Stochastic quantization of the three-dimensional polymer measure

Sergio Albeverio^{1)} Michael Röckner^{2)} Xian Yin Zhou^{1); 3)}

Abstract

We prove that there exists a diffusion process whose invariant measure is the threedimensional polymer measure ˚_λ. The diffusion is constructed by means of the theory of Dirichlet forms on infinite-dimensional state spaces. We prove the closability of the appropriate pre-Dirichlet form which is of gradient type, using a general closability result by two of the authors. This result does not require an integration by parts formula (which does not even hold for the two-dimensional polymer measure ˚_λ) but requires the quasi-invariance of ˚_λ along a basis of vectors in the classical Cameron-Martin space such that the Radon-Nikodym derivatives (have versions which) form a continuous process.

AMS Subject Classification Primary: 60 J 65 Secondary: 60 H 30 Key words: three-dimensional polymer measure, closability, Dirichlet forms, diffusion processes, quasi-invariance.

Running head: Three-dimensional polymer measure.

1) Institut für Mathematik, Ruhr-Universität Bochum, D-44780 Bochum, Germany. 2) Fakultät für Mathematik, Universität Bielefeld, 33501 Bielefeld, Germany 3) Institute of Mathematics, Beijing Normal University, Beijing 100875, China

1 Introduction

In [AHRZ95] the stochastic quantization of the two-dimensional polymer measure was constructed using the theory of Dirichlet forms on infinite-dimensional state spaces. In this paper the same is done in the case of the three-dimensional polymer measure which is technically much more difficult since in three dimensions the polymer measure is no longer absolutely continuous w.r.t. Wiener measure. For the motivation and the background literature on stochastic quantization and the polymer measure (sometimes also called Edward’s model) we refer to [AHRZ95, Section 1] and also to [W80, W82].

In order to describe our results more precisely we start with recalling some facts about the three-dimensional polymer measure. The polymer measure is informally defined by

ν_λ(dω) = N^{−1}_λ exp ( − λ ∫_1 0 ∫_1 s δ(ω_t − ω_t)dsdt ) ν_0(dω), (1.1)

where λ ∈ [0, ∞) is the coupling constant, N_λ is a renormalization constant to assure that ν_λ is a probability measure, ν_0 is Wiener measure on X := C_0([0, 1] → IR^3) and ω_t → ω, t ≥ 0, the evaluation maps from X to IR^3. The three dimensional polymer measure was first constructed by J. Westwater (see [W80] and [W82]). A simpler construction for small values of the coupling constant was recently given by E. Bolthausen [B93]. In fact, the latter approach is still suitable for all positive coupling constants, and the polymer measure given by Bolthausen is actually the same as the one given by Westwater (see the recent work by Albeverio and Zhou [AZ95]). It was shown in [W82] that the threedimensional polymer measure is singular with respect to Wiener measure. A rigorous definition of ν_λ can be given as follows (cf. [B93], [AZ95]). For the rest of this paper we fix λ ∈ [0, ∞). For ε ∈ (0, 1) we set κ_1(ε) := 2(2π)^{−3/2}(ε^{−1/2} − 1), and

κ_2(ε) :=

∫_1 0 ∫_1 s_1∨ε ∫_1

s_2∨(s_1+ε)

(2π)^{−3}(s_1(s_2 −s_1)+s_1(s_3 −s_2)+(s_2 −s_1)(s_3 −s_2))^{−3/2}ds_1ds_2ds_3.

It is easy to check that lim_{ε→0}+ (2π)^2κ_2(ε)| log ε|^{−1} = 1. Let J^ε_{s,t;u,v} := ∫ t s ∫ v (u∨(σ+ε))∧v δ(ω_σ − ω_τ )dσdτ, J̄^{ε,λ}_{s,t} := λJ^ε_{s,t} − λ(t − s)κ_1(ε) + λ^2(t − s)κ_2(ε), where J^ε_{s,t} := J^ε_{s,t;s,t} (the functional J^ε_{s,t;u,v} was already discussed in [Ro83] where the reader also finds the precise definition of the double integral). Let

μ_{ε,λ} := (E exp(−J̄^{ε,λ}_{0,1} ))^{−1} exp(−J̄^{ε,λ}_{0,1} ) ν_0,

where E is the expectation with respect to ν_0. It was shown in [B93] and [AZ95] that the limit lim_{ε→0}+ μ_{ε,λ} exists in the weak sense. This limit is denoted by ν_λ. ν_λ is obviously a rigorous version of (1.1).

As already emphasized in [AHRZ95] the construction of the stochastic quantization of ν_λ by the theory of Dirichlet forms uses ν_λ and is based on some of its specific properties.

It thus does not lead to an independent construction of ν_λ itself. However, also in all approaches to the stochastic quantization of measures in Euclidean field theory (such as e.g. P (ϕ)_2-fields, see for example [J-LM85], [AR89a, 89b, 91]) the respective measures have been used in an essential way. A truly constructive approach is not known. It seems that the situation for measures in Euclidean field theory as well as for polymer measures is just too singular. (E.g. all attempts using strong solutions for appropriate stochastic differential equations to obtain the required Markov processes have failed so far.) To describe the Dirichlet form in question precisely, we need some preparations.

X equipped with the supremum-norm is a separable real Banach space. Let X^′ denote its dual. Let H ⊂ X be the classical Cameron-Martin space, i.e., H := {h ∈ X : h is absolutely continuous and |h|^2_H =

∫_1

0 |h^′_t|^2dt < ∞}. Furthermore, let K := {h ∈ H :

sup_{0≤t≤1} |h^′(t)| < ∞}. (H, ⟨ , ⟩_H ) is a real separable Hilbert space which is densely and continuously embedded into X, and K is a dense linear subspace of (H, ⟨ , ⟩_H ). Identifying H with its dual we obtain that X^′ is densely embedded into H. Hence X^′ ⊂ H ⊂ X, and ⟨ , ⟩_H restricted to X^′ × H coincides with the dualization between X^′ and X. Define the set of smooth bounded cylinder functions by

FC^∞_b := {f(l_1, . . . , l_m) : m ∈ IN, f ∈ C^∞_b (IR^m), l_1, . . . , l_m ∈ X^′},

where C^∞_b (IR^m) denotes the set of all bounded infinitely differentiable functions on IR^m with all partial derivatives bounded. Let k ∈ X. For u ∈ FC^∞_b , ω ∈ X, define ∂u ∂k (ω) := d ds u(ω + sk)|_{s=0} and let ∇u(ω) denote the unique element in H such that ⟨∇u(ω), k⟩_H = ∂u ∂k (ω) for all k ∈ H.

Define for u, v ∈ FC^∞_b E_{νλ} (u, v) := ∫ ⟨∇u(ω), ∇v(ω)⟩_H ν_λ(dω) and E_{νλ,1} := E_{νλ} + ( , )_L2_{(X;νλ)}.

Now we can formulate our first main result.

Theorem 1.1 (i) supp ν_λ = X (i.e., ν_λ(U) > 0 for all non-empty open U ⊂ X). In particular, we can identify each u ∈ FC^∞_b with the corresponding class in L^2(X; ν_λ), and thus (E_{νλ} , FC^∞_b ) is a symmetric positive definite bilinear form on L^2(X; ν_λ). (ii) (E_{νλ} , FC^∞_b ) is closable on L^2(X; ν_λ) and the closure (E_{νλ} , D(E_{νλ} )) is a symmetric Dirichlet form (i.e., a closed positive definite symmetric bilinear form such that u^# := min(max(u, 0), 1) ∈ D(E_{νλ} ) and E_{νλ} (u^#, u^#) ≤ E_{νλ} (u, u) for all u ∈ D(E_{νλ} )).

(E_{νλ} , FC^∞_b ) is closable on L^2(X; ν_λ) means that the unique continuous extension of the continuous embedding FC^∞_b ⊂ L^2(X; ν_λ) (where FC^∞_b is equipped with norm (E_{νλ,1})^{1/2} and L^2(X; ν_λ) with ( , )^{1/2}_L2_{(X;νλ)} ) to the completion of FC^∞_b (w.r.t. (E_{νλ,1})^{1/2}) is still one-to-one. The closure (E_{νλ} , D(E_{νλ} )) is then the smallest closed extension of (E_{νλ} , FC^∞_b ) on L^2(X; ν_λ). For more details on Dirichlet forms the reader is referred e.g. to [MR92], [FOT94], [BH91], [Si74], and for the special type of Dirichlet form appearing here, namely so-called classical Dirichlet forms to [AR90a].

Let (L, D(L)) be the generator of (E_{νλ} , D(E_{νλ} )), i.e., the unique negative definite selfadjoint operator on L^2(X; ν_λ) such that D( √ −L) = D(E_{νλ} ) and ( √ −Lu, √ −Lv) = E_{νλ} (u, v) for all u, v ∈ D(E_{νλ} ). (1.2)

Let T_t := e^{tL}, t ≥ 0.

Theorem 1.2 There exists a diffusion process IMI = (Ω, F, (F_t)_{t≥0}, (X_t)_{t≥0}, (P_ω)_{ω∈X} ) which is associated with (E_{νλ} , D(E_{νλ} )), i.e., for all (ν_λ-versions of) f ∈ L^2(X; ν_λ) and all t ≥ 0 the function ω → p_tf(ω) := ∫ Ω f(X_t) dP_ω , ω ∈ X, is a ν_λ-version of T_tf. IMI is conservative and ν_λ-symmetric. In particular, ν_λ is an invariant measure for IMI.

Remark 1.3 (i) IMI is in fact even properly associated to (E_{νλ} , D(E_{νλ} )) in the sense of [MR92, Chap. IV, Definition 2.5].

(ii) Ω in Theorem 1.2 can, of course, always be taken to be C([0, ∞), X), since IMI has continuous sample paths and is conservative.

For the proof of Theorem 1.1 we need the following result which is of its own interest and is in fact the heart of this paper. For k ∈ X define τ_k(ω) := ω + k, ω ∈ X, and let K_0 := {k ∈ K| sup_{0≤t≤1} |k^{′′}(t)| < ∞}. Theorem 1.4 Let k ∈ K_0. Then ν_λ is k-quasi-invariant, i.e., ν_λ ∘ τ^{−1}_{sk} is absolutely continuous w.r.t. ν_λ for all s ∈ IR. If a_{sk} :=^{d(νλ∘τ}

�1_{sk )}

dν_λ , s ∈ IR, then the process (ask)s∈IR

has a version which has ν_λ − a.e. continuous sample paths.

The proof of Theorem 1.4 is given in Section 5 below after the necessary preparations in Sections 2 to 4 have been made. The proof of Theorem 1.1 follows from Theorem 1.4, [AR90b, Proposition 2.7], and the general closability criterion [AR89b, Corollary 2.5]. Details are given in Section 6. The proof of Theorem 1.2 then follows by the standard machinery of Dirichlet forms on infinite-dimensional state spaces and is exactly the same as that of [AHRZ95, Theorem 1.2] and therefore omitted.

In contrast to the two-dimensional case we have not yet succeeded in proving that (E_{νλ} , D(E_{νλ} )) in Theorem 1.1 is irreducible.

2 Some estimates in Wiener space

As a preparation, in this section we first prove an estimate which is valid in the Wiener space. For this purpose, we set

g_n(x) := c 3∏ i=1 I_{{|xi|≤n}}, k ≥ 1, x ∈ IR^3, where x = (x_1, x_2, x_3) and c ∈ (0, ∞) is a constant.

It is easy to show that there is a constant c ∈ (0, ∞) such that the following holds in the vague sense ∫ IR^3 e^{i⟨x,y⟩}g_n(y)dy → δ_0(x), n → ∞, where δ_0 is the Dirac function at point 0 ∈ IR^3. From now on we always choose the constant c ∈ (0, ∞) such that the above convergence holds. Let η_{n,ε}(ω) := ∫ Tε ∫ IR^3 e^{i⟨y,ωt−ωs⟩}g_n(y)dydsdt, η̃_{n,ε}(u, k) := η_{n,ε}(ω + uk) − η_{n,ε}(ω), where T_ε := {(s, t) : t − s ≥ ε, 0 ≤ s < t ≤ 1}, and ⟨x, y⟩ = ∑_3

i=1 x_iy_i if x = (x_1, x_2, x_3) and y = (y_1, y_2, y_3). The main result in this section is as follows.

Proposition 2.1 Let γ ∈ (0, 1/2) and k ∈ K be given. Let α ∈ (0, (1/2 − γ)/2) and ε_n ∈ (0, 1), n ∈ IN. For any given p ≥ 1 there is a constant C ∈ (0, ∞) such that (i) E|η̃_{n,εn} (u, k) − η̃_{m,εm} (u, k)|^p ≤ C|u|^{γp}(ε^{αp}_m + m^{−(1/2−γ)p/2}) for all u ∈ IR, n ≥ m ≥ 1. (ii) E|η̃_{n,εn} (u_1, k) − η̃_{n,εn} (u_2, k)|^p ≤ C|u_1 − u_2|^{γp} for all u_1, u_2 ∈ IR, n ≥ 1. Proof. We first prove that the following estimate holds for any given integer p ≥ 1. E|η̃_{n,εm} (u, k) − η̃_{m,εm} (u, k)|^p ≤ C|u|^{γp}m^{−(1/2−γ)[p/2]} (2.1) for all u ∈ IR, n > m ≥ 1, where γ ∈ (0, 1/2). The constant C ∈ (0, ∞) given in this lemma is independent of n, m, u, u_1 and u_2, which might be different from line to line.

We remark that for any given ε ∈ (0, 1] there is a constant C ∈ (0, ∞) such that | sin x| ≤ C|x|^ε ∧ 1; |1 − cos x| ≤ C|x|^ε ∧ 1, ∀x ∈ IR. (2.2) Let T^p_{εm} := T_{εm} × · · · × T_{εm} p−times .

Then (2.2) implies that E|η̃_{n,εm} (u, k) − η̃_{m,εm} (u, k)|^p (2.3)

= (−1)^p ∫ T^p_{εm} ∫ IR^{3p} e^{− 12} Var ( ∑_p j=1⟨yj,ωtj −ωsj ⟩ )

× p∏ j=1 (e^{i⟨yj,u(ktj −ksj )⟩} − 1)(g_m(y_j) − g_n(y_j))dy_j ds_jdt_j ≤ C|u|^{γp} ∫ T^p_{εm} ∫ IR^{3p} e^{− 12} Var ( ∑_p j=1⟨yj,ωtj −ωsj ⟩ )

× p∏ j=1 |y_j|^γ|t_j − s_j|^γ(g_m(y_j) − g_n(y_j))dy_j ds_jdt_j. As in the proof of [Ro83, Lemma 2] we denote the pair (s_j , t_j) by S^j and set (z_1, z_2, · · · , z_{2p}) := (s_1, t_1, s_2, t_2, · · · , s_p, t_p). We may assume that T^p_{εm} is replaced by T^p_{εm} ∩ Δ_p(π) for some permutation π of {1, · · · , 2p}, where Δ_p(π) := {(z_1, · · · , z_{2p})|z_{π(1)} < · · · < z_{π(2p)}}, since the right hand side of (2.3) is a sum of integrals over such regions. Let us define disjoint intervals R_i := [z_{π(i)}, z_{π(i+1)}], 1 ≤ i ≤ 2p − 1, and let W (R_i) := ω_{zπ(i+1)} − ω_{zπ(i)} . Then ω_{tj} − ω_{sj} = ∑ R_i⊂[s_j ,t_j] W (R_i). Since W (R_i), i = 1, · · · , 2p − 1, are independent, we have Var ( p∑ j=1 ⟨y_j , ω_{tj} − ω_{sj} ⟩ ) = Var ( p∑ j=1 ⟨ y_j, ∑ R_i⊂[s_j ,t_j] W (R_i) ⟩)

= ∑ i |ȳ^i|^2|R_i|, where ȳ^i := ∑ j:R_i⊂[s_j ,t_j] yj. For convenience we let R0 be the interval on the left of R1 and

R_{2p} the interval on the right of R_{2p−1}. Let ȳ^0 := 0, ȳ^{2p} := 0. Thus, to prove (2.1) we only need to prove that ∫ T^p_{εm} ∩Δp(π) ∫ IR^{3p} exp ( − 1 2 2p−1∑ i=1 |ȳ^i|^2|R_i| ) p∏ j=1 |y_j|^γ|t_j − s_j|^γ(g_m(y_j) − g_n(y_j ))dy_jds_jdt_j ≤ Cm^{−(1/2−γ)[p/2]}. (2.4) For this purpose we may also assume that ∪_j [s_j, t_j] is connected, working with each component separately. We define f(l) and r(l) by requiring that R_{f (l)} is the first and R_{r(l)−1} is the last of the intervals R_i in [s_l, t_l]. Then [s_l, t_l] = R_{f (l)} ∪ R_{f (l)+1} ∪ · · · ∪ R_{r(l)−1}, and so y_l = ȳ^{f (l)} − ȳ^{f (l)−1}, −y_l = ȳ^{r(l)} − ȳ^{r(l)−1}.

Using this we get |y_l| ≤ (|ȳ^{f (l)}| + |ȳ^{f (l)−1}|)^{1/2}(|ȳ^{r(l)}| + |ȳ^{r(l)−1}|)^{1/2}. Since each i is either an f(l) or an r(l) for a unique l, and either an f(q) − 1 or an r(q) − 1 for a unique q, we have p∏ i=1 |y_l| ≤ p∏ l=1 (|ȳ^{f (l)}| + |ȳ^{f (l)−1}|)^{1/2}(|ȳ^{r(l)}| + |ȳ^{r(l)−1}|)^{1/2} ≤ 2^{p/2} 2p−1∏ i=1 (1 + |ȳ^i|^2)^{1/2},

by using (a + b)^{1/2} ≤ 2^{1/4}(1 + a^2)^{1/4}(1 + b^2)^{1/4}.

We now change the variable: (S^1, · · · , S^p) → (z_{π(1)}, |R_1|, · · · , |R_{2p−1}|). For each j, 1 ≤ j ≤ p, we can choose some R_{d(j)} ⊂ [s_j, t_j] such that |R_{d(j)}| ≥ (t_j − s_j )/2p. For the d|R_{d(j)}| integral we have

∫_1 (tj−sj )/2p e^{−|ȳd(j)|2t}dt ≤ { C(1 + |ȳ^{d(j)}|^2)^{−1}, |ȳ^{d(j)}|^2 ≤ (t_j − s_j)^{−1}, C|t_j − s_j|^{−γq}(1 + |ȳ^{d(j)}|^2)^{−1−γq}, |ȳ^{d(j)}|^2 ≥ (t_j − s_j)^{−1}, where q ≥ 1 is any fixed constant. For later use, we always choose q ≥ 1 such that (q − 1)γ < 1 and 2qγ > 3/2. For the other integral we have

∫_1 0 e^{−|y|2t}dt ≤ C(1 + |y|^2)^{−1}, ∀y ∈ IR^3. (2.5) From these we can see that the left hand side of (2.4) can be bounded from above by a sum of terms of the following form: C ∫ T^p_{εm}∩Δ(π) p∏ j=1 |t_j − s_j|^{−(q−1)γ}ds_jdt_j × ∫ IR^{3p} p∏ j=1 (1 + |ȳ^{f (j)}|^2)^{−1+γ/2}(1 + |ȳ^{r(j)}|^2)^{−1+γ/2}(1 + |ȳ^{d(j)}|^2)^{−γq}(g_m(y_j) − g_n(y_j))dy_j ≤ C ∫ IR^{3p} p∏ j=1 (1 + |ȳ^{f (j)}|^2)^{−1+γ/2}(1 + |ȳ^{r(j)}|^2)^{−1+γ/2}(1 + |ȳ^{d(j)}|^2)^{−γq}(g_m(y_j) − g_n(y_j))dy_j,

which is by the Cauchy-Schwarz inequality less than C [ ∫ IR^{3p} p∏ j=1 (1 + |ȳ^{f (j)}|^2)^{−2+γ} (g_m(y_j) − g_n(y_j))dy_j

]_1/_2

(2.6) × [ ∫ IR^{3p} p∏ j=1 (1 + |ȳ^{r(j)}|^2)^{−2+γ} (1 + |ȳ^{d(j)}|^2)^{−2qγ}dy_j

]_1/_2 .

We remark that {ȳ^{f (1)}, · · · , ȳ^{f (p)}} is a (nonsingular) set of coordinates for IR^{3p} (see [Ro83, Lemma 3]) and that we can also choose a (nonsingular) set of coordinates for IR^{3p} from the set ȳ^{r(1)}, ȳ^{r(2)}, · · · , ȳ^{r(p)}, ȳ^{d(1)}, · · · , ȳ^{d(p)} (see [Ro83, Lemma 4]). Moreover, if |y_j| ≥ m for j = 1, · · · , p, then there are 1 ≤ i_1 < · · · < i_{[p/2]} ≤ p such that |ȳ^{f (il)}| ≥ m/2 for l = 1, · · · , [p/2]. To see this, let us recall the definitions of ȳ^i and f(1), · · · , f(p). Without loss of generality, we may assume s_1 < · · · < s_p. In this case we have ȳ^{f (1)} = y_1, ȳ^{f (2)} = y_1 + y_2, · · · , ȳ^{f (p)} = y_1 + · · · + y_p. From these expressions we can easily see that if |y_j| ≥ m for j = 1, · · · , p, then there must be 1 ≤ i_1 < · · · , i_{[p/2]} ≤ p such that |ȳ^{f (il)}| ≥ m/2 for l = 1, · · · , [p/2].

From these observations we can see that (2.6) is less than Cm^{−(1/2−γ)[p/2]}, if γ ∈ (0, 1/2) and 2qγ > 3/2. This proves that the right hand side of (2.3) is less than C|u|^{γp}m^{−(1/2−γ)[p/2]} for all u ∈ IR and n > m ≥ 1, which implies (2.1).

We now use the approach for proving (2.1) given before to prove the following estimate E|η̃_{n,εn} − η̃_{n,εm} |^p ≤ C|u|^{γp}ε^{αp}_m , u ∈ IR, n ≥ m ≥ 1, (2.7) where γ ∈ (0, 1/2), α ∈ (0, (1/2 − γ)/2). To get this estimate we only need to use the following estimate instead of (2.5): ∫ ε_m 0 e^{−|y|2t}dt ≤ Cε^α_m(1 + |y|^2)^{−1+α}, where α ∈ (0, (1/2 − γ)/2). As in the derivation of (2.1), we can use the above estimate to prove that (2.7) is indeed true (here we have to choose α ∈ (0, (1/2 − γ)/2)).

Since the integer p ≥ 1 is arbitrary, we get from (2.7) and (2.1) that E|η̃_{n,εn} (u, k) − η̃_{m,εm} (u, k)|^{2p} ≤ C|u|^{2γp}(ε^{2αp}_m + m^{−(1/2−γ)p}), from which we get the desired result (i).

To prove (ii) we first remark that E|η̃_{n,ε}(u_1, k) − η̃_{n,ε}(u_2, k)|^p (2.8) = ∫ T^p_{εm} ∫ IR^{3p} e^{− 12} Var ( ∑_p j=1⟨yj,ωtj −ωsj ⟩ )

× p∏ j=1 (e^{i⟨yj,u1(ktj −ksj )⟩} − e^{i⟨yj,u2(ktj −ksj )⟩})g_n(y_j)dy_jds_j dt_j. We also remark that for any given ε ∈ (0, 1] there is a constant C ∈ (0, ∞) such that

| sin x_1 − sin x_2| + | cos x_1 − cos x_2| ≤ C|x_1 − x_2|^ε, x_1, x_2 ∈ R.

Using this fact we can show that the right hand side of (2.8) is less than C|u_1 − u_2|^{γp} ∫ T^p_{εm} ∫ IR^{3p} e^{− 12} Var ( ∑_p j=1⟨yj ,ωtj −ωsj ⟩ ) (2.9) × p∏ j=1 |y_j|^γ|t_j − s_j|^γg_n(y_j)dy_jds_j dt_j.

Repeating the argument given before one can show that the right hand side of (2.9) is less than C|u_1 − u_2|^{γp}. The proof of Proposition 2.1 is then complete.

3 A key lemma

We first remark that if for x ∈ IR^3 we set p_t(x) := (2πt)^{−3/2} exp(−^{|x|2}_{2t} ), and g^{ε,λ}_t (x) := E(exp(−J̄^{ε,λ}_{0,t} )I_{{ωt=x}}). In [B93] and [AZ95] it was shown that for any given λ ∈ [0, ∞) there is a constant C ∈ (0, ∞) such that |g^{ε,λ}_t (x) − p_t(x)| ≤ Ct^{1/2}p_{2t}(x), ∀t ∈ [0, 1], x ∈ IR^3. (3.1) Let ψ : [0, 1] × IR^3 → IR be bounded and infinitely often differentiable with bounded derivatives of all orders, and for 0 ≤ s < t ≤ 1, let Ψ_{s,t} be defined by Ψ_{s,t} := exp ( ∫ t s ψ(u, ω_u)du ) . (3.2) As was shown in [B93, §4], (3.1) implies that for any such ψ and λ ∈ [0, ∞) there is a constant C ∈ (0, ∞) such that |E(exp(−J̄^{ε1,λ}_{0,1} )Ψ_{0,1}) − E(exp(−J̄^{ε2,λ}_{0,1} )Ψ_{0,1})| ≤ C(ε^δ_1 + ε^δ_2) (3.3) for all ε_1, ε_2 ∈ (0, 1), where δ ∈ (0, 1).

Let f_i : IR^3 → IR be a bounded measurable function for i = 1, 2. Let Δ_{u,v;s,t} := {(σ, τ ) : u ≤ σ ≤ v, s ≤ τ ≤ t}, and for any fixed a_1, a_2 ∈ (0, 1) Φ_{u,v;s,t} := ∫ Ta_1 ∩Δu,v;s,t ∫ IR^3 f_1(ω_σ − ω_τ )dσdτ − ∫ Ta_2∩Δu,v;s,t ∫ IR^3 f_2(ω_σ − ω_τ )dσdτ. For short we set Φ := Φ_{0,1;0,1} and Φ_{s,t} := Φ_{s,t;s,t}. We set ρ(ε) := E(exp(−J̄^{ε,λ}_{0,1} )|Φ|).

In this section we fix k ∈ K. The main aim of this section is to prove the following lemma.

Lemma 3.1 There are constants C ∈ (0, ∞) and δ_0 ∈ (0, 1) such that

|ρ(ε_1) − ρ(ε_2)| ≤ C max_{x∈R3}(|f_1(x)| + |f_2(x)|)(ε^{δ0}_1 + ε^{δ0}_2 ), ε_1, ε_2 ∈ (0, 1). (3.4)

A typical example of Φ to which Lemma 3.1 applies is: Φ := η̃_2n_{,2}�ε_0n (u, k) − η̃_2n�1_{,2}�ε_0(n�1) (u, k).

The estimate (3.4) for the above special Φ will be used in the proof of Theorem 4.1 below. A general form of (3.4) will be given in Remark 3.2 below. The estimate (3.4), with |Φ| replaced by Ψ_{0,1} in (3.2), was already proved by Bolthausen in [B93, §4]. By modifying his argument one can see that the discussion given in [B93, §4] is also suitable for the present case. Since |Φ_{0,t+s}| is not equal to |Φ_{0,s}||Φ_{s,s+t}|, some details given in the proof of Lemma 3.1 are different from those given in [B93, §4].

Proof of Lemma 3.1. For short we will denote sup_{x∈}IR3 (|f_1(x)| + |f_2(x)|) by max |f|. As in [B93, (4.2)] we have the following relation: d dε ρ(ε) = λ ∫_{1−}ε 0 dsE(e^{−J̄0,1} δ(ω_s − ω_{s+ε})|Φ|) + (λ d dε κ_1(ε) − λ^2 d dε κ_2(ε))ρ(ε), J̄_{0,1} = J̃^s_{0,1} + λJ_{0,s;s,s+ε} + λJ_{s,s+ε;s+ε,1} − λεκ_1(ε) + O(ε^{3/4}), where J̃^s_{0,1} := J̄_{0,s} + J̄_{s+ε,1} + λJ_{0,s;s+ε,1}, and J_{s,t;u,v} : := J^ε_{s,t;u,v} was defined in Section 1. Using the fact that 1 − x ≤ e^{−x} ≤ 1 − x + O(1)x^2, x > 0, one shows that E(e^{−J̄0,1} δ(ω_s − ω_{s+ε})|Φ|) = E(e^{−J̃s0,1} δ(ω_s − ω_{s+ε})|Φ|)e^{λεκ1(ε)−O(ε3/4)} (3.5) −λE(e^{−J̃s0,1} δ(ω_s − ω_{s+ε})(J_{0,s;s,s+ε} + J_{s,s+ε;s+ε,1})|Φ|)(1 + O(ε^{1/2})) +O(1)λ^2E(e^{−J̃s0,1} δ(ω_s − ω_{s+ε})(J_{0,s;s,s+ε} + J_{s,s+ε;s+ε,1})^2|Φ|)(1 + O(ε)). By (3.1) we know that Ee^{−J̄ε,λs,t} is bounded from above by a constant which is independent of ε ∈ (0, 1) and s, t ∈ [0, 1]. By definition we also know that |J_{0,s;s,s+ε}|^2 = ∫ ([0,s]×[s,s+ε])2 2∏ i=1 I_{{τi−σi≥ε}}δ(ω_{σi} − ω_{τi} )dσ_idτ_i. Using (3.1) again we obtain that Ee^{−J̃s0,1} δ(ω_s − ω_{s+ε}) 2∏ i=1 δ(ω_{σi} − ω_{τi} ) ≤ CEδ(ω_{2s} − ω_{2s+2ε}) 2∏ i=1 δ(ω_{2σi} − ω_{2τi} ). Therefore, Ee^{−J̃s0,1} δ(ω_s − ω_{s+ε})|J_{0,s;s,s+ε}|^2 ≤ C ∫ ([0,s]×[s,s+ε])2 Eδ(ω_{2s} − ω_{2s+2ε}) 2∏ i=1 δ(ω_{2σi} − ω_{2τi} )I_{{τi−σi≥ε}}dσ_idτ_i ≤ Cε^{−3/2}ε = Cε^{−1/2}. Similarly, we have that Ee^{−J̃s0,1} δ(ω_s − ω_{s+ε})|J_{s,s+ε,s+ε,1}|^2 ≤ Cε^{−1/2}.

From these estimates we obtain that the last term on the right hand side of (3.5) is less than C max |f|λ^2Ee^{−J̃s0,1} δ(ω_s − ω_{s+ε})(J_{0,s;s,s+ε} + J_{s,s+ε;s+ε,1} )^2 (3.6) ≤ C max |f|λ^2ε^{−1/2}. We now consider the first term on the right hand side of (3.5). By definition we know that |Φ_{s,s+ε;0,1}| + |Φ_{0,1;s,s+ε}| ≤ C max |f|ε, which implies that Ee^{−J̃s0,1} δ(ω_s − ω_{s+ε})(|Φ_{s,s+ε;0,1}| + |Φ_{0,1;s,s+ε}|) (3.7) ≤ C max |f|εp_ε(0)Ee^{−J̄0,s−J̄s+ε,1} ≤ C max |f|ε^{−1/2}. This shows that Ee^{−J̃s0,1} δ(ω_s − ω_{s+ε})|Φ| (3.8) = O(1) max |f|ε^{−1/2} + Ee^{−J̃s0,1} δ(ω_s − ω_{s+ε})|Φ − Φ_{s,s+ε;0,1} − Φ_{0,1;s,s+ε}| = O(1) max |f|ε^{−1/2} + p_ε(0)Ee^{−J̄0,1}�^{ε −λYs} |Φ_{0,s} + Φ_{s+ε} ∘ θ_ε + Φ_{0,s;s,1−ε}| = O(1) max |f|ε^{−1/2} + p_ε(0)[Ee^{−J̄0,1}�^ε |Φ_{0,1−ε}| − λEY_se^{−J̄0,1}�^ε |Φ_{0,1−ε}|] +O(1)p_ε(0)λ^2EY^2_s e^{−J̄0,1}�^ε |Φ|, where θ_ε(ω)(t) := ω_{t−ε} and Y_s := ∫ ∫ dudvI_{{0≤u≤s≤v≤1−ε,v−u≤ε}} δ(ω_u − ω_v). It is easy to prove (see e.g. [Ro83]) that E|Y_s|^2 ≤ Cε. Thus, as in the derivation of (3.6) we can show that the last term on the right hand side of (3.8) is less than C max |f|ε^{−1/2}.

To handle the second term on the right hand side of (3.8), let us first remark that Ee^{−J̄0,1}�^ε |Φ_{0,1−ε} − Φ| + EY_se^{−J̄0,1}�^ε |Φ_{0,1−ε} − Φ| ≤ C max |f|ε. (3.9) Therefore, the second term on the right hand side of (3.8) is equal to p_ε(0)[Ee^{−J̄0,1}�^ε |Φ| − λEY_se^{−J̄0,1}�^ε |Φ|] + O(ε^{−1/2} max |f|). If u_2 − u_1 ≤ ε, then

E(δ(ω_{u2} − ω_{u1} )e^{−J̄0,1}�^ε |Φ|) = E[δ(ω_{u2} − ω_{u1} )e^{−J̄0,u1 −J̄u2,1}�^{ε−λJ0,u1 ;u2,1}�^ε |Φ|(1 + O(ε^{1/2}) + O(1)(J_{0,u1;u1,u2} + J_{u1,u2;u2,1−ε}))]. As in the derivation of (3.6) one proves that E[δ(ω_{u2} − ω_{u1} )e^{−J̄0,u1 −J̄u2,1}�^{ε−λJ0,u1;u2,1}�^ε |Φ|(J_{0,u1;u1,u2} + J_{u1,u2;u2,1−ε})] ≤ C max |f|(u_2 − u_1)^{−1}, u_2 − u_1 ≤ ε.

Using similar estimates as for (3.7) and (3.9) one also proves that E(δ(ω_{u2} − ω_{u1} )e^{−J̄0,u1 −J̄u2,1}�^{ε−λJ0,u1 ;u2,1}�^ε |Φ|) = p_{u2−u1} (0)E(e^{−J̄0,1}�^ε�^{(u2}�^{u1)} |Φ|) + O(1)(u_2 − u_1)^{−1/2} max |f|.

Thus, E(δ(ω_{u2} − ω_{u1} )e^{−J̄0,1}�^ε |Φ|) = p_{u2−u1} (0)E(e^{−J̄0,1}�^ε�^{(u2} �^{u1)} |Φ|) + O(1)(u_2 − u_1)^{−1/2−δ1} max |f|, where δ_1 ∈ (0, 1). Suppose we have proven that |E(e^{−J̄0,1}�^r |Φ|) − E(e^{−J̄0,1} |Φ|)| ≤ C max |f|ε^{1/2+δ2}, ∀r ≤ 2ε (3.10) for some constant δ_2 > 0. We remark that ∫ ∫ dudvI_{{u≤0≤v,v−u≤ε}} p_{v−u}(0) = εκ_1(ε). Then, the second term on the right hand side of (3.8) is equal to

p_ε(0)ρ(ε)(1 − O(max |f|ε^{1/2+δ2} )) − λp_ε(0)ρ(ε)εκ_1(ε)(1 + O(ε^{1−δ1} max |f|)). By (3.8) we then know that the first term on the right hand side of (3.5) is equal to O(1) max |f|ε^{−δ1} + p_ε(0)ρ(ε)(1 − λεκ_1(ε))e^{λεκ1(ε)}(1 + O(max |f|ε^{3/2−δ1})) = p_ε(0)ρ(ε) + O(1) max |f|ε^{−δ1} .

Thus, by (3.5) and (3.6) we know that d dε ρ(ε) = −λ^2 ∫_{1−}ε 0 dsE(e^{−J̃s0,1} δ(ω_s − ω_{s+ε})(J_{0,s;s,s+ε} + J_{s,s+ε;s+ε,1})|Φ|)(1 + O(ε^{1/2})) −λ^2 d dε κ_2(ε)ρ(ε) + O(1) max |f|ε^{−δ1} , (3.11) provided that (3.10) has been proven.

We now prove that ∫_{1−}ε 0 dsE(e^{−J̃s0,1} δ(ω_s − ω_{s+ε})J_{0,s;s,s+ε}|Φ|) = − 1 2 d dε κ_2(ε)ρ(ε) + O(1) max |f|ε^{−δ1} . (3.12) As in [B93, §4] we choose β >^1_2 > α and γ >^1_2 with γ < β. Then the left hand side of (3.12) is equal to ∫_{1−}εα ε^α ds ∫ s s−ε^β du ∫ s_+ε s dvE(e^{−J̃s0,1} δ(ω_s − ω_{s+ε})δ(ω_u − ω_v)|Φ| + max |f|ε^{−δ1} .

For s > ε^γ and s + ε^γ ≤ 1 we set J̌^s_{0,1} := J̄_{0,s−εγ} + J̄_{s+εγ ,1} + λJ_{0,s−εγ ;s+εγ ,1}. Then it follows that ∫_{1−}εα ε^α ds ∫ s s−ε^β du ∫ s_+ε s dvE(e^{−J̃s0,1} δ(ω_s − ω_{s+ε})δ(ω_u − ω_v)|Φ| = ∫_{1−}εα ε^α ds ∫ s s−ε^β du ∫ s_+ε s dvE(e^{−J̌s0,1} δ(ω_s − ω_{s+ε})δ(ω_u − ω_v)|Φ| + max |f|ε^{−δ1} = ∫_{1−}εα ε^α ds ∫ s s−ε^β du ∫ s_+ε s dvE(e^{−J̌s0,1} δ(ω_s − ω_{s+ε})δ(ω_u − ω_v) ×|Φ_{0,s−ε}γ + Φ_{s+ε}γ_{,1} + Φ_{0,s−ε}γ_{;s+ε}γ_{,1}| + max |f|ε^{−δ1} = ∫_{1−}εα ε^α ds ∫ s s−ε^β du ∫ s_+ε s dv ∫ dx ∫ dyE(e^{−J̌s0,1} δ(ω_s − ω_{s+ε})δ(ω_u − ω_v) ×δ(x − ω_{s−ε}γ )δ(y − ω_{s+ε}γ )|Φ_{0,s−ε}γ + Φ_{s+ε}γ_{,1} + Φ_{0,s−ε}γ_{;s+ε}γ_{,1}| + max |f|ε^{−δ1} = ∫_{1−}εα ε^α ds ∫ s s−ε^β du ∫ s_+ε s dv ∫ dx ∫ dyE(e^{−J̌s0,1} δ(x − ω_{s−ε}γ )δ(y − ω_{s+ε}γ ) ×|Φ_{0,s−ε}γ + Φ_{s+ε}γ_{,1} + Φ_{0,s−ε}γ_{;s+ε}γ_{,1}|q_{u,s,v}(y − x) + max |f|ε^{−δ1} , (3.13) where q_{u,s,v} := p_{2ε}γ_{−ε−(s−u)} ∗ (p_{s−u}p_{v−s}p_{s+ε−v} ). Thus, using the argument given in [B93] (see the top of page 96) we get that the right hand side of (3.13) is equal to − 1 2 d dε k_2(ε) ∫_{1−}εα ε^α ds ∫ s s−ε^β du ∫ s_+ε s dv ∫ dx ∫ dyE(e^{−J̌s0,1} |Φ| + max |f|ε^{−δ1} = − 1 2 d dε k_2(ε) ∫_{1−}ε 0 ds ∫ s 0 du ∫ s_+ε s dvEe^{−J̄0,1} |Φ| + max |f|ε^{−δ1} , which proves (3.12). Similarly, we prove that ∫_{1−}ε 0 dsE(e^{−J̃s0,1} δ(ω_s − ω_{s+ε})J_{s,s+ε;s+ε,1} |Φ|) = − 1 2 d dε κ_2(ε)ρ(ε) + O(1) max |f|ε^{−δ1} .

This then complets the proof of (3.11), provided that (3.10) has been proven.

We now turn to the proof of (3.10). Note that d dv E(exp(−J̄_{0,v})|Φ|) = λ ∫ v_−ε 0 dsE(δ(ω_s − ω_v) exp(−J̄_{0,v})|Φ|) +(−λk_1(ε) + λ^2k_2(ε))E exp(−J̄_{0,v})|Φ|. (3.14) As in [B93, (4.13)] we easily show that | d dv E exp(−J̄_{0,v})|Φ|| ≤ max |f|ε^{−1/2}. (3.15)

We now derive a slightly better bound, which implies the estimate (3.10). It is easy to show that ∫_{v−ε3/4} 0 dsE(δ(ω_s − ω_v)e^{−J̄0,v} |Φ|) ≤ max |f|ε^{−3/8}. Moreover, by (3.15) it follows that ∫ v_−ε v−ε^{3/4} dsE(δ(ω_s − ω_v)e^{−J̄0,v} |Φ|) = ∫ v_−ε v−ε^{3/4} dsE(e^{−J̄0,v} |Φ_{0,s} + Φ_{v,1}|δ(ω_s − ω_v) + max |f|ε^{−1/4} = ∫ v_−ε v−ε^{3/4} dsEe^{−J̄0,s} |Φ_{0,s} + Φ_{v,1}|δ(ω_s − ω_v) + max |f|ε^{−1/4} +O(1) ∫ v_−ε v−ε^{3/4} dsE(e^{−J̄0,s} |Φ_{0,s} + Φ_{v,1}|δ(ω_s − ω_v)|J̄_{0,v} − J̄_{0,s}|ds = ∫ v_−ε v−ε^{3/4} dsp_{v−s}(0)Ee^{−J̄0,s} |Φ_{0,1−(v−s)}| + max |f|ε^{−1/4} +O(1) max |f| ∫ v_−ε v−ε^{3/4} dsEe^{−J̄0,s} δ(ω_s − ω_v)|J̄_{0,v} − J̄_{0,s}|ds = ∫ v_−s 0 dsp_{v−s}(0)Ee^{−J̄0,v} |Φ| + max |f|ε^{−1/4} = k_1(ε)E exp(−J̄_{0,v})|Φ| + max |f|ε^{−1/4}, where we have used the results given in [B93, page 97]. Thus, by (3.14) we know that (3.10) holds. This then completes the proof of Lemma 3.1.

In fact, using the above approach we are also able to prove a more general result. For later use we state this general result in the following remark. Since there is no essential difference between the proofs of Lemma 3.1 and Remark 3.2, we omit the proof of the latter.

Remark 3.2 For i = 1, · · · , m let f_i : IR^3 → IR be a bounded measurable function. For a_i ∈ (0, 1) and i = 1, · · · , m set Ψ_i := ∫ Ta_i ∩Δ_{0,1;0,1} f_i(ω_τ − ω_σ)dσdτ. Let k be a given function in K_0 and U(k) = k^′_1ω_1 −

∫_1

0 ω_tk^{′′}_t dt, where K_0 is as defined in Section 1. Then, using the same approach as in the proof of Lemma 3.1 we prove that for any given l ≥ 1 there are constants C ∈ (0, ∞) and δ_0 ∈ (0, 1) such that | | | |E(exp(−J̄^{ε1,λ}_{0,1} )U(k)^l m∏ i=1 Ψ_i − E(exp(−J̄^{ε2,λ}_{0,1} )U(k)^l m∏ i=1 Ψ_i | | | | ≤ C max_{x∈R3} m∏ i=1 |f_i(x)|(ε^{−δ0}_1 + ε^{δ0}_2 ), ε_1, ε_2 ∈ (0, 1).

Let p ≥ 1 be a given constant. We can also show that there are constants C ∈ (0, ∞) and δ_0 ∈ (0, 1) such that |E exp(−J̄^{ε1,λ}_{0,1} )||Ψ_1|^p − |Ψ_2|^p| − E exp(−J̄^{ε2,λ}_{0,1} )||Ψ_1|^p − |Ψ_2|^p|| ≤ C max_{x∈R3}(|f_1(x)| + |f_2(x)|)(ε^{δ0}_1 + ε^{δ0}_2 ), ε_1, ε_2 ∈ (0, 1).

4 Some estimates with respect to ˚_λ

In Section 2 we actually proved that the sequence (η̃_2n_{,2}�ε_0n (u, k))_{n≥1} is Cauchy in L^p(ν_0) for p ∈ (0, ∞). The aim of this section is to use Lemma 3.1 above to prove that this sequence is also Cauchy in L^1(ν_λ) for λ ∈ (0, ∞). The main result in this section, which will play a very important role in the proof that ν_λ is k-quasi-invariant for k ∈ K_0, is as follows.

Theorem 4.1 (i) For any given u ∈ IR, ε_0, λ ∈ (0, ∞) and k ∈ K, there is a random variable ρ(u, k) in L^1(ν_λ) such that lim_{n→∞} E_{νλ} |η̃_2n_{,2}�ε_0n (u, k) − ρ(u, k)| = 0, where E_{νλ} is the expectation with respect to ν_λ.

(ii) For any given λ ∈ [0, ∞), M ∈ (0, ∞), k ∈ K, p > 1 and γ ∈ (0, 1/2) there is a constant C ∈ (0, ∞) such that E_{νλ} |ρ(u_1, k) − ρ(u_2, k)|^p ≤ C|u_1 − u_2|^{γ(p−1)}, |u_1|, |u_2| ≤ M. Proof. (i): For ε_0 ∈ (0, ∞), u ∈ IR and k ∈ K we let Φ_n := η̃_2n_{,2}�ε_0n (u, k) − η̃_2n�1_{,2}�ε_0(n�1) (u, k) , n ∈ IN.

It is easy to see that

Φ_n = ∫ Δ0,1;0,1 dσdτ ( I_{(σ,τ )∈T2}�_{ε0n} ∫ IR^3 e^{i⟨y,ωσ−ωτ ⟩}(e^{i⟨y,u(kσ−kτ )⟩} − 1)g_2n (y)dy −I_{(σ,τ )∈T2}�_{ε0(n}�_{1)} ∫ IR^3 e^{i⟨y,ωσ−ωτ ⟩}(e^{i⟨y,u(kσ−kτ )⟩} − 1)g_2n�1 (y)dy ) . By Lemma 3.1 we know that there are constants δ_0 ∈ (0, 1) and C ∈ (0, ∞) such that |E exp(−J̄^{ε1,λ}_{0,1} )|Φ_n| − E exp(−J̄^{ε2,λ}_{0,1} )|Φ_n|| ≤ C2^{3n}|ε^{δ0}_1 − ε^{δ0}_2 |, ε_1, ε_2 ∈ (0, 1).

Let N(λ) := lim_{ε→0}+ E exp(−J̄^{ε,λ}_{0,1} ) (by (3.3) we know that the latter limit exists). Moreover, it is proved in [AZ95] that N(λ) > 0 for all λ ∈ [0, ∞). Therefore, |N(λ)E_{νλ} |Φ_n| − E exp(−J̄^{ε,λ}_{0,1} )|Φ_n|| ≤ C2^{3n}ε^{δ0}.

We choose ε_n := 2^{−4δ}

�1_{0 n}

. Then |N(λ)E_{νλ} |Φ_n| − E exp(−J̄^{εn,λ}_{0,1} )|Φ_n|| ≤ C2^{−n}. (4.1) By Proposition 2.1 we know that there is a constant δ_1 ∈ (0, 1) such that E|Φ_n|^p ≤ C_p2^{−δ1pn}, p ≥ 1. From the definition of J̄^{ε,λ}_{0,1} given in Section 1, we see that for p > 1 E exp(−p/(p − 1)J̄^{εn,λ}_{0,1} ) = E exp(−J̄^{ε,pλ/(p−1)} 0,1 + (p^2/(p − 1)^2 − p/(p − 1))λ^2k_2(ε_n)) = E exp(−J̄^{ε,pλ/(p−1)} 0,1 ) exp(p(p − 1)^{−2}λ^2k_2(ε_n)), which implies that E exp(−J̄^{εn,λ}_{0,1} )|Φ_n| ≤ E^{1−1/p} exp(−p(p − 1)^{−1}J̄^{εn,λ}_{0,1} ) · E^{1/p}|Φ_n|^p ≤ C2^{−δ1n} exp(λ^2(p − 1)^{−1}k_2(ε_n))E exp(−J̄^{εn,pλ/(p−1)}_{0,1} ) ≤ C2^{−δ1n} exp(λ^2(p − 1)^{−1}k_2(ε_n)) ≤ C2^{−δ1n/2}, if p > 1 is large enough such that λ^2(p − 1)^{−1}k_2(ε_n) ≤ δ_1n/2. By (4.1) we then know that N(λ)E_{νλ} |Φ_n| ≤ C(2^{−n} + 2^{−δ1n/2}), which proves that the sequence (η̃_2n_{,2}�ε_0n (u, k))_{n≥1} is Cauchy in L^1(ν_λ). Thus, there is ρ(u, k) such that lim_{n→∞} E_{νλ} |η̃_2n_{,2}�ε_0n (u, k) − ρ(u, k)| = 0 and assertion (i) is proved. (ii): Let ξ_n(u_1, u_2) := η̃_2n_{,2}�ε0n (u_1, k) − η̃_2n_{,2}�ε0n (u_2, k), and Φ^′_n := |ξ_n(u_1, u_2)|^p − |ξ_{n−1}(u_1, u_2)|^p.

It is easy to see that there exists f^{(u1,u2)}_n such that ξ_n(u_1, u_2) = ∫ T_2�ε_0n ∩Δ_{0,1;0,1} f^{(u1,u2)} n (ω_σ − ω_τ )dσdτ, and for any given γ ∈ (0, 1/2) there is a constant C ∈ (0, ∞) such that max |f^{(u1,u2)} n | ≤ C2^{3n(1+γ)}|u_1 − u_2|^γ.

Thus, by a similar argument as in the proof of Lemma 3.1 (see Remark 3.2) one can show that there is δ_0 ∈ (0, 1) such that |E exp(−J̄^{ε1,λ}_{0,1} )|Φ^′_n| − E exp(−J̄^{ε2,λ}_{0,1} )|Φ^′_n|| ≤ C2^{3n(1+γ)p}|u_1 − u_2|^{γp}(ε^{δ0}_1 + ε^{δ0}_2 ), ε_1, ε_2 ∈ (0, 1).

Let ε^′_n := 2^{−4n(1+γ)pδ}

�1_0

. Then |N(λ)E_{νλ} |Φ^′_n| − E exp(−J̄^ε 0_{n,λ} 0,1 )|Φ^′_n|| ≤ C2^{−(1+γ)pn}|u_1 − u_2|^{γp}. By Proposition 2.1 we have that there is α ∈ (0, 1) such that E|Φ^′_n|^q ≤ E^{1/2}|ξ_n(u_1, u_2) − ξ_{n−1}(u_1, u_2)|^{2q} ·E^{1/2} ( p−1∑ i=0 |ξ_n(u_1, u_2)|^i|ξ_{n−1}(u_1, u_2)|^{p−1−i}

)_2q

≤ C2^{−αqn}|u_1 − u_2|^{(p−1)γq}, |u_1|, |u_2| ≤ M, where γ ∈ (0, 1/2), M ≥ 1 is a given constant and the constant C ∈ (0, ∞) is independent of u_1, u_2 and n ≥ 1. Thus, as in (i) we obtain that if q > 1 is large enough, E exp(−J̄^{εn,λ}_{0,1} )|Φ^′_n| ≤ E^{1−1/q} exp(−q(q − 1)^{−1}J̄^{εn,λ}_{0,1} )E^{1/q}|Φ^′_n|^q ≤ C2^{−αn/2}|u_1 − u_2|^{(p−1)γ}, |u_1|, |u_2| ≤ M. This proves that E_{νλ} |Φ^′_n| ≤ C2^{−αn/2}|u_1 − u_2|^{(p−1)γ}, |u_1|, |u_2| ≤ M. Therefore, E_{νλ} |ξ_n(u_1, u_2)|^p ≤ C|u_1 − u_2|^{(p−1)γ}, |u_1|, |u_2| ≤ M. By (i) we conclude that E|ρ(u_1, k) − ρ(u_2, k)|^p ≤ C|u_1 − u_2|^{(p−1)γ}, |u_1|, |u_2| ≤ M, which proves assertion (ii) in Theorem 4.1.

5 Proofs of Theorems 1.4 and 1.1 Let η̄_{n,λ} := λη_2n_{,2}�ε_0n − λκ_1(2^{−ε0n}) + λ^2κ_2(2^{−ε0n}), ν_{n,λ} := (E exp(−η̄^′_{n,λ}))^{−1} exp(−η̄^′_{n,λ}) ν_0, where η̄^′_{n,λ} := η̄_{n,λ}I_{{|η2n,2}�_{ε0n −J2}�ε_0n_{0,1 |≤2}�_{n/8}} and J^ε_{s,t} was defined in Section 1. Let us first prove two lemmas.

Lemma 5.1 For any given λ ∈ [0, ∞) ν_{n,λ} −→_{n→∞} ν_λ in the weak sense, if ε_0 ∈ (0, 1) is sufficiently small. Proof. Let I_1 := ∫ T_1(2�^ε0^n) ∫ IR^6 e^{− 12 |y1|2(t1−s1)− 12 |y2|2(t2−s2)}g_2m1_{,2}m2 (y_1, y_2) 2∏ i=1 dy_ids_idt_i I_2 := ∫ T_2(2�^ε0^n) ∫ IR^6 f_1(s, t, y)g_2m1_{,2}m2 (y_1, y_2) 2∏ i=1 dy_ids_idt_i I_3 := ∫ T_3(2�^ε0^n) ∫ IR^6 f_2(s, t, y)g_2m1_{,2}m2 (y_1, y_2) 2∏ i=1 dy_ids_idt_i. Then we have the following relation: E|η_2m_{1 ,2}�ε_0n − η_2m_{2 ,2}�ε_0n |^2 = I_1 + I_2 + I_3.

Without loss of generality we may assume m_1 < m_2. It is easy to show that I_1 ≤ ∫ T_1(2�^ε0^n)

(t_1 − s_1)^{−3/2}(t_2 − s_2)^{−3/2}e^{− 14 (t1−s1+t2−s2)22m1} 2∏ i=1 dt_ids_i ≤ 2^{ε0n}e^{− 14 2ε0n22m1} ≤ C2^{2ε0n}2^{−2m1} , m_1 ≥ n, if ε_0 ∈ (0, 1). Moreover, we obtain that

I_2 ≤ ∫ T_2(2�^ε0^n) 2∏ i=1 σ^{−3/2}(t_2 − s_2)^{−3/2} ∫ IR^6 e^{− 12 |y1|2− 12 |y2|2} ×g_2m_{,2}m1 ( y_1σ^{−1/2}, y_2(t_2 − s_2)^{−1/2} − y_1σ^{−1/2} t_1 − s_2 t_2 − s_2 ) dy_1dy_2 ≤ C2^{2ε0n}2^{−m1} , m_1 ≥ n, if ε_0 ∈ (0, 1) is sufficiently small, where σ := (t_2 − s_2)^{−1}((t_2 − t_1)(t_1 − s_1) + (t_1 − s_2)(s_2 − s_1)).

By similar methods it follows that I_3 ≤ C2^{2ε0n−m1} , m_1 ≥ n, if ε_0 ∈ (0, 1) is sufficiently small. Therefore, E|η_2m_{1 ,2}�ε_0n − η_2m_{2 ,2}�ε_0n |^2 ≤ C2^{−m1/2}, m_2 > m_1 ≥ n, if ε_0 ∈ (0, 1) is sufficiently small. Hence

E|η_2n_{,2}�ε_0n − J^2

�ε_0n 0,1 |^2 ≤ lim sup_{m→∞} E|η_2m_{,2}�ε0n − η_2n_{,2}�ε0n |^2 ≤ C2^{−n/2}, (5.1)

if ε_0 ∈ (0, 1) is sufficiently small. Let Ψ_{0,1} be defined as in (3.2) and let λ ∈ [0, ∞) be given. We note that there is a constant c ∈ (0, ∞) which is independent of λ such that

E^{1/2} exp(−2J̄^2 �ε_0n_{,λ} 0,1 ) ≤ E^{1/2} exp(−J̄^2

�ε_0n_{,2λ} 0,1 + 2λ^2κ_2(2^{−ε0n})) ≤ Ce^{λ2κ2(2} �ε_0n_) ≤ C2^{cλ2ε0n}. By (5.1) we then know that

|E(Ψ_{0,1}(exp(−η̄^′_{n,λ}) − exp(−J̄^2 �ε_0n_{,λ} 0,1 )))| (5.2) ≤ λ2^{−n/8} E(Ψ_{0,1} exp(−J̄^2 �ε_0n_{,λ} 0,1 )) + E(Ψ_{0,1}(1 + exp(−J̄^2 �ε_0n_{,λ} 0,1 ))I_{{|η2n,2}�_{ε0n −J2}�ε_0n_{0,1 |≥2}�_{n/8}}) ≤ C2^{−n/8} + C2^{cλ2ε0n}2^{−n/16} ≤ C2^{−n/32}, if ε_0 ∈ (0, 1) is sufficiently small. By (3.3) we know that

lim_{ε→0+}(E exp(−J̄^{ε,λ}_{0,1} ))^{−1}E exp(−J̄^{ε,λ}_{0,1} )Ψ_{0,1} = E_{νλ} Ψ_{0,1}.

It follows from (5.2) that

lim_{n→∞}(E exp(−η̄^′_{n,λ}))^{−1}E exp(−η̄^′_{n,λ})Ψ_{0,1} = E_{νλ} Ψ_{0,1},

if ε_0 ∈ (0, 1) is sufficiently small. This completes the proof of Lemma 5.1.

From now on we assume that ε_0 ∈ (0, 1) is sufficiently small. Let

A_n(ω) := {|η_2n_{,2}�ε_0n (ω) − J̄^2

�ε_0n 0,1 (ω)| ≤ 2^{−δn}} and let δ ∈ (0, 1/16) be a small constant which will be specified in the proof of Lemma 5.2 below. Set D_{n,λ}(ω) := e^{−η̄} 0_{n,λ(ω−uk)IAn(ω}�_{uk)+η̄}0_{n,λ(ω)IAn(ω)} · e^u ∫_1

0 k0_{tdωt−} 1_{2 u}2 ∫^1_{0 (k}0_{t)}2_{dt} , with

∫_1

0 k^′_tdω_t understood as an Itô stochastic integral. It is clear that D_{n,λ} =^{dτuk(νn,λ)}_{dνn,λ} . Since ν_λ is singular with respect to ν_0 and we do not know at present whether (ω_t)_{t∈[0,1]}, as the coordinate process under ν_λ, is a semimartingale or not, the quantity

∫_1

0 k^′_tdω_t is not well-defined under the polymer measure ν_λ. If k ∈ K_0, however, by Itô’s formula we have that ∫_1 0 k^′_tdω_t = k^′_1ω_1 −

∫_1 0 ω_tdk^′_t.

The right hand side of the above equality is well-defined under the measure ν_λ. From now on we assume that k ∈ K_0, and the left hand side (i.e.

∫_1

0 k^′_tdω_t) of the above equality is always understood as its right hand side under the measure ν_λ. Let a_{uk} := e^{−λρ(−u,k)+V (u,k)}, where V (u, k) := uk^′_1ω_1 − u

∫_1

0 ω_tk^{′′}_t dt −^1_2 u^2

∫_1

0 (k^′_t)^2dt, and ρ(u, k) is as defined in Theorem 4.1.

Lemma 5.2 For any given u ∈ IR, k ∈ K_0 and λ ∈ [0, ∞) the following holds dτ_{uk} (ν_λ) dν_λ = a_{uk}, ν_λ-a.e.

Proof. For M > 1 we set B_n(ω) := {|λη̃_2n_{,2}�ε0n (−u, k)| ≥ log M/4} ∪ A_n(ω − uk) ∪ A_n(ω) ∪ {|V (u, k)| ≥ log M/4}. By (3.1) and (5.2) we obtain that sup_{n≥1} E_{νn,λ} ( |ω_1| +

( ∫_1 0 |ω_t|^2dt )_1/_2) ≤ C < ∞. From this it follows that sup_{n≥1} ν_{n,λ} (| | |uk^′_1ω_1 − u ∫_1 0 ω_tk^{′′}_t dt | | | | + | | | | 1 2 u^2

∫_1 0 (k^′_t)^2dt | | | | ≥ log M/4 ) ≤ C(log M)^{−1}. (5.3)

From the proof of Theorem 4.1 (i) we see that E exp(−J̄^{ε,λ}_{0,1} )|Φ_n| ≤ C2^{−δ0n}, n ≥ 1, where δ_0 ∈ (0, 1) and Φ_n := η̃_2n_{,2}�ε_0n (u, k) − η̃_2n�1_{,2}�ε_0(n�1) (u, k). Thus, as in the derivation of (6.2) we prove that E_{νn,λ} |Φ_m| ≤ C2^{−δ1m}, ∀m, n ≥ 1, with a constant δ_1 ∈ (0, 1). By (3.1) it follows that sup_{n≥1} E_{νn,λ} |η̃_{2,2}�ε_0 (u, k)| is finite. Hence,

sup_{n≥1} E_{νn,λ} |η̃_2n_{,2}�ε_0n (u, k)|

≤ sup_{n≥1} E_{νn,λ} |η̃_{2,2}�ε0 (u, k)| + sup_{n≥1} ∞∑ m=2 E_{νn,λ} |Φ_m| ≤ C, which implies that ν_{n,λ}(|η̃_2n_{,2}�ε_0n (u, k)| ≥ log M/4) ≤ C(log M)^{−1}, ∀n ≥ 1. (5.4)

From (5.2) we see that ν_{n,λ}(A^c_n) ≤ C2^{−n/16}, n ≥ 1. (5.5) To estimate ν_{n,λ}(A^c_n(· + uk)) let us first remark that η_2m_{,2}�ε_0n (ω + uk) = η̃_2m_{,2}�ε_0n (u, k) + η_2m_{,2}�ε_0n (ω).

By Proposition 2.1 and (5.1) we then know that

E|η_2n_{,2}�ε_0n (· + uk) − J^2

�ε_0n 0,1 (· + uk)|^2 ≤ lim sup m→∞ E|η_2m_{,2}�ε_0n (· + uk) − η_2n_{,2}�ε_0n (· + uk)|^2 ≤ 2 lim sup m→∞ E|η̃_2m_{,2}�ε_0n (u, k) − η̃_2n_{,2}�ε_0n (u, k)|^2 + 2 lim sup_{m→∞} E|η_2m_{,2}�ε_0n (·) − η_2n_{,2}�ε_0n (·)|^2 ≤ C2^{−δ2n}, ∀n ≥ 1, with a constant δ_2 ∈ (0, 1). We now choose δ = δ_2/4 ∧ 1/16 in the definition of the set A_n. Thus, as in the derivation of (5.2) we prove that E_{νn,λ} |η_2n_{,2}�ε_0n (· + uk) − J^2

�ε_0n 0,1 (· + uk)|^2 ≤ C2^{−δ2n/4}, which implies that ν_{n,λ}(A^c_n(· + uk)) ≤ C2^{−δ2n/8}, n ≥ 1. (5.6) Combining the estimates (5.3) - (5.6) we conclude that ν_{n,λ}(B_n(· + uk)) ≤ ν_{n,λ}(|η̃_2n_{,2}�ε_0n (u, k)| ≥ log M/4) + ν_{n,λ}(A^c_n) + ν_{n,λ}(A^c_n(· + uk)) +ν_{n,λ} (| |uk^′_1ω_1 − u ∫_1 0 ω_tk^{′′}_t dt | | | + | | | 1 2 u^2

∫_1 0 (k^′_t)^2dt | | | ≥ log M/4 ) ≤ C((log M)^{−1} + 2^{−δ2n/4} + 2^{−n/16}), n ≥ 1.

Using this estimate we obtain that for A ∈ F ∫ A∩Bn dτ_{uk}(ν_{n,λ}) dν_{n,λ} dν_{n,λ} = ∫ A∩Bn dτ_{uk} (ν_{n,λ}) (5.7) = ∫ (A−uk)∩Bn(·+uk) dν_{n,λ} ≤ C((log M)^{−1} + 2^{−δ2n/4} + 2^{−n/16}), n ≥ 1, where A − uk := {ω − uk : ω ∈ A}. Now we set ζ_n := −λη̃_2n_{,2}�ε_0n (−u, k)I_{An(ω)∩An(ω+uk)} + V (u, k), ζ̄_n := −λη̃_{2n,2}�_{ε0n} (−u, k) + V (u, k).

The random variable |ζ_n| is bounded on the set B^c_n. By Taylor’s expansion we can find a constant L = L(M) ≥ 1 such that | | | | ∫ A∩B^c_n e^{ζn}dν − ∫ A∩B^c_n L∑ i=0 1 i! ζ^i_ndν | | | | ≤ C(log M)^{−1}, n ≥ 1, where ν := ν_{n,λ} or = ν_λ. By (5.5), (5.6) and Hölder’s inequality it easily follows that lim_{n→∞} | | | ∫ A∩B^c_n (ζ^i_n − ζ̄^i_n)dν_{n,λ} | | | = 0, A ∈ F, i = 0, 1, · · · , L. (5.8) Using a similar argument as for proving (3,3) (see Remark 3.2 above or [B93, §4]) one can easily show that there are constants δ_3 ∈ (0, 1) and C ∈ (0, ∞) such that |E((e^{−J̄ε1,λ0,1} − e^{−J̄ε2,λ0,1} )V (u, k))| ≤ C(ε^{δ3}_1 + ε^{δ3}_2 ) for all ε_1, ε_2 ∈ (0, 1). Thus, Lemma 3.1 implies that

E| exp(−J̄^2 �ε_0n_{,λ} 0,1 )ζ̄_n − E exp(−J̄^{ε,λ}_{0,1} )ζ̄_n| ≤ C2^{−δ4n}, ε ∈ (0, 2^{−ε0 n}]

for some constants δ_4 ∈ (0, 1) and C ∈ (0, ∞). Let F_0 be the collection of all sets of the form {ω : ω_{t1} ∈ O_1, · · · , ω_{tn} ∈ O_n} for 0 ≤ t_1 < · · · < t_n ≤ 1, and open sets O_1, · · · , O_n in IR^3 and all n ≥ 1. Then it follows that for any given A ∈ F_0 | | | | ∫ A∩B^c_n ζ̄_ndν_{n,λ} − ∫ A∩B^c_n ζ̄_ndν_λ | | | | ≤ C2^{−δ5n}, n ≥ 1 for some constants δ_5 ∈ (0, 1) and C ∈ (0, ∞). By Remark 3.2 we know that |E((e^{−J̄2} �ε_0n_{,λ} 0,1 − e^{−J̄ε,λ0,1} )V^j(u, k)(η̃_2n_{,2}�ε0n (u, k))^{i−j} )| ≤ C2^{−δ4n}, ε ∈ (0, 2^{−ε0n}] for 0 ≤ j ≤ i ≤ L. This implies that the following holds for any given A ∈ F_0 | | | | ∫ A∩B^c_n V^j(u, k)(η̃_2n_{,2}�ε_0n (u, k))^{i−j}dν_{n,λ} − ∫ A∩B^c_n V^j (u, k)(η̃_2n_{,2}�ε_0n (u, k))^{i−j}dν_λ | | | | ≤ C2^{−δ5n}, n ≥ 1, 0 ≤ j ≤ i ≤ L. From this we obtain that for any given A ∈ F_0 | | | ∫ A∩B^c_n ζ̄^i_ndν_{n,λ} − ∫ A∩B^c_n ζ̄^i_ndν_λ | | | ≤ C2^{−δ5n}, n ≥ 1 for i ∈ [1, L]. By (5.8) we know that for A ∈ F_0 lim_{n→∞} | | | ∫ A∩B^c_n L∑ i=1 1 i! ζ^i_ndν_{n,λ} − ∫ A∩B^c_n L∑ i=0 1 i! ζ^i_ndν_λ | | | = 0.

Hence, if n ≥ 1 is large enough and A ∈ F_0 is fixed | | | | ∫ A∩B^c_n e^{ζn} dν_{n,λ} − ∫ A∩B^c_n e^{ζn} dν_λ | | | | ≤ C(log M)^{−1}. (5.9) Since D_{n,λ} is bounded on the set B^c_n, by the dominated convergence theorem and Theorem 4.1, it follows that for any given A ∈ F_0 ∫ A∩B^c a_{uk}dν_λ ≤ lim inf_{n→∞} ∫ A∩B^c_n D_{n,λ}dν_λ ≤ lim sup n→∞ ∫ A∩B^c_n D_{n,λ}dν_λ ≤ ∫ A∩B0c a^{uk}dν^λ, A ∈ F^0, where B := {|ρ(−u, k)| ≥ log M/4} ∪ {|V (u, k)| ≥ log M/4}, B^′ := {|ρ(−u, k)| > log M/4} ∪ {|V (u, k)| > log M/4}. Since M > 1 is arbitrary, by (5.7) and (5.9) we then obtain that lim_{n→∞} ∫ A D_{n,λ}dν_{n,λ} = ∫ A a_{uk}dν_λ, A ∈ F_0. (5.10) By Lemma 5.1 we also know that for any given u ∈ IR and k ∈ K τ_{uk}(ν_{n,λ}) −→_{n→∞} τ_{uk}(ν_λ) weakly. Thus, we obtain that for any given A ∈ F_0 ∫ A dτ_{uk}(ν_{n,λ}) → ∫ A dτ_{uk}(ν_λ), n → ∞. Since ∫ A dτ_{uk}(ν_{n,λ}) is by definition equal to ∫ A D_{n,λ}dν_{n,λ}, by (5.10) we have that ∫ A dτ_{uk} (ν_λ) dν_λ dν_λ = ∫ A a_{uk}dν_λ, ∀A ∈ F_0. Using this we easily deduce the desired result.

Proof of Theorem 1.4 We have to show that for each k ∈ K_0 there is {a^′_{uk}, u ∈ IR} such that ν_λ(a^′_{uk} = a_{uk}) = 1, ∀u ∈ IR, (5.11) ν_λ(a^′_{uk} is continuous with respect to u ∈ IR) = 1. (5.12) We choose a sufficiently small ε_0 ∈ (0, 1) such that the assertion in Lemma 5.1 holds. By Lemma 5.2 we know that a_{uk} =^{dτuk(νλ)}_{dνλ} , ν_λ-a.e. By Theorem 4.1 we know that there is ρ^′(u, k) such that ν_λ(ρ^′(u, k) = ρ(u, k)) = 1, u ∈ IR, ν_λ(ρ^′(u, k) is continuous with respect to u ∈ IR) = 1.

For k ∈ K_0 we set a^′_{uk} = e^{−λρ} 0_{(−u,k)+V (u,k)} . Then {a^′_{uk}, u ∈ IR} satisfies (5.11) and (5.12).

Proof of Theorem 1.1 Since obviously K_0 is dense in H, hence in X, it follows by [AR90b, Proposition 2.7] that supp_{νλ} = X. This proves assertion (i). Since we can make use of Theorem 1.4 and hence can apply the general closability criterion [AR89b, Corollary 2.5] as in the two-dimensional case, the proof of assertion (ii) is word by word the same as that of [AHRZ95, Theorem 1.1] except that K has to be replaced by K_0.

Acknowledgements. The financial support of SFB 343 Bielefeld and SFB 237 Bochum-Düsseldorf-Esssen is gratefully acknowledged. We would like to thank Dr. Y. Hu and Dr. T. Zhang for stimulating discussions.

References

[AHRZ95] S.Albeverio, Y.Hu, M.Röckner,X.Y.Zhou: Stochastic quantization of the twodimensional polymer measure. Preprint (1995).

[AR89a] S.Albeverio, M.Röckner: Classical Dirichlet forms on topological vector spaces - construction of an associated diffusion process. Probab. Th. Rel. Fields 83, 405-434 (1989).

[AR89b] S.Albeverio, M.Röckner: Dirichlet forms, quantum fields and stochastic quantization. in: Stochastic Analysis, Path Integration and Dynamics, 1-21. (K.D.Elworthy, J.C.Zambrini, Eds.), Pitman, Longman, Harlow (1989).

[AR90a] S.Albeverio, M.Röckner: Classical Dirichlet forms on topological vector spacesclosability and a Cameron-Martin formula. J. Funct. Anal. 88, 395-436 (1990).

[AR90b] S.Albeverio, M.Röckner: New developments in the theory and applications of Dirichlet forms. In: Stochastic Processes, Physics and Geometry, 27-76, Ascona/Locarno, Switzerland, 4-9 July 1988, Editors: S.Albeverio et.al., Singapore: World Scientific 1990.

[AR91] S.Albeverio, M.Röckner: Stochastic differential equations in infinite dimensions: solutions via Dirichlet forms. Probab. Th. Rel. Fields 89, 347-386 (1991).

[AZ95] S.Albeverio, X.Y.Zhou: On the equality of two polymer measures in three dimensions. Preprint (1995).

[B93] E.Bolthausen: On the construction of the three-dimensional polymer measure.

Prob. Th. Rel. Fields 97, 81-101 (1993).

[BH91] N. Bouleau, F. Hirsch: Dirichlet forms and analysis on Wiener space. Berlin - New York: de Gruyter 1991.

[FOT94] M.Fukushima, Y.Oshima, M.Takeda: Dirichlet Forms and Symmetric Markov Processes. Berlin: de Gruyter 1994.

[J-LM85] P.Jona-Lasinio, P.K.Mitter: On the stochastic quantization of field theory.

Commun. Math. Phys. 101, 409-436 (1985).

[MR92] Z.M.Ma, M.Röckner: An Introduction to the Theory of (non-symmetric) Dirichlet Forms. Monograph, Berlin: Springer 1992.

[Ro83] J.Rosen: A local time approach to the self-intersections of Brownian paths in space. Comm. Math. Phys. 88, 327-338 (1983).

[Si74] M.L.Silverstein: Symmetric Markov Processes. Lect. Notes in Maths. 426, Berlin-Heidelberg-New York: Springer 1974.

[W80] J.Westwater: On Edward’s model for long polymer chains. Comm. Math. Phys.

72, 131-174 (1980).

[W82] J.Westwater: On Edward’s model for long polymer chains: III. Borel summability. Comm. Math. Phys. 84, 459-470 (1982).