A Topological Study of the Fractional Fibonacci Groups

ANN CHI KIM^{a,1} and ANDREI VESNIN^{a,b,2}

a Department of Mathematics, Pusan National University, Pusan, 609-735, Korea b The Sobolev Institute of Mathematics, SB RAS Novosibirsk-90, 630090, Russia

Abstract

We consider the fractional generalization of the Fibonacci groups F (2, 2n), which is naturally from a topological point of views. The topological properties of the arising three-dimensional manifolds are studied. In particular, these manifolds are described in terms of the Dehn surgery, as the two-fold branched coverings of the three-dimensional sphere and as the cyclic coverings of the three-dimensional sphere, branched over the two-bridge knots.

1991 Mathematics Subject Classification: 57M12, 20F05.

1 The Fractional Fibonacci Groups

The present article is devoted to some generalization of the Fibonacci groups and studying of geometric and topological properties of the corresponding three-dimensional closed orientable manifolds.

The Fibonacci groups F (2, m) were introduced by J. Conway [5] and have the following presentations:

F (2, m) = ⟨x_1, x_2, . . . , x_m | x_i x_{i+1} = x_{i+2}, i = 1, . . . , m⟩, (1)

0This research was done during the second named author visiting at the Pusan National University. Both authors are supported in part by the KOSEF. The second named author was supported in part by the Russian Foundation for Basic Research (Grant 95{01{01410).

1E-mail address: ackim@arirang.math.pusan.ac.kr 2E-mail address: vesnin@arirang.math.pusan.ac.kr

where the indices are taken mod m. The nomenclature follows from the inductive definition of the Fibonacci numbers with initials a_1 = a_2 = 1 :

a_i + a_{i+1} = a_{i+2}. (2)

The studying of the Fibonacci groups was inspired by the Conway’s question: whether or not the groups F (2, m) are finite? The answer was given due to [6], [9], [18], and [21] (a nice survey can be found in [22]) : the group F (2, m) is finite precisely when m = 1, 2, 3, 4, 5, 7.

In [12] D. L. Johnson introduced the following generalization of the Fibonacci groups: F (r, m) = ⟨x_1, x_2, . . . , x_m | x_i · · · x_{i+r}�_1 = x_{i+r}, i = 1, . . . , m⟩, (3) for a given integer r ≥ 2, where the indices are taken mod m. The properties of F (r, m) were studied in [13] (see [22] for a survey, where the knowledge about the groups F (r, m), 2 ≤ r ≤ 10 and 2 ≤ n ≤ 10, is summarized).

Another generalization of the Fibonacci groups were introduced by C. Maclachlan [14]. For an integer k ≥ 1 he considered a group

F^k(2, m) = ⟨x_1, x_2, . . . , x_m | x_i x^k_{i+1} = x_{i+2}, i = 1, . . . , m⟩, (4)

where the indices are taken mod m. One can see the correspondence between this generalization of the Fibonacci group and the following generalization {a^k_i } of the Fibonacci numbers :

a^k_i + k a^k_{i+1} = a^k_{i+2}, (5)

where the inductive law depends on a given integer parameter k.

It is natural to generalize the above inductive law to the fractional parameter case. More exactly, let us consider a “fractional” analogue {a^{k/l}_i } of the Fibonacci numbers with the following inductive law: a^{k/l}_i + k l a^{k/l}_{i+1} = a^{k/l}_{i+2} (6)

for a fractional number^k_l . By the same arguments, it is natural to consider groups with the following presentations:

F^{k/l}(2, m) = ⟨x_1, x_2, . . . , x_m | x^l_i x^k_{i+1} = x^l_{i+2}, i = 1, . . . , m⟩ (7)

for coprime integers k and l, and an integer m ≥ 3, where the indices are taken mod m. A group F^{k/l}(2, m) is said to be a Fractional Fibonacci group.

One of the aims of the present article is to demonstrate that the extension of the Fibonacci groups F (2, m) to the Fractional Fibonacci groups F^{k/l}(2, m) is naturally from a topological point of views.

We recall that a new stage in the investigation of the Fibonacci groups was started with a remarkable work of H. Helling, A. C. Kim and J. Mennicke [10] (see also [16]), where they showed that the groups F (2, 2n) arise as the fundamental groups of three-dimensional closed orientable manifolds. More exactly, the group F (2, 2n), n ≥ 4, is isomorphic to the fundamental group of a three-dimensional closed orientable hyperbolic manifold. The group F (2, 6) is isomorphic to the fundamental group of a three-dimensional closed orientable Euclidean Hantzche–Wendt manifold studied in [25]. The group F (2, 4) is finite, and isomorphic to the fundamental group of the lens space L(5, 2) which is a threedimensional orientable spherical manifold. Thus, the group F (2, 2n), n ≥ 2, is realizable as a co-compact discrete group of isometries acting without fixed points on the space X_n, where X_2 = S^3 is the spherical three-dimensional space, X_3 = IE^3 is the Euclidean three-dimensional space, and for n ≥ 4 X_n = HI^3 is the Lobachevsky three-dimensional space.

A three-dimensional manifold M_n = X_n/F (2, 2n), n ≥ 2, uniformized by a Fibonacci group, is referred to as a Fibonacci manifold.

We recall the following topological properties of the Fibonacci manifolds M_n:

(1) it was shown in [11] that the manifold M_n can be obtained as the n–fold cyclic covering of the three-dimensional sphere, branched over the figure-eight knot;

(2) it was shown in [3] that the manifold M_n can be obtained by Dehn surgeries with parameters (1, 1) and (−1, 1) on the components of the chain of 2n circles in S^3;

(3) it was shown in [15] (see also [24]) that the manifold M_n can be obtained as the 2–fold covering of the three-dimensional sphere, branched over the Turk’s head link T h_n, that is, the closure of the 3-string braid (σ_1σ�^1_2 )^n.

A three-dimensional closed orientable manifold M^{k/l}_n with the fundamental group π_1(M^{k/l}_n ) = F^{k/l}(2, 2n) is said to be a Fractional Fibonacci manifold. In particular, for k/l = 1 we turn to the Fibonacci manifold, and the case when l = 1 and k is integer, corresponds to the manifolds from [14].

We will show that the Fractional Fibonacci manifolds M^{k/l}_n have the following topological properties which are direct generalizations of properties (1) – (3):

(1�) the manifold M^{1/l}_n can be obtained as the n–fold cyclic covering of the threedimensional sphere, branched over the two-bridge knot K(2l+^1_{2l} ) (see Corollary 3.1);

(2�) the manifold M^{k/l}_n can be obtained by Dehn surgeries with parameters (k, l) and (−k, l) on the components of the chain of 2n circles in S^3 (see Theorem 2.1);

(3�) the manifold M^{k/l}_n can be obtained as the 2–fold covering of the three-dimensional sphere, branched over the link T h^{k/l}_n , that is the closure of the rational 3-string braid (σ^{k/l}_1 σ�^{k/l}_2 )^n (see Theorem 3.1).

Moreover, the Fractional Fibonacci manifolds M^{k/l}_n are hyperbolic for all but a finite number of pairs of coprime integers k and l for each integer n ≥ 3 (see Corollary 2.1).

2 The Fractional Fibonacci Manifolds

In this section we will construct the family of Fractional Fibonacci manifolds M^{k/l}_n . Our approach generalizes the studing of A. Cavicchioli and F. Spaggiari for describing of the Fibonacci manifolds M_n in terms of the Dehn surgery [3].

For any integer n ≥ 2 we can consider the link L_{2n} with 2n components, each of which is unknotted and linked with exactly two adjacent components. The diagram of the link L_8 is pictured in Fig. 1.

Fig. 1. The link L_8.

It was shown by W. Thurston ([23], Section 6.8.7) that for n ≥ 3 the link L_{2n} is hyperbolic and the hyperbolic volume of the complement S^3 \ L_{2n} is given by the formula vol ( S^3 \ L_{2n} ) = 8 n [ Λ ( π 4 + π 2n ) + Λ ( π 4 − π 2n )] , (8)

where Λ(x) is the Lobachevsky function [23] :

Λ(x) = − ∫ x 0 ln | 2 sin θ | d θ. (9)

We use the Wirtinger algorithm ([2], p. 31) for calculating of the fundamental group π_1(S^3 \ L_{2n}) of the manifold S^3 \ L_{2n}. Denoting the generators by x_i and y_i, i = 1, . . . , 2n, in the correspondence to Fig. 2.,

-_{x2k}
     -_{x2k+1}

         -_{x2k+2}
œ^{y2k}
    œ^{y2k+1}

         œ^{y2k+2}

Fig. 2. The generators of π_1(S^3 \ L_{2n}).

we will get 4n relations of the following four types: x_{2k+2} x_{2k+1} = x_{2k+1} y_{2k+2}, (10) y_{2k+1} y_{2k+2} = y_{2k+2} x_{2k+1}, (11) x_{2k+1} y_{2k} = x_{2k} x_{2k+1}, (12) y_{2k} x_{2k+1} = y_{2k+1} y_{2k}, (13) where k = 1, . . . , n, and the indices are taken mod 2n. Therefore, we get the following presentation for the fundamental group:

π_1(S^3 \ L_{2n}) = ⟨x_1, . . . , x_{2n}, y_1, . . . , y_{2n} | x_{2k+2} x_{2k+1} = x_{2k+1} y_{2k+2}, y_{2k+1} y_{2k+2} = y_{2k+2} x_{2k+1}, x_{2k+1} y_{2k} = x_{2k} x_{2k+1}, y_{2k} x_{2k+1} = y_{2k+1} y_{2k}, k = 1, . . . , n⟩. (14) For an i-th component, i = 1, . . . , 2n, of the link L_{2n} we will consider the meridian m_i and the longitude l_i in the group π_1(S^3 \ L_{2n}). Suppose that m_{2k+1} = x_{2k+1}, (15) l_{2k+1} = y�^1_{2k+2} y_{2k}, (16) and m_{2k} = y_{2k}, (17) l_{2k} = x�^1_{2k}�_1 x_{2k+1}, (18) where k = 1, . . . , n and all indices are taken mod 2n. From equalities (16) and (17) we get l_{2k+1} = m�^1_{2k+2} m_{2k}. (19)

Similarly, from (15) and (18) we get l_{2k} = m�^1_{2k}�_1 m_{2k+1}. (20) Let us express the elements x_i and y_i from (14) in terms of the meridians and longitudes. Directly from (15) and (17), we have:

x_{2k+1} = m_{2k+1} (21) and y_{2k} = m_{2k}. (22) From (12), using (21) and (22), we get x_{2k} = x_{2k+1} y_{2k} x�^1_{2k+1} = m_{2k+1} m_{2k} m�^1_{2k+1}. (23) Similarly, from (13) we get y_{2k+1} = y_{2k} x_{2k+1} y�^1_{2k} = m_{2k} m_{2k+1} m�^1_{2k} . (24) Substituting (21), (22) and (23) into (10), we get m_{2k+3} m_{2k+2} m�^1_{2k+3} m_{2k+1} = m_{2k+1} m_{2k+2}, what by (20) is equivalent to the equality m_{2k+3} m_{2k+2} l�^1_{2k+2} = m_{2k+1} m_{2k+2}.

Whence, m_{2k+3} = m_{2k+1} ( m_{2k+2} l_{2k+2} m�^1_{2k+2} ) . (25) Substituting (21), (22) and (23) into (11), we get m_{2k} m_{2k+1} m�^1_{2k} m_{2k+2} = m_{2k+2} m_{2k+1}, what by (19) is equivalent to the equality m_{2k} m_{2k+1} l�^1_{2k+1} = m_{2k+2} m_{2k+1}.

Whence, m_{2k} = m_{2k+2} ( m_{2k+1} l_{2k+1} m�^1_{2k+1} ) . (26) Therefore, using (21) – (26), from the presentations (14) we get

π_1(S^3 \ L_{2n}) = ⟨m_1, . . . , m_{2n}, l_1, . . . , l_{2n} | m_{2k+1} ( m_{2k+2} l_{2k+2} m�^1_{2k+2} ) = m_{2k+3}, m_{2k} ( m_{2k+1} l�^1_{2k+1} m�^1_{2k+1} ) = m_{2k+2}, k = 1, . . . , n⟩. (27)

Let us consider a closed manifold M(p_1/q_1, . . . , p_{2n}/q_{2n}) obtained by Dehn surgeries on the cusps of the manifold S^3 \ L_{2n} with surgery parameters (p_i, q_i), i = 1, . . . , 2n, where p_i and q_i are coprime integers.

Then, from (27), we have the following presentations for the fundamental group π_1(M(p_1/q_1, . . . , p_{2n}/q_{2n})): ⟨m_1, . . . , m_{2n}, l_1, . . . , l_{2n} | m_{2k+1} ( m_{2k+2} l_{2k+2} m�^1_{2k+2} ) = m_{2k+3}, m_{2k} ( m_{2k+1} l�^1_{2k+1} m�^1_{2k+1} ) = m_{2k+2}, m^{pi}_i l^{qi}_i = 1, k = 1, . . . , n, i = 1, . . . .2n⟩. (28) In the following lemma we will give the another presentations for the fundamental group π_1(M(p_1/q_1, . . . , p_{2n}/q_{2n})), which was remarked by M. Takahashi [20]. Because the proof was omitted in [20], for reader’s convenience we will give it here. Lemma 2.1 ([20]) In the above notations the following group presentation holds:

π_1(M(p_1/q_1, . . . , p_{2n}/q_{2n})) = ⟨a_1, . . . , a_{2n} | a^{q2k+1}_{2k+1} a�^{p2k+2}_{2k+2} = a^{q2k+3}_{2k+3} , a^{q2k}_{2k} a^{p2k+1}_{2k+1} = a^{q2k+2}_{2k+2} , k = 1, . . . , n⟩. (29)

Proof. Because p_i and q_i are coprime integers, there exist coprime integers s_i and t_i such that q_i s_i − p_i t_i = 1. (30) For i = 1, . . . , 2n we consider elements a_i = m^{si}_i l^{ti}_i . (31) Then, from (28) and (30), we have a^{qi}_i = m^{qisi}_i l^{qiti}_i = m_i (m^{pi}_i l^{qi}_i )^{ti} = m_i, (32) and a�^{pi}_i = m�^{pisi}_i l�^{piti}_i = l_i (m^{pi}_i l^{qi}_i )�^{si} = l_i. (33) Substituting (32) and (33) into (25) and (26), we get a^{q2k+3}_{2k+3} = a^{q2k+1}_{2k+1} ( a^{q2k+2}_{2k+2} a�^{p2k+2}_{2k+2} a�^{q2k+2}_{2k+2} ) = a^{q2k+1}_{2k+1} a�^{p2k+2}_{2k+2} , (34) and a^{q2k}_{2k} = a^{q2k+2}_{2k+2} ( a^{q2k+1}_{2k+1} a�^{p2k+1}_{2k+1} a�^{q2k+1}_{2k+1} ) = a^{q2k+2}_{2k+2} a�^{p2k+1}_{2k+1} , whence, a^{q2k}_{2k} a^{q2k+1}_{2k+1} = a^{q2k+2}_{2k+2} . (35)

The statement of the lemma holds from (34) and (35). 2

In virtue of lemma 2.1, there is the following connection between the manifolds M(p_1/q_1, . . . , p_{2n}/q_{2n}) and the Fibonacci groups F (2, 2n), which was remarked in [3]. Let us suppose that q_i = 1 and p_i = (−1)^{i+1} for i = 1, . . . , 2n. Then the group π_1 (M(1, −1, . . . , 1, −1)) = ⟨a_1, . . . , a_{2n} | a_i a_{i+1} = a_{i+2}, i = 1, . . . , 2n⟩, where the indices are taken mod 2n, is the Fibonacci group F (2, 2n), and the manifold M_n = M(1, −1, . . . , 1, −1) is the Fibonacci manifold. Whence, we have that the Fibonacci manifold M_n can be obtained by Dehn surgeries with parameters (1, 1) and (−1, 1) on the components of the link L_{2n}.

The similar property takes place for the Fractional Fibonacci manifolds M^{k/l}_n .

Theorem 2.1 For any coprime integers k and l, and for any integer n ≥ 2 the Fractional Fibonacci manifold M^{k/l}_n can be obtained by Dehn surgeries with parameters (k, l) and (−k, l) on the components of the link L_{2n}.

Proof. Suppose that q_i = l and p_i = (−1)^{i+1}k, for i = 1, . . . , 2n. Then, in virtue of lemma 2.1, for the manifold M(k/l, −k/l, . . . , k/l, −k/l) we get π_1(M(k/l, −k/l, . . . , k/l, −k/l)) = ⟨a_1, . . . , a_{2n} | a^l_i a^k_{i+1} = a^l_{i+2}, i = 1, . . . , 2n⟩, where all indices are taken mod 2n, that is the Fractional Fibonacci group F^{k/l}(2, 2n). Therefore, M(k/l, −k/l, . . . , k/l, −k/l) is the Fractional Fibonacci manifold. 2 In particular, theorem 2.1 gives a new surgery description of the series of the manifolds M^k_n with the fundamental groups

π_1 ( M^k_n ) = ⟨a_1, . . . , a_{2n} | a_i a^k_{i+1} = a_{i+2}, i = 1, . . . , 2n⟩, introduced by C. Maclachlan [14].

In virtue of theorem 2.1 we can investigate geometric structures on the Fractional Fibonacci manifolds. Because these manifolds can be obtained by Dehn surgeries on the hyperbolic links L_{2n}, according to the Thurston–Jørgensen theory of a hyperbolic surgery [23], we get the following statement.

Corollary 2.1 For each integer n ≥ 3 for all but a finite number of pairs of coprime integers k and l the Fractional Fibonacci manifolds M^{k/l}_n are hyperbolic manifolds.

Considering these manifolds fundamental groups, we get

Corollary 2.2 For each integer n ≥ 3 for all but a finite number of pairs of coprime integers k and l the Fractional Fibonacci groups F^{k/l}(2, 2n) = ⟨a_1, . . . , a_{2n} | a^l_i a^k_{i+1} = a^l_{i+2}, i = 1, . . . , 2n⟩ are hyperbolic groups.

3 The Covering Properties of the Manifolds

In this section we study some topological properties of the Fractional Fibonacci manifolds M^{k/l}_n . We will demonstrate that these properties can be considered as a direct generalization of the corresponding properties of the Fibonacci manifolds M_n.

First of all, we define a series of links. We recall [1] that any link can be obtained as a closure of some braid. Let p and q be coprime integers, then by σ^{p/q}_i we denote the rational p/q–tangle whose incoming arcs are i–th and (i + 1)–th strings. For an integer n ≥ 1 we denote by T h^{p/q}_n the n-periodic link, that is, the closure of the rational 3-strings braid (σ^{p/q}_1 σ�^{p/q}_2 )^n. The diagram for the case n = 3, p/q = 3/2 is presented in Fig. 3.

�

  �@@
  @

  HHH
  HHH

    �
    �

     �

       �@
       @�HH

       �HH

          �

            �@@
            @

            HHH
            HHH

              �
              �

               �

                 �@
                 @�HH

                 �HH

                    �

                      �@@
                      @

                      HHH
                      HHH

                        �
                        �

                         �

                           �@
                           @�HH

                           �HH

Fig. 3. The link T h^{3/2}_3

In particular, for the case p/q = 1 we get the Turk’s head link T h_n ([7], p. 126), that is, the closure of the 3-strings braid (σ_1σ�^1_2 )^n.

It was shown in [15] that the Fibonacci manifolds M_n, n ≥ 2, can be obtained as the two-fold coverings of the three-dimensional sphere, branched over the Turk’s head links T h_n. The following theorem demonstrates that the Fractional Fibonacci manifolds M^{k/l}_n have analogous property.

Theorem 3.1 For any coprime integers k and l, and for any integer n ≥ 2, the Fractional Fibonacci manifold M^{k/l}_n can be obtained as the two-fold covering of the three-dimensional sphere, branched over the link T h^{k/l}_n .

Proof. By theorem 2.1, a manifold M^{k/l}_n can be obtained by Dehn surgeries with parameters (k, l) and (−k, l) on the components of the link L_{2n} and according to the above notations M^{k/l}_n = M(k/l, −k/l, . . . , k/l, −k/l). It is obvious from Fig. 1 that the link L_{2n} has a strongly-invertible involution τ whose axe intersects each component of the link in two points. Therefore, the manifold M^{k/l}_n is obtained by Dehn surgeries on the strongly-invertible link, according to the terminology of [17]. Thus, in virtue of the Montesinos theorem [17], the manifold M^{k/l}_n can be obtained as the two-fold covering of the three-dimensional sphere, branched over some link. Moreover, the Montesinos algorithm

[17] admits to describe this link. Applying the Montesinos algorithm to our case, we get the n-periodic link whose fragment is pictured in Fig. 4, where boxes labelled by “k/l” and “−k/l” denote corresponding rational tangles.

k/l −k/l

�

  �

   �

     �

  �

    �

     �

 @

    @

 @@
  @

      @@

     @
           �

            �

                �
               �

            @@
              @@
               @@
                 @

            @@
              @@
               @

             �

                �

Fig. 4.

Using the Reidemeister moves, one can see that the n-periodic link with the fragment pictured in Fig. 4 is equivalent to the n-periodic link whose fragment is pictured in Fig. 5.

k/l −k/l

Fig. 5.

Therefore, we get the link T h^{k/l}_n , that is the closure of the rational 3-strings braid (σ^{k/l}_1 σ�^{k/l}_2 )^n. 2

Let us study a particular case of the link T h^{k/l}_n when k/l = 1/l, where l is integer, and n = 2. In this case our links T h^{1/l}_2 , obviously, are knots and they have a simple structure.

Lemma 3.1 For any integer l the link T h^{1/l}_2 is the two-bridge knot K(2l +^1_l ).

Proof. Let us consider the diagram of the knot T h^{1/l}_2 pictured in Fig. 6.

1/l −1/l 1/l −1/l

Fig. 6.

Using properties of rational tangles [4], [17], we will get that the diagram in Fig. 6 is equivalent to the diagram in Fig. 7, and next, to the diagram in Fig. 8.

−2l

2l

Fig. 7.

2l + 12l

Fig. 8.

Thus, the knot T h^{1/l}_2 is equivalent to the closure of the rational (2l +^1_{2l} )–tangle (see Fig. 8), that is the 2-bridge knot K(2l +^1_{2l} ). 2

We remark that according to lemma 3.1 the knot T h^1_2 is the figure-eight knot K(5/2) = 4_1, and T h^{1/2}_2 is the knot K(4 +^1_4 ) = 8_1 in notations of [19].

Let us consider for an integer l a link L^{1/l}, whose diagram is pictured in Fig. 9.

1/l −1/l

Fig. 9. The link L^{1/l}.

Lemma 3.2 For any integer l the link L^{1/l} is a two-component link, and its components are equivalent.

Proof. It is obvious from Fig. 9 that L^{1/l} is a two-component link, and both its components are unknotted. The sequence of pictures in Fig. 9 – Fig. 12, each of which is obtained from the previous by Reidemeister moves,

l −l

Fig. 10.

l −l

Fig. 11.

l

−l

Fig. 12.

shows that components of the link L^{1/l} are equivalent. 2

Let us consider orbifolds whose singular sets are above considered links. Let us denote by T h^{1/l}_n (2) the orbifold whose underlying space is the three-dimensional sphere and whose singular set is the link T h^{1/l}_n with branch index 2. Similarly, let T h^{1/l}_2 (n) be the orbifold whose underlying space is the three-dimensional sphere and whose singular set is the link T h^{1/l}_2 (that is the 2-bridge knot K(2l +^1_{2l} ) in virtue of lemma 3.1) with branch index n. Also, let us consider the orbifold L^{1/l}(2, n) whose underlying space is the threedimensional sphere and whose singular set is the 2-component link L^{1/l} with branch indices 2 and n on its components (which are equivalent in virtue of lemma 3.2). Then we have the following

Theorem 3.2 In the above notations the following covering diagram is commutative:

L^{1/l}(2, n)

M^{1/l}_n

T h^{1/l}_n (2) T h^{1/l}_2 (n)

 �ß HHHj

HHHj �ß

2 n

n 2

Proof. Let us consider the orbifold L^{1/l}(2, n). The diagram of the link was presented in Fig. 9. If we replace the boxes labelled “1/l” and “−1/l” by the corresponding tangles, we will get the diagram, pictured in Fig. 13.

 �

   �@@
   @

 �

   �@@
   @

     �

       �@
       @

     �

       �@
       @

    -^γ œ^α

-^δ œ^ϵ -^σ
œ^ν -^μ

           6β

n

2

Fig. 13.

Let us consider the loops α, β, γ, δ, ϵ, σ, ν and μ, corresponding to notations in Fig. 13. For finding of the presentation of the fundamental group of the link L^{1/l} we will use the following remark. Let us consider a (k, 1)–tangle for an integer k, with loops a and b, corresponding to incoming arcs, and with loops a_k and b_k, corresponding to outcoming arcs (see Fig. 14 for k < 0).

 �

   �@
   @ �

           �@
           @

-
-

            -
            -

a

b a_k

b_k Fig. 14.

Then a_k and b_k can be expressed throught a and b by elementary formulae which hold directly by the induction, based on the Wirtinger algorithm.

Lemma 3.3 (i) If k < 0, then b_k = g_k(a, b), a_k = g_k�_1(a, b), where

g_k(a, b) = x�^1_1 x�^1_2 · · · x�^1_k x_{k+1} x_k · · · x_2 x_1, (36) and x_i = { b i = 1 mod 2, a i = 0 mod 2;

(ii) If k > 0, then a_k = f_k(a, b), b_k = f_k�_1(a, b), where f_k(a, b) = y_1 y_2 · · · y_k y_{k+1} y�^1_k · · · y�^1_2 y�^1_1 , (37)

and y_i = { a i = 1 mod 2, b i = 0 mod 2.

Using lemma 3.3, and from Fig. 13 we get ϵ = f_l(γ, α), σ = f_l�_1(γ, α), ν = g_l�_1(δ, ϵ), σ = f_l(δ, ϵ). Because γ = β�^1 α�^1 β, δ = β�^1 σ β, we get ν = g_l�_1(β�^1 f_l�_1(β�^1α�^1β, α) β, f_l(β�^1α�^1β, α)) (38) and μ = g_l(β�^1 f_l�_1(β�^1α�^1β, α) β, f_l(β�^1α�^1β, α)) (39) Now consider the word w_l(α, β) = β�^1 μ β ν. From (38) and (39) we get w_l(α, β) = β�^1 g_l(β�^1 f_l�_1(β�^1α�^1β, α) β, f_l(β�^1α�^1β, α)) β g_l�_1(β�^1 f_l�_1(β�^1α�^1β, α) β, f_l(β�^1α�^1β, α)) (40) Therefore, we get the following presentation for the link group: π_1 ( S^3 \ L^{1/l} ) = ⟨ α, β | w_l(α, β) = 1 ⟩, (41) where w_l(α, β) is given by the formula (40).

Let us consider the orbifold L^{1/l}(2, n). Its singular set is the link L^{1/l} and branch indices 2 and n correspond to components, noted in Fig. 13. According to the general properties of the fundamental group of an orbifold [8], from (41) we get π_1 ( L^{1/l}(2, n) ) = ⟨ α̃, β̃ | α̃^2 = β̃^n = 1, w_l(α̃, β̃) = 1 ⟩, (42)

where generators α̃ and β̃ canonically correspond to α and β from Fig. 13.

Let us consider the group

ZZ_2 ⊕ ZZ_n = ⟨ a | a^2 = 1 ⟩ ⊕ ⟨ b | b^n = 1 ⟩

and the epimorphism θ : π_1(L^{1/l}(2, n)) −→ ZZ_2 ⊕ ZZ_n,

defined by setting θ(α̃) = a and θ(β̃) = b.

By the virtue of theorem 3.1 the Fractional Fibonacci manifold M^{1/l}_n is the two-fold covering of the three-dimensional sphere, branched over the link T h^{1/l}_n . In other words, M^{1/l}_n is the two-fold covering of the orbifold T h^{1/l}_n (2). According to the definition of the link L^{1/l}, the orbifold T h^{1/l}_n (2) is the n-fold cyclic covering of the orbifold L^{1/l}(2, n). Hence, we get the following sequence of coverings:

M^{1/l}_n^2−→ T h^{1/l}_n (2)^n−→ L^{1/l}(2, n), (43)

which induces the sequence of group embeddings

F^{1/l}(2, 2n) ◁ π_1(T h^{1/l}_n (2)) ◁ π_1(L^{1/l}(2, n)), (44)

where | π_1(L^{1/l}(2, n)) : π_1(T h^{1/l}_n (2)) | = 2 and | π_1(T h^{1/l}_n (2)) : F^{1/l}(2, 2n) | = n.

By the construction of the n-fold covering T h^{1/l}_n (2) −→ L^{1/l}(2, n), the loop β̃ in π_1(L^{1/l}(2, n)) lifts to a trivial loop in π_1(T h^{1/l}_n (2)), and the loop α̃ in π_1(L^{1/l}(2, n)) lifts to a loop in π_1(T h^{1/l}_n (2)) which generates a group of order 2. Hence,

π_1(T h^{1/l}_n (2)) = θ�^1(⟨a | a^2 = 1 ⟩) = θ�^1(ZZ_2).

For the 2n-fold covering M^{1/l}_n −→ L^{1/l}(2, n) both loops α̃ and β̃ in π_1(L^{1/l}(2, n)) lift to trivial loops in F^{1/l}(2, 2n), hence F^{1/l}(2, 2n) = Ker θ.

Let Γ(l, n) be the subgroup of π_1(L^{1/l}(2, n)) given by

Γ(l, n) = θ�^1(⟨b | b^n = 1 ⟩) = θ�^1(ZZ_n).

Thus we have a sequence of normal subgroups

F^{1/l}(2, 2n) ◁ Γ(l, n) ◁ π_1(L^{1/l}(2, n)), (45)

where | π_1(L^{1/l}(2, n)) : Γ(l, n) | = n and | Γ(l, n) : F^{1/l}(2, 2n) | = 2.

In the two-fold covering, corresponding to the embedding Γ(l, n) ◁ π_1(L^{1/l}(2, n)), the loop α̃ lifts to a trivial loop, and the loop β̃ lifts to a loop which generate a cyclic group of order n. Therefore, this two-fold covering is branched over one of components of the link L^{1/l}. In virtue of lemma 3.2 its components are equivalent. Whence, using lemma 3.1 we get that this covering space is the orbifold T h^{1/l}_2 (n) which singular set is the two-bridge knot K(2l +^1_{2l} ). Considering the embedding F^{1/l}(2, 2n) ◁ Γ(l, n) we get that the manifold M^{1/l}_n is the n-fold cyclic covering of the orbifold T h^{1/l}_2 (n). Hence, from embeddings (44) and (45) we get that the covering diagram from the statement of the theorem is commutative. 2

We recall that the particular case l = 1 of the theorem 3.2 for the Fibonacci manifolds was considered in [24].

Corollary 3.1 For any integers l and n the Fractional Fibonacci manifold M^{1/l}_n is the n-fold cyclic covering of the three-dimensional sphere, branched over the two-bridge knot K(2l +^1_{2l} ).

We remark in particularly that if l = 1 then M_n is a Fibonacci manifold and the knot K(5/2) is the figure-eight knot.

Because the two-fold coverings of the three-dimensional sphere, branched over a twobridge knot, are well-studied ([2], p. 183), we get the following statement for the case n = 2.

Corollary 3.2 For any integer l the Fractional Fibonacci manifold M^{1/l}_2 is the lens space L(4l^2 + 1, 2l).

References

[1] J. S. Birman, Braids, Links and Mapping Class Groups, Annals of Math. Studies, 84, Princeton University Press, Princeton, N.J.,1975.

[2] G. Burde and H. Zieschang, Knots, de Gruyter Studies in Mathematics, 5, Berlin– New York, 1985.

[3] A. Cavicchioli and F. Spaggiari, The classification of 3-manifolds with spines related to Fibonacci groups, in: Algebraic topology, homotopy and group cohomology, Proceedings, Barselona, 1990, Lect. Notes in Math., 1509 (1992), 50–78.

[4] J. H. Conway, An enumeration of knots and links, in: Computational problems in abstract algebra, Edited by Leech, Pergamon Press, 1969, 329–358.

[5] J. H. Conway, Advanced problem 5327, Amer. Math. Monthly, 72 (1965), 915.

[6] J. H. Conway, Solution to Advanced problem 5327, Amer. Math. Monthly, 74 (1967), 91–93.

[7] R. H. Crowell and R. H. Fox, Introduction to Knot Theory, Springer, 1963, 182p.

[8] A. Haefliger and N. D. Quach, Une presentation de groupe fundamental d’une orbifold, Asterisque, 116 (1984), P.98–107.

[9] G. Havas, Computer aided determination of a Fibonacci group, Bull. Austral. Math.

Soc., 15 (1976), 297–305.

[10] H. Helling, A. C. Kim, and J. Mennicke, A geometric study of Fibonacci groups, SFB–343 Bielefeld, Diskrete Strukturen in der Mathematik, Preprint (1990).

[11] H. M. Hilden, M. T. Lozano, and J. M. Montesinos, The arithmeticity of the figureeight knot orbifolds, in: Topology’90, Edited by B. Apanasov, W. Neumann, A. Ried, and L. Siebenmann, de Gruyter, Berlin, 1992, 169–183.

[12] D. L. Johnson, Extensions of Fibonacci groups, Bull. London Math.Soc., 7 (1974), 101–104.

[13] D. L. Johnson, J. W. Wamsley, and D. Wright, The Fibonacci groups, Proc. London Math.Soc., 29 (1974), 577–592.

[14] C. Maclachlan, Generalizations of Fibonacci numbers, groups and manifolds, in:

Combinatorial and Geometric Group Theory, Edinburgh 1993, Edited by A. J. Duncan, N.D. Gilbert and J. Howie, London Math. Soc. Lecture Notes Series 204, 1995, 233–238.

[15] A. Mednykh and A. Vesnin, On the Fibonacci groups, the Turk’s head links and hyperbolic 3-manifolds, in: “Groups–Korea’94”, Proceedings of the International Conference, held in Pusan, Korea, August 18–25, 1994, Edited by A. C. Kim and D. L. Johnson, de Gruyter, Berlin New York, 1995, 231–239.

[16] J. L. Mennicke, On Fibonacci groups and some other groups, in: “Groups - Korea 1988”, Proceedings of a Conference on Group Theory, held in Pusan, Korea, August 15–21, 1988, Edited by A. C. Kim and B. H. Neumann, Lecture Notes in Math. 1398, Springer, 1989, 117–123.

[17] J. M. Montesinos, Surgery on links and double branched covers of S^3, in: Knots, Groups, and 3-Manifolds, Edited by L. P. Neuwirth, Princeton University Press, Princeton, 1975, 227–259.

[18] M. F. Newman, Proving a group infinite, Arch. Math., 54 (1990), 209–211.

[19] D. Rolfsen, Knots and links, Publish or Perish Inc., Berkely Ca., 1976.

[20] M. Takahashi, On the presentation of the fundamental groups of 3-manifolds, Tsukuba J. Math, 13 (1989), 175–189.

[21] R. M. Thomas, The Fibonacci groups F (2, 2m), Bull. London Math. Soc., 21 (1989), 463–465.

[22] R. M. Thomas, The Fibonacci groups revisited, in: Groups St Andrews 1989, Volume 2, Edited by C. M. Campbell and E. F. Robertson, London Math. Soc. Lecture Notes Series 160, 1991, 445–456.

[23] W. P. Thurston, The geometry and topology of 3-manifolds, Lecture Notes, Princeton University 1980.

[24] A. Yu. Vesnin and A. D. Mednykh, Fibonacci manifolds as two-fold coverings over the three-dimensional sphere and the Meyerhoff–Nuemann conjecture, Siberian Math. J., 37 (1996), no.3 (translated from Russian).

[25] B. Zimmermann, On the Hantzche–Wendt manifold, Monatsh. Math. 110 (1990), 321–327.