Matrices whose inverses are

generalized M–matrices

Reinhard Nabben Fakultät für Mathematik Universität Bielefeld Postfach 10 01 31 33 501 Bielefeld Germany

Abstract

In 1972 T.L. Markham defined the so-called matrices of type D [M]. Markham proved that the inverse of a certain type D matrix is a tridiagonal M–matrix. Recently, several generalizations of this result were established, i.e. other classes of inverse M– matrices were introduced. Here we give another generalization. We consider block matrices whose blocks are hermitian positive semidefinite, and in some cases pairwise commute which leads to block type D matrices and block generalized ultrametric matrices. We will establish that the inverse of a block generalized ultrametric matrix is a generalized M–matrix. Moreover, we give an explicit formula for the inverse of a block type D matrix which shows that the inverse is a block tridiagonal generalized

M–matrix.

1 Introduction and Preliminaries

Since Ostrowski introduced in 1937 the class of M–matrices, this class has been studied intensively and a lot of important properties of M–matrices have been established. Moreover, several generalizations of M–matrices have been introduced. Recently, Elsner and Mehrmann [EM] and Nabben [N1], [N2] defined the class of generalized M–matrices. These block matrices arise e.g. in the numerical solution of Euler- and Stokes equations (see [N2]).

1

Definition 1.1 A block matrix A = [A_{ij}] ∈ IC^{nm,nm} with A_{ij} = A^H_{ij} ∈ IC^{m,m}, for 1 ≤ i, j ≤ n, and A_{ij} negative semidefinite for i ≠ j, is called a generalized Z–matrix. If there exists a positive vector d = [d_i] ∈ IR^n such that n∑ j=1 d_jA_{ij} is positive definite for all i

then A is called a generalized M–matrix.

If m = 1, then generalized Z–matrices are just Z–matrices and generalized M–matrices are M–matrices. Several equivalent definitions and properties of generalized M–matrices are given in [EM] and [N1] [N2].

An important problem related to M–matrices is the so called inverse M–matrix problem i.e. characterizing all nonnegative matrices whose inverses are M–matrices. In 1972 T.L. Markham introduced the first class of inverse M–matrices, the matrices of type D [M]. Recently this result is generalized in several directions. In [N3] matrices of type D with no restriction on the sign of the entries are discussed. It was shown that the inverses of such matrices are tridiagonal Z–matrices and one can deduce from the number of nonpositive diagonal entries the class of Z–matrix to which A�^1 belongs. Moreover, McDonald, Neumann, Schneider, and Tsatsomeros [MNST] and Nabben and Varga [NV] introduced a new class of inverse M–matrices. This class of so called generalized ultrametric matrices contains the type D matrices and (strictly) ultrametric matrices.

Here we give another generalization of Markham’s result [M] as well as generalizations of results of [MNST] and [NV]. We consider block matrices whose blocks are of the same size and hermitian positive semidefinite. If all blocks can be ordered by the positive definite ordering, we define block type D matrices and block generalized ultrametric matrices by replacing real nonnegative numbers with hermitian positive semidefinite matrices. We then show among other properties, that the inverses of these matrices are generalized M–matrices. For block type D matrices we will give an explicit formula for the inverse. Moreover we consider block matrices whose blocks commute. Matrices of this type arise e.g. in the numerical solution of the Laplace equation.

The paper is organized as follows. At the end of this section we mention some preliminaries and some notations. In Section 2 we consider first block matrices whose blocks commute. Then we introduce the class of block generalized ultrametric matrices. Section 3 deals with the class of block type D matrices.

If A ∈ IC^{n,n} is hermitian positive (semi-) definite we write A > 0 (A ≥ 0). Moreover for hermitian matrices A, B ∈ IC^{n,n} the (partial) positive semidefinite ordering is given by A > B (A ≥ B) if A − B > 0 (A − B ≥ 0). We define N := {1, . . . , n}.

Since we consider block matrices A = [A_{i,j}] ∈ IC^{nm,nm}, A_{i,j} ∈ IC^{m,m}, whose blocks are hermitian and positive (negative) semidefinite we use the following

Notation 1.2 Let A = [A_{i,j}] ∈ IC^{nm,nm}, A_{i,j} ∈ IC^{m,m}. We define

z_s := [I, I, . . . , I]^T ∈ IC^{sm,s} where I ∈ IC^{m,m}.

(1.1)

We then write Az_n ≻ 0, Az_n ⪰ 0 if all m × m blocks of Az_n are positive definite or positive semidefinite respectively.

For a matrix A = [A_{i,j}] ∈ IC^{nm,nm}, A_{i,j} ∈ IC^{m,m}, whose blocks can be ordered by the positive semidefinite ordering, we define

T (A) := min{A_{i,j} : i, j ∈ N}, W (A) := min{A_{i,j} : A_{j,i} = T (A)}, S(A) := W (A) − T (A), so that S(A) ≥ 0.

(1.2)

Moreover, we make use of the Kronecker product of two matrices. If C = [c_{ij}] ∈ IC^{n,n} and D = [d_{ij}] ∈ IC^{m,m} then the right Kronecker product C ⊗ D is defined as

C ⊗ D = c_{11}D . . . c_{1n}D . . . . c_{n1}D . . . c_{nn}D ∈ IC^{nm,nm}.

We use two properties of the Kronecker product (see [LT]). If A, C ∈ IC^{n,n} and B, D ∈ IC^{m,m} then (A ⊗ B)(C ⊗ D) = AC ⊗ BD (A ⊗ B)�^1 = A�^1 ⊗ B�^1, provided that the inverses exist.

For a block-partitioned matrix A ∈ IR^{n,n} with A = [ A_{1,1} A_{1,2} A_{2,1} A_{2,2} ] , where A_{1,1} ∈ IR^{r,r} is nonsingular and where A_{2,2} ∈ IR^n�^{r,n}�^r with 1 ≤ r < n, then

A/A_{1,1} := A_{2,2} − A_{2,1}A�^1_{1,1}A_{1,2}

(1.3)

denotes the Schur complement of A with respect to A_{1,1}. Similarly, A/A_{2,2} is defined.

2 Block generalized ultrametric matrices

We first consider a set of m × m matrices {A_i}^n_{i=1} which pairwise commute. Obviously if A_j ∈ {A_i}^n_{i=1} is nonsingular then A�^1_j commutes with all A_i. Moreover, any rational function of {A_i}^n_{i=1} commutes with any A_i. For block matrices which consist of pairwise commuting blocks we have the following

Theorem 2.1 Let A = [A_{i,j}] ∈ IC^{nm,nm} be nonsingular with A_{i,j} ∈ IC^{m,m} and A_{i,j} pairwise commute. Let A�^1 =: C = [C_{i,j}], C_{i,j} ∈ IC^{m,m}. Then the blocks C_{i,j} of A�^1 pairwise commute and commute also with the blocks A_{i,j} of A. Moreover, the C_{i,k} are rational functions of the A_{i,j}. Proof. W.l.o.g. we may assume that the leading principal block submatrices of A are nonsingular. Otherwise we add εI to A and let ε → 0. If n = 2 we have A = [ A_{11} A_{12} A_{21} A_{22} ]

and A_{i,j} ∈ IC^{m,m} pairwise commute. We have

A�^1 = [ (A/A_{22})�^1 −A�^1_{11} A_{12}(A/A_{11})�^1 −(A/A_{11})�^1A_{21}A�^1_{11} (A/A_{11})�^1 ]

with

A/A_{22} = A_{11} − A_{12}A�^1_{22} A_{21} and A/A_{11} = A_{22} − A_{21}A�^1_{11} A_{12}.

Obviously the statement of the theorem is true.

If n > 2 we partition A as follows

A = [ A_{11} B_1 B_2 D ]

with A_{11} ∈ IC^{m,m}. Since A/A_{11} = D − B_2A�^1_{11} B_1, the blocks of A/A_{11} pairwise commute and commute also with A_{11} and A_{1j} and A_{j1}, j > 1. Thus, using the inductive hypothesis the blocks of (A/A_{11})�^1 pairwise commute and are combinations of the A_{i,j} or matrices which commute with the A_{i,j}. The same holds for A/D. Hence using the formula for A�^1 as for n = 2 we obtain Theorem 2.1. 2

Theorem 2.1 will be the main tool in considering block generalized ultrametric matrices.

Definition 2.2 A matrix A = [A_{i,j}] ∈ IR^{nm,nm} whose blocks can be ordered by the positive semidefinite ordering, is called a block generalized ultrametric matrix (block gum) if i) all A_{i,j} are symmetric positive semidefinite and pairwise commute; ii) A_{i,j} ≥ min{A_{i,k}; A_{k,j}} for all i, k, j ∈ N; iii) A_{i,i} ≥ max{A_{i,k} : k ∈ N\{i}} for all i ∈ N; iv) A_{i,i} ≥ max{A_{k,i} : k ∈ N\{i}} for all i ∈ N; v) each triple {q, s, t} in N^3 can be reordered as a triple {i, j, k} such that v.i) A_{j,k} = A_{i,k} and A_{k,j} = A_{k,i}, v.ii) max{A_{i,j} ; A_{j,i}} ≥ max{A_{i,k}; A_{k,i}}, where, if n = 1, iii) and iv) are interpreted as A_{1,1} ≥ 0. A matrix A is called a strictly block generalized ultrametric matrix if the above conditions hold with strict inequality in iii) and iv).

If A is symmetric then condition ii) and v) of Definition 2.2 are equivalent. Moreover, if a matrix A satisfies i), iii), iv) and v) of Definition 2.2, then condition ii) is equivalent to the statement:

the same ordering used in v) satisfies min{A_{i,j}; A_{j,i}} ≥ min{A_{i,k}; A_{k,i}}. (2.4)

The definition of block generalized ultrametric matrices is similar to the definition of generalized ultrametric matrices. Here we consider block matrices whose blocks are hermitian positive semidefinite instead of nonnegative real numbers. The definition of generalized ultrametric matrices used above is due to Nabben and Varga [NV]. It can be also found in a slightly different form in [MNST].

An equivalent definition for a nonnegative matrix to be a generalized ultrametric matrix is given in [NV]. This definition characterize generalized ultrametric matrices using trees and distances between the leaves of the tree. In the same way we can characterize block generalized ultrametric matrices.

In [NV] and [MNST] the generalized ultrametric ordering is used to order nonnegative real numbers which leads to generalized ultrametric matrices. Here consider hermitian positive semidefinite matrices which pairwise commute. Therefore all theorems of [NV] and [MNST] which just use the generalized ultrametric ordering remain true. The next theorems are of this type. Therefore we omit the proofs.

The following theorem describes the nested structure of block generalized ultrametric matrices or generalized ultrametric matrices.

Theorem 2.3 Let A = [A_{i,j}] ∈ IR^{nm,nm}, A_{i,j} ∈ IR^{m,m}, n > 1, be a block generalized ultrametric matrix. Then, there exists a positive integer r, with 1 ≤ r < n, and a permutation matrix P ∈ IR^{nm,nm} such that P AP^T = [ C 0 0 D ] + uT (A)u^T + vS(A)w^T , (2.5)

where u = z_n, v = [0, . . . , 0, z^T_n�_r]^T ∈ IR^{nm,m} and w = (z^T_r , 0, . . . , )^T ∈ IR^{nm,m} and C ∈ IR^{rm,rm} and D ∈ IR^{(n}�^{r)m,(n}�^{r)m} are block generalized ultrametric matrices. Moreover,

W (A_{1,1}) ≥ W (A), and W (A_{2,2}) ≥ W (A).

(2.6)

Conversely, if C ∈ IR^{rm,rm} and if D ∈ IR^{(n}�^{r)m,(n}�^{r)m}, with 1 ≤ r < n, are block generalized ultrametric matrices and if S ∈ IC^{m,m} is hermitian positive definite and commutes with all blocks of C and D and satisfies 0 ≤ S ≤ W (C) and 0 ≤ S ≤ W (D), then [ C 0 0 D ] + v_nT v^T_n + vSw^T is a block generalized ultrametric matrix for all hermitian positive definite matrices T ∈ IC^{m,m} which commute with S.

Since the matrices C and D of (2.5) are again block generalized ultrametric matrices the reduction process of Theorem 2.3 can be applied to each of the matrices C and D . This reduction process stops with m × m matrices. An illustration of this process using binary trees is given in [NV]. If all permutation matrices during these reduction steps are the identities we say that A is in nested form.

One can see from Theorem 2.3 that we get in each reduction step for each submatrix C and D square matrices T , which are the minima of all blocks, square matrices S and rectangular matrices u, v, w. Thus Theorem 2.3 gives a representation of a block generalized ultrametric matrix A ∈ IR^{nm,nm} as a sum of 2n − 1 matrices whose ranks are at most 2m, i.e.

P AP^T = 2n�1_∑ i=1 (u_iT_iu^T_i + v_iS_iw^T_i ).

(2.7)

In the following we consider conditions which characterize nonsingular block generalized ultrametric matrices. Again a theorem of [NV] which just uses the structure of generalized ultrametric matrices holds for the block case.

For the matrices T_i, S_i and u_i = [(u_i)_j]^m_{j=1} with (u_i)_j ∈ IR^{nm} of (2.7) we define

U_A = {(u_i)_j : T_i + S_i > 0},

i.e. U_A is the set of all columns of the u_i for which T_i + S_i is positive definite. We then have

Theorem 2.4 Let A = [A_{i,j}] in IR^{nm,nm} be a block generalized ultrametric matrix. Then, the following are equivalent: I) A is nonsingular, II) spanU_A = IR^{nm}, III) spanU_{A+A}T = IR^{nm}, IV ) A + A^T is nonsingular. The proof of Theorem 2.4 is essentially the same as the proof of Theorem 3.4 in [NV].

As corollaries we get

Corollary 2.5 Let A be a strictly block generalized ultrametric matrix. Then A is nonsingular.

Corollary 2.6 Let A be a nonsingular block generalized ultrametric matrix of the form (2.5) A = [ A_{1,1} A_{1,2} A_{2,1} A_{2,2} ] = [ C 0 0 D ] + uT (A)u^T + vS(A)w^T . Then, A_{1,1} and A_{2,2} are nonsingular block generalized ultrametric matrices.

In [MNST] another necessary and sufficient condition for a generalized ultrametric matrix to be nonsingular is given. It is shown that a generalized ultrametric matrix is nonsingular if and only if it contains no zero row or zero column and no two rows or columns which are the same. The following example shows that this do not carry over to the block case.

Example 2.7 Let A = [ A_1 A_1 A_1 A_2 ]

with

A_1 = [ 8 2 2 8 ] A_2 = [ 11 5 5 11 ] . We have det A = 0 but no block rows or rows are the same.

In the following we give some more properties of block generalized ultrametric matrices before we state our main theorem.

Lemma 2.8 Let A = [A_{i,j}] ∈ IR^{nm,nm} be nonsingular and assume that all A_{i,j} are symmetric and pairwise commute. Moreover let A�^1z ⪰ 0. Then for T = [T_i] ∈ IR^{nm,m} with

T_i = min_j A_{i,j}

we have T_iz^T A�^1z ≤ I. Proof. Since all blocks of A commute we have

z = A(A�^1z) ⪰

T_1 . . . T_1 . . . . . . . T_n . . . T_n A�^1z = [T_1, . . . , T_n]^T z^T A�^1z. 2

Lemma 2.9 Let A ∈ IR^{nm,nm} be a nonsingular block generalized ultrametric matrix given by A = [ C E_1 E_2 D ]

C ∈ IR^{rm,rm} and D ∈ IR^{(n}�^{r)m,(n}�^{r)m} are block generalized ultrametric matrices and E_1 = z_rT (A)z^T_n�_r and E_2 = z_n�_rW (A)z^T_r . Then A/C and A/D are also nonsingular block generalized ultrametric matrices.

Proof. Since A is nonsingular Corollary 2.6 gives that C and D are nonsingular. We have A/C = D − E_2C�^1E_1 = D − z_n�_rW (A)z^T_r C�^1z_rT (A)z^T_n�_r = D − z_n�_rT (A)W (A)(z^T_r C�^1z_r)z^T_n�_r.

Since with Lemma 2.8 W (A)(z^T_r C�^1z_r) ≤ I the blocks (D − z_n�_rT (A)z_n�_r)_{ij}, 1 ≤ i, j ≤ n satisfy (D − z_n�_rT (A)z_n�_r)_{i,j} ≥ (D − z_n�_rT (A)W (A)(z^T_r C�^1z_r)z^T_n�_r)_{i,j}.

Moreover since all blocks of z_n�_rT (A)W (A)(z^T_r C�^1z_r)z^T_n�_r are the same and commute with the blocks of D. Thus A/C is a block generalized ultrametric matrix. Similarly we obtain that A/D is also a block generalized ultrametric matrix. 2 Lemma 2.8 and Lemma 2.9 generalize results of [MNST]. In both Lemmata as well as in our main theorem the fact that the blocks of a block generalized ultrametric matrix commute is essential.

Theorem 2.10 Let A ∈ IC^{nm,nm} be a nonsingular block generalized ultrametric matrix in nested form. Then A�^1 is a generalized Z–matrix with A�^1z ⪰ 0 and z^T A�^1 ⪰ 0.

If A is a strictly block generalized ultrametric matrix then A�^1 is a generalized M–matrix with A�^1z ≻ 0 and z^T A�^1 ≻ 0.

Proof. Since A is in nested form we know with Theorem 2.3 that A is given by A = [ C E_1 E_2 D ]

where C ∈ IR^{rm,rm} and D ∈ IR^{(n}�^{r)m,(n}�^{r)m} are block generalized ultrametric matrices of the same form and E_1 = z_rT (A)z^T_n�_r, E_2 = z_n�_rW (A)z^T_r . Moreover from Corollay 2.6 C and D are nonsingular. Then the inverse of A is given by

A�^1 = [ (A/D)�^1 −C�^1E_1(A/C)�^1 −D�^1E_2(A/D)�^1 (A/C)�^1 ]

or A�^1 = [ (A/D)�^1 −(A/D)�^1E_1D�^1 −(A/C)�^1E_2C�^1 (A/C)�^1 ] . With Lemma 2.9 A/D and A/C are block generalized ultrametric matrices. Hence, using an inductive argument, (A/D)�^1 and (A/C)�^1 are generalized M–matrices with (A/D)�^1z_r ⪰ 0, z^T_r (A/D^)−1 ⪰ 0 and (A/C)�^1z_n�_r ⪰ 0, z^T_n�_r(A/D)�^1 ⪰ 0. Moreover C�^1 and D�^1 are block generalized M–matrices with C�^1z_r ⪰ 0 and D�^1z_n�_r ⪰ 0.

Now consider −C�^1E_1(A/C)�^1 and −D�^1E_2(A/D)�^1. We have

−C�^1E_1(A/C)�^1 = −C�^1z_rT (A)z^T_n�_r(A/C)�^1, −D�^1E_2(A/D)�^1 = −D�^1z_n�_rW (A)z^T_r (A/D)�^1.

With Theorem 2.1 we know that all m × m blocks of C�^1, (A/C)�^1, D�^1, and (A/D)�^1 commute. Hence all m × m blocks of −C�^1E_1(A/C)�^1 and −D�^1E_2(A/D)�^1 are symmetric and negative semidefinite. Thus, A�^1 is a generalized Z–matrix. Next we show that A�^1z_n ⪰ 0. We have

(A/D)�^1z_r − (A/D)�^1E_1D�^1z_n�_r = (A/D)�^1z_r − (A/D)�^1z_rT (A)z^T_n�_rD�^1z_n�_r = (A/D)�^1z_r(I − T (A)z^T_n�_rD�^1z_n�_r) ⪰ 0. The last inequality follows from Lemma 2.8 and Theorem 2.1. Similarly we obtain −(A/C)�^1E_2C�^1z_r + (A/C)�^1z_n�_r ⪰ 0. Thus A�^1z_n ⪰ 0.

Using the same techniques we obtain z_nA�^1 ⪰ 0 and strict inequalities for strictly block generalized ultrametric matrices. Thus, the inverse of a strictly block generalized ultrametric matrix is a generalized M–matrix. 2

Replacing the entries of a nonnegative matrix by positive semidefinite blocks of the same size, gives a generalization of the class of nonnegative matrices. In this meaning block generalized ultrametric matrices are generalized nonnegative matrices. However, one of the most famous property of an M–matrix , i.e. that the inverse is a nonnegative matrix, do not carry over to the block case. The inverse of a generalized M–matrix is not in general a matrix which consists of positive semidefinite blocks (see counterexamples in [EM]). Thus, the generalized nonnegativity of the inverse of a generalized Z–matrix do not implies that the matrix is an M–matrix. The following example gives a block generalized ultrametric matrix whose inverse is not a generalized M–matrix.

Example 2.11 Let

A = 4 0 2 0 0 2 0 1 2 0 2 0 0 2 0 2 .

Obviously, A ∈ IR^2�^{2,2}�^2 is a block generalized ultrametric matrix. The inverse of A is given by

A�^1 =

0.5 0 −0.5 0 0 1 0 −0.5 −0.5 0 1 0 0 −1 0 1 .

Since both block row sums are singular there is no vector such that the weighted block row sums are positive definite.

The next example shows that the assumption of commuting blocks in the definition of block generalized ultrametric matrices is necessary. Without this assumption the inverse is in general not a generalized M–matrix, i.e. it do not have negative semidefinite off-diagonal blocks in general.

Example 2.12 Let

A = A_3 A_2 A_1 A_1 A_2 A_3 A_1 A_1 A_1 A_1 A_3 A_2 A_1 A_1 A_2 A_3 with

A_1 =

2 0 1 0 3 −3 1 −3 5

A_2 =

5 0 2 0 7 −6 2 −6 11

A_3 =

6 0 2 0 4 −3 1 −3 6

Obviously A_3 > A_2 > A_1 > 0. But the A_i do not commute. If we compute the inverse we see that (A�^1)_{1,4} is indefinite.

3 Block type D matrices

In 1972 T.L. Markham defined the so-called matrices of type D [M]. Markham defined a real matrix to be of type D if

a_{ij} = { a_i if i ≤ j a_j if i > j, (3.1)

where a_n > a_n�_1 > . . . > a_1.

Markham showed that the inverse of a type D matrix with a_1 > 0 is a tridiagonal M-matrix. Here we give generalization of Markhams result. Therefore we introduce the class of block type D matrices

Definition 3.1 A block matrix A = [A_{ij}]^n_{i,j=1} ∈ IC^{nm,nm} is called of block type D if A_{ij} = { A_i if i ≤ j A_j if i > j, (3.2)

where

A_n > A_n�_1 > . . . > A_1

is a sequence of m × m symmetric positive semidefinite matrices.

Note that for m = 1 a block type D matrix is just a type D matrix.

Obviously, a block type D matrix whose blocks pairwise commute is a block generalized ultrametric matrix. Hence, for these matrices we already established that the inverse is a generalized M–matrix in the previous section. However, since the special structure of block type D matrices we do not need the assumption of commuting blocks.

We have seen seen in Section 2 that the inverse of a block strictly generalized ultrametric matrix is a strictly block diagonally dominant generalized M–matrix in the sense that the block row sums are positive definite matrices (i.e. the vector d of Definition 1.1 is the vector of all ones). This is not the case for the inverse of a block type D matrix. Therefore we need the next result for generalized M–matrices.

Theorem 3.2 [N1] Let A = [A_{ij}] ∈ IC^{nk,nk} be a generalized Z–matrix. Then A is a generalized M–matrix if and only if A is of block generalized positive type.

Definition 3.3 [N1] Let A = [A_{ij}] ∈ IC^{nk,nk} be a generalized Z–matrix. A is of block generalized positive type if there exists a vector d ∈ IRn+ such that:

i) R_i(A, d) := d_iA_{ii} +^n ∑ j=1 j6=i d_jA_{ij} ≥ 0 for all i ∈ < n >:= {1, . . . , n}, and the set J := {i ∈< n > |R_i(A, d) > 0} is nonempty.

ii) For each i_0 ∈< n > with i_0 /∈ J there exist indices i_1, . . . , i_t ∈< n > with A_{ilil+1} ≠ 0, 0 ≤ l ≤ t − 1 such that i_t ∈ J.

In the following we use a representation of block type D matrices which make use of a sequence of vectors {u^{(i)}}^n_{i=1} ∈ IR^{n,n} defined as

u^{(i)}_j = { 0 if j ≤ i − 1 1 else (3.3)

Then a block type D matrix can be written as A = n∑ i=1 u^{(i)}(u^{(i)})^T ⊗ (A_i − A_i�_1),

(3.4)

where A_0 = 0.

Before we state our main result of this section we will give some properties of block type D matrices which generalize results for type D matrices.

Proposition 3.4 Let A ∈ IR^{nm,nm} be of block type D partitioned as A = [ A_{11} A_{12} A_{21} A_{22} ] , where A_{11} ∈ IR^{rm,rm} and A_{22} ∈ IR^{(n}�^{r)m,(n}�^{r)m} for 1 ≤ r < n. If A_{11} is nonsingular the Schur complement A/A_{11} is again a matrix of block type D and A/A_{11} = A_{22} − ee^T ⊗ A_r, where e ∈ IR^{(n}�^{r)m} is the vector of all ones.

Proof. The proof is exactly the same as in the scalar case given in [N3]. Obviously, A_{11} is also of block type D. The block columns of A_{12} are all the same and equal to the last block row and block column of A_{11}. Since A�^1_{11} A_{11} = I, we obtain A/A_{11} = A_{22} − A_{21}A�^1_{11} A_{12} = A_{22} − ee^T ⊗ A_r, which is of block type D. 2 Proposition 3.5 Let A be a matrix of block type D. Then detA = n∏ i=1 det(A_i − A_i�_1), (3.5) where A_0 = 0. If A_1 is positive definite then A is positive definite also. Proof. We use an induction on n, i.e. the number of diagonal blocks. For n = 1, 2, equation(3.5) is obviously true. Moreover, detA = det(A_1) ∗ det(A/A_1). Since A/A_1 is again a matrix of block type D, with its first diagonal block A_2 − A_1, equation (3.5) follows immediately.

With (3.5) we obtain that A is nonsingular if A_1 is positive definite. Moreover, using the representation (3.4), A is the sum of positive semidefinite matrices. Hence, A is positive definite. 2 In the next theorem we establish that the inverse of a matrix of type D is a block tridiagonal generalized M–matrix. Moreover, we give an explicit formula for the inverse. This formula make use of another sequence of vectors {v^{(i)}}^n_{i=1}, which are defined as v^{(i)}_j = −1 if j = i − 1 1 if j = i 0 else (3.6)

Theorem 3.6 Let A be matrix of block type D with A_1 > 0. Then the inverse of A is a block tridiagonal generalized M–matrix. The sum of the blocks of the first row of A�^1 is a positive definite matrix while the block row sum of the other rows is zero. Moreover,

A�^1 = n∑ i=1 v^{(i)}(v^{(i)})^T ⊗ (A_i − A_i�_1)�^1,

(3.7)

with A_0 = 0.

Proof. Let

Ã =^n∑ i=1 v^{(i)}(v^{(i)})^T ⊗ (A_i − A_i�_1)�^1,

We obtain ÃA = ∑ i,j (v^{(i)}(v^{(i)})^T ⊗ (A_i − A_i�_1)�^1)(u^{(j)}(u^{(j)})^T ⊗ (A_j − A_j�_1)) = ∑ i,j (v^{(i)}(v^{(i)})^T u^{(j)}(u^{(j)})^T ) ⊗ ((A_i − A_i�_1)�^1(A_j − A_j�_1)).

Since, (v^{(i)})^T u^{(j)} = δ_{i,j} where δ_{i,j} denotes the Kronecker symbol we obtain ÃA = ∑ i (v^{(i)}(u^{(i)})^T ) ⊗ ((A_i − A_i�_1)�^1(A_i − A_i�_1)) = I.

Hence, Ã = A�^1. From the special structure of the rank one matrices (v^{(i)})^T v^{(i)} we immediately obtain that A�^1 is block tridiagonal. Moreover, it follows that the block row sum of all block rows except for the first one, is zero. Using the fact that A�^1A = I and the special structure of A we obtain that the row sum of the first block row is just A�^1_{11} > 0. Thus, A�^1 is of block generalized positive type. With Theorem 3.2 it follows that A�^1 is a generalized M–matrix. 2 As a special case, i.e m = 1, Theorem 3.6 includes the result by Markham mentioned above. Moreover, the proof given here, is different from Markhams proof since we established the explicit formula for the inverse.

Acknowledgement The author wishes to thank Miroslav Fiedler for suggesting this topic.

References

[EM] L. Elsner, V. Mehrmann, Convergence of block iterative methods for linear systems arising in the numerical solution of Euler equations, Numerische Mathematik 59 (1991), 541-559.

[LT] P. Lancaster, M. Tismenetsky The Theory of Matrices, Academic Press, New York, 1985.

[M] T.L. Markham, Nonnegative matrices whose inverses are M-matrices, Proc. Amer.

Math. Soc. 36:326–330(1972).

[MNST] J.J. McDonald, M. Neumann, H. Schneider, M.J. Tsatsomeros, Inverse M– matrix inequalities and generalized ultrametric matrices, Lin. Alg. Appl. 220:321- 341(1995).

[N1] R. Nabben On a class of matrices which arise in the numerical solution of Euler equations, Numerische Mathematik, 63, 411-431 (1992).

[N2] R. Nabben A new application for generalized M–matrices, in Numerical Linear Algebra, (L. Reichel, A. Ruttan, R.S. Varga, eds.) Walter de Gruyter, New York (1993), 179–193.

[N3] R. Nabben Z–matrices and inverse Z–matrices Lin. Algebra Appl. (to appear).

[NV] R. Nabben and R.S. Varga, Generalized ultrametric matrices – a class of inverse M–matrices, Lin. Algebra Appl. 220:365-390(1995).

[VN1] R.S. Varga and R. Nabben, On symmetric ultrametric matrices, in Numerical Linear Algebra, (L. Reichel, A. Ruttan, R.S. Varga, eds.), pp. 193-199, de Gruyter, Berlin, New York, 1993.