∈ R, such that t → ⟨A_tx, y⟩Rd is measurable, ∀x, y ∈ R^d , and ∫ R ‖A^t‖^2L(R^d) dt < ∞. Then there exists an extension (Λ, D) in L^2(R × R^d , dt ⊗ dx) of the operator Λf(t, x) =^{∂f}_{∂t} (t, x) + A_tx · ∇f(t, x), f ∈ C^∞_0 (R^{d+1} ) which is a small perturbation in the sense described above of the gradient form ∫ R ∫ R^d ∇u(t, x) · ∇v(t, x) dx dt on L^2(R, H^{1,2} (R^d )) (see Example II.11(vi) for details).

Let us now give a (systematic) summary of our results. We start in Section II with proving the necessary functional analytic results complementing the corresponding results in [L/Ma] and [L] (cf. Proposition II.7). Then we characterize the sub– Markov property of the resolvent in terms of the form E (cf. Proposition II.8). At the end of Section II we discuss the above mentioned examples in detail (cf. Examples II.11).

The main result of the paper, however, is to identify an analytic property, called quasi–regularity in analogy with [A/M/R] and [M/R], which allows the construction of associated strong Markov processes with additional regularity properties. Let us recall that the main result in [A/M/R] (see also [M/R] and [Ov/M/R]) is a complete characterization of all Dirichlet forms associated with m–tight special standard processes. This extends fundamental work by M. Fukushima [Fu] and also S. C. Menendez [Me]. Our construction hence generalizes one half of this result (namely the ”sufficiency part”), but it also extends the construction carried out by Y. Oshima [O1].

In order to prove our main result we have to develop the analytic potential theory of generalized Dirichlet forms (cf. Section III). We introduce the notion of nests and exceptional sets which are defined directly in terms of the given generalized Dirichlet form (cf. Definition III.10). Moreover, we construct a Choquet capacity whose zero sets are exactly the exceptional sets (cf. Proposition III.17). This will be an essential tool in the construction of the process. This part of the paper can be considered as a continuation and extension of the classical work on parabolic potential theory as developed by M. Pierre in [Pi1], [Pi2] and [Pi3] and the recent extensions thereof by Y. Oshima in [O1].

In particular, in Section IV we are then prepared to define the notion of quasi– regularity for generalized Dirichlet forms analogously to [A/M/R] and [M/R], and we prove that also in this case it is sufficient to ensure the existence of an m–tight special standard process (cf. Theorem IV.8). To motivate the process construction we prove in detail (cf. Corollary IV.5 and Examples IV.6) that almost all of the examples above are quasi–regular generalized (semi–) Dirichlet forms and hence have associated processes.

All the results in this paper have been announced in [St1].

II. Functional Analytic Background

We first introduce our framework. Let H be a separable real Hilbert space, (A, V) a real–valued coercive closed form on H with sector constant K ≥ 1. Then V equipped with inner product ~A_1(·, ·) (where ~A_α(u, v) := 1/2(A(u, v) + A(v, u)) + α(u, v)_H for u, v ∈ V, α > 0) is a separable real Hilbert space. Let ‖ · ‖_V be the corresponding norm. Identifying H with its dual H^′, we have that V ⊂ H ⊂ V^′ densely and continuously. Denote by ⟨·, ·⟩ the dualization between V and V^′.

Let Λ with domain D(Λ, V^′) be a linear operator on V^′ satisfying the following conditions:

D1 (i) (Λ, D(Λ, V^′)) generates a strongly continuous semigroup (U_t)_{t≥0} of bounded linear operators on V^′.

(ii) (U_t)_{t≥0} can be restricted both to a strongly continuous contraction semigroup on H and to a strongly continuous semigroup of bounded linear operators on V. Since (U_t)_{t≥0} is strongly continuous on V^′ as well as V there are constants C, D ≥ 1 with ‖U_t‖_{L(V)} ≤ Ce^{Dt} and ‖U_t‖_{L(V}′_) ≤ Ce^{Dt}. Denote by (Λ, D(Λ, H)) and (Λ, D(Λ, V)) the generators corresponding to the restricted semigroups. It is easy to check that the dual operator (Λ̂, D(Λ̂, V^′)) of (Λ, D(Λ, V)) also satisfies condition D1.

We can now define the Hilbert spaces F := D(Λ, V^′) ∩ V with norm ‖u‖^2_F := ‖u‖^2_V + ‖Λu‖^2_V′ , and ^F := D(Λ̂, V^′) ∩ V with norm ‖u‖^2b_F := ‖u‖^2_V + ‖Λ̂u‖^2_V′ .

Remark 1. (i) By the theorem of Hille–Yosida–Phillips (cf. [Re/Si II, p. 247, Theorem X47.b]) the linear operator V_α := (α−Λ)^{−1} exists for α > D both on V and V^′ with norm ‖V_α‖_{L(V)} ≤^C_{α−D} (resp. ‖V_α‖_{L(V}′_) ≤^C_{α−D} ). Therefore lim_{α→∞} αV_αv = v in V for v ∈ V and in V^′ for v in V^′. Since Λ(αV_αv) = αV_α(Λv) → Λv in V^′ for v ∈ F we have that D(Λ, V) ⊂ F dense. Similarly we can show D(Λ̂, V) ⊂ ^F dense.

(ii) Since U_t : H → H is a contraction for t ≥ 0 it follows (Λu, u)_H ≤ 0 for u ∈ D(Λ, H). By the density of D(Λ, V) in F we can find for each u ∈ F a sequence (u_n)_{n≥1} ⊂ D(Λ, V) converging to u in F. Consequently ⟨Λu, u⟩ = lim_{n→∞}⟨Λu_n, u_n⟩ =

lim_{n→∞}(Λu_n, u_n)_H ≤ 0. Similarly we can show ⟨Λ̂u, u⟩ ≤ 0 for u ∈ ^F.

(iii) Suppose that (Λ, D) is a linear operator on H that generates a stongly continuous contraction semigroup (U_t)_{t≥0} such that (U_t)_{t≥0} and the adjoint semigroup (Û_t)_{t≥0} can be extended to strongly continuous semigroups of bounded operators on V^′. Denote the corresponding generators with (Λ, D(Λ, V^′)) and (Λ̂, D(Λ̂, V^′)). Then (Λ, D(Λ, V^′)) and (Λ̂, D(Λ̂, V^′)) both satisfy condition D1.

Definition 2. Let the form E be given by (2.1) E(u, v) := { A(u, v) − ⟨Λu, v⟩ if u ∈ F, v ∈ V A(u, v) − ⟨Λ̂v, u⟩ if u ∈ V, v ∈ ^F , and E_α(u, v) := E(u, v) + α(u, v)_H for α > 0.

Remark 3. Interchanging Λ and Λ̂ and the entries of the bilinear form A we can also define the co–form ^E by ^E(u, v) := { A(v, u) − ⟨Λ̂u, v⟩ for u ∈ ^F, v ∈ V A(v, u) − ⟨Λv, u⟩ for u ∈ V, v ∈ F . The form E and the co–form ^E are well–defined since ⟨Λu, v⟩ = ⟨Λ̂v, u⟩ for u ∈ F, v ∈ F̂. For the proof of the next proposition we refer to [L/Ma, p. 248, Théorème 1.1]:

Proposition 4. For all α > 0 there exist continuous, linear bijections W_α : V^′ → F and ^W_α : V^′ → ^F such that E_α(W_αf, u) = ⟨f, u⟩ = E_α(u, ^W_αf) ∀f ∈ V^′, u ∈ V . (W_α)_{α>0} and (^W_α)_{α>0} satisfy the resolvent equation, i.e.

(2.2) W_α − W_β = (β − α)W_αW_β and ^W_α − ^W_β = (β − α)^W_α ^W_β for α, β > 0 . Denote by G_α and ^G_α for α > 0 the restrictions of W_α and ^W_α on H. Remark 5. Since W_1(V^′) = F it follows from the continuity of W_1 that G_1(H) = W_1(H) is dense in F. Similarly, ^G_1(H) is dense in ^F.

Proposition 6. (i) (G_α)_{α>0} is a strongly continuous contraction resolvent on H. (ii) ( ^G_α)_{α>0} is the adjoint strongly continuous contraction resolvent of (G_α)_{α>0}. Proof. Each G_α is a contraction since α‖G_αf‖^2_H ≤ E_α (G_αf, G_αf) = (f, G_αf)_H ≤ ‖f‖_H‖G_αf‖_H . The resolvent equation for (G_α)_{α>0} follows easily from (2.2). For f = G_1h we have that α‖αG_{α+1}f − f‖^2_H ≤ E_{α+1} (αG_{α+1}f − f, αG_{α+1}f − f) = −E_1 (f, αG_{α+1}f − f) = − (h, αG_{α+1}f − f)_H ≤ ‖h‖_H‖αG_{α+1}f − f‖_H .

Consequently lim_{α→∞} ‖αG_αf −f‖_H = 0. Since G_1(H) is dense in H by the last remark, the strong continuity of (G_α)_{α>0} now follows by a 3-ε-argument.

For the proof of (ii) it suffices now to show that ^G_α is the adjoint operator of G_α on H. This is true since (G_αf, g)_H = E_α ( G_αf, ^G_αg ) = ( f, ^G_αg ) H . � As in the case of resolvents associated with coercive closed forms, (G_α)_{α>0} and ( ^G_α)_{α>0} have additional continuity properties.

Proposition 7. (i) If f ∈ V^′ then lim_{α→∞} αW_αf = f in V^′. (ii) If f ∈ V then lim_{α→∞} αG_αf = f in V. (iii) If f ∈ F then lim_{α→∞} αG_αf = f in F.

Corresponding statements hold for ( ^G_α)_{α>0}.

Proof. Let us show (ii) first. For f ∈ V, α > 2D, and w_α := αG_αf − αV_αf it follows ‖w_α‖^2_V ≤ E_α(w_α, w_α) = α (f, w_α)_H − α (αV_αf − ΛV_αf, w_α)_H − A(αV_αf, w_α) = −A (αV_αf, w_α) ≤ 4KC‖f‖_V ‖w_α‖_V , hence (2.3) ‖αG_αf‖_V ≤ ‖αV_αf‖_V + ‖w_α‖_V ≤ 6KC‖f‖_V . For f = G_1h we have that ‖αG_αf − f‖^2_V ≤ E_1 (αG_αf − f, αG_αf − f) = (αG_αh − h, αG_αf − f)_H → 0 for α → ∞ . Since G_1(H) is dense in V by the last remark the strong continuity now follows by a 3-ε-argument.

(i) Similarly to (2.3) we can show that ‖α ^G_αv‖_V ≤ 6KC‖v‖_V for v ∈ V and α > 2D. Consequently for f ∈ V^′ and α > 2D ⟨αW_αf, v⟩ = E_α ( αW_αf, ^G_αv ) = ⟨f, α ^G_αv⟩ ≤ 6KC‖f‖_V′ ‖v‖_V , ∀v ∈ V and therefore (2.4) ‖αW_αf‖_V′ ≤ 6KC‖f‖_V′ . Since lim_{α→∞}‖αW_αf − f‖_V′ ≤ lim_{α→∞}‖αG_αf − f‖_H = 0 for f ∈ H and H ⊂ V^′ dense, the strong continuity follows now by a 3-ε-argument.

(iii) Finally let f ∈ F. Then f = W_1h for some h ∈ V^′ and ⟨Λ (αG_αf − f) , v⟩ = −E_1 (αG_αW_1h − W_1h, v) + A_1 (αG_αf − f, v) = −E_1 (W_1 (αW_αh − h) , v) + A_1 (αG_αf − f, v) ≤ ‖αW_αh − h‖_V′ ‖v‖_V + K‖αG_αf − f‖_V ‖v‖_V . Thus ‖Λ (αG_αf − f) ‖_V′ ≤ ‖αW_αh − h‖_V′ + K‖αG_αf − f‖_V and lim_{α→∞}‖αG_αf − f‖_F ≤ lim_{α→∞}(K + 1)‖αG_αf − f‖_V + ‖αW_αh − h‖_V′ = 0 by what we have already proved. The corresponding statements for ( ^G_α)_{α>0} can be proved analogously. �

In the next step we generalize the Dirichlet property to this new setting. Let (E, B, m) be a σ-finite measure space and H = L^2(E, B, m). We assume the following condition:

D2 u ∈ F ⇒ u^+ ∧ 1 ∈ V and E(u, u − u^+ ∧ 1) ≥ 0 .

For the terminology in the following proposition we refer to [M/R], [M/Ov/R].

Proposition 8. (i) D2 holds if and only if (G_α)_{α>0} is sub–Markovian. (ii) If (A, V) is a semi–Dirichlet form and (Λ, D(Λ, H)) a Dirichlet operator, then D2 is satisfied.

Proof. (i) First suppose that D2 is satisfied. Let f ∈ H with 0 ≤ f ≤ 1 and u := αG_αf. Then 0 ≥ −E(u, u − u^+ ∧ 1) = α(u − f, u − u^+ ∧ 1)_H = α‖u − u^+ ∧ 1‖^2_H + α(u^+ ∧ 1 − f, u − u^+ ∧ 1)_H ≥ α‖u − u^+ ∧ 1‖^2_H since (u^+ ∧1−f, u−u^+ ∧1)_H = ∫ {u>1} (1−f)(u−1)dm− ∫ {u<0} fu dm ≥ 0. Therefore u = u^+ ∧ 1, which implies 0 ≤ u ≤ 1.

On the other hand let (G_α)_{α>0} be sub–Markovian. For g ∈ H we have that (2.5) ( g^+ ∧ 1 − αG_α(g^+ ∧ 1), g − g^+ ∧ 1 ) H = ∫ {g>1} ( 1 − αG_α(g^+ ∧ 1) ) (g − 1)dm − ∫ {g<0} αG_α(g^+ ∧ 1)g dm ≥ 0 , since 0 ≤ αG_α(g^+ ∧ 1) ≤ 1. It follows

A(αG_α(g − g^+ ∧ 1), αG_α(g − g^+ ∧ 1)) ≤ E ( αG_α ( g − g^+ ∧ 1 ) , αG_α ( g − g^+ ∧ 1 )) (2.6) ≤ α ( g − g^+ ∧ 1 − αG_α ( g − g^+ ∧ 1 ) , g − g^+ ∧ 1 ) H ≤ α ( g − αG_αg, g − g^+ ∧ 1 ) H .

Consequently for g = G_1h by the resolvent equation

sup_{α>0} A ( αG_α ( g − g^+ ∧ 1 ) , αG_α ( g − g^+ ∧ 1 )) ≤ sup_{α>0} ( αG_αh − αG_αg, g − g^+ ∧ 1 ) H < +∞ , which implies g^+ ∧ 1 ∈ V (cf. [M/R, p. 21, Lemma 2.12]) and A ( g − g^+ ∧ 1, g − g^+ ∧ 1 ) = lim_{α→∞} A ( αG_α(g − g^+ ∧ 1), αG_α(g − g^+ ∧ 1) ) ≤ lim_{α→∞}α ( g − αG_αg, g − g^+ ∧ 1 ) H ≤ lim_{α→∞}E ( αG_αg, g − g^+ ∧ 1 ) = E(g, g − g^+ ∧ 1) ≤ 3K‖g‖_F ‖g − g^+ ∧ 1‖_V . Thus

(2.7) A_1 ( g − g^+ ∧ 1, g − g^+ ∧ 1 ) ≤ 4K‖g‖_F ‖g − g^+ ∧ 1‖_V . For general g ∈ F take a sequence (g_n)_{n≥1} ⊂ G_1(H) such that g_n → g in F. Since

g^+_n ∧ 1 → g^+ ∧ 1 in H and sup_{n≥1} ‖g^+_n ∧ 1‖_V < +∞ by (2.7) it follows g^+ ∧ 1 ∈ V by

[M/R, p. 21, Lemma 2.12]. Now the inequality follows easily from

E(u, u − u^+ ∧ 1) = lim_{α→∞} E ( αG_αu, u − u^+ ∧ 1 ) = lim_{α→∞} α ( u − αG_αu, u − u^+ ∧ 1 ) H = lim_{α→∞} α ( u − u^+ ∧ 1 − αG_α ( u − u^+ ∧ 1 ) , u − u^+ ∧ 1 ) H + α ( u^+ ∧ 1 − αG_α(u^+ ∧ 1), u − u^+ ∧ 1 ) H ≥ 0 , where we have used (2.5) and the fact that αG_α is a contraction.

(ii) If (A, V) is a semi–Dirichlet form then u ∈ V implies u^+ ∧ 1 ∈ V and

(2.8) A ( u^+ ∧ 1, u − u^+ ∧ 1 ) ≥ 0 (cf. [M/Ov/R]). Since (Λ, D(Λ, H)) is a Dirichlet operator (i.e. (Λu, (u − 1)^+)_H ≤

0 ∀u ∈ D(Λ, H)) it follows that (U_t)_{t≥0} is a sub–Markovian contraction semigroup

and therefore positivity preserving (i.e. U_th ≥ 0 whenever h ≥ 0). Therefore ( Λu, u^− ) H = lim_{t↓0} 1 t ( U_tu − u, u^− ) H = lim_{t↓0} 1 t ( U_tu^+, u^− ) − 1 t ( U_tu^−, u^− ) + 1 t ( u^−, u^− ) H ≥ lim_{t↓0} − 1 t ( u^−, u^− ) H + 1 t ( u^−, u^− ) H = 0 .

for u ∈ D(Λ, H), and thus − ( Λu, u − u^+ ∧ 1 ) H = ( Λu, u^− ) H − ( Λu, (u − 1)^+ ) H ≥ 0 . For general u ∈ F take a sequence (u_n)_{n≥1} in D(Λ, V) such that u_n → u in F (cf. Remark 1). It follows u^+_n ∧1 → u^+∧1 weakly in V since sup_{n≥1} A (u^+_n ∧ 1, u^+_n ∧ 1) < +∞

by (2.8) and u^+_n ∧ 1 → u^+ ∧ 1 in H. Hence −⟨Λu, u − u^+ ∧ 1⟩ = lim_{n→∞} −⟨Λu_n, u_n − u^+_n ∧ 1⟩ ≥ 0 and therefore E(u, u − u^+ ∧ 1) ≥ 0. �

Remark 9. Clearly ( Ĝ_α ) α>0 is sub–Markovian if and only if D2 is satisfied for

the co–form ^E, i.e.:

(2.9) u ∈ ^F ⇒ u^+ ∧ 1 ∈ V and E ( u − u^+ ∧ 1, u ) ≥ 0 . In general F is neither inf–stable (i.e. u, v ∈ F ; u ∧ v ∈ F) nor contains an algebra of functions. Hence we impose one of the following regularity conditions on the domain F:

D3 There exists a dense linear subspace Y ⊂ F such that u ∧ α ∈ Y for u ∈ Y and α ≥ 0.

D3’ There exists a dense linear subspace Y ⊂ F of bounded functions such that u · v ∈ Y for u, v ∈ Y. Definition 10. The form E with domain F × V ∪ V × ^F is called a generalized semi–Dirichlet form if D1, D2 and D3 (or D1, D2 and D3’) hold and a generalized Dirichlet form if both E and its co–form ^E are generalized semi–Dirichlet forms.

Examples 11.

(i) Let (A, V) be a semi–Dirichlet form and Λ = 0. Clearly F = V = ^F and E = A is a generalized semi–Dirichlet form.

(ii) Let A = 0 on V := H and (Λ, D(Λ, H)) be the generator of a strongly continuous contraction semigroup (T_t)_{t≥0} which is sub–Markovian. Then F = D(Λ, H), ^F = D(^Λ, H) and the corresponding form E is a generalized semi–Dirichlet form if the domain D(Λ, H) satisfies D3 or D3’.

(iii) Let E be a time dependent semi–Dirichlet form, i.e. ( E^{(t)}, V ) t∈R a family of coercive closed forms with sector constant K independent of t and common domain V in some L^2–space H := L^2(X, μ)− where V is a Hilbert space with corresponding norm ‖ · ‖_V − satisfying the following conditions:

(a) E^{(t)}(u, v) is a Borel measurable function of t ∈ R, ∀u, v ∈ V .

(b) There exists a positive constant c such that c‖u‖^2_V ≤ E^{(t)}_1 (u, u) ≤ c^{−1}‖u‖^2_V , u ∈ V, t ∈ R . (c) Every form ( E^{(t)}, V ) is a semi–Dirichlet form.

For u, v ∈ V := L^2(R, V ) define A(u, v) := ∫ R E^{(t)}(u(t), v(t)) dt. Then (A, V) is a semi–Dirichlet form on H := L^2(R, H) ∼= L^2(R × X, dt ⊗ μ). Note that the time derivative^d_{dt} on L^2(R, V^′) with domain H^{1,2}(R, V^′) satisfies condition D1. D2 holds because of Proposition 8 and D3 with Y := H^{1,2}(R, H)∩V since u∧α ∈ H^{1,2}(R, H) for u ∈ H^{1,2}(R, H) and α ≥ 0. Hence E is a generalized semi–Dirichlet form.

(iv) In the situation of Example (iii) with X = R^d and μ = dx denote the one– sided stable semigroup of order α ∈ (0, 1) by (η^α_t )_{t≥0} and the semigroup corresponding to (^d_{dt} , H^{1,2}(R, V^′ )) by (U_t)_{t≥0}. Let (U^α_t )_{t≥0} be the semigroup subordinated

to (U_t)_{t≥0} via (η^α_t )_{t≥0}. Then the corresponding generator ((_d dt )_α , D ((_d dt )_α , V^′ )) which is the time derivative of power α satisfies D1. The corresponding form E satisfies D2 since ((_d dt )_α , D ((_d dt )_α , H )) is a Dirichlet operator as the generator of a sub–Markovian semigroup. It can be shown that

(2.10) D ((_d dt )_α , H ) = {f ∈ L^2 ( R^{d+1} , dt ⊗ dx ) | ∫ |f̂|^2(t, x)|t|^{2α}d(t, x) < ∞} , where f̂ denotes the Fourier transform of f (cf. [St2, p. 58 f]). Since the right side of (2.10) is a Dirichlet space, for Y := D ((_d dt )_α , H ) ∩ V condition D3 is satisfied, and therefore E is a generalized semi–Dirichlet form.

In the special case where V = H^{1,2} ( R^d ) and E^{(t)}(u, v) = ∫ ∇u·∇v dx for all t, the generator (L^α, D (L^α)) of the corresponding contraction resolvent is an extension of the fractional diffusion operator (^∂_{∂t} )^αu + Δu, u ∈ C^∞_0 ( R^{d+1} ) (cf. [S/W]).

(v) Consider Example (iii) again. Let h ∈ D (_d dt , H ) , h > 0, be an α–excessive function for some α > 0 (i.e. βG_{β+α}h ≤ h ∀β > 0). Then we can define the h– transform E^h of E on H^h := L^2(R × X, h^2 · dt ⊗ μ) by D(A^h) := {u ∈ H^h | u · h ∈ V}, A^h(u, v) := A_α(uh, vh) and D (_{dh} dt , H^h ) := {u ∈ H^h | u · h ∈ D (_d dt , H ) }, d^h dt u :=^1_h^d_{dt} (u · h). It is easy to see that (_{dh} dt , D (_{dh} dt , H^h )) generates a strongy

continuous contraction semigroup (U^h_t )_{t≥0} on H that can be extended to a stron-

gly continuous semigroup on D(A^h)^′. The generator (_{dh} dt , D (_{dh} dt , D ( A^h )_′)) of the

semigroup on D(A^h)^′ satisfies condition D1. The strongly continuous contraction

resolvent ( G^h_β ) β>0 corresponding to E^h is sub–Markovian, hence D2 holds. Note that u∧α ∈ D (_{dh} dt , H^h ) for u ∈ D (_{dh} dt , H^h ) and α ≥ 0 since (u∧α)·h = (u·h)∧(αh) and D (_d dt , H ) is inf–stable. Thus Y := D (_{dh} dt , H^h ) ∩D ( A^h ) satisfies condition D3.

This implies that E^h is a generalized semi–Dirichlet form.

(vi) In the situation of Example (iii) with X = R^d , μ = dx, V = H^{1,2}(R^d ) and E^{(t)}(u, v) = ∫ ∇u·∇v dx let (A_t)_{t∈}R be a familiy of (non–symmetric) d×d–matrices A_t = (a_{ij} (t))_{1≤i,j,≤d} such that trace (A_t) ≥ 0 for all t ∈ R. We suppose that t → a_{ij}(t) is measurable, 1 ≤ i, j ≤ d, and M := ( ∫ ‖A_t‖^2_{L(}R_{d)} dt)^{1/2} < ∞. Define the linear operator (Λ, C^∞_0 (R^{d+1} )) on H by Λf(s, x) = (∂f/∂t)(t, x)+A_tx·∇f(t, x). We can now prove the following

Proposition. There exists a closed extension (Λ, D(Λ, H)) of (Λ, C^∞_0 (R^{d+1} )) that generates a strongly continuous contraction semigroup (U_t)_{t≥0} on H, such that (U_t)_{t≥0} and the adjoint semigroup (Û_t)_{t≥0} both can be restricted to strongly continuous semigroups on V. In particular the dual operator (Λ, D(Λ, V^′)) of the generator (Λ̂, D(Λ̂)) of the restriction of (Û_t)_{t≥0} on V satisfies condition D1.

Proof. Let δ ∈ C^∞_0 (R), δ ≥ 0, such that ∫ δ dt = 1, and δ_ε(t) := (1/ε)δ(t/ε) , ε > 0.

For ε > 0 let a^ε_{ij}(t) := ∫ a_{ij} (t − s)δ_ε(s) ds and A^ε_t = (a^ε_{ij}(t))_{1≤i,j≤d}. It is well– known that for (s, x) ∈ R × R^d there exists a unique continuously differentiable solution ξ^ε_{s,x} : [0, ∞) → R^d of the ordinary differential equation (d/dt)ξ^ε_{s,x}(t) = A^ε_{t+s}ξ^ε_{s,x}(t), ξ^ε_{s,x}(0) = x (cf. [Co/Le, Section 1.5]). Clearly ‖ξ^ε_{s,x}(t)‖ ≤ ‖x‖ exp( ∫_{s+t} s ‖A^ε_u‖_{L(}Rd_) du). Note that B^ε_{s,s+t} : x → ξ^ε_{s,x}(t) is linear and (cf. [Co/Le, Section 1.7])

det B^ε_{s,s+t} = exp( ∫_{s+t} s trace (A^ε_u) du) .

Thus det B^ε_{s,s+t} ≥ 1, since trace A^ε_t = ∫ trace A_{s−t} δ_ε(s) ds ≥ 0. For t ≥ 0 define the linear operator U^ε_t on H by U^ε_t f(s, x) = f(s + t, B^ε_{s,s+t}x) and observe that U^ε_t is a contraction since ∫ R ∫ R^d (U^ε_t f)^2(s, x) dx ds = ∫ R (det B^ε_{s,s+t})^{−1} ∫ R^d f^2(s + t, x) dx ds. Note that B^ε_{s+t,s+t+u}B^ε_{s,s+t} = B^ε_{s,s+t+u}, hence it is easy to see that (U^ε_t )_{t≥0} is a sub–Markovian strongly continuous semigroup whose corresponding generator (Λ^ε, D(Λ^ε, H)) is an extension of Λ^εf(t, x) = (∂f/∂t)(t, x) + A^ε_t x · ∇f(t, x), f ∈ C^∞_0 (R^{d+1} ). The strong continuity can be proved as in [M/R, p. 64, Proposition 4.3]. Since ∇U^ε_t f(s, x) = (B^ε_{s,s+t})^T ∇f(s + t, B^ε_{s,s+t}x) for f ∈ C^∞_0 (R^{d+1} ) it follows that A(U^ε_t f, U^ε_t f) ≤ ∫ R ∫ R^d ‖(B^ε_{s,s+t})^T ‖^2_{L(}Rd_)‖∇f(s + t, B^ε_{s,s+t}x)‖^2 dx ds . Note that ‖(B^ε_{s,s+t})^T ‖_{L(}Rd_) = ‖B^ε_{s,s+t}‖_{L(}Rd_)

≤ exp( ∫_{s+t} s ‖A^ε_u‖_{L(}Rd_) du) ≤ exp(t^{1/2}M)

and therefore

A(U^ε_t f, U^ε_t f) ≤ exp(2t^{1/2}M) ∫ R ∫ R^d ‖∇f(s + t, B^ε_{s,s+t}x)‖^2 dx ds ≤ exp(2t^{1/2}M)A(f, f) which implies that (U^ε_t )_{t≥0} induces a strongly continuous semigroup of bounded operators on V. On the other hand, the adjoint semigroup (Û^ε_t )_{t≥0} is given by Û^ε_t f(s, x) = (det B^ε_{s−t,s})^{−1}f(s − t, (B^ε_{s−t,s})^{−1}x) . Hence A(Û^ε_t f, Û^ε_t f) ≤ ∫ R (det B^ε_{s−t,s})^{−2}‖(B^ε_{s−t,s})^{−1}‖^2_{L(}Rd_) · ∫ R^d ‖∇f(s − t, (B^ε_{s−t,s})^{−1}x)‖^2 dx ds . Clearly x = B^ε_{s−t,s}(B^ε_{s−t,s})^{−1}x = (B^ε_{s−t,s})^{−1}x + ∫_s s−t A^ε_uB^ε_{s−t,u}(B^ε_{s−t,s})^{−1}x du = (B^ε_{s−t,s})^{−1}x + ∫_s s−t A^ε_uB^ε_{s−t,u}(B^ε_{u,s}B^ε_{s−t,u})^{−1}x du = (B^ε_{s−t,s})^{−1}x + ∫_s s−t A^ε_u(B^ε_{u,s})^{−1}x du which implies ‖(B^ε_{s−t,s})^{−1}x‖ ≤ ‖x‖ + ∫_s s−t ‖A^ε_u‖_{L(}Rd_)‖(B^ε_{u,s})^{−1}x‖ du and therefore ‖(B^ε_{s−t,s})^{−1}x‖ ≤ ‖x‖ exp( ∫_s s−t ‖A^ε_u‖_{L(}Rd_) du) . Consequently ‖(B^ε_{s−t,s})^{−1}‖_{L(}Rd_) ≤ exp( ∫_s s−t ‖A^ε_u‖_{L(}Rd_) du) ≤ exp(t^{1/2}M) and A(Û^ε_t f, Û^ε_t f) ≤ exp(2t^{1/2}M)A(f, f) , which implies that also (Û^ε_t )_{t≥0} can be restricted to a strongly continuous semigroup of bounded operators on V. Since for ε, ε^′ > 0 ‖B^ε_{s,s+t}x − B^{ε′}_{s,s+t}x‖ ≤ ∫_{s+t} s ‖A^ε_u − A^{ε′}_u ‖_{L(}Rd_)‖B^ε_{s,u}x‖ du + ∫_{s+t} s ‖A^{ε′}_u ‖_{L(}Rd_)‖B^ε_{s,u}x − B^{ε′}_{s,u}x‖ du ≤ exp(t^{1/2}M)‖x‖t^{1/2}( ∫ ‖A^ε_u − A^{ε′}_u ‖^2_{L(}Rd_) du)^{1/2} + ∫_{s+t} s ‖A^{ε′}_u ‖_{L(}Rd_)‖B^ε_{s,u}x − B^{ε′}_{s,u}x‖ du it follows that ‖B^ε_{s,s+t}x − B^{ε′}_{s,s+t}x‖ ≤ ‖x‖t^{1/2} exp(t^{1/2}M)( ∫ ‖A^ε_u − A^{ε′}_u ‖^2_{L(}Rd_) du)^{1/2}

· exp( ∫_{s+t} s ‖A^{ε′}_u ‖_{L(}Rd_) du) ≤ ‖x‖t^{1/2} exp(2t^{1/2}M)( ∫ ‖A^ε_u − A^{ε′}_u ‖^2_{L(}Rd_) du)^{1/2} ,

and therefore B^ε_{s,s+t}x converges for ε → 0 to some limit in R^d which we denote with B_{s,s+t}x. Since {(s, x) ∈ R×R^d |U^ε_t f(s, x) ≠ 0 for some ε > 0} is contained in a compact set for f ∈ C^∞_0 (R^{d+1} ), due to the estimate ‖(B^ε_{s,s+t})^{−1}‖_{L(}Rd_) ≤ exp(t^{1/2}M), we obtain from Lebesgues Theorem that U^ε_t f is convergent in H. Denote the limit with U_tf. Clearly ‖U_tf‖_H ≤ ‖f‖_H and therefore f → U_tf can be extended to a contraction on H. It is now easy to see that (U_t)_{t≥0} is a sub–Markovian strongly continuous semigroup on H whose generator (Λ, D(Λ, H)) extends (Λ, C^∞_0 (R^{d+1} )). Since sup_{ε>0} A(U^ε_t f, U^ε_t f) ≤ exp(2t^{1/2}M)A(f, f) it follows that U_t can be restricted to a bounded operator on D(A) and U_tf → f for t → 0 weakly in D(A) for f ∈ D(A). Thus (U_t)_{t≥0} can be restricted to a strongly continuous semigroup on V (cf [Y, p.233, Theorem]). Denote by (Û_t)_{t≥0} the adjoint semigroup of (U_t)_{t≥0} on H. Clearly Û^ε_t f → Û_tf weakly in H for f ∈ H. Since sup_{ϵ>0} ‖Û^ε_t f‖_H ≤ ‖f‖_H and sup_{ϵ>0} A(Û^ε_t f, Û^ε_t f) ≤ exp(2t^{1/2}M)A(f, f) we obtain in the same way as above that (Û_t)_{t≥0} can be restricted to a strongly continuous semigroup on V. �

The corresponding form E satisfies D2 because of Proposition 8. Note that both D(Λ, H) and V are inf–stable. Hence D3 is satisfied for Y := D(Λ, H) ∩ V, and E is therefore a generalized semi–Dirichlet form.

III. Analytic Potential Theory of generalized semi–Dirichlet forms

We study excessive and 1–reduced functions and introduce the notions of E–nests and E–exceptional sets which are sufficient in order to formulate the quasi–regularity property of generalized semi–Dirichlet forms in the same way as in [M/R] (cf. the next section). Moreover, we will show, that we can always construct a Choquet capacity whose zero sets are exactly the E–exceptional sets. This capacity is an essential tool in the construction of associated processes which will be carried out in the next section.

Throughout this section let (E, B, m) be some σ-finite measure space and H = L^2(E, B, m). Let E with domain F ×V ∪V × ^F be a generalized semi–Dirichlet form (cf. (2.1)), (G_α)_{α>0} and ( ^G_α)_{α>0} the associated strongly continuous contraction resolvents. Denote by (T_t)_{t≥0} and ( ^T_t)_{t≥0} the corresponding strongly continuous contraction semigroups. (T_t)_{t≥0} is sub–Markovian since (G_α)_{α>0} is sub–Markovian. Note that ( ^G_α)_{α>0} and ( ^T_t)_{t≥0} are positivity preserving.

Definition 1. Let α > 0. An element u ∈ H is called α–excessive (resp. α– coexcessive) if βG_{β+α}u ≤ u (resp. β ^G_{β+α}u ≤ u) for all β ≥ 0.

Since (G_α)_{α>0} is positivity preserving we have that u ≥ βG_{β+α}u = β (G_αu − βG_αG_{β+α}u) = βG_α (u − βG_{β+α}u) ≥ 0, i.e. every α–excessive function is positive. Similarly we can show that every α–coexcessive function is positive. Denote by P (resp. ^P) the set of all 1–excessive (resp. 1–coexcessive) elements in V.

As in the theory of Dirichlet forms we can prove:

Proposition 2. For u ∈ V and α > 0 the following statements are equivalent:

(i) u is α–excessive.

(ii) E_α(u, v) ≥ 0 ∀v ∈ F̂ with v ≥ 0.

Proof. (i) ⇒ (ii) E_α(u, v) = lim_{β→∞} E_α(βG_{β+α}u, v) = lim_{β→∞} β(u − βG_{β+α}u, v)_H ≥ 0 for v ∈ ^F such that v ≥ 0.

(ii) ⇒ (i) Let v ∈ H such that v ≥ 0. Then β(u − βG_{β+α}u, v)_H = β(v − β ^G_{β+α}v, u)_H = E_α(u, β ^G_{β+α}v) ≥ 0 since ( ^G_β )_{β>0} is positivity preserving. �

Note that Proposition 2 (ii) easily implies that E_α(u, v) ≥ 0 ∀v ∈ V with v ≥ 0, if u is an α–excessive function in F.

Remark 3. For u ∈ H and α > 0 the following statements are equivalent:

(i) u is α–excessive. (ii) e^{−αt}T_tu ≤ u ∀t ≥ 0. Proof. (i) ⇒ (ii) Since ( ^T_t)_{t≥0} is positivity preserving we have for v ∈ H such that v ≥ 0: ^G_αv − e^{−αt} ^T_t ^G_αv = ∫_t 0 e^{−αs} ^T_sv ds ≥ 0 , and therefore ( βG_{β+α}u − e^{−αt}T_t (βG_{β+α}u) , v ) H = ( βG_{β+α}u, v − e^{−αt} ^T_tv ) H = E_α ( βG_{β+α}u, ^G_αv − e^{−αt} ^T_t ^G_αv )

= β ( u − βG_{β+α}u, ^G_αv − e^{−αt} ^T_t ^G_αv ) H ≥ 0 . Hence e^{−αt}T_t (βG_{β+α}u) ≤ βG_{β+α}u ≤ u ∀β ≥ 0. Since lim_{β→∞} βG_{β+α}u = u the last inequality implies (ii).

(ii) ⇒ (i) Clearly βG_{β+α}u = β ∫_∞ 0 e^{−(β+α)t}T_tudt ≤ β ∫_∞ 0 e^{−βt}u dt = u. �

Remark 4. Note that in the proof of Proposition 2 and Remark 3 we have only used the fact that (G_α)_{α>0} and ( ^G_α)_{α>0} are positivity preserving. Consequently, the corresponding statements for α–coexcessive functions are also true.

In order to define E–nests and E–exceptional sets we need to introduce the notion of 1–reduced functions. For h ∈ H let L_h := {v ∈ H | v ≥ h} and β_h : H → H defined by β_h(v) := (v − h)^−. For the proof of the next proposition we refer to [L, p. 232, Théorème 7.1 and Remarque 7.8] (cf. also [St2]).

Proposition 5. For α > 0 there exist h_α ∈ F and ĥ_α ∈ ^F such that E_1(h_α, v) = α(β_h(h_α), v)_H and E_1(v, ĥ_α) = α(β_h(ĥ_α), v)_H ∀v ∈ V. h_α and ĥ_α are uniquely determined.

For the proof of the next proposition we need the following

Lemma 6. u ∈ F implies u^+ ∈ V and E(u, u^+) ≥ 0.

Proof. Since (G_β)_{β>0} is positivity preserving we know that β ( u^+ − βG_β u^+, u^− ) H ≤ 0 and β ( u^− − βG_β u^−, u^+ ) H ≤ 0 . Since βG_β is a contraction we obtain that β ( u^− − βG_β u^−, u^− ) H ≥ 0 . Thus β (u^+ − βG_β u^+, u^+)_H ≤ β (u − βG_β u, u)_H and therefore

sup_{β>0} A ( βG_β u^+, βG_β u^+ ) ≤ sup_{β>0} E (βG_β u, βG_β u) < +∞ . Hence u^+ ∈ V by [M/R, p. 21, Lemma 2.12] and

E(u, u^+) = lim_{β→∞} E(βG_β u, u^+) = lim_{β→∞} β(u − βG_β u, u^+)_H ≥ 0 . �

Since ( Ĝ_β ) β>0 is positivity preserving the corresponding dual statement is also true.

Proposition 7. Suppose L_h ∩ F ≠ ∅ (resp. L_h ∩ ^F ≠ ∅). Then there exists e_h ∈ L_h ∩ P (resp. ê_h ∈ L_h ∩ ^P) such that:

(i) e_h ≤ u for all u ∈ L_h ∩ P ( resp. ê_h ≤ u for all u ∈ L_h ∩ ^P ) . (ii) E_1(e_h, v) ≥ A_1(e_h, e_h) ∀v ∈ L_h ∩ ^F

(resp. E_1(v, ê_h) ≥ A_1(ê_h, ê_h) ∀v ∈ L_h ∩ F) .

Proof. Denote by h_α, α > 0, the unique element in F such that E_1(h_α, v) = α(β_h(h_α), v)_H ∀v ∈ V.

1. Step: h_{α1} ≤ h_{α2} for α_1 ≤ α_2. Since

0 = E_1 ( h_{α1} − h_{α2} , (h_{α1} − h_{α2} )^+ ) − α_1 ( β_h (h_{α1} ) , (h_{α1} − h_{α2} )^+ ) H + α_2 ( β_h (h_{α2} ) , (h_{α1} − h_{α2} )^+ ) H = E_1 ( h_{α1} − h_{α2} , (h_{α1} − h_{α2} )^+ ) − α_1 ( β_h (h_{α1} ) − β_h (h_{α2} ) , (h_{α1} − h_{α2} )^+ ) H + (α_2 − α_1) ( β_h (h_{α2} ) , (h_{α1} − h_{α2} )^+ ) H ≥ ‖ (h_{α1} − h_{α2} )^+ ‖^2_H

by the last lemma, it follows (h_{α1} − h_{α2} )^+ = 0, i.e. h_{α1} ≤ h_{α2} .

2. Step: h_α ≤ u for u ∈ L_h ∩ P and α > 0.

‖ (h_α − u)^+ ‖^2_H = lim_{β→∞} ( h_α − βG_{β+1}u, (h_α − βG_{β+1}u)^+ ) H ≤ lim_{β→∞}E_1 ( h_α − βG_{β+1}u, (h_α − βG_{β+1}u)^+ )

≤ lim_{β→∞}E_1 ( h_α, (h_α − βG_{β+1}u)^+ )

= lim_{β→∞}α ( β_h (h_α) , (h_α − βG_{β+1}u)^+ ) H =α ( (h_α − h)^− , (h_α − u)^+ ) H = 0 .

Hence (h_α − u)^+ = 0, i.e. h_α ≤ u.

3. Step: sup_{α>0} ‖h_α‖_V < +∞.

For v ∈ L_h ∩ F we have that

‖v − h_α‖^2_V ≤E_1 (v − h_α, v − h_α) = E_1 (v, v − h_α) − α (β_h (h_α) , v − h_α)_H ≤E_1 (v, v − h_α) ≤ 2K‖v‖_F ‖v − h_α‖_V . Hence sup_{α>0} ‖h_α‖_V ≤ sup_{α>0} ‖h_α − v‖_V + ‖v‖_V < +∞.

By the monotone convergence theorem there exists an element e_h ∈ H such that h_α → e_h in H. Consequently e_h ∈ V and h_α → e_h weakly in V by [M/R, p. 21, Lemma 2.12]. Clearly e_h ∈ P since h_α ∈ P, and e_h ≤ u for all u ∈ L_h ∩ P by the 2. Step. Since

(β_h (e_h) , v)_H = lim_{α→∞} (β_h (h_α) , v)_H

= lim_{α→∞} 1/αE_1 (h_α, v) ≤ lim_{α→∞}2K/α‖h_α‖_V ‖v‖ b_F = 0 for all v ∈ ^F and ^F dense in H it follows β_h (e_h) = 0, i.e. e_h ∈ L_h. For v ∈ L_h ∩ ^F we obtain that A_1 (e_h, e_h) ≤ lim_{α→∞}A_1 (h_α, h_α) ≤ lim_{α→∞}E_1 (h_α, h_α)

= lim_{α→∞}α (β_h (h_α) , h_α)_H ≤ lim_{α→∞}α (β_h (h_α) , v)_H = lim_{α→∞}E_1 (h_α, v) = E_1 (e_h, v) .

Since we have only used the fact that (G_α)_{α>0} is positivity preserving the dual statements for ê_h can be shown similarly. �

Definition 8. e_h ( resp. ê_h) is called the 1–reduced (resp. 1–coreduced) function of h. From now on we assume that E is a Hausdorff topological space and B its Borel– σ–algebra. For an open subset U ⊂ E and a function f ∈ H let f_U := e_{(f·1U )} if the 1–reduced function e_{(f·1U )} exists. Denote by f^α_U (resp. f̂^α_U ) the function (f · 1_U )_α (resp. ( ^f · 1_U )_α) (cf. Proposition 5). Note that in the proof of Proposition 7 we have shown that f^α_U → f_U in H and weakly in V if L_{f·1U} ∩ F ≠ ∅. It is easy to see that the corresponding statement for f̂^α_U and f̂_U is also true.

Lemma 9. For U ⊂ E open it follows that ‖f_U ‖_V ≤ 3K‖f‖_F ∀f ∈ F ( resp. ‖f̂_U ‖_V ≤ 3K‖f̂‖_{F̂} ∀f ∈ F̂ ) . Proof. For f ∈ F A_1 (f − f_U , f − f_U ) ≤ lim_{α→∞}A_1 (f − f^α_U , f − f^α_U )

≤ lim_{α→∞}E_1 (f − f^α_U , f − f^α_U ) ≤ lim_{α→∞}E_1 (f, f − f^α_U ) ≤ 2K‖f‖_F ‖f − f_U ‖_V . Hence ‖f_U ‖_V ≤ 3K‖f‖_F . The second statement can be proved similarly. �

Definition 10. An increasing sequence of closed subsets (F_k)_{k≥1} is called an E– nest, if for every function u ∈ P ∩ F it follows that u_F c_k → 0 in H and weakly in V. We define the notions regular E–nest and E–exceptional set analogous to [M/R, Chapter III]: An E–nest (F_k)_{k≥0} is called regular if for all k ≥ 1, U ⊂ E, U open, m(U ∩F_k) = 0 implies that U ⊂ F^c_k . A subset N ⊂ E is called E–exceptional if there is an E–nest (F_k)_{k≥1} such that N ⊂ ⋂ k≥1 E \ F_k. We say that a property of points in E holds E–quasi everywhere (E–q.e.) if it holds outside some E–exceptional set.

For A ⊂ E closed and a linear subspace W ⊂ L^2(E, B, m) let W_A := {u ∈ W | u = 0 m − a.e. on E \ A}.

Remark 11. (i) If (F_k)_{k≥1} is an E–nest then ⋃ k≥1 V_{Fk} is dense in V. Consequently every E–nest is an A–nest in the sense of [M/R, p. 75, Definition 21.] if (A, V) in (2.1) is a Dirichlet form.

Proof. Since every function G_1h, h ≥ 0, is 1–excessive, the linear span of all 1– excessive functions u ∈ P ∩ F is dense in F. Because of u_F c_k → 0 weakly in V, the Cesaro mean w_N :=^1_N ∑_N ℓ=1 u_F c_{kℓ} of a subsequence converges strongly to 0 in V.

Since u − w_N ∈ ⋃ k≥1 V_F c_k the assertion follows.

(ii) If (F_k)_{k≥1} is an E–nest then u_F c_k → 0 in H and weakly in V for every u ∈ P with L_u ∩ F ≠ ∅.

Proof. 1. Step: First let u ∈ F and (h_n)_{n≥1} ⊂ H be a sequence such that G_1(h_n) → u in F. Since u ≤ u − G_1(h_n) + G_1(h^+_n ) we obtain that u_F c_k ≤ (u − G_1(h_n))_F c_k + G_1(h^+_n )_F c_k and therefore

‖u_F c_k ‖_H ≤ ‖ (u − G_1 (h_n))_F c_k ‖_H + ‖G_1 ( h^+_n ) F^c_k ‖H ≤ 3K‖u − G_1(h_n)‖_F + ‖G_1(h^+_n )_F c_k ‖_H .

It follows u_F c_k → 0 in H and weakly in V since sup_{k≥1} ‖u_F c_k ‖_V < ∞ by Lemma 9.

2. Step: Let u ∈ P with L_u ∩ F ≠ ∅ and f ∈ L_u ∩ F. Since f_F c_k → 0 in H and u_F c_k ≤ f_F c_k we obtain that u_F c_k → 0 in H. Using the inequality

A_1 ( f − u_F c_k , f − u_F c_k ) = lim_{β→∞} A_1 ( f − βG_{β+1}u_F c_k , f − βG_{β+1}u_F c_k ) ≤ lim_{β→∞}E_1 ( f − βG_{β+1}u_F c_k , f − βG_{β+1}u_F c_k ) ≤ lim_{β→∞}E_1 ( f, f − βG_{β+1}u_F c_k ) = E_1 ( f, f − u_F c_k ) ≤ 2K‖f‖_F ‖f − u_F c_k ‖_V we see that sup_{k≥1} ‖f − u_F c_k ‖_V < ∞ and thus u_F c_k → 0 weakly in V. �

We want to construct a Choquet capacity whose zero sets are exactly the E– exceptional sets. To this end take φ ∈ H such that 0 < φ ≤ 1. Let h := G_1φ and ĝ := ^G_1φ. Since L_h ∩ F ≠ ∅ the 1–reduced function h_U for all open subsets U ⊂ E is well–defined.

Definition 12. For U ⊂ E open let Cap_φ(U) := (h_U , φ)_H and for arbitrary A ⊂ E let Cap_φ(A) := inf_{A⊂U}

Uopen

Cap_φ(U).

Remark 13. Cap_φ(A) = 0 for A ∈ B(E) implies m(A) = 0 since

0 = inf_{A⊂U}

Uopen

(h_U , φ) ≥ (1_A · h, φ)_H = ( ^G_1 (1_Aφ) , φ ) H which implies ^G_1 (1_Aφ) = 0, thus 1_Aφ = 0 and consequently m(A) = 0.

Lemma 14. (i) If (u_n)_{n≥1} is an increasing sequence of open subsets then Cap_φ( ⋃ n≥1 U_n) = sup_{n≥1} Cap_φ(U_n).

(ii) For U, V ⊂ E open we have

Cap_φ(U ∩ V ) + Cap_φ(U ∪ V ) ≤ Cap_φ(U) + Cap_φ(V ) . (“strong subadditivity”). Proof. (i) Let U := ⋃ n≥1 U_n. Obviously h_{Un} ≤ h_{Un+1} and therefore by the monotone convergence theorem h_{Un} → h_∞ in H for some h_∞ ∈ H. Since sup_{n≥1} ‖h_{Un} ‖_V < ∞ by Lemma 9 we obtain that h_∞ ∈ V and h_{Un} → h_∞ weakly in V. Obviously h_∞ ∈ L_{h·1U} ∩ P, so h_U ≤ h_∞. Hence Cap_φ( ⋃ n≥1 U_n) = (h_U , φ)_H ≤ (h_∞, φ)_H = sup_{n≥1} Cap_φ(U_n). Since Cap_φ is monotone the converse inequality is clear.

(ii) Since h_{U∩V} ≤ h_U ∧ h_V and h_{U∪V} = h_U on U and h_{U∪V} = h_V on V it follows that Cap_φ(U ∩ V )+Cap_φ(U ∪ V ) = E_1(h_{U∩V} + h_{U∪V} , ĝ) = lim_{α→∞} E_1(h^α_{U∩V} + h^α_{U∪V} , ĝ) = lim_{α→∞} E_1(h^α_{U∩V} + h^α_{U∪V} , ĝ_{U∪V} ) = lim_{α→∞} lim_{β→∞} E_1(h^α_{U∩V} + h^α_{U∪V} , ĝ^β_{U∪V} ) ≤ lim_{α→∞} lim_{β→∞}E_1(h_U + h_V , ĝ^β_{U∪V} ) ≤ lim_{α→∞} lim_{β→∞}E_1(h_U + h_V , ĝ) =Cap_φ(U) + Cap_φ(V ) . �

With the last lemma the following proposition is an easy consequence (cf. [M/R, p.77, Theorem 2.8]).

Proposition 15. Cap_φ is a Choquet capacity, i.e. it has the following properties:

(i) If (A_n)_{n≥1} is an increasing sequence of arbitrary subsets of E then Cap_φ( ⋃ n≥1 A_n) = sup_{n≥1} Cap_φ(A_n).

(ii) If (K_n)_{n≥1} is a decreasing sequence of compact subsets of E then Cap_φ( ⋂ n≥1 K_n) = inf_{n≥1} Cap_φ(K_n).

Remark 16. We will need the following fact several times. Let f ∈ F ∩P, f̂ ∈ ^F∩ ^P and U ⊂ E open. Then E_1(f_U , f̂) = E_1(f, f̂_U ).

Proof.

E_1(f_U , f̂) = lim_{α→∞} α((f^α_U − f1_U )^−, f̂)_H = lim_{α→∞} α((f^α_U − f1_U )^−, f̂_U )_H = lim_{α→∞} E_1(f^α_U , f̂_U ) ≤ E_1(f, f̂_U ) .

Since the converse inequality can be shown similarly the proof is complete. � Proposition 17. Let (F_k)_{h≥1} be an increasing sequence of closed subsets. Then (F_k)_{k≥1} is an E–nest if and only if lim_{k→∞} Cap_φ(F^c_k ) = 0.

Proof. Suppose (F_k)_{k≥1} is an E–nest. Then h_F c_k → 0 in H and it follows Cap_φ(F^c_k ) → 0, k → ∞.

On the other hand suppose lim_{k→∞} Cap_φ(F^c_k ) = 0. Since (ĝ_F c_k )_{k≥1} is decreasing, there is some ĝ_∞ ∈ H such that ĝ_F c_k → ĝ_∞ in H. By the last remark (φ, ĝ_∞) = lim_{k→∞}(φ, ĝ_F c_k )_H = lim_{k→∞} E_1(h, ĝ_F c_k ) = lim_{k→∞} E_1(h_F c_k , ĝ) = lim_{k→∞} Cap_φ(F^c_k ) = 0

and therefore ĝ_∞ = 0. Since sup_{k≥1} ‖ĝ_F c_k ‖_V < ∞ by Lemma 9 we conclude that ĝ_F c_k → 0 weakly in V.

Let f ∈ F ∩P be arbitrary. In the same manner as above we can show that there is a function f_∞ ∈ V such that f_F c_k → f_∞ in H and weakly in V. Since (f_∞, φ)_H =E_1(f_∞, ĝ) = lim_{k→∞} E_1(f_F c_k , ĝ) = lim_{k→∞} E_1(f, ĝ_F c_k ) = 0

we have that f_∞ = 0 from which the assertion follows. � Remark 18. (i) Let (F_k)_{k≥1} be an increasing sequence of closed subsets. (F_k)_{k≥1} is an E–nest, if ⋃ k≥1 F_{Fk} is dense in F.

Proof. In the same way as in the proof of the last proposition there exist ĝ_∞ ∈ V such that ĝ_F c_k → ĝ_∞ in H and weakly in V. Clearly, for f ∈ F_{Fk} and ℓ ≥ k we have E_1(f, ĝ_F c_ℓ ) = lim_{α→∞} E_1(f, ĝ^α_F c_ℓ ) = lim_{α→∞} α((ĝ^α_F c_ℓ − ĝ1_F c_ℓ )^−, f) = 0 and therefore E_1(f, ĝ_∞) = lim_{ℓ→∞} E_1(f, ĝ_F c_ℓ ) = 0 ∀f ∈ ⋃ k≥1 F_{Fk} . It follows ĝ_∞ = 0 since ⋃ k≥1 F_{Fk} is dense in F. Thus

lim_{k→∞} Cap_φ(F^c_k ) = lim_{k→∞} E_1(h_F c_k , ĝ) = lim_{k→∞} E_1(h, ĝ_F c_k ) = 0 . �

(ii) Suppose that the co–form ^E is also a generalized semi–Dirichlet form. Then Cap_φ(U) = E_1(h_U , ĝ) = E_1(h, ĝ_U ) = ^Cap_φ(U). Thus (F_k)_{k≥1} is an E–nest if and only if it is an ^E–nest and consequently the E–exceptional and ^E–exceptional sets coincide.

Definition 19. A function f defined up to some E–exceptional set A ⊂ E is called E–quasi–continuous (E–q.c.) (resp. E–quasi–lower–semicontinuous (E–q.l.s.c.)) if there is some E–nest (F_k)_{k≥1} such that ⋃ k≥1 F_k ⊂ E \ A and f_{|Fk} is continuous (resp. lower semicontinuous) ∀k.

For an E–nest (F_k)_{k≥1} let C({F_k}) ={f : A → R | ⋃ k≥1 F_k ⊂ A ⊂ E, f_{|Fk} is continuous ∀k} C_l({F_k}) ={f : A → R | ⋃ k≥1 F_k ⊂ A ⊂ E, f_{|Fk} is lower semicontinuous ∀k} .

We can derive the following Chebychev–type inequalities:

Proposition 20. For u ∈ F (resp. u ∈ P) with E–q.c. (resp. E–q.l.s.c) m–version ũ and λ > 0 (3.1) Cap_φ({|ũ| > λ}) ≤ (6K/λ) ‖φ‖_H‖u‖_F (3.2) (resp. Cap_φ({ũ > λ}) ≤ (1/λ) ‖φ‖_H‖u‖_H) .

Proof. Suppose ũ ∈ C({F_k}) (resp. C_l({F_k})). Then {|ũ| > λ} ∪ F^c_k (resp. {ũ > λ} ∪ F^c_k ) is open and h ≤ e^u_λ + e_− u_λ + h_F c_k on {|ũ| > λ} ∪ F^c_k (resp. h ≤ u λ + h_F c_k on {ũ > λ} ∪ F^c_k ) ∀k. Hence Cap_φ({|ũ| > λ}) ≤(e^u_λ + e_−^u_λ + h_F c_k , φ)_H ≤(6K/λ)‖u‖_F ‖φ‖_H + Cap_φ(F^c_k ) (resp. Cap_φ({ũ > λ}) ≤(u/λ + h_F c_k , φ)_H ≤(1/λ)‖u‖_H‖φ‖_H + Cap_φ(F^c_k )) ∀k. �

Proposition 21. (i) Let u_n ∈ F with E–q.c. m–version ũ_n such that u_n → u in F. Then there exists a subsequence (ũ_{nk} )_{k≥1} and an E–q.c. m–version ũ of u such that ũ_{nk} → ũ E–quasi–uniformly (i.e. there is an E–nest (F_k)_{k≥1} such that ũ_{nk} → ũ uniformly on F_k ∀k).

(ii) Let (u_n) ⊂ P with E–q.l.s.c. m–versions ũ_n such that u_n → 0 in H. Then there exists a subsequence (ũ_{nk} )_{k≥1} such that lim_{k→∞}ũ_{nk} ≤ 0 E–q.e.

Proof. Due to (3.1) the proof of (i) can be done as in [M/R, p. 82, Proposition 3.5].

(ii) By (3.2) we can find a subsequence (u_{nk} )_{k≥1} with Cap_φ({ũ_{nk} > 2^{−k}}) ≤ 2^{−k}. Let u_∞ := lim_{k→∞}ũ_{nk} . Since for n ≥ ℓ

Cap_φ ⋃ m≥n {ũ_{km} > 2^{−ℓ}} ≤ ∑ m≥n Cap_φ ( {ũ_{km} > 2^{−m}} ) ≤ 2^{−(n−1)}

it follows that

Cap_φ ( {u_∞ > 2^{−ℓ}} ) =Cap_φ ⋂ n≥1 ⋃ m≥n {ũ_{km} > 2^{−ℓ}}

≤ inf_{n≥1} Cap_φ ⋃ m≥n {ũ_{km} > 2^{−ℓ}}

≤ inf_{n≥ℓ} Cap_φ ⋃ m≥n {ũ_{km} > 2^{−ℓ}} = 0 .

Consequently Cap_φ({u_∞ > 0}) = sup_{ℓ≥1} Cap_φ({u_∞ > 2^{−ℓ}}) = 0. �

IV. Quasi–Regularity and construction of associated processes

Throughout this section let E be a Hausdorff topological space and assume that its Borel σ–algebra B(E) is generated by the set C(E) of all continuous functions on E. Let m be a σ–finite measure on (E, B(E)) such that H = L^2(E, m) is a separable (real) Hilbert space. Let E be a generalized semi–Dirichlet form with domain F × V ∪ V × F̂ (cf. (2.1)) and denote with (G_α)_{α>0} and (Ĝ_α)_{α>0} the corresponding strongly continuous contraction resolvents.

Definition 1. The generalized semi–Dirichlet form E is called quasi–regular if:

(i) There exists an E–nest (E_k)_{k≥1} consisting of compact sets.

(ii) There exists a dense subset of F whose elements have E–q.c. m–versions.

(iii) There exists u_n ∈ F, n ∈ N, having E–q.c. m–versions ũ_n, n ∈ N, and an E–exceptional set N ⊂ E such that {ũ_n | n ∈ N} separates the points of E \ N. Remark 2. Let E be quasi–regular.

(i) As in [M/R, p. 101, Remark 3.2] we can show that for every E–nest ( ~E_k)_{k≥1} of compact sets there is an E–nest (E_k)_{k≥1} of compact metrizable sets E_k with E_k ⊂ ~E_k. (ii) Every u ∈ F has an E–q.c. m–version ũ. This is an easy consequence of Proposition III.21 and Definition 1(ii).

(iii) There exist a countable subset D^+_0 ⊂ F consisting of bounded 1–excessive functions, such that D^+_0 − D^+_0 is a dense subset of F and an E–exceptional subset N ⊂ E and E–q.c. m–versions ũ for u ∈ D^+_0 such that ~D^+_0 = {ũ | u ∈ D^+_0 } separates the points of E \ N.

We want to take a look at some examples for quasi–regular generalized semi– Dirichlet forms.

Definition 3. We call a Hilbert space W ⊂ L^2(E, m) a quasi–regular semi– Dirichlet space if there is a quasi–regular semi–Dirichlet form (E, W) such that the ~E^{1/2}–Norm is equivalent to the norm on W.

Proposition 4. The spaces H^{1,2}(R, H)∩V in Example II.11 (iii) and D ( (^d_{dt} )^α, H ) ∩V in Example II.11 (iv) are quasi–regular semi–Dirichlet spaces if the space V is a quasi–regular semi–Dirichlet space.

Due to Remark III.18 we obtain the following

Corollary 5. The generalized semi–Dirichlet forms of Examples II.11(iii) and (iv) are quasi–regular if V is a quasi–regular semi–Dirichlet space.

Proof (of Proposition 4). We first look at Example II.11 (iii): Let

E^′(u, v) := ( du dt , dv dt ) H + A(u, v); u, v ∈ D(E^′) := H^{1,2}(R, H) ∩ V . Clearly (E^′, D(E^′)) is a semi–Dirichlet form on H. We will show that (E^′, D(E^′)) is quasi–regular. Let (E_n)_n be a V –nest and ~D := span {fu|f ∈ C^1_0 (R), u ∈ ⋃ n≥1 V_{En} }, where C^1_0 (R) denotes the space of continuously differentiable functions

on R with compact support. Then ~D ⊂ V dense, U_t( ~D) ⊂ ~D ∀t ≥ 0 and ~D ⊂

H^{1,2}(R, V ). Thus ~D ⊂ H^{1,2}(R, V ) dense by [Re/Si II, p. 241, Theorem X.49]. Since ~D ⊂ ⋃ n≥1 D(E^′)_{Kn} , where K_n := [−n, n] × E_n, we have that (K_n)_{n≥1} is an E^′–nest.

Hence

(4.1) If (E_n)_{n≥1} is a V –nest of compact sets, (K_n)_{n≥1} is an E^′–nest of compact sets.

(4.2) If ũ ∈ C({E_n}) is the V –q.c. μ–version of an element u ∈ V , and f ∈ C^1_0 (R), then f · ũ ∈ C({K_n}) is the E^′–q.c. λ ⊗ μ–version of f · u ∈ D(E^′).

(4.3) If (ũ_n) ⊂ C({E_n}) separates the points of ⋃ n≥1 E_n such that for all x ∈ ⋃ n≥1 E_n there is some ũ_n with ũ_n(x) ≠ 0 and (f_n)_{n≥1} ⊂ C^1_0 (R) separates the points

of R such that for all s, t ∈ R there is some f_n with f_n(s) = f_n(t) ≠ 0, then

(f_nũ_m)_{n,m≥1} separates the points of ⋃ n≥1 K_n.

Clearly, (4.1)–(4.3) imply that (E^′, D(E^′)) is quasi–regular.

Now, consider Example II.11 (iv): Let

E^′(u, v) := ( ( d dt )^αu, ( d dt )^αv ) H + A(u, v); u, v ∈ D(E^′) := D ( ( d dt )^α, H ) ∩ V . Note that D ( ( d dt )^α, H ) = { u ∈ L^2 ( R^{d+1} , dt ⊗ dx ) | ∫ R^{d+1} |û|^2(t, x)|t|^{2α}d(t, x) < ∞ }

(cf. [St2, p. 58 f]) and ( ( d dt )^αu, ( d dt )^αu ) H = ∫ R^{d+1} |û|^2(t, x)|t|^{2α}d(t, x) . Let D_1 := span {fu | f ∈ H^α, u ∈ V }, where

H^α := { f ∈ L^2(R, dt) | ∫ R |f̂|^2(t)|t|^{2α}dt < ∞ } . Denote by (Ũ_t)_{t≥0} the contraction semigroup on L^2(R, dt) corresponding to^d_{dt} in

R, and by (Ũ^α_t )_{t≥0} the contraction semigroup subordinated to (Ũ_t)_{t≥0} by means of

(η^α_t )_{t≥0}. Since ^Ũ^α_t f(u) = f̂(u) exp(−t(iu)^α) it follows ∫ R | ^Ũ^α_t f|^2(u)|u|^{2α} du ≤ ∫ R |f̂|^2(u)|u|^{2α} du

where we used Re(iu)^α ≥ 0.

Therefore Ũ^α_t (H^α) ⊂ H^α and U^α_t (D_1) ⊂ D_1 since U^α_t (fu) = (Ũ^α_t f)u. From [Re/Si II, p. 241, Theorem X. 49] we obtain that D_1 ⊂ D ( (^d_{dt} )^α, V ) dense.

Now let (E_n)_{n≥0} be a V –nest. Note that ∫ R^{d+1} | | |^fu | | |^2 (t, x) |t|^{2α} d(t, x) ≤ const ‖f‖^2_Hα ‖u‖^2_L2_(Rd_{,dx)} for f ∈ H^α and u ∈ L^2(R^d , dx). Since C^∞_0 (R) ⊂ H^α dense (cf. [Wl, p. 96, Satz I.5.1]) it is now easy to see that D_2 := span {fu|f ∈ C^∞_0 (R), u ∈ ⋃ n≥1 V_{En} } ⊂ D ( (^d_{dt} )^α, H ) ∩ V dense.

Consequently (K_n)_{n≥1} is an E^′–nest, where K_n := [−n, n]×E_n and the assertion follows as in the case of Example II.11(iii). �

We shall give some examples for time dependent Dirichlet forms on infinite– dimensional state spaces (for the terminology we refer to [M/R, Section II.3]).

Examples 6. (i) Let ~E be a separable real Banach space, μ some finite positive measure on B( ~E) such that supp μ = ~E. Let K_0 ⊂ ~E be some countable set of well–μ–admissible elements with

(4.4) ∃c > 0 such that ∑ k∈K_0 e_E′ ⟨ℓ, k⟩^2e_E ≤ c^2‖ℓ‖^2e_E′ ∀ℓ ∈ ~E^′ . It is well–known that the form D(u, v) := ∑ k∈K_0 ∫ e_E ∂u ∂k ∂v ∂k dμ; u, v ∈ FC^∞_b ,

where FC^∞_b := {f(ℓ_1, . . . , ℓ_m)|m ∈ N, f ∈ C^∞_b (R^m ), ℓ_1, . . . , ℓ_m ∈ ~E^′}, and^{∂u}_{∂k} (z) := d ds u(z + sk)|_{s=0}, is closable on L^2( ~E, μ) and its closure (D, ~V ) is a Dirichlet form on L^2( ~E, μ). Consider some product measurable function φ : R × ~E → R such that

φ(t_0, ·) ∈ ~V with φ(t_0, ·) > 0 for some t_0 ∈ R and

(4.5) φ(t_0, ·)β_k ∈ L^2( ~E, μ) ∀k ∈ K_0 , where β_k ∈ L^2( ~E, μ) denotes the logarithmic derivative in direction k ∈ K_0. Assume there is a positive constant c̃ with (4.6) c̃^{−1}φ(t, ·) ≤ φ(t_0, ·) ≤ c̃ φ(t, ·) ∀t . It follows that the form

E^{(t)}(u, v) := ∑ k∈K_0 ∫ e_E ∂u ∂k ∂v ∂k φ^2(t, ·)dμ; u, v ∈ FC^∞_b ,

is closable on H = L^2( ~E, φ^2(t_0, ·)μ) for t = t_0 (and hence all t) and its closure (E^{(t)}, V ) is (by (4.4)) a quasi–regular Dirichlet form on H. Hence, the space V is a quasi–regular Dirichlet space, and the corresponding time dependent Dirichlet form is a quasi–regular generalized Dirichlet form.

(ii) Assume next, that we are given a Hilbert space ~H such that ( ~E, ~H, μ) is an abstract Wiener space and K_0 an orthonormal basis of ~H consisting of well–μ– admissible elements in ~E. Let φ : R × ~E → R be a product–measurable function satisfying (4.5) and (4.6), where ~V is now the domain of the closure of the form ∫ e_E ⟨∇u, ∇v⟩ e_H dμ; u, v ∈ FC^∞_b in L^2( ~E, μ). It is well–known that the form

D^{(t)}(u, v) := ∫ e_E ⟨∇u, ∇v⟩ e_H φ^2(t, ·)dμ; u, v ∈ FC^∞_b ,

is closable for t = t_0 (and hence every t) and the closure (D^{(t)}, V ) a quasi–regular Dirichlet form, since (4.4) is trivially satisfied. Here ∇u(z) is defined through ⟨∇u(z), h⟩_H =^{∂u}_{∂h} (z). Let b, d ∈ L^∞(R × ~E → H, φ^2dt ⊗ dμ), c ∈ L^∞(R × ~E, φ^2dt ⊗ dμ) such that ∫ ( ⟨d(t, ·), ∇u⟩ e_H + c(t, ·)u ) φ^2(t, ·)dμ, ∫ ( ⟨b(t, ·), ∇u⟩ e_H + c(t, ·)u ) φ^2(t, ·)dμ ≥ 0 for u ∈ FC^∞_b , u ≥ 0.

Then the form

E^{(t)}(u, v) = ∫ e_E ⟨∇u, ∇v⟩ e_H φ^2(t, ·)dμ + ∫ e_E u · ⟨d(t, ·), ∇v⟩ e_Hφ^2(t, ·)dμ + ∫ e_E ⟨b(t, ·), ∇u⟩ e_Hvφ^2(t, ·)dμ + ∫ e_E uvc(t, ·)φ^2(t, ·)dμ ; u, v ∈ FC^∞_b is closable, since (4.7) D^{(t)}(u, u) ≤ E^{(t)}(u, u), u ∈ FC^∞_b , and (4.8) |E^{(t)}(u, v)| ≤ (1 + ‖b‖_∞ + ‖d‖_∞ + ‖c‖_∞)D^{(t)}_1 (u, u)^{1/2}D^{(t)}_1 (v, v)^{1/2} .

Clearly, using (4.7) and (4.8), the closure is a quasi–regular Dirichlet form on V . Hence, the corresponding time dependent Dirichlet form is a quasi regular generalized Dirichlet form.

For the statement of the main theorem we recall some definitions (cf. [M/R, Section IV.1]). Adjoin Δ as an isolated point to E and let E_Δ = E ∪ {Δ}. As usual we extend every function f on E to E_Δ by setting f(Δ) := 0. Let M = (Ω, F, (Y_t)_{t≥0}, (P_x)_{x∈EΔ} ) be a right process with state space E and life time ζ. Denote by (F_t)_{t≥0} the corresponding natural filtration. For an arbitrary probability measure μ on (E_Δ, B(E_Δ)) let P_μ := ∫ P_x μ(dx) and for a sub–σ–algebra A ⊂ F denote by A^{Pμ} its P_μ–completion in F. For a subset A ∈ B(E) let σ_A := inf{t > 0 | Y_t ∈ A} be the first hitting time.

Definition 7.

(i) M is called μ–tight, if there exists an increasing sequence (K_n)_{n≥1} of compact

metrizable sets in E such that P_μ [ lim_{n→∞} σ_{E\Kn} < ζ ] = 0.

(ii) M is called μ–special standard, if

(a) Y_{t−} := lim_{s↑ts<t} Y_s exists in E for all t ∈ (0, ζ) P_μ–a.s.

(b) lim_{n→∞} Y_{τn} = Y_τ P_μ–a.s. on {τ < ζ} and Y_τ is ⋁ n≥1 F^{Pμ}τ_n –measurable for every increasing sequence (τ_n)_{n≥1} of (F_t)_{t≥0}–stopping times with limit τ.

(iii) M is called special standard, if M is μ–special standard for all probability measures μ on (E_Δ, B(E_Δ)).

Theorem 8. Let E be a quasi–regular generalized semi–Dirichlet form. Then there exists an m–tight special standard process M = (Ω, M, (Y_t)_{t≥0}, (P_z)_{z∈E△} ) with state space E which is associated with the form E in the following sense: for all α > 0 and f ∈ B_b(E) ∩ H E_. [∫_∞ 0 e^{−αt}f(Y_t)dt ]

is an E–q.c. m–version of G_αf.

Remark 9. Suppose that the co–form ^E is a quasi–regular generalized semi– Dirichlet form. Then there exists also an m–tight special standard process M̂ = (^Ω, ^M, ( ^Y_t)_{t≥0}, ( ^P_z)_{z∈E△} ) such that ^E_. [∫_∞ 0 e^{−αt}f( ^Y_t)dt ] is an E–q.c. m–version of ^G_αf for α > 0 and f ∈ B_b(E) ∩ H, since the E–exceptional and ^E–exceptional sets coincide. M̂ is then in duality with M w.r.t. m.

The rest of this paper is devoted to the proof of Theorem 8. The construction of an associated process will be essentially the same as in [M/R, Section IV.3] (cf. also [A/M/R]). Therefore only the aspects different to the situation in [M/R] will be presented in detail.

Let (E_k)_{k≥1} be an E–nest of compact metrizable sets and Y := ⋃ k≥1 E_k. By [Sch, p. 102, Corollary 2], Y is a Lusin space and by [A/M, p. 397, Theorem 4.2] we have

Proposition 10. For α > 0 there exists a kernel ~R_α from (E, B(E)) to (Y, B(Y )) with the following properties:

(i) ~R_αf is an E–q.c. m–version of G_αf ∀f ∈ H. (ii) α ~R_α(z, Y ) ≤ 1 ∀z ∈ E.

The kernel ~R_α is unique in the following sense: If K is another kernel from (E, B(E)) to (Y, B(Y )) satisfying (i) and (ii) then K(z, ·) = ~R_α(z, ·) E–q.e.

Let φ ∈ H be such that 0 < φ ≤ 1 and h := ~R_1φ.

If u is a measurable m–version of an element in P we can define some E–q.l.s.c. regularization by ũ := sup_{n≥1} n ~R_{n+1}u .

Assume that u is E–q.c. Obviously ũ ≤ u E–q.e. In order to get an associated process without branching points it is now necessary to find “enough” 1–excessive functions u with ũ = u E–q.e. Under Assumption D3 (resp. D3’) this is possible by the next

Proposition 11. Let u be an E-q.c. m–version of some element in P with L_u ∩ F ∩ P ≠ ∅. Suppose there is a sequence (u_n)_{n≥1} of E–q.c. m–versions of elements in Y such that u_n → u E–quasi uniformly. Then u = ũ E–q.e.

For the proof of Proposition 11 we need two lemmas:

Lemma 12. Let u, v be E–q.c. m–versions of elements in Y. Then for any sequence (α_n)_{n≥1} ⊂ Q^+ with lim_{n→∞} α_n = +∞ there is a subsequence (α_{nℓ} )_{ℓ≥1} with

lim_{ℓ→∞} α_{nℓ} ~R_{αnℓ +1}u ∧ v^+ = u ∧ v^+ E–q.e.

Proof. The proof is obvious due to Proposition III.7 (iii) and Proposition III.21 (i) if D3 holds, since u ∧ v^+ is an E–q.c. m-version of some element in Y. In the case of D3^′ let M := ‖u‖_∞∨‖v‖_∞. By the Weierstrass Polynomial Approximation Theorem (cf. [Al, p. 206]) there is a polynomial P_ε on R^2 for ε > 0 with |x∧y^+ −P_ε(x, y)| < ε for x, y ∈ [−M, M]. We may assume P_ε(0) = 0, hence f_ε := P_ε(u, v) is the E–q.c. m-version of some element in Y. Due to Proposition III.21 (i) and the usual diagonal argument we can find a sub–sequence (α_{nℓ} )_{ℓ≥1} and an E–exceptional set N such that lim_{ℓ→∞} α_{nℓ}R̃_{αnℓ +1}f_{1/k}(x) = f_{1/k}(x) ∀k ≥ 1, x ∈ E \ N . Hence lim_{ℓ→∞} α_{nℓ} ~R_{αnℓ +1}u ∧ v^+(x) = u ∧ v^+(x) ∀x ∈ E \ N. �

Lemma 13. Let u be some E–q.c. m–version of an element in F and v be some E–q.c. m–version of an element in Y. Then for any sequence (α_n)_{n≥1} ⊂ Q^+ with lim_{n→∞} α_n = +∞ there is a subsequence (α_{nℓ} )_{ℓ≥1} with

lim_{ℓ→∞} α_{nℓ} ~R_{αnℓ +1}u ∧ v^+ = u ∧ v^+ E–q.e.

Proof. Due to Remark 2 and Proposition III.21 (i) there exist E–q.c. m–versions u_n of elements in Y such that u_n → u in F and E–quasi uniformly. Hence v_n := e_{u−un} +e_{un −u} → 0 in V by Lemma III.9. Denote by ṽ_n some E–q.l.s.c. regularization of v_n. By Proposition III.21 (ii) there is a subsequence (n_k)_{k≥1} ⊂ N with lim sup k→∞ ṽ_{nk} (x) ≤ 0 E–q.e.

Since ṽ_{nk} ≥ 0 E–q.e. there exists some E–exceptional set N_1 such that lim_{k→∞} ṽ_{nk} (x) = 0 ∀x ∈ E \ N_1 .

Note that |α ~R_{α+1}u ∧ v^+ − α ~R_{α+1}u_n ∧ v^+| ≤ α ~R_{α+1}|u − u_n| ≤ ṽ_n E–q.e. Hence we can find an E–exceptional set N_2 ⊃ N_1 so that |m ~R_{m+1}u ∧ v^+(x) − m ~R_{m+1}u_n ∧ v^+(x)| ≤ ṽ_n(x) and |u ∧ v^+(x) − u_n ∧ v^+(x)| ≤ ṽ_n(x) ∀n, m ≥ 1, x ∈ E \ N_2 . By Lemma 12 and the usual diagonal argument we obtain a subsequence (α_{nℓ} )_{ℓ≥1} and some E–exceptional set N_3 ⊃ N_2 with

lim_{ℓ→∞} α_{nℓ} ~R_{αnℓ +1}u_m ∧ v^+(x) = u_m ∧ v^+(x) ∀m ≥ 1, x ∈ E \ N_3 .

Clearly lim_{ℓ→∞} α_{nℓ} ~R_{αnℓ +1}u ∧ v^+(x) = u ∧ v^+(x) ∀x ∈ E \ N_3 which implies the assertion. �

Proof(of Proposition 11). We only have to show sup_{n≥1} n ~R_{n+1}u ≥ u E–q.e. By quasi– regularity of E we can find an E–nest (F^{′′}_k )_{k≥1} of compact metrizable sets with {h} ∪ {u_n|n ∈ N} ⊂ C ({F^{′′}_k }) and u_n → u uniformly on F^{′′}_k , k ≥ 1. As in [M/R, p. 82, Proposition 3.6] we can find an E–nest (F^′_k)_{k≥1} with F^′_k ⊂ F^{′′}_k and h ≥ 1/k on F^′_k, k ≥ 1, and subsequently a regular E–nest (F_k)_{k≥1} with F_k ⊂ F^′_k as in [M/R, p. 83, Proposition 3.7]. For every k there is some n_k ∈ N such that |u_{nk} − u| ≤ (1/k)h on F_k, hence we may assume |u_k − u| ≤ (1/k)h on F_k. Let f be an E–q.c. m-version of some element in L_u ∩ F ∩ P. Clearly there is some E–exceptional set N_1 with lim_{n→∞} f ∧ u^+_n (x) = u(x) ∀x ∈ E \ N_1. Note that v_k := (1/k)h + f_F c_k → 0 in H. By Proposition III.21 (ii) there is a subsequence (n_k)_{k≥1} ⊂ N and an E–exceptional set N_2 ⊃ N_1 with lim_{k→∞} ṽ_{nk} (x) = 0 ∀x ∈ E \ N_2

since ṽ_k ≥ 0 E–q.e. Note that |α ~R_{α+1}f ∧ u^+_n − α ~R_{α+1}u| ≤ α ~R_{α+1}|f ∧ u^+_n − u| ≤ ṽ_n E–q.e. Hence there is some E–exceptional set N_3 ⊃ N_2 so that |m ~R_{m+1}f ∧ u^+_n (x) − m ~R_{m+1}u(x)| ≤ ṽ_n(x) and |f ∧ u^+_n (x) − u(x)| ≤ ṽ_n(x) ∀n, m ≥ 1, x ∈ E \ N_3. By Lemma 13 and the usual diagonal argument we can find a sequence (n_ℓ)_{ℓ≥1} ⊂ N with lim_{ℓ→∞} n_ℓ = +∞ and an E–exceptional set N_4 ⊃ N_3 with

lim_{ℓ→∞} n_ℓ ~R_{nℓ+1}f ∧ u^+_k (x) = f ∧ u^+_k (x) ∀k ≥ 1, x ∈ E \ N_4.

Hence lim_{ℓ→∞} n_ℓ ~R_{nℓ+1}u(x) = u(x) ∀x ∈ E \ N_4 and thus sup_{n≥1} n ~R_{n+1}u(x) ≥ lim_{ℓ→∞} n_ℓ ~R_{nℓ+1}u(x) = u(x) ∀x ∈ E \ N_4 which implies the assertion. �

Construction of a Ray resolvent on some compactification of a subset of E

Let U_0 be a countable family of open sets in E containing E \ E_k, k ≥ 1, such that {U ∩ E_k | U ∈ U_0} forms a base for the relative topology on E_k ∀k and let U_1 = {U =^n ⋃ i=1 U_i | U_i ∈ U_0} ∪ {E}. Let ~D^+_0 be a countable subset of E–q.c. m– versions of bounded, 1–excessive functions as in Remark 2 (iii). Let φ ∈ H be such that 0 < φ ≤ 1 and h := R̃_1φ.

Define J_0 to be the smallest family of E–q.c. functions such that (4.9) ~D^+_0 ⊂ J_0, h ∈ J_0.

(4.10) ~R_αu_U ∈ J_0, R̃_αu ∈ J_0 for u ∈ J_0, U ∈ U_1, α ∈ Q^+ . (4.11) u ∧ v, u ∧ 1, (u + 1) ∧ v ∈ J_0 for u, v ∈ J_0.

(4.12) J_0 is a Q^+ –cone, i.e. c_1u + c_2v ∈ J_0 for u, v ∈ J_0, c_1, c_2 ∈ Q^+ .

Clearly, J_0 is countable and we have

Proposition 14. For every u ∈ J_0, L_u ∩F ∩P ≠ ∅ and there is a sequence (f_n)_{n≥1} of E–q.c. m–versions of elements in Y with f_n → u E–quasi uniformly.

Proof. The assertion is obvious for any u ∈ J_0 which is the m–version of some element in F. Therefore it remains to show that if u, v ∈ J_0, (f_n)_{n≥1} and (g_n)_{n≥1} are E–q.c. m–versions of elements in Y with f_n → u and g_n → v E–quasi uniformly, there is a sequence (h_n)_{n≥1} of E–q.c. m–versions of elements in Y such that h_n → u∧v (resp. u∧1, resp. (u+1)∧v) E–quasi uniformly. This is obvious if E satisfies D3 since we can take h_n = g_n ∧ f_n (resp. g_n ∧ 1, resp. (g_n + 1) ∧ f_n). In the case of D3^′ there are E–q.c. m–versions h_n of elements in Y such that |h_n −g_n ∧f_n| ≤ 1/n (resp. |h_n − f_n ∧ 1| ≤ 1/n, resp. |h_n − (f_n + 1) ∧ g_n| ≤ 1/n) E–q.e. (cf. the proof of Lemma 12). Since f_n ∧ g_n → u ∧ v (resp. f_n ∧ 1 → u ∧ 1, resp. (f_n + 1) ∧ g_n → (u + 1) ∧ v) E–quasi uniformly, the assertion follows. �

Proposition 15. There is a regular E–nest (F_k)_{k≥1} of compact metrizable sets F_k ⊂ E_k such that

(i) J_0 ⊂ C({F_k}). (ii) inf_{x∈Fk} h(x) > 0 ∀k.

(iii) lim_{α→∞} α∈Q^+ αR̃_{α+1}u(x) = u(x) ∀u ∈ J_0, x ∈ Y_1 := ⋃ k≥1 F_k.

(iv) J_0 separates the points of Y_1.

Proof. J_0 separates the points up to some E–exceptional set N_1. Since J_0 is countable there is some E–exceptional set N_2 such that lim_{α→∞} α∈Q^+ αR̃_{α+1}u(x) = u(x) ∀x ∈ E \ N_2 by Proposition 11 and Proposition 14. Hence there is an E–nest (F^{′′}_k )_{k≥1} of compact sets with ⋃ k≥1 F^{′′}_k ⊂ E \ N_2 and F^{′′}_k ⊂ E_k, k ∈ N and J_0 ⊂ C({F^{′′}_k }). As

in [M/R, p. 82, Proposition 3.6] we can find an E–nest (F^′_k)_{k≥1} with F^′_k ⊂ F^{′′}_k and h ≥ 1/k on F^′_k ∀k and subsequently a regular E–nest (F_k)_{k≥1} with F_k ⊂ F^′_k as in [M/R, p. 83, Proposition 3.7]. �

In the same way as in [M/R, p. 107, Lemma 3.11] we can find some set Y_2 ∈ B(E), Y_2 ⊂ Y_1 such that E \ Y_2 is E–exceptional and ~R_α(x, Y \ Y_2) = 0 ∀x ∈ Y_2, α ∈

Q^+ .

Adjoin Δ as an isolated point to Y_2 and let Y_Δ := Y_2 ∪ {Δ}. Each function f on Y_2 will be regarded as a function on Y_Δ by setting f(Δ) = 0.

Define for α ∈ Q^+ and A ∈ B(Y_Δ)

R_α(x, A) := { ~ R_α(x, A ∩ Y_2) + ((1/α) − ~R_α(x, Y_2))δ_Δ(A) if x ∈ Y_2 (1/α)δ_Δ(A) if x = Δ .

Then (R_α)_{α∈}Q+ is a Markovian resolvent of kernels on (Y_Δ, B(Y_Δ)). Let J := {u + c·1_{YΔ} | u ∈ J_0, c ∈ Q^+ }. Then J is a Q^+ –cone, inf–stable and R_αu ∈ J for u ∈ J. J separates the points of Y_Δ, each function u ∈ J is 1–supermedian w.r.t. (R_α)_{α∈}Q+ and lim_{α→∞} α∈Q^+ αR_{α+1}u(x) = u(x) ∀u ∈ J, x ∈ Y_Δ. Let J = {u_n | n ∈ N} and define the metric

ρ(x, y) := ∞∑ n=1 1 2^n |u_n(x) − u_n(y)| 1 + |u_n(x) − u_n(y)| on Y_Δ .

Denote with the prefix “ρ−” concepts which are meant relative to the topology induced by the metric ρ and with Y the completion of Y_Δ w.r.t. ρ. Y is a compact metric space and for every u ∈ J there is a unique ρ–continuous extension u. Let J be the set of all ρ-continuous extensions u of functions u ∈ J. Note that J − J is dense in C(Y ) by the Stone–Weierstrass–Theorem since J separates the points of Y and J − J is inf–stable.

For α ∈ Q^+ and u ∈ J define R_αu := R_αu and extend R_α on J − J by linearity. Since ‖R_αu‖_∞ = ‖R_αu‖_∞ ≤ 1/α‖u‖_∞ = 1/α‖u‖_∞, we can extend R_α to a linear bounded positive operator on C(Y ). The family of operators (R_α)_{α∈}Q+ satisfies the resolvent equation, so α → R_αf is locally uniformly continuous on Q^+ and consequently we can define R_αf := lim_{β→α} β∈Q^+ R_β f for arbitrary α > 0. Denote by

(R_α)_{α>0} the corresponding Markovian resolvent of kernels. Clearly (R_α)_{α>0} is a Ray resolvent.

The corresponding right process M

Let D := {x ∈ Y | lim_{α→∞} αR_αf(x) = f(x), ∀f ∈ C(Y )} be the set of non– branching points. By [G, Theorem 3.6] there exists a unique semigroup (p_t)_{t≥0} of Markovian kernels on (Y , B(Y )) such that

(4.13) R_αf = ∫_∞ 0 e^{−αt}p_tf dt ∀α > 0, f ∈ C(Y ) . By [Sh, Theorem 9.13] there exists a right process M = (Ω, F, (Y_t)_{t≥0}, (P_x)_{x∈D}) with state space D and transition semigroup (p_t)_{t≥0} such that for all ω ∈ Ω, t → Y_t(ω) has left limits in Y for t ∈ (0, ∞). Denote by (F_t)_{t≥0} the natural filtration corresponding to the right process M and by (θ_t)_{t≥0} the corresponding familiy of shift operators. Since lim_{α→∞} αR_αf(x) = f(x) for all f ∈ J − J and x ∈ Y_Δ it follows that Y_Δ ⊂ D.

For a Borel subset A ⊂ Y let σ_A := inf{t > 0 | Y_t ∈ A} be the first hitting time.

Proposition 16. Let F ⊂ Y_2 be compact, F ⊂ F_k for some k, A := Y \ F and u ∈ J_0. Then there exist an E–exceptional set N ⊂ E and an E–q.l.s.c. regularization ũ_{E\F} of u_{E\F} such that E_x [ e^{−σA} u(Y_{σA} ) ] ≤ ũ_{E\F} (x) ∀x ∈ Y_Δ \ N . Proof. Since F ⊂ F_k for some k there is an increasing sequence (U_n)_{n≥1} of open sets in U_1 such that ⋃ n≥1 U_n = E \ F =: U. For f = sup_{α∈} Q^+ sup_{n≥1} αR_{α+1}u_{Un} we have

that lim_{α→∞} α∈Q^+ αR_{α+1}f(x) = f(x), ∀x ∈ Y . Note that

(4.14) E_x [∫_∞ 0 e^{−αt}g(Y_t) dt ] = R_α(g_{|YΔ} )(x) ∀g ∈ J, x ∈ Y_Δ. Since σ(J) = B(Y ), a monotone class argument implies that (4.14) holds for all bounded B(Y )–measurable functions g. Consequently for g := (u − f)1_A it follows that R_αg(x) = R_α(g_{|YΔ} )(x) = ~R_α(g_{|Y2} )(x) for x ∈ Y_2 since g(Δ) = 0 and therefore R_αg_{|Y2} = 0 E–q.e. since g_{|Y2} = 0 m–a.e. Clearly, R_αg(Δ) = R_α(g_{|YΔ} )(Δ) = 0. Hence there is an E–exceptional set N with R_αg(x) = 0 ∀α ∈ Q^+ , x ∈ Y_Δ \ N.

Let Q^+ = {t_n | n ∈ N} and σ_n := min{t_i | i ≤ n, Y_{ti} ∈ A} (with the convention

min ∅ = +∞). Then

(4.15) E_x ∫_∞ 0 e^{−αt}E_{Y t} [ e^{−σn} g(Y_{σn} ) ] dt = 0 ∀x ∈ Y_Δ \ N . Since ( e^{−t}αR_{α+1}u_{Un} (Y_t), F_t, P_x ) t∈[0,∞] (where we set e

−∞αR_{α+1}u_{Un} (Y_∞) = 0) is a right continuous supermartingale for x ∈ D we obtain by the optional sampling theorem E_x [ e^{−σn} αR_{α+1}u_{Um} (Y_{σn} ) ] ≤ αR_{α+1}u_{Um} (x) ∀x ∈ D .

It follows from the monotone convergence theorem

(4.16) E_x [ e^{−σn} f(Y_{σn} ) ] ≤ f(x) ∀x ∈ D . Combining (4.15) and (4.16) we get E_x ∫_∞ 0 e^{−αt}E_{Y t} [ e^{−σn} u(Y_{σn} ) ] dt ≤ R_αf(x) ∀x ∈ Y_Δ \ N . Clearly σ_n → σ_A for n → ∞ and thus E_x ∫_∞ 0 e^{−αt}E_{Y t} [ e^{−σA} u(Y_{σA} ) ] dt ≤ R_αf(x) ∀x ∈ Y_Δ \ N . By the right–continuity of Y_t it follows Y_{t+σA∘θt} → Y_{σA} for t ↓ 0 and thus E_x [ e^{−σA ∘θt} u(Y_{t+σA∘θt} ) ] → E_x [ e^{−σA} u(Y_{σA} ) ] by Lebesgues theorem. Hence, for x ∈ Y_Δ \ N, E_x [ e^{−σA} u(Y_{σA} ) ] = lim_{α→∞} α∈Q^+ ∫_∞ 0 αe^{−(α+1)t}E_x [ e^{−σA ∘θt} u(Y_{t+σA∘θt} ) ] dt

= lim_{α→∞} α∈Q^+ αE_x ∫_∞ 0 e^{−(α+1)t}E_{Y t} [ e^{−σA} u(Y_{σA} ) ] dt ≤ lim_{α→∞} α∈Q^+ αR_{α+1}f(x) = f(x) .

Since f_{|Y2} is an E–q.l.s.c. regularization of u_U the assertion follows. �

Let ζ := σ_{Y \Y2} . ζ is an (F_t)_{t≥0}-stopping time, since Y_2 ∈ B(Y ) ( cf. [M/R, p. 108, Lemma 3.13]). Note that the set

Ω_0 := {ω ∈ Ω | inf_{s≤t} e^{−s}u(Y_s(ω)) > 0 or e^{−t}u(Y_t)(ω)) = 0 ∀t ∈ Q^+ , u ∈ J}

is F–measurable, shift–invariant, and satisfies P_x[Ω_0] = 1 for all x ∈ D since (e^{−t}u(Y_t), F_t, P_x)_{t∈[0,∞]} is a right–continuous non negative supermartingale for x ∈ D (where we set e^{−∞}u(Y_∞) := 0).

Let (K_n)_{n≥1} be an E–nest of compact metrizable sets such that K_n ⊂ F_n ∩ Y_2 and σ := sup_{n≥1} σ_{Y \Kn} . Due to Proposition 16 and Proposition III.21 (ii) we can find an E–exceptional set N ∈ B(Y_2) and

inf_{n≥1} E_x [ e^{−σY \Kn} u(Y_{σY \Kn} ) ] ≤ inf_{n≥1} ũ_{E\Kn} (x) = 0 ∀u ∈ J_0, x ∈ Y_Δ \ N. Therefore the set

Ω_1 := {ω ∈ Ω_0 | e^{−σ(ω)}u(ρ − lim_{n→∞} Y_{σY \Kn} (ω)) = 0 ∀u ∈ J_0} is F–measurable, shift–invariant, and satisfies P_x[Ω_1] = 1 for all x ∈ Y_Δ \ N.

Clearly e^{−t}u(Y_t(ω)) = 0 for all t ≥ σ(ω) and ω ∈ Ω_1. In particular e^{−t}h(Y_t(ω)) = 0 for all t ≥ σ(ω) and ω ∈ Ω_1 which implies that Y_t(ω) ∈ Y \ Y_2, hence σ(ω) ≥ ζ(ω). On the other hand clearly σ_{Y \Kn} (ω) ≤ ζ(ω) and therefore ζ = σ on Ω_1. This implies

(4.17) R_αu(x) = R_αu(x) = E_x [∫_ζ 0 e^{−αt}u(Y_t) dt ] ∀x ∈ Y_Δ \ N α ∈ Q^+ , u ∈ J_0 .

Since K_n is compact in Y_2, the trace topologies on K_n induced by Y and Y_2 coincide. Hence Y_t(ω) is right–continuous on [0, ζ(ω)) and has left–limits on (0, ζ(ω)) in ⋃ n≥1 K_n w.r.t. the original topology for ω ∈ Ω_1.

Let Z_1 := Y_2 \ N. Repeating the argument above we find a decreasing sequence (Z_n)_{n≥1} ⊂ B(Y_2) and (Ω_n)_{n≥1} ⊂ F such that E \ Z_n is E–exceptional, P_x[Ω_n] = 1 ∀x ∈ Z_n ∪ {Δ}, Ω_n is shift–invariant, and Y_t(ω) ∈ Z_{n−1} for t ∈ [0, ζ(ω)) and ω ∈ Ω_n, and Y_{t−}(ω) ∈ Z_{n−1} for t ∈ (0, ζ(ω)) and ω ∈ Ω_n. Hence for S := ⋂ n≥1 Z_n ∈ B(Y_2), S_Δ := S ∪ {Δ} , and Ω := ⋂ n≥1 Ω_n ∈ F it follows that

(4.18) E \ S is E–exceptional. (4.19) P_x[Ω] = 1 ∀x ∈ S_Δ := S ∪ {Δ}. (4.20) Ω is shift–invariant.

(4.21) Y_t(ω) is right continuous and has left limits in S for t ∈]0, ζ(ω)[ w.r.t. the topology on Y_2 induced by the original topology on E.

(4.22) R_αu(x) = E_x ∫_ζ 0 e^{−αt}u(Y_t)dt ∀α ∈ Q^+ , u ∈ J_0, x ∈ S_Δ.

(4.23) lim_{n→∞} σ_{Y \Kn} (ω) = ζ(ω) ∀ω ∈ Ω.

(4.24) ζ(ω) > 0 for ω ∈ {Y_0 = x}∩Ω and x ∈ S and ζ(ω) = 0 for ω ∈ {Y_0 = Δ}∩Ω.

The next lemma can be proved as in [M/R, p.114, Lemma 3.21].

Lemma 17. Let (τ_n)_{n≥1} be an increasing sequence of (F_t)_{t≥0}–stopping times and τ := sup_{n≥1} τ_n. Set V (ω) := ρ − lim_{n→∞} Y_{τn} (ω) if τ(ω) < ∞. Then P_x [ V ≠ Y_τ , V ∈ Y_2, τ < ∞ ] = 0 ∀x ∈ S_Δ.

Define M_S = (Ω, F, (F_t)_{t≥0}, (Y_t)_{t≥0}, (P_x)_{x∈SΔ} ), where F := F ∩ Ω, F_t := F_t ∩ Ω, P_x := P_{x|F} for x ∈ S_Δ and

Y_t(ω) := { Y_t(ω) if t ∈ [0, ζ(ω)[ Δ if t ≥ ζ(ω) .

Lemma 18.

(i) M_S is a special standard process with state space S and life time ζ.

(ii) E_x [∫_∞ 0 e^{−αt}f(Y_t)dt ] = ~R_αf(x) ∀f ∈ B_b(Y_2), x ∈ S, α > 0. Proof. (i) It is easy to see that M_S is a right process with state space S and life time ζ, such that Y_t(ω) has left limits in S for t ∈ (0, ζ(ω)) ∀ω ∈ Ω. Note that lim_{n→∞} Y_{τn} = ρ − lim_{n→∞} Y_{τn} = Y_τ on {τ < ζ} P_x–a.s. for every x ∈ S_Δ by Lemma 17 for any increasing sequence (τ_n)_{n≥1} of (F_t)_{t≥0}–stopping times with limit τ. As a consequence we obtain that M_S is quasi–left continuous up to ζ. Let

V (ω) := { ρ − lim_{n→∞} Y_{τn} (ω) if ω ∈ {ρ − lim_{n→∞} Y_{τn} ∈ S, τ < ∞} Δ if ω ∈ {ρ − lim_{n→∞} Y_{τn} /∈ S} ∪ {τ = ∞}. Since M_S is quasi–left continuous up to ζ we conclude

P_x [V ≠ Y_τ ] = P_x [V ≠ Y_τ , τ = ζ < ∞] = P_x [ ρ − lim_{n→∞} Y_{τn} ≠ Y_τ , ρ − lim_{n→∞} Y_{τn} ∈ S, τ = ζ < ∞ ]

≤ P_x [ ρ − lim_{n→∞} Y_{τn} ≠ Y_τ , ρ − lim_{n→∞} Y_{τn} ∈ S, τ < ∞ ] = 0 by Lemma 17 again. Therefore Y_τ is ⋁ n≥1 F^{Px}_{τn} –measurable since V is ⋁ n≥1 F_{τn} – measurable. It is easy to see that this implies that M_S is special.

(ii) Note that for α ∈ Q^+ , f ∈ J_0, x ∈ S_Δ we have by (4.22) that

(4.25) E_x [∫_∞ 0 e^{−αt}f(Y_t) dt ] = R_αf(x) = R̃_αf(x). This equality holds in particular for f = sup_{n≥1}(nh ∧ 1) = 1_{Y2} . By Lebesgues Theorem (4.25) also holds for all α > 0. Since Y_2 is the Borel subspace of a Lusin space and J_0 separates the points of Y_2 it follows σ(J_0) = B(Y_2) by [Sch, p.108, Lemma 18]. Hence monotone class arguments imply that (4.25) is true for all f ∈ B_b(Y_2) and α > 0. �

Denote by M the trivial extension of M_S to E. Then M is special standard again and m–tight by (4.23). This completes the proof of Theorem 8.

Acknowlegdement: I would like to thank Professor M. Röckner for suggesting me to extend the theory of Dirichlet forms in the way implemented in this work but also for fruitful discussions and steady encouragement during the preparation of this paper.

References

[Al] Alt, H.W., Lineare Funktionalanalysis., Springer, Berlin - Heidelberg - New York, 1985.

[A/M] Albeverio, S.,Ma, Z.M., A Note on Quasicontinuous Kernels Representing Quasi- Linear Positive Maps, Forum Mathematicum 3 (1991), 389 - 400.

[A/M/R] Albeverio, S., Ma, Z.M., Röckner, M., Quasi-regular Dirichlet Forms and Markov Processes, Journal of Functional Analysis 111 (1993), 118 - 154.

[Co/Le] Coddington, E.A., Levinson, N., Theory of Ordinary Differential Equations, McGraw- Hill Book Company, New York - Toronto - London, 1955.

[Fu] Fukushima, M., Dirichlet spaces and strong Markov processes, Trans. Amer. Math. Soc. 162 (1971), 185 - 224.

[Fu2] Fukushima, M., Dirichlet forms and Markov processes, North-Holland, Amsterdam - Oxford - New York, 1980.

[G] Getoor, R., Markov processes: ray processes and right processes, Lecture Notes in Mathematics 440, Springer, Berlin, 1975.

[L] Lions, J.L., Quelques méthodes de résolution des problèmes aux limites non linéaires, Dunod, Gauthier-Villars, Paris, 1969.

[L/Ma] Lions, J.L., Magenes, E., Problèmes aux limites non homogènes et applications, Volume 1, Dunod, Paris, 1968.

[M/R] Ma, Z.M., Röckner, M., Introduction to the Theory of (Non-Symmetric) Dirichlet Forms, Springer, Berlin - Heildelberg - New York, 1992.

[M/R2] Ma, Z.M., Röckner, M., Markov processes associated with positivity preserving coercive forms, Preprint.

[M/Ov/R] Ma, Z.M., Overbeck, L., Röckner, M., Markov Processes associated with semi-Dirichlet Forms, Preprint.

[Me] Menendez, S.C., Processus de Markov associé à une forme de Dirichlet non symétrique, Z. Wahrsch. verw. Geb. 33 (1975), 139 - 154.

[O1] Oshima, Y., On a construction of Markov Processes associated with time dependent Dirichlet Spaces, Forum Mathematicum 4 (1992), 395 - 415.

[Pi1] Pierre, M., Problèmes d’évolution avec constraintes et potentiels paraboliques, Comm. P.D.E. 4 (1979), 1149 - 1197.

[Pi2] Pierre, M., Représentant précis d’un potentiel parabolique, Séminaire Théorie du Potentiel, Université Paris VI, Lecture Notes in Mathematics 814, Springer, Berlin - Heidelberg - New York, 1980.

[Pi3] Pierre, M., Parabolic capacity and Sobolev spaces, SIAM J. Math. Anal. 14 (1983), 522 - 533.

[Re/Si II] Reed, M., Simon, B., Methods of modern mathematical physics II. Fourier Analysis, Academic Press, New York - San Francisco - London, 1975.

[S/W] Schneider, W.R., Wyss, W., Fractional diffusions and wave equations, J. Math. Phys.

30 (1989), 134 - 144.

[Sch] Schwartz, L., Radon measures on arbitrary topological spaces and cylindrical measures, Oxford University Press, London, 1973.

[Sh] Sharpe, M.T., General Theory of Markov Processes, Academic Press, New York, 1988. [St1] Stannat, W., Generalized Dirichlet forms and associated Markov processes, C. R. Acad. Sci. Paris t. 319 (1994), 1063 - 1068.

[St2] Stannat, W., Verallgemeinerte zeitabhängige Dirichletformen, Diploma thesis. Universität Bonn (1993).

[Wl] Wloka, J., Partielle Differentialgleichungen, B. G. Teubner, Stuttgart, 1982. [Y] Yosida, K., Functional Analysis, 5. ed, Springer, Berlin - Heidelberg - New York, 1978.