n

− → − →

Z

Z Z

Z Z

HIDETO ASASHIBA

1

A CO

VERING TECHNIQUE F

OR DERIVED EQUIV

ALENCES

k

k

k

e m

e

em

G k G

A

A

A

k S L , k

A B

A B A

B

A B

A B

A B

R S

R/G S/H G H

Department of Mathematics, Osak a City University ,

3-3-138 Sugimoto, Sumiy oshi-ku, Osak a, 558, Japan

Throughout this pap er denotes an algebraically closed field. The word algebra

always means a basic finite-dimensional -algebra with identity

, and all categories

and functors are assumed to b e -linear.

Consider a Brauer tree with edges whose exceptional vertex has multiplicity .

Then Rick ard proved that the algebra defined by this Brauer tree is derived equiv alent

to the symmetric Nak ayama algebra with iso classes of simples and of Lo ewy length

+ 1 ([17, Theorem 4.2]). In particular this solves the following problem p osed by

Broú e [3] affirmatively in the cyclic defect case:

F or a finite group , is a blo ck of with ab elian defect derived

equiv alent to its Brauer corresp ondent?

In this pap er we develop a “covering technique” for derived equiv alences to give a new

approach to this problem (see Example 5.2), which extends Rick ard’s result ab ove.

In fact, as an application, we classify representation-finite selfinjective algebras of

typ e up to derived equiv alences.

In the sequel, we consider covering functors to “algebras”, and for an algebra

we deal with its rep etition (= rep etitive “algebra”) , which is no longer an algebra

with identity but can b e regarded as a category

. Accordingly

, we regard all algebras

as categories and work over categories.

Our investigation was motiv ated by lo oking quiver presentations of the principal

blo ck Λ of (2 4) and its Brauer corresp ondent Γ when is of characteristic 2.

As we will see in section 5 we can find algebras and such that there are Galois

covering functors Λ, Γ. F urther it is not hard to see that is derived

equiv alent to . W e want to induce a derived equiv alence b etween Λ and Γ from one

b etween and . This observ ation leads us the following problems, whose answers

provide a desired to ol.

(1) When do es a derived equiv alence b etween algebras and yield a derived

equiv alence b etween and ?

(2) When do es a derived equiv alence b etween categories and yield a derived

equiv alence b etween quotient categories and by groups and of n

n

Z Z

Z Z

Z

Z

− →

∈

∈ ∈

̸

Preliminaries

R S

A B A B

A B

R R/G

R

R/G G

R/G

R

A

A

A /G A G

A

S L ,

A

A

A

A A

A A

A A x, y

x, y A

A A A A

x A y A

A x, y A y , x

A A A

A A

A A A

A svelte

sp e ctr oid lo c al ly finite-dimensional c ate gory

b asic

semip erfe ct

p ointwise finite

finite

lo c al ly b ounde d automorphisms of and ?

In section 1 we answer the problem (1) to show that if two algebras are derived

equiv alent, then their rep etitions are derived equiv alent. It immediately follows from

this that for algebras and of finite global dimension, the rep etitions and

are stably equiv alent iff and are derived equiv alent. Next in section 2 we show

that a Galois covering functor induces a Galois covering functor from

a full sub category of b ounded homotopy category of finitely generated pro jective

-mo dules consisting of a complete list of indecomp osable ob jects to a dominant

part of the corresp onding full sub category for with the same group . W e

exp ect that this enables us to calculate the derived category for using that

for . In section 3 we give an answer to the problem (2) using the theorem in

section 2. In section 4 we give some applications of our technique. The first one

gives an infinite sequence of derived equiv alent pairs of algebras from one such pair.

Next we classify selfinjective algebras of typ e under derived equiv alences. This

classification shows us that b eing stably equiv alent is equiv alent to b eing derived

equiv alent also for selfinjective algebras of typ e . Notice that our technique may

b e applied to standard representation-finite selfinjective algebras. In fact, according

to Hughes and W aschb ¨ usch [10], a standard representation-finite selfinjective algebra

has the form for some tilted algebra and for some group of automorphisms

of . In the last section we give an example to illustrate the pro of in the previous

section, and we explicitly present our solution of Broú e’s problem for the group

(2 4) ab ove.

As stated in the intro duction we regard every algebra as a category

, more precisely

as a finite sp ectroid. Recall from Gabriel-Roiter [6] that a category is called

(= skeletally small) if the iso classes of ob jects of form a set; and a svelte category

is called a (= a in [4]) if the following

three conditions are satisfied:

(i) is , i.e., distinct ob jects of are not isomorphic;

(ii) is , i.e., every ob ject of has a lo cal endomorphism ring; and

(iii) is , i.e., the space ( ) is finite-dimensional for every

.

F or a sp ectroid , is called if has only a finite numb er of ob jects; and

is called if for every , there are only finitely many such

that ( ) = 0 or ( ) = 0.

F or a sp ectroid , we denote by Mo d the category of all (right) -mo dules;

by mo d the full sub category of Mo d consisting of finitely presented ob jects; by

Pro the full sub category of Mo d consisting of pro jective ob jects; and by pro

the full sub category of Pro consisting of finitely generated pro jective ob jects. In k

b

b

b

A

A b

A A

b

b

A

b

Prop osition 1.1.

Definition 1.2.

Derived equiv alences of Repetitions

−

A C A C A

A H A

H A A

D A D A

T T

T T

T

X −

∈ X ⊆ H −

− → X

− ∈ −

−

D − → D

D

∈ D −

∈ ̸D

D

H

∈ ̸H

X

∈ D D −

H

D − → D

A A

D , k

E E

E

E

E A

A A , x

x A A A , x

η η A

η x A , x x A A , x

A ,

A B

A B

E A

T E A T ,

T , U E n A T , U n

E A

E B

E A

T , U E n A T , U n

E

E B

A B

T A A T , T

A

A B

A, E , B

A B E

A A B

L et and b e c ate gories. Then the fol lowing ar e e quivalent:

Ther e is an S-e quivalen c e ;

Ther e is a ful l sub c ate gory of such that the fol lowing ar e satisfie d:

F or al l , c ommutes with dir e ct sums;

F or al l and for al l , ;

; and

is e quivalent to .

Ther e is a ful l sub c ate gory of such that the fol lowing ar e satisfie d:

F or al l and for al l , ;

c ontains ; and

is e quivalent to .

Pr o of.

derive d e quivalent

tilting triple tilting sp e ctr oid addition, mo d denotes the (pro jectively) stable category of mo d , and we set

:= Hom ( ).

F or an additive category , we denote by ( ) (resp. ( )) the category of

differential complexes (resp. of b ounded differential complexes) in , and by ( )

(resp. ( )) the corresp onding homotopy category

. When is an ab elian category ,

we denote by ( ), ( ) the corresp onding derived category . F or a triangulated

category , and a class of ob jects in , tri( ) denotes the smallest full triangulated

sub category of closed under isomorphisms that contains . F urther if has infinite

direct sums, by T ri( ) we denote the smallest full triangulated sub category of

closed under isomorphisms and infinite direct sums that contains . F or a category ,

denotes the full sub category of pro consisting of representable functors ( )

for some . W e regard (pro ) by considering each ( ) as a complex

concentrated in degree 0. By = : we denote the Y oneda equiv alence

defined by ( ) = ( ) for all . As in the notation ( ), by (-) or (?)

we denote a place for a v aluable. When we want to stress the difference of v aluables,

we use different symb ols like ( ?). W e refer the definitions of S-functors and

S-equiv alences to Keller-V ossieck [12].

1.

W e start with a categorical version of Rick ard’s theorem [16, Theorem 6.4].

(1) (Mo d ) (Mo d )

(2) (Mo d )

(a) (Mo d )( )

(b) = 0 (Mo d )( [ ]) = 0

(c) T ri( ) = (Mo d )

(d)

(3) (pro )

(a) = 0 (pro )( [ ]) = 0

(b) tri( )

(c)

Consider and as DG-categories concentrated in degree 0. Then the equiv-

alence of (1) and (2) follows from Keller [11 , Corollary 9.2]. Note that for each

(Mo d ), (Mo d )( ) comm utes with direct sums iff is isomorphic to

an ob ject of (pro ). Then the equiv alence of (2) and (3) follows.

W e say that categories and are if one of the

equiv alent conditions ab ove holds. In this case the triple ( ) in (3) is called a

. When b oth and are sp ectroids, in (3) is called a

for . The S-equiv alence (Mo d ) (Mo d ) constructed by an equiv alence

Z

0

0

0

0

Lemma 1.3.

−

−

−

− −

−

− −

−

−

−

¯

+

=

1

=

+1 1

¯

= =

+1

+1

¯

+ +

+

1

¯

1 1

1

¯

¯

+1

1

¯

⨁ ⨁

⨁ ⨁

− →

− → − → X

∈ H

H ⊗ −

∼

H

∈

− − ⊗ −

∼

− −

∈

⊗ −

∼

∈ H

⊗ − ⊗ − ∈ H

− →

→

− →

→ −

H ⊗ −

−

−

L et b e a svelte p ointwise finite c ate gory. Then for al l ,

we have

Pr o of.

ψ

B B

b

A

A A A

A A A

i i

T i i

U b

i i

A i

U i

U

A b

i

n

i m

A i i n

i m

A i i

i

i i i

T i

U i

i

n

i m

A i i n

i m

A i i

i

i i i

T i

U i

i

A

A m m

U

A m

T m

A n

T n

A n n

U

A m m

U

A m

T m

A n

T n

A n n

U ψ E B φ

η ψ E B

A T , U A

A T , U D A , D A U, T .

x, y A

A , x , A , y D A , D A , y , A , x .

X , Y A

X , Y D A , D Y , X

X Y T T , d , U U , d A

U U D A , , d d D A , T A m < n

T i < m n < i

δ T , U T , U

f f d d f

δ T , U T , U

g g d d g .

A T , U D A , δ / δ . δ , δ

δ

T , d d , U

d , U

T , d

δ

T , d d , U

d , U

T , d

.

: as in Keller [11] is denoted by , which restricts to the equiv alence

: .

(pro )

(Mo d )( (? )) = ( (Mo d )( ))

F or all , we have a canonical isomorphism

Hom ( ( ) ( ) (? )) = Hom ( ( ) ( ))

Hence for all pro , there is an isomorphism

Hom ( (? )) = Hom ( )

which is natural in and . Let = ( ) = ( ) (pro ), and put

¯

= (? ) = (? ). Since (pro ), there are

in such that = 0 whenever or . Put

: Hom (

¯

) Hom (

¯

)

( ) ( + )

: Hom (

¯

) Hom (

¯

)

( ) ( )

Then by definition, (Mo d )( (? )) = Ker Im Now can

b e expressed as follows:

=

Hom ( ) Hom (

¯

)

.

.

.

.

.

.

Hom (

¯

)

Hom ( )

=

Hom ( ) Hom (

¯

)

.

.

.

.

.

.

Hom (

¯

)

Hom ( )

Z

Z

Z

0

0

0

0

r ep etition

Definition 1.4.

−

−

− −

−

−

−

− −

− −

−

− −

−

−

−

−

−

−

−

′

′ ′

−

−

∼

∼

− →

→ −

− →

→ − −

∼

H

−

∼

C

H ⊗ −

∼

H

∈ ∈

{ | ∈ }

{ | ∈ }

⨁ ⨁

⨁ ⨁

+

+

1

1 1

1

+1

1

+ +

+ +

+

+ +

+

+1

= +1

1

=

1 +1

+

=

1

= 1

+1

+1

+

[ ]

[ ] [ ]

[ ]

[ ]

A m

U m

A m m

T

A n n

T

A n

U n

A m

U m

A m m

T

A n n

T

A n

U n

n

i m

A i i n

i m

A i i

i

i i

T i i i

U i

n

i m

A i i n

i m

A i i

i

i i

T i i i

U i

i i

T

A

n

n m n

n δ , δ

δ

D d , T D U , d

D U , d

D d , T

δ

D d , T D U , d

D U , d

D d , T

.

δ , δ δ , δ

δ / δ δ / δ .

A δ , δ k

δ / δ D D δ / D δ .

δ δ

D δ U , T U , T

g d g g d

D δ U , T U , T

f d f f d .

D δ / D δ A U, T ,

T T , d T T A

A T , U D A , D A U, T

A A A

x x, n x A n

A x , y f f , n f A x, y m n

φ φ, n φ D A y , x m n

Define

~ ~

as follows:

~

=

Hom ( ) Hom ( )

.

.

.

.

.

.

Hom ( )

Hom ( )

~

=

Hom ( ) Hom ( )

.

.

.

.

.

.

Hom ( )

Hom ( )

Then are isomorphic to

~ ~

, resp ectively

, and

Ker Im = Ker

~

Im

~

Since is p ointwise finite,

~ ~

are in mo d . Hence

Ker

~

Im

~

= (Ker(

~

) Im(

~

))

Now by the matrix expressions of

~

and

~

we have

~

: Hom ( ) Hom ( )

( ) (( ) + )

~

: Hom ( ) Hom ( )

( ) ( ( ) + )

Thus

Ker(

~

) Im (

~

) = (Mo d )( )

where := ( ). But obviously = in (Mo d ). As a consequence, we

have (Mo d )( (? )) = (Mo d )( ).

W e recall the definition of the rep etition of a sp ectroid (Cf. [6]). Note that we

slightly changed the definition.

Let b e a sp ectroid. W e define a sp ectroid, the of

as follows. Ob jects are the pairs := ( ) with and .

( ) :=

:= ( ) ( ) if = ;

:= ( ) ( ) if = + 1; and

0 otherwise.

Z

∼

Z

Z

Z

Theorem 1.5.

Z Z Z

Z

Z

Z

Z Z

Z Z

Z Z

Z

Z Z

Z

Z Z Z

Z Z Z

Z Z Z

Z Z

Z m l n m n l

n n

n n n

n

A n n

b n

A n b

b b

n

i j b i j

b

A i

A j

b

A i

A j

A i

A j

A i

A j

A i j

A b

A

[ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ]

[ ] [ ] [ ]

[ ]

[ ] [ ]

[ ] [ ]

[ ]

[ ] [ ] [ ] [ ]

[ ] [ ]

[ ] [ ]

[ ] [ ]

[ ] [ ]

[ ] [ ]

× − →

× − →

−

× − →

−

× − →

∈

∈ − → → →

∈ −

∈ − ⊗ −

∼

−

∈ H ⊗ − ∈ H

H H

∈ ∈

∈ ̸H

H ⊗ − ⊗ −−

∼

H ⊗ − ⊗ −−

∼

H ⊗ − ⊗ −−

∼

H − ⊗ −−

∼

H ⊗

∼

H ⊗

∼

H

H ⊗

L et and b e sp e ctr oids. If and ar e derive d e quivalent, then

their r ep etitions ar e derive d e quivalent .

Pr o of.

A y , z A x , y A x , z

m n, l m A

A y , z A x, y A x, z .

m n, l m A

D A ,

D A z , y A x, y D A z , x .

m n , l m A

D A ,

A y , z D A y , x D A z , x .

n A A x

x A A A A , x x

A A

A B A B

A, E , B n A , A A

x A A , x A , A , x

P A P P A , A E

A E A

T T E n A , E , B

T , U E n A T , U n

A T A , , U A , n

A T A , , U n A ,

A T A , , U n A ,

A T , A , , U n A ,

A T , U n A ,

A T , U n A , A T , U n j i

A T , U n D A , j i and

.

The comp osition

( ) ( ) ( )

is given as follows:

(i) If = = , then this is the comp osition of :

( ) ( ) ( )

(ii) If = = + 1, then this is given by the right -mo dule structure of

( ?):

( ) ( ) ( )

(iii) If = + 1 = , then this is given by the left -mo dule structure of

( ?):

( ) ( ) ( )

(iv) Otherwise the comp osition is zero.

F or every , we denote by the full sub category of formed by with

, and by 1 : , the emb edding functor.

Note that if a sp ectroid is lo cally b ounded, then so is .

Let ( ) b e a tilting triple. F or every , ( 1 ?) is an - -

bimo dule. F or every , we have ( ) ( 1 ?) = ( ). Hence

for every (pro ), we see := ( 1 ?) (pro ). Since is a

sub category of (pro ), we can define a full sub category

^

of (pro ) consisting

of for and . W e have only to show that (

^

) is a tilting triple.

(a) F or all

^

and for all = 0, (pro )( [ ]) = 0.

In fact, the left hand side is equal to

(pro )( ( 1 ?) ( ( 1 ??))[ ])

= (pro )( ( 1 ?) [ ] ( 1 ??))

= (Mo d )( ( 1 ?) [ ] ( 1 ??))

= (Mo d )( Hom ( ( 1 ?) [ ] ( 1 ??)))

= (Mo d )( [ ] (1 ? 1 ??))

=

(Mo d )( [ ] (? ??)) = (pro )( [ ]) = 0 if = ;

(Mo d )( [ ] (?? ?)) if = + 1;

0 otherwise

− 1

Z

Z

Z

T

U

U

T

∼

∼

∼

∼

Z

Z

Z Z Z

Z

Z Z

Z

Z Z

Z

Z Z

Z

Z

Z Z Z

Z

Z Z Z Z

Z

Z Z

Z Z

Z Z Z

A

b

A

b

A i

b b

A i

A i i

A

i i

A

T

U

n n n

i j

A i

A j

A i j

ψ

D ψ

i j i j

i j

i j l

j l i j i l

ψ ,ψ ψ

j l i j i l

[ ]

[ ]

[ ] [ ]

[ ] [ ]

[ ] [ ] [ ]

[ ] [ ]

[ ] [ ]

[ ] [ ]

( )

[ ] [ ] [ ] [ ]

[ ] [ ]

[ ] [ ] [ ]

[ ] [ ] [ ] [ ] [ ] [ ]

( )

[ ] [ ] [ ] [ ] [ ] [ ]

H ⊗

∼

H

∼

H −

⊇ X

E H

⊗ − ∈ ∈ E E

H − → H → ⊗ − ∈

∈ ⊗ − ∈ ⊆ ⊆ E

E ⊇ ⊇ X ∈ ∈ ∋

− ⊗ −

∼

− ⊇ X

− → ∈ − →

− →

∈

− →H ⊗ − ⊗ −−

− →H ⊗

− →

H − →

H − − − − − →

− →

∈

∈

∗

× − − − →

× − − − →

∗

∈ { } ∈ { } ∈ { } j i A T , U n D A ,

D A U n , T D A U, T n .

E

A P

P A , E i

A A , P P A , i

T E T A , T E E E

E x A i E

A , x A , A , x E

E B

ψ E B T , U E ψ E T , U B ψ T , ψ U

ψ ψ E B

T E ψ T ψ T

ψ

E T , U

A T A , , U A ,

A T , U A ,

A T , U E T , U B ψ T , ψ U j i

D A U, T D E U, T D B ψ U, ψ T j i and

B ψ T , ψ U B ψ T , ψ U

T , U E ψ k

ψ ψ

ψ k ψ

T , U , V E

E U , V E T , U E T , V

B ψ U , ψ V B ψ T , ψ U B ψ T , ψ V

j i, i l j, j l i, i

Now in case = + 1, we have by Lemma 1.3, (Mo d )( [ ] (?? ?)) =

(Mo d )( [ ] ) = (pro )( [ ]) = 0

(b) tri(

^

) .

In fact, let b e the full sub category of (pro ) formed by the ob jects such

that ( 1 ?) tri(

^

) for all . Then = tri( ) b ecause the functors

(pro ) (pro ) ( 1 ?) are S-functors. Since for all ,

and for all , ( 1 ?) =

^

tri(

^

), we have . Hence

tri( ) . Therefore, for all , and for all , we have tri(

^

)

( ) ( 1 ?) = ( ). Thus tri(

^

) .

(c)

^

is equiv alent to .

Let : b e an equiv alence. F or put : ( ) ( )

to b e the isomorphism given by . W e construct an equiv alence :

^

. F or

^

, we define ( ) := ( ) . Then this gives a bijection on ob jects. Define

the v alue of on morphisms as follows:

^

( )

(Mo d )( ( 1 ?) ( 1 ??))

(Mo d )( (1 ? 1 ??))

(Mo d )( ) = ( ) ( ) if = ;

(Mo d )( ) = ( ) ( ) if = + 1 ;

0 otherwise

(( ) ( ) )) = ( )

for

^

. If we could show that the defined corresp ondence is a -functor,

then by construction turns out to b e an equiv alence. It is obvious that preserves

identities and that is -linear. Hence it only remains to show that comm utes

with comp osition. Let

^

. W e have to show the comm utativit y of the

following diagram ( ):

^

( )

^

( )

^

( )

(( ) ( ) ) (( ) ( ) ) (( ) ( ) )

If the upp er left corner or the lower right corner is zero, then ( ) is obviously com-

mutative. Hence we may assume that + 1 , + 1 and + 1 .

1 1

1 1

− −

− −

Z Z

Z Z

Z Z

Z Z

Corollary 1.7.

( )

(( ) ) ( )

( ( ) ) ( ) ψ ,ψ ψ

D ψ ,ψ D ψ

ψ , D ψ D ψ

b b

U

V

T

U

T

V

V

U

T

U

V

T

U

V

U

T

V

T

∗

× − − − →

× − − − →

∗

× − − − →

× − − − →

∗

× − − − →

× − − − →

∉ { } ∗

∗ − →

D − → D

D − → D

− →

⇒

⇒

R emark .

L et and b e lo c al ly b ounde d sp e ctr oids of finite glob al dimension.

Then the fol lowing ar e e quivalent:

Ther e is an S-e quivalen c e ; and

and ar e derive d e quivalent.

Pr o of.

j i, l j i j l

E U, V E T , U E T , V

B ψ U, ψ V B ψ T , ψ U B ψ T , ψ V .

j i, l j l i

D E V , U E T , U D E V , T

D B ψ V , ψ U B ψ T , ψ U D B ψ V , ψ T .

j i , l j l i

E U, V D E U, T D E V , T

B ψ U, ψ V D B ψ U, ψ T D B ψ V , ψ T .

j i , l j l i i, i

ψ E B

A , E , B

A B

A B

A B

A B

A B

A B

A B

(i) Case = = . In this case = = and ( ) is isomorphic to the following

comm utative diagram:

( ) ( ) ( )

( ) ( ) ( )

(ii) Case = = + 1. In this case = + 1 and ( ) is isomorphic to the following

comm utative diagram:

( ) ( ) ( )

( ) ( ) ( )

(iii) Case = + 1 = . In this case = + 1 and ( ) is isomorphic to the following

comm utative diagram:

( ) ( ) ( )

( ) ( ) ( )

(iv) Case = + 1 = + 1. In this case = + 2 + 1 . Hence ( ) is

comm utative.

In any case the diagram ( ) is comm utativ e. Thus :

^

is a functor that

is fully faithful and bijective on ob jects. As a consequence, (

^

) is a tilting

triple.

1.6 Let and b e lo cally b ounded sp ectroids. Then as in Rick ard [16]

the following are equiv alent:

(1) There is an S-equiv alence (Mo d ) (Mo d ); and

(2) There is an S-equiv alence (mo d ) (mo d ).

(1) mo d mo d

(2)

(2) (1). This follows from a categorical version of [17 , Corollary 2.2] or [12,

2.3 Exemple].

(1) (2). By assumption using a theorem of Happ el [8] or of Keller-V ossieck [12 ],

the statement (1) implies that and are derived equiv alent, which implies the

statement (2) by Theorem 1.5.

⋉

⨁

−

∈

·

·

−

−

1

1

Z Z

Z

Z

Z

[ ] [ +1]

1 op op

op · ·

· · ·

·

·

· ·

·

·

·

·

·

·

·

·

· ·

Example 2.1.

Lemma 2.2.

Lemma 2.3.

b b b b

b

b

n n

g g M

g

b b g

b

b

b g b g

x a

F

F

b b

b

g b

Coverings of spectroids of homotopy ca tegories

− →

H H C C

H

H

− →

→

⟨ ⟩

− → ⟨ ⟩

∈ ∈

∘ − − → − →

∈ − − →

H − → H −

H

H ∈

H

∼

H

− → ∘

− →

H

− →

← −

H

−

∼

− ∈

H − → H

∈ H

∈

∼

H

R G

R F R R/G

R

R R/G R R/G

G

F G R

R/G

A ν A A

A x x

A / ν T A A D A

A T A ν

G R g G M R

M M g R R k .

g G R R

R R

G R

X , Y R g G

R X , Y R X , Y

F R/G R F M M F

F R R/G F M a M x F

F F F F , F

F , F

R R/G .

F F F R , x R/G , F x x R

F

F R R/G .

X R

g G F X F X R/G lo c al ly b ounde d

aggr e gate

The action of on is , i.e., for every p air

of obje cts of , ther e ar e only a finite numb er of such that

.

Pr o of.

pul l-up

push-down

L et . Then the fol lowing hold.

F or al l , in ;

2.

Throughout this section is a sp ectroid, a group of automor-

phisms of and : is the canonical Galois covering functor. Note in this

case that an -mo dule is finitely presented iff it is finitely generated iff it is finite di-

mensional. Recall that a category is called an (= a Krull-Schmidt category)

in case it is additive, svelte, p ointwise finite and each ob ject is a finite direct sum of

indecomp osables with lo cal endomorphism algebras ([6, 3.5]). Note also that b oth

(pro ) and (pro ) are aggregates b ecause b oth (pro ) and (pro )

are. In this section we will show that under a suitable condition on , the covering

functor induces a Galois covering with the group from a sp ectroid of (pro ) to

a full sub category of a sp ectroid of (pro ). The following example of a Galois

covering will b e used later.

Let b e a lo cally b ounded sp ectroid and : an auto-

morphism (so-called Nak ayama automorphism) of given by . Then

is isomorphic to the trivial extension ( ) := . Thus we have a Galois

covering ( ) with group .

Recall that the group acts on Mo d : F or each , and for each Mo d ,

:= : Mo d

Since for every , ( ) : pro pro is an equiv alence, it induces an S-

equiv alence (pro ) (pro ), which is denoted also by ( ).

(pro ) lo cally b ounded

( ) (pro )

(pro )( ) = (pro )( ) = 0

Straightforward. See also Remark 2.4.

Let : Mo d Mo d , ( ) := b e the functor, and

: Mo d Mo d , ( ( ))( ) := ( ) the functor. Then

is the left adjoint of , and b oth and are exact functors. Hence induce

S-functors, which we denote also by , resp ectively:

(Mo d ) (Mo d )

Then again is the left adjoint of . Since ( ) = ( ) for all ,

induces a functor

: (pro ) (pro )

(pro )

(1) = (pro )

X,Y

X,X

Lemma 2.5.

∈

∈

∼

∈

∈

∈

∈

∈

∈ ∈

∈ ∈

⨁

⨁

⨁

⨁

⨁

⨁

⨁

⨁

⨁ ⨁

⨁ ⨁

·

·

·

· ·

· · · ·

·

·

· ·

· ·

·

· ·

· ·

· · · ·

·

· ·

∼

H

∈ H

H − → H

H −

H

∼

H

∼

H

∼

H

∼

H

H

{ ∈ |H ̸}

H

∼

H

H

∼

̸∈

∼

̸∈ ∈ H

∼ ∼

∈

{ ∈ |

∼

} ∋ ⊆

H

∼

H

H H ∈ \

H H

∼

H H

∼

{ }

∼ ∼

∼ g G g

b

g G b g b

b

b

b

g G g

g G b g

b

X ,Y b g

b b

g G g

b

g

g b

g

g

X ,X

b b

g G g

b g b g

b b

g H b g b g

H

g G g

g G g

g G g

g H g in , c anonic al ly; and

F or al l , induc es an isomorphism

Pr o of.

R emark .

L et b e an inde c omp osable obje ct of . Then

is inde c omp osable iff for al l .

Assume that for al l and let . Then

implies that for some .

Pr o of.

F F X X R

Y R F

R X , Y R/G F X , F Y .

R X ,

R/G F X , F Y R/G F X , F Y

R X , F F Y

R X , Y

R X , Y .

R/G F X , F Y

G g G R X , Y G

R/G F X , F Y R X , Y .

X R

F X X X g G

X X g G Y R

F Y F X Y X g G

H g G X X H G

R/G F X , F X R X , X .

R X , X R X , X g G H

R/G F X , F X / R/G F X , F X

R X , X / R X , X

k .

F X H

F Y F X Y X

Y X Y X

(2) = (Mo d )

(3) (pro )

(pro )( ) (pro )( )

(1) and (2). Both isomorphisms are given by Gabriel [4, Lemma 3.2] in the

category of differential complexes, and hence in the homotopy category .

(3) Since (Pro )( ) comm utes with direct sums, we have

(pro )( ) = (Mo d )( )

= (Mo d )( )

= (Pro )( )

= (pro )( )

2.4 In (3) ab ove, since (pro )( ) is finite-dimensional, the

subset := (pro )( ) = 0 of is finite. Thus Lemma 2.2 also

follows from (3), and we have an isomorphism

(pro )( ) = (pro )( )

(pro )

(1) = 1 =

(2) = 1 = (pro )

= =

(1) Put := = 1. Then . By Remark 2.4 we

have

(pro )( ) = (pro )( )

Since rad (pro )( ) = (pro )( ) for all , we have

(pro )( ) rad (pro )( )

= (pro )( ) rad (pro )( )

=

Hence is indecomp osable iff = 1 .

(2) Assume that = . Then by Lemma 2.3 we have = ,

in particular is a direct summand of . W e first show that = g

g

· · ·

1

1

( ) ( )

Definition 2.6.

⨁

⨁

⨁

⨁

⨁

⨁

⨁ ⨁

⨁ ⨁

⨁

∈

∈

∈

∈

∈

′

∈

′

∈ ∈

′ ′

∈ ∈

∈

∼

−

−

| stable

fr e e fr e ely

fr e e

− → − → H

∈ H

H

∼

H

∼

H

∼

H

∈ H

− →

∈ H

∼

⊆ H

∼ ∼

{ } ∈

∼

⊆

∈ ∈ ∈

A

A

∼

̸∈ ∈ A

H H

X

H

I H

I H I

∈ H − → ∈ I

∈ → | | − →

H | |

|

− − − →

| − − − → | σ

g G g π

b

Y b

b

g G g

g G b g

g N b g

b

g N g

Y ,X b

g N g

g N g

g G g

Y

g N g b

g H g b

g H g

g

b b

S i i i

b

b

b

b

g g g

b g g g

g g

g α

g

w X w Y

g α

g

H G Y X Y R

π σ Y R

R Y , X

R Y , X

R Y , X

R Y , X ,

N G σ R Y , X

σ σ τ σ τ X X

π τ σ π σ σ Y

X R Y X H N R

F X F Y F X

H H g g G

Y X

I S S G

I G g X I X I g G

G

G G

g X X g G X

S S S

X , d X

G R

R G

G G

G R

X R v X X i X

g G X X i X i X α X Y

R α i α i α i α v Y αv X

w X v X v X

X Y

X Y .

for some subset of . Let b e morphisms in (Pro ) such

that = 1 . Then since (pro ), we have

(Pro )( )

= (pro )( )

= (pro )( )

= (pro )( )

where := (2.4) is a finite set. T ake (pro )( ) that cor-

resp onds to . Then we have = , where : is the

inclusion. Since ( ) = = 1 , is a section, thus is a direct summand of

(pro ). Therefore = for some b ecause (pro )

is an aggregate.

Now since = = is indecomp osable by the statement (1)

ab ove, must b e a one element set, say = with . As a consequence,

= .

(1) Let b e sets or classes and assume that has a -action.

Then is called - if for each and for each .

(2) Supp ose that the group acts on a category . Then we say that the action

of is (or that acts ) on iso classes of indecomp osable ob jects of if

= for each 1 = and for each indecomp osable ob ject .

(3) F or each sp ectroid , we cho ose a sp ectroid ind (pro ) of (pro ) such that

it contains and for each ob ject ( ) the are direct sums of representables.

(4) Assume that acts freely on iso classes of indecomp osable ob jects of (pro ).

Then first we cho ose a sp ectroid of (pro ) so that the ob ject set forms a -stable

complete set of representatives of iso classes of indecomp osables. Namely the ob ject

set is a union of some -orbits of indecomp osables. Then the action of is on

. Next we define a -action on ind (pro ) by identifying this with as follows.

F or each (pro ), fix an isomorphism ( ) : ( ) . Then for each

, the new action is defined by ( ) := ( ). F or :

in ind (pro ), is defined by ( ) := ( ), where ( ) := ( ) ( ) . Put

( ) := ( ) ( ( )). Then we have a comm utativ e diagram:

·

−

·

⨁

⨁

Theorem 2.7.

¯

1

1

1

1 1

1

¯

=

1

¯

=

1 g g g

g g

b

b

b

b b

b b

b

F

b

b

F

b

b b

b

b

b b

b b

b

b b

F Z Y b b

F Z Y b b

− −

∼

− | − −

|

H

H

H

H − → H

H − → H

H − − − → H

H − − − → H

∈ H H

∈ H

H

H − → H

∈

H − → H

∈ H

∈ H ∈ H

H − → H

H − → H fr e ely

fr e ely

Assume that acts fr e ely on . Then

is a Galois c overing with gr oup .

Pr o of.

R , x R , x R , g x R , x R , g x

X X G

R G

R

G R F

R R/G

F R R/G

R R/G

R R/G ,

F g F

g G R/G R/G

F X X R

G R

F R R/G

G

F G

F

F g F g G

F R R/G

G F X X R/G

X R Y R/G

F

R X , Z R/G F X , Y .

F

R Z , X R/G Y , F X .

Since ( ) = ( ( ) ) = ( ), we have ( ) = ( ). W e simply

write for if this makes no confusion. W e also say that acts on

ind (pro ) instead of saying that acts freely on iso classes of indecomp osable

ob jects of ind (pro ).

Now assume that acts on ind (pro ). Then by Lemma 2.5(1), :

(pro ) (pro ) preserves indecomp osability

. As in Gabriel [4, 3.6], we

can construct a functor

¯

: ind (pro ) ind (pro ) such that the following

diagram of functors is comm utative up to isomorphisms:

ind (pro ) ind (pro )

(pro ) (pro )

where the vertical arrows are the inclusion functors. Then by Lemma 2.3(1)

¯

=

¯

for all . W e set ind (pro ) to b e the full sub category of ind (pro )

consisting of

¯

for some ind (pro ).

ind (pro )

¯

: ind (pro ) ind (pro )

Recall that

¯

is a Galois covering with group iff

(1)

¯

is a covering functor;

(2)

¯

=

¯

for all ;

(3)

¯

: ind (pro ) ind (pro ) is surjective on ob jects; and

(4) acts transitively on

¯

( ) for all ind (pro ).

The statement (2) follows by construction. The statement (3) is trivial. The state-

ment (4) follows from Lemma 2.5(2). Hence it only remains to show the statement

(1). Let ind (pro ) and ind (pro ). Then it follows from Lemma

2.3(3) that

¯

induces an isomorphism

ind (pro )( ) ind (pro )(

¯

)

Next we show that

¯

induces an isomorphism

ind (pro )( ) ind (pro )(

¯

)

N ρ

ρ

1

1

·

·

∏

⨁

∏

⨁

∈

∈

∈

∈

·

·

·

· ·

·

·

Lemma 2.9.

ρ

F

F

ρ x a

F

F

ρ b

ρ b b

b

ρ

g G g

g G b g

g G b g

b

b

b

b b

b

g g

n

n

b

← −

− →

H

← −

− →

H

∈ H

H ∈ H

H

∼

H

∼

H

∼

H

∼

H

∼

H

H

H

H

H − → H

H

∈ { ∈

| ̸}

∼

∈

H

R emark .

If acts fr e ely on and is torsion-fr e e, then the action of on

is fr e e.

Pr o of.

F F

R R/G,

F M a M x

R R/G ,

F F X R

F X F X R/G Z R

F Z Y

R/G Y , F X R/G F Z , F X

R F F Z , X

R Z , X

R Z , X

R Z , X .

G R

G R

R /G F

R /G R/G .

G R G G

R

G R

g G X R X x

R X x X X X X g

X n g

X G R g g

g G

G R

Note that we have the right adjoint of the pull-up functor :

Mo d Mo d

defined as ( )( ) := ( ). These also induce S-functors

(Mo d ) (Mo d )

where again is the right adjoint of . Note that for (pro ), we have

= . By definition of ind (pro ), there is some ind (pro ) such

that

¯

= . Then

(pro )( ) = (Mo d )( )

= (Mo d )( )

= (Mo d )( )

= (pro )( )

= (pro )( )

The last isomorphism follows from the fact that the action of on (pro ) is lo cally

b ounded. This gives the desired isomorphism.

2.8 Since the action of on ind (pro ) is lo cally b ounded by Lemma

2.2, we can form the quotient ind (pro ) and

¯

induces an isomorphism

ind (pro ) ind (pro )

The following is useful in computation of examples.

ind (pro )

(1) acts freely on iso classes of indecomp osables in mo d .

Let and b e an indecomp osable ob ject in mo d . Put supp :=

( ) = 0 . Assume that = . Then supp = supp . Thus induces a

p ermutation on the finite set supp . Therefore there is some such that

fixes some ob ject of supp . Since acts freely on , = 1. Thus has a finite

order. Hence = 1 b ecause is torsion-free.

(2) acts freely on ind (pro ).

a

N

N

∼

−

−

⨁

⨁ ⨁

=1

=1 =1

( )

1

1

1

1 1

Pushdown of a derived equiv alence b

b n g

g n n g

g n n s

i i i

s

i g

i s

i i

g

i π i g

i i

a

ψ

b b

b

ρ

ρ

ρ

ρ

b b

b b φ

φ

b φ b

b b

h b

φ

Lemma 3.1.

Prop osition 3.2.

Definition 3.3.

Prop osition 3.4.

∈ H

H ̸∈

∼

− → − →

∼

∼

∼

{ }

∼

∈

∼

D − → D

− → H − → H

− →

H

− →

{ | ∈ }

− →

− →

∈

∈

H − → H

H − → H

H

∼

H

H

∼

H

H

{ − | ∈ } H

H g G X R X

R H X n X X

X X H X H X

H X H X Y Y R

Y Y π , , s

i Y Y a i Y Y

g g

R, S R, E , S

φ φ R S

ψ E S R S

φ φ G R

F R R/G G

R

ρ M N H

M H ρhρ h H

N ρ ρ/H M /H N / H

L N N / H

Lρ h Lρ h H Lρ

H Lρ a a N / H

φ R S

φ/G R /G S / G .

G H

S S / G S/H

R/G S/H

R/G S/H

H S H

h H S

E G

H S G H lo c al ly b ounde d

fr e ely

L et b e an isomorphism of sp e ctr oids and a gr oup of

automorphisms of . Put to b e a gr oup of automorphisms of

. Then induc es an isomorphism .

Pr o of.

The S-e quivalen c e induc es an isomor-

phism

Pr o of.

If the tilting sp e ctr oid is -stable ( ), then ther e is a gr oup

of automorphisms of such that .

Let and b e an indecomp osable ob ject in (pro ). Since = 0 in

(pro ), ( ) = 0 for some . Assume that = . Then we have a

quasi-isomorphism , which induces an isomorphism ( ) ( ) =

( ). Let ( ) = for some indecomp osables in mo d . Then since

= , there is a p ermutation on the set 1 . . . such that for all

, we have = . Hence for some and for some , = . Then by (1)

ab ove, we have = 1. Hence = 1.

3.

In this section we investigate how to get derived equiv alences from those b etween

coverings. Throughout the section are sp ectroids and ( ) is

a tilting triple with the S-equiv alence = : (Mo d ) (Mo d ) defined by an

isomorphism : (Definition 1.2). The S-equiv alence (pro ) (pro )

induced from is denoted also by . F urther is a group of automorphisms of

and : is the canonical Galois covering. W e always assume that acts

on ind (pro ).

W e start with the fundamental fact.

:

:=

:

Let : b e the canonical Galois covering. Then it is enough to

show the three facts: (1) ( ) = for all ; (2) is surjective on ob jects;

and (3) acts transitively on ( ) ( ) for all . These are easy to check

and are left to the reader.

: (pro ) (pro )

: ind (pro ) ind (pro )

This is immediate from the lemma ab ove.

It is interesting to know when the group is induced from a group of automor-

phisms of . F or, if this is the case, we have ind (pro ) = ind (pro ).

This makes it p ossible to relate to directly as we have an isomorphism

ind (pro ) = ind (pro ) by Theorem 2.7.

Let b e a group of automorphisms of . Then we set :=

( ) to b e a group of automorphisms of ind (pro ).

2.6

=

1

1 1 1

1 1

1 1 1

1

1 1

1 1

1

Definition 3.5.

Theorem 3.6.

−

′ − − − ′

′ ′

− ′ − ′ ′

∼

′ −

−

′ ′

′

′

·

· · ·

′

′

∼

′

′

E S S

g

S

g φ g

h h

h

φ

b

b

b φ b

b b b

S/H

b b

S/H

b

S

b

b

P b

P b

b n

R/G b n

R/G

b n

S/H

b

S/H

R/G

R/G R

S/H

| − → X

∼

{ − | ∈ } − − − → − X ∈

− ∈ − ∈

− − − −

− − − −

H

H

H

H H

H − → H H ⊇

X

H ⟨ ⟩ H

X

H X

⊆ H

∈ ̸H

H

∼

∈ H

H

∼

H

∼

H

∼

H

∈ X

⊇ X

X ⊆ ⟨ X ⟩ ⊆ ⟨ ⟩ ⊆

− → X

∼ ∼

Pr o of.

c omp atible

L et b e a tilting triple of lo c al ly b ounde d sp e ctr oids and

gr oups of automorphisms of , r esp e ctively. Assume that the action of on

is fr e e and that is -c omp atible. Then the action of on

is fr e e, and and ar e derive d e quivalent.

Pr o of.

φ η ψ η η S

E G H G S H

ψ ψ g G S , α S , x S , y g G

g φ φ G h ψ ψ H h η g η

g S , x S , x g S , α S , α

hx η g η x η g S , x g S , x η hx S , hx S , x

H S

E G, H ψ E G G H

R, E , S G, H

R, S G

R E G, H H

S R/G S/H

G R G S

H

φ/G R/G S/H S/H

A

R/G A R/G

A E φ/G

R/G F φ F E

R/G, E , S/H E R/G

T , U E n R/G T , U n

P R/G S/H P

X X X P

R/G T , U S/H φ/G T , φ/G U

S/H φ/G T , φ/G U

S/H φ/G T , φ/G U n

φ/G T , φ/G U

E

F

F F E F E E .

φ/G E S/H E S/H

R/G, E , S/H

Recall that = , where = : is the Y oneda isomorphism.

Since is -stable, we can define a group ( = ) of automorphisms of as :=

( ) . Let ( ) : ( ) ( ) b e in , and . Put

:= ( ) and := ( ) . Note that = . Then it

is enough to show that ( ) = ( ) and ( ) = ( ). Now since

= = ( ( )), we have ( ) = ( ) = ( ) = ( ).

The rest is shown similarly .

Let b e a group of automorphisms of . Then the tilting sp ectroid

is called ( )- (with resp ect to ) if is -stable and = .

( )

ind (pro ) ( )

ind (pro )

Since acts freely on ind (pro ), so do es the group on ind (pro ),

thus so do es the group . By Theorem 2.7 and Prop osition 3.2, we have an isomor-

phism : ind (pro ) ind (pro ). Note that ind (pro )

. Here for simplicity

, we denote the ob ject class of a category by the same nota-

tion as the category itself if this makes no confusion. F or a sub category of the cate-

gory (pro ), we denote by the smallest sub category of (pro ) contain-

ing and closed under isomorphisms. Let b e the full sub category ( ) ( )

of ind (pro ), which coincides with

¯

( ( )) =

¯

( ). It is enough to show

that ( ) is a tilting triple. Now it is obvious that (pro ).

(a) F or all and for all = 0, (pro )( [ ]) = 0.

In fact, for = or , let

¯

Σ b e the automorphism of ind (pro ) defined

by

¯

Σ = [1] for all ind (pro ). Then the left hand side is isomorphic to

ind (pro )(

¯

Σ ) = ind (pro )(( )( ) ( )(

¯

Σ ))

= ind (pro )(( )( )

¯

Σ ( )( ))

= (pro )(( )( ) ( )( )[ ])

= 0

b ecause ( )( ) ( )( ) .

(b) tri( ) .

In fact, since is an S-functor, we have

( ) (tri( )) tri( ( )) = tri( )

(c) induces an isomorphism = . Hence = .

By (a), (b), (c) ab ove, ( ) is a tilting triple.

Z Z

Z

−

C

−

−

A

A

A

B B

Z

Z

Z

Z

Z Z

Z

Z

Z Z

Applica tions

Z Z

Z

Z

Z Z

Z Z

Z

Z

Z

Z Z Z

Z

Prop osition 4.1.

[ ] 1 [ ]

[ ]

[ +1]

[ ] [ +1]

[ ]

[ ] [ +1] [ +1]

[ +1] [ +1]

[ ] [ ]

+1

2

1

− →

⟨ ⟩ ⟨ ⟩

∈

⟨ ⟩ ⟨ ⟩

⟨ ⟩ ∈

∈ ∈

⊗ − ⊗ −

∼

⊗ −

⊗ −

⟨ ⟩

⟨ ⟩ H⟨ ⟩ ∈

∈

− −

−

⟨ ⟩

C

C

−

− −

C

C

⟨ ⟩ ⟨ ⟩ ⟨ ⟩ ⟨ ⟩ n

A B

n

A n

B

n

A n

B

n

A

i i

ν i

A m i

A A m

i

A A m

i

A m

ν m m

A

φ n

A n

B ψ

m

ψ ν m

ψ m m

m m

ν m ν

ψ m

n

A

n

n n

n

n

n n

n

e

s es m s

A

A, E , B

ψ E B ν , ν A , B

E A ν , ν

ψ n

A / ν B / ν n

T A T B

E ν n

n T T , d E m

T A , T A ν ,

T A , ν

T A , .

T T E ν

ν ν n φ φ

n T E

φ T φ T η ψ T

B , ψ T B , ψ T

B , ψ T φ T .

ν

A

k

A G A

A /G

τ A τ p, q p , q n ϕ

A ϕ p, q p q , n q A

m e

e n m n er m es g τ g

g τ τ G G g

L et b e a tilting triple of lo c al ly b ounde d sp e ctr oids with

an isomorphism and the Nakayama automorphisms of ,

r esp e ctively. Then we have

The tilting sp e ctr oid for (The or em )is -c omp atible (with

r esp e ct to ) for al l ; and

and ar e derive d e quivalent . In p articular, when , trivial

extensions and ar e derive d e quivalent.

Pr o of.

c onfigur ation

admissible

p erio d

4.

In this section we give some applications of Theorems 1.5 and 3.6. In particu-

lar, we classify representation-finite selfinjective algebras of Typ e under derived

equiv alences. As the first application, we obtain the following.

( )

:

(1)

^

1.5 ( )

(2) = 1

( ) ( )

(1) (a)

^

is -stable for all .

It is enough to show the assertion for = 1. Let = ( ) and .

Then

( ( 1 ?)) = ( ( ) 1 ?)

= ( 1 ?)

= ( 1 ?)

Thus ( ) = . Hence

^

is -stable.

(b) = for all , where = .

It is enough to show the assertion for = 1. Let

^

. Then

( ) = ( ) = ( )( )

= ( ( )) = ( ( ) )

= ( ( ) ) = ( ( ))

Thus the assertion holds.

(2) This follows from (1) by Theorem 3.6 b ecause is torsion-free.

Let Λ b e a representation-finite selfinjective algebra of typ e . This typ e of alge-

bras was completely classified by Riedtmann [19 ], to which we refer terminologies and

notation used here. W e exclude the trivial case that Λ = . Let b e a

of and an group of automorphisms of stabilizing such that

( ) is isomorphic to the Auslander-Reiten quiver of Λ. Define an automor-

phism of by ( ) := ( 1 ). When is o dd, define an automorphism

of by ( ) := ( + + 1 ), the reflection at the central line of .

W e set to b e the numb er of iso classes of simple Λ-mo dules and the of .

Then divides b oth and : = , = . Set = . Then stabilizes

and = ( ) = . By [19, 3.3] the group may b e written as =

Z

Z Z

C

C

C C C

C

C

C C

C

C

C

( ) ( ) ( )

( )

[ ]

[ +1]

[ ]

⟨ ⟩

C

C

⟨ ⟩

C

− →

≥

− → − → · · · − →

∼

⟨ ⟩

⇒

•

Definition 4.2.

Prop osition 4.4.

s

n

n

a x b x a x

b x

m,n

n

m,n m

n

i i

i

m,n

n

n

m,n

e

G g ϕ

n

e n m ns Q

α β

h A Q

h G

Q Q / τ Q

I k Q αβ β α

α β x Q α

β α β x x n

Q R k Q /I G

R R G

m, n N

m n

⃗

A

n.

N B / γ B k

⃗

A γ B

γ p p n

p .

N

A m

A m

N

Q α β α β

e n Q

α β τ

α e n α

Q

Q

Q n wr e ath-like

M¨ obius

Br auer quiver

R emark .

F or a selfinje ctiv e algebr a the fol lowing ar e e quivalent :

is derive d e quivalent to a selfinje ct ive Nakayama algebr a ; and

is a wr e ath-like algebr a of typ e with iso classes of simple mo dules.

Pr o of.

exc eptional or = . By definition, Λ is called a algebra in the former case, and

is called a algebra in the latter case. In the latter case must b e o dd and

= , thus = . As in [19, 6.2], defines a quiver

~

which has the integers

as vertices and whose arrows are divided into two groups: -arrows and -arrows.

F urther any automorphism of stabilizing induces an automorphism of

~

,

which we denote also by . Then can b e regarded as a group of automorphisms

of

~

, and the quiver

~

is identified with the corresp onding

to . Let b e the ideal of

~

defined by all p ossible zero relations = 0 =

and comm utativity relations = for all vertices in

~

, where (resp.

) is the unique path consisting of -arrows (resp. -arrows) from to + in

~

. Set :=

~

. Then again can b e regarded as a group of automorphisms of

. By [19 , Theorem 6.2], we have a Galois covering functor Λ with group .

First we investigate the wreath-like case.

Let 1. By we denote the (basic) connected selfinjective

Nak ayama algebra with iso classes of simple mo dules and Lo ewy length + 1.

4.3 Let b e the quiver

1 2

Then = , where = and is an automorphism of defined by

( ) :=

1 if = ;

( + 1) otherwise

The next prop osition generalizes a Rick ard’s theorem on derived equiv alences of

Brauer tree algebras [17, Theorem 4.2] (cf. a theorem of Gabriel-Riedtmann [5, 1.8

Theorem 1]).

Λ

(1) Λ

(2) Λ

By Rick ard [17 , Corollary 2.2], (1) implies (2).

(2) (1). Assume that Λ is a wreath-like algebra of typ e with iso classes

of simple mo dules. W e have to show that Λ is derived equiv alent to . Cyclic

paths in consisting of ¯ -arrows (resp.

¯

- arrows) are called ¯ -orbits (resp.

¯

-

orbits). Then by Riedtmann [19, Prop osition 3.5], if = , then has exactly one

orbit, i.e., either an ¯ -orbit or a

¯

-orbit which is stable under ¯ , which

may b e assumed to b e an ¯ -orbit. If = , then cho ose one ¯ -orbit arbitrarily and

call it exceptional. By deleting one arrow from each cycle in we obtain a quiver

of the form in Figure 1 satisfying the following:

has vertices;

r

C

1 2

Z

Z

Q Q Q

i

i j

i

A r

•

•

•

•

− →

Figure 1

Figure 2

br anch

junction α L

α

Q e i , , r

Q Q i, j , , r

Q

α β Q

x Q x A

Q αβ β α

k Q A

I A R ν g α α α

β

β

β α β α α α α

β

β

β α β α α α α

β

β

β α β

α

β

α

β α

β

α

β α

β α

β α

β

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

• • • • • · · ·

•

•

•

· · ·

· · ·

· · ·

· · ·

•

•

• • • • • · · ·

•

•

•

· · ·

· · ·

· · ·

· · ·

•

•

· · ·

· · · • • • • • • · · ·

•

•

•

· · ·

· · ·

· · ·

· · ·

•

•

•

•

•

• •

•

• •

•

• •

•

• •

•

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

The first horizontal full -path from the ab ove corresp onds to the excep-

tional ¯ -orbit;

The numb er of vertices of the sub quiver is equal to for all = 1 . . . ;

and are isomorphic for all = 1 . . . ; and

Each is a full sub quiver of the quiver in Figure 2.

Each horizontal or vertical full - or -path is called a of . W e call a vertex

in a if b elongs to two branches. Let b e the sp ectroid defined

by the quiver with all p ossible relations = = 0. Then by the definition

of rep etitions, we can construct a display-functor ([6, p. 74]) Φ :

~

with

Ker Φ = . Thus Φ gives identifications = and = .

−

−

′ ′

′

′ ′ a a

t

a a

b b

0

1

0 1

1

0 1

0 1 pr e de c essor

0

0 1 2

0 1 1

0

( )^

1

( )^

2

0

+1

+1 +1

+1

+1

0

( )^

1

( )^

2

0

( )^

1

( )^

2

0 0 a

β β β a

α α α β

t

t

x β α

t

b

x

A

x x

b

x y

A

A

b

x y b

x y

j j j j j

p p p p A p p

b

x y j j j j

j

j

j j

p p p p p

x β α

t

y β α

u

E A x A , x

x A x A x L

x Q

x x x x x,

x , x , , x t >

T x x x x ,

x E A

T x A A, E , B

E

x t T T

x t .

A T , T i x, y A i

A x, y x , y x, y A

x y Q x y Q

x y Q k x , y

i

i

A T , T f A T , T f

f f x y p j f

x y x f x , x

i

f A T , T f f f x y

p p f j f f f

f f j < p

j p

x y f y y

f f p f < p f f

E B

Q

x, y Q

T x x x x x

T y y y y y .

x y x y

−

∈ ∈ ∈

− →− → · · · − → − →− → · · · − → − → · · · − → · · · − →

· · · − → − → − − − → − − − → − → · · · − → − → − → · · ·

H

{ | ∈ }

⊇ X

− − → − → − →

−

H ∈

∼

̸∈

| | ≥

−

H − ̸ ̸∈ H −

− → { ≥ | ̸}

∈

̸∈ H − →

{ ≥ | ̸}

≥

− →

∼

≤

∈

· · · − → − → − − − → − − − → − → · · · − → − → − → · · ·

· · · − → − → − − − → − − − → − → · · · − → − → − → · · ·

≤

W e now construct a nice tilting sp ectroid for . W e write ^ := ( ) for all

for short. Let . There is a unique shortest path from a vertex to

in :

=

where . . . are junctions if 0. W e then put

:= ( 0 ^ ^ ^ ^ 0 )

where ^ is in degree zero. Let b e the full sub category of (pro ) defined by

. W e show that ( ) is a tilting triple.

(a) tri( ) .

In fact by construction, we have a triangle of the form ^ [ ]

^ [1 ] Hence (a) follows.

(b) (pro )( [ ]) = 0 for all and all = 0.

First remark by construction that if ( ) = Hom ( ^ ^

) = 0 for some ,

then and are in the same branch of and is a of in (i.e., there

is a path from to in ). F urther the -dimension of Hom ( ^ ^

) is at most 1.

By this remark, the assertion is clear if 2.

Case = 1.

Assume that (pro )( [ 1]) = 0. Let 0 =

¯

(pro )( [ 1]), =

( ), : ^ ^

. Put := min 0 = 0 . Then by the remark ab ove,

= and this is a prop er predecessor of . Thus Hom ( ^ ^

) = 0, a

contradiction.

Case = 1.

Assume that 0 =

¯

(pro )( [1]), = ( ), : ^ ^

. Put

:= ( ) := max 0 = 0 , and put := ( ), where

= if

0 if .

By the remark ab ove, = and factors through ^ ^

. This shows

that and are homotopic. Since ( ) ( ), induction shows that

¯

= 0, a

contradiction.

(c) = .

Define a linear order on the set of vertices of lexicographically as follows: Let

and let

= ( 0 ^ ^ ^ ^ = ^ 0 )

= ( 0 ^ ^ ^ ^ = ^ 0 )

(i) If is a predecessor of , then we define .

N

Z p

p

− −

−

Z Z Z

Z

0

0

0 0

0

Claim 1.

Claim 2.

0 0

+1

+1 +1

0 1 1 2 0

1 1

+1

+1 +1

^ ^

^

+1

+1

+

^ ^ ^

[ ] [ ]

(0) (1) ( 1)

≥

≤ ̸

≤

∈ ≤

− → − → · · · − → · · ·

H

̸∈ H ∈

C − → { | ̸}

̸≤

∈ ≤ ≤

≤ ≤

∈ − → ∈ C

≤ H

≤ { | }

̸ ̸

C

C

− → − →

∈

C

H ≤

∼

H

{ ⊗ − | ∈ ∈ }

⟨ ⟩ −

− → − → · · · − → i i i i

y

i i i i

p p

b

x y

b

x y i

b i

i i i p p

p p p

p p p

i

i z i i i i

p p y i b

p p p p

p

b

x y

i i

p p

p p p p p p

b

x y

b

x y x x

x

p p x a

p

p y a b

b

x y x x b

x

b

x y

a

b

n

A n

v v v n x y , , x y i y y T

x y x x y y x y

x y

x, y L x y x y L

z z z z < z < < z < z

x > y A T , T

x > y f A T , T f f

A f x y p i f x y

x y f x y

x y x > y y y z

z Q y i u

y y , z , y y z y ,

z Q h y y T f A

f hf y y

f

x y A T , T

x y p i x y

x x y y

x x y y x x y y x x y y

A T , T

A T , T k f f , , , , , ,

x x T γ x

y T γ γ α β a, b

A T , T k f f , , , , , γ , ,

A T , T

f β

E B

A, E , B

A , E , B E A

T T A , T E , n

E g Q v , , v n

v p < v q p < q E

T T T

(ii) Assume that = . . . = for 0. If = (i.e., if = 0), then

define . In case = and = , if is a predecessor of , then

define .

Then in particular for , iff there is a path from to in ; for other

branches , we have .

implies (pro )( ) = 0.

In fact, assume that and that 0 =

¯

(pro )( ), where = ( )

(pro ), : ^ ^

. Put := max = 0 . If = , then there is a path

from to b ecause = 0, which means that , a contradiction. Hence

= . It then follows from that = . Here note that ^ are uniserial for

all , and the dimension vector of ^ is as follows for all 1 :

(dim ^ ) =

1 if are in the same branchand

0 otherwise

for all . Put to b e the map ^ ^ in . Since ( ) (pro ) and

= 0, we must have = 0. Considering the dimension vectors of ^ and ^ ,

this forces = 0, a contradiction.

implies dim (pro )( ) = 1.

In fact, assume that and put = max = . F rom the assumption,

= implies = . Thus we have the following three cases:

(i) = and = ; (ii) = and = ; or (iii) = and = .

In each case we easily calculate the (pro )( ) as follows:

Cases (i) and (ii). (pro )( ) = , where = (. . . 0 1 . . . 1 0 . . . )

with 1 in degree zero.

Case (iii). The map ^ ^ in has the form ( ) ^ , and the map ^

^ in has the form ( )

^ for = or and for some . Then

(pro )( ) = , where = (. . . 0 1 . . . 1 ( )

^ 0 . . . ) with 1 in

degree zero. Therefore in any case we have dim (pro )( ) 1. Now the

morphism constructed ab ove is not homotopic to zero b ecause ( )

^ is not a

section. Hence the claim follows.

The two claims ab ove show that = .

By (a), (b) and (c) ab ove, ( ) is a tilting triple. Then by Theorem 1.5,

(

^

) is a tilting triple, where

^

is the full sub category of (pro ) with

ob ject set := ( 1 ?) .

Next we show that

^

is -stable. Name the vertices of as (0) . . . ( 1) so

that ( ) ( ) iff . Then by the argument in (c) ab ove is presented by the

quiver with no relations. By construction for each

−

−

Z

Z

Z

Z

Z

N

Definition 4.6.

Z Z

Z

Z

Z

Z Z

Z

Z Z

Z

Z

Z

Z

Z

R emark .

standar d M¨ obius g

A i g i

i

i

i

i

v q i

v p

g

g

v q v q e

E v p

i

s

m,n

s

A n

s

B m,n

n

b b b

b

x y

p,s

i

i

p

i

i

p s

p

s

p

∈ { − }

− ⊗ − −

−

−

− − ≥

∈ ∈ { − }

∈

− − ∈

∈

⟨ ⟩

{ − } −

∈ { − } ∈

⟨ ⟩ ⟨ ⟩ ⟨ ⟩

∼ ∼

⇒

⟨ ⟩

⟨ ⟩

∼

H ≃ H H

H

∈ ≤

∈

−

[ ] [ ]

[ ]

[ ]

[ +1]

[ ]

^( )

[ ]

( )

^( ) ^( + )

( )

[ ]

[ +1]

0

[ ]

[ +1]

0

[ ]

[0]

0

[ 1]

[0]

0

[ 1] p , , n

A , v p A , A , v p

A , g v p

A , v p e p e < n

A , v p e n p e n.

q q ni p p , , n

i v q v p T T

A , v q A , v q e q g

T T q

E g

w , , w n B B , w p φ T

p , , n w q w p q

h B h w q w q e . g

E g , h H h E G, H

A /G B /H N G

n m m ns e n

A / ν A B k

⃗

A

B / ν N

A

B k

⃗

A

A B B

B k

B X , Y X , Y

B A T , T

x, y Q x y

M p, s

p

β α ,

α β i , , s α α ,

β β

0 . . . 1 we have

( ( ( )) ( 1 )) = ( ( ) )

= ( ( ( ) ))

=

( ( + ) ) if + ;

( ( + ) ) if +

Let . Then we have = + for a unique 0 . . . 1 and for a unique

. Intro duce the notation ^( ) := ( ) and := . Then the ab ove

equality is written as ( ^( )) = ( ^( + )) for all . Therefore acts

as

= for all .

Hence

^

is -stable.

Put (0) . . . ( 1) to b e the vertices of so that ( ( )) := ( )

for all 0 . . . 1 . Put similarly ^ ( ) := ( ) for all as ab ove. Define

an automorphism of , by ( ^ ( )) := ^ ( + ) Then by the formula of -action

ab ove,

^

is ( )-compatible. Put := . Then

^

is ( )-compatible.

Hence by Theorem 3.6, Λ = is derived equiv alent to = b ecause

is torsion-free.

4.5 (1) If divides , say = (e.g., this o ccurs if = ), then the

implication (2) (1) follows from Prop osition 4.1 b ecause Λ has the form

for some algebra which is tilted from the algebra = , and

= .

(2) In the pro of of (c) ab ove, note that is derived equiv alent to the algebra

:= from the b eginning (for instance by Assem-Happ el [1, Theorem]).

Therefore (pro ) (pro ), and by Happ el [8] (pro ) is equiv alent

to the stable category mo d , which has no oriented cycle. F urther the -

dimension of (mo d )( ) is at most 1 for all indecomp osables in

mo d . Using these it is enough for (c) to verify that (pro )( ) = 0

for all with .

Next we classify M¨ obius algebras under derived equiv alences. Before doing so we

have to give “standard” forms of M¨ obius algebras (cf. [19, Fig. 36] and [20 , Figure

2]).

An algebra is called a algebra if it is isomorphic to

the algebra for some defined by the quiver in Figure 3 with relations

(i) Paths of length + 2 are equal to 0;

(ii)

= 0

= 0 for all = 0 . . . 2, and

= 0

= 0

; and

Z p p

−

−

− −

Z Z

C

C

C

C

−

−

Figure 3

1 2 1 0 0 1 2

1 p p p p

s

p

s

p

Prop osition 4.8.

p p β α α β

p

α β p

β α

α β

α

β

−

− −

−

· · ·

· · ·

· · ·

· · ·

[ ]

[ ]

0

[ ]

[ ]

0

[ ] [ ]

+

+ i

p i

i

p i

p

p

β β β β α α α α

p,s s

B

B p

p

B

B i i

n

p,s

n

· · · · · · −

− ← − − · · · ← − − ← − − ← − − → − → − → · · · − − →

∼

⟨ ⟩

−

−

C

∈

•

•

•

( )

0 1

( 1)

0

( )

1 ( 1)

0

.

.

.

.

.

.

.

.

.

.

.

.

α α β β i , , s

⃗

A

p p.

M B / ν ϕ B k

⃗

A ϕ B

ϕ q q

A m

M

n p m sn p n / s m/n

ϕ A

ϕ ϕ Q α

β x Q ϕ x x

v x Q

Q Q

Q n

ϕ v v ϕ Q Q

α β

Q Q

[0] [0]

[0]

[1]

[0]

[1]

[1]

0

[1]

0

[1]

[2] [1]

[1]

[1]

[1]

[2]

0

[2]

0

[0] [0]

[0]

[0]

0

[0]

0

[ 1]

[ 1]

R emark .

L et b e a M¨ obius algebr a of typ e with iso classes of simple

mo dules. Then is derive d e quivalent to the standar d M¨ obius algebr a with

, (thus , ).

Pr o of.

(iii) = for all = 0 . . . 1.

4.7 Let b e the quiver

( ) ( 2) ( 1) 0 1 2

Then = , where := , and is an automorphism of defined

by ( ) := ( ) .

Λ

Λ

= 2 + 1 = = ( 1) 2 =

Since Λ is a M¨ obius algebra, the automorphism of stabilizes . Thus

induces an automorphism (again denoted by ) of exchanging ¯ -arrows and

¯

-arrows. It is easy to see that there is a unique vertex satisfying ( ) = .

Put (0) := . By deleting one arrow from each cycle in we obtain a sub quiver

of of the form in Figure 4 satisfying the following.

has vertices;

( (0)) = (0) and induces an isomorphism from to exchanging

-arrows and -arrows;

b oth and are full sub quivers of the quiver in Figure 2.

− +

C

−

Q Q

1

2 n m

n

Z

Z Z Z

Z

[ ] [ ]

3 2

−

∈ H ∈

H

{ | ∈ }

⟨ ⟩

∼

∼

−

Figure 4

Examples α α α

β

β

β α β β β β

α

α

α β α v β α

A i i

x b

p

p b

x

s

B

B

p,s

n

m,n

,

n

Theorem 4.9.

Example 5.1.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

(0)

• • • • • · · ·

•

•

•

· · ·

· · ·

· · ·

· · ·

•

•

• • • • • · · ·

•

•

•

· · ·

· · ·

· · ·

· · ·

•

•

•

A Q αβ β α

ϕ A ϕ q q L

Q α β

v

T A x Q A, E , B

B k

⃗

A E A

T x Q E

A , E , B G, H H ν ϕ A /G

M B /H

A

m

N

M

k S L ,

S L , p p

α β αβ β α

n , e , r , m , s Q

α β

L et b e a r epr esentation-finite selfinje ctive algebr a of typ e with

iso classes of simple mo dules.

If is a wr e ath-like algebr a, then it is derive d e quivalent to ;

If is a M¨ obius algebr a, then it is derive d e quivalent to ; and

A selfinje ctive algebr a is stably e quivalent to the algebr a iff is derive d

e quivalent to the algebr a .

Let b e the sp ectroid defined by the quiver with all p ossible relations = =

0, and let the automorphism of defined by ( ) := ( ) . Put to b e the

full sub quiver of defined by the -branch and the -branch connected to the vertex

(0). The rest is quite similar as in the pro of of Theorem 4.4, and the details are left

to the reader. Defining (pro ) for all in the same way

, ( ) is

shown to b e a tilting triple, where = , and is the full sub category of (pro )

defined by . F urther the tilting sp ectroid

^

of the induced tilting triple

(

^

) is shown to b e ( )-compatible, where := . Hence Λ =

is derived equiv alent to = .

Summarizing the two prop ositions ab ove we obtain the following.

Λ

(1) Λ

(2) Λ

(3) Γ Λ Γ

Λ

5.

In this section we present an example illustrating a course of the pro of of Prop osi-

tion 4.4, and give our solution of Broú e’s problem in the intro duction for the principal

blo ck of (2 4) in characteristic 2. This is an alternative approach to the same

solution as given in Rick ard [18 ]. Our technique may b e used to solve the problem

for the groups (2 ) with prime.

Let Λ b e a non-symmetric wreath-like algebra defined by the quiver

in Figure 5 with relations = = = 0.

Then = 6 = 2 = 3 = 4 = 2. The Brauer quiver of Λ is as in Figure 6,

where we presented -arrows by solid arrows and -arrows by dotted arrows.

6 s

s g

b b

∼

H ≃ D

6

6

6

6

6

6 α

β β α

β β

e

e e e

e

e

v v

v v

v v

v

Figure 5

Figure 6

Figure 7

A

E E

E E

g T v q T v q

E k

⃗

A

F A F

A A

F F

G G, H

1 4

2 3

(2)

(4)

(0)

(1)

(3)

(5)

(1) (3)

(0)

(5)

(2) (4)

The algebra defined in the pro of of Theorem 4.9 lo oks as Figure 7.

The tilting sp ectroids and

^

constructed in the pro of of the theorem are as in

Figure 8, where has no relations and

^

has relations that all paths of length 7 are

zero, and acts as ^( ) = ^( + 4).

Thus = and by Theorem 4.9, Λ is derived equiv alent to the selfinjective

Nak ayama algebra defined in Figure 9.

Let b e a unique square-free tilting -mo dule. Consider as a tilting sp ectroid

by identifying it with the full sub category of (pro ) (mo d ) consisting of

indecomp osable direct summands of . Then note that the tilting sp ectroid

^

is not

-stable, and hence is not ( )-compatible.

−

Z Z

Z

Z Z

Pr o of.

α

α β

β β

β α

α γ

γ

1

2

1

2

2

1

1

2

1

2

Example 5.2.

2 1 1 3 2 3

1

Figure 8

Figure 9

Figure 10 α α

v v v v v v v v

α

α α

α

i i

i

b α ,β

ε ,ζ

↓

− → − →

↓

− → − →

↓

− →

· · · − → − → − → − → − → − → − → − → − → · · ·

← − − −

− − − →

∼ ∼

⟨ ⟩ ⟨ ⟩

→

−

H ⊕ − − − − →

⊕ − − − →

∼ ∼

1 ^ ^ 1

^ ^ 1 ^

^( 1) ^(0) ^(1) ^(2) ^(3) ^(4) ^(5) ^(6)

7

2 1 2 1 2 1 2 1 1 2 1 2

2 1 1 3

2 1 1 2 2 1 1 2 1 1 2 2 1 1 2 2

1 1 2 2

[ ]

[ ]

[ +1]

( ^ ^ )

( ^ ^ )

E v

v v v

v v v

v v

E T T T T T T T T

α .

k

k S L ,

β β α α α α β β α α β β

α α γ γ

β β α α γ γ β β β α α β γ β β γ

α γ γ α

A αγ

β δ B

αγ β δ

A /G B /H G g , H h g h

p p p , ,

p p , ,

E

A , , ,

A, E , B E G, H

A /G B /H

= (1) ^

(0) ^

(1) ^ (3) ^

(2) ^

(3) ^ (5) ^

(4) ^

(5) ^

^

=

1 4

2 3

; = 0

Assume that the characteristic of is 2. Then the principal blo ck Λ

of (2 4) is derived equiv alent to its Brauer corresp ondent Γ.

The algebra Λ is given by the left quiver in Figure 10 with comm utativity

relations = , and zero relations = 0 = . The algebra Γ

is given by the right quiver in Figure 10 with comm utativit y relations = ,

= , = , and zero relations = 0 = , = 0 = ,

= 0 = (see Rick ard [18], Okuyama [14] or Koshita [13]).

Let b e the sp ectroid defined by the left quiver in Figure 11 with relations = 0 =

, and let the sp ectroid defined by the right quiver in Figure 11 with relations

= 0 = .

Then Λ = and Γ = , where = = and b oth and

are defined by

( + 3) for = 1 2 3

( 3) for = 4 5 6

. Define a full sub category of

(pro ) by the following 6 ob jects: (2 ^ ) (3 ^ ) (5 ^ ) (6 ^ ), (2 ^ 3 ^ 1 ^ ) and

(5 ^ 6 ^ 4 ^ ), where the underline stands for the place of degree zero. Then it is

easy to verify that ( ) is a tilting triple and the tilting sp ectroid

^

is ( )-

compatible. Hence Λ = is derived equiv alent to Γ = . The obtained n

′

2 2

⟨ ⟩

Z

Z Z

1

2

1

2 n n

A

A B

R emark .

9

65

181–182 α β

γ

δ

ϵ ζ α β

ζ ϵ γ

δ

A

E

T A A / ν A

T A T B

g ν h ν A B

T A T B

k S L ,

Figure 11

Acknowledgment

References

Gener alize d tilte d algebr as of typ e

Covering sp ac es in r epr esentation the ory

Isoḿ etrie p arfaites, typ es de blo cs, c at́ egories d́ eriv́ ees

2 3

1

5 6

4

2 3

1

6 5

4

1. Assem, I. and Happ el, D.: , Comm. Alg. (20), 1981,

2101–2125.

2. Bongartz, K. and Gabriel, P

.: , Invent. Math. , 1982,

331–378.

3. Broú e, M.: , Ast́ erisque , 1990,

61–92.

tilting sp ectroid for Λ is the same as in Rick ard [18].

5.3 Put ( ) := for a lo cally b ounded sp ectroid . Consider the

setting in the example ab ove. Then we can call the Λ and Γ as ( ) and ( ),

resp ectively b ecause = and = . Instead of taking , , we can use

( ), ( ) as double coverings of Λ, Γ, resp ectively

. Then all computations are

executed within the limits of algebras.

First I would like to thank Prof. T. Okuyama for showing me the quiver presenta-

tions of the principal blo ck of (2 4) and its Brauer corresp ondent, a careless lo ok

of which gave me the motiv ation of this work. Second I would like to thank Prof. Bern-

hard Keller for the helpful conversation in the Sommersc hule on derived equiv alences

held at Papp enheim in 1994 where I could make a rough sketch of the work, and to

thank V olkswagen Stiftung for the financial supp ort for the Sommersch ule. Finally

most of the work in the pap er was done while I was visiting the University of Bielefeld

in the summer of 1995. I would like to thank Prof. C. M. Ringel and all mem b ers of

the group of representation theory of algebras in the Universit y of Bielefeld for the

hospitality and for nice conversations, and to thank Sonderforschungsb ereich 343 for

the supp ort.

2

4 5 e

n

n

S L ,

S L , p

A A

A

903

73

279

62

119

46

27

305

97

877

39

61

832

832

903

The universal c over of a r epr esentation-finite algebr a

Gr oup r epr esentations without gr oups

R epr esentations of finite-dimensional algebr as

Gr aphs with r elations, c overings and gr oup-gr ade d algebr as

On the derive d c ate gory of a finite-dimensional algebr a

T riangulate d c ate gories in the r epr esentation the ory of finite dimensional algebr as

T rivial extensions of tilte d algebr as

Deriving DG c ate gories

Sous les c at́ egories d́ eriv́ ees

Quiver and r elations for in char acteristic 2

Derive d e quivalenc e and p erfe ct isometry I

Pr oje ctive inde c omp osable mo dules of

Morita the ory for derive d c ate gories

Derive d c ate gories and stable e quivalenc e

Derive d e quivalenc e for the princip al blo cks of and

R epr esentation-finite selfinje ctive algebr as of typ e

A class of self-inje ctive algebr as of finite r epr esentation typ e

Universal c overings of selfinje ctive algebr as

4. Gabriel, P

.: , Springer Lect. Notes Math.

, 1981, 68–105.

5. Gabriel, P

. and Riedtmann, Chr.: , Comment Math. Helv.,

1979, 1–48.

6. Gabriel, P

. and Roiter, A. V.: , Encyclopaedia of

Mathematical sciences V ol. , Springer, 1992.

7. Green, E. L.: , T rans. Amer. Math.

So c. (1), 1983, 297–310.

8. Happ el, D.: , Comment Math. Helv. ,

1987, 339–389.

9. Happ el, D.: ,

London Math. So c. Lect. Notes , Cambridge Univ. Press, 1988.

10. Hughes, D. and W aschb ¨ usch, J.: , Pro c. London Math. So c.

(3), , 1983, 347–364.

11. Keller, B.: , Ann. scient.

´

Ec. Norm. Sup., 4 ś erie, t. , 1994, 63–102.

12. Keller, B and V ossieck, D.: , C. R. Acad. Sci. Paris, , Serie I,

1987, 225–228.

13. Koshita, H.: (2 2 ) , J. Pure and Appl. Alg.

(1994), 313–324.

14. Okuyama, T: , Pro c. 4-th symp osium on representa-

tion theory of algebras held at Izu in Japan in F ebruary 1993, 85–94 (in Japanese).

15. : (2 ), RIMS Kokyuroku , June 1994,

62–72 (in Japanese).

16. Rick ard, J.: , J. London Math. So c., 1989, 436–456.

17. : , J. Pure and Appl. Alg. , 1989, 303–317.

18. : , Preprint July 1990.

19. Riedtmann, Chr.: , Springer Lect. Notes

Math. , 1980, 449–520.

20. Scherzler, E. and W aschb ¨ usch, J.: ,

Springer Lect. Notes Math. , 1980, 545–572.

21. W aschb ¨ usch, J.: , Springer Lect. Notes Math. ,

1981, 331–349.