Stochastic quantization of the two-dimensional polymer measure

Sergio Albeverio^{1)} Yao-Zhong Hu^{2); 3)}

Michael Röckner^{4)} Xian Yin Zhou^{1); 5)}

Abstract

We prove that there exists a diffusion process whose invariant measure is the two-dimensional polymer measure ˚_g. The diffusion is constructed by means of the theory of Dirichlet forms on infinite-dimensional state spaces. We prove the closability of the appropriate pre-Dirichlet form which is of gradient type, using a general closability result by two of the authors. This result does not require an integration by parts formula (which does not hold for the two-dimensional polymer measure ˚_g) but requires the quasi-invariance of ˚_g along a basis of vectors in the classical Cameron-Martin space such that the Radon- Nikodym derivatives (have versions which) form a continuous process. We also show the Dirichlet form to be irreducible or equivalently that the diffusion process is ergodic under time translations.

AMS Subject Classification Primary: 60 J 65 Secondary: 60 H 30 Key words: two-dimensional polymer measure, closability, Dirichlet forms, diffusion processes, ergodicity, quasi-invariance. Running head: Two-dimensional polymer measure.

1) Institut für Mathematik, Ruhr-Universität Bochum, D-44780 Bochum, Germany. 2) Department of Mathematics, University of Oslo, N-0316 Oslo, Norway. 3) Institute of Mathematical Sciences, Academia Sinica, Wuhan 430071, China. 4) Fakultät für Mathematik, Universität Bielefeld, 33501 Bielefeld, Germany 5) Institute of Mathematics, Beijing Normal University, Beijing 100875, China

1 Introduction and main results

Let ν be a given probability measure on a space X. The stochastic quantization of ν means the construction of a Markov process whose invariant measure is just ν. Parisi and Wu [PW81] first studied the stochastic quantization for certain gauge fields in quantum field theory. After that, many works (see e.g. [J-LM85], [AR89a], [AR89b], [AR91]) on the stochastic quantization of Euclidean quantum fields such as the P (ϕ)_2 - field appeared. There is a close connection between the Edward’s model (or say polymer measure) and the ϕ^4 - field (see e.g. [Sy69, AFH-KL86]). This naturally directs the interest to the stochastic quantization of a polymer measure. The main aim of the present paper is to study the stochastic quantization of the two dimensional polymer measure.

Let us first introduce the (rigorous) definition of the two dimensional polymer measure ν_g . Let X := C([0, 1], IR^2)_0 be the set of all continuous paths in IR^2 indexed by [0, 1] and starting at zero. Let B be the σ-algebra generated by all maps ω → ω_t, t ≥ 0, from X to IR^2 and let ν_0 denote the Wiener measure on (X, B). Let α(x, A) be the self-intersection local time at x ∈ IR^2 of ω ∈ X on the set A ⊂ [0, 1] × [0, 1], i.e. α(x, A) = ∫ A δ_x(ω_s − ω_t)dsdt. (For its precise definition, the reader is referred to [Ro86] and the references therein.) It is well-known that α(0, {(s, t) : 0 ≤ s < t ≤ 1}) = ∞, ν_0 − a.e. Therefore, one has to use renormalization. To this end we set α_{i,k} = α ( 0, [ 2(i − 1)

2^k , 2i − 1 2^k ) × [2i − 1 2^k , 2i 2^k )) , i = 1, . . . , 2^{k−1}, k = 1, 2, . . . . Let E be the expectation with respect to ν_0, and

ξ_n = n∑ k=1 2k�1∑ i=1 (α_{i,k} − Eα_{i,k}), n ≥ 1. Then one can prove (see [LG85], [V69]) that (ξ_n)_{n≥0} is almost surely convergent to a random variable ξ ∈ L^2(Ω; ν_0) and lim_{n→∞} E|ξ_n − ξ|^2 = 0. The random variable ξ is usually called the normalized self-intersection local time of planar Brownian motion. It is proved in [AHZ95] that the random variable ξ is not differentiable in the sense of Meyer-Watanabe. One can prove that there is g_0 ∈ (0, ∞) (see e.g. [LG94], [PY96]) such that E exp(−gξ) { < ∞, ∀g ∈ (−g_0, ∞), = ∞, ∀g ∈ (−∞, −g_0). The two dimensional polymer measure ν_g is defined by

ν_g := (E exp(−gξ))^{−1} exp(−gξ) ν_0 , g ∈ (−g_0, ∞).

In this paper we always assume that g ∈ (−g_0, ∞).

For the construction of the stochastic quantization of ν_g we shall use the theory of Dirichlet forms. We want to emphasize that this method only gives a way to ”reconstruct” ν_g (cf. Theorems 1.1 and 1.5 below), since it uses ν_g and is based on some of its specific properties. However, also in all approaches to the stochastic quantization of measures in Euclidean field theory (such as e.g. P (ϕ)_2-fields) the respective measures have been used in an essential way. A truly constructive approach is not known. It seems that the situation for measures in Euclidean field theory as well as for polymer measures is just too singular. (E.g. all attempts using strong solutions for appropriate stochastic differential equations to obtain the required Markov processes have failed so far.) To describe the Dirichlet form in question precisely, we need some preparations.

X equipped with the supremum-norm is a separable real Banach space. Let X^′ denote its dual. Let H ⊂ X be the classical Cameron-Martin space, i.e., H := {h ∈ X : h is absolutely continuous and |h|^2_H =

∫_1 0 |h^′_t|^2dt < ∞}. Furthermore, let K := {h ∈ H : sup_{0≤t≤1} |h^′(t)| < ∞}. (H, ⟨ , ⟩_H ) is a real separable Hilbert space which is densely and continuously embedded into X, and K is a dense linear subspace of (H, ⟨ , ⟩_H ). Identifying H with its dual we obtain that X^′ is densely embedded into H. Hence X^′ ⊂ H ⊂ X, and ⟨ , ⟩_H restricted to X^′ × H coincides with the dualization between X^′ and X. Define the set of smooth bounded cylinder functions by

FC^∞_b := {f(l_1, . . . , l_m) : m ∈ IN, f ∈ C^∞_b (IR^m), l_1, . . . , l_m ∈ X^′},

where C^∞_b (IR^m) denotes the set of all bounded infinitely differentiable functions on IR^m with all partial derivatives bounded. Let k ∈ X. For u ∈ FC^∞_b , ω ∈ X, define ∂u ∂k (ω) := d ds u(ω + sk)|_{s=0} and let ∇u(ω) denote the unique element in H such that ⟨∇u(ω), k⟩_H = ∂u ∂k (ω) for all k ∈ H.

Define for u, v ∈ FC^∞_b E_{νg} (u, v) := ∫ ⟨∇u(ω), ∇v(ω)⟩_H ν_g(dω) and E_{νg ,1} := E_{νg} + ( , )_L2_{(X;νg)}. Note that since ν_g ≪ ν_0 and since ν_0(U) > 0 for every ∅ ≠ U ⊂ Ω, U open, we can identify each u ∈ FC^∞_b with the corresponding class in L^2(X; ν_g). In particular, (E_{νg} , FC^∞_b ) is a symmetric positive definite bilinear form on L^2(X; ν_g ). Now we can formulate our first main result.

Theorem 1.1 (E_{νg} , FC^∞_b ) is closable on L^2(X; ν_g) and the closure (E_{νg} , D(E_{νg} )) is a symmetric Dirichlet form (i.e., a closed positive definite symmetric bilinear form such that u^# := min(max(u, 0), 1) ∈ D(E_{νg} ) and E_{νg} (u^#, u^#) ≤ E_{νg} (u, u) for all u ∈ D(E_{νg} )).

For more details on Dirichlet forms the reader is referred e.g. to [MR92], [FOT94], [BH91], [Si74], and for the special type of Dirichlet form appearing here, namely so-called classical Dirichlet forms to [AR90]. For the convenience of the reader, however, we recall all notions necessary here in Section 3 below.

Let (L, D(L)) be the generator of (E_{νg} , D(E_{νg} )), i.e., the unique negative definite self-adjoint operator on L^2(X; ν_g ) such that D( √ −L) = D(E_{νg} ) and ( √ −Lu, √ −Lv) = E_{νg} (u, v) for all u, v ∈ D(E_{νg} ). (1.1)

Let T_t := e^{tL}, t ≥ 0.

Theorem 1.2 There exists a diffusion process IMI = (Ω, F, (F_t)_{t≥0}, (X_t)_{t≥0}, (P_ω )_{ω∈X} ) which is associated with (E_{νg} , D(E_{νg} )), i.e., for all (ν_gversions of) f ∈ L^2(X; ν_g ) and all t ≥ 0 the function ω → p_tf(ω) := ∫ Ω f(X_t) dP_ω , ω ∈ X, is a ν_g-version of T_tf. IMI is conservative and ν_g-symmetric. In particular, ν_g is an invariant measure for IMI.

Remark 1.3 (i) IMI is in fact even properly associated to (E_{νg} , D(E_{νg} )) in the sense of [MR92, Chap. IV, Definition 2.5].

(ii) Ω in Theorem 1.2 can, of course, always be taken to be C([0, ∞), X), since IMI has continuous sample paths and is conservative.

The proofs of Theorems 1.1 and 1.2 well be given in Section 3 below. The most difficult part is to prove the closability of (E_{νg} , FC^∞_b ) on L^2(X; ν_g). The rest follows from known results. The closability is implied by a general closability criterion (cf. [AR89b, Corollary 2.5]) and the following result on ν_g which is certainly of its own interest. For k ∈ X define τ_k(ω) := ω + k, ω ∈ X. Theorem 1.4 Let k ∈ K. Then ν_g is k-quasi-invariant, i.e., ν_g ∘ τ^{−1}_{sk} is absolutely continuous w.r.t. ν_g for all s ∈ IR. If a_{sk} :=^{d(νg∘τ}

�1_{sk )} dνg , s ∈ IR, then the process (a_{sk})_{s∈IR} has a version which has ν_0 − a.e. continuous sample paths.

The proof of Theorem 1.4 is given (independently of the rest of this paper) in Section 2 below.

We want to emphasize that [AR89b, Corollary 2.5] (which just states that whenever (a_{sk})_{s∈IR} as above has a continuous version for k in an orthonormal basis of H, then the corresponding classical Dirichlet form is closable) is a closability criterion of a totally different kind than the ones proved in older papers like [AH-K77a], [AH-K77b], [Ku82]. There, always an integration by parts formula (cf. e.g. [AKuR90]) was assumed to hold. In the case of the polymer measure ν_g such an integration by parts formula does not hold (cf. [AHZ95]), but nevertheless we have closability. [AR89b, Corollary 2.5] is a consequence of the main result in [AR90, Sect. 3], which ”characterizes” closability.

Our final result is the following

Theorem 1.5 If g < g_0, then the Dirichlet form (E_{νg} , D(E_{νg} )) is irreducible (i.e., u ∈ D(E_{νg} ) with E_{νg} (u, u) = 0 implies that u is a constant) or equivalently the associated diffusion IMI when started with ν_g is ergodic under time translations. In particular, lim_{t→∞} p_tf = ∫ fdν_g ν_g − a.e. for all bounded B-measurable functions f : X → IR.

Remark 1.6 The last convergence in Theorem 1.5 in fact holds even quasieverywhere. This follows from Fukushima’s quasi-everywhere ergodic theorem (c.f. [F83], which by the ”transfer method” in [MR92, Chap. VI] generalizes to this ”non-locally compact case”).

The proof of Theorem 1.5 will be given at the end of Section 3.

Finally, we would like to mention that Theorems 1.1, 1.2 and 1.4 also hold for the polymer measure in three dimensions. The proof of Theorem 1.4 is, however, much more complicated since ν_g is no longer absolutely continuous w.r.t. ν_0 in this case. All this is the contents of the forthcoming paper [ARZ95].

2 Quasi-invariance of the two-dimensional polymer measure

In this section we prove Theorem 1.4. To this end we will use a new approximation for the random variable ξ. Some ideas given below are also suitable for the three-dimensional case. In a forthcoming paper [ARZ95] we shall use a similar approach to prove that the three dimensional polymer measure is also quasi-invariant.

We set g_n(x) := cI_{[0,n]}(|x|), n ≥ 1, x ∈ IR^2, where | · | is the Euclidean norm in IR^2, and the constant c ∈ (0, ∞) will be specified below. It is easy to show that there is a constant c ∈ (0, ∞) such that the following convergence holds in the vague sense ∫ IR^2 e^{i⟨x,y⟩}g_n(y)dy → δ_0(x), n → ∞, where δ_0 is the Dirac function at point 0 ∈ IR^2, and ⟨x, y⟩ = x_1y_1 + x_2y_2 if x = (x_1, x_2) and y = (y_1, y_2). Let η_{n,ε}(ω) := ∫ Tε ∫ IR^2 e^{i⟨y, ωt−ωs⟩}g_n(y)dy ds dt, where T_ε := {(s, t) : t − s ≥ ε, 0 ≤ s < t ≤ 1}. Let η̃_{n,ε}(u, k) := η_{n,ε}(ω + uk) − η_{n,ε}(ω). Let us first prove two lemmas.

Lemma 2.1 Let γ ∈ (0, 1) and k ∈ K be given. Then there is a constant C ∈ (0, ∞) such that E|η̃_{n,ε}(u_1, k) − η̃_{n,ε}(u_2, k)|^2 ≤ C|u_1 − u_2|^{1+γ} for all u_1, u_2 ∈ IR, ε ∈ (0, 1) and n ≥ 1, where E denotes expectation w.r.t. ν_0.

Proof. By definition we know that η̃_{n,ε}(u_1, k) − η̃_{n,ε}(u_2, k) is equal to ∫ Tε ∫ IR^2 e^{i⟨y,ωt−ωs⟩}(e^{i⟨y,u1(kt−ks)⟩} − e^{i⟨y,u2(kt−ks)⟩})g_n(y)dydsdt. Let T_1(ε) := {0 ≤ s_1 < t_1 < s_2 < t_2 ≤ 1} ∩ ∩^2_{i=1}{t_i − s_i ≥ ε}, T_2(ε) := {0 ≤ s_1 < s_2 < t_1 < t_2 ≤ 1} ∩ ∩^2_{i=1}{t_i − s_i ≥ ε}, T_3(ε) := {0 ≤ s_1 < s_2 < t_2 < t_1 ≤ 1} ∩ ∩^2_{i=1}{t_i − s_i ≥ ε}, and let I_{l,ε} be equal to ∫ Tl(ε) ∫ IR^4 Ee^{i⟨y1,ωt1 −ωs1 ⟩+i⟨y2,ωt2 −ωs2 ⟩}(e^{iu1⟨y1,kt1 −ks1 ⟩} − e^{iu2⟨y1,kt1 −ks1 ⟩}) ×(e^{iu1⟨y2,kt2 −ks2 ⟩} − e^{iu2⟨y2,kt2 −ks2 ⟩})g_n(y_1)g_n(y_2) 2∏ j=1 dy_j ds_j dt_j , l = 1, 2, 3.

Then it is easy to see that E|η̃_{n,ε}(u_1, k) − η̃_{m,ε}(u_2, k)|^2 = 2 3∑ l=1 I_{l,ε}. If (s_1, s_2, t_1, t_2) ∈ T_1(ε), then Ee^{i⟨y1,ωt1 −ωs1 ⟩+i⟨y2,ωt2 −ωs2 ⟩} = e^{− 12 |y1|2(t1−s1)− 12 |y2|2(t2−s2)}. (2.1) Since sin(−x) = − sin x, I_{1,ε} is equal to ∫ T1(ε) ∫ IR^4

e^{− 12 |y1|2(t1−s1)− 12 |y2|2(t2−s2)}g_n(y_1)g_n(y_2) × 2∏ i=1 (cos(u_1⟨y_i, k_{ti} − k_{si} ⟩) − cos(u_2⟨y_i, k_{ti} − k_{si} ⟩)) dy_i ds_i dt_i. We remark that for any given α ∈ (0, 1] there is a constant C ∈ (0, ∞) (from now on, C ∈ (0, ∞) will denote a constant which might be different from line to line) such that

| cos y_1 − cos y_2| ≤ C|y_1 − y_2|^α ∧ 1, y_1, y_2 ∈ IR. (2.2)

By (2.1) and (2.2) it follows that I_{1,ε} is less than

C|u_1 − u_2|^{1+γ} ∫ T1(0) ∫ IR^4

e^{− 12 |y1|2− 12 |y2|2} g_n(y_1/ √ t_1 − s_1)g_n(y_2/ √ t_2 − s_2) × 2∏ i=1 (t_i − s_i)^{−1}⟨y_i, (k_{ti} − k_{si} )/ √ t_i − s_i⟩^{(1+γ)/2}dy_ids_idt_i ≤ C|u_1 − u_2|^{1+γ} ∫ T1(0) ∫ IR^4

e^{− 12 |y1|2− 12 |y2|2} g_n(y_1/ √ t_1 − s_1)g_n(y_2/ √ t_2 − s_2)

×|y_1|^{(1+γ)/2}|y_2|^{(1+γ)/2} 2∏ i=1 (t_i − s_i)^{−(3−γ)/4} dy_i ds_i dt_i ≤ C|u_1 − u_2|^{1+γ} .

We now consider I_{2,ε}. Let σ = (t_2 − s_2)^{−1}((t_2 − t_1)(t_1 − s_1) + (t_1 − s_2)(s_2 − s_1)). If (s_1, s_2, t_1, t_2) ∈ T_2(ε), then the left hand side of (2.1) is equal to exp ( − 1 2 |y_1|^2σ − 1 2 | | | |y_2 + y_1 t_1 − s_2 t_2 − s_2 | | | | 2 (t_2 − s_2) ) , which is denoted by f_1(s, t, y). We also remark that for any given α ∈ (0, 1] there is a constant C ∈ (0, ∞) such that

| sin y_1 − sin y_2| ≤ C|y_1 − y_2|^α ∧ 1, y_1, y_2 ∈ IR. (2.3)

Using (2.2) and (2.3) we readily see that I_{2,ε} is equal to ∫ T2(ε) ∫ IR^4

g_n(y_1)g_n(y_2) ( − 2∏ i=1 (sin(u_1⟨y_i, k_{ti} − k_{si} ⟩ − sin(u_2⟨y_i, k_{ti} − k_{si} ⟩)) + 2∏ i=1 (cos(u_1⟨y_i, k_{ti} − k_{si} ⟩) − cos(u_2⟨y_i, k_{ti} − k_{si} ⟩)) ) f_1(s, t, y) 2∏ i=1 dy_ids_idt_i ≤ C|u_2 − u_1|^{1+γ} ∫ T2(0) ∫ IR^4 2∏ i=1 dy_ids_idt_ie^{− 12 |y1|2σ− 12 |y2|2(t2−s2)}g_n(y_1)g_n ( y_2 − y_1 t_1 − s_2 t_2 − s_2 )

×|y_1|^{(1+γ)/2} | | | |y_2 − y_1 t_1 − s_2 t_2 − s_2 | | | | (1+γ)/2 2∏ i=1 (t_i − s_i)^{(1+γ)/2}

≤ C|u_1 − u_2|^{1+γ} ∫ T2(0) ∫ IR^4 2∏ i=1 dy_ids_idt_ie^{− 12 |y1|2σ− 12 |y2|2(t2−s2)} × ( |y_1y_2|^{(1+γ)/2} + | | | ||y_1|^2 t_1 − s_2 t_2 − s_2 | | | | (1+γ)/2) 2∏ i=1 (t_i − s_i)^{(1+γ)/2}

≤ C|u_1 − u_2|^{1+γ} ∫ T2(0) 2∏ i=1 ds_idt_i(σ^{−1−(1+γ)/4}(t_1 − s_1)^{(1+γ)/2}(t_2 − s_2)^{−1+(1+γ)/4}

+σ^{−1−(1+γ)/2}(t_1 − s_2)^{(1+γ)/2}(t_1 − s_1)^{(1+γ)/2}) ≤ C|u_1 − u_2|^{1+γ} .

We now consider I_{3,ε}. If (s_1, s_2, t_1, t_2) ∈ T_3(ε), then the left hand side of (2.1) is equal to e^{− 12 |y1|2(t1−s1−t2+s2)− 12 |y1+y2|2(t2−s2)}, which is denoted by f_2(s, t, y). As for I_{2,ε} we see that I_{3,ε} is equal to ∫ T3(ε) ∫ IR^4

g_n(y_1)g_n(y_2) ( − 2∏ i=1 (sin(u_1⟨y_i, k_{ti} − k_{si} ⟩ − sin(u_2⟨y_i, k_{ti} − k_{si} ⟩)) + 2∏ i=1 (cos(u_1⟨y_i, k_{ti} − k_{si} ⟩) − cos(u_2⟨y_i, k_{ti} − k_{si} ⟩)) ) f_2(s, t, y) 2∏ i=1 dy_i ds_i dt_i ≤ C|u_2 − u_1|^{1+γ} ∫ T3(0) ∫ IR^4

e^{− 12 |y1|2(t1−s1−t2+s2)− 12 |y2|2(t2−s2)}g_n(y_1)g_n(y_2 − y_1)

×(|y_1|^{(1+γ)/2}|y_2 − y_1|^{(1+γ)/2}) 2∏ i=1 (t_i − s_i)^{(1+γ)/2} 2∏ i=1 dy_i ds_i dt_i ≤ C|u_1 − u_2|^{1+γ} ∫ T3(0) ∫ IR^4 2∏ i=1 dy_i ds_i dt_ie^{− 12 |y1|2(t1−s1 −t2+s2)− 12 |y2|2(t2−s2)} ×(|y_1y_2|^{(1+γ)/2} + |y_1|^{1+γ} 2∏ i=1 (t_i − s_i)^{(1+γ)/2}

≤ C|u_1 − u_2|^{1+γ} ∫ T3(0) ( (t_1 − s_1 − t_2 + s_2)^{−1−(1+γ)/4}(t_1 − s_1)^{(1+γ)/2}(t_2 − s_2)^{−1+(1+γ)/4}

+(t_1 − s_1 − t_2 + s_2)^{−1−(1+γ)/2}(t_1 − s_1)^{(1+γ)/2}(t_2 − s_2)^{(1+γ)/2}

)^2∏ i=1 ds_i dt_i ≤ C|u_1 − u_2|^{1+γ} .

Combining the estimates for I_{1,ε}, I_{2,ε} and I_{3,ε} given before, we conclude that for any given γ ∈ (0, 1) there is a constant C ∈ (0, ∞) such that I_{1,ε} + I_{2,ε} + I_{3,ε} ≤ C|u_1 − u_2|^{1+γ} , ∀u_1, u_2 ∈ IR ε ∈ (0, 1), n ≥ 1, which implies the conclusion given in Lemma 2.1.

Lemma 2.2 Let ξ̃(u, k) = ξ(ω + uk) − ξ(ω) for u ∈ IR and k ∈ K. Then, for any given γ ∈ (0, 1) and k ∈ K there is a constant C ∈ (0, ∞) such that E|ξ̃(u_1, k) − ξ̃(u_2, k)|^2 ≤ C|u_1 − u_2|^{1+γ} , u_1, u_2 ∈ IR.

Proof. From the choice of (g_n)_{n≥1} we see that η_{n,ε} is convergent in probability (with respect to ν_0) to ∫ Tε δ(ω_t − ω_s)dsdt as n → ∞, if ε ∈ (0, 1) is fixed.

Moreover, we have that lim_{n→∞} Eη_{n,ε} = E ∫ Tε δ(ω_t − ω_s)dsdt, ε ∈ (0, 1). Therefore, η(n, ε) − Eη(n, ε) is convergent in probability with respect to ν_0 to ∫ Tε δ(ω_t − ω_s)dsdt − E ∫ Tε δ(ω_t − ω_s)dsdt as n → ∞, if ε ∈ (0, 1) is fixed. However, it is easy to check that lim_{ε→0+} ( ∫ Tε δ(ω_s − ω_t)dsdt − E ∫ Tε δ(ω_s − ω_t)dsdt ) = ξ, in L^2(ν_0).

Then there are sequences (m_n)_{n∈IN} and (ε_n)_{n∈IN} with lim_{n→∞} m_n = ∞ and lim_{n→∞} ε_n = 0 such that η_{mn,εn} − Eη_{mn,εn} is convergent to ξ in probability with respect to ν_0, as n → ∞. Hence, η_{mn,εn} (· + uk) − Eη_{mn,εn} is also convergent to ξ(· + uk) in probability with respect to ν_0, as n → ∞. This proves that η̃_{mn,εn} (u, k) is convergent to ξ̃(u, k) in probability with respect to ν_0, as n → ∞. Thus we get the desired result immediately from Lemma 2.1

Having Lemma 2.2 we can easily prove Theorem 1.4

Proof of Theorem 1.4 By Lemma 2.2 we know that for any given k ∈ K there is {ξ̃^′(u, k), u ∈ IR} such that

ν_0(ξ̃(u, k) = ξ̃^′(u, k)) = 1, u ∈ IR, (2.4) ν_0(ξ̃^′(u, k) is continuous with respect to u ∈ IR) = 1. (2.5)

By the definition of the two dimensional polymer measure ν_g for g ∈ (−g_0, ∞), i.e., ν_g := (E exp(−gξ))^{−1} exp(−gξ) ν_0, we can easily see that ν_g ∘ τ^{−1}_{uk} is indeed absolutely continuous with respect to ν_g for all u ∈ IR and k ∈ K. Let

a_{uk}(ω) := ν_g ∘ τ^{−1}_{uk} dν_g (ω). By definition of ν_g we know that a_{uk}(ω) = e^{−gξ̃(−u,k)} · e^u ∫_1 0 k 0_{tdωt−} 1_{2 u}2 ∫^1_{0 (k}0_{t)}2_{dt} , with

∫_1

0 k^′_tdω_t understood as an Itô stochastic integral. Let a^′_{uk} (ω) := e^{−gξ̃} 0_{(−u,k)} · e^u ∫_1 0 k 0_{tdωt−} 1_{2 u}2 ∫^1_{0 (k}0_{t)}2_{dt} . By (2.4) and (2.5) we know that

ν_0(a_{uk} = a^′_{uk}) = 1, u ∈ IR, k ∈ K, (2.6) ν_0(a^′_{uk} is continuous with respect to u ∈ IR) = 1, k ∈ K. (2.7)

Since ν_g is absolutely continuous with respect to ν_0, both (2.6) and (2.7) hold with ν_g replacing ν_0. Hence the proof is complete. 2 3 Proofs of Theorems 1.1, 1.2 and 1.5

Before we prove Theorem 1.1 we recall the necessary definitions. (E_{νg} , FC^∞_b ) is closable on L^2(X; ν_g) means that the unique continuous extension of the continuous embedding FC^∞_b ⊂ L^2(X; ν_g ) (where FC^∞_b is equipped with norm (E_{νg ,1})^{1/2} and L^2(X; ν_g) with ( , )^{1/2}_L2_{(X;νg)} ) to the completion of FC^∞_b (w.r.t. (E_{νg ,1})^{1/2}) is still one-to-one. The closure (E_{νg} , D(E_{νg} )) is then the smallest closed extension of (E_{νg} , FC^∞_b ) on L^2(X; ν_g).

Proof of Theorem 1.1. Since K is dense in H we can find an orthonormal basis {k_n : n ∈ IN} of H in K. Obviously, we have for u, v ∈ FC^∞_b E_{νg} (u, v) = ∞∑ n=1 ∫ ∂u ∂k_n ∂v ∂k_n dν_g . (3.1)

Hence e.g. by [MR92, Chap.I, Proposition 3.7(i)] it suffices to prove the closability of each (E_{kn} , FC^∞_b ) on L^2(X; ν_g) where E_{kn} (u, v) := ∫ ∂u ∂k_n ∂v ∂k_n dν_g , u, v ∈ FC^∞_b . But this is a direct consequence of Theorem 1.4 and [AR89b, Corollary 2.5]. The fact that the closure (E_{νg} , D(E_{νg} )) of (E_{νg} , FC^∞_b ) on L^2(X; ν_g) is then a Dirichlet form, follows by [AR90, Theorem 3.8] or [MR92, Chap.I, Proposition 3.5]. 2 Proof of Theorem 1.2 By virtue of the representation (3.1) the existence of a ν_g-symmetric IMI is a consequence of [MR92, Chap.IV, Subsection 4b and Theorem 3.5] or [Sch90]. The continuity of the sample paths follows from [MR92, Chap.V, Example 1.12(ii) and Theorem 1.11]. The conservativity of IMI is obvious since 1 ∈ D(L) and L1 = 0, hence T_t1 = 1 for all t ≥ 0. The fact that ν_g is an invariant measure for IMI follows then immediately. 2 Proof of Theorem 1.5. Suppose u ∈ D(E_{νg} ) such that E_{νg} (u, u) = 0. We may assume that u is bounded (cf. [AKR95, Proof of Proposition 2.3(ii)⇒ (i)]). Since g ∈ (−g_0, g_0) we can find λ ∈ (^1_2 , 1) such that

E exp ( λ 1 − λ gξ ) < ∞ (i.e., − λ 1 − λ g ∈ (−g_0, ∞)). By Hölder’s inequality we have that for all f ∈ L^2(X; ν_g ) ∫ |f|^{2λ}dν_0 = ∫ |f|^{2λ} exp(−λgξ) exp(λgξ)dν_0 ≤ (∫ |f|^2 exp(−gξ)dν_0 )_λ (∫ exp ( λ 1 − λ gξ ) dν_0 )_{1−λ} . Hence ( ∫ |f|^{2λ}dν_0 ) 1_{2λ}

≤ c |f|_L2_{(X;νg)} (3.2)

for some constant c ∈ (0, ∞) independent of f. Applying (3.2) to |∇v|_H for v ∈ FC^∞_b we obtain that ( ∫ |∇v|^{2λ}_H dν_0 ) 1_{2λ}

≤ c E_{νg} (v, v)^{1/2} for all v ∈ FC^∞_b . (3.3)

By definition of the closure (E_{νg} , D(E_{νg} )), we can find v_n ∈ FC^∞_b , n ∈ IN, such that v_n −→_{n→∞} u and |∇v_n|_H −→_{n→∞} 0 in L^2(X; ν_g ). Applying (3.2), (3.3) we see that the same convergence holds in L^{2λ}(X; ν_0). Hence u ∈ D^{1,2λ} and ∇u = 0 (cf. [N95, Chap. 1, Sect. 1.5] for the notation). Since 2λ > 1 it follows by [N95, Proposition 1.5.5 and Remark 1 on p. 35] that u is constant ν_0-a.e., hence ν_g -a.e. The statement that P_{νg} := ∫ X P_ω ν_gd(ω) is ergodic unter time shifts on Ω (= C([0, ∞), X) (cf. Remark 1.3(ii)) is well-known to be equivalent with the irreducibility of (E_{νg} , D(E_{νg} )) (cf. [F82] which by the ”transfer method” in [MR92, Chap.VI] generalizes immediately to this ”nonlocally compact case”). The last statement follows similarly from [F82, F83]. 2 Acknowledgements. When this paper was finished, Professor M.Yor told us that one can also use the Tanaka-Rosen formula of ξ as defined in Sect. 1 (see e.g. [Ro86] or [Y85]): ξ = − ∫_1 0 ⟨dω_u , ∫_u 0 ds ω_u − ω_s |ω_u − ω_s|^2 ⟩ + ∫_1 0 ds log |ω_1 − ω_s| to prove Theorem 1.4. We thank him very much for the above suggestion and other interesting comments. The financial support of SFB 343 Bielefeld and SFB 237 Bochum-Düsseldorf-Essen is gratefully acknowledged.

References

[AFH-KL86] S.Albeverio, J.E.Fenstad, R.Høegh-Krohn, T.Lindstrøm: Nonstandard Methods in Stochastic Analysis and Mathematical Physics. Academic Press, Orlando, FL, 1986.

[AH-K77a] S.Albeverio, R.Høegh-Krohn: Dirichlet forms and diffusion processes on rigged Hilbert spaces. Z. W. Verw. Geb. 40, 1-57 (1977).

[AH-K77b] S.Albeverio, R.Høegh-Krohn: Hunt processes and analytic potential theory on rigged Hilbert spaces. Ann. Inst. Henri Poincaré 13, 269-291 (1977).

[AHZ95] S.Albeverio, Y.Hu, X.Y.Zhou: A remark on non smoothness of the self-intersection local time of planar Brownian motion. Preprint (1995). To appear in Stat. and Prob. Letters.

[AKR95] S. Albeverio, Y.G. Kondratiev, M.Röckner: Ergodicity of L^2– semigroups and extremality of Gibbs states. SFB–343–Preprint (1995).

[AKuR90] S. Albeverio, S. Kusuoka, M. Röckner: On partial integration in infinite-dimensional space and applications to Drichlet forms. J. London Math. Soc. 42, 122-136 (1990).

[AR89a] S.Albeverio, M.Röckner: Classical Dirichlet forms on topological vector spaces - construction of an associated diffusion process. Probab. Th. Rel. Fields 83, 405-434 (1989).

[AR89b] S.Albeverio, M.Röckner: Dirichlet forms, quantum fields and stochastic quantization. in: Stochastic Analysis, Path Integration and Dynamics, 1-21. (K.D.Elworthy, J.C.Zambrini, Eds.), Pitman, Longman, Harlow (1989).

[AR90] S.Albeverio, M.Röckner: Classical Dirichlet forms on topological vector spaces - closability and a Cameron-Martin formula. J. Funct. Anal. 88, 395-436 (1990).

[AR91] S.Albeverio, M.Röckner: Stochastic differential equations in infinite dimensions: solutions via Dirichlet forms. Probab. Th. Rel. Fields 89, 347-386 (1991).

[ARZ95] S.Albeverio, M.Röckner, X.Y.Zhou: Stochastic quantization of the three-dimensional polymer measure. Preprint (1995).

[BH91] N. Bouleau, F. Hirsch: Dirichlet forms and analysis on Wiener space. Berlin - New York: de Gruyter 1991.

[F82] M. Fukushima: A note on irreducibility and ergodicity of symmetric Markov processes. In: Proceedings Marseille, Lecture Notes in Physics 173, 200-207. Berlin: Springer 1982.

[F83] M. Fukushima: Capacitary maximal inequalities and an ergodic theorem. In: Probability Theory and Mathematical Statistics. Editors: K. Itô and I. V. Prohorov. Lecture Notes in Math. 1021. Berlin: Springer 1983.

[FOT94] M.Fukushima, Y.Oshima, M.Takeda: Dirichlet Forms and Symmetric Markov Processes. Berlin: de Gruyter 1994.

[J-LM85] P.Jona-Lasinio, P.K.Mitter: On the stochastic quantization of field theory. Commun. Math. Phys. 101, 409-436 (1985).

[Ku82] S.Kusuoka: Dirichlet forms and diffusion processes on Banach space. J. Fac. Sci. Univ. Tokyo Sect. IA Math. 29, 79-95 (1982).

[LG85] J.F. Le Gall: Sur le temps local d’intersection du mouvement brownien plan et la méthode de renormalisation de Varadhan, Sém. de Prob. XIX, 1983/84, Lect. Notes in Maths. 1123, 314- 331, Berlin: Springer 1985.

[LG94] J.F.Le Gall: Exponential moments for the normalized selfintersection local time of planar Brownian motion. Sém. de Prob. XXVIII, Lect. Notes in Maths., Berlin: Springer 1994.

[MR92] Z.M.Ma, M.Röckner: An Introduction to the Theory of (nonsymmetric) Dirichlet Forms. Monograph, Berlin: Springer 1992.

[N95] D.Nualart: The Malliavin calculus and related topics. Berlin:

Springer 1995.

[PW81] G.Parisi, Y.S.Wu: Perturbation theory without gauge fixing. Sci.

Sin. 24, 483-496 (1981).

[PY86] J.W.Pitman, M.Yor: Quelques identités en loi pour les processus de Bessel. To appear in a volume in honor of P.A. Meyer and J. Neveu (1996).

[Ro86] J.Rosen: Tanaka’s formula and renormalization for intersections of planar Brownian motion. Ann. Probab. 14, 1245-1251 (1986).

[Sch90] B. Schmuland: An alternative compactification for classical Dirichlet forms on topological vector spaces. Stochastics 33, 75-90 (1990).

[Si74] M.L.Silverstein: Symmetric Markov Processes. Lect. Notes in Maths. 426, Berlin-Heidelberg-New York: Springer 1974.

[Sy69] K.Symanzik: Euclidean quantum field theory. In “Local Quantum Theory” (R.Jost, Ed.), New York: Academic Press 1969.

[V69] S.R.S.Varadhan: Appendix to “Euclidean quantum field theory” by K.Symanzik. In “Local Quantum Theory” (R.Jost, Ed.)., New York: Academic 1969.

[Y85] M. Yor: Compléments aux formules de Tanaka-Rosen, Sém. Probab. XIX, Lect. Notes in Maths. 1123, Berlin: Springer 1985.