Schurian vector space categories

of polynomial growth

Viktor Bekkert

Abstract

The purpose of this work is to prove criteria of polynomial growth and domestic representation type of schurian vector space categories over an algebraically closed field. A list of all infinitely sincere schurian vector space categories of polynomial growth is obtained.

Introduction

Throughout the paper k is an algebraically closed field. A vector space category K = (K, | − |) is a Krull-Scmidt k-category (see [Ri2]) together with a k-linear faithful functor | − | : K → mod k.

The factor space category V(K) of K is defined as follows. The objects of V(K) are triples (X, V, φ), where X ∈ Ob K, V is a finite-dimensional k-vector space, and φ : |X| → V is a k-linear map. A morphism (X, V, φ) → (X^′, V^′, φ^′) is a pair (f, g), f ∈ K (X, X^′), g ∈ Hom_k(V, V^′) such that φ^′|f| = gφ.

The concept of a factor space category was introduced by Nazarova and Roiter in [NR1]. It plays an important role in the representation theory of finite-dimensional associative algebras (see, for example, [NR1],[Ri1],[Ri2],[Si],[B1],[B2]).

We shall assume that K has a finite number of pairwise nonisomorphic indecomposable objects. We fix a set of representatives of the isomorphism classes of indecomposable objects in K and denote it by ind K. Denote by ind_mK the set of objects which have the dimension m. Set SK = ind_1K, LK = ind_2K.

The vector space category K is called schurian (resp., linear ) if End_K(X) ∼= k (resp., dim_k|X| = 1) for any indecomposable object X of K.

Let ≤ be the relation on ind K satisfying X ≤ Y iff K (Y, X) ≠ 0. It should be noted that the relation ≤ is not transitive. The restriction of ≤ to SK is a partial order, i.e. SK is a poset (i.e. partially ordered set). We shall write X < Y if X ≤ Y and X ≠ Y .

For (X, V, φ) ∈ Ob V(K), we define its dimension vector ⃗d = ⃗d ((X, V, φ)) by setting ⃗d = (d_0; (d_Y )_{Y ∈ind K}), where d_0 := dim_kV and, for all Y ∈ ind K, d_Y is the multiplicity of Y as the summand in a decomposition of X into indecomposable direct summands. We set d = d ((X, V, φ)) = d_0 + ∑ Y ∈ind K dY . The criterion of tameness for linear schurian vector space categories (= posets) was obtained by Nazarova in [N]. The criteria of polynomial growth and domestic representation type in this case were obtained in [ZN1] and [BZN]. In the case of nonlinear vector space categories, a problem of a characterization of tame, polynomial growth and domestic categories remains an open problem. The important classes of such categories are successfully studied in [Ri2],[NBR].

Let us remark that a tame criterion for schurian vector space categories was announced by Nazarova (see, for example, [NBR], [Ro2]). A finite growth criterion for schurian vector space categories was announced by Bondarenko, Nazarova and Roiter (see, for example, [NBR],[Ro2]).

A factor space (X, V, φ) of dimension vector ⃗d is called sincere if d_0 ≠ 0 and d_Y ≠ 0 for all Y ∈ ind K. The vector space category K is called sincere if there exists a sincere indecomposable factor space of K. The vector space category K is called infinitely sincere if there exist infinitely many indecomposable pairwise nonisomorphic sincere factor spaces in some dimension ⃗d.

For a given object X ∈ LK, we shall identify the set of all one-dimensional subspaces of |X| with the points of the one-dimensional projective space and denote it by P^1(X). For X ∈ LK and V ∈ P^1(X), we denote by S_{X,V} = SK_{X,V} (resp., S^{X,V} = SK^{X,V} ) the set of all Z ∈ SK such that K (X, Z) ≠ 0 (resp., K (Z, X) ≠ 0) and V = Ker |φ| (resp., V = Im |φ|) for any 0 ≠ φ ∈ K (X, Z) (resp., 0 ≠ φ ∈ K (Z, X)). Since S_{X,V} ⊆ SK (resp., S^{X,V} ⊆ SK), the elements of S_{X,V} (resp., S^{X,V} ) form a poset.

For an object X ∈ LK, we denote by Ω_X = ΩK_X (resp., Ω^X = ΩK^X ) the set of all V ∈ P^1(X) such that S_{X,V} ≠ ∅ (resp., S^{X,V} ≠ ∅). We set SK^X = ∪_{V ∈Ω}X SK^{X,V} , SK_X = ∪_{V ∈ΩX} SK_{X,V} . The aim of the present paper is to prove the following seven theorems.

Theorem 1. The schurian vector space category K is of polynomial growth if and only if the following conditions are satisfied:

(a) dim_k|X| ≤ 2 for all X ∈ ind K;

(b) dim_kK (X, Y ) + dim_kK (Y, X) > 0 for all X ∈ LK, Y ∈ SK; (c) dim_kK (X, Z) + dim_kK (Z, X) ≥ 3 for all X, Z ∈ LK, X ≠ Z ; (d) S_{X,V} ∩ S^{Y,U} = ∅ for all X, Y ∈ LK, V ∈ P^1(X), U ∈ P^1(Y ) such that |K (X, Y )| (V ) = U; (e) S_{X,V} and S^{X,V} do not contain the posets (1, 1, 1) and (1, 2) for any X ∈ LK and any V ∈ P^1(X);

(f) if 1 < ord Ω_X < 4 (resp., 1 < ord Ω^X < 4), then SK_X (resp., SK^X ) does not contain the poset (1, 1, 1, 1);

(g) S^{X1,V1} or S_{Xn,Vn} does not contain the poset (1, 1) for any X_1, . . . , X_n ∈ LK, V_i ∈ P^1(X_i), 1 ≤ i ≤ n, n ∈ N, such that |K (X_i, X_{i+1})| (V_i) = V_{i+1} for 1 ≤ i < n.

(h) SK does not contain the following posets: (1, 1, 1, 1, 1), (1, 1, 1, 2), (2, 2, 3), (1, 3, 4), (1, 2, 6), (N, 5) and {A < B > C < D > A, S, T }. Let μ_K(⃗d) be the number of series of the given dimension ⃗d (see Subsection 1.2).

Theorem 2. Let K be a schurian vector space category of polynomial growth. Then μ_K(⃗d) ≤ 1 for any ⃗d.

Theorem 3. Let K be a schurian vector space category. The following conditions are equivalent:

(a) K is of polynomial growth; (b) K is of linear growth; (c) K is of finite growth.

Theorem 4. Let K be a nonlinear infinitely sincere schurian vector space category of polynomial growth. Then K is isomorphic or antiisomorphic to one of the following categories: A, E, F, G, H_λ, where λ ∈ k \ {0, 1} (see Subsection 1.4 ).

Theorem 5. A schurian vector space category of polynomial growth K is of domestic representation type if and only if SK is domestic and K does not contain a full subcategory which is isomorphic or antiisomorphic to one of the categories E, F, G, H_λ (see (1.4)).

Let χ_K (⃗d) = d^2_0 + ∑ X,Y ∈ind K dX dY dimkK (X, Y )− d0 ∑ X∈ind K dX dimk|X| be a quadra-

tic form of the vector space category K.

Theorem 6. Let K be a schurian vector space category of polynomial growth. There are infinitely many indecomposable pairwise nonisomorphic factor spaces of the dimension ⃗d if and only if χ_K (⃗d) = 0.

Let n(K) be the number of critical (see Subsection 1.1) subsets in SK.

Theorem 7. Let K be a schurian vector space category of domestic representation type. Then K is of m-parameter representation type if and only if n(K) + ord LK = m.

Remark. In the proof of Theorems 1-7 the assumption that k is algebraically closed is not used. In fact, these Theorems hold for the vector space categories (over an arbitrary field k) which satisfy the following condition: End_K(X) ∼= k for all X ∈ ind K.

For the case of the linearly ordered sets S_{X,V} and S^{X,V} for all X ∈ LK and V ∈ P^1(X), the criteria of polynomial growth and domestic representation type are obtained in [B3].

The plan of the paper is as follows. In Section 1 all definitions and examples of schurian vector space categories are given. The differentiation algorithm of schurian vector space categories of polynomial growth is described in Section 2. In Section 3 Theorems 1-7 are proved.

1 Preliminaries 1.1 Let S be a poset. Recall that the width w(S) is the maximal number of pairwise incomparable elements of S. If A, B ∈ S are incomparable, we write A − B. Given subsets S_1, S_2 ⊂ S, the note S_1 − S_2 (resp., S_1 < S_2) means that A − B (resp., A < B) for any A ∈ S_1, B ∈ S_2. We denote by maxS (resp., minS) the set of all maximal (resp., minimal) elements of S, and by S^{op}, the set which is antiisomorphic to S. A linearly ordered set is called a chain. Throughout instead of one-point sets we shall write simply the corresponding elements.

We say that the poset S is a sum of its subposets S_1, . . . , S_n and write S = S_1 +...+S_n if S = S_1 ∪ ... ∪ S_n and S_i ∩ S_j = ∅ for i ≠ j. The sum S = S_1 + . . . + S_n is cardinal if the elements of distinct subsets S_i and S_j are incomparable. The cardinal sum of chains consisting of n_1, ..., n_m elements is denoted by (n_1, ..., n_m). We denote by (N, l) the cardinal sum of the four-point set N = {A < B > C < D} and the chain of length l. A semichain is a poset S of width ≤ 2 which does not contain the subset (1, 2). The poset (1, 1) (resp., (1, 1, 1), (1, 1, 1, 1)) will be called a pair (resp., triple, quadruple).

The posets

K_1 = (1, 1, 1, 1), K_2 = (2, 2, 2), K_3 = (1, 3, 3), K_4 = (N, 4), K_5 = (1, 2, 5)

are called critical sets. The posets ψ_1 −ψ_{20} and the posets ψ^{op}_1 −ψ^{op}_{20} [Z] (see also [Si;Ch.15]) are called defining sets. We set

W_1 = (1, 1, 1, 1, 1), W_2 = (1, 1, 1, 2), W_3 = (2, 2, 3), W_4 = (1, 3, 4), W_5 = (N, 5), W_6 = (1, 2, 6), G = {A < B > C < D > A, S, T }. We say that an element A of the poset S satisfies the condition (∗) if A ∈ (1, 2, 2) or A ∈ (1, 1, 1, 1). It is easy to see that the elements of sets W_1 − W_6, G, K_1 − K_5, ψ_1 − ψ_{20}, ψ^{op}_1 − ψ^{op}_{20} satisfy the condition (∗). 1.2 Denote by K^{|−|} the vector space category (Im | − |, | − |^′) with the identity functor | − |^′. It follows immediately from definitions that V(K) is equivalent to V(K^{|−|}). We denote by ρ the functor-equivalence from V(K^{|−|}) to V(K). Let F = k < x, y > or F = k[x]. By an F -representation of K^{|−|} we mean a triple (Y, U, ψ), where Y ∈ Ob K^{|−|}, U is a free F -module of finite rank, and ψ : F ⊗_k Y → U is an F - linear map. Given an F - representation (Y, U, ψ) of K^{|−|}, we consider a functor G_{(Y,U,ψ)} = ρ(− ⊗_F (Y, U, ψ)) from the category of finite-dimensional F -modules to V(K).

We fix a set of representatives of the isomorphism classes of indecomposable objects of V(K) and denote it by ind V(K). Let S(k[x]) be the simple k[x]-modules.

Following [D], K is called wild if there exists an k < x, y >-representation (Y, U, ψ) of K^{|−|} such that the functor G_{(Y,U,ψ)} preserves indecomposability and isomorphism classes.

A category K is called tame if for any dimension ⃗d there exist finitely many k[x]- representations (Y_i, U_i, ψ_i), 1 ≤ i ≤ n_{⃗d}, such that the following satisfies: all but a finite number (up to isomorphism) of indecomposable objects of V(K) of dimension ⃗d are isomorphic to G_{(Yi,Ui,ψi)}(S) for some S ∈ S(k[x]). The subset of {G_{(Yi,Ui,ψi)}(S) | S ∈ S(k[x])} consisting of all factor spaces of the given dimension ⃗d will be called a series.

Let μ_K(⃗d) be the minimal number of k[x]-representations (Y_i, U_i, ψ_i) satisfying the above condition. K is called of finite growth if there is a natural number m such that μ_K(⃗d) ≤ m for all ⃗d.

We can give the equivalent definition of tameness replacing ⃗d by d. Then let μ_K(d) be the minimal number of the corresponding k[x]-representations. K is called of polynomial growth (resp., linear growth) [Sk2] if there is a natural number m such that μ_K(d) ≤ d^m (resp., μ_K(d) ≤ md) for all d ≥ 2.

Following [Ri1], K is domestic if there exist finitely many k[x]-representations (Y_i, U_i, ψ_i), 1 ≤ i ≤ n, such that for each dimension ⃗d, all but a finite number (up to isomorphism) of indecomposable objects of V(K) of dimension ⃗d are isomorphic to G_{(Yi,Ui,ψi)}(M) for some i and some indecomposable k[x]-module M. Let ν(K) be the minimal number of k[x]-representations (Y_i, U_i, ψ_i) satisfying the above condition. K is called of m-parameter representation type if ν(K) = m.

Sometimes we shall consider the vector space categories K with infinite set ind K. In this case, a vector space category K is called tame, of polynomial growth etc. if any full subcategory with only finitely many indecomposable objects is tame, of polynomial growth etc., respectively.

For a given object X and a natural number n we denote by X^n a direct sum X^n = ⊕^n_{i=1}X. For T ⊂ ind K denote by K (T ) the full subcategory with the set of objects T .

We say that a basis B = (B_0, B_1) is fixed in a vector space category K if a basis B_0(X) = {x^i, 1 ≤ i ≤ dim_k|X|} of the space |X| is fixed for every object X ∈ ind K, and a basis B_1(X, Y ) = {b^i_{X,Y} , 1 ≤ i ≤ dim_k|K (X, Y )|} of the space |K (X, Y )| is fixed for every two objects X ≠ Y in ind K. Then B_0 = ∪_{X∈ind K}B_0(X), B_1 = ∪_{X≠Y ∈ind K}B_1(X, Y ). For the sake of simplicity we write x (resp., b_{X,Y} ) instead of x^1 (resp., b^1_{X,Y} ) if dim_k|X| = 1 (resp., dim_kK(X, Y ) = 1). Let Mb^i_{X,Y} be the matrix of the mapping b^i_{X,Y} in the basis B_0.

Fix a basis B in K and (X, V, φ) ∈ V(K). We fix a decomposition X ∼= X^{d1}_1 ⊕...⊕X^{dn}_n , where X_i ∈ ind K and the linear isomorphism V ∼= k^{d0} . Then |X^{di}_i | = ⊕^{dimk|Xi|}_{j=1} (kx^j_i )^{di} and the matrix Mφ of the mapping φ has the block form Mφ = ( Mφ_x1 · · · Mφ_x^m1_1 · · · Mφ_x1_n · · · Mφ_xmn_n ) , where m_j = dim_k|X_j| and φ_xj_l is the restriction of the mapping φ to the subspace (kx^j_l )^{dl} .

We say that the block matrix Mφ is a matrix representation of K. It is easy to see that any isomorphism (f, g) : (X, V, φ) → (X^′, V^′, φ^′) in V(K) induces a pair of matrices M_f ∈ Gl(d_1m_1 + ... + d_nm_n, k), M_g ∈ Gl(d_0, k) such that M_gMφM_f = Mφ^′. Then we define a matrix problem (Mat_K, G_K) in the sense of [Si], which is equivalent to the classification of indecomposable objects of V(K) (see [Si] for details).

Denote by p_xj_l (resp., i_xj_l ) the natural projection (resp., embedding) of the space |X_l| (resp., (kx^j_l )^{dl} ) onto (resp., into) the space (kx^j_l )^{dl} (resp., |X_l|). If T is a subset of B_0, then we denote by Mφ_T the block matrix (Mφ_z)_{z∈T} .

Suppose that P ∈ SK. A basis B is called a P -basis if the following conditions hold: 1. If X ∈ LK and dim_kK (P, X) = 1, then x^1 = b^1_{P,X} (p); 2. If X ∈ LK and dim_kK (X, P ) = 1, then x^2 ∈ Kerb^1_{X,P} , p = b^1_{X,P} (x^1). For an object A ∈ ind K, we set A^− = {B ∈ ind K | K (B, A) ≠ 0, B ≠ A}, A^+ = {B ∈ ind K | K (A, B) ≠ 0, B ≠ A}. For a given object P ∈ SK, we set B^{P,+}_0 = {t ∈ B_0 | t = |α|(p) for some α ∈ Mor K}, B^{P,−}_0 = {t ∈ B_0 | t ∉ B^{P,+}_0 , t ∉ |A| for any A ∈ P^−}, L_1 = {|X| | X ∈ ind K, K (P, X) = 0}, L_2 = {kx^2 | X ∈ LK, dim_kK (P, X) = 1}. Consider the category L with ObL = L_1 ∪L_2 and with the following spaces of morphisms: L(|X|, |Y |) = |K (X, Y )|, L(kx^2, ky^2) = ∑ φ∈K (X,Y ) py2 |φ|ix2 , L(|X|, ky^2) = ∑ φ∈K (X,Y ) py2 |φ|, L(kx 2, |Y |) = ∑ φ∈K (X,Y ) |φ|ix2 . Denote by PL the additive closure of the category L with the identity functor | − |. We denote by V̂(K) the full subcategory of V(K) consisting of the objects (X, V, φ) such that Mφ_BP,+_0 = 0 for a fixed P -basis. The following lemma follows immediately from definitions.

Lemma 1. V̂(K) ∼= V(PL).

Following Ringel [Ri1] the one-dimensional objects of K will be pictured by points • and the two-dimensional objects by squares with two points. Edges will represent non-zero homomorphisms.

q q

For a given objects A, B, the note A ⊂ B means that A is isomorphic to a direct summand of B. If A ⊂ B or A = B, we write A ⊆ B.

Let S be a poset. We denote by K(S) a linear schurian vector space category with the set of indecomposable objects ind K(S) = {kA | A ∈ S}, with the following spaces of morphisms K(S)(kA, kB) = { k , if B ≤ A; 0 , otherwise,

for any A, B ∈ S and with the identity functor | − |. Obviously, V(K(S)) ∼= R(S), where R(S) is the category of representations of the poset S.

Let (S, σ) be a poset with involution satisfying the following condition: if σ(A) ≠ A, then σ(A) − A for any A ∈ S (see [NBR]). For any A ∈ S we set

A_σ = { kA , if σ(A) = A; kA ⊕ kσ(A) , otherwise.

We denote by K(S, σ) a schurian vector space category with the set of indecomposable objects ind K(S, σ) = {X_σ | X ∈ S}, with the following spaces of morphisms K(S, σ)(X_σ, Y_σ) = { k , if X_σ = Y_σ; K(S)(X_σ, Y_σ) , otherwise

for any A, B ∈ S and with the identity functor | − |. Obviously, V(K(S, σ)) ∼= R(S, σ), where R(S, σ) is the category of representations of the poset with involution (S, σ) (see [NBR]).

We denote by J_s(λ) the s × s Jordan cell with eigenvalue λ ∈ k. We denote by E_s the s × s identity matrix. If s = 0, then E_s is the ”empty” matrix, i.e. matrix with zero number of rows and columns. Consider the following well-known indecomposable factor spaces.

1. K_0 = (0, k, 0);

2. K_{A,0} = (A, 0, 0) for every A ∈ ind K;

3. K_A = (A, k, φ) for every A ∈ SK , where Mφ = (1);

4. K_{{A,B}} = (A ⊕ B, k, φ) for every pair (A, B) in SK, where Mφ = (11); 5. K_{{A,B,C}} = (A ⊕ B ⊕ C, k^2, φ) for every triple (A, B, C) in SK, where

Mφ = ( a b c 1 0 1 0 1 1 ) ; 6. K_{{A,B,C,⋄}} = (A ⊕ B ⊕ C, k, φ) for every triple (A, B, C) in SK, where Mφ = (111); 7. K_{{A,B,C<D}} = (A ⊕ B ⊕ C ⊕ D, k^2, φ) for every subset {A, B, C < D} ⊆ SK, where

Mφ = ( a b c d 1 1 0 1 0 1 1 0 ) ; 8. K_{A,s,0,−} = (A^s, k^s, φ) for every A ∈ LK, where s ∈ N and

Mφ = ( a^1 a^2 E_s J_s(0) ) ;

9. K_{A,s,0,+} = (A^s, k^s, φ) for every A ∈ LK, where s ∈ N and

Mφ = ( a^1 a^2 J_s(0) E_s ) ; 10. K_{A,s,−} = (A^{s+1}, k^s, φ) for every A ∈ LK, where s ∈ N and

Mφ_a1 = ( E_s 0 ) , Mφ_a2 = ( 0 E_s ) ; 11. K_{A,s,+} = (A^s, k^{s+1}, φ) for every A ∈ LK, where s ∈ N and

Mφ_a1 = ( 0 E_s ) , Mφ_a2 = ( E_s 0 ) ; 12. K_{A,s,λ} = (A^s, k^s, φ) for every A ∈ LK, where s ∈ N, λ ∈ k \ {0} and

Mφ = ( a^1 a^2 E_s J_s(λ) ) . 1.3 We list below the non-polynomial growth and wild categories which are used in the proof of Theorem 1.

A : Mb^1_{X,Y} = ( 1 0 0 0 ) , Mb^2_{X,Y} = ( 0 0 0 1 ) ; X_q q Y_q q-

B : Mb^1_{X,Y} = ( 1 0 0 1 ) , Mb^2_{X,Y} = ( 0 1 0 0 ) ; X_q q Y_q q-

C : Mb^1_{X,Y} = ( 1 0 0 0 ) , Mb^1_{Y,X} = ( 0 0 0 1 ) ; X_q q Y_q q

œ -

D : Mb^1_{X,Y} = ( 1 0 0 0 ) , Mb^2_{X,Y} = ( 0 1 0 0 ) ; X_q q Y_q q-

E : Mb^{1X,Y} = ( 1 0 0 0 ) , Mb^2_{X,Y} = ( 0 0 0 1 ) , Mb^1_{X,A} = ( 1 0 ) , Mb^3_{X,Y} = ( 0 0 1 0 ) , Mb^1_{A,Y} = ( 0 1 ) ;

X_q q Y_q q

 • -

- -^A

F : Mb^1_{Z,A} = ( 1 0 ) , Mb^1_{Z,B} = ( 1 0 ) , Mb^1_{Z,C} = ( 0 1 ) , Mb^1_{Z,D} = ( 1 1 ) .

Z A B C D q q • •

• •

QQ
  Qs

XXXz̧¸¸:ȷ

 ȷȷ3_{G :}^{Mb}

1 Z,A = ( 1 0 ) , Mb^1_{Z,B} = ( 1 0 ) , Mb^1_{Z,C} = ( 0 1 ) , Mb^1_{Z,D} = ( 0 1 ) .

Z A B C D q q • •

• •

QQ
  Qs

XXXz̧¸¸:ȷ

 ȷȷ3

The infinite growth of the categories A and C follows from [NBR] (see p.20, where A corresponds to the antichain 1) and C corresponds to the antichain 2) from Lemma 17). Let us prove that the categories A and C are not of polynomial growth. Suppose that K = A or K = C. For any set {r_i, s_i | r_i, s_i ∈ N, 1 ≤ i ≤ t, t ∈ N} we consider the following k[x]-representation R(r_1, . . . , r_t, s_1, . . . , s_t) = (Z, U, ψ) of K^{|−|}. Let Z := |X|^{dX} ⊕ |Y |^{dY} , U := F^{d0} , where F = k[x], d_X = ∑t i=1 r_i, d_Y = ∑t i=1 s_i, d_0 = d_X + d_Y , and u_i, 1 ≤ i ≤ d_0, are the natural free generators of U, {x^k_i }, 1 ≤ k ≤ 2, 1 ≤ i ≤ d_X , is a basis of |X|^{dX} , {y^k_i }, 1 ≤ k ≤ 2, 1 ≤ i ≤ d_Y , is a basis of |Y |^{dY} . For given 1 ≤ m ≤ t − 1 we set μ_m := ∑m i=1 r_i, ν_m := ∑m i=1 s_i. We consider a new basis {z^k_i | 1 ≤ k ≤ 2, 1 ≤ i ≤ d_0} of Z, where z^1 := x^1, z^2_1 := x^2_1,

z^k_i := x^k_{j+1} , if z^k_{i−1} = x^k_j and j ≠ μ_m for 1 ≤ m ≤ t; y^k_{j+1} , if z^k_{i−1} = y^k_j and j ≠ ν_m for any 1 ≤ m ≤ t; y^k_{μm+1} , if z^k_{i−1} = x^k_{μm} for some 1 ≤ m ≤ t; x^k_{νm+1} , if z^k_{i−1} = y^k_{νm} for some 1 ≤ m < t for 1 < i ≤ d_0, 1 ≤ k ≤ 2. Then we define the map ψ as follows:

ψ(z^k_i ⊗ 1) := u_i , if k = 1;

u_{i+1} , if k = 2 and i ≠ d_0; xu_1 , if k = 2 and i = d_0.

It is not difficult to verify that G_{R(r1,...,rt,s1,...,st)}(S) is the indecomposable object of V(K) of dimension d = 2d_0 for any S ∈ S(k[x]) and G_{R(r1,...,rt,s1,...,st)}(S_1) ∼= G_{R(r}′_{1,...,r}′_{t,s}′_{1,...,s}′_{t)}(S_2) if and only if S_1 ∼= S_2 and either r_i = r^′_i,s_i = s^′_i for all i or (r^′_1, . . . , r^′_t, s^′_1, . . . , s^′_t) = (r_{l+1}, . . . , r_t, r_1, . . . , r_l, s_{l+1}, . . . , s_t, s_1, . . . , s_l) for some 1 ≤ l < t. From the above information it follows as in [Sk1;p.504] that the category K is not of polynomial growth.

The wildness of the categories D, E follows from [NBR] (see p.18, where D corresponds to the set N_7′ and E corresponds to the set N̄_{71}).

Consider the following k < x, y >-representation (Z, U, ψ) of B^{|−|}. Set Z = |X|^6⊕|Y |^7, U = F^{12}, where F = k < x, y >, and u_i, 1 ≤ i ≤ 12, are natural free generators of U, {x^k_j }, 1 ≤ k ≤ 2, 1 ≤ j ≤ 6, is a basis of |X|^6, {y^s_l }, 1 ≤ s ≤ 2, 1 ≤ l ≤ 7, is a basis of |Y |^7. Then we define the map ψ as follows: ψ(x^1 ⊗ 1) = u_7, ψ(x^1_2 ⊗ 1) = yu_7, ψ(x^1_3 ⊗ 1) = u_1, ψ(x^1_4 ⊗ 1) = u_2, ψ(x^1_5 ⊗ 1) = u_3, ψ(x^1_6 ⊗ 1) = u_6, ψ(x^2_1 ⊗ 1) = u_1 + u_3 + u_4, ψ(x^2 ⊗ 1) = u_2 + u_3 + xu_4, ψ(x^2_3 ⊗ 1) = 0, ψ(x^2_4 ⊗ 1) = u_6, ψ(x^2_5 ⊗ 1) = u_5, ψ(x^2_6 ⊗ 1) = 0, ψ(y^1 ⊗ 1) = u_{10}, ψ(y^1_2 ⊗ 1) = u_9, ψ(y^1_3 ⊗ 1) = u_8, ψ(y^1_4 ⊗ 1) = 0, ψ(y^1_5 ⊗ 1) = u_{12}, ψ(y^1_6 ⊗ 1) = u_{11}, ψ(y^1_7 ⊗ 1) = 0, ψ(y^2_1 ⊗ 1) = u_2, ψ(y^2 ⊗ 1) = u_3, ψ(y^2_3 ⊗ 1) = u_4, ψ(y^2_4 ⊗ 1) = u_7, ψ(y^2_5 ⊗ 1) = u_8, ψ(y^2_6 ⊗ 1) = u_9, ψ(y^2_7 ⊗ 1) = u_{12}.

It is not difficult to verify that the functor G_{(Z,U,ψ)} which acts from the category of finite-dimensional k < x, y >-modules to V(K) preserves indecomposability and isomorphism classes. So, B is wild.

For the proof of the non-polynomial growth of the category F we define an embedding μ : Ob V(K(G)) → Ob V(F), where G = {A < B > C < D > A, S, T }. Let (Y, W, ψ) be an arbitrary object of the category V(K(G)). We fix a decomposition Y ∼= ⊕_{F ∈ind K(G)}F^{dF} . Consider (X, V, φ) ∈ V(F) such that X = Z^{dB} ⊕ A^{dS} ⊕ B^{dT} ⊕ C^{(dD+dC )} ⊕ D^{(dD+dA)}, V = W ⊕ k^{dD} , Mφ_z1 = 0, Mφ_z2 = ( Mψ_b 0 ) , Mφ_a = ( Mψ_s 0 ) , Mφ_b = ( Mψ_t 0 ) ,

Mφ_c = ( 0 Mψ_c E 0 ) , Mφ_d = ( Mψ_d Mψ_a E 0 ) . We set μ((Y, W, ψ)) = (X, V, φ). It is easy to see that μ preserves indecomposability and isomorphism classes. Moreover, if (Y, W, ψ), (Y^′, W^′, ψ^′) ∈ Ob V(K(G)) and ⃗d((Y, W, ψ)) = ⃗d((Y ′, W ′, ψ′)), then ⃗d(μ(Y, W, ψ)) = ⃗d(μ(Y ′, W ′, ψ′)). Therefore the non- polynomial growth of the category F follows from the non-polynomial growth of the category K(G) (see [Sk1;p.507]).

For the proof of the non-polynomial growth of the category G we define an embedding μ : Ob V(K(G)) → Ob V(G), where G = {A < B > C < D > A, S, T }. Let (Y, W, ψ) be an arbitrary object of the category V(K(G)). We fix a decomposition Y ∼= ⊕_{F ∈ind K(G)}F^{dF} . Consider (X, V, φ) ∈ V(G) such that X = Z^{(dB +dD)} ⊕ A^{dS} ⊕ B^{dT} ⊕ C^{(dB +dC )} ⊕ D^{(dD+dA)}, V = W ⊕ k^{(dB +dD)},

Mφ_z1 = 0 0 E 0 0 E , Mφ_z2 = Mψ_b Mψ_d 0 0 0 0 , Mφ_a = Mψ_s 0 0 ,

Mφ_b = Mψ_t 0 0 , Mφ_c = 0 Mψ_c E 0 0 0 , Mφ_d = 0 Mψ_a 0 0 E 0 . We set μ((Y, W, ψ)) = (X, V, φ). It is easy to see that μ preserves indecomposability and isomorphism classes. Moreover, if (Y, W, ψ), (Y^′, W^′, ψ^′) ∈ Ob V(K(G)) and ⃗d((Y, W, ψ)) = ⃗d((Y ′, W ′, ψ′)), then ⃗d(μ(Y, W, ψ)) = ⃗d(μ(Y ′, W ′, ψ′)). Therefore the non- polynomial growth of the category F follows from the non-polynomial growth of the category K(G) (see [Sk1;p.507]). 1.4 We list below the schurian vector space categories of polynomial growth which are used in Sections 2,3.

A : ; B : Mb_{A,Z} = ( 1 0 ) ; Z_q q A_q

• -^Z C_{n,m} : n,m∈N Mb_{Z,A1} = ( 1 0 ) , Mb_{Z,B1} = ( 0 1 ) ; ... ... Z A1 B_1 A_{n−1} B_{m−1} A_n B_m q q • •-_•^• • -

D : Mb_{Z,A} = ( 1 0 ) , Mb_{Z,B} = ( 1 1 ) , Mb_{Z,C} = ( 0 1 ) ; B A

C Z_q q • •

•

  -ȷȷ

  ȷ3
QQ
  Qs

E : Mb_{Z,A} = ( 1 0 ) , Mb_{Z,B} = ( 0 1 ) , Mb_{Z,C} = ( 1 1 ) ; B A

C F D

G Z_q q • •

• • •

•

  -ȷȷ

  ȷ3
QQ
  Qs

      -

      -

      -

F : Mb_{Z,A} = ( 1 0 ) , Mb_{Z,B} = ( 0 1 ) , Mb_{Z,C} = ( 1 1 ) ; B A

C D E F G Z_q q • • • •

• • •

  -ȷȷ

  ȷ3
QQ
  Qs

      -
      -

          -
          -

G : Mb_{Z,A} = ( 1 0 ) , Mb_{Z,B} = ( 0 1 ) , Mb_{Z,C} = ( 1 1 ) ; B A

C D E F G H Z_q q • • • •

• • • •

  -ȷȷ

  ȷ3
QQ
  Qs

      -
      - - - -

H_λ :_{λ∈k\{0,1}} Mb_{Z,A} = ( 1 1 ) , Mb_{Z,B} = ( 1 λ ) , Mb_{Z,C} = ( 0 1 ) , Mb_{Z,D} = ( 1 0 ) ;

Z A B C D q q • •

• •

QQ
  Qs

XXXz̧¸¸:ȷ

 ȷȷ3

I : Mb^1_{X,Y} = ( 1 0 0 0 ) , Mb^2_{X,Y} = ( 0 0 0 1 ) , Mb^3_{X,Y} = ( 0 1 0 0 ) ; X_q q Y_q

  q-

-

J : Mb^1_{X,Y} = ( 1 0 0 0 ) , Mb^2_{X,Y} = ( 0 0 0 1 ) , Mb^3_{X,Y} = ( 0 1 1 0 ) ; X_q q Y_q

  q-

-

L : Mb^1_{X,Y} = ( 1 0 0 0 ) , Mb^2_{X,Y} = ( 0 0 0 1 ) , Mb^3_{X,Y} = ( 0 1 0 0 ) , Mb^4_{X,Y} = ( 0 0 1 0 ) ; X_q q Y_q q

-

-

M :

Mb_{D,Z} = ( 1 0 ) , Mb_{E,Z} = ( 0 1 ) , Mb_{F,Z} = ( 1 −1 ) , Mb_{Z,A} = ( 1 0 ) , Mb_{Z,B} = ( 0 1 ) , Mb_{Z,C} = ( 1 1 ) ;

G E B D A

F C Z_q q • • • • •

• •

          -

      -

  - ȷȷ

          ȷ3
ȷȷ

  ȷ3
        QQ
          Qs

QQ
  Qs

    QQ
      Qs
    ȷȷ

      ȷ3

N_{n,m} : n,m∈N∪{0} . . . . . . . . . . . . . . . ... ... ... ... ... ... ... ... X^s_{n,m} X^s_{n−1,m}

X^s_{n,m−1}

X^s_{1,m} . . .

X^s_{n,1} . . . X^s_{n,0}

X^s_{0,m} X^s_{0,m−1} X^s_{0,0} X^s_{n−1,0}

X^s_{0,1} X^s_{1,0} • • • •

•

• • •

• • • • •

• • •

�`
@R

 @R
 �`

   �`
   @R

   �`
   @R

    @R
    �`

    @R
    �`

     �`
     @R

       @R
       �`

... ... ... ... ... ... ... ... X^1_{n,m} X^1_{n,m−1}

X^1_{n−1,m}

X^1_{n,1} . . .

X^1_{0,m} X^1_{1,m} . . .

X^1_{n,0}

• • • •

•

• • •

• • • • •

• • •

�`
@R

 @R
 �`

   �`
   @R

   �`
   @R

    @R
    �`

    @R
    �`

     �`
     @R

       @R
       �`

    ZZ
      ZZ
        ZZ̃æææ

           æææ>

      XXXXX
          Xz

       ¸¸¸¸¸

           ¸:

    ææ

      ææ

        ææ>ZZZ
           ZZZ̃

      ¸¸¸¸¸

          ¸:

       XXXXX
           Xz

... ... ... ... ... ... ... ...

X^0_{n,0}

X^0_{0,m} X^0_{0,m−1} X^0_{1,1} X^0_{n−1,0}

X^0_{0,1}

X^0_{1,0} • • • •

•

• • •

• • • • •

• •

�`
@R

 @R
 �`

   �`
   @R

   �`
   @R

    @R
    �`

    @R
    �`

     �`
     @R

O_λ : λ∈k\{0,1} . . . Z_n A_n B_n C_n D_n q q • •

• •

QQ
  Qs

XXXz̧¸¸:ȷ

 ȷȷ3_{. . .} Z2

A_2

B_2 C_2

D_2 q q • •

• •

QQ
  Qs

XXXz̧¸¸:ȷ

 ȷȷ3 Z1^{A1}_{B1}

D_1 q q • •

•

      -ȷȷ

      ȷ3
    QQ
      Qs
ȷȷ

  ȷ3¸¸¸:

XXXzQQQs

Mb_{Zs,As} = ( 1 0 ) , Mb_{Zs,Bs} = ( 0 1 ) , Mb_{Zt,Ct} = ( λ 1 ) , Mb_{Zs,Ds} = ( 1 1 ) , Mb_{As+1,Zs} = ( 1 0 ) , Mb_{Bs+1,Zs} = ( 0 1 ) , Mb_{Cs+1,Zs} = ( 1 −1 ) , Mb_{Ds+1,Zs} = ( 1 −λ ) , s, t ∈ N, t > 1.

Remark. The spaces of morphisms in the category N_{n,m} are defined by the following conditions.

1. X^k_{i,j} < X^k_{i,j+1}, where 0 ≤ i ≤ n, 0 ≤ j < m,k ∈ N ∪ {0},k + i + j ≠ 0; 2. X^k_{i,j} < X^k_{i+1,j}, where 0 ≤ i < n, 0 ≤ j ≤ m,k ∈ N ∪ {0},k + i + j ≠ 0; 3. X^k_{i,m} < X^{k+1}_{i,0} , where 0 ≤ i ≤ n, k ∈ N ∪ {0}, k + i + m ≠ 0; 4. X^k_{n,j} < X^{k+1}_{0,j} , where 0 ≤ j ≤ m, k ∈ N ∪ {0}, k + j + n ≠ 0. 1.5 Lemma 2. Let K be a schurian vector space category which satisfies all the conditions of Theorem 1, X, Y ∈ ind K, X ≠ Y . If K (X, Y ) ≠ 0, then K (Y, X) = 0.

Proof. If X ∈ SK or Y ∈ SK, then proof is evident. Assume that X, Y ∈ LK, X ≠ Y, 0 ≠ φ ∈ K(X, Y ), 0 ≠ ψ ∈ K(Y, X). Since K is schurian, we get φψ = ψφ = 0 and hence Ker |φ| ∈ P^1(X), Im |φ| ∈ P^1(Y ). Therefore there exists a basis B of the category K

such that M|φ| = ( 1 0 0 0 ) . Suppose M|ψ| = ( a b c d ) . Since φψ = ψφ = 0, we get

a = b = c = 0. Consequently, dim_kK(Y, X) = 1. Similarly, we have dim_kK(X, Y ) = 1. This contradicts dim_kK(X, Y ) + dim_kK(Y, X) ≥ 3.

Given Φ ⊆ SK, X ∈ LK, the note Φ < X (resp., Φ > X) means that A < X (resp., A > X) for any A ∈ Φ. We set max ind K = {X ∈ ind K | K (Y, X) = 0 for any Y ∈ ind K, Y ≠ X}, min ind K = {X ∈ ind K | K (X, Y ) = 0 for any Y ∈ ind K, Y ≠ X}.

Lemma 3. If U, V ∈ P^1(X) and U ≠ V , then SK_{X,U} < SK^{X,V} .

Proof. Suppose A ∈ SK_{X,U} , B ∈ SK^{X,V} . Then there exist φ ∈ K(X, A), ψ ∈ K(B, X) such that U = Ker |φ|, V = Im |ψ|. Since V ⊈ U, we have φψ ≠ 0 and hence A < B.

Lemma 4. Suppose that X ∈ LK, A, B ∈ SK and A < B. Then 1. If X < A and B ∈ SK^{X,V} , then A ∈ SK^{X,V} ; 2. If X > B and A ∈ SK_{X,V} , then B ∈ SK_{X,V} .

Proof. 1. From X < A we conclude that K(A, X) ≠ 0. Since dim_k|A| = dim_k|B| = 1 and A < B, then there exists δ ∈ K(B, A) such that |δ| is an isomorphism. Therefore we have Im|φ| = Im|φδ| = V for any 0 ≠ φ ∈ K(A, X) and hence A ∈ SK^{X,V} .

The statement 2 is dual to the statement 1.

We denote by K^{op} the opposite vector space category to K (see [Si] for details). We shall identify the sets ind K^{op} and ind K.

Lemma 5. Suppose that X ∈ LK, A, B ∈ SK and A − B. If A > X and X > B, then there exists V ∈ P^1(X) such that A ∈ SK^{X,V} , B ∈ SK_{X,V} .

Proof. Since A > X (resp., X > B), then there exists 0 ≠ φ ∈ K(A, X) (resp., 0 ≠ ψ ∈ K(X, B)). From A−B we conclude that ψφ = 0 and hence Im |φ| = Ker |ψ| ∈ P^1(X) for all 0 ≠ φ ∈ K(A, X),0 ≠ ψ ∈ K(X, B). Lemma 6. Let K be a schurian vector space category, X, Y ∈ LK. Then 1. If dim_kK(X, Y ) = 4, then K({X, Y }) ∼= L;

2. If dim_kK(X, Y ) = 3, then K({X, Y }) is equivalent to one of the categories I, J . 3. If dim_kK(X, Y ) + dim_kK(Y, X) = 2, then K({X, Y }) is equivalent to one of the categories A, B, C, D, D^{op}.

Proof. 3. If dim_kK(X, Y ) = dim_kK(Y, X) = 1, then from the proof of Lemma 2 it follows that K ∼= C. Assume that dim_kK(X, Y ) = 2. Let {φ, ψ} be the basis of |K(X, Y )|. From the classification of indecomposable representations of a pencil, solved by Kronecker, it follows that there exist the basis of |X| and |Y | such that one of the following situations may take place: a). M|φ| = ( 1 0 0 1 ) , M|ψ| = ( λ 1 0 λ ) , λ ∈ k. It is clear that in this case K ∼= B.

b). M|φ| = ( 1 0 0 λ ) , M|ψ| = ( μ 0 0 1 ) , λμ ≠ 1. In this case K ∼= A. c). M|φ| = ( 1 0 0 0 ) , M|ψ| = ( 0 0 1 0 ) . In this case K ∼= D^{op}. d). M|φ| = ( 1 0 0 0 ) , M|ψ| = ( 0 1 0 0 ) . In this case K ∼= D.

2. Let {φ, ψ, δ} be the basis of |K(X, Y )|. From proof of the statement 3 it follows that there exist the basis of |X| and |Y | such that one of the following situations may take place: a). M|φ| = ( 1 0 0 1 ) , M|ψ| = ( 0 1 0 0 ) . Then we may assume that M|δ| = ( a 0 b 0 ) . If b ≠ 0, then K ∼= J . If b = 0, then K ∼= I. b). M|φ| = ( 1 0 0 0 ) , M|ψ| = ( 0 0 0 1 ) . Then we may assume that M|δ| = ( 0 a b 0 ) . If a = 0 or b = 0, then K ∼= I. If a ≠ 0 and b ≠ 0, then K ∼= J . c). M|φ| = ( 1 0 0 0 ) , M|ψ| = ( 0 0 1 0 ) . Then we may assume that M|δ| = ( 0 a 0 b ) . In this case K ∼= I. d). M|φ| = ( 1 0 0 0 ) , M|ψ| = ( 0 1 0 0 ) . Then we may assume that M|δ| = ( 0 0 a b ) . In this case K ∼= I.

1. It follows from the statement 2.

Lemma 7. Let K be a schurian vector space category, X ∈ LK, A_i ∈ S_{X,Vi} (resp., A_i ∈ S^{X,Vi} ), 1 ≤ i ≤ 3, where V_i ≠ V_j for i ≠ j . Then K ({X, A_1, A_2, A_3}) is equivalent to the category D (resp., D^{op}).

Proof is evident.

Lemma 8. Let K be a schurian vector space category, X ∈ LK, A_i ∈ S_{X,Vi} (resp., A_i ∈ S^{X,Vi} ), 1 ≤ i ≤ 4, where V_i ≠ V_j for i ≠ j. Then K ({X, A_1, . . . , A_4}) is equivalent to one of the categories H_λ (resp., H^{op}_λ ), λ ∈ k\{0, 1}.

Proof is evident.

Lemma 9. Let K be a schurian vector space category satisfying the condition (c) of Theorem 1, X, Y ∈ LK, X > Y . The following conditions are equivalent: 1. K({X, Y }) ∼= I; 2. There exist U ∈ P^1(X), V ∈ P^1(Y ) such that |K(X, Y )|(U) = V.

Proof follows from Lemma 6.

Lemma 10. Let K be a schurian vector space category satisfying the condition (c) of Theorem 1, X, Y ∈ LK, X > Y . Assume that there exist U_1, U_2 ∈ P^1(X), V_1, V_2 ∈ P^1(Y ) such that |K(X, Y )| (U_i) = V_i for 1 ≤ i ≤ 2. Then U_1 = U_2, V_1 = V_2.

Proof follows from Lemmas 9,6.

Lemma 11. Let K be a schurian vector space category satisfying all the conditions of Theorem 1, X, Y ∈ LK, X > Y , K({X, Y }) ∼= I, Φ ⊆ SK, Φ < X and Φ > Y . Then Φ = Φ_1 ∪ Φ_2, Φ_1 ∩ Φ_2 = ∅, Φ_1, Φ_2 do not contain the subsets (1, 1, 1) and (1, 2).

Proof. From Lemma 9 it follows that there exist U ∈ P^1(X), V ∈ P^1(Y ) such that |K(X, Y )|(U) = V . Put Φ_1 = SK_{X,U} , Φ_2 = SK^{Y,V} . From the condition (d) of Theorem 1 it follows that Φ_1 ∩ Φ_2 = ∅. The condition (e) of Theorem 1 conclude that Φ_1, Φ_2 do not contain the subsets (1, 1, 1) and (1, 2).

Suppose A ∈ Φ, A ∉ SK_{X,U} . Then there exists 0 ≠ φ ∈ K(X, A) such that Ker |φ| ≠ U. Then Im |ψ| = |ψφ|(U) = V for any 0 ≠ ψ ∈ K(A, Y ) and hence A ∈ SK^{Y,V} .

Suppose A ∈ Φ, A ∉ SK^{Y,V} . Then there exists 0 ≠ ψ ∈ K(A, Y ) such that Im |ψ| ≠ V . Then if |φ|(U) ≠ 0 for some φ ∈ K(X, A), then |ψφ|(U) ⊈ V , a contradiction. Therefore |φ|(U) = 0 for any φ ∈ K(X, A) and hence A ∈ SK_{X,U} .

Lemma 12. Let K be a schurian vector space category satisfying the conditions (b),(e) and (g) of Theorem 1. Assume that Φ ⊆ SK, Φ = (1, 1, 1, 1) or Φ = (1, 2, 2). Then for any Z ∈ LK we have Z < Φ or Φ < Z.

Proof. Since K satisfies the condition (b) of Theorem 1, we have A < Z or A > Z for any Z ∈ LK and A ∈ Φ. Suppose the assertion of the Lemma is false. Then one of the following situations occur:

1). Φ = {A_1, A_2, A_3, A_4}, A_1 < Z, {A_2, A_3, A_4} > Z. From Lemma 5 it follows that there exists V ∈ P^1(Z) such that A_1 ∈ SK_{Z,V} , {A_2, A_3, A_4} ⊆ SK^{Z,V} , a contradiction to the condition (e) of Theorem 1.

2). Φ = {A_1, A_2, A_3, A_4}, {A_1, A_2} < Z, {A_3, A_4} > Z. From Lemma 5 it follows that there exists V ∈ P^1(Z) such that {A_1, A_2} ⊆ SK_{Z,V} , {A_3, A_4} ⊆ SK^{Z,V} , a contradiction to the condition (g) of Theorem 1. 3). Φ = {A, B < C, D < E}, A < Z, {B < C, D < E} > Z. From Lemma 5 it follows that there exists V ∈ P^1(Z) such that A ∈ SK_{Z,V} , {B < C, D < E} ⊆ SK^{Z,V} , a contradiction to the condition (e) of Theorem 1. 4). Φ = {A, B < C, D < E}, A > Z, {B < C, D < E} < Z. This case is dual to case 3). 5). Φ = {A, B < C, D < E}, A < Z, B < Z, E > Z. From Lemma 5 it follows that there exists V ∈ P^1(Z) such that A, B ∈ SK_{Z,V} , E ∈ SK^{Z,V} . If C < Z, then C ∈ SK_{Z,V} because C − E. Hence {A, B < C} ⊆ SK_{Z,V} , a contradiction to the condition (e) of Theorem 1. If C > Z, then C ∈ SK^{Z,V} because C − A, a contradiction to the condition (g) of Theorem 1.

6). Φ = {A, B < C, D < E}, A > Z, B < Z, E > Z. This case is dual to case 5).

Lemma 13. Let K be a schurian vector space category satisfying the conditions (b),(e),(g) of Theorem 1. Let Φ ⊆ SK be one of the following sets K_1, . . . , K_5, G. Then any object Z ∈ LK satisfies Φ > Z or Φ < Z.

Proof. Conversely, suppose that there are B, C ∈ Φ such that B < Z and C > Z. Since Φ satisfies the condition (∗), Φ contains one of the subsets {C, C_1, C_2, C_3},{C, C_1 < C_2, C_3 < C_4},{C_1, C < C_2, C_3 < C_4},{C_1, C_2 < C, C_3 < C_4}. Lemma 12 implies that C_i > Z for 1 ≤ i ≤ 4. By the same reason, Φ contains one of the subsets {B, B_1, B_2, B_3},

{B, B_1 < B_2, B_3 < B_4},{B_1, B < B_2, B_3 < B_4},{B_1, B_2 < B, B_3 < B_4} and B_i < Z for 1 ≤ i ≤ 4. We get a contradiction to the form of the sets K_1, . . . , K_5, G.

2 Differentiation algorithm

In this section we construct an algorithm of differentiation of schurian vector space categories satisfying all the conditions of Theorem 1, which generalizes the Nazarova–Roiter’s differentiation algorithm for posets (see [NR2]). Throughout the section K stands for the schurian vector space category satisfying all the conditions of Theorem 1.

Since V(K) ∼= V(K^{|−|}), from now on we will assume that K ≡ K^{|−|}. Therefore we write X (resp., K(X, Y )) instead |X| (resp., |K(X, Y )|), where X, Y ∈ ind K.

2.1 Categories C_{n,m}.

Suppose that K = C_{n,m} for some n, m ∈ N. Consider the following indecomposable objects of V (K):

K_{Z,Ai,s} = (Z^s ⊕ A_i, k^{s+1}, φ), where s ∈ N and

Mφ_z1 = 0 0 E_{s−1} 0 0 1 , Mφ_z2 = 1 0 0 E_{s−1} 0 0 , Mφ_{ai} = 1 0 0 ; K_{Z,Bj ,s} = (Z^s ⊕ B_j, k^{s+1}, φ), where s ∈ N and

Mφ_z1 = 0 0 E_{s−1} 0 0 1 , Mφ_z2 = 1 0 0 E_{s−1} 0 0 , Mφ_{bj} = 0 0 1 ; K_{Z,Ai,s,0} = (Z^s ⊕ A_i, k^s, φ), where s ∈ N and

Mφ_z1 = ( 0 E_{s−1} 0 0 ) , Mφ_z2 = ( E_{s−1} 0 0 1 ) , Mφ_{ai} = ( 0 1 ) ; K_{Z,Bj ,s,0} = (Z^s ⊕ B_j, k^s, φ), where s ∈ N and

Mφ_z1 = ( E_{s−1} 0 0 1 ) , Mφ_z2 = ( 0 E_{s−1} 0 0 ) , Mφ_{bj} = ( 0 1 ) ; K_{{Z,Ai,Bj ,s}} = (Z^s ⊕ A_i ⊕ B_j, k^{s+1}, φ), where s ∈ N and

Mφ_z1 = 0 0 E_{s−1} 0 0 1 , Mφ_z2 = 1 0 0 E_{s−1} 0 0 , Mφ_{{ai,bj }} = a_i b_j 1 0 0 0 0 1 .

The proof of this result will be given in (2.6).

Proposition 1. Suppose that K = C_{n,m} for some n, m ∈ N. Then ind V (K) = {K_0, K_{Ai} , K_{Bj} , K_{Z,0}, K_{Ai,0}, K_{Bj ,0}, K_{{Ai,Bj }}, K_{Z,s,−}, K_{Z,s,+}, K_{Z,s,0,−}, K_{Z,s,0,+}, K_{Z,s,λ}, K_{Z,Ai,s}, K_{Z,Bj ,s}, K_{Z,Ai,s,0}, K_{Z,Bj ,s,0}, K_{{Z,Ai,Bj ,s}} |s ∈ N, λ ∈ k, λ ≠ 0, 1 ≤ i ≤ n, 1 ≤ j ≤ m}.

2.2 Category D:

Consider the following indecomposable objects of V (D): D_{{Z,A,B,C}} = (Z ⊕ A ⊕ B ⊕ C, k^2, φ) , where:

Mφ = ( z^1 z^2 a b c 0 1 1 0 1 0 0 0 1 1 ) ; D_{{Z,A,B,C,s,⋄}} = (Z^s ⊕ A ⊕ B ⊕ C, k^{s+2}, φ), where s ∈ N and

Mφ_z1 = 0 0 0 0 E_{s−1} 0 0 1 , Mφ_z2 = 1 0 1 0 0 E_{s−1} 0 0 , Mφ_{{a,b,c}} = a b c 1 0 0 0 1 0 0 0 0 0 0 1 ;

D_{{Z,A,B,C,s,−}} = (Z^{2s} ⊕ A ⊕ B ⊕ C, k^{2s+1}, φ), where s ∈ N and

Mφ_z1 =

0 0 0 0 E_{s−1} 0 0 0 0 1 0 0 0 0 0 E_{s−1} 0 0 0 0 , Mφ_z2 = 1 0 0 1 0 E_{s−1} 0 0 0 0 0 0 0 0 E_{s−1} 0 0 0 0 1 ,

Mφ_{{a,b,c}} = a b c 1 1 0 0 . . 0 0 0 s + 1 0 0 1 . . 0 0 0 2s + 1 0 1 0 ;

D_{{Z,A,B,C,s,+}} = (Z^{2s+1} ⊕ A ⊕ B ⊕ C, k^{2s+2}, φ), where s ∈ N and

Mφ_z1 =

0 0 0 1 0 0 0 0 E_{s−1} 0 0 0 0 1 0 0 0 0 E_s 0 , Mφ_z2 = 1 0 1 0 1 0 0 0 0 E_{s−1} 0 0 0 0 0 0 0 0 0 E_s ,

Mφ_{{a,b,c}} = a b c 1 1 0 0 2 0 1 0 . . 0 0 0 s + 2 0 0 1 . . 0 0 0 2s + 2 0 0 0

.

The proof of this result will be given in (2.6).

Proposition 2. ind V (D) = {D_0, D_A, D_B, D_C , D_{Z,0}, D_{A,0}, D_{B,0}, D_{C,0}, D_{{A,B}}, D_{{A,C}}, D_{{B,C}}, D_{Z,s,−}, D_{Z,s,+}, D_{Z,s,0,−}, D_{Z,s,0,+}, D_{Z,s,λ}, D_{Z,A,s}, D_{Z,B,s}, D_{Z,C,s}, D_{Z,A,s,0}, D_{Z,B,s,0}, D_{Z,C,s,0}, D_{{Z,A,B,s}}, D_{{Z,A,C,s}}, D_{{Z,B,C,s}}, D_{{A,B,C}}, D_{{A,B,C,⋄}}, D_{{Z,A,B,C}}, D_{{Z,A,B,C,s,⋄}}, D_{{Z,A,B,C,s,−}}, D_{{Z,A,B,C,s,+}}, | s ∈ N, λ ∈ k, λ ≠ 0}.

2.3 Lemma 14. Suppose that LK = max ind K = {Z}, SK_{Z,V} does not contain the subset (1, 1) for any V ∈ P^1(Z) and SK does not contain the subsets (1, 1, 1, 1) and (1, 2, 2).

If Z ⊆ X, then A ⊈ X for any (X, V, φ) ∈ ind V(K) and any A ∈ SK \ SK_Z.

Proof. Having fixed an arbitrary basis B in K we will consider the decomposition X = Z^s ⊕ Y , where Z ⊈ Y . Let φ_Y denote the restriction of φ to the subspace Y . Then (Y, V, φ_Y ) is the object of the category V (K (T )), where T = ind K\{Z}. Let (Y, V, φ_Y ) = ⊕^m_{i=1}(Y_i, V_i, φ_{Y,i}) be a decomposition of (Y, V, φ_Y ) into the direct sum of indecomposable objects. We fix an arbitrary basis in the spaces V_i, Y_i and Z. Then the matrix Mφ can be written in the form:

Mφ = Mφ_z1 Mφ_z2 1 M_{11} M_{21} M_{31} 0 0 . . . . . . 0 ... 0 m M_{1m} M_{2m} 0 0 M_{3m} .

Since K̂ = K (T ) is the linear schurian category and SK̂ does not contain (1, 1, 1, 1) and (1, 2, 2) as subsets, from [K] it follows that ind V (K̂) = {K̂_0, K̂_B, K̂_{{C1,C2}}, K̂_{{D1,D2,D3}}, K̂_{{D1,D2,D3,⋄}}, K̂_{B,0}, K̂_{{E,F,G<H}} | B ∈ SK, (C_1, C_2), (D_1, D_2, D_3), {E, F, G < H} ⊆ SK}. Let A ∈ SK, A ∉ SK_Z and A ⊆ Y_i for a certain 1 ≤ i ≤ m. It is easily seen that the matrices M_{1i}, M_{2i} can be turned into zero matrices by adding the columns of the matrix M_{3i}. Since Z ⊆ X, we get (Y_i, V_i, φ_{Y,i}) ≠ (X, V, φ) and hence (Y_i, V_i, φ_{Y,i}) can be distinguished by a direct summand in (X, V, φ), which contradicts indecomposability of (X, V, φ).

2.4 An object P ∈ SK is called admissible if the following conditions hold:

1. P ∈ max SK;

2. If P ∈ SK^{X,V} for some V ∈ P^1(X), then P ≥ A for any A ∈ SK^{X,V} ; 3. If Z ∈ max ind K, Z ∈ LK, then P ∈ max (ind K\{Z});

4. If Z ∈ max ind K,Z ∈ LK and w(SK_{Z,V} ) = 2 for some V ∈ P^1(Z), then P ∈ SK_{Z,V} ; 5. If Z ∈ max ind K, Z ∈ LK and P ∈ SK^{Y,V} for some V ∈ P^1(Y ), then K(Z, Y )(U) ≠ V for any U ∈ P^1(Z).

For given X, Y ∈ ind K we denote by Mat_B (X, Y ) the vector space with the basis {Mb^i_{X,Y} | 1 ≤ i ≤ dim_kK(X, Y )}. For a matrix M we denote by ψ_M the corresponding map. Let P ∈ SK be an admissible object. If P ∉ max ind K, then we denote by Z an element of max ind K.

We define a new vector space category ∂_P K in the following manner. In order to obtain the set ind ∂_P K, the objects P and Z are removed from the set ind K and the following indecomposable objects are added:

1. an one-dimensional object S_{{A,B,C}} := k and a two-dimensional object L_{{A,B,C}} := k^2 for every quadruple (P, A, B, C) in SK;

2. an one-dimensional object S_{{A,B}} := k for every triple (P, A, B) in SK; 3. an one-dimensional object S_Y := k for all Y ∈ LK such that P ∈ SK^Y ; 4. the one-dimensional objects S_{Z,0} := k, S_{Z,s,0} := k, S_{Z,s,−} := k, s ∈ N if P ∈ SK_Z ; 5. the one-dimensional objects S_{Z,A,s,0} := k, s ∈ N for every pair (P, A) in SK_Z; 6. the one-dimensional objects S_{{Z,A,B,s}} := k, s ∈ N for every triple (P, A, B) in SK_Z; 7. the one-dimensional objects S_{{Z,A,B,C,s}} := k, s ∈ N and the two-dimensional objects L_{{Z,A,B,C}} := k^2, L_{{Z,A,B,C,s,−}} := k^2, L_{{Z,A,B,C,s,+}} := k^2, s ∈ N for every quadruple (P, A, B, C) in SK_Z;

8. an one-dimensional object S_{{Z,A,B,C}} := k for every quadruple (P, A, B, C) in SK if dim_kK (Z, P ) = 2 and (A, B, C) ⊆ SK_Z.

The subset of ind ∂_P K consisting of new (resp., old) objects is denoted by N∂_P K (resp., O∂_P K). For each subset Φ ⊂ ind ∂_P K, we set NΦ := Φ ∩ N∂_P K, OΦ := Φ ∩ O∂_P K.

We define a map ψ from ind ∂_P K to the set of all subsets of ind K by the rule ψ(S_{{A,B,C}}) = {A, B, C}, ψ(S_{{A,B}}) = {A, B}, ψ(S_Y ) = {Y }, ψ(L_{{A,B,C}}) = {A, B, C}, ψ(S_{Z,0}) = {Z}, ψ(S_{Z,s,0}) = {Z}, ψ(S_{Z,s,−}) = {Z}, ψ(S_{Z,A,s,0}) = {Z, A}, ψ(S_{{Z,A,B,s}}) = {Z, A, B} , ψ(S_{{Z,A,B,C,s}}) = {Z, A, B, C} , ψ(L_{{Z,A,B,C}}) = {Z, A, B, C} , ψ(L_{{Z,A,B,C,s,−}}) = {Z, A, B, C} , ψ(L_{{Z,A,B,C,s,+}}) = {Z, A, B, C}, ψ( S_{{Z,A,B,C}} ) = {Z, A, B, C} and ψ(X) = X for X ∈ O∂_P K. We denote by ψ_Z the set of objects Y ∈ N∂_P K such that Z ∈ ψ(Y ). We set O = {Y ∈ ind ∂_P K | ψ(Y ) ⊆ SK_Z ∪ {Z}, Y ≠ S_{Z,i,0}}. For an arbitrary subcategory M in ∂_P K, let us denote by ψ(M) the full subcategory in K whose indecomposable objects are P and the elements of the set {ψ(Y ) | Y ∈ indM}.

For an arbitrary subset T of ind ∂_P K the set {ψ(Y ) | Y ∈ T } is denoted by ψ(T ). Let an arbitrary P -basis B = (B_0, B_1) be fixed in the category K. The spaces of morphisms in the category ∂_P K are defined by the following conditions.

1. ∂_P K (A, A) := k for any A ∈ ind ∂_P K; 2. ∂_P K (A, B) := K (A, B) for any A, B ∈ O∂_P K;

3. If (P, A, B, C) is a quadruple in SK, then ∂_P K ({Y ∈ ind ∂_P K | ψ(Y ) ⊆ {A, B, C, P }}) ∼= M, where A → A, B → B, C → C, L_{{A,B,C}} → Z, S_{{A,B,C}} → G, S_{{A,B}} → F, S_{{B,C}} → E, S_{{A,C}} → D; 4. ∂_P K (S_{{A,B}}, A) := k, ∂_P K (S_{{A,B}}, B) := k; 5. If Y ∈ LK and dim_kK (P, Y ) = 1, then ∂_P K ({Y, S_Y }) ∼= B, where Y → Z, S_Y → A; 6. If ord ΩK_Z = 4 and SK_Z = {A, B, C, P }, K ({Z, A, B, C, P }) ∼= H_λ, where Z → Z, P → D, A → A, B → B, C → C,then ∂_P K (O) ∼= O_λ, where A → A_1, B → B_1, C → D_1, L_{{A,B,C}} → Z_1, S_{{A,B}} → C_2, S_{{A,C}} → A_2, S_{{B,C}} → B_2, S_{Z,0} → D_2, L_{{Z,A,B,C}} → Z_2, S_{Z,A,s,0} → A_{2s+1}, S_{Z,B,s,0} → B_{2s+1}, S_{Z,C,s,0} → D_{2s+1}, S_{{A,B,C}} → C_3, L_{{Z,A,B,C,s,−}} → Z_{2s+1}, S_{{Z,A,B,s}} → C_{2s+2}, S_{{Z,A,C,s}} → A_{2s+2}, S_{{Z,B,C,s}} → B_{2s+2}, S_{Z,s,−} → D_{2s+2}, L_{{Z,A,B,C,s,+}} → Z_{2s+2}, S_{{Z,A,B,C,s}} → C_{2s+3} ; 7. If ord ΩK_Z ≤ 3, SK_{Z,U} = {A_1 < . . . < A_n}, SK_{Z,W} = {B_1 < . . . < B_m}, P ∈ SK_{Z,V} , where V, U, W are pairwise different proper subspace,n, m ∈ N ∪ {0}, then

∂_P K (O) ∼= N_{n,m}, where A_i → X^0_{i,0},B_j → X^0_{0,j},S_{{Ai,Bj }} → X^0_{i,j}, S_{Z,Ai,s,0} → X^s_{i,0},S_{Z,Bj ,s,0} → X^s_{0,j},S_{{Z,Ai,Bj ,s}} → X^s_{i,j},S_{Z,0} → X^1_{0,0},S_{Z,s,−} → X^{s+1}_{0,0} ; 8. If X ∈ ind ∂_P K \ ψ_Z , Y ∈ {S_{{B,C}}, S_{{A,B,C}}} for some A, B, C ∈ SK, then ∂_P K (X, Y ) := {ψ_F | F ∈ ∩_{T ∈ψ(Y )}Mat_B (X, T )}; 9. If X ∈ ind ∂_P K \ ψ_Z , then ∂_P K (X, L_{{A,B,C}}) := { ( φ_{AC} + φ_{AB} φ_{BC} − φ_{AB} ) | φ_{LN} ∈ Mat_B(X, L) ∩ Mat_B(X, N)}.

10. If X ∈ ind ∂_P K, X ≠ S_{Z,0}, then ∂_P K (X, S_Y ) := {ψ_F | ( F 0 ) ∈ Mat_B (X, Y )};

11. If K({Z, X}) ∼= L, then ∂_P K(S_{Z,0}, S_X ) := k; 12. ∂_P K(S_{{Z,A,B,C}}, S_{{A,B,C} ) := k; 13. If X ∈ O∂_P K and K({Z, X}) ≁= I, then ∂_P K(S_{Z,0}, X) := k^2;

14. If K({Z, X}) ∼= I, then ∂_P K(S_{Z,0}, X) := kα, where Mα = ( 0 1 ) ; 15. If X ∈ SO∂_P K, X ∉ SK_{Z,ZP} , then ∂_P K(S_{Z,0}, X) := k; 16. If S_{{A,B}} ∉ O, then ∂_P K(S_{Z,0}, S_{{A,B}}) := k; 17. If S_{{A,B}} ∉ O, S_{{B,C}} ∉ O and S_{{A,C}} ∉ O, then ∂_P K(S_{Z,0}, S_{{A,B,C}}) := k; 18. ∂_P K({S_{Z,s,0} | s ∈ N}) ∼= N^{op}_{0,0}, where S_{Z,s,0} → X^s_{0,0}, and ∂_P K(S_{Z,s,0}, T ) := k for any T ∈ O; 19. If S_{{A,B}} ∉ O, S_{{B,C}} ∉ O, S_{{A,C}} ∈ O, then ∂_P K(X, S_{{A,B,C}}) := k for any X ∈ ψ_Z , X ≠ S_{Z,0}; 20. φ ∈ Mor ∂_P K if and only if φ = ∑k j=1 φ_{j1} . . . φ_{jn(j)}, where φ_{js} are defined by the conditions 1-19.

We define a functor | − | : ∂_P K → mod k by the rule |X| := X, |∂_P K (X, Y )| := ∂_P K (X, Y ) for any X, Y ∈ ind ∂_P K.

For any X ∈ LK and A ∈ S^{X,V} (resp., A ∈ S_{X,V} ), let us denote by X^A (resp., X_A) the vector space V ∈ P^1 (V ) such that A ∈ SK^{X,V} (resp., A ∈ SK_{X,V} ). 2.5 In this section we deal with the construction of mappings d_P : Ob V(K) → Ob V(∂_P K) and i_P : Ob V(∂_P K) → Ob V(K). We assume that an arbitrary P -basis is fixed in the category K and consider an arbitrary object (X, V, φ) of the category V(K). We fix a decomposition X ∼= X^{d1}_1 ⊕· · ·⊕X^{dn}_n , where X_i ∈ ind K, and a linear isomorphism V ∼= k^{d0} . According to Sec. 1, the problem concerning the classification of indecomposable objects of the category V(K) is equivalent to the matrix problem ( Mat_K, G_K). By using the elementary transformations of rows, the matrix Mφ can be transformed to the following form Mφ = ( Mφ_z1 Mφ_z2 Mφ_BP,+_0 Mφ_BP,−_0 V_1 M_1 M_2 M_3 M_4 V_2 M_5 M_6 0 M_7 ) , where the rows of the matrix M_3 are linearly independent. We get the decomposition V = V_1 ⊕ V_2. Adding columns of the matrix Mφ_BP,+_0 to the matrix Mφ_z1 , we can turn the block M_1 into zero. Consider the object (X, V_2, φ^′), where

Mφ^′ = ( Mφ_z1 Mφ_z2 Mφ_BP,+_0 Mφ_BP,−_0 V_2 M_5 M_6 0 M_7 ) . If we decompose (X, V_2, φ^′) into the following direct sum (X, V_2, φ^′) = ⊕^m_{i=1}(X_i, V_{2i}, φ^′_i), where (X_i, V_{2i}, φ^′_i) = ⊕^{ti}_{j=1} (Y_i, W_i, φ^{′′}_i ), (Y_i, W_i, φ^{′′}_i ) ∈ ind V(K) and (Y_k, W_k, φ^{′′}_k) ≁= (Y_s, W_s, φ^{′′}_s ) for k ≠ s, then the matrix Mφ takes the form

Mφ =

11 · · · 1n 21 · · · 2n 3 41 · · · 4n 1 0 · · · 0 M_{21} · · · M_{2n} M_3 M_{41} · · · M_{4n} 21 M_{51} 0 0 M_{61} 0 0 0 M_{71} 0 0 . . 0 ... 0 0 . .. 0 0 0 . .. 0 2n 0 0 M_{5n} 0 0 M_{6n} 0 0 0 M_{7n} ,

where Mφ^′_i = ( Mφ_z1 Mφ_z2 Mφ_BP,+_0 Mφ_BP,−_0 V_{2i} M_{5i} M_{6i} 0 M_{7i} ) . According to Lemma 1, the classification of indecomposable objects of the category V̂(K) is equivalent to the problem of classification of indecomposable objects of the category PL. Consider the following sets: 1. R_1 = {PL_0, PL_{A,0}, PL_A | A ∈ SPL}; 2. R_2 = {PL_{{A,B}} | (A, B) ⊆ SPL}; 3. R_3 = {PL_{{A,B,C}},PL_{{A,B,C,⋄}} | (A, B, C) ⊆ SPL}; 4. R_4 = {PL_{Z,0}, PL_{Z,s,−}, PL_{Z,s,+}, PL_{Z,s,0,−}, PL_{Z,s,0,+}, PL_{Z,s,λ}, λ ≠ 0}; 5. R_5 = {PL_{Z,A,s}, PL_{Z,A,s,0} | A ∈ SPL_Z}; 6. R_6 = {PL_{{Z,A,B,s}} | (A, B) ⊆ SPL_Z }; 7. R_7 = {PL_{{Z,A,B,C}}, PL_{{Z,A,B,C,s,⋄}}, PL_{{Z,A,B,C,s,−}}, PL_{{Z,A,B,C,s,+}} | (A, B, C) ⊆ SPL_Z }. Since K satisfies all the conditions of Theorem 1 and P is admissible, then the category PL satisfies the conditions of Lemma 14 and SPL does not contain the subsets (1, 1, 1, 1) and (1, 1, 2).

Therefore from Lemma 14, Propositions 1,2 and [K] it follows that ind V(PL) = ∪^7_{i=1}R_i. Hence ind V̂(K) = ∪^7_{i=1}R^′_i, where 1. R^′_1 = {K_0, K_{X,1,0,+}, K_{A,0}, K_A | (P, A) ⊆ SK, X ∈ LK, dim_kK (P, X) = 1}; 2. R^′_2 = {K_{{A,B}} | (P, A, B) ⊆ SK}; 3. R^′_3 = {K_{{A,B,C}}, K_{{A,B,C,⋄}} | (P, A, B, C) ⊆ SK}; 4. R^′_4 = {K_{Z,0}, K_{Z,s,−}, K_{Z,s,+}, K_{Z,s,0,−}, K_{Z,s,0,+}, K_{Z,s,λ} | λ ∈ k, λ ≠ 0}; 5. R^′_5 = {K_{Z,A,s}, K_{Z,A,s,0} | A ∈ SK_Z, P − A}; 6. R^′_6 = {K_{{Z,A,B,s}} | (A, B) ⊆ SK_Z, P − {A, B}}; 7. R^′_7 = { K_{{Z,A,B,C}}, K_{{Z,A,B,C,s,⋄}}, K_{{Z,A,B,C,s,−}}, K_{{Z,A,B,C,s,+}} | (A, B, C) ⊆ SK_Z, P − {A, B, C}}. Note that the matrices Mφ of indecomposable objects of the categories C_{n,m} and D in (2.1), (2.2) are given in the basis, which is not P -basis.

If we have one of the cases

1. (Y_j, W_j, φ^{′′}_j ) = K_A; 2. (Y_j, W_j, φ^{′′}_j ) = K_{X,1,0,+}; 3. (Y_j, W_j, φ^{′′}_j ) = K_{{A,B}} ; 4. (Y_j, W_j, φ^{′′}_j ) = K_{{A,B,C}} ; 5. (Y_j, W_j, φ^{′′}_j ) = K_{{A,B,C,⋄}}; 6. (Y_j, W_j, φ^{′′}_j ) ∈ {K_{Z,s,−}, K_{Z,s,0,−}}; 7. (Y_j, W_j, φ^{′′}_j ) = K_{Z,A,s}; 8. (Y_j, W_j, φ^{′′}_j ) = K_{{Z,A,B,s}}; 9. (Y_j, W_j, φ^{′′}_j ) = K_{{Z,A,B,C,s,⋄}}; 10. (Y_j, W_j, φ^{′′}_j ) ∈ {K_{{Z,A,B,C,s,−}}, K_{{Z,A,B,C,s,+}}}; 11. (Y_j, W_j, φ^{′′}_j ) ∈ {K_{Z,A,s,0}, K_{Z,s,+}, K_{Z,s,0,+}, K_{Z,s,λ}, λ ∈ k, λ ≠ 0}; 12. (Y_j, W_j, φ^{′′}_j ) = K_{{Z,A,B,C}} and dim_kK(Z, P ) = 1; 13. (Y_j, W_j, φ^{′′}_j ) = K_{{Z,A,B,C}} and dim_kK(Z, P ) = 2, then, adding rows of the horizontal band 2j to the horizontal band 1, we can turn into zero the following blocks of the horizontal band 1:

1. M_{4j} (a); 2. M_{4j}(x^2); 3. M_{4j} (b); 4. M_{4j}(a) and M_{4j}(b); 5. M_{4j} (c); 6. M_{2j} except the column 1; 7. M_{2j} and M_{4j}(a); 8. M_{2j} and M_{4j}(b) ; 9. M_{2j} , M_{4j}(a) and M_{4j}(b) ; 10. M_{2j} and M_{4j}(c); 11. M_{2j}; 12. M_{2j} and M_{4j}(c); 13. M_{4j}(a) and M_{4j}(b) , respectively, where M_t(y^i) means the vertical band of the matrix M_t corresponding to the basis vector y^i of the object Y .

Moreover, if dim_k(Z, P ) = 2, then adding columns of the matrix Mφ_BP,+_0 to the matrix Mφ_z2 , we can turn the block M_2 into zero.

Let M^′ denote the matrix consisting of nonzero blocks of the band 1 in the matrix Mφ excepting the block M_3(p). Let G^′ denote the subset in G consisting of elementary transformations which do not change the horizontal band 2 and zero blocks of the band 1 in the matrix Mφ. By an immediate checking one can see that (Mat_K, G^′) = (Mat_{∂P K}, G_{∂P K}).

Furthermore, the block M_{4j}(c) corresponds to the object S_{{A,B,C}}, where (Y_j, W_j, φ^{′′}_j ) = K_{{A,B,C}}, the block M_{4j}(a) to S_{{A,B}}, where (Y_j, W_j, φ^{′′}_j ) = K_{{A,B}}, the blocks M_{4j} (a) and M_{4j}(b) to L_{{ A, B, C}}, where (Y_j, W_j, φ^{′′}_j ) = K_{{A,B,C,⋄}}, the block M_{3j} to S_X , where (Y_j, W_j, φ^{′′}_j ) = K_{X,1,0,+}, the block M_{3j} to A ∈ O∂_P K, where (W_j, Y_j, φ^{′′}_j ) = K_{A,0}, the blocks M_{4j}(a) and M_{4j}(b) to L_{{Z,A,B,C}}, where (Y_j, W_j, φ^{′′}_j ) = K_{{Z,A,B,C}}, the blocks M_{4j}(a) and M_{4j}(b) to L_{{Z,A,B,C,s,−}}, where (Y_j, W_j, φ^{′′}_j ) = K_{{Z,A,B,C,s,−}}, the blocks M_{4j}(a) and M_{4j}(b) to L_{{Z,A,B,C,s,+}}, where (Y_j, W_j, φ^{′′}_j ) = K_{{Z,A,B,C,s,+}}, the block M_{4j}(c) to S_{{Z,A,B,C,s}}, where (Y_j, W_j, φ^{′′}_j ) = K_{{ Z, A, B, C, s, ⋄}}, the block M_{4j}(a) to S_{{Z,A,B,s}}, where (Y_j, W_j, φ^{′′}_j ) = K_{{Z,A,B,s}}, the block M_{4j} (a) to S_{Z,A,s,0}, where (Y_j, W_j, φ^{′′}_j ) = K_{Z,A,s,0}, the column 1 of the block M_{2j} to S_{Z,s,−}, where (Y_j, W_j, φ^{′′}_j ) = K_{Z,s,−}, the column 1 of the block M_{2j} to S_{Z,s,0}, where (Y_j, W_j, φ^{′′}_j ) = K_{Z,s,0,−}, the column 1 of the block M_{2j} to S_{Z,0}, where (Y_j, W_j, φ^{′′}_j ) = K_{Z,0}, the block M_{4j}(c) to S_{{Z,A,B,C}}, where (Y_j, W_j, φ^{′′}_j ) = K_{{Z,A,B,C}}. Let d_P (X, V, φ) denote the object V(∂_P K) corresponding to the matrix M^′. Thus, we have constructed the mapping d_P : Ob V(K) → Ob V(∂_P K). Obviously, the matrix Mφ can be uniquely restored up to the block Mφ_p by the matrix M^′. In order to restore the block Mφ_p, we transform the matrix M^′ to the following form

M^′ = ( Mφ_z2 Mφ_z1 Mφ_BP,+_0 Mφ_BP,−_0 11 M^′_{11} M^′_{21} M^′_{31} M^′_{41} 12 M^′_{12} M^′_{22} 0 M^′_{42} ) , where the rows M^′_{31} are linearly independent. Then we set Mφ_p =

11 0 12 E 2 0 . Thus,

we have obtained the mapping i_P : Ob V(∂_P K) → Ob V(K). The following proposition follows immediately from definitions of d_P , i_P .

Proposition 3.

1. The mappings d_P and i_P carry indecomposable objects to indecomposable ones or to zero;

2. If (X, V, φ) ∼= (X^′, V^′, φ^′) , then d_P ((X, V, φ) ∼= d_P ((X^′, V^′, φ^′)) ; 3. Let ( X, V, φ), ( X^′, V^′, φ^′) be indecomposable and d_P (( X, V, φ)) ≠ 0, d_P ((X^′, V^′, φ^′)) ≠ 0. Then d_P ((X, V, φ)) and d_P ((X^′, V^′, φ^′)) are indecomposable and d_P ((X, V, φ)) ∼= d_P ((X^′, V^′, φ^′)) implies (X, V, φ) ∼= (X^′, V^′, φ^′);

4. d_P carries to zero only a finite number of objects from ind V(K) of fixed dimension ⃗d which are different from K_{Z,s,λ}, λ ≠ 0;

5. d(d_P ((X, V, φ))) ≤ d((X, V, φ)) and if (X, V, φ) is sincere, then the inequality is strict.

For each object (X, V, φ) ∈ V(K) we denote by supp (X, V, φ) the set {Y ∈ ind K | Y ⊆ X}. Remark. From the definition of d_P it follows that 1. If P ∈ max indK, then Ker d_P = {K_0, K_{P,0}, K_A | A ∈ SK, A − P }; 2. If Z = max indK, Z ∈ LK, dim_kK(Z, P ) = 2, then Ker d_P = {K_0, K_{P,0}, K_A, T | A ∈ SK, A − P, Z ∈ supp T }; 3. If Z = max indK, Z ∈ LK, P ∈ SK_Z, then Ker d_P = {K_0, K_{P,0}, K_A, K_{Z,s,0,+}, K_{Z,s,+}, K_{Z,s,λ}, K_{Z,B,s} | A ∈ SK, A − P, B ∈ SK_Z , B − P, λ ∈ k, λ ≠ 0, s ∈ N}. The following proposition can be proved in the same way as the Statement 1 in [ZN1] (see also Chapter 15 in [Si]).

Proposition 4. Under the differentiation d_P , a series turns into a series except the series K_{Z,s,λ}, λ ≠ 0, i.e. almost all representations of a given dimension generated by one k[x]-representation turns into representations again generated by a one k[x]- representation. Besides, every series of the initial set is obtained from the series of the derived set by the integration i_P except the series K_{Z,s,λ}, λ ≠ 0. 2.6 Proof of Proposition 1. Consider several cases:

Case 1. n = m = 0. It is well known that ind V(C_{0,0}) = {K_0, K_{Z,0}, K_{Z,s,0,−}, K_{Z,s,0,+}, K_{Z,s,−}, K_{Z,s,+}, K_{Z,s,λ} | s ∈ N, λ ∈ k \ {0}}. Case 2. n > 0, m = 0. Consider ∂_{A1} K and denote it by K^′. From the case 1 and (2.4) it follows that the category K^′ is linear and ind K^′ = {A_2, . . . , A_n, S_{Z,0}, S_{Z,s,−}, S_{Z,s,0} | s ∈ N}. Since w(SK^′) = 2, then from [K] it follows that ind V(K^′) = {K^′_0, K^′_{X,0}, K^′_X , K^′_{{C,D}} | X ∈ ind K^′, (C, D) ∈ SK^′}. It is easily seen that i_{A1} (K^′_0) ∼= K_{A1} , i_{A1}(K^′_{Ai,0}) ∼= K_{Ai,0}, i_{A1} (K^′_{Ai} ) ∼= K_{Ai} , i_{A1} (K^′_{SZ,0,0}) ∼= K_{Z,0}, i_{A1}(K^′_{SZ,0} ) ∼= K_{Z,A1,1,0}, i_{A1} (K^′_{SZ,s,−,0}) ∼= K_{Z,s,−}, i_{A1} (K^′_{SZ,s,−} ) ∼= K_{Z,A1,s+1,0}, i_{A1} (K^′_{SZ,s,0,0}) ∼= K_{Z,s,0,−}, i_{A1} (K^′_{SZ,s,0} ) ∼= K_{Z,A1,s}, i_{A1} (K^′_{{Ai,SZ,0}}) ∼= K_{Z,Ai,1,0}, i_{A1} (K^′_{{Ai,SZ,s,−}}) ∼= K_{Z,Ai,s+1,0}, i_{A1} (K^′_{{Ai,SZ,s,0}}) ∼= K_{Z,Ai,s}, for 1 < i ≤ n, s ∈ N. Hence in this case Proposition 1 follows from Proposition 3 and Remark to Proposition 3.

Case 3. n > 0, m > 0. Consider ∂_{A1} K and denote it by K^′. From the case 2 and (2.4) it follows that the category K^′ is linear and ind K^′ = {A_2, . . . , A_n, B_j, S_{Z,0}, S_{Z,s,−}, S_{Z,s,0}, S_{Z,Bj ,s,0} | s ∈ N, 1 ≤ j ≤ m}. Since w(SK^′) = 2, then from [K] it follows that ind V(K^′) = K^′_0, K^′_{X,0}, K^′_X , K^′_{{C,D}} | X ∈ ind K^′, (C, D) ∈ SK^′}. It is easily seen that i_{A1}(K^′_0) ∼= K_{A1} , i_{A1}(K^′_{Ai,0}) ∼= K_{Ai,0} , i_{A1}(K^′_{Ai} ) ∼= K_{Ai} , i_{A1} (K^′_{Bj ,0}) ∼= K_{Bj ,0}, i_{A1}(K^′_{Bj} ) ∼= K_{{A1,Bj }}, i_{A1} (K^′_{SZ,0,0}) ∼= K_{Z,0} , i_{A1} (K^′_{SZ,0} ) ∼= K_{Z,A1,1,0}, i_{A1} (K^′_{SZ,s,−,0}) ∼= K_{Z,s,−} , i_{A1} (K^′_{SZ,s,−} ) ∼= K_{Z,A1,s+1,0}, i_{A1} (K^′_{SZ,s,0,0}) ∼= K_{Z,s,0,−} , i_{A1} (K^′_{SZ,s,0} ) ∼= K_{Z,A1,s}, i_{A1} (K^′_{SZ,Bj ,s,0,0}) ∼= K_{Z,Bj ,s,0}, i_{A1} (K^′_{SZ,Bj ,s,0} ) ∼= K_{{Z,Bj ,A1,s}}, i_{A1} (K^′_{{Ai,Bj }}) ∼= K_{{Ai,Bj }}, i_{A1} (K^′_{{Ai,SZ,0}}) ∼= K_{Z,Ai,1,0}, i_{A1} (K^′_{{Ai,SZ,s,−}}) ∼= K_{Z,Ai,s+1,0}, i_{A1} (K^′_{{Ai,SZ,s,0}}) ∼= K_{Z,Ai,s}, i_{A1} (K^′_{{SZ,Bj ,s,0,Ai}}) ∼= K_{{Z,Bj ,Ai,s}}, for 1 < i ≤ n, 1 ≤ j ≤ m, s ∈ N. Hence in this case Proposition 1 follows from Proposition 3 and Remark to Proposition 3.

Proof of Proposition 2. Consider ∂_AK and denote it by K^′. From (2.4) it follows that the category K^′ is linear and ind K^′ = {B, C, S_{{B,C}}, S_{{Z,B,C,s}}, S_{Z,0}, S_{Z,s,−}, S_{Z,s,0}, S_{Z,B,s,0}, S_{Z,C,s,0} | s ∈ N}. Since w(SK^′) = 2, then from [K] it follows that ind V(K^′) = {K^′_0, K^′_{X,0}, K^′_X , K^′_{{L,M}} | X ∈ ind K^′, (L, M) ∈ SK^′}. It is easily seen that i_A(K^′_0) ∼= K_A, i_A(K^′_{B,0} ∼= K_{B,0}, i_A(K^′_B) ∼= K_{{A,B}}, i_A(K^′_{C,0} ∼= K_{C,0}, i_A(K^′_C ) ∼= K_{{A,C}}, i_A(K^′_{S{B,C},0}) ∼= K_{{B,C}}, i_A(K^′_{S{B,C}} ) ∼= K_{{A,B,C}}, i_A(K^′_{SZ,0,0}) ∼= K_{Z,0} , i_A(K^′_{SZ,0} ) ∼= K_{Z,A,1,0}, i_A(K^′_{SZ,s,−,0}) ∼= K_{Z,s,−} , i_A(K^′_{SZ,s,−} ) ∼= K_{Z,A,s+1,0}, i_A(K^′_{SZ,s,0,0}) ∼= K_{Z,s,0,−} , i_A(K^′_{SZ,s,0} ) ∼= K_{Z,A,s} i_A(K^′_{SZ,B,s,0,0}) ∼= K_{Z,B,s,0}, i_A(K^′_{SZ,B,s,0} ) ∼= K_{{Z,B,A,s}}, i_A(K^′_{SZ,C,s,0,0}) ∼= K_{Z,C,s,0}, i_A(K^′_{SZ,C,s,0} ) ∼= K_{{Z,C,A,s}}, i_A(K^′_{S{Z,B,C,s},0}) ∼= K_{{Z,B,C,s}}, i_A(K^′_{S{Z,B,C,s}} ) ∼= K_{{Z,A,B,C,s,⋄}}, i_A(K^′_{{B,C}} ∼= K_{{A,B,C,⋄}}, i_A(K^′_{{S{B,C},SZ,0}}) ∼= K_{{Z,A,B,C}}, i_A(K^′_{{SZ,B,s,0,SZ,C,s,0}}) ∼= K_{{Z,A,B,C,s,−}}, i_A(K^′_{{S{Z,B,C,s},SZ,s,−}}) ∼= K_{{Z,A,B,C,s,+}}, for s ∈ N. Hence Proposition 2 follows from Proposition 3 and Remark to Proposition 3. 2.7 Let P be an admissible object.

Lemma 15. Suppose that X ∈ SO∂_P K. The following statements hold: 1. X < S_{{A,B}} ⇔ X ≤ A or X ≤ B; 2. X < S_{{A,B,C}} ⇔ X ≤ A or X ≤ B or X ≤ C; 3. X > S_{{A,B}} ⇔ X > A and X > B; 4. X > S_{{A,B,C}} ⇔ X > A and X > B and X > C; 5. S_{{A,B}} ≥ S_{{C,D}} ⇔ (A ≥ C or B ≥ C) and (A ≥ D or B ≥ D); 6. S_{{A,B,C}} ≥ S_{{D,F }} ⇔ ( A ≥ D or B ≥ D or C ≥ D ) and ( A ≥ F or B ≥ F or C ≥ F ); 7. S_{{A,B}} ≥ S_{{D,F,G}} ⇔ (A ≥ D or B ≥ D) and (A ≥ F or B ≥ F ) and (A ≥ G or B ≥ G); 8. S_{{A,B,C}} ≥ S_{{D,F,G}} ⇔ (A ≥ D or B ≥ D or C ≥ D) and (A ≥ F or B ≥ F or C ≥ F ) and (A ≥ G or B ≥ G or C ≥ G).

Proof follows from the conditions 3,4,8 and 20 of the definition of Mor ∂_P K.

Lemma 16. If X, Y ∈ LK, S_Y ∈ NS∂_P K, S_Y < X, then K ({X, Y }) ∼= I and dim_k∂_P K(X, S_Y ) = 2.

Proof. Put U = X^P , V = Y^P . From the condition (c) of Theorem 1 it follows that K(X, Y )(U) ≠ 0. If K(X, Y )(U) = Y, then dim_kK(P, Y ) = 2, a contradiction. Therefore K(X, Y )(U) = V and hence K({X, Y }) ∼= I by Lemma 9. Then from the condition 10 of the definition of Mor ∂_P K it follows that dim_kK(X, S_Y ) = 2.

Lemma 17. Suppose that X = L_{{X1,X2,X3}}, Φ ⊆ S∂_P K, S_{Z,0} ∉ Φ. Then Φ ⊆ S∂_P K^{X,V} if and only if there exists s ∈ {1, 2, 3} such that Φ − X_s and Φ > X_i for i ≠ s.

Proof follows from the definition of Mor ∂_P K.

Lemma 18. If S_{{A,B}} ∈ S∂_P K^{X,V} , then A, B ∈ S∂_P K^{X,V} and S_{{A,B}} is comparable with all the elements of S∂_P K^{X,V} , which are different from S_{Z,0}.

Proof. Since B < S_{{A,B}}, A < S_{{A,B}}, we obtain A, B ∈ S∂_P K^{X,V} by Lemma 4. Suppose X = L_{{X1,X2,X3}}. Then from Lemma 17 it follows that there exists s ∈ {1, 2, 3} such that {A, B} − X_s, {A, B} > X_i for i ≠ s. Hence SK contains the subset of nonpolynomial growth G = ψ(X) ∪ {A, B, P }, a contradiction. Therefore we may assume that X ∈ OL∂_P K. Suppose Y ∈ S∂_P K^{X,V} , Y ≠ S_{Z,0}, Y −S_{{A,B}}. It is clear that Y ≠ S_T for any T ∈ LK.

If Y ∈ O∂_P K, then Lemma 15 implies that Y − A or Y − B, a contradiction to the condition (e) of Theorem 1. If Y = S_{{C,D}} or Y = S_{{C,D,E}}, then from Lemma 15 it follows that there exists T ∈ {C, D, E} such that T − A or T − B. We get a contradiction to the condition (e) of Theorem 1 because T ∈ SK^{X,V} on account of Lemma 4.

From the definition of Mor ∂_P K it follows that if Y ∈ ψ_Z , then there exists T ∈ ψ(Y ) such that T ∈ SK^{X,V} , T − A or T − B, which is impossible because of the condition (e) of Theorem 1.

Lemma 19. Suppose that P ∈ max ind K, Y ∈ LK, S_Y ∈ S∂_P K, A ∈ S∂_P K. Then S_Y − A if and only if either A ∈ S∂_P K_{Y,Y} P or B ∈ SK^{Y,V} for any B ∈ ψ(A), where V ≠ Y^P .

Proof. If A < Y , then Lemma 5 implies that A ∈ S∂_P K_{Y,Y} P . If A > Y , then from the condition 10 of the definition of Mor ∂_P K we conclude that A ∈ SK^{Y,V} , where V ≠ Y^P . Then Lemma 4 implies that B ∈ SK^{Y,V} for any B ∈ ψ(A).

Lemma 20. Suppose that Y ∈ LK, S_Y ∈ S∂_P K. Then 1. S_Y ∈ S∂_P K^{Y,Y P} ; 2. S_Y ≤ A for any A ∈ S∂_P K^{Y,Y P} ;

3. If S_Y ∈ S∂_P K^{X,V} for some X ∈ L∂_P K, then S_Y is comparable with all the elements of S∂_P K^{X,V} . Proof. 1. Evident.

2. It immediately follows from the condition 10 of the definition of Mor ∂_P K. 3. It is clear that X ∈ OL∂_P K. Indeed, if X = L_{{X1,X2,X3}}, then {X_1, X_2, X_3} < Y and hence from Lemma 5 it follows that {X_1, X_2, X_3} ∈ SK_{Y,Y} P , a contradiction to the condition (e) of Theorem 1.

Suppose A < Y , A ∈ S∂_P K^{X,V} , A − S_Y . Since S_Y ∈ S∂_P K^{X,V} , we get K({X, Y }) ∼= I and K(Y, X)(U) = V , where U = Y^P . From Lemma 5 it follows that ψ(A) ∈ SK_{Y,U} , a contradiction to the condition (d) of Theorem 1.

If A > Y , A ∈ S∂_P K^{X,V} , then from Lemma 10 it follows that A ∈ S∂_P K^{Y,Y P} . Therefore A ≠ S_{Z,0} and hence A is comparable with S_Y because of the condition 10 of the definition of Mor ∂_P K.

Lemma 21. Suppose that A = S_{{A1,A2,A3}}. Then 1. If X ∈ L∂_P K,X ≠ L_{{Z,A1,A2,A3}} and ∂_P K (A, X) ≠ 0, then dim_k∂_P K (A, X) = 2; 2. If X ∈ OL∂_P K, then ∂_P K (X, A) = 0;

3. If X = L_{{B1,B2,B3}}, B_i ≠ A_j for i, j ∈ {1, 2, 3} and ∂_P K (X, A) ≠ 0, then dim_k∂_P K (X, A) = 2.

Proof. 1. Suppose X ∈ O∂_P K. If dim_k∂_P K(A, X) = 1, then there exists V ∈ P^1(X) such that A ∈ S∂_P K^{X,V} . Then Lemma 4 implies that A_1, A_2, A_3 ∈ SK^{X,V} , a contradiction to the condition (e) of Theorem 1. Therefore we may assume that X = L_{{X1,X2,X3}} for some X_1, X_2, X_3 ∈ SK. If dim_k∂_P K(A, X) = 1, then there exists V ∈ P^1(X) such that A ∈ S∂_P K^{X,V} . From Lemma 4 it follows that ψ(A) ⊆ S∂_P K^{X,V} . Then Lemma 17 implies that there exists s ∈ {1, 2, 3} such that ψ(A) − X_s and hence SK contains the wild subset {P, X_s, A_1, A_2, A_3}, a contradiction.

2. Suppose, contrary to our claim, that ∂_P K(X, A) ≠ 0. Then from Lemma 5 it follows that A_1, A_2, A_3 ∈ SK_{X,X}P , a contradiction to the condition (e) of Theorem 1.

3. Suppose, contrary to our claim, that dim_k∂_P K(X, A) = 1. Then we may assume that A < X_1, A − X_2, A − X_3. Hence A_i ≱ X_j for any i, j ∈ {1, 2, 3}. Since SK is the poset of polynomial growth, we obtain that any A_i is comparable with at least two elements of ψ(X). Therefore dim_k∂_P K(X, A_i) = 2 for all i and hence dim_k∂_P K(X, A) = 2 because of the condition 8 of the definition of Mor ∂_P K. Lemma 22. If S_{{A,B}} ∈ S∂_P K_{X,V} , X ∈ OL∂_P K, then A, B ∈ SK_{X,V} , V = X^P and S_{{A,B}} is comparable with all the elements of S∂_P K_{X,V} .

Proof. From Lemma 5 it follows that A, B ∈ SK_{X,X}P . Lemma 21 implies that S_{{C,D,E}} ∉ S∂_P K_{X,X}P for any C, D, E ∈ SK. From Lemma 16 we conclude that S_Y ∉ S∂_P K_{X,X}P for any Y ∈ LK. Suppose C ∈ OS∂_P K_{X,X}P , C − S_{{A,B}}. Then from Lemma 15 it follows, that C − A or C − B, a contradiction to the condition (e) of Theorem 1.

Suppose E = S_{{C,D}}, E − S_{{A,B}}, E ∈ S∂_P K_{X,X}P . From Lemma 5 it follows that C, D ∈ SK_{X,X}P . Since SK_{X,X}P is a semichain, we get {C, D} > {A, B} or {C, D} < {A, B}, a contradiction to the fact that S_{{A,B}} − E.

Lemma 23. Suppose that Y ∈ LK, X ∈ L∂_P K, S_Y ∈ S∂_P K_{X,V} for some V ∈ P^1(X). Then X = L_{{X1,X2,X3}} for some X_1, X_2, X_3 ∈ SK and S_Y is comparable with all the elements of S∂_P K_{X,V} .

Proof. From Lemma 16 and the definition of Mor ∂_P K it follows that X = L_{{X1,X2,X3}} for some X_i ∈ SK, 1 ≤ i ≤ 3. Let B be a P -basis as in (2.5). Then Mb_{X,X1} = ( 1 0 ) , Mb_{X,X2} = ( 0 1 ) , Mb_{X,X3} = ( 1 1 ) . It is clear that ψ(X) > Y . We distinguish several cases:

(a). X_i ∈ SK^{Y,Ui} for all 1 ≤ i ≤ 3, U_i ≠ U_j for i ≠ j. By Lemma 8, we can choose

a P -basis as in (2.5) for which Mb_{X1,Y} = ( 1 1 ) , Mb_{X2,Y} = ( 1 λ ) , Mb_{X3,Y} = ( 0 1 ) . Since K satisfies all the conditions of Theorem 1, we have λ ∈ k \ {0, 1}. Then from the condition 10 of the definition of Mor ∂_P K it follows that Mat_B(X, S_Y ) = k ( λ 1 ) . Let V ∈ P^1(X), V = kv, where v = x^1 − λx^2. Then S_Y ∈ SK_{X,V} .

Suppose T ∈ S∂_P K, T > Y , T ≠ X_i for all i, T ≠ S_Y . Since SK is a poset of polynomial growth and P, X_i ∈ SK^Y , we obtain T > X.

It is clear that if T < Y , then T ∉ SK_{X,V} . Hence SK_{X,V} = {S_Y }. (b). X_1, X_2 ∈ SK^{Y,U} for some U ∈ P^1(Y ) and dim_kK(X_3, Y ) = 2. It is easily seen

that we can choose a P -basis as in (2.5) for which Mb_{X1,Y} = ( 0 1 ) , Mb_{X2,Y} = ( 0 1 ) , Mb^1_{X3,Y} = ( 1 0 ) , Mb^2_{X3,Y} = ( 0 1 ) . Then from the condition 10 of the definition of

Mor ∂_P K it follows that Mat_B(X, S_Y ) = k ( 1 1 ) . Let V ∈ P^1(X), V = k(x^1 − x^2).

Then S_Y , X_3 ∈ S∂_P K_{X,V} .

From Lemma 5 it follows that if T ∈ S∂_P K, T < Y and T −S_Y , then dim_k∂_P K(X, T ) = 2. Therefore if T ∈ SK_{X,V} and T < Y , then T < S_Y .

Suppose A ∈ SK, A > Y , A ≠ X_i for all i, A ≠ P . Since SK is the poset of polynomial growth, we see that A is comparable with at least two elements of {X_1, X_2, X_3, P }. Hence we obtain that if A ≱ B for any B ∈ {X_1, X_2, X_3, P }, then either A ∈ SK^{Y,U} or A ∈ SK^{Y,Y P} . This implies that if T ∈ S∂_P K, T > Y , T ≠ X_i for all i, T ≠ S_Y , T < X, then one of the following situations may take place:

(α) T ∈ O∂_P K, T ∈ SK^{Y,U} . Then T < X_1, T < X_2 and hence dim_k∂_P K(X, T ) = 2; (β) T ∈ O∂_P K, T ∈ SK^{Y,Y P} . Then T < P , T < X_3. Hence T ∈ S∂_P K_{X,V} and S_Y < T < X_3; (γ) T = S_{{T1,T2}}, T_1, T_2 ∈ SK^{Y,U} . Then {T_1, T_2} < {X_1, X_2} and hence dim_k∂_P K(X, T ) = 2;

(δ) T = S_{{X3,A}} for some A ∈ SK^{Y,U} . Then A < X_1, A < X_2 and A is comparable with all elements of S∂_P K^{Y,U} . It is easily seen that in this case T ∈ SK_{X,V} and S_Y < X_3 < T .

(c). X_1 ∈ SK^{Y,U1} , X_2 ∈ SK^{Y,U2} for some U_1, U_2 ∈ P^1(Y ), U_1 ≠ U_2, dim_kK(X_3, Y ) = 2.

By Lemma 7, we can choose a P -basis as in (2.5) for which Mb_{X1,Y} = ( 0 1 ) , Mb_{X2,Y} = ( 1 1 ) , Mb^1_{X3,Y} = ( 1 0 ) , Mb^2_{X3,Y} = ( 0 1 ) . Then from the condition 10 of the definition

of Mor ∂_P K it follows that dim_k∂_P K(X, S_Y ) = 2. Therefore S_Y ∉ S∂_P K_X .

(d). dim_kK(X_1, Y ) = dim_kK(X_2, Y ) = 2. Similar to the case (c) we obtain that dim_k∂_P K(X, S_Y ) = 2. Therefore S_Y ∉ S∂_P K_X .

Lemma 24. If X ∈ NL∂_P K, Y ∈ L∂_P K, then dim_k∂_P K (X, Y ) + dim_k∂_P K (Y, X) ≥ 3. Proof. Suppose X = L_{{X1,X2,X3}}, ψ(X) > Y . Let B be a P -basis as in (2.5). Then Mb_{X,X1} = ( 1 0 ) , Mb_{X,X2} = ( 0 1 ) , Mb_{X,X3} = ( 1 1 ) . Assume that 0 ≠ a_i ∈ K(X_i, Y ), 1 ≤ i ≤ 3. Then ∑3 i=1 t_iMa_iMb_{X,Xi} = ( A B ) , where A = t_1Ma_1 +t_3Ma_3, B = t_2Ma_2 +t_3Ma_3. Therefore a_ib_{X,Xi} , 1 ≤ i ≤ 3, are linearly dependent if and only if (X_1, X_2, X_3) ⊆ SK^{Y,V} for some V ∈ P^1(Y ).

Suppose Y ∈ OL∂_P K. Since K satisfies the condition (e) of Theorem 1, we obtain (X_1, X_2, X_3) ⊈ SK^{Y,V} for any V ∈ P^1(Y ) and hence dim_k∂_P K(X, Y ) ≥ 3.

Suppose Y = L_{{Y1,Y2,Y3}} for some Y_1, Y_2, Y_3 ∈ SK. Then Lemma 17 implies that if (X_1, X_2, X_3) ⊆ SK^{Y,V} for some V ∈ P^1(Y ), then there exists s ∈ {1, 2, 3} such that (X_1, X_2, X_3) − Y_s. Therefore SK contains the wild subset (X_1, X_2, X_3, Y_s, P ), a contradiction. Hence dim_k∂_P K(X, Y ) ≥ 3.

If Y ∈ OL∂_P K, then from Lemma 27 it follows that ψ(X) > Y .

Since SK is the poset of polynomial growth, we obtain that if X = L_{{X1,X2,X3}}, Y = L_{{Y1,Y2,Y3}} and X > Y , then X_i ≰ Y_j for all i, j ∈ {1, 2, 3}. It is easily seen that if X, Y, Z ∈ LK, dim_kK(X, Y ) ≥ 3 and dim_kK(Y, Z) ≥ 3, then dim_kK(X, Z) ≥ 3 for any schurian vector space category K. Hence proof follows from the above informations and the fact that the statement of lemma is true for the categories O_λ, λ ∈ k \ {0, 1}. Lemma 25. Let K satisfies all the conditions of Theorem 1 and K^′ be a full subcategory of ∂_P K such that ind K^′ does not contain S_Y for all Y ∈ LK and ind K^′ ∩ LO∂_P K = ∅. Assume that P ∈ max ind K. Then K^′ also satisfies all the conditions of Theorem 1.

Proof. Suppose the category K^′ does not satisfy the conditions of Theorem 1. Then from (3.1) it follows that K^′ is wild. Therefore ψ(K^′) is also wild because of Proposition 4. Since the category ψ(K^′) is linear, we obtain that the poset SK is wild, a contradiction.

Lemma 26. Assume that Y ∈ LK, S_Y ∈ SN∂_P K. Then 1. ∂_P K(S_Y , X) = 0 for any X ∈ LN∂_P K; 2. ∂_P K(X, S_Y ) > 0 for any X ∈ LN∂_P K;

3. If X ∈ OL∂_P K and Y < X, then dim_k∂_P K(X, S_Y ) = 2; 4. If X ∈ OL∂_P K and Y > X, then dim_k∂_P K(S_Y , X) ≥ 1; 5. If X ∈ OL∂_P K, X ≠ Y and dim_k∂_P K(S_Y , X) = 1, then K({X, Y }) ∼= I.

Proof. 1. It follows from Lemma 27.

2. It follows from Lemmas 24,6 and the condition 10 of the definition of the spaces of morphisms in the category ∂_P K.

3. It follows from Lemma 16. 4. It follows from Lemma 6.

5. Since dim_k∂_P K(S_Y , X) = 1, K(Y, X)(Y^P ) ∈ P^1(X) and hence K({X, Y }) ∼= I because of Lemma 9. Lemma 27. Suppose X ∈ OL∂_P K, Y ∈ {S_{{A,B}}, S_{{A,B,C}}, L_{{A,B,C}}} for some A, B, C ∈ SK. Then either ψ(Y ) < X or ψ(Y ) > X. If ψ(Y ) < X, then Y ≠ S_{{A,B,C}}, Y ≠ L_{{A,B,C}}. If ψ(Y ) < X and Y = S_{{A,B}}, then P ∈ SK^{X,V} , A, B ∈ SK_{X,V} for some V ⊆ P^1(X).

Proof. Suppose N, M ∈ ψ(Y ), N > X, M < X. Then from Lemma 5 it follows that N ∈ SK^{X,V} , P ∈ SK^{X,V} , M ∈ SK_{X,V} and we get a contradiction to the fact that P is admissible. Hence ψ(Y ) < X or ψ(Y ) > X.

Assume that ψ(Y ) < X, ψ(Y ) = {A, B, C}. Then {A, B, C} ⊆ SK_{X,X}P , a contradiction to the condition (e) of Theorem 1. If ψ(Y ) < X and Y = S_{{A,B}}, then A, B ∈ SK_{X,X}P .

3 Proof of the theorems 3.1 We claim that the conditions (a)–(h) of Theorem 1 are necessary.

Indeed, the necessity of the conditions (a) and (b) follows from Lemma 2.4 in [Ri1]. The necessity of the condition (h) follows from the polynomial growth criterion for posets [ZN1].

It is easily seen that if the condition (d) is not fulfilled, then K contains a full subcategory isomorphic to E. Therefore, the necessity of the condition (d) follows from (1.3).

Suppose the condition (c) is not fulfilled. If dim_kK(X, Y ) + dim_kK(Y, X) = 0 for X, Y ∈ LK, then Lemma 2.4 in [Ri1] shows that K is wild.

Assume that dim_kK(X, Y ) + dim_kK(Y, X) = 1, 0 ≠ φ ∈ K(X, Y ), where X, Y ∈ LK. If φ is the isomorphism, Lemma 3.6 in [Ri1] allows us to conclude that the category K is wild. If φ is not the isomorphism, then we can choose a basis for which Mφ = ( 1 0 0 0 ) . In this case K({X, Y }) ∼= K(S, σ), where S = {A, B, C < D}, σ(A) = C, σ(B) = D. In [NBR] it was proved that the poset with involution (S, σ) is wild and hence K is wild too. If dim_kK(X, Y ) + dim_kK(Y, X) = 2 for X, Y ∈ LK, then from Lemma 6 it follows that K contains a full subcategory isomorphic to one of the categories A, B, C, D, D^{op}. But in (1.3) it was proved that the categories A, C are not of polynomial growth and the categories B, D, D^{op} are wild.

Suppose the condition (e) is not fulfilled. If SK_{X,V} (resp., SK^{X,V} ) contains the subset (A_1, A_2, A_3), then K(Φ) ∼= K(S, σ), where Φ = {X, A_1, A_2, A_3}, S = {A_1 < X_2, A_2 < X_2, A_3 < X_2, X_1} (resp., S = {X_2 < A_1, X_2 < A_2, X_2 < A_3, X_1}),σ(X_1) = X_2, σ(A_i) = A_i, 1 ≤ i ≤ 3. From [NBR] it follows that the poset with involution (S, σ) is wild and hence K is wild too. If SK_{X,V} (resp., SK^{X,V} ) contains the subset (A_1 < A_2, A_3), then K(Φ) ∼= K(S, σ), where Φ = {X, A_1, A_2, A_3}, S = {A_1 < A_2 < X_2, A_3 < X_2, X_1} (resp., S = {X_2 < A_1 < A_2, X_2 < A_3, X_1}),σ(X_1) = X_2, σ(A_i) = A_i, 1 ≤ i ≤ 3. From [NBR] it follows that the poset with involution (S, σ) is wild and hence K is wild too.

Suppose the condition (f) is not fulfilled and K satisfies the conditions (e) and (h). If ord ΩK_X = 3 (resp., ord ΩK^X = 3) and SK_X (resp., SK^X ) contains the subset (A, B, C, D), then K(Φ) ∼= F (resp., K(Φ) ∼= F^{op}), where Φ = {X, A, B, C, D}, therefore the non-polynomial growth of the category K follows from (1.3). If ord ΩK_X = 2 (resp., ord ΩK^X = 2) and SK_X (resp., SK^X ) contains the subset (A, B, C, D), then K(Φ) ∼= G (resp., K(Φ) ∼= G^{op}), where Φ = {X, A, B, C, D}, therefore the non-polynomial growth of the category K follows from (1.3).

Suppose the condition (g) is not fulfilled and K satisfies the condition (c). Then there exist X_1, . . . , X_n ∈ LK,F, H, P, Q ∈ SK, V_i ∈ P^1(X_i), 1 ≤ i ≤ n, n ∈ N, such that K (X_i, X_{i+1}) (V_i) = V_{i+1}, dim_kK (X_i, X_{i+1}) = 3 for 1 ≤ i < n,F − H,P − Q and (F, H) ⊆ SK^{X1,V1} , (P, Q) ⊆ SK_{Xn,Vn} . We fix a basis B (K) such that x^1_i ∈ V_i for all i. For the proof of the non-polynomial growth of the category K we define an embedding μ : Ob V(K(G)) → Ob V(K), where G = {A < B > C < D > A, S, T }. Let (Y, W, ψ) be an arbitrary object of the category V(K(G)). We fix a decomposition Y ∼= ⊕_{R∈ind K(G)}R^{dR} . Consider (X, V, φ) ∈ V(K) such that X = (⊕^n_{i=1}X^{(dB +dD)}_i ) ⊕ F^{dS} ⊕ H^{dT} ⊕ P^{(dB +dC )} ⊕

Q^{(dD +dA)}, V = W ⊕ (⊕^n_{i=1}(M_i ⊕ N_i)), where M_i = k^{dB} ,N_i = k^{dD} ,1 ≤ i ≤ n,

Mφ_f = ( W Mψ_s . . 0 ) , Mφ_h = ( W Mψ_t . . 0 ) , Mφ_x2_1 = ( W Mψ_b Mψ_d . . 0 0 ) ,

Mφ_p = W 0 Mψ_c . . 0 0 M_n E 0 N_n 0 0 , Mφ_q = W 0 Mψ_a . . 0 0 M_n 0 0 N_n E 0 ,

Mφ_x1 =

W 0 0 M_1 E 0 N_1 0 E . . 0 0 , Mφ_xj_i = . . 0 0 M_{i−j+1} E 0 N_{i−j+1} 0 E . . 0 0 ,

for 1 < i ≤ n,1 ≤ j ≤ 2. We set μ((Y, W, ψ)) = (X, V, φ). It is easy to see that μ preserves indecomposability and isomorphism classes. Moreover, if (Y, W, ψ), (Y^′, W^′, ψ^′) ∈ Ob V(K(G)) and ⃗d((Y, W, ψ)) = ⃗d((Y^′, W^′, ψ^′)), then ⃗d(μ(Y, W, ψ)) = ⃗d(μ(Y^′, W^′, ψ^′)). Therefore the non-polynomial growth of the category K follows from the non-polynomial growth of the category K(G) (see [Sk1;p.507]). 3.2 Lemma 28. Let K be a schurian vector space category satisfying all the conditions of Theorem 1. Suppose that there exist P ∈ SK, Z ∈ LK such that

1. Z = min LP^−;

2. P is an admissible object of the category K(Φ), where Φ = {Z} ∪ Z^+; 3. If P ∈ SK_{Z,V} , then SK^{Z,V} does not contain the subset (1, 1) and K (X, Z)(U) ≠ V for any X ∈ LK,X ≠ Z and any U ∈ P^1(X).

Assume that A ∈ P^+ ∪ {P }, B ∈ Z^− \ SK^{Z,V} in case P ∈ SK_{Z,V} for some V ∈ P^1(Z) and B ∈ Z^− otherwise.

If A ⊆ Y , then B ⊈ Y for any (Y, T, φ) ∈ ind V(K).

Proof. Set F = SK^{Z,ZP} in case P ∈ SK_Z and F = ∅ otherwise. Denote Z^− \ F by G. Fix an arbitrary P -basis B, a decomposition Y ∼= Y^{d1}_1 ⊕ · · · ⊕ Y^{dn}_n , where Y_i ∈ ind K, and a linear isomorphism T ∼= k^{d0} . By using the elementary transformations of rows, the matrix Mφ can be transformed to the following form

Mφ = ( Mφ_G Mφ_F Mφ_z1 Mφ_z2 Mφ_BP,+_0 Mφ_BP,−_0 T_1 M_1 M_2 M_3 M_4 M_5 M_6 T_2 N_1 N_2 N_3 N_4 0 N_6 ) , where the rows of the matrix M_5 are linearly independent. We get the decomposition T = T_1 ⊕ T_2. Adding columns of the matrix Mφ_BP,+_0 to the matrices Mφ_z1 and Mφ_G, we can turn the blocks M_1 and M_3 into zero. Consider the object (Y, T_2, ψ), where

Mψ = ( Mφ_G Mφ_F Mφ_z1 Mφ_z2 Mφ_BP,+_0 Mφ_BP,−_0 T_2 N_1 N_2 N_3 N_4 0 N_6 ) . Consider the decomposition Y = H ⊕ S ⊕ Q such that H_i ∈ G, S_j ∈ F , Q_k ∉ G ∪ F for any indecomposable H_i ⊆ H, S_j ⊆ S, Q_k ⊆ Q. Denote by δ (resp., μ) the restriction of ψ to the subspace Q (resp., S ⊕ Q). Then (Q, T_2, δ) (resp., (S ⊕ Q, T_2, μ)) is the object of the category V(K_1) (resp., V(K_2)), where K_1 = K(Φ) (resp., K_2 = K(Φ ∪ F )). Let (Q, T_2, δ) = ⊕^m_{i=1}(Q_i, T_{2i}, δ_i) be a decomposition of (Q, T_2, δ) into the direct sum of indecomposable objects. Then the matrix Mψ can be written in the form:

Mψ = 1 2 31 · · · 3m 41 · · · 4m 5 61 · · · 6m 1 N_{11} N_{21} N_{31} 0 0 N_{41} 0 0 0 N_{61} 0 0 . . . . . . 0 ... 0 0 . .. 0 0 0 . .. 0 m N_{1m} N_{2m} 0 0 N_{3m} 0 0 N_{4m} 0 0 0 N_{6m} .

From (2.5) it follows that (Q_i, T_{2i}, δ_i) ∈ ∪^7_{j=1}R^′_j, where R^′_j are as in (2.5). It is easily seen that if C ∈ Z^+, C ⊆ Q_i for a certain 1 ≤ i ≤ m, then the matrix N_{2i} can be turned into zero matrix by adding the columns of the matrices N_{3i}, N_{4i} and N_{6i}. Let (S ⊕ Q, T_2, μ) = ⊕^l_{i=1}(S_i ⊕ Q_i, T_{2i}, μ_i) be a decomposition of (S ⊕ Q, T_2, μ) into the direct sum of indecomposable objects.

Then the matrix Mψ can be written in the form:

1 21 · · · 2l 31 · · · 3l 41 · · · 4l 5 61 · · · 6l 1 N_{11} N_{21} 0 0 N_{31} 0 0 N_{41} 0 0 0 N_{61} 0 0 . . . . 0 ... 0 0 ... 0 0 ... 0 0 0 ... 0 l N_{1l} 0 0 N_{2l} 0 0 N_{3l} 0 0 N_{4l} 0 0 0 N_{6l} .

From the above information it follows that if C ∈ Z^+, C ⊆ S_i ⊕ Q_i, D ∈ F , then D ⊈ S_i ⊕ Q_i. Hence (S_i ⊕ Q_i, T_{2i}, μ_i) ∈ R^′ = ∪^8_{j=1}R^′_j, where R^′_8 = {K_{Z,E,s,0}, K_{Z,E,s}, K_{E,0}, K_E | E ∈ F, s ∈ N}. Set R1 = {K_0, K_{A1} , K_{Z,B1,s}, K_{Z,s,+}, K_{Z,s,0,+} | (P, A_1) ⊆ SK, (B_1, P ) ⊆ SK_Z ∪ SK^Z ,s ∈ N}, R2 = {K_{Z,s,λ} | λ ∈ k, λ ≠ 0, s ∈ N}, R = R^′ \ R1. It is easily seen that if (S_i ⊕ Q_i, T_{2i}, μ_i) ∈ R, then the matrix N_{1i} can be turned into zero matrix by adding the columns of the matrices N_{2i}, N_{3i}, N_{4i} and N_{6i}. Therefore if (S_i ⊕ Q_i, T_{2i}, μ_i) ∈ R, then (S_i ⊕ Q_i, T_{2i}, μ_i) can be distinguished by a direct summand in (Y, T_2, ψ). If (S_i ⊕ Q_i, T_{2i}, μ_i) ∈ R1 ∪ R2, then the matrices M_{6i}, M_{4i} and M_{2i} can be turned into zero matrix by adding the rows of the horizontal band i.

Let (Y, T_2, ψ) = ⊕^t_{i=1}(Y_i, T_{2i}, ψ_i) be a decomposition of (Y, T_2, ψ) into the direct sum of indecomposable objects. From the above information it follows that if (Y_i, T_{2i}, ψ_i) ∉ R and (Y_i, T_{2i}, ψ_i) ≠ (Y, T, φ), then (Y_i, T_{2i}, ψ_i) can be distinguished by a direct summand in (Y, T, φ), which contradicts indecomposability of (Y, T, φ). Since A ⊆ Y , we obtain (Y, T, φ) ≁= (Y, T_2, ψ). Therefore (Y_i, T_{2i}, ψ_i) ∈ R for all i and hence B ⊈ Y .

3.3 We claim that if K is a sincere vector space category satisfying all the conditions of Theorem 1 and K ≁= A, then the differentiation algorithm presented in (2.4) can be applied to K[P ], where K[P ] = K or K[P ] = K^{op} or K[P ](ind K[P ] \ {P }) ∼= K, or K[P ](ind K[P ] \ {P }) ∼= K^{op}, P ∈ SK[P ], P is an admissible object of K[P ] and K[P ] also satisfies all the conditions of Theorem 1.

An object Z ∈ LK will be called singular if there exist X_1, . . . , X_n ∈ LK, V_i ∈ P^1(X_i), 1 ≤ i ≤ n, n ∈ N, such that X_n = Z, K (X_i, X_{i+1}) (V_i) = V_{i+1}, for 1 ≤ i < n, X^−_1 = SK^{X1,V1} , ord max SK^{X1,V1} = 2 and LK ∩ (Z^− ∪ {Z}) = {X_1, . . . , X_n}.

Denote by SgK the set of singular objects. For given X, Y ∈ LK such that X < Y we set SK[X, Y ] = {A ∈ SK | X < A < Y }. One of the following situations may take place:

a). SgK = ∅. If LK = ∅, then any object P ∈ max SK is admissible. In this case we set K[P ] := K. Put Z = max LK. It is clear that if Z^− ≠ ∅, then there exists an admissible object P ∈ max SK, because Z ∉ SgK. Then we set K[P ] := K. Suppose Z^− = ∅.

aa). LK = {Z}. Since K ≁= A, we get Z^+ ≠ ∅.

Assume that there exists V ∈ P^1(Z) such that ord SK_{Z,V} = 2. If ord maxSK_{Z,V} = 1 and P = max SK_{Z,V} , then P is admissible. In this case we set K[P ] := K. If ord maxSK_{Z,V} = 2 and max SK_{Z,V} = {P_1, P_2}, then the category K can be supplemented with a new one-dimensional indecomposable object P := k such that K(P, P ) := k, K(P, P_1) := k, K(P, P_2) := k, K(P, X) = K(P_1, X)K(P, P_1) + K(P_2, X)K(P, P_2), K(Y, P ) := {ψ_F | F ∈ Mat_B(Y, P_1) ∩ Mat_B(Y, P_2)} for any Y ∈ ind K, where B is an arbitrary basis in K. Let K[P ] denote the additive closure of the obtained category. It is clear that K[P ] satisfies all the conditions of Theorem 1 and P is admissible.

If ord SK_{Z,V} ≤ 1 for any V ∈ P^1(Z), then any object P ∈ max SK is admissible. Then we set K[P ] := K.

ab). LK ≠ {Z}. Set X = max (LK \ {Z}). We distinguish two cases. Case 1. K({X, Z}) ∼= I. Then there exist U ∈ P^1(Z) and V ∈ P^1(X) such that K(Z, X)(U) = V. If ord maxSK_{Z,U} ∩ SK[X, Z] = 1 and P = max SK_{Z,U} , then P is admissible because SgK = ∅. Then we set K[P ] := K.

If ord maxSK_{Z,U} = 2 and max SK_{Z,U} = {P_1, P_2} ⊆ SK[X, Z], then the category K can be supplemented with a new one-dimensional indecomposable object P := k such that K(P, P ) := k, K(P, P_1) := k, K(P, P_2) := k, K(P, Y ) := K(P_1, Y )K(P, P_1) + K(P_2, Y )K(P, P_2), K(Y, P ) := {ψ_F | F ∈ Mat_B(Y, P_1) ∩ Mat_B(Y, P_2)} for any Y ∈ ind K, where B is an arbitrary basis in K. Let K[P ] denote the additive closure of the obtained category. From Lemma 11 it follows that K[P ] satisfies all the conditions of Theorem 1. Since SgK = ∅, P is admissible.

Assume that SK_{Z,U} ∩SK[X, Z] = ∅. Then the category K can be supplemented with a new one-dimensional indecomposable object P := k such that K(P, P ) := k, P ∈ SK_{Z,U} , dim_kK(P, X) = 2. Let K[P ] denote the additive closure of the obtained category. From Lemma 11 it follows that K[P ] satisfies all the conditions of Theorem 1. Since SgK = ∅, P is admissible.

Case 2. K({X, Z}) ≁= I. From Lemma 6 it follows that in this case SK_{Z,V} ∩ SK[X, Z] = SK_{Z,V} , SK^{X,U} ∩ SK[X, Z] = SK^{X,U} for any V ∈ P^1(Z), U ∈ P^1(X).

Assume that there exists V ∈ P^1(Z) such that ord SK_{Z,V} = 2. If ord maxSK_{Z,V} = 1 and P = max SK_{Z,V} , then P is admissible. Then we set K[P ] := K. If ord maxSK_{Z,V} = 2 and max SK_{Z,V} = {P_1, P_2}, then the category K can be supplemented with a new onedimensional indecomposable object P := k such that K(P, P ) := k, K(P, P_1) := k, K(P, P_2) := k, K(P, Y ) = K(P_1, Y )K(P, P_1) + K(P_2, Y )K(P, P_2), K(Y, P ) := {ψ_F | F ∈ Mat_B(Y, P_1) ∩ Mat_B(Y, P_2)} for any Y ∈ ind K, where B is an arbitrary basis in K. Let K[P ] denote the additive closure of the obtained category. It is clear that K[P ] satisfies all the conditions of Theorem 1 and P is admissible.

Therefore we may assume that ord SK_{Z,V} ≤ 1 for any V ∈ P^1(Z). Suppose also that SK[X, Z] ≠ ∅. If w(SK^{X,V} ) ≤ 1 for any V ∈ P^1(X), then any P ∈ max SK[X, Z] is admissible. In this case we set K[P ] := K. Assume that there exists V ∈ P^1(X) such that w(SK^{X,V} ) = 2. We may assume that SK[X, Z] = SK^{X,V} . Indeed, if SK[X, Z] ≠ SK^{X,V} , then any P ∈ max (SK[X, Z] \ SK^{X,V} ) is admissible. Then we set K[P ] := K. It is clear that there exists φ ∈ K(Z, X) such that Im φ ≠ V, Im φ = W ∈ P^1(X), Ker φ = U ∈ P^1(Z) and SK_{Z,U} ∩ SK^{X,V} = ∅. Then the category K can be supplemented with a new onedimensional indecomposable object P := k such that K(P, P ) := k, P ∈ SK_{Z,U} ∩ SK^{X,W} . Let K[P ] denote the additive closure of the obtained category. It is clear that K[P ] satisfies all the conditions of Theorem 1 and P is admissible.

Suppose SK[X, Z] = ∅. Since K satisfies all the conditions of Theorem 1, we have dim_kK(Z, X) ≥ 3 and hence K({X, Z}) is isomorphic to one of the categories J , L. Hence it follows that there exists a basis B of the category K and a basis morphism

b_φ ∈ K(Z, X) such that Mb_φ = ( 1 0 0 0 ) . Therefore, the category K can be supplemented with a new one-dimensional indecomposable object P := k such that K(P, P ) := k, K(Z, P ) := kα, K(P, X) := kβ, K(P, Y ) := K(X, Y )K(P, X) for all Y ∈ indK, Y ≠ X, Y ≠ Z, K(Y, P ) := 0 for all

Y ∈ ind K, Y ≠ Z, where Mα = ( 1 0 ) , Mβ = ( 1 0 ) . Let K[P ] denote the additive

closure of the obtained category. Evidently, K[P ] satisfies all the conditions of Theorem 1 and we can apply the differentiation algorithm with respect to the point P to this category.

b). SgK ≠ ∅. Put Z = min SgK. We distinguish several cases.

ba). LK = SgK = {Z}. Then there exists V ∈ P^1(Z) such that Z^− = SK^{Z,V} , w(SK^{Z,V} ) = 2. If SK_{Z,V} ≠ ∅, then w(SK_{Z,V} ) = 1, because K satisfies the condition (g) of Theorem 1. If min SK_{Z,V} ⊈ min SK, then there exists P ∈ min SK such that P ∉ SK_Z. Therefore P is an admissible object of the category K[P ] := K^{op}. If P = min SK_{Z,V} ∈ min SK, then P is an admissible object of the category K[P ] := K^{op}. Therefore we may assume that SK_{Z,V} = ∅.

Suppose that Z^+ ≠ ∅. Set K^′ = K(Z^+ ∪ {Z}). If K^′ contains an admissible object P , then K, P and Z satisfy the conditions of Lemma 28. Hence K is not sincere, a contradiction. If K^′ does not contain an admissible object, then similarly to the case aa) the category K can be supplemented with a new one-dimensional object P , which is admissible of the category K_1 := K(Z^+ ∪ {Z})[P ]. Since K_1, P and Z satisfy the conditions of Lemma 28 and Z^+ ≠ ∅, then K is not sincere, a contradiction. Therefore we may assume that Z^+ = ∅.

If ord min SK^{Z,V} = 1 and min SK^{Z,V} = P, then P is an admissible object of the category K[P ] := K^{op}.

If min SK^{Z,V} = {P_1, P_2}, then the category K can be supplemented with a new onedimensional indecomposable object P such that K(P, P ) := k, P ∈ SK^{Z,V} , P < P_1, P < P_2. Let K_1 denote the additive closure of the obtained category. It is clear that K^{op}_1 satisfies all the conditions of Theorem 1 and P is an admissible object of the category K[P ] := K^{op}_1 .

bb). LK = SgK ≠ {Z}. Then there exist X_1, . . . , X_n ∈ LK, V_i ∈ P^1(X_i), 1 ≤ i ≤ n, n ∈ N,n > 1, such that X_n = Z, K (X_i, X_{i+1}) (V_i) = V_{i+1}, for 1 ≤ i < n, X^−_1 = SK^{X1,V1} , ord max SK^{X1,V1} = 2 and LK = {X_1, . . . , X_n}. Analogously to the case ba) we may assume that Z^+ = ∅.

If ord minSK^{Z,Vn} ∩ SK[Z, X_{n−1}] = 1 and P = min SK^{Z,Vn} , then P is an admissible object of the category K[P ] := K^{op}.

If ord minSK^{Z,Vn} = 2 and min SK^{Z,Vn} = {P_1, P_2} ⊆ SK[Z, X_{n−1}], then the category K can be supplemented with a new one-dimensional indecomposable object P := k such that K(P, P ) := k, P ∈ SK^{Z,Vn} , P < P_1, P < P_2, dim_kK(X, P ) = 2. Let K_1 denote the additive closure of the obtained category. From Lemma 11 it follows that K_1 satisfies all the conditions of Theorem 1. It is clear that P is an admissible object of the category K[P ] := K^{op}_1 .

Assume that SK^{Z,Vn} ∩ SK[Z, X_{n−1}] = ∅. Then the category K can be supplemented with a new one-dimensional indecomposable object P := k such that K(P, P ) := k, P ∈ SK^{Z,Vn} , dim_kK(X_{n−1}, P ) = 2. Let K_1 denote the additive closure of the obtained category. From Lemma 11 it follows that K_1 satisfies all the conditions of Theorem 1. It is clear that P is an admissible object of the category K[P ] := K^{op}_1 .

bc). LK ≠ SgK. Then there exist X_1, . . . , X_n ∈ LK, V_i ∈ P^1(X_i), 1 ≤ i ≤ n, n ∈ N, such that X_n = Z, K (X_i, X_{i+1}) (V_i) = V_{i+1}, for 1 ≤ i < n, X^−_1 = SK^{X1,V1} , ord max SK^{X1,V1} = 2 and LK ∩ (Z^− ∪ {Z}) = {X_1, . . . , X_n}. Since LK ≠ SgK, we have Z^+ ≠ SK_{Z,Vn} . Hence, analogously to the case ba), we obtain that K is not sincere, a contradiction.

Remark. It is easily seen that if K is sincere, K does not contain the admissible objects, K[P ] is one of the above categories, P is an admissible object of K[P ], then max ind K[P ] ⊆ LK[P ]. Hence d(d_P (X, V, φ)) < d(X, V, φ) for any (X, V, φ) ∈ ind V(K[P ]) such that Y ⊆ X for all Y ∈ ind K[P ], Y ≠ P . 3.4 Suppose K satisfies all the conditions of Theorem 1. Let P be an admissible object and let P ∈ max ind K. We will show that ∂_P K also satisfies all the conditions of Theorem 1.

A. From the definition of the category ∂_P K it immediately follows that the category ∂_P K satisfies the condition (a) of Theorem 1.

B. We will be proving that the category ∂_P K satisfies the condition (b) of Theorem 1. Suppose, contrary to our claim, that dim_k∂_P K (X, Y ) + dim_k∂_P K (Y, X) = 0 for certain X ∈ L∂_P K, Y ∈ S∂_P K. If X ∈ NL∂_P K, then Lemma 25 implies that Y = S_D for certain D ∈ LK, which contradicts Lemma 26. Therefore we may assume that X ∈ OL∂_P K. Then we have Y ∈ N∂_P K. From Lemma 26 we conclude that Y ≠ S_D for any D ∈ LK. Hence Y = S_{{A,B}} or Y = S_{{A,B,C}} for certain A, B, C ∈ SK. Lemma 27 now implies that either ψ(Y ) > X or ψ(Y ) < X. Suppose ψ(Y ) > X. Then we have K (A, X) ≠ 0. Since K (Y, A) ≠ 0 and A ∈ SK, we get K (Y, X) ≠ 0, which contradicts the assumption.

If ψ(Y ) < X, then Lemma 27 shows that Y = S_{{A,B}} and A, B ∈ SK_{X,V} for some V ∈ P^1(X). But the definition of ∂_P K then gives Y ∈ S∂_P K_{X,V} , a contradiction.

C. Lemmas 25,24 imply that the category ∂_P K satisfies the condition (c) of Theorem 1. D. We will be proving that the category ∂_P K satisfies the condition (d) of Theorem 1.

On the contrary, suppose that there exist X, Y ∈ L∂_P K, A ∈ S∂_P K and V ∈ P^1(X), U ∈ P^1(Y ) such that ∂_P K (X, Y )(V ) = U and A ∈ S∂_P K_{X,V} ∩S∂_P K^{Y,U} . Consider all possible cases.

(a) Suppose that A = S_Z for a certain Z ∈ LK. We set U^′ = ∂_P K (X, Z)(V ). Since ∂_P K (Z, Y )∂_P K (X, Z) ⊆ ∂_P K (X, Y ) and dim_k∂_P K (Z, Y ) ≥ 3, we get U^′ ∈ P^1(Z). And since A ∈ S∂_P K^{Y,U} , we obtain ∂_P K (Z, Y )(Z^A) = U. Lemma 10 now yields Z^A = U^′ and hence A ∈ S∂_P K^{Z,U} ∩ S∂_P K_{X,V} . We may assume therefore that Z = Y . Lemma 26 shows that X ∈ NLK, i. e. X = L_{{X1,X2,X3}} for certain X_1, X_2, X_3 ∈ SK. Since A ∈ S∂_P K_{X,V} and ∂_P K ({X, Y }) ∼= I, proof of Lemma 23 shows that there exists k ∈ {1, 2, 3} such that dim_kK (X_k, Y ) = 2, X_t ∈ SK^Y for t ≠ k and Z^{Xt} ≠ Z^{Xs} for t ≠ k, s ≠ k, t, s ∈ {1, 2, 3}. It can be easily seen that V = X_{Xk} , U = Y^{Xt} , where t ≠ k. But then we have A ∈ S∂_P K^{Y,Xt} , which is impossible because of Lemma 20.

(b) Suppose that A ≠ S_Z for any Z ∈ LK. Lemma 25 then gives X ∈ OL∂_P K or Y ∈ OL∂_P K. From Lemma 27 it follows that if Y ∈ NL∂_P K, then X ∈ NL∂_P K too. We therefore may assume that Y ∈ OL∂_P K. Suppose X ∈ OL∂_P K. From Lemma 21 we see that A ≠ S_{{A1,A2,A3}} for any A_1, A_2, A_3 ∈ SK. If A = S_{{A1,A2}} for certain A_1, A_2 ∈ SK, then Lemmas 18,22 imply A_1 ∈ SK_{X,V} ∩ SK^{Y,U} and hence the category K does not satisfy the condition (d) of Theorem 1, a contradiction. Therefore we may assume that X ∈ NL∂_P K, i. e. X = L_{{X1,X2,X3}} for certain X_1, X_2, X_3 ∈ SK. Since ∂_P K ({X, Y }) ∼= I, proof of Lemma 23 shows that there exists k ∈ {1, 2, 3} such that dim_kK (X_k, Y ) = 2, X_t ∈ SK^Y for t ≠ k and Z^{Xt} = Z^{Xs} for t ≠ k, s ≠ k, t, s ∈ {1, 2, 3}. From Lemma 21 we conclude that A ≠ S_{{A1,A2,A3}} for any A_1, A_2, A_3 ∈ SK. It is easily seen that V = X_{Xk} , U = Y^{Xt} , where t ≠ k. Let A ∈ OS∂_P K. Since A ∈ SK_{X,Xk} , we get A ≠ X_t for t ≠ k. Since S∂_P K^{Y,U} is the semichain and A < X, we obtain A < X_t for t ≠ k. Then we have dim_k∂_P K (X, A) = 2, which is impossible. Finally, let A = S_{{A1,A2}} for certain A_1, A_2 ∈ SK. Since S_{{A1,A2}} < X, we get {A_1, A_2} ≠ {X_t, X_s}, where t, s ∈ {1, 2, 3}, t ≠ k, s ≠ k. From Lemma 18 we conclude that A_1, A_2 ∈ SK^{Y,U} . It follows that {A_1, A_2} < {X_t, X_s}, where t ≠ k, s ≠ k, t, s ∈ {1, 2, 3}. But then we have A < X_s, A < X_t and hence dim_k∂_P K (X, A) = 2, which is impossible.

E. We will prove that the category ∂_P K satisfies the condition (e) of Theorem 1. Suppose, contrary to our claim, that S∂_P K_{X,V} or S∂_P K^{X,V} contains the subset (1, 1, 1) or (1, 2) for certain X ∈ L∂_P K and V ∈ P^1(X). Consider each case separately.

(a) Suppose Φ ⊆ S∂_P K^{X,V} and Φ = (1, 1, 1) or Φ = (1, 2). Lemmas 18,20,21 show that if A ∈ Φ, then A ≠ S_{{A1,A2}}, A ≠ S_Z, A ≠ S_{{A1,A2,A3}} for any Z ∈ LK, A_1, A_2, A_3 ∈ SK. Hence Φ ⊆ OS∂_P K. Since K satisfies the condition (e) of Theorem 1, we have X ∈ NL∂_P K, which contradicts Lemma 25.

(b) Suppose Φ ⊆ S∂_P K_{X,V} and Φ = (1, 1, 1) or (1, 2). If X ∈ NL∂_P K, then from Lemma 25 we conclude that S_Y ∈ Φ for a certain Y ∈ LK, which is impossible (see proof of Lemma 23). We therefore may assume that X ∈ OL∂_P K. From Lemmas 21,22,23 we see that if A ∈ Φ, then A ≠ S_{{A1,A2,A3}}, A ≠ S_{{A1,A2}}, A ≠ S_Z for any Z ∈ LK, A_1, A_2, A_3 ∈ SK. Therefore we have Φ ⊆ OS∂_P K and hence K does not satisfy the condition (e) of Theorem 1, a contradiction.

F. We will prove that the category ∂_P K satisfies the condition (f) of Theorem 1. Suppose this statement is false and consider the following possible cases.

(a) Let ord Ω∂_P K^X = 2 and let S∂_P K^X contains the subset (1, 1, 1, 1) for a certain X ∈ L∂_P K. Since ∂_P K has already been proved to satisfy the condition (e) of Theorem 1, there exist V_1, V_2 ∈ P^1(X) such that V_1 ≠ V_2, Φ_i ⊆ S∂_P K^{X,Vi} , Φ_i = (1, 1), 1 ≤ i ≤ 2. Lemmas 18,20,21 now show that if A ∈ Φ_i for a certain i, then A ≠ S_{{A1,A2}}, A ≠ S_Z , A ≠ S_{{A1,A2,A3}} for any Z ∈ LK, A_1, A_2, A_3 ∈ SK. Therefore we have Φ_1, Φ_2 ⊆ OS∂_P K. Since K satisfies the condition (f) of Theorem 1, we obtain X ∈ NL∂_P K, which contradicts Lemma 25.

(b) Let ord Ω∂_P K_X = 2 and let S∂_P K_X contains the subset (1, 1, 1, 1) for a certain X ∈ L∂_P K. Since we have already proved that ∂_P K satisfies the condition (e) of Theorem 1, there exist V_1, V_2 ∈ P^1(X) such that V_1 ≠ V_2, Φ_i ⊆ S∂_P K_{X,Vi} , Φ_i = (1, 1), 1 ≤ i ≤ 2. Since ord Ω∂_P K_X = 2, we obtain X ∈ OL∂_P K. Lemmas 21,22,23 now show that if A ∈ Φ_i for a certain i, then A ≠ S_{{A1,A2,A3}}, A ≠ S_{{A1,A2}}, A ≠ S_Z for any A_1, A_2, A_3 ∈ SK, Z ∈ LK. Therefore we have Φ_i ⊆ OS∂_P K, 1 ≤ i ≤ 2 and hence K does not satisfy the condition (f) of Theorem 1, a contradiction.

(c) Let ord Ω∂_P K^X = 3 and let S∂_P K^X contains the subset (1, 1, 1, 1) for a certain X ∈ L∂_P K. Since ∂_P K has already been proved to satisfy the condition (e) of Theorem 1, there exist pairwise distinct V_i ∈ P^1(X), 1 ≤ i ≤ 3 such that A ∈ S∂_P K^{X,V1} , B ∈ S∂_P K^{X,V2} , Φ = (1, 1) ⊆ S∂_P K^{X,V3} . Similar to the case (a), Lemmas 18,20,21 now imply Φ ⊆ OS∂_P K. From Lemma 21 we see that A ≠ S_{{A1,A2,A3}}, B ≠ S_{{B1,B2,B3}} for any A_i, B_j ∈ SK. If A = S_{{A1,A2}}, then Lemma 18 shows that A_1, A_2 ∈ SK^{X,V1} and hence K does not satisfy the condition (f) of Theorem 1, which contradicts the assumption. Therefore we have A ≠ S_{{A1,A2}}, B ≠ S_{{B1,B2}} for any A_1, A_2, B_1, B_2 ∈ SK. Suppose A = S_Y for a certain Y ∈ LK. From Lemma 20 we conclude that B ≠ S_Z for any Z ∈ LK. Therefore we have B ∈ OS∂_P K and hence SK^X contains the subset (1, 1, 1, 1) = Φ ∪ {P, B} and ord ΩK^X = 3. Thus K does not satisfy the condition (f) of Theorem 1, a contradiction. We therefore may assume that A ≠ S_Y , B ≠ S_Y for any Y ∈ LK and hence that A, B ∈ OS∂_P K. But Lemma 25 now gives X ∈ OL∂_P K and hence K does not satisfy the condition (f) of Theorem 1, a contradiction.

(d) Let ord Ω∂_P K_X = 3 and let S∂_P K_X contains the subset (1, 1, 1, 1) for a certain X ∈ L∂_P K. Since ∂_P K has been proved to satisfy the condition (e) of Theorem 1, there exist pairwise distinct V_i ∈ P^1(X), 1 ≤ i ≤ 3 such that A ∈ S∂_P K_{X,V1} , B ∈ S∂_P K_{X,V2} , Φ = (1, 1) ⊆ S∂_P K_{X,V3} . Similar to the case (b), Lemmas 21,22,23 now imply Φ ⊆ OS∂_P K. Assume X ∈ NL∂_P K, i. e. X = L_{{X1,X2,X3}} for certain X_i ∈ SK. Let Φ = {C, D}. If Φ < P , then we have Φ − X_i for any i and hence SK contains the wild subset {X_1, X_2, X_3, C, D}, which is impossible by the assumption. If Φ − P , then Lemma 15 yields Φ < X_k for a certain k ∈ {1, 2, 3} and Φ − X_t for t ≠ k, because Φ ⊆ SK_{X,V1} . But then SK contains the wild subset {P, X_t, X_s, C, D}, where t ≠ k, s ≠ k, s ≠ t, which contradicts the assumption. We therefore may assume that X ∈ OL∂_P K. Lemma 23 then gives A ≠ S_Z , B ≠ S_Z for any Z ∈ LK. Lemma 21 now gives A ≠ S_{{A1,A2,A3}}, B ≠ S_{{B1,B2,B3}} for any A_i, B_j ∈ SK. If A = S_{{A1,A2}} for certain A_1, A_2 ∈ SK, then Lemma 22 shows that A_1, A_2 ∈ SK_{X,V1} and hence K does not satisfy the condition (f) of Theorem 1, which is impossible. Therefore we may assume that A, B ∈ SO∂_P K, which contradicts the assumption that K satisfies the condition (f) of Theorem 1.

G. We will prove that the category ∂_P K satisfies the condition (g) of Theorem 1. On the contrary, suppose that Φ_1 = (1, 1) ⊆ SK^{X1,V1} , Φ_2 = (1, 1) ⊆ SK_{Xn,Vn} for certain

X_1, . . . , X_n ∈ L∂_P K, V_i ∈ P^1(X_i),1 ≤ i ≤ n, such that ∂_P K (X_i, X_{i+1})(V_i) = V_{i+1} for 1 ≤ i < n. Lemmas 18,20,21 show that if A ∈ Φ_1, then A ≠ S_{{A1,A2}}, A ≠ S_Z , A ≠ S_{{A1,A2,A3}} for any A_i ∈ SK, Z ∈ LK. Therefore we have Φ_1 ⊆ OS∂_P K. From Lemmas 21,22,23 we see that if A ∈ Φ_2, then A ≠ S_{{A1,A2,A3}}, A ≠ S_{{A1,A2}}, A ≠ S_Z for any A_i ∈ SK, Z ∈ LK. Let X_1 ∈ NL∂_P K, i. e. X_1 = L_{{F1,F2,F3}} for certain F_i ∈ SK, and let Φ_1 = {A, B}. Lemma 17 shows that one can find k ∈ {1, 2, 3} such that Φ_1 − F_k and Φ_1 > F_t for t ≠ k. But then SK contains the subset G = {P, F_k, F_t < A > F_s < B > F_t}, where t ≠ k, s ≠ k, s ≠ t, which is impossible because, by the assumption, K satisfies all the conditions of Theorem 1. We therefore get X_1 ∈ OL∂_P K. From Lemma 27 we now see that X_2, . . . , X_n ∈ OL∂_P K and hence K does not satisfy the condition (g) of Theorem 1, a contradiction.

H. We will prove that ∂_P K satisfies the condition (h) of Theorem 1. Suppose, contrary to our claim, that S∂_P K contains one of the subsets W_1, . . . , W_6, G. Let Ω denote it. From Lemma 13 we conclude that Ω > Z or Ω < Z for any Z ∈ L∂_P K. Assume that there exists X ∈ OL∂_P K such that Ω < X. Lemma 25 shows that S_Y ∈ Ω for a certain Y ∈ LK. Lemma 13 then implies Ω > Y . Since S_Y < X, Lemma 16 gives K ({X, Y }) ∼= I and hence, according to Lemma 11, Ω is the union of two semichains, which is impossible because of the form of the sets W_1, . . . , W_6. From Lemma 20 it follows that Ω ≠ G.

We therefore may assume that Ω > X for any X ∈ OL∂_P K. Let Z = max OL∂_P K. Lemma 25 then yields S_Z ∈ Ω. Suppose S∂_P K^{Z,V} contains the subset (1, 1) for a certain V ∈ P^1(Z). Since ∂_P K has already been proved to satisfy the condition (f) of Theorem 1, we get ord Ω∂_P K^Z = 2. On the other hand, ∂_P K has been proved to satisfy the condition (e) of Theorem 1. Since Z^P ∈ ΩK^Z , Lemma 19 therefore shows that S_Z does not satisfy the condition (⋆) in Ω, which is impossible. Hence we may assume that S∂_P K^{Z,V} does not contain the subset (1, 1) for any V ∈ P^1(Z) and ord Ω∂_P K^Z ≥ 3. From the definition of ∂_P K it now follows that S_Z ∈ min Ω. Moreover, we have S_{{A1,A2,A3}} ∉ Ω for any A_i ∈ SK. Indeed, if S_{{A1,A2,A3}} ∈ Ω for certain A_i ∈ SK, then Lemma 13 gives Ω > L_{{A1,A2,A3}}. But then we get S_Z ∉ Ω, which contradicts Lemma 25. Let Φ denote the set of the elements Ω which are incomparable with S_Z . Since S∂_P K^{Z,V} does not contain the subset (1, 1) for any V ∈ P^1(Z), we obtain Φ ⊆ OS∂_P K ∩ S∂_P K^Z .

H.1. Let Ω = {A_1 < · · · < A_l, B_1 < · · · < B_m, S_Z < C_1 < · · · < C_n}. Since Ω satisfies the condition (⋆), we may assume that l ≥ 2, m ≥ 1.

(a) We will show that ord ΩK^Z = 3. Conversely, suppose that there exists an element G ∈ SK^{Z,U} , where U ≠ Z^{A1} , U ≠ Z^{B1} , U ≠ Z^P . Then SK contains the wild subset {A_1 < A_2, B_1, G, P }, which contradicts the assumption.

(b) We will show that G ∈ SK^Z if G ∈ ψ(Ω \ {S_Z }). Indeed, if it is not the case, then dim_kK (G, Z) = 2 and hence G − P, G − A_i, G − B_j, 1 ≤ i ≤ l, 1 ≤ j ≤ m. Then SK contains the wild subset {G, P, A_1 < A_2, B_1), which contradicts the assumption.

(c) If C_i ∈ O∂_P K, 1 ≤ i ≤ n, then SK contains the wild subset {A_1 < · · · < A_l, B_1 < · · · < B_m, C_1 < · · · < C_n < P }, which contradicts the assumption.

Let C_i = S_{{Fi,Gi}} for a certain i and some F_i, G_i ∈ SK. If j < i, then C_j < S_{{Fi,Gi}} and we therefore get either F_i ≥ C_j or G_i ≥ C_j. We then have C_j ∉ O∂_P K because otherwise we would have G_i ∉ SK^Z or F_i ∉ SK^Z, which is impossible (see (b)).

Therefore C_j = S_{{Fj ,Gj }} for certain F_j, G_j ∈ SK^Z . If j > i and C_j ∈ O∂_P K, then Lemma 15 gives C_j ≥ F_i, C_j ≥ G_i and hence dim_kK (C_j, Z) = 2, which contradicts what was stated the above (see (b)).

Therefore C_j = S_{{Fj ,Gj }} for certain F_j, G_j ∈ SK^Z . We will show that SK contains the subset (1, l + 1, m + n) or the subset (1, l + n, m + 1). By virtue of what was stated above, we may assume that C_i = S_{{Fi,Gi}}, F_i ∈ SK^{Z,ZA1} , G_i ∈ SK^{Z,ZB1} for any 1 ≤ i ≤ n. If ψ({C_1 < · · · < C_n}) contains the subset {F_{i1} < F_{i2} , G_{j1} < G_{j2} }, then SK contains the wild subset {P, F_{i1} < F_{i2} < A_1 < A_2, G_{j1} < G_{j2} < B_1}, which contradicts the assumption.

We therefore get either ψ({C_1 < · · · < C_n}) = {F_1 < · · · < F_n, G_1} or ψ({C_1 < · · · < C_n}) = {G_1 < · · · < G_n, F_1}, and hence SK contains the subset (1, l + 1, m + n) = {P, F_1 < A_1 < · · · < A_l, G_1 < · · · < G_n < B_1 < · · · < B_m} or the subset (1, l + n, m + 1) = {P, F_1 < · · · < F_n < A_1 < · · · < A_l, G_1 < B_1 < · · · < B_m}. Taking into account the form of the sets W_1, . . . , W_6, G we see that if Ω is of the form {A_1 < · · · < A_l, B_1 < · · · < B_m, S_Z < C_1 < · · · < C_n}, then the following cases are possible.

Case 1. Ω = (2, 2, 3), l = 2, m = 2, n = 2. Here case (c) shows that SK contains the subset (1, 3, 4), which is impossible by the assumption.

Case 2. Ω = (2, 2, 3), l = 3, m = 2, n = 1. Here case (c) shows that SK contains the subset (1, 3, 4), which is impossible by the assumption.

Case 3. Ω = (1, 3, 4), l = 4, m = 1, n = 2. Here case (c) shows that SK contains either the subset (1, 2, 6) or the subset (1, 3, 5), which is impossible by the assumption.

Case 4. Ω = (1, 3, 4), l = 3, m = 1, n = 3. Here case (c) shows that SK contains either the subset (1, 2, 6) or the subset (1, 4, 4), which is impossible by the assumption.

Case 5. Ω = (1, 3, 4), l = 4, m = 3, n = 0. Here case (c) shows that SK contains either the subset (1, 4, 4) or the subset (1, 3, 5), which is impossible by the assumption.

Case 6. Ω = (1, 2, 6), l = 6, m = 1, n = 1. Here case (c) shows that SK contains the subset (1, 2, 7), which is impossible by the assumption.

Case 7. Ω = (1, 2, 6), l = 6, m = 2, n = 0. Here case (c) shows that SK contains either the subset (1, 3, 6) or the subset (1, 2, 7), which is impossible by the assumption.

Case 8. Ω = (1, 2, 6), l = 2, m = 1, n = 5. Here case (c) shows that SK contains either the subset (1, 2, 7) or the subset (1, 3, 6), which is impossible by the assumption.

H.2. Let Ω = {F_1 < F_2 > G_1 < G_2, H_1 < . . . < H_5}. Then we have either F_1 = S_Z or G_1 = S_Z for a certain Z ∈ LK.

Case 1. Let G_1 = S_Z. If G_2 ∈ N∂_P K, then from case H.1 it follows that SK contains either (1, 3, 4) or (1, 2, 6), which contradicts the assumption. Therefore, we may assume that G_2 ∈ O∂_P K. If G_2 − P , then SK contains the wild subset (1, 1, 1, 2), which is impossible. Therefore C_2 < P . If F_2 ∈ N∂_P K, then either F_2 = S_{{F,G,H}} or F_2 = S_{{F,G}}. But then we have F < H_1 or G < H_1 or H < H_1. Hence SK contains the wild subset (1, 2, 6), which is impossible by the assumption. Finally, if F_2 ∈ O∂_P K, then SK contains the wild subset {F_1 < F_2, G_2 < P, H_1 < H_2 < H_3}, a contradiction.

Case 2. Let F_1 = S_Z . If F_2 ∈ O∂_P K, then F_2 − P and SK contains the wild subset (1, 1, 1, 2), which is impossible. If F_2 ∈ N∂_P K, then as in the Case 1, SK contains the wild subset (1, 2, 6), which contradicts the assumption.

H.3. Let Ω = {F_1 < F_2 > G_1 < G_2 > F_1, H_1, H_2}. Then we have either F_1 = S_Z or G_1 = S_Z.

Let F_1 = S_Z (the case G_1 = S_Z can be treated similarly). If F_2 ∈ O∂_P K, then F_2 − P . Hence SK contains the wild subset {P, F_2 > G_1, H_1, H_2}, which is impossible. Let F_2 ∈ N∂_P K. If F_2 = S_{{F,G}}, then F < H_1 or F < H_2 or G < H_1 or G < H_2. Hence SK contains the wild subset (1, 1, 1, 2), which is impossible.

H.4. Let Ω = { S_Z , B, C, D, E }. Then SK contains the wild subset {P, B, C, D, E}, which contradicts the assumption.

3.5 Suppose K satisfies all the conditions of Theorem 1. Let P be an admissible object and let Z = max ind K, Z ∈ LK, ord ΩK_Z ≤ 3. We will show that ∂_P K also satisfies all the conditions of Theorem 1.

From the definition of ∂_P K it follows that ψ_Z ⊆ SN∂_P K and ψ_Z > X for any X ∈ L∂_P K. Hence from (3.4) we conclude that the conditions (a)-(d) of Theorem 1 are fulfilled for the category ∂_P K.

From the definition of ∂_P K it follows that if S_{Z,0} ∈ S∂_P K^X for X ∈ L∂_P K, then X ∈ OL∂_P K and K({X, Z}) ∼= I. Suppose K({X, Z}) ≁= I for any X ∈ LK. Then ψ_Z ∩ S∂_P K^Y = ∅, ψ_Z ∩ S∂_P K_Y = ∅ for any Y ∈ L∂_P K and hence from (3.4) it follows that the conditions (e)-(g) of Theorem 1 are fulfilled for the category ∂_P K.

Suppose K({X, Z}) ∼= I for a certain X ∈ LK and Y ∈ ψ_Z ∩ S∂_P K^{X,V} for a certain V ∈ P^1(X). Then Lemma 11 implies that S∂_P K^{X,V} does not contain the subsets (1, 2) and (1, 1, 1). Moreover, if (1, 1) ⊆ S∂_P K^{X,V} , then (1, 1) ⊆ SK^{X,V} for any X ∈ LK. From the above it follows that the category ∂_P K satisfies the conditions (e)-(g) of Theorem 1.

We will prove that the category ∂_P K satisfies the condition (h) of Theorem 1. Suppose, contrary to our claim, that S∂_P K contains one of the subsets W_1, . . . , W_6, G. Let Ω denote it. If Ω ∩ ψ_Z = ∅, then from (3.4) it follows that the category ∂_P K satisfies the condition (h).

Therefore we may assume that Ω ∩ ψ_Z ≠ ∅. Fix A ∈ Ω such that A ∈ ψ_Z . From the definition of ∂_P K it follows that A > Y for any Y ∈ L∂_P K. Then Lemma 13 implies that Ω > Y for any Y ∈ L∂_P K.

Suppose S_X ∈ Ω for a certain X ∈ LK. If K({X, Z}) ∼= I, then from Lemma 11 it follows that S_X does not satisfy the condition (∗), which is impossible. Therefore we may assume that K({X, Z}) ≁= I. Suppose that there exist C, B ∈ SK_Z such that S_{{C,B}} ∈ Ω, C, B ∈ SK^{X,V} for a certain V ∈ P^1(X). We denote by N(S_X ) the set of the elements of S∂_P K, which are incomparable with S_X . From the conditions (h), (f) of Theorem 1 for K it follows that ΩK^X = {X^P , V }. Hence N(S_X ) does not contain the subsets (1, 2) and (1, 1, 1), which is impossible, because any element of Ω satisfies the condition (∗).

Therefore we may assume that if S_{{C,B}} ∈ Ω, C, B ∈ SK^X , then X^C ≠ X^B. This implies that any element of Ω is comparable with S_X or A, which is impossible. Therefore we may assume that S_X ∉ Ω and ψ(Ω) > X for any X ∈ LK, X ≠ Z.

Denote by (s, N_{n,m}) the cardinal sum of the sets (s) and SN_{n,m}. Since the sets SN_{3,3}, (2, N_{1,3}), SN_{2,5}, (1, N_{1,5}), (4, N_{1,2}), (1, N_{2,2}) are of polynomial growth, there exists B ∈ Ω such that dim_k∂_P K(Z, B_1) = 2 for some B_1 ∈ ψ(B). We fix element B. It is clear that B < A, Z ∉ ψ(B) and Ω ≠ (1, 1, 1, 1, 1). We denote by U the set of all the elements of Ω, which are incomparable with A and B. Since Z ∈ ψ(A) and U − {B < A}, we get Y ∈ SK_{Z,ZP} \ {P } or Y = S_{{F,G}}, F, G ∈ SK_Z for any Y ∈ U. 3.5.1

Suppose B = S_{{B1,B2,B3}}, dim_kK(Z, B_1) = 2 for some B_i ∈ SK. We shall show that if H ∈ SK_Z \ SK_{Z,ZP} , H ∉ {B_1, B_2, B_3}, then H is comparable with no less than two elements of ψ(B). Indeed, if H − {B_1, B_2, B_3}, then SK contains the wild subset {P, B_1, B_2, B_3, H}, which is impossible.

If H − B_i, H − B_j, H < B_k (resp., H > B_k), i ≠ j, i, j, k ∈ {1, 2, 3}, then SK contains the wild subset {P, B_i, B_j, H < B_k} (resp., {P, B_i, B_j, B_k < H}), which is impossible.

If H_1, H_2 ∈ SK_Z \ SK_{Z,ZP} , H_1, H_2 ∉ {B_1, B_2, B_3}, H_1 − H_2, {H_1, H_2} − B_i for some i, then SK contains the subset of non-polynomial growth {P, B_i, H_1 < B_j > H_2 < B_k > H_1} in the case {H_1, H_2} < {B_j, B_k} and the subset of non-polynomial growth {P, B_i, H_1 > B_j < H_2 > B_k < H_1} in the case {H_1, H_2} > {B_j, B_k}, where j ≠ k, i, j, k ∈ {1, 2, 3}. A contradiction.

From the above information and Lemma 15 it follows that if Y = S_{{F,G}}, F, G ∈ SK_Z, B = S_{{B1,B2,B3}}, then B < Y . 3.5.2

Suppose ψ(U ∩ N∂_P K) contains the subset U_1 = {C_1 < C_2, D_1 < D_2 < D_3}. We assume also that for any X ∈ U_1 there exists Y ∈ U_1 such that S_{{X,Y }} ∈ U. Then one of the following two situations occur:

α). B ∈ O∂_P K. Since B − U and dim_kK(Z, B) = 2, we get B − U_1. If B − P , then SK contains the wild subset {P, B, C_1, D_1 < D_2}, a contradiction. If B < P , then SK contains the wild subset {B < P, C_1 < C_2, D_1 < D_2 < D_3}, a contradiction.

β). B ∈ N∂_P K. Then it follows from (3.5.1) that B = S_{{B1,B2}}, dim_kK(Z, B_1) = 2 for some B_1, B_2 ∈ SK. It is clear that B_1 ≱ T for any T ∈ ψ(U). We distinguish several cases.

βα). B_1 < C_1. From Lemma 15 it follows that B_2 − {C_1 < C_2}, B_2 ≰ D_3, because B−U. If B_2 −D_3, then SK contains the wild subset {P, B_2, D_3, C_1 < C_2}, a contradiction. If B_2 > D_3, then B_1 − {D_1 < D_2 < D_3} and hence SK contains the wild subset {P, B_1 < C_1 < C_2, D_1 < D_2 < D_3 < B_2}, a contradiction.

ββ). B_1 < D_1. From Lemma 15 it follows that B_2 − {D_1 < D_2 < D_3}, B_2 ≰ C_2, because B − U. If B_2 − C_2, then SK contains the wild subset {P, B_2, C_2, D_1 < D_2}, a contradiction. If B_2 > C_2, then B_1 − {C_1 < C_2} and hence SK contains the wild subset {P, B_1 < D_1 < D_2 < D_3, C_1 < C_2 < B_2}, a contradiction.

βγ). B_1 − D_1, B_1 − C_1. If B_1 − C_2 (resp., B_1 − D_2), then SK contains the wild subset {P, B_1, D_1, C_1 < C_2} (resp., {P, B_1, C_1, D_1 < D_2}), a contradiction. Hence we get C_2 > B_1, D_2 > B_1. From Lemma 15 it follows that B_2 − {C_2, D_2 < D_3}, because B − U. Therefore SK contains the wild subset {P, B_2, C_2, D_2 < D_3}, a contradiction.

3.5.3

Suppose ψ(U ∩ N∂_P K) contains the subset U_1 = {C, D_1 < D_2} and there exists E ∈ O∂_P K ∩ U. We assume also that S_{{C,Di}} ∈ U for 1 ≤ i ≤ 2. Then one of the following two situations occur:

α). B ∈ O∂_P K. Since B − U and dim_kK(Z, B) = 2, we get B − {C, D_1 < D_2, E} and hence SK contains the wild subset {B, C, E, D_1 < D_2}, a contradiction.

β). B ∈ N∂_P K. Then it follows from (3.5.1) that B = S_{{B1,B2}}, dim_kK(Z, B_1) = 2 for some B_1, B_2 ∈ SK. It is clear that B_1 ≱ T for any T ∈ ψ(U). We distinguish several cases.

βα). B_1 < C. From Lemma 15 it follows that B_2 − C, B_2 ≰ D_2, because B − U. If B_2 − D_2, then SK contains the wild subset {B_2, D_2, C, E < P }, a contradiction.

If B_2 > D_2, then B_1 − {D_1 < D_2} and hence SK contains the wild subset {E < P, B_1 < C, D_1 < D_2 < B_2}, a contradiction.

ββ). B_1 < D_1. From Lemma 15 it follows that B_2 − {D_1 < D_2}, B_2 ≰ C, because B − U. If B_2 − C, then SK contains the wild subset {B_2, C, D_1, E < P }, a contradiction.

If B_2 > C, then B_1 − C and hence SK contains the wild subset {E < P, B_1 < D_1 < D_2, C < B_2}, a contradiction.

βγ). B_1 − D_1, B_1 − C. Then SK contains the wild subset {E < P, B_1, C, D_1}, a contradiction.

3.5.4

Suppose ψ(U ∩N∂_P K) contains the subset U_1 = {C, D} and O∂_P K∩U contains the subset {E_1 < E_2}. We assume also that S_{{C,D}} ∈ U. Then one of the following two situations occur:

α). B ∈ O∂_P K. Since B − U and dim_kK(Z, B) = 2, we get B − {C, D, E_1 < E_2} and hence SK contains the wild subset {B, C, D, E_1 < E_2}, a contradiction.

β). B ∈ N∂_P K. Then it follows from (3.5.1) that B = S_{{B1,B2}}, dim_kK(Z, B_1) = 2 for some B_1, B_2 ∈ SK. It is clear that B_1 ≱ T for any T ∈ ψ(U). If B_1 − C, B_1 − D, then SK contains the wild subset {B_1, C, D, E_1 < E_2}, a contradiction.

Therefore we may assume that B_1 < C (the case B_1 < D can be treated similarly). From Lemma 15 it follows that B_2 − C, B_2 ≰ D, because B − U. If B_2 − D, then SK contains the wild subset {B_2, D, C, E_1 < E_2}, a contradiction.

If B_2 > D, then B_1 − D and hence SK contains the wild subset {E_1 < E_2 < P, B_1 < C, D < B_2}, a contradiction.

3.5.5

Suppose Ω = (2, 2, 3) or Ω = (1, 3, 4) or Ω = (1, 2, 6). Then U contains the subset {F < G, H}. Since K satisfies the condition (e) of Theorem 1, we get H ∈ N∂_P K or {F < G} ⊆ N∂_P K. If {F < G, H} ⊆ N∂_P K, then ψ(U ∩ N∂_P K) contains the subset {C_1 < C_2, D_1 < D_2 < D_3} for some C_i, D_j ∈ SK, which is impossible because of (3.5.2).

If {F < G} ⊆ N∂_P K, H ∈ O∂_P K, then ψ(U ∩ N∂_P K) contains the subset {C, D_1 < D_2} for some C, D_i ∈ SK, which is impossible because of (3.5.3).

If {F < G} ⊆ O∂_P K, H ∈ N∂_P K, then ψ(U ∩ N∂_P K) contains the subset {C, D} for some C, D ∈ SK, which is impossible because of (3.5.4).

3.5.6

Suppose Ω = {F, G, H, B < A}. Since K satisfies the condition (e) of Theorem 1, we get F ∈ N∂_P K or G ∈ N∂_P K or H ∈ N∂_P K. Therefore we may assume that F, G ∈ N∂_P K, because K satisfies the condition (f) of Theorem 1.

If {F, G, H} ⊆ N∂_P K, then ψ(U ∩ N∂_P K) contains the subset {C_1 < C_2 < C_3, D_1 < D_2 < D_3} for some C_i, D_j ∈ SK, which is impossible because of (3.5.2).

If {F, G} ⊆ N∂_P K, H ∈ O∂_P K, then ψ(U∩N∂_P K) contains the subset {C_1 < C_2, D_1 < D_2} for some C_i, D_j ∈ SK, which is impossible because of (3.5.3).

3.5.7

Suppose Ω = {F < G > H < T, L_1 < . . . < L_5}. If A ≠ G or B ≠ H, then U contains the subset (1, 2), which is impossible because of (3.5.5). Therefore we may assume that A = G, B = H. Since F − B, then Z ∉ ψ(F ). If there exists F_1 ∈ ψ(F ) such that dim_kK(Z, F_1) = 2, then we can put B = F , which is impossible in accordance with the above. Therefore we may assume that ψ(F ) ⊆ SK_Z.

Since T − A, we have T ≠ S_{Z,0}. If T > S_{Z,0}, then S_{Z,0} − F and hence S∂_P K contains the wild subset {F, H < S_{Z,0} < T, L_1 < . . . < L_4}, which is impossible in accordance with (3.5.5). Hence Z ∉ ψ(T ).

If S_{Z,0} − F and S_{Z,0} − T , then S∂_P K contains the wild subset {F, T, S_{Z,0}, L_1 < L_2}, which is impossible by (3.5.6). If S_{Z,0} − F and T < S_{Z,0}, then S∂_P K contains the wild subset {F, H < T < S_{Z,0}, L_1 < . . . < L_4}, which is impossible by (3.5.5). Therefore we may assume that F < S_{Z,0} and hence F ∈ SK_Z , F ∉ SK_{Z,ZP} . Since T − A, we have ψ(T ) ⊆ SK_Z . One of the following situations occur:

(A). {L_1 < . . . < L_5} ⊂ SK_{Z,ZP} . If T = S_{{T1,T2}}, then we may assume that T_1 < F , T_2 − F because T − F . Hence SK contains the wild subset {T_1 < F, T_2, L_1 < . . . < L_5 < P }, a contradiction. Thus T ∈ SK_Z. Since T − A, we obtain T ∈ SK_{Z,ZP} . Hence SK_{Z,ZP} contains the subset {T, L_1 < L_2}, a contradiction.

(B). {L_1 < . . . < L_5} ⊄ SK_{Z,ZP} . We distinguish two cases.

(BA). {M_1 < M_2, N_1 < N_2} ⊆ ψ({L_1 < . . . < L_5}) for some M_i, N_j ∈ SK_Z . Since F − {L_1 < . . . < L_5}, we may assume that F > N_2, F − {M_1 < M_2}. Then one of the following situations occur:

α). B ∈ O∂_P K. Since B − U and dim_kK(Z, B) = 2, we get B − U_1. If B − P , then SK contains the wild subset {P, B, M_1, N_1 < N_2}, a contradiction. If B < P , then SK contains the wild subset {B < P, M_1 < M_2, N_1 < N_2 < F }, a contradiction.

β). B ∈ N∂_P K. Then it follows from (3.5.1) that B = S_{{B1,B2}}, dim_kK(Z, B_1) = 2 for some B_1, B_2 ∈ SK. Hence B_1 ≱ X for any X ∈ SK_Z . We distinguish several cases.

βα). B_1 < M_1. From Lemma 15 it follows that B_2 − {M_1 < M_2}, B_2 ≱ F , B_2 ≰ N_2, because B − U, B − F . If B_2 − F (resp., B_2 − N_2), then SK contains the wild subset {P, B_2, F, M_1 < M_2} (resp., {P, N_2, B_2, M_1 < M_2}), a contradiction. If N_2 < B_2 < F , then B_1 − {N_1 < N_2 < F } and hence SK contains the wild subset {P, B_1 < M_1 < M_2, N_1 < N_2 < B_2 < F }, a contradiction.

ββ). B_1 < N_1. From Lemma 15 it follows that B_2 − {N_1 < N_2 < F }, B_2 ≰ M_2, because B−U, B−F . If B_2 −M_2, then SK contains the wild subset {P, B_2, M_2, N_1 < N_2}, a contradiction. If B_2 > M_2, then B_1 −{M_1 < M_2} and hence SK contains the wild subset {P, B_1 < N_1 < N_2 < F, M_1 < M_2 < B_2}, a contradiction.

βγ). B_1 − N_1, B_1 − M_1. If B_1 − M_2 (resp., B_1 − N_2), then SK contains the wild subset {P, B_1, N_1, M_1 < M_2} (resp., {P, B_1, M_1, N_1 < N_2}), a contradiction. Hence we get M_2 > B_1, N_2 > B_1. From Lemma 15 it follows that B_2 − {M_2, N_2 < F }, because B − U, B − F . Therefore SK contains the wild subset {P, B_2, M_2, N_2 < F }, a contradiction.

(BB). {C, D_1 < . . . < D_5} ⊆ ψ({L_1 < . . . < L_5}) for some C, D_i ∈ SK_Z . Since F − {L_1 < . . . < L_5}, then one of the following situations occur:

(BBA) F > C, F − {D1 < . . . < D_5}. We distinguish several cases. α). B ∈ O∂_P K. Since B − U and dim_kK(Z, B) = 2, we get B − U_1. If B − P , then SK contains the wild subset {P, B, C, D_1 < D_2}, a contradiction. If B < P , then SK contains the wild subset {B < P, C < F, D_1 < D_2 < D_3}, a contradiction.

β). B ∈ N∂_P K. Then it follows from (3.5.1) that B = S_{{B1,B2}}, dim_kK(Z, B_1) = 2 for some B_1, B_2 ∈ SK. Hence B_1 ≱ X for any X ∈ SK_Z . We distinguish several cases.

βα). B_1 < C. From Lemma 15 it follows that B_2 − {C < F }, B_2 ≰ D_5, because B − U, B − F . If B_2 − D_5, then SK contains the wild subset {P, B_2, D_5, C < F }, a contradiction. If B_2 > D_5, then B_1 − {D_1 < . . . < D_5} and hence SK contains the wild subset {P, B_1 < C < F, D_1 < D_2 < D_3 < B_2}, a contradiction.

ββ). B_1 < D_1. From Lemma 15 it follows that B_2 − {D_1 < . . . < D_5}, B_2 ≰ C, B_2 ≱ F , because B − U, B − F . If B_2 − F (resp., B_2 − C), then SK contains the wild subset {P, B_2, F, D_1 < D_2} (resp., {P, B_2, C, D_1 < D_2}), a contradiction. If C < B_2 < F , then B_1 − {C < F } and hence SK contains the wild subset {P, B_1 < D_1 < D_2 < D_3, C < B_2 < F }, a contradiction.

βγ). B_1 − D_1, B_1 − C. If B_1 − F (resp., B_1 − D_2), then SK contains the wild subset {P, B_1, D_1, C < F } (resp., {P, B_1, C, D_1 < D_2}), a contradiction. Hence we get F > B_1, D_2 > B_1. From Lemma 15 it follows that B_2 − {F, D_2 < D_3}, because B − U, B − F . Therefore SK contains the wild subset {P, B_2, F, D_2 < D_3}, a contradiction.

(BBB) F > D_5, F − C. Suppose B ∈ O∂_P K. Then dim_kK(Z, B) = 2 and hence B − {C, D_1 < . . . < D_5 < F }. If B − P , then SK contains the wild subset {B, P, C, D_1 < D_2}. If B < P , then SK contains the wild subset {C, B < P, D_1 < . . . < D_5 < F }. Suppose B ∈ NS∂_P K. Then it follows from (3.5.1) that B = S_{{B1,B2}}, dim_kK(Z, B_1) = 2 for some B_1, B_2 ∈ SK. It is clear that B_1 ≱ X for any X ∈ SK_Z . We distinguish several cases:

(BBBA) B_1 < C. From Lemma 15 it follows that B_2 − C, B_2 ≰ D_5, B_2 ≱ F , because B − U, B − F . If B_2 − D_4, then B_2 − D_5 and hence SK contains the wild subset {P, C, B_2, D_4 < D_5}, a contradiction. Therefore we may assume that B_2 > D_5. Then B_1 − {D_1 < . . . < D_5} and hence SK contains the wild subset {P, B_1 < C, D_1 < . . . < D_5 < B_2}, a contradiction.

(BBBB) B_1 < D_1. From Lemma 15 it follows that B_2 − {D_1 < . . . < D_5 < F }, B_2 ≰ C, because B−U, B−F . If B_2−C, then SK contains the wild subset {P, C, B_2, D_1 < D_2}, a contradiction. If B_2 > C, then B_1 − C and hence SK contains the wild subset {P, C < B_2, B_1 < D_1 < . . . < D_5}, a contradiction.

(BBBC) B_1−C, B_1−D_1. If B_1−D_2, then SK contains the wild subset {P, C, B_1, D_1 < D_2}, a contradiction. Therefore we may assume that B_1 < D_2. Then B_2 ≰ C, B_2 −{D_2 < . . . < D_5 < F } since B − U, B − F . If B_2 − C, then SK contains the wild subset {P, C, B_2, B_1 < D_2}, a contradiction. If B_2 > C, then SK contains the wild subset {P, C < B_2, B_1 < D_2 < . . . < D_5 < F }, a contradiction.

3.5.8

Suppose Ω = {B < A > F < G > B, H_1, H_2}. Then U = {H_1, H_2}. If ord ΩK_Z < 3, then A does not satisfy the condition (∗), a contradiction.

Therefore we may assume that H_1 ∈ N∂_P K or H_2 ∈ N∂_P K, because K satisfies the condition (f) of Theorem 1. Since F − B, we get Z ∉ ψ(F ). If ψ(F ) ⊆ SK_Z and F ∈ N∂_P K, then S∂_P K contains the wild subset {S_{Z,0} > B, F, H_1, H_2}, which is impossible in accordance with (3.5.6).

Suppose F ∈ O∂_P K and F ∈ SK_Z. Then one of the following situations occur: (a). H_1, H_2 ∈ N∂_P K. Then we may assume that H_1 = S_{{L,M}}, H_2 = S_{{S,T }}, L < S, T < M, {L < S} − {T < M} for some L, S, T, M ∈ SK_Z. Since F − {H_1, H_2}, we may assume that F > M, F − {L < S} (the case F > S, F − {T < M} can be treated similarly). We distinguish several cases.

α). B ∈ O∂_P K. Since B − U and dim_kK(Z, B) = 2, we get B − U_1. If B − P , then SK contains the wild subset {P, B, L, T < M}, a contradiction. If B < P , then SK contains the wild subset {B < P, L < S, T < M < F }, a contradiction.

β). B ∈ N∂_P K. Then it follows from (3.5.1) that B = S_{{B1,B2}}, dim_kK(Z, B_1) = 2 for some B_1, B_2 ∈ SK. Hence B_1 ≱ X for any X ∈ SK_Z . We distinguish several cases.

βα). B_1 < L. From Lemma 15 it follows that B_2−{L < S}, B_2 ≰ M, B_2 ≱ F , because B−U, B−F . If B_2−F (resp., B_2−M), then SK contains the wild subset {P, B_2, F, L < S} (resp., {P, B_2, M, L < S}), a contradiction. If M < B_2 < F , then B_1 −{T < M < F } and hence SK contains the wild subset {P, B_1 < L < S, T < M < B_2 < F }, a contradiction.

ββ). B_1 < T . From Lemma 15 it follows that B_2 − {T < M < F }, B_2 ≰ S, because B − U, B − F . If B_2 − S, then SK contains the wild subset {P, B_2, S, T < M}, a contradiction. If B_2 > S, then B_1 − {L < S} and hence SK contains the wild subset {P, B_1 < T < M < F, L < S < B_2}, a contradiction.

βγ). B_1 − T, B_1 − L. If B_1 − S (resp., B_1 − M), then SK contains the wild subset {P, B_1, T, L < S} (resp., {P, B_1, L, T < M}), a contradiction. Hence we get S > B_1, M > B_1. From Lemma 15 it follows that B_2 − {S, M < F }, because B − U, B − F . Therefore SK contains the wild subset {P, B_2, S, M < F }, a contradiction.

(b). H_1 = S_{{C,D}}, H_2 ∈ O∂_P K for some C, D ∈ SK_Z (the case H_1 ∈ O∂_P K, H_2 ∈ N∂_P K is similar). Since F − H_1, we may assume that F > D, F − C. Then one of the following two situations occur:

α). B ∈ O∂_P K. Since B −U, B −F and dim_kK(Z, B) = 2, we get B −{C, D < F, H_2} and hence SK contains the wild subset {B, C, H_2, D < F }, a contradiction.

β). B ∈ N∂_P K. Then it follows from (3.5.1) that B = S_{{B1,B2}}, dim_kK(Z, B_1) = 2 for some B_1, B_2 ∈ SK. Hence B_1 ≱ X for any X ∈ SK_Z . We distinguish several cases.

βα). B_1 < C. From Lemma 15 it follows that B_2−C, B_2 ≰ D, B_2 ≱ F , because B−U, B − F . If B_2 − F (resp., B_2 − D), then SK contains the wild subset {B_2, F, C, H_2 < P } (resp., {B_2, D, C, H_2 < P }), a contradiction.

If D < B_2 < F , then B_1 − {D < F } and hence SK contains the wild subset {H_2 < P, B_1 < C, D < B_2 < F }, a contradiction.

ββ). B_1 < D. From Lemma 15 it follows that B_2 −{D < F }, B_2 ≰ C, because B −U, B − F . If B_2 − C, then SK contains the wild subset {B_2, C, D, H_2 < P }, a contradiction.

If B_2 > C, then B_1 − C and hence SK contains the wild subset {H_2 < P, B_1 < D < F, C < B_2}, a contradiction.

βγ). B_1 − D, B_1 − C. Then SK contains the wild subset {H_2 < P, B_1, C, D}, a contradiction.

Therefore we may assume that there exists F_1 ∈ ψ(F ) such that dim_kK(Z, F_1) = 2. Then one of the following situations occur:

A. H_1, H_2 ∈ N∂_P K. Then we may assume that H_1 = S_{{C1,C2}}, H_2 = S_{{D1,D2}}, C_1 < D_1, D_2 < C_2, {C_1 < D_1} − {D_2 < C_2}. One of the following situations occur:

α). B, F ∈ O∂_P K. Since {B, F } − U, dim_kK(Z, B) = 2, dim_kK(Z, F ) = 2, we get {B, F } − ψ(U) and hence SK contains the wild subset {B, F, C_1, D_2 < C_2}, a contradiction.

β). B ∈ O∂_P K, F ∈ N∂_P K (the case B ∈ N∂_P K, F ∈ O∂_P K can be treated in the analogous manner). As in case (α) we get B − ψ(U). If B − P , then SK contains the wild subset {B, P, C_1, D_2 < C_2}, a contradiction. Therefore we may assume that B < P . From (3.5.1) it follows that F = S_{{F1,F2}} for some F_1, F_2 ∈ SK and dim_kK(Z, F_1) = 2. Since B −F and B < P , we obtain B −{F_1, F_2}. It is clear that F_1 ≱ T for any T ∈ ψ(U). If F_1 − C_1, F_1 − D_2, then SK contains the wild subset {F_1, C_1, D_2, B < P }.

Assume that {F_1 < C_1} (the case F_1 < D_2 can be treated in the analogous manner). From Lemma 15 it follows that F_2 − {C_1 < D_1}, F_2 ≰ C_2, because F − U. If F_2 − C_2, then SK contains the wild subset {F_2, C_1, C_2, B < P }, a contradiction.

If F_2 > C_2, then F_1 − {D_2 < C_2} and hence SK contains the wild subset {F_1 < C_1 < D_1, D_2 < C_2, B < P }, a contradiction.

γ). B, F ∈ N∂_P K. From (3.5.1) it follows that B = S_{{B1,B2}}, F = S_{{F1,F2}} for certain B_1, B_2, F_1, F_2 ∈ SK and dim_kK(Z, B_1) = 2, dim_kK(Z, F_1) = 2. It is clear that F_1 ≱ T , B_1 ≱ T for any T ∈ ψ(U). We distinguish several cases.

γα). F_1 < C_1, B_1 < C_1 (the case F_1 < D_2, B_1 < D_2 can be treated in the analogous manner). From Lemma 15 it follows that F_2 − {C_1 < D_1}, B_2 − {C_1 < D_1}, F_2 ≰ C_2, B_2 ≰ C_2. If F_2−C_2 (resp., B_2 −C_2), then SK contains the wild subset {F_2, C_2, P, F_1 < C_1} (resp., {B_2, C_2, P, B_1 < C_1}), a contradiction. Therefore we may assume that F_2 > C_2 and B_2 > C_2. Hence F_1 − {D_2 < C_2}, B_1 − {D_2 < C_2}. If B_1 − F_1, then SK contains the wild subset {B_1, F_1, P, D_2 < C_2}, a contradiction.

If B_1 < F_1 (the case F_1 < B_1 is similar), then F_1 − B_2 and hence SK contains the wild subset {F_1 < B_1 < C_1 < D_1, D_2 < C_2 < B_2, P }, a contradiction.

γβ). F_1 < C_1, B_1 < D_2 (the case F_1 < D_2, B_1 < C_1 is similar). From Lemma 15 it follows that F_2 − {C_1 < D_1}, B_2 − {D_2 < C_2}, F_2 ≰ C_2, B_2 ≰ D_1. If F_2 − C_2 (resp., B_2 − D_1), then SK contains the wild subset {F_2, C_2, P, C_1 < D_1} (resp., {B_2, D_1, P, D_2 < C_2}), a contradiction. Therefore we may assume that F_2 > C_2 and B_2 > D_1. Then F_1 − {D_2 < C_2}, B_1 − {C_1 < D_1} and hence SK contains the wild subset {B_1 < D_2 < C_2 < F_2, F_1 < C_1 < D_1, P }, a contradiction.

γγ). F_1 −C_1, F_1 −D_2 (the case B_1 −C_1, B_1 −D_1 is similar). If F_1 −D_1 (resp., F_1 −C_2), then SK contains the wild subset {C_1 < D_1, F_1, D_2, P } (resp., {D_2 < C_2, C_1, F_1, P }), a contradiction.

Therefore we obtain D_1 > F_1, C_2 > F_1. Since F − {H_1, H_2}, we get F_2 − {C_1 < D_1, D_2 < C_2}. But then SK contains the wild subset {F_1, F_2, C_1, D_2, P }, a contradiction.

B. H_1 = S_{{C,D}}, H_2 ∈ O∂_P K (the case H_1 ∈ O∂_P K, H_2 ∈ N∂_P K is similar). One of the following situations occur:

(α). B, F ∈ O∂_P K. Since {B, F } − U, dim_kK(Z, B) = 2, dim_kK(Z, F ) = 2, we get {B, F } − ψ(U) and hence SK contains the wild subset {B, F, C, D, H_2}, a contradiction.

(β). B ∈ O∂_P K, F ∈ N∂_P K (the case B ∈ N∂_P K, F ∈ O∂_P K can be treated in the analogous manner). As in case (α) we get B − ψ(U). If B − P , then SK contains the wild subset {B, C, D, H_2 < P }, a contradiction.

Therefore we may assume that B < P . From (3.5.1) it follows that F = S_{{F1,F2}} for certain F_1, F_2 ∈ SK and dim_kK(Z, F_1) = 2. Since B < P and B − F , we obtain B − {F_1, F_2}. It is clear that F_1 ≱ T for any T ∈ ψ(U). If F_1 − C, F_1 − D, then SK contains the wild subset {F_1, C, D, B, H_2}, a contradiction.

Assume that F_1 < C (the case F_1 < D can be treated in analogous manner). From Lemma 15 it follows that F_2 − C, F_2 ≰ D, because F − U. If F_2 − D, then SK contains the wild subset {F_2, C, D, B, H_2}, a contradiction.

If F_2 > D, then F_1 − D and hence SK contains the wild subset {F_1 < C, D, B, H_2}, a contradiction.

γ). B, F ∈ N∂_P K. From (3.5.1) it follows that B = S_{{B1,B2}}, F = S_{{F1,F2}} for certain B_1, B_2, F_1, F_2 ∈ SK and dim_kK(Z, B_1) = 2, dim_kK(Z, F_1) = 2. It is clear that F_1 ≱ T , B_1 ≱ T for any T ∈ ψ(U). We distinguish several cases.

γα). F_1 < C, B_1 < C (the case F_1 < D, B_1 < D can be treated in the analogous manner). From Lemma 15 it follows that F_2 − C, B_2 − C, F_2 ≰ D, B_2 ≰ D.

If F_2 − D (resp., B_2 − D), then SK contains the wild subset {F_2, D, P, F_1 < C} (resp.,

{B_2, D, P, F_1 < C}), a contradiction. Therefore we may assume that F_2 > D and B_2 > D. Hence F_1 − D, B_1 − D. If B_1 − F_1, then SK contains the wild subset {B_1, F_1, D, H_2 < P }, a contradiction. If B_1 < F_1 (the case F_1 < B_1 is similar), then F_1 − B_2 and hence SK contains the wild subset {B_1 < F_1 < C, D < B_2, H_2 < P }, a contradiction.

γβ). F_1 < C, B_1 < D (the case F_1 < D, B_1 < C is similar). From Lemma 15 it follows that F_2 − C, B_2 − D, F_2 ≰ D, B_2 ≰ C. If F_2 − D (resp., B_2 − C), then SK contains the wild subset {F_2, C, D, H_2 < P } (resp., {B_2, C, D, H_2 < P }), a contradiction. Therefore we may assume that F_2 > D and B_2 > C. Then F_1 − D, B_1 − C and hence SK contains the wild subset {B_1 < D < F_2, F_1 < C, H_2 < P }, a contradiction.

γγ). F_1 − C, F_1 − D (the case B_1 − C, B_1 − D is similar). Then SK contains the wild subset {F_1, C, D, H_2 < P }, a contradiction. 3.6 Suppose K satisfies all the conditions of Theorem 1. Let P be an admissible object and let Z = max ind K, Z ∈ LK, ord ΩK_Z = 4, SK_Z = {B, C, D, P }. From the definition of the category ∂_P K and (3.4) it immediately follows that the conditions (a)-(g) of Theorem 1 are fulfilled for the category ∂_P K.

We will prove that the category ∂_P K satisfies the condition (h) of Theorem 1. Suppose, contrary to our claim, that S∂_P K contains one of the subsets W_1, . . . , W_6, G. Let Ω denote it. If Ω ∩ ψ_Z = ∅, then from (3.4) it follows that the category ∂_P K satisfies the condition (h). Therefore we may assume that Ω ∩ ψ_Z ≠ ∅. Then from Lemma 13 it follows that Ω > L_{{B,C,D}} and hence Ω ⊆ O, where ∂_P K(O) ∼= O_λ (see (2.4)), a contradiction. 3.7 In this subsection we prove Theorem 4. From (3.1) it follows that if K is a schurian vector space category of polynomial growth, then K satisfies all the conditions of Theorem 1. The proof is carried out in the class of all schurian vector space categories satisfying all the conditions of Theorem 1. We proceed by induction on the dimension d for which a sincere series of indecomposable factor spaces exists.

For d = 1, the statement of the theorem is obviously true, because there is no a vector space category with a series of factor spaces in dimension d. For d = 2, there is one series A_{A,λ,1}. So in this case the statement is also true.

Suppose the theorem is valid for all d ≤ d^0. Let K be a nonlinear schurian vector space category which satisfies all the conditions of Theorem 1 and has a sincere series T of indecomposable factor spaces in the dimension d > d^0. According to the results in Section 2, we can consider the derived category ∂_P K[P ] (see for details (3.3)). It is clear that K is infinitely sincere iff K^{op} is infinitely sincere. Therefore we may assume that either K[P ] = K or K[P ](ind K[P ] \ {P }) ∼= K. According to Proposition 4 and Remark in (3.3), the series T turns into the series ~T in the dimension d ≤ d^0. Set ~K = ∂_P K[P ](supp ~T ). By the inductive assumption, ~K is isomorphic to one of the categories A, E, E^{op}, F, F^{op}, G, G^{op}, H_λ, H^{op}_λ or ~K is linear and S( ~K) is the critical or defining poset. We consider all possible cases. Since T is sincere, we have K ∼= ψ( ~K).

A. P ∈ max ind K[P ]. According to (3.3), we may assume that K[P ] = K. A.1. ~K ∼= A, L ~K = Z. If Z ∈ NL∂_P K, then K = K (K_1) since ψ( ~K) = K, i. e. K is linear, which contradicts the assumption.

Suppose that Z ∈ OL∂_P K. We then have ind K = {Z, P }. If P ∈ SK^Z , then Proposition 1 shows that K does not have sincere series, a contradiction. If dim_kK (P, Z) = 2, then from the definition of the mapping i_P we see that K does not have sincere factor space, a contradiction.

A.2. Suppose that ~K is isomorphic to one of the following categories: E^{op}, F^{op}, G^{op}, H^{op}_λ , λ ∈ k \ {0, 1}. Let L ~K = {Z}. The following cases are possible.

A.2.1. Z ∈ NL∂_P K. Lemma 26 shows that if A ∈ S ~K, then A ≠ S_D for any D ∈ LK. Therefore K = ψ( ~K) is linear, which contradicts the assumption.

A.2.2. Z ∈ OL∂_P K, ~K ≁= H^{op}_λ . Since ord Ω∂_P K^Z = 3, we have ord ΩK^Z = 3. The category K satisfies the condition (f) of Theorem 1, and therefore SK^{Z,V} does not contain the subset (1, 1) for any V ∈ P^1(Z). Hence A = S_Z and NS ~K = {A} if A ∈ NS ~K. From this it follows that K = ψ( ~K) ∼= ~K, where P → C_n, C_m → C_{m−1} for m > 1, C_1 → S_Z if SK^{Z,ZP} = {C_1 < · · · < C_n < P }, and T → T for T ∈ ind K \ SK^{Z,ZP} . We therefore may assume that NS ~K = ∅, i. e. ind ~K = ind K \ {P }.

Since SK is tame, we conclude that dim_kK (P, Z) = 2. From the fact that T is sincere it follows that there is an element A ∈ max ind K ∩ SK such that A − P . Therefore, we can consider ∂_AK. According to Proposition 4, the series T turns into the series Ť in the dimension d ≤ d^0. Set Ǩ = ∂_AK(supp Ť ). By the induction assumption, Ǩ is isomorphic to one of the categories A, E, E^{op}, F, F^{op}, G, G^{op}, H_λ, H^{op}_λ or Ǩ is linear and SǨ is the critical or defining poset. If NLǨ ≠ ∅, then Z ∉ ind Ǩ and hence, S_Z ∈ ind Ǩ. From the proof of Lemma 23 it follows that if X ∈ NLǨ, then dim_kǨ (X, S_Z) = 2 (since P ∈ ψ(X)), which contradicts the assumption.

If Z ∈ ind Ǩ, then P /∈ ψ(Y ) for any Y ∈ ind Ǩ (otherwise dim_kǨ (Y, Z) = 2), which contradicts the fact that T is sincere. From the above it follows that Ǩ is linear and hence, S(Ǩ) is either critical or defining poset. Since T is sincere, we have P, S_Z ∈ S(Ǩ). Consider the following posets:

1. S^E_1 = {A_1 < A_2, B_1 < B_2, C_1 < C_2, A_1 < P, B_1 < P, C_1 < P }; 2. S^E_2 = {A_1 < A_2 < P > B_1 < B_2, C_1 < C_2}; 3. S^F_1 = {A_1, B_1 < B_2 < B_3, C_1 < C_2 < C_3, B_2 < P > C_2}; 4. S^F_2 = {A_1, B_1 < B_2 < B_3, C_1 < C_2 < C_3 < P > B_1}; 5. S^F_3 = {A_1 < P, B_1 < B_2 < B_3, B_2 < P, C_1 < C_2 < C_3}; 6. S^F_4 = {A_1 < P, B_1 < B_2 < B_3, C_1 < C_2 < C_3, B_1 < P, C_1 < P }; 7. S^G_1 = {A_1, B_1 < B_2, C_1 < . . . < C_5, B_1 < P > C_4}; 8. S^G_2 = {A_1, B_1 < B_2 < P, C_1 < . . . < C_5, P > C_2}; 9. S^G_3 = {A_1 < P, B_1 < B_2 < P, C_1 < . . . < C_5}; 10. S^G_4 = {A_1 < P, B_1 < B_2, P > B_1, C_1 < . . . < C_5, C_1 < P }; 11. S^G_5 = {A_1 < P, B_1 < B_2, C_1 < . . . < C_5, P > C_3} .

From the tameness of SK it follows that SK is either one of the sets S^E_i , S^F_j , S^G_l or can be obtained from them by adding a few relations T < P , where T ∈ SK \ {P }. Clearly, K is uniquely determined by SK. By immediate verification (it suffices to consider the cases where SK = S^L_i with L ∈ {E, F, G}) it is seen that if Φ is a critical or defining subset in SǨ, then either P /∈ Φ or S_Z /∈ Φ, a contradiction.

A.2.3. Z ∈ OL∂_P K, ~K ∼= H^{op}_λ , λ ∈ k \ {0, 1}. Since ord Ω∂_P K^Z = 4, we have ord ΩK^Z = 4. SK is the tame poset and we therefore see that SK^{Z,V} does not contain the subset (1, 1) for any V ∈ P^1(Z). Suppose NS ~K ≠ ∅ and A ∈ NS ~K. Then A = S_Z and NS ~K = {A}. From this it follows that K = ψ( ~K) ∼= ~K, where P → S_Z , T → T for T ∈ ind K \ {P }, i. e. K ∼= H^{op}_λ as required. We therefore may assume that NS ~K = ∅, i. e. ind ~K = ind K \ {P }. Let S ~K = {A, B, C, D}. Since SK is tame, we see that P is comparable with at least two points from S ~K. If P is comparable with three or four points from S ~K, then the construction of differentiation shows that K is not faithful. Therefore, we can assume that P −A, P −B, P > C, P > D. Set K_1 = ∂_AK. It is easily seen that K_1, S_Z ∈ SK_1 and L_{{B,C,D}} ∈ LK_1 satisfy the conditions of Lemma 28. Since P ∈ L^−_{{B,C,D}} and P ∉ SK^{L{B,C,D},L} SZ {B,C,D} 1 , from Lemma 28 it follows that if S_Z ⊆ Y or Z ⊆ Y , then P ⊈ Y for any (Y, U, ψ) ∈ ind V(K_1). This implies that if Z ⊆ X, then P ⊈ X for any (X, V, φ) ∈ ind V(K). Hence K is not sincere, a contradiction.

A.3. Suppose that ~K is isomorphic to one of the following categories E, F, G, H_λ, λ ∈ k \ {0, 1}. Let L ~K = {Z}. The following cases are possible.

A.3.1. Z ∈ O∂_P K. From Lemma 26 it follows that S_Y ∉ ind ~K for any Y ∈ LK. Therefore LK = {Z} because T is sincere. Since ord Ω∂_P K_Z ≥ 3, we have ord ΩK_Z ≥ 3. Therefore SK_{Z,V} does not contain the subset (1, 1) for any V ∈ P^1(Z). Consequently, S ~K ⊆ O∂_P K. From the above it follows that K^{op} satisfies the conditions of Lemma 28 and hence K is not sincere, a contradiction.

A.3.2. Z ∈ N∂_P K and S_X ∉ ind ~K for any X ∈ LK. Then K = ψ( ~K) is linear, which contradicts the assumption.

A.3.3. Z = L_{{A,B,C}} for some A, B, C ∈ SK and S_X ∈ ind ~K for a certain X ∈ LK. Since S_X ∈ S∂_P K_Z , from the proof of Lemma 23 it follows that one of the following two situations occur:

(a). A, B, C ∈ SK^X , X^A ≠ X^B, X^A ≠ X^C , X^B ≠ X^C . Since SK is tame, we obtain SK^X = {A, B, C, P } and S∂_P K_Z = {A, B, C, S_X}. Hence K ∼= H^{op}_λ , λ ∈ k, λ ∉ {0, 1}. (b). A, B ∈ SK^{X,U} for some U ∈ P^1(X) and dim_kK(C, X) = 2. From the proof of Lemma 23 it follows that in this case S∂_P K_Z does not contain the subsets (1, 2, 2) and (1, 1, 1, 1), a contradiction.

A.4. Let ~K be a linear vector space category and S ~K be a critical or defining poset. If S_Z ∉ ind ~K for a certain Z ∈ LK, then K = ψ( ~K) is linear, which contradicts the assumption. Therefore, we may assume that S_Z ∈ ind ~K for a certain Z ∈ LK. From Lemma 13 and the fact that T is sincere we conclude that LK = {Z}, Z ∈ min ind K.

Suppose that K contains an object A ∈ SK such that dim_kK (A, Z) = 2. Let A be the maximal object with this property. Let us consider ∂_AK. By Proposition 4, the series T turns into the series Ť in the dimension d ≤ d^0. Set Ǩ = ∂_AK(supp Ť ). By the induction assumption, Ǩ is isomorphic to one of the categories A, E, E^{op}, F, F^{op}, G, G^{op}, H_λ, H^{op}_λ or Ǩ is linear and SǨ is the critical or defining poset. If Ǩ is nonlinear, then from cases A.1-A.3 it follows that Theorem 4 is valid for K.

If Ǩ is linear, then ψ(Ǩ) is linear since dim_kK (A, Z) = 2. But this contradicts the assumption. Therefore, we may assume that dim_kK (A, Z) = 1 for any A ∈ SK. From the fact that SK is tame and [Ri2] we see that K is isomorphic to one of the categories E, F, G, H_λ, λ ∈ k \ {0, 1}. B. Z = max ind K[P ], Z ∈ LK[P ], ord ΩK[P ]_Z ≤ 3. From the fact that T is sincere it follows that there exists A ∈ ind ~K such that Z ∈ ψ(A). Therefore we conclude that ~K cannot be isomorphic to one of the categories A, E, F, G, H_λ.

B.1. Let ~K be isomorphic to one of the categories E^{op}, F^{op},G^{op},H^{op}_λ , λ ∈ k \ {0, 1} and let X ∈ L ~K. B.1.1. X ∈ NL∂_P K[P ]. From Lemma 26 it follows that S_Y ∉ ind ~K for any Y ∈ LK[P ]. Therefore, from the fact that T is sincere it follows that LK = LK[P ] = {Z}. If the category K^{op} satisfies the conditions of the case A, then Theorem 4 is valid for it and hence, for the category K too.

If the category K^{op} does not satisfy the conditions of the case A, then there exists V ∈ P^1(Z) such that Z^+ = SK_{Z,V} and ord min SK_{Z,V} = 2. Fix a P -basis B of the category K[P ]. Consider the set with involution (S, σ) = (B_0, σ), where σ(b^1_Z ) = b^2_Z , σ(b^1_L) = b^1_L for L ∈ ind K[P ], L ≠ Z. It is easily to seen that K[P ] ∼= K(S, σ). Therefore, from [NBR] it follows that K ∼= A.

B.1.2. X ∈ OL∂_P K[P ]. From the construction of differentiation it follows that if K[P ]({Z, X}) ≁= I, then dim_k∂_P K[P ](A, X) = 2, which is impossible. Therefore we may assume that K[P ]({Z, X}) ∼= I. Lemma 11 now implies that A does not satisfy the condition (∗), which is impossible.

B.2. Let ~K be a linear vector space category. Analogously to the case B.1.1 we may assume that S_X ∈ S ~K for a certain X ∈ LK[P ]. If K[P ]({X, Z}) ∼= I, then from Lemma 11 it follows, that S_X does not satisfy the condition (∗), which is impossible. Therefore we may assume that K[P ]({X, Z}) ≁= I.

Suppose that there exist C, B ∈ SK[P ]_Z such that S_{{C,B}} ∈ S ~K, C, B ∈ SK[P ]^{X,V} for a certain V ∈ P^1(X). We denote by N(S_X ) the set of the elements of S∂_P K[P ], which are incomparable with S_X . From the conditions (h),(f) of Theorem 1 for K[P ] it follows that ΩK[P ]^X = {X^P , V }. Hence N(S_X ) does not contain the subsets (1, 2) and (1, 1, 1), which is impossible, because S ~K is either critical or defining set and any element of S ~K satisfies the condition (∗) (see (1.1)). Therefore we may assume that if S_{{C,B}} ∈ S ~K,C, B ∈ SK[P ]^X , then X^C ≠ X^B. This implies that S_X is comparable with all the elements of S∂_P K[P ] \ Φ, where Φ = ∪_{ZP ≠V ∈P}1_{(Z)}SK[P ]_{Z,V} . But we have A > Φ and hence any element of S ~K is comparable with S_X or A, which is impossible, because S ~K is either critical or defining set.

C. Z = max ind K[P ], Z ∈ LK[P ], ord ΩK[P ]_Z = 4, SK[P ]_Z = {B, C, D, P }. Since T is sincere, we see that there is A ∈ ind ~K such that Z ∈ ψ(A). Since Z ∈ ψ(A), we obtain A > L_{{B,C,D}} and hence S ~K > L_{{B,C,D}} using Lemma 13.

Suppose L ~K ≠ ∅,X ∈ L ~K and X < L_{{B,C,D}}. Then ~K is isomorphic to one of the categories E^{op}, F^{op},G^{op},H^{op}_λ . Since dim_k ~K(T, X) = 1 for any T ∈ S ~K and S ~K > L_{{B,C,D}}, from Lemma 10 it follows that there exists V ∈ P^1(X) such that S ~K ⊆ S∂_P K[P ]^{X,V} , which is impossible. Therefore we may assume that X ≥ L_{{B,C,D}} for any X ∈ ind ~K. Hence ψ( ~K) = {Z, P, B, C, D}. If K[P ] ≠ K, then K ∼= D, which is impossible by Proposition 2. Therefore K[P ] = K and hence K ∼= H_λ for some λ ∈ k \ {0, 1}.

Thus, the Theorem 4 is proved. 3.8 Now Theorem 1 follows from (3.1), (3.7) and the fact that the categories A, E, F, G, H_λ, λ ∈ k \ {0, 1} are of polynomial growth (see [Ri2]).

Theorem 2 follows from Theorem 4 and the fact that the statement of Theorem 2 is valid for the categories A, E, F, G, H_λ, λ ∈ k \ {0, 1} (see [Ri2]) and for the linear schurian vector space categories of polynomial growth (see [ZN1],[ZN2]).

Theorem 3 follows from Theorem 4, Theorem 2 and the fact that the linear schurian vector space categories of polynomial growth and categories A, E, F, G, H_λ, λ ∈ k \ {0, 1} are of linear growth (see [Si;Theorem 15.89],[Ri2]).

Theorem 6 follows from [Ro1], Theorem 4 and the fact that the statement of Theorem 6 is valid for the categories A, E, F, G, H_λ, λ ∈ k \ {0, 1} (see [Ri2]) and for the linear schurian vector space categories of polynomial growth (see [BZN]).

Theorems 5 and 7 follow from Theorem 4 and the fact that the categories E, F, G, H_λ, λ ∈ k \ {0, 1} are not domestic (see [Ri2]).

4 Acknowledgements

The author would like to thank Yu.A.Drozd, S.A.Ovsienko, D.Simson and A.G.Zavadskij for helpful discussions and ISF (Grant RKJ000) for financial support.

References

[B1] V.I.Bekkert, The quivers with relations of finite growth, Preprint, Kiev, Ukr.NIINTI, No. 834-D90 (1990), 1–54. (in Russian)

[B2] V.I.Bekkert, Tame quivers with relations, Ph.D.Thesis, Kiev University (1990), 1– 109 . (in Russian)

[B3] V.I.Bekkert, A characterization of a class of schurian vector space categories of polynomial growth, in Proceedings of ICRA VII (Mexico 1994), CMS Conference Proceedings, to appear.

[BZN] V.M.Bondarenko, A.G.Zavadskij, L.A.Nazarova, On representation of tame partially ordered sets, in ”Representations and Quadratic Forms”, Inst. Mat. Akad.Nauk Ukrain. SSR, Kiev (1979), 75–106; English trans. in Amer. Math. Soc. Transl. (2) 128 (1986).

[D] Yu.A.Drozd, Tame and wild matrix problem, in ”The representation theory II”, Springer LMN 832 (1980), 242–258 .

[K] M.M.Kleiner, On faithful representations of partially ordered sets of finite type, Zap.

Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 28 (1972), 42–59; English transl. in J. Soviet Math. 3 (1975), no.5.

[N] L.A.Nazarova, Partially ordered sets of infinite type, Izv. Akad. Nauk SSSR Ser. Mat.

39 (1975), 963–991; English transl. in Math. USSR Izv. 9 (1975).

[NBR] L.A.Nazarova, V.M.Bondarenko, A.V.Roiter, Representations of partially ordered sets with involution, Preprint No. 86.80, Inst. Mat. AN UkSSR, Kiev (1986), 1–26.

[NR1] L.A.Nazarova and A.V.Roiter, Categorical matrix problems and the Brauer-Thrall conjecture, Preprint No. 73.9, Inst. Mat. AN UkSSR, Kiev (1973), 1–100; German transl. Mitt. Math. Sem. Giessen 115 (1975).

[NR2] L.A.Nazarova, A.V.Roiter, Representations of partially ordered sets, Zap. Nauchn.

Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 28 (1972), 5–31; English transl. in J. Soviet Math. 3 (1975), no. 5.

[Ri1] C.M.Ringel, On algorithms for solving vector space problems. II: Tame algebras, Representation Theory, I (Proc. Workshop, Ottawa, 1979), Lecture Notes in Math. 831, Springer-Verlag, Berlin (1980), 137–287.

[Ri2] C.M.Ringel, Tame algebras and integral quadratic forms, Lecture Notes in Math.

1099, Springer-Verlag, Berlin (1984).

[Ro1] A.V.Roiter, Matrix problems, in: Proc. of the International Congress of Math., Helsinki (1978), 157–159.

[Ro2] A.V.Roiter, Representation of posets and tame matrix problems, London Math.

Soc. LNM 116 (1986), 91–107.

[Si] D.Simson, ”Linear representations of partially ordered sets and vector space categories”, Gordon and Breach Science Publishers, (Algebra, logic, and applications; v.4) (1993), 1–499.

[Sk1] A.Skowroński, Group algebras of polynomial growth, Manuscripta Math. 59 (1987), 499–516.

[Sk2] A.Skowroński, Algebras of polynomial growth, Topics in Algebra, Banach Center Publications 26, Part 1 (1990), 535–568.

[Z] A.G.Zavadskij, Faithful partially ordered sets of finite growth, Partially ordered sets of finite growth and their representations, Preprint No. 81.27, Inst. Mat. Akad. Nauk Ukrain. SSR, Kiev (1981), 30–42. (in Russian)

[ZN1] A.G.Zavadskij, L.A.Nazarova, On the finiteness and boundedness of the number of parameters, Partially ordered sets of finite growth and their representations, Preprint No. 81.27, Inst. Mat. Akad. Nauk Ukrain. SSR, Kiev (1981), 21–29. (in Russian)

[ZN2] A.G.Zavadskij, L.A.Nazarova, Partially ordered sets of finite growth, Funct. Anal.

i Prilozhen. 16 (1982), no. 2, 72–73; English transl. in Functional Anal. Appl. 16 (1982).