ON THE DOMAIN OF ATTRACTION TO THE NORMAL LAW

AND CONVERGENCE OF SELFNORMALIZED SUMS

by Evarist Giné^∗ and Friedrich Götze^† University of Connecticut and Universität Bielefeld

Abstract

It is proved that if the selfnormalized sums for i.i.d. random variables with the law of X are asymptotically standard normal, and if there is, additionally, convergence of some moments, then X is in the domain of attraction of the normal law. It is also proved that if X is in the domain of attraction of some α–stable law, EX=0 for 1<α≤2, X symmetric for α=1, then all the moments of the selfnormalized sums converge, in particular showing that the previous result has a converse. A characterization of the domain of attraction of the normal law in terms of the asymptotic neglibility of the maximum term of the sum with respect to the sum centered at its median is also presented.

November 1995

AMS 1991 subject classifications. Primary: 60F05. Key words and phrases: selfnormalized sums, domains of attraction, convergence of moments, Student statistic.

* Research partially supported by the SFB 343 at Bielefeld and by NSF Grant No. DMS-93–00725. † Research partially supported by the SFB 343 at Bielefeld.

1. Introduction. Let X, X_i, i ∈ N, be independent, identically distributed random variables and let

S_n = n∑ i=1 X_i, V^2_n = n∑ i=1 X^2_i , n ∈ N. Logan et al. conjecture that ‘S_n/V_n is asymptotically normal if [and perhaps only if] X is in the domain of attraction of the normal law’ (and X is centered). The ‘if’ part of this conjecture follows rather easily from basic principles (Raikov’s theorem) but the parenthetical ‘only if’ is unknown in the non–symmetric case. Griffin and Mason (1991) attribute to Roy Erickson a beautiful proof of the fact that, for X symmetric, convergence in distribution of the selfnormalized sums S_n/V_n to the standard normal law implies that X is in the domain of attraction of the normal law (X ∈ DAN). The proof relies heavily on symmetry, and the non–symmetric case seems to be, perhaps surprisingly, quite harder. The present paper is devoted to this problem.

Our main result states that, for X integrable and centered, if L(S_n/V_n) →_w N(0, 1) and sup_n E(S_n/V_n)^6 < ∞, then X is indeed in the domain of attraction of the normal law (uniform boundedness of the sixth moment can be replaced by some mild regularity on the law of X). We should remark that this constitutes a characterization of the domain of attraction of the normal law because we also prove (and this is our second main result) that, if X is in the domain of attration of any α–stable law, assuming EX = 0 for 1 < α ≤ 2 and X symmetric for α = 1, then all the moments of the selfnormalized sums converge. This is another aspect of the general fact that selfnormalization improves convergence in the CLT. Perhaps the most important instance of this fact occurs in the paper by Bentkus and Götze (1994) where they show that this is the case for the speed of convergence of the cdf of selfnormalized sums to that of the standard normal distribution when X ∈ DAN.

When we started this research we were unaware of O’Brien’s result to the effect that X ∈ DAN if and only if max_{i≤n} |X_i|/V_n → 0 in probability, a fact generally known in the symmetric case (e.g., Griffin and Mason, 1991), that we needed for the proof of the main result. We independently obtained a proof of this fact, as well as of the following related result, which seems of independent interest: X ∈ DAN if and only if max_{i≤n} |X_i|/|S_n − m_n| → 0 in probability, where m_n denotes a median of S_n. That is, normal convergence is characterized by the maximum term being asymptotically negligible in probability with respect to the sum centered at its median (any of its medians). This paper also contains two other, perhaps less interesting, characterizations of the domain of attaction of the normal law.

In order to treat S_n/V_n we must deal with the quantities Λ_m := (n!/(n − m)!)E [ X_1 · · · X_m/V_n ] . To this effect we use the simple fact that ∫_∞ 0 λ^{r−1} exp(−λa)dλ = (r − 1)!/a^r ( r ∈ N and a > 0) to express the quantities Λ_m as averages of products of expected values of the form Ef(X). In a sense, this works as a de Finetti representation for the finite family of exchangeable variables X_1/V_n, . . . , X_n/V_n. This allows, in addition, to obtain a Hölder type inequality, Λ_4 ≤ Λ^{1/2}_2 Λ^{1/2}_6 , which is crucial in the proof of the main result (thus the sixth moment!). These are the two main new ingredients in our proofs.

Obviously, the problem of characterizing the domain of attraction of the normal law by the CLT for selfnormalized sums is interesting in its own right. In fact, some of our original motivation for looking at it has to do with the observation that an affirmative answer would imply the remarkable fact that a sharp bound of Bentkus and Götze (1994, Theorem 1.4) for sup_{x∈R} | Pr{S_n/V_n < x} − Φ(x)|, that depends rather explicitly on the law of X, would tend to zero whenever L(S_n/V_n) →_w N(0, 1).

Contents of the paper: Section 2 contains the theorem on convergence of moments in the selfnormalized CLT, in Section 3 we obtain the chartacterization of DAN by the asymptotic neglibility of the maximum term and, in Section 4, the main result about the relationship between DAN and the CLT for selfnormalized sums.

Finally, here is some notation. As in this introduction, in this article, X_i, i ∈ N, will mean i.i.d. random variables, with the law of X, S_n = ∑_n i=1 X_i, V^2_n = ∑_n i=1 X^2_i , and the law of any random variable Y will often be denoted by L(Y ). We will use, with some abuse, the notational convention^X_Y :=^X_Y I_{Y ≠0}, already used implicitly when writing S_n/V_n. We also write X̃_{n,i} :=^{Xi}_{Vn} I_{Xi≠0}, so that S_n V_n := S_n V_n I_{Vn≠0} = n∑ i=1 X̃_{n,i}.

X ∈ DA(α) will mean ‘X is in the domain of attraction of an α–stable law’. But we may also write DAN for DA(2), that is, for the domain of attraction of the normal law. X ∈ DA(α) automatically implies that X is nondegenerate.

2. Convergence of moments in the selfnormalized central limit theorem. Logan et al. (1973) show that selfnormalized sums of i.i.d. random variables in the domain of attraction of α–stable laws, 0 < α ≤ 2, converge in distribution to limit laws which, among other important properties, have Gaussian–like tails. It is thus natural to ask whether these limit theorems for selfnormalized sums can be complemented with convergence of moments. In this section the question is answered in the affirmative.

2.1. Theorem. Let X ∈ DA(α) for some 0 < α ≤ 2, and suppose further that X is symmetric if α = 1 and that EX = 0 if 1 < α ≤ 2. For each α, let Z_α be a random variable whose law is the limit law of the normalized sums S_n/V_n. Then,

lim_{n→∞} E | | S_n V_n | |^k = E|Zα|^k (2.1)

for all k > 0.

Proof. By uniform integrability it suffices to prove

sup_n E (^n∑ i=1 X̃_{n,i} )_m < ∞ (2.2) for m even.

For X symmetric (2.2) follows directly from Khinchine’s inequality (in this case, simply, direct computation of expectations of even moments of Rademacher sums): if X is symmetric then the variables |X| and X/|X| are independent and the latter is Rademacher, that is, Pr{X/|X| = 1} = Pr{X/|X| = −1} = 1/2; then, setting ε_i = X_i/|X_i| and denoting by E_ε conditional expectation given the sequence {|X_i|}, we have

sup_{n∈N} E | | Sn V_n | |^m = sup n∈N EE_ε | |^n∑ i=1 X̃_{n,i}ε_i | |^m

≤ c_m sup_{n∈N} E [^n∑ i=1 X̃^2_{n,i}]^m2

= c_m sup_{n∈N} Pr{V_n ≠ 0} = c_m, where c_m is the constant provided by Khinchin’s inequality.

We now consider the remaining cases. For ease of notation we set I^m_n = {(i_1, . . . , i_m) : i_k integers, 1 ≤ i_k ≤ n, i_k ≠ i_ℓ if k ≠ ℓ}. By Newton’s identities (e.g. Jacobson, 1951, page 110) (∑_n i=1 X̃_{n,i})^m is a linear combination of ∑_{Imn} X̃_{n,i1} · · · X̃_{n,im} and of products of

the form ∏_s r=1( ∑_n i=1 X̃^kr_{n,i})ℓr with ∑^s_{r=1} k_rℓ_r = m and not all the k_r equal to one. Hence,

since moreover | ∑_n i=1 X̃^kr_{n,i}| ≤ 1 if k_r ≥ 2, we can use induction to conclude that the proof of (2.2) reduces to showing

sup_n E (∑ I^m_n X̃_{n,i1} · · · X̃_{n,im} ) < ∞ (2.3)

for all m even. Using the elementary fact that ∫_∞ 0 λ^{r−1} exp(−λa)dλ = (r − 1)!/a^r for all r ∈ N and a > 0, we can write E (∑ I^m_n X̃_{n,i1} · · · X̃_{n,im} ) = 1 (^m_2 − 1)! E [∫ δ 0 ∑ I^n_m X_{i1} I_{Xi1 ≠0} · · · X_{im} I_{Xim ≠0}λ^{m2 −1}e^{−λV 2n} dλ ]

+ 1 (^m_2 − 1)! E [∫ ∞ δ ∑ I^n_m X_{i1} I_{Xi1 ≠0} · · · X_{im} I_{Xim ≠0}λ^{m2 −1}e^{−λV 2n} dλ ]

= (I) + (II), (2.4)

for δ > 0 to be specified below. Now,

(II) = E [ ∑_{Imn} X_{i1} I_{Xi1 ≠0} · · · X_{im} I_{Xim ≠0} V^m_n e^{−δV 2n} m 2 −1∑

r=0 (δV^2_n )^r r! ]

≤ 2^{m2 −1}n^{m2} Ee^{− δ2 V 2n}

= 2^{m2 −1}n^{m2} [ Ee^{− δ2 X2} ]_n . By hypothesis there exists τ > 0 such that Pr{|X| ≤ τ} < 1 and therefore, Ee^{− δ2 X2} ≤ Pr{|X| ≤ τ} + e^{− δτ 22} Pr{|X| > τ} := σ_δ < 1.

Hence, (II) ≤ 2^rn^{m2} σ^n_δ → 0 as n → ∞, (2.5)

for all δ > 0.

To estimate (I) in (2.4) we consider three cases: EX^2 < ∞, X ∈ DA(α) for 1 < α ≤ 2 and EX^2 = ∞, and X ∈ DA(α) for 0 < α < 1.

Case 1: EX^2 < ∞ and EX = 0. Letting θ denote a random variable uniform on [0, 1] independent of X, and denoting by c a finite constant independent of n that may be different at each appearance, we have the following two estimates: | | |EXe^{−λX2} | | | = | | |λE [ X^3e^{−λθX2} ]| | ≤ λ ( EX^2 ) E [ sup_x |x|e^{−λθx2} ]

≤ λ^{12} e^{− 12} √ 2 ( EX^2 ) Eθ^{− 12}

= cλ^{12} ,

and, for λ ≤ δ, there exists c_δ > 0 such that Ee^{−λX2} = ∫_∞ 0 Pr{X^2 < t}λe^{−λt}dt = 1 − λ ∫_∞ 0 Pr{X^2 ≥ t}e^{−λt}dt ≤ 1 − λ ∫_∞ 0 Pr{X^2 ≥ t}e^{−δt}dt = 1 − c_δλ. Therefore, for n > m and all δ > 0,

(I) = 1 (^m_2 − 1)! n! (n − m)! ∫_δ 0 λ^{m2 −1} ( EXe^{−λX2} )_m( Ee^{−λX2} )_{n−m} dλ ≤ cn^m ∫_δ 0 λ^{m−1}(1 − c^′λ)^{n−m}dλ ≤ cn^m ∫_δ 0 λ^{m−1}e^{−c′(n−m)λ}dλ ≤ c, where c depends on m and δ, but not on n (in the first identity, the interchange of integrals is justified because |X̃_{n,1} · · · X̃_{n,m}| ≤ 1). Now, estimating the expected value in (2.4) by means of this inequality and the limit (2.5), we obtain (2.3).

Case 2: X ∈ DA(α), 1 < α ≤ 2, EX^2 = ∞ and EX = 0. Since t^2 Pr{|X| > t} EX^2I_{|X|≤t} → 2 − α (2.6) as t → ∞ and the function EX^2I_{|X|≤t} is regularly varying at infinity with exponent 2 − α (slowly varying for α = 2), we have that the function

L(x) := ∫_x 0 t Pr{|X| > t}dt (note 2L(x) = EX^2I_{|X|≤x} + x^2 Pr{|X| > x}) is slowly varying with the same exponent (slowly varying for α = 2) and increases to infinity with x. Moreover, tL^′(t) = t^2 Pr{|X| > t} = ε(t)L(t), (2.7) where ε(t) → 2 − α as t → ∞. We begin with the following estimate, valid for u positive and small (meaning that for every δ > 0 the inequalities hold for u ≤ δ with constants c that depend on δ): E|X|^3e^{−uX2} = ∫_∞ 0 (3x^2 − 2ux^4)e^{−ux2} L^′(x) x dx ≤ ∫ √ 3_{2u} 0 3xe^{−ux2} L^′(x)dx = 3xe^{−ux2} L(x) | | √_{32u} 0 − ∫ √ 3_{2u} 0 (3 − 6ux^2)e^{−ux2} L(x)dx ≤ c 1 √ u L ( 1 √ u ) + ∫ √ 3_{2u} 0 6ux^2e^{−ux2} L(x)dx

= c 1 √ u L ( 1 √ u ) + 1 √ u ∫ √ 3_2 0 6y^2e^{−y2} L ( y √ u ) dy ≤ c 1 √ u L ( 1 √ u ) , where the fact that L(3/2 √ u) ≤ cL(1/ √ u) (for some finite constant c depending on δ) is used in the last step. Hence, for small λ, | |EXe^{−λX2} | | = | |λE [ X^3e^{−λθX2} ]| | ≤ cλ ∫_1 0 1 √ λθ L ( 1 √ λθ ) dθ = 2c ∫_∞ 1_{√λ} L(v) v^2 dv ≤ c √ λL ( 1 √ λ ) , (2.8)

where the last inequality follows from the properties of regularly varying functions (e.g., Feller, 1971, Theorem 1, VIII.9). Moreover, also for small λ, Ee^{−λX2} = 1 − λ ∫_∞ 0 L^′( √ t) √ t e^{−λt}dt

= 1 − 2λ^2 ∫_∞ 0 L( √ t)e^{−λt}dt ≤ 1 − 2λ^2 ∫ 1_λ 1 2λ L( √ t)e^{−λt}dt = 1 − 2λ

∫_1 1 2 L (√ u λ ) e^{−u}du ≤ 1 − cλL ( 1 √ λ ) , (2.9)

just as above. Then, by (2.8) and (2.9), (I) ≤ cn^m ∫_δ 0 λ^{m−1}L ( 1 √ λ )_m( 1 − cλL ( 1 √ λ ))_{n−m} dλ. Setting t = λL ( 1 √ λ )

we have, by (2.7), dt = [ L ( 1 √ λ ) − 1 2 √ λ L^′ ( 1 √ λ )] dλ = ( 1 − 1 2 ε ( 1 √ λ )) L ( 1 √ λ ) dλ, (2.10) and the coefficient of dλ is positive for all λ small enough (as ε(t) < 2 for all t such that EX^2I_{|X|≤t} > 0). With this change of variables in the above integral we obtain that for δ small enough there is c finite, independent of n, such that, for n ≥ m,

(I) ≤ c^′n^m ∫_{δL(1/}^√_{δ)} 0 t^{m−1}e^{−c′′(n−m)t}dt ≤ c. (2.3) follows from this as in the previous case.

Case 3: X ∈ DA(α), 0 < α ≤ 1. The only difference with the previous case is that now the estimate (2.8) can be obtained in a more direct way because L(x) varies regularly with exponent 2 − α > 1 (note also that L(x) is of the order of x^2 at zero): E|X|e^{−λX2} = ∫_∞ 0 (1 − 2λx^2)e^{−λx2} L^′(x) x dx ≤ ∫ 1_{√2λ} 0 e^{−λx2} x L^′(x)dx ≤ e^{−λx2} L(x) x | | | 1_√ 2λ 0 +(2λ + 1) ∫ 1_{√2λ} 0 L(x) x^2 dx ≤ c √ λL ( 1 √ λ ) . (2.8^′)

2.2. Remark. It is worthwhile to determine the minimal conditions on the law of X under which the previous proof still gives uniform boundedness of the k–th moments of the selfnormalized sums, for all k (i.e., (2.2)). We are particularly interested in this for the case E|X| < ∞, EX = 0. Simple examination of the previous proof, Case 2, shows that the only properties of the non–decreasing function L that are used are: (i) For each 0 < c < 1 there is d < ∞ such that L(x) ≤ dL(cx), for large x (in (2.8) and in (2.9));

(ii) lim sup_{n→∞} ∫_∞ a x^{−2}L(x)dx L(a)/a < ∞ in (2.8).

(i) is seen to hold as follows: L(x) = EX^2I_{|X|≤x} + x^2 Pr{|X| > x} ≤ EX^2I_{|X|≤cx} + 2x^2 Pr{|X| > cx} ≤ 2 c^2 L(cx). Regarding condition (ii) we note that the proof of Theorem 3.1 in Cuzick et al. (1995) applied with k = 1 and b^∗(t) = t, implies that there is a constant c < ∞ such that, for all d > 1, ∫_∞ 2^d EX^2I_{|X|≤t}dt ≤ c ∫ 2^{d−}1 t^2 Pr{|X| ≥ t}dt. Together with (i), this reduces condition (ii) to the following condition:

lim sup a→∞ ∫_∞ a Pr{|X| > x}dx a^{−1}EX^2I_{|X|≤a} + a Pr{|X| > a} < ∞, (2.11) a one sided regular or slow variation type condition on the law of |X|. Note that this condition is always satisfied when X ∈ DA(α), 1 < α ≤ 2. We have thus proved that: If E|X| < ∞, EX = 0 and the law of X satisfies condition (2.11), then

sup_n E | S_n/V_n |_k < ∞ (2.2) for all k > 0. It would be interesting to determine if even condition (2.11) is superfluous.

3. Some characterizations of the domain of attraction of the normal law. The following proposition, whose idea is described in one form or another in Lévy’s (1937) book, seems to be new in the non–symmetric case.

3.1. Theorem. X belongs to the domain of attraction of the normal law (X ∈ DAN) if and only if max_{1≤i≤n} |X_i| |S_n − m_n| → 0 in pr. (3.1) as n → ∞, where: X_i are i.i.d. with the law of X, S_n = ∑_n i=1 X_i and m_n is a median of S_n.

Proof. If X ∈ DAN it is well known that there exists a sequence b_n ↗ ∞ such that both: S_n − ES_n b_n →_w N(0, 1) (3.2) and max_{1≤i≤n} |X_i| b_n → 0 in pr. (3.3)

By (3.2), for all τ > 0 we have that eventually Pr{S_n − ES_n > −τb_n} > 1/2 and Pr{S_n − ES_n < τb_n} > 1/2. Therefore, for all τ > 0, eventually, ES_n − τb_n ≤ m_n ≤ ES_n + τb_n, that is, m_n − ES_n b_n → 0. (3.4)

In particular, if X ∈ DAN then, by (3.2) and (3.4), L ( (S_n − m_n)/b_n ) →_w N(0, 1) which, by (3.3), implies max_{1≤i≤n} |X_i| |S_n − m_n| = max_{1≤i≤n} |X_i|/b_n |S_n − m_n|/b_n → 0 in pr.

giving the ‘if’ part of the proposition.

The ‘only if’ part is more interesting. It obviously reduces to showing that EX^2 = ∞ and X ∉ DAN ⇒ max_{1≤i≤n} |X_i| |S_n − m_n| ↛ 0 in pr. (3.5)

By the well known DAN criterion, there exists δ > 0 and t_n ↗ ∞ such that t^2_n Pr{|X| > t_n} EX^2I_{|X|≤tn} > δ (3.6) for all n ∈ N. For α > 0 to be specified below, let k_n ↗ ∞, k_n ∈ N, satisfy k_n Pr{|X| > t_n} ≈ α (3.7) (e.g. we can take k_n to be the natural number that makes k_n Pr{|X| > t_n} closest to α). Then, a classical elementary inequality gives Pr { max 1≤i≤k_n |X_i| > t_n } ∈∼ [ α 1 + α , α ] , (3.8)

with self–explanatory and somewhat abusive notation. (3.6) and (3.7), together with the fact that EX^2 = ∞, imply that we also have k_n t^2_n VarXI_{|X|≤tn} <∼ α δ . (3.9)

Let us set S^′_{kn} = k_n∑

i=1 X_iI_{|Xi|≤tn} . Then, for c ∈ (0, ∞) to be specified below, we have Pr { max 1≤i≤k_n |X_i| > 1 c + 1 |S_{kn} − ES^′_{kn} |, max_{1≤i≤kn} |X_i| > t_n }

≥ Pr { max 1≤i≤k_n |X_i| > t_n, |S^′_{kn} − ES^′_{kn} | ≤ ct_n, |S_{kn} − S^′_{kn} | ≤ max_{1≤i≤kn} |X_i| }

≥ Pr { max 1≤i≤k_n |X_i| > t_n } + Pr { |S^′_{kn} − ES^′_{kn} | ≤ ct_n } + Pr { |S_{kn} − S^′_{kn} | ≤ max_{1≤i≤kn} |X_i| } − 2. (3.10)

The first summand of the last term in (3.10) can be estimated by (3.8) and the second, by (3.9) and Chebyshev. For the third we use the binomial estimate Bin_{k,p}{x ≥ r} ≤ p^r ( k r ) ≤ ( ekp r )_r

and obtain Pr { |S_{kn} − S^′_{kn} | > max_{1≤i≤kn} |X_i| } ≤ Pr { #[|X_i| > t_n : i ≤ k_n] ≥ 2 } <∼ ( eα 2 )_2 . Combining these estimates with (3.10) yields Pr { max 1≤i≤k_n |X_i| > 1 c + 1 |S_{kn} − ES^′_{kn} |, max_{1≤i≤kn} |X_i| > t_n } >∼ α 1 + α − α δc^2 − e^2α^2 4 . (3.11)

To be specific, taking c = 10/ √ δ and α = 0.1 gives Pr { max 1≤i≤k_n |X_i| > 1 c + 1 |S_{kn} − ES^′_{kn} |, max_{1≤i≤kn} |X_i| > t_n }

>∼ 1 1.1 [ 0.1 − 0.0011 −

0.099 4 ] = 0.0739 1.1 > 0. (3.11^′)

Next, in order to replace |S_{kn} − ES^′_{kn} | by |S_{kn} − m_{kn} |, we note that, for any K, Pr { |S_{kn} − ES^′_{kn} | > Kt_n } <∼ 4α δK^2 + Pr { |S_{kn} − S^′_{kn} | > Kt_n 2 }

≤ 4α δK^2 + Pr { #[X_i > t_n : i ≤ k_n] ≥ 1 }

≈ 4α δK^2 + 1 − ( 1 − α k_n )_{kn} <∼ 4α δK^2 + 1 − e^{−α} ≤ 4α δK^2 + α.

The number α chosen in (3.11) being less than 1/2, we can choose K so that the number 4α δK2 + α is also smaller than 1/2. The previous string of inequalities then shows that, for such K, |m_{kn} − ES^′_{kn} | ≤ Kt_n. (3.12) Now, if max_{1≤i≤kn} |X_i| > t_n and |S_{kn} − ES^′_{kn} |/ max_{1≤i≤kn} |X_i| < c + 1 as in (3.10), then, by equation (3.12), |S_{kn} − m_{kn} |/ max_{1≤i≤kn} |X_i| < c + 1 + K. This implies, by (3.10) and (3.11’), Pr { max 1≤i≤k_n |X_i| > t_n, max_{1≤i≤kn} |X_i| |S_{kn} − m_{kn} | > 1 c + 1 + K } >∼ 0.0739 1.1 > 0, for all n ∈ N, showing that max_{1≤i≤n} |X_i|/|S_n − m_n| ↛ 0 in pr. The implication (3.5) is thus proved.

This theorem adds precision, in the not necessarily symmetric case, to a classical statement, which should now read as follows: ‘X ∈ DAN iff the largest summand, max_{1≤i≤n} |X_i|, is asymptotically negligible, in probability, with respect to the sum S_n centered at its median’.

The next theorem shows that we can replace S_n − m_n by the square root of the sum of the squares of the variables in (3.1). This is a known result (O’Brien, 1980) but we sketch here a proof along the lines of the previous one.

3.2. Theorem. (O’Brien) With the previous notation, X ∈ DAN if and only if lim_{n→∞} max_{1≤i≤n} |X_i| V_n = 0 in pr. (3.13)

Proof. If EX^2 < ∞ then (3.13) actually holds a.s. due to the law of large numbers (upon dividing numerator and denominator by √ n). If X ∈ DAN and EX^2 = ∞ then there is a sequence b_n ↗ ∞ such that lim_{n→∞} L ( ∑n_{i=1}(X_i − EX) b_n ) = N(0, 1), (3.14)

and it is classical that, moreover, n Pr{|X| > b_n} → 0 and b^{−2}_n nEX^2I_{|X|≤bn} → 1 (see, for example, Araujo and Giné, 1980, Ch. 2, Cor. 4.8 and Lemma 6.3). Hence, for all ε > 0 and for all n sufficently large so that |b^{−2}_n nEX^2I_{|X|≤bn} − 1| ≤ ε/2, we have Pr {| | ∑_n i=1 X^2_i b^2_n − 1 | | | > ε } ≤ n Pr { |X| > b_n }

+ Pr {| | n∑ i=1 X^2_i I_{|Xi|≤bn} − nEX^2_{|Xi|≤bn} | | > b_nε/2 }

≤ n Pr { |X| > b_n } + 4n ε^2b^2_n EX^2I_{|Xi|≤bn} → 0.

Therefore, by (3.14), ∑_n i=1 X^2_i b^2_n

→ 1 in pr. (3.15)

(This simple fact, together with its converse, is known as Raikov’s theorem.)

To prove the converse, we can assume, as in the previous theorem, that EX^2 = ∞ and that X ∉ DAN. Taking δ, α, t_n and k_n as in the proof of Theorem 3.1, (3.9) is equivalent to k_n t^2_n EX^2I_{|X|≤tn} <∼ α δ (3.9^′)

since ( E|X|I_{|X|≤tn} )_2

/EX^2I_{|X|≤tn} → 0 if EX^2 = ∞. Then, setting

V^′_{kn} = (^kn∑ i=1 X^2_i I_{|X|≤tn} ) 1_2 , we obtain, as in (3.10), Pr { max 1≤i≤n X^2_i > 1 c + 1 V^2_{kn} , max_{1≤i≤n} |X_i| > t_n } ≥ Pr { max 1≤i≤n |X_i| > t_n } + Pr { V^{′2}_{kn} ≤ ct^2_n } + Pr { V^2_{kn} − V^{′2}_{kn} ≤ max_{1≤i≤n} X^2_i } − 2. (3.10^′)

The fist summand is estimated by (3.8), the second, by Markov’s inequality and (3.9’) (as Pr{V^{′2}_{kn} > ct^2_n } <∼ α/(cδ)), and the third, by Pr { V^2_{kn} − V^{′2}_{kn} > max_{1≤i≤n} X^2_i } ≤ Pr { #[X_i > t_n : i ≤ k_n] ≥ 2 } <∼ ( eα 2 )_2 , just as in the previous proof. So, proceeding as in (3.11) and (3.11’) (with c instead of c^2), we obtain that max_{1≤i≤n} |X_i|/V_n ↛ 0 in probability.

Let X̄_n = ∑_n i=1 X_i/n. Since V^2_n ≥ ∑_n i=1(X_i − X̄_n)^2, it follows from the previous proposition that max_{1≤i≤n} |X_i| [∑_n i=1(X_i − X̄_n)^2

] 1_2 → 0 in pr. (3.16)

implies X ∈ DAN. If EX^2 < ∞, then (3.16) is obviously satisfied. Suppose now X ∈ DAN and EX^2 = ∞. Then, if {b_n} is a monotone norming sequence for which (3.2) holds, we have b^2_n/n → ∞ (this is obvious from the fact that nb^{−2}_n EX^2I_{|X|≤bn} → 1). Now, ∑_n i=1(X_i − X̄_n)^2 V^2_n

= 1 − 1 n S^2_n V^2_n

(3.17)

and V^2_n = O_P (b^2_n) by (3.15) whereas 1 n S^2_n = 1 n [ (S_n − ES_n)^2 + 2(ES_n)(S_n − ES_n) + (ES_n)^2 ] is O_P (b^2_n/n) if X is centered, and O_P (n) otherwise. Therefore, the quotient at the left side of equation (3.17) tends to 1. We have thus proved:

3.3. Corollary. X ∈ DAN if and only if max_{1≤i≤n} |X_i| [∑_n i=1(X_i − X̄_n)^2

] 1_2 → 0 in pr. (3.16)

¿From a theoretical point of view, Theorem 3.1 seems to be the most interesting of the last three statements above. But we will use Theorem 3.2 to prove the main result in this paper, in Section 4.

Finally, here is another characterization of DAN in terms of sums of squares.

3.4. Theorem. Let X, X_i, X^′_i, i ∈ N, be i.i.d. non–degenerate random variables. Then, X ∈ DAN if and only if ∑_n i=1 X^2_i ∑_n i=1 X^{′2}_i → 1 in pr. (3.18)

Proof. Without loss of generality we can replace X_i by X_i + I_{Xi=0} and likewise for X^′_i, so that neither the numerator nor the denominator in (3.18) ever vanish. If EX^2 < ∞ we have convergence a.s. in (3.18) as a consequence of the LLN. If X ∈ DAN and EX^2 = ∞ then (3.18) is a consequence of Raikov’s theorem, mentioned above.

Suppose (3.18) holds. We may as well assume EX^2 = ∞. Then, log (^n∑ i=1 X^2_i ) − log (^n∑ i=1 X^{′2}_i ) → 0 in pr.

Hence, the sequence of random variables { log (∑_n i=1 X^2_i )} is shift tight, that is, there is a sequence of numbers {b_n} such that the sequence { log (^n∑ i=1 X^2_i ) − log b^2_n } (3.19)

is stochastically bounded (e.g. Araujo and Giné,1980, page 27). Note that b_n → ∞ necessarily. The following general fact is obvious: If the sequence {ξ_n} is independent from the sequence {ξ^′_n}, both are tight and ξ_n − ξ^′_n → 0 in pr., then the sequence of vectors {(ξ_n, ξ^′_n)} is tight and all its subsequential limits (Z, Z^′) satisfy Z − Z^′ = 0, Z and Z^′ independent, hence Z = Z^′ = constant a.s., and moreover, the set of these constants is bounded (as the subsequential limits of a tight sequence form a tight set). Hence, all the subsequential limits of (3.19) are constants, and these constants form a bounded set. Consider a subsequence for which there is convergence, say {n^′}. Then ∑_n′ i=1 X^2_i b^2_n′

→ c in pr.

for some c ∈ (0, ∞). Since b_n → ∞ we can apply the general central limit theorem, degenerate case (i.e., general LLN) to obtain that for all δ > 0:

n^′ Pr { X^2 > δb^2_n′ } → 0 and n^′ b^2_n′ EX^2I_X2_{≤δb}2_{n′} → c. But these conditions, in the case EX^2 = ∞, that we are assuming, imply

L (∑_n′ i=1(X_i − EX_iI_X2_{i ≤δb}2_{n′} ) b_n′ ) →_d N(0, c). (3.20)

Therefore, if X satisfies condition (3.18), then X belongs to the domain of partial attraction of the normal law and, moreover, there exists a sequence b_n → ∞ such that the limit (3.20) holds along a subsequence of every subsequence. We easily conclude from this, by the convergence of types theorem, that X belongs to the domain of partial attraction of only one type of laws, the normal laws. Then, a result of Jain and Orey (1980) implies that X actually belongs to the domain of attraction of the normal law.

Condition (3.18) can be restated in other ways, such as ∑_{n/2} i=1 X^2_i ∑_n i=1 X^2_i → 1 2 in pr. (3.18^′)

4. A characterization of the domain of attraction of the normal law by the CLT for selfnormalized sums. As mentioned in the Introduction, the implication X ∈ DAN =⇒ L ( S_n − ES_n V_n ) → N(0, 1) (4.1)

follows almost trivially from basic principles (Raikov’s theorem): This is just the fact that (3.14) implies (3.15), which, as shown above, is an immediate consequence of the general normal convergence criterion. Thus, we should ask whether L ( S_n − m_n V_n ) →_w N(0, 1) =⇒ X ∈ DAN, or, more modestly, whether EX = 0 and L ( S_n V_n ) →_w N(0, 1) =⇒ X ∈ DAN.

For X symmetric this conjecture was shown to be true by Roy Erickson (Griffin and Mason, 1991). Here we make some remarks for the case of centered not necessarily symmetric X as explained in the Introduction.

Since in one of the two theorems that follow we use Erickson’s result, and in the other one we follow its proof quite closely, we sketch it here for the reader’s convenience. 4.1. Theorem. (Erickson) If X is symmetric then X ∈ DAN if and only if L ( S_n V_n ) →_w N(0, 1). (4.2)

Proof. The direct part has already been proved ((4.1)). Let Z be a N(0, 1) variable. Then, S_n/V_n → Z in law implies that E ( S4_n V^4_n ∧ M ) →_{n→∞} E(Z^4 ∧ M) →_{M→∞} EZ^4 = 3,

and therefore, that lim inf n→∞ E [( S_n V_n )_4 ∧ M ] ≥ 3. (4.3)

As mentioned at the beginning of the proof of Theorem 2.1, by symmetry, the variables ε_i := X_i/|X_i| are independent Rademacher, and independent from the variables |X_i|. Hence, E [ X_1X3_2

V^4_n ] = [ E |X_1||X_2|^3 V^4_n ] (Eε_1)(Eε^3_2) = 0.

Likewise, E [ X_1X_2X^2_3 /V^4_n ] = 0 and E [ X_1X_2X_3X_4/V^4_n ] = 0. Therefore,

EZ^4_n = E [ ∑n_{i=1} X4_i V^4_n + 3 ∑ 1≤i≠j≤n X 2 i X^2_j V^4_n ]

= E [ 3(∑^n_{i=1} X2_i )^2 − 2 ∑^n_{i=1} X4_i V^4_n ]

= 3I_{Vn≠0} − 2nE

( X4_1

V^4_n ) . (4.4)

Equations (4.3) and (4.4) imply nE ( X4_1

V^4_n ) → 0, which in turn gives that, for all ε > 0, Pr { max_{1≤i≤n} |X_i| V_n > ε } ≤ n Pr { |X_1| V_n > ε } ≤ n ε^4 E ( X4_1 V^4_n ) → 0. The result now follows from Theorem 3.2.

Our main result is as follows.

4.2. Theorem. Let X, X_i, 1 ≤ i ≤ ∞, be i.i.d. real random variables. If L ( S_n V_n ) →_w N(0, 1) (4.5) and sup_n E | | | ∑_n i=1 X_i √∑_n i=1 X^2_i | | |^6 < ∞, (4.6)

then X ∈ DAN and EX = 0 (and conversely).

Proof. The converse is contained in Theorem 3.1. We now assume that X satisfies (4.5) and (4.6). We set

Λ_m := Λ_m(n) = E (∑ I^m_n X̃_{n,i1} . . . X̃_{n,im} ) , m ≤ n.

Since, by (4.6),

1 = lim_{n→∞} E (^n∑ i=1 X̃_{n,i})^2 = 1 + lim_{n→∞} E (∑ I2_n X̃_{n,i}X̃_{n,j} ) ,

we have lim_{n→∞} Λ_2(n) = 0. (4.7)

Next, we note the following simple, but useful, relations: ∑ I2_n X̃^2_{n,i}X̃^2_{n,j} = 1 −^n ∑ i=1 X̃^4_{n,i},

Λ_2 = E ( ∑ (i,j)∈I2_n X̃_{n,i}X̃_{n,j}^n ∑ k=1 X̃^2_{n,k} ) = E (∑ I3_n X̃_{n,i}X̃_{n,j}X̃^2_{n,k} ) + 2E (∑ I2_n X̃_{n,i}X̃^3_{n,j} ) , and (^n∑ i=1 X̃_{n,i})^4 = n∑ i=1 X̃^4_{n,i} + 3 ∑ I2_n X̃^2_{n,i}X̃^2_{n,j} + 4 ∑ I2_n X̃_{n,i}X̃^3_{n,j}

+ 6 ∑ I3_n X̃_{n,i}X̃_{n,j}X̃^2_{n,k} + ∑ I4_n X̃_{n,i}X̃_{n,j}X̃_{n,k}X̃_{n,ℓ}.

They imply that, assuming the limits exist,

lim_{n→∞} E (^n∑ i=1 X̃_{n,i})^4 = 3 − 2 lim_{n→∞} E^n ∑ i=1 X̃^4_{n,i} − 8 lim_{n→∞} E ∑ I2_n X̃_{n,i}X̃^3_{n,j} + lim_{n→∞} Λ_4(n). (4.8)

By (4.5) and (4.6), the limit at the left of (4.8) is 3. Hence, if we show that the last two limits at the right of (4.8) are 0, we will have proved:

lim_{n→∞} nE ( X_1 V_n )_4

= lim_{n→∞} E n∑ i=1 X̃^4_{n,i} = 0, (4.9)

which, as in the proof of Theorem 4.1, implies that X ∈ DAN by Theorem 3.2. It then follows from (4.5), (3.14) and (3.15) that, in addition, X is centered.

For λ > 0, let us set φ(λ) := E exp(−λX^2).

Let r be an even number and let r = r_1 + . . . + r_m, r_i non–negative integers. Then, using the same elementary identity as in (2.4) and Fubini’s theorem (note |X̃_{n,i}| ≤ 1), we have E (∑ I^n_m X̃^r1_{n,i1} · · ·X̃^rm_{n,im} ) = n! (n − m)! E (~ X^{r1}_{n,1} · · · X̃^{rm}_{n,m} )

= n! (n − m)! E [ Xr1_1 I_{X1≠0} · · · Xr_{mm} I_{Xm ≠0} V^{r2}_n ] (4.10) = n! (n − m)! 1 (^r_2 − 1)! E [∫ ∞ 0 λ^{r2 −1} exp(−λV^2_n )X^{r1}_1 I_{X1≠0} · · · X^{rm}_m I_{Xm≠0} dλ ]

= n! (n − m)! 1 (^r_2 − 1)! ∫_∞ 0 m∏ i=1 ( λ^{ri/2}E ( X^{ri} exp(−λX^2) )) φ^{n−m}(λ) λ dλ.

In particular, for m even,

Λ_m = n! (n − m)! 1 (^m_2 − 1)! ∫_∞ 0 ( λ^1_2 E(X exp(−λX2)) φ(λ) )_m φn(λ) λ dλ. (4.10^′) Equation (4.10’) allows us to apply Hölder’s inequality to obtain that, for n ≥ 6,

0 ≤ Λ_4 ≤ 4Λ^{12}_2 Λ^{12}_6 . (4.11)

By Newton’s identities, the variable ∑ I6_n X̃n,i1 . . . X̃n,i6 is a fixed (i.e., independent of n)

linear combination of terms of the form ( ∑_n i=1 X̃^r1_{n,i}) · · · (∑^n_{i=1} X̃^rk_{n,i}) where r_i are positive integers adding up to 6. Since ∑_n i=1 |X̃_{n,i}|^r ≤ 1 if r > 1, it follows that the absolute value of any such product is dominated by | ∑_n i=1 X̃_{n,i}|ℓ, where ℓ ≤ 6 is the number of exponents r_i which equal 1. Therefore, condition (4.6) implies sup_n Λ_6(n) < ∞. Combining this and the limit (4.7) with inequality (4.11) gives

lim_{n→∞} Λ_4(n) = 0, (4.12)

which is one of the two limits we needed to compute in order to complete the proof.

By (4.10) and Hölder, | |E ∑ I2_n X̃_{n,i}X̃^3_{n,j} | |

= n! (n − 2)! | | | | ∫_∞ 0 ( λ^{12} E ( X exp(−λX^2) ))( λ^{32} E ( X^3 exp(−λX^2) )) φ^{n−2}(λ) λ dλ | | | | ≤ n! (n − 2)! [∫_∞ 0 ( λ^{12} E ( X exp(−λX^2) ))2 φ^{n−2}(λ) λ dλ ] 1_2

× [∫_∞ 0 ( λ^{32} E ( X^3 exp(−λX^2) ))2 φ^{n−2}(λ) λ dλ ] 1_2

= 2^{12} Λ^{12}_2 (n) [ E ∑ I2_n X̃^3_{n,i}X̃^3_{n,j} ]^12 .

Since ∑ I2_n |X̃ 3 n,iX̃3_{n,j}| ≤ (∑^n_{i=1} |X̃_{n,i}|3)^2 ≤ 1, it follows from the previous inequality and the limit (4.7) that lim_{n→∞} E ∑ I2_n X̃_{n,i}X̃^3_{n,j} = 0. (4.13)

As argued above, the limits (4.12) and (4.13) imply the limit (4.9) and, with it, the theroem.

Remark 2.2 shows that the sixth moment condition is implied by the regularity condition (2.11). We thus have:

4.3. Corollary. Suppose E|X| < ∞, EX = 0 and that condition (2.11) holds for X. Then, L ( S_n − m_n V_n ) →_w N(0, 1) =⇒ X ∈ DAN.

Finally, we observe that, if S_{n/2}/V_n and (S_n −S_{n/2})/V_n converge jointly to 1/ √ 2 times the standard normal distribution of R^2, then we can symmetrize and therefore obtain that X ∈ DAN: 4.4. Theorem. A necessary and sufficient condition for X ∈ DAN and EX = 0 is that

L ( ∑[n/2]_{i=1} X_i V_n , ∑_n i=[n/2]+1 Xi V_n ) →_w N ( 0, (_1 2 0 0^1_2 )) . (4.14)

Proof. If X ∈ DAN and EX = 0 then (4.14) is a simple consequence of (3.15), which allows replacement of V_n by b_n. To prove the converse, it suffices to show that if {ε, ε_i} is a Rademacher sequence (that is, these variables are i.i.d. and Pr{ε = 1} = 1 − Pr{ε = −1} = 1/2) independent of the sequence {X_i}, then L ( ∑n_{i=1} ε_iX_i V_n ) →_w N(0, 1). (4.15)

To see this, we note that if (4.15) holds then, εX being symmetric, we can apply Theorem 4.1 and conclude that εX ∈ DAN. But then, obviously, also X ∈ DAN (the DAN criterion for X only depends on the distribution of |X|). Moreover, as we have already observed above, (4.5) and X ∈ DAN implies EX = 0.

So, let us assume that (4.14) holds. To prove (4.15) we begin by showing that if τ_n = o(n), τ_n ∈ N, then S_{τn} V_n → 0 in pr. (4.16)

By writing S_{τn} V_n = S_{τn} V_{τn} V_{τn} V_n , and taking into account that the sequence {_{Sτn} V_{τn} } is stochastically bounded by hypothesis, it suffices to see V^2_{τn} V^2_n

→ 0 in pr. (4.16^′)

This sequence is tight as it is bounded by 1, and so is the sequence of vectors {( V 2_{τn} V^2_n , V^2_{2τn} − V^2_{τn} V^2_n , . . . , V^2_{kτn} − V^2_{(k−1)τn} V^2_n )}_∞ n=1 for each k since eventually the sum of their coordinates is smaller than 1. The coordinates of these vectors are not independent, but they are equidistributed. We conclude that, if Y_1 has the law of a subsequential limit of the laws of^{V 2τn}_{V 2n} , then for each k there are random variables Y_2, . . . , Y_k (a different collection for each k) with the same distribution as Y_1 and such that ∑_k i=1 Y_i ≤ 1. Hence, EY_1 ≤ k^{−1} for all k, that is, Y_1 = 0 a.s. (as Y_1 ≥ 0), proving (4.16’).

Let now A_n = {i ≤ n : ε_i = 1}. By the law of the iterated logarithm, |#A_n − n/2| = O ( (n log log n)^1/2 ) a.s. If we let τ_n = |#A_n − [n/2]|, which is o(n) a.s., then we have that, for all n, ( ∑_{i∈An} X_i V_n , ∑ i∈A^c_n Xi V_n )_L = ( ∑^{[ n}2^]_{i=1} X_i V_n ± ∑_[ n_{2 ]+τn}

i=[^n2 ]+1 Xi V_n , ∑_n i=[^n2 ]+1 Xi V_n ∓ ∑_[ n_{2 ]+τn}

i=[^n2 ]+1 Xi V_n ) . By (4.16) this last sequence of random vectors is weak convergence equivalent to the sequence whose general term is

( ∑^n2_{i=1} X_i V_n , ∑_n i=^n2 +1 Xi V_n ) .

By hypothesis, this sequence has limit N ( 0,^1_2 Id ) . We have thus proved that, if Z_1 and Z_2 are two independent, centered normal variables each with variance 1/2, then,

L ( ∑_n i=1 ε_iX_i V_n | | |{ε_i} ) ≈_{a.s.} L ( ∑^n_2 i=1 X_i V_n − ∑_n i=^n2 +1 Xi V_n ) →_w L(Z_1 − Z_2).

Therefore, the limit (4.15) holds, and the theorem is proved.

(4.14) should be compared to (3.18’). It would be interesting if (3.18’) could be deduced directly from (4.14), or even better, from weaker versions of (4.14) such as

L ( ∑[n/2]_{i=1} X_i V_n ) → N ( 0, 1 2 ) and L ( ∑n_{i=1} X_i V_n ) → N ( 0, 1 ) .

Acknowledgements. The first named author gratefully acknowledges the hospitality and the excellent working atmosphere enjoyed during two visits at the Universität Bielefeld, SFB 343, that made possible his work on this project. We thank David Mason for introducing the problem considered in this article to us, through the second named author.

References

Araujo, A. and Giné, E (1980). The Central Limit Theorem for Real and Banach valued random variables. Wiley, New York.

Bentkus, V. and Götze, F. (1994). The Berry-Esseen bound for Student’s statistic. Universität Bielefeld, SFB 343, Preprint No 94–033. To appear in Ann. Probab. Cuzick, J., Giné, E. and Zinn, J. (1995). Laws of large numbers for quadratic forms, maxima of products and truncated sums of i.i.d. randon variables. Ann. Probab. 23 292–333.

Feller, W. (1971). An Introduction to Probability Theory and Its Applications. Vol. II. Wiley, New York.

Griffin, P. S. and Mason, D. M. (1991). On the asymptotic normality of selfnormalized sums. Proc. Cambridge Phil. Soc. 109 597–610.

Jacobson, N. (1951). Lectures on Abstract Algebra, I. Van Nostrand, Princeton, New Jersey.

Jain, N. C. and Orey, S. (1980). Domains of partial atraction and tightness conditions. Ann. Probab. 8 584–599.

Lévy, P. (1937). Théorie de l’addition des variables aléatoires. Gauthier–Villars, Paris. Logan, B. F., Mallows, C. L., Rice, S. O., and Shepp, L. A. (1973) Limit distributions of selfnormalized sums. Ann. Probab. 1 788–809.

O’Brien, G. L. (1980). A limit theorem for sample maxima and heavy branches in Galton–Watson trees. J. Appl. Probab. 17 539–545.

Evarist Giné Friedrich Götze Department of Mathematics Fakultät für Mathematik Department of Statistics Universität Bielefeld University of Connecticut Postfach 8640 Storrs, CT 06269 4800 Bielefeld 1 USA Germany gine@uconnvm.uconn.edu goetze@mathematik.uni-bielefeld.de