Smooth, Homogeneous and Isotropic Solutions of Quasilinear Stochastic Partial Differential Equations of McKean-Vlasov Type

Peter Kotelenez Department of Mathematics Case Western Reserve University Cleveland, Ohio 44106

Abstract Smooth, homogeneous and isotropic random fields are derived from the distribution of a system of diffusing particles with mean field interaction. The main tools are stochastic ordinary differential equations (SODE’s) for the positions of the particles and stochastic partial differential equations (SPDE’s) for the mass distribution of the particles. The methods and results used in this paper generalize methods and results of Kotelenez (1995b) from the case of conserved finite mass to the case of infinite mass and the derivation of homogeneous and isotropic fields as solutions of SPDE’s.

Contents

1 Introduction 2 2 The Microscopic Equations 12 3 The Mezoscopic Equation–Existence 17 4 The Mezoscopic Equation—Smoothness 21 5 The Itô formula for ‖ · ‖^p_{m,p,Φ} 22 6 Extension of the Mezoscopic Equations to W_{m,p,Φ} – Existence and Uniqueness 24 7 Homogeneous and Isotropic Solutions 32 8 Relations to other SPDE’s 36 9 Appendix I 37 10 Appendix II 47 References 61

AMS Subject Classification (1979): Primary 60H15; Secondary 60H10, 60K35, 60G60, 81G99, 35K55. Key words: particle systems, stochastic partial differential equations, random fields.

This research was supported by NSF grant DMS 92-11438.

1 Introduction

Let N point particles be distributed over R^d, where d is arbitrary and fixed. The position of the i-th particle at time t will be denoted by r^i(t), which is by assumption in R^d for all i. We will assume that by some kind of adiabatic elemination we can neglect the momenta (cf. e.g., Kotelenez and Wang, (1994)). Thus we consider the position of the N -particle system at time t as a point in R^{dN} , i.e.,

(r^1(t), . . . , r^N (t)) ∈ R^{dN} , (1.1)

and a description of its time evolution will be a microscopic model for the particle distribution. Typically one derives from mechanical principles ordinary differential equations (ODE’s) or stochastic ordinary differential equations (SODE’s) for (1.1) (cf. e.g., Lebowitz and Rubin (1963), Il’in and Khasminskii (1964), Nelson (1972), Kotelenez and Wang (1994) etc.). We will call such equations (describing the position of each particle, usually in dependence on the position of the other particles) microscopic equations. Now let the mass of the i-th particle be a_i. Then the empirical mass distribution at time t of the N -particle system is given by

X_N (t) := N∑ i=1 a_iδ_ri_{(t))}, (1.2)

where δ_r is the point measure, concentrated in r ∈ R^d. In other words, X_N (t) is a measure process and for A ⊂ R^d, X_N (t, A) = ∑_N i=1 a_i1_{{r}i_{(t)∈A}} describes the mass in A at t irrespective of which particular particles are in A at t, i.e., X_N (t) reduces information given by (1.1) to the relevant one as far as the mass distribution is concerned. On the other hand, if we agree to call a mass distribution macroscopic if the particle structure cannot be seen and stochastic fluctuations are absent then we may call a description of the time evolution of (1.2) a mezoscopic model, in particular, if stochastic fluctuations are present in (1.1), which we will always assume. In Kotelenez (1995b) a stochastic partial differential equation (SPDE) for (1.2) was derived, which was called a mezoscopic equation. Under physically and mathematically reasonable assumption on (1.1) this SPDE was extended from sums of weighted point measures to measures having densities with respect to the Lebesque measure dr on R^d. Then as a certain parameter, the correlation length of the fluctuation forces in (1.1), tends to 0, the solutions of the SPDE were shown to tend to the solution of an (integro-) partial differential equation (PDE), which was called a macroscopic equation for the mass distribution.

This approach was motivated by the author’s derivation of a stochastic Navier-Stokes equation for the vorticity of a two-dimensional fluid (Kotelenez (1995a)). The corresponding mezoscopic description X_N (t) in that case is a sum of point measures multiplied by intensities a_i ∈ R, i.e., by point measures in the position of point vortices with positive and negative intensities. To include this case as well as other possible signed measure valued cases (cf. Fife (1992)) we will allow the a_i in (1.2) to be positive and negative and just call them positive and negative “masses”. So let a^+ > 0 be the total “positive” mass of (1.2), a^− ≥ 0 be the total negative mass and a := (a^+, a^−). Set

M_a := {μ : μ is a finite signed Borel measure on R^d, μ^±(R^d) = a^±},

where μ^+ and μ^− is the Jordan decomposition of μ and for any Borel set A ⊂ R^d and nonnegative numbers b^+, b^−μ^±(A) = b^± if and only if μ^+(A) = b^+ and μ^−(A) = b^−. First we define a metric on R^d by ρ(r, q) := (c|r − q| ∧ 1), (1.3) where r, q ∈ R^d, |r − q| is the Euclidean distance on R^d, c some positive constant and “∧” denotes “minimum”. If μ, μ̃ ∈ M_a we will call positive Borel measures Q^± on R^{2d} joint representations of (μ^+, μ̃^+), resp. (μ^−, μ̃^−), if Q^±(A × R^d) = μ^±(A)a^± and Q^±(R^d × B) = μ̃^±(B)a^± for arbitrary Borel sets A, B ⊂ R^d. The set of all joint representations of (μ^+, μ̃^+), resp. (μ^−, μ̃^−) will be denoted by C(μ^+, μ̃^+), resp. C(μ^−, μ̃^−). For μ, μ̃ ∈ M_a and m = 1, 2 set

γ_m(μ, μ̃) := [ inf

Q^+∈C(μ^+ ,μ̃^+ ) ∫ ∫ Q^+(dr, dq)ϱ^m(r, q) + inf_{Q− ∈C(μ− ,μ̃− )} ∫ ∫ Q^−(dr, dq)ϱ^m(r, q)]^{1m} , (1.4) where the integration is taken over R^d ×R^d. We will not indicate the integration domain when integrating over R^d.) It follows from Dudley (1989) and de Acosta (1982) that (M_a, γ_2) is a complete separable metric space.

Now let M be the set of finite signed Borel measures (R^d, B^d), where B^d is the σ-algebra of Borel sets on R^d. In other words, M = ⋃ a∈R^2

M_a.

We extend the function γ_2 from M_a × M_a to M × M by using (1.4) for arbitrary μ ∈ M_a and μ̃ ∈ M_b. The following example, however, shows that γ_2 is not a metric on M × M. Example 1.1

Let μ, μ̃ ∈ M_a, a = (a^+, a^−) ≠ (0, 0). For simplicity assume a^− = 0 and drop the ”+”-sign in what follows. Choose α ∈ (0, 1) and set μ_α := αμ and μ̃ 1_α :=^1_α μ̃. Then Q ∈ C(μ, μ̃) iff Q ∈ C(μ_α, μ̃ 1_α ). Indeed, if Q ∈ C(μ, μ̃), then for any Borel set A and B, Q(A × R^d) = μ(A)μ̃(R^d) = αμ(A)^1_α μ̃(R^d) and Q(R^d × B) = μ(R^d)μ̃(B) = αμ(R^d)^1_αμ̃(B). Hence, Q ∈ C(μ_α, μ̃_{1/α}). The other direction is proved in the same way. These calculations imply, in particular, γ_2(μ, βμ) = 0 for all β > 0.

Set for μ ∈ M

μ^±_1 := {_{μ±} a^± , if a ± > 0, δ_0, if a^± = 0.

Then we define for μ ∈ M_a and μ̃ ∈ M_b

γ̃(μ, μ̃) := γ_2(μ_1, μ̃_1) (1.5) and γ(μ, μ̃) := γ̃(μ, μ̃) + ρ(a, b), (1.6) where ρ is given by (1.3), assuming here d = 2. For ε ∈ (0, 1) set

M_{ε,ε}−1 := {μ ∈ M : μ^±(R^d) ∈ [ε, ε^{−1}]}. (1.7)

Proposition 1.2

γ is a metric on M_{ε,ε}−1 , and (M_{ε,ε}−1 , γ) is a complete and separable metric space. Proof

We easily see that γ is a metric. The separability and completeness follows from the separability and completeness of M_{(1,0)} (resp. M_{(0,1)}) (cf. de Acosta, loc. cit.) and of [ε, ε^{−1}].

We also easily see that (M, γ) itself defines a metric space, which is not complete, whereas the restriction of γ to ⋃ ε∈(0,1) Mε,ε^{−1} defines a complete metric space. Further, if a

+ ≠ 0 ≠ a^− and a = (a^+, a^−), then γ restricted to M_a is equivalent to γ_2.

For the description of those μ ∈ M, (and more general measures), which have a density with respect to the Lebesgue measure (denoted “dr”) we need the corresponding function spaces. First of all let B^n be the σ-algebra of Borel sets on R^n. Secondly, we need the following weight function:

λ(r) := (1 + |r|^2)^{−α}, where α >^d_2 is fixed. 1 is the function which equals 1 for all r ∈ R^d, and Φ ∈ {1, λ}. Finally, to describe the order of differentiability of f : R^d → R we introduce the following notation on multiindices:

n = (n_1, . . . n_d) ∈ (N ∪ {0})^d.

|n| := n_1 + . . . + n_d. If n = (n_1, . . . , n_d) and m = (m_1, . . . , m_d), then n ≤ m iff n_i ≤ m_i for i = 1, . . ., d. n < m iff n ≤ m and |n| < |m|. For arbitrary n, m we define

n − m := (k_1, . . ., d_d), where k_i = (n_i − m_i) ∨ 0, i = 1, . . . , d, with “∨” denoting the maximum and n = (n_1, . . ., n_d), m = (m_1, . . . , m_d).

Set {f : f : R^d → R is B^d − B^1 measurable and f has partial derivatives in the generalized sense up to order m ∈ N ∪ {0}} =: B_{d,1,m}. For p > 0 and f ∈ B_{d,1,m} we set ‖f‖^p_{m,p,Φ} := ∑ |j|≤m ∫ |∂^jf|^p(r)Φ(r)dr, (1.8) where ∂^jf =^{∂j}_{∂rj1 ...∂rjd} f for j = (j_1, . . ., j_d), and set W_{m,p,Φ} := {f ∈ B_{d,1,m} : ‖f‖_{m,p,Φ} < ∞}. (1.9) Further,

(H_0, ‖ · ‖_0) := (W_{0,2,1}, ‖ · ‖_{0,2,1}),

(H_{0,λ}, ‖ · ‖_{0,λ}) := (W_{0,2,λ}, ‖ · ‖_{0,2,λ}) and (H_m, ‖ · ‖_m) := (W_{m,2,1}, ‖ · ‖_{m,2,1}).

Finally, (W̃_{m,p,Φ}), ~‖ · ~‖_{m,p,Φ}) := (W_{m,p,Φ} × W_{m,p,Φ}, ‖ · ‖_{m,p,Φ} + ‖ · ‖_{m,p,Φ}) and (H̃_{0,λ}, ~‖ · ~‖_{0,λ}) := (W̃_{0,2,λ}, ~‖ · ~‖_{0,2,λ}).

Let s ≥ 0. Then H_{0,λ,[s,∞)} (resp. H̃_{0,λ,[s,∞)}, M_{[s,∞)}, M_{a,[s,∞)}) denotes the space of H_{0,λ}–, (resp. H̃_{0,λ}–, M–, M_a-) –valued continuous functions.

W_{m,p,Φ,[s,T ]} := {f : [s, T ] × R^d → R : ∫_T s ‖f(s)‖^p_{m,p,Φ}ds < ∞}, where we assume that for fixed s f(s) ∈ W_{m,p,Φ} and that f is B_{s,t} ⊗ B^d − B^1-measurable with B_{s,t} := B^1 ∩ [s, T ] (the restriction of B^1 to [s, T ]).

Next we introduce the stochastic set-up. (Ω, F, F_t, P ) is a stochastic basis with right continuous filtration. All our stochastic processes are assumed to live on Ω and to be F_t-adapted (including all initial conditions in stochastic ordinary differential equations (SODE’s) and stochastic partial differential equations (SPDE’s)). Moreover, the processes are assumed to be dP ⊗ dt-measurable, where dt is the Lebesgue measure on [0, ∞). Let w_ℓ(r, t) be i.i.d. real valued Brownian sheets on R^d × R_+, ℓ = 1, . . . , d (cf. Walsh (1986) and Kotelenez (1992)) with mean zero and variance t|A|, where A is a Borel set in R^d with finite Lebesgue measure |A|. Adaptedness for w_ℓ(r, t) means that ∫ A w_ℓ(dp, t) is adapted for any Borel set A ⊂ R^d with |A| < ∞. w(p, t) := (w_1(p, t), . . ., w_d(p, t))^T where “T ” denotes the transpose.

If K is some metric space, K_s is the space of K-valued F_s-measurable random variables. W_{m,p,Φ,[s,T ]} is the space of W_{m,p,Φ}-valued adapted dt ⊗ dP -measurable processes η(·) such that E ∫_T s ‖η(u)‖^p_{m,p,Φ}du < ∞. Set H_{0,λ,[s,T ]} := W_{0,2,λ,[s,T ]}. W̃_{m,p,Φ,[s,T ]} and H̃_{0,λ,[s,T ]} are defined by replacing W_{m,p,Φ} by W̃_{m,p,Φ} in the definition of W_{m,p,Φ,[s,T ]}.

If B_i, i = 1, 2 are metric spaces, then C(B_1, B_2) is the space of continuous functions from B_1 into B_2. For m ∈ N let C^m_b (R^d, R) be the space of m times continuously differentiable bounded real valued functions on R^d, where all derivatives up to order m are bounded, C^m_0 (R^d, R) is the subspace of C^m_b (R^d, R) whose elements vanish at infinity and C^m_c (R^d, R) the subspace of C^m_0 (R^d, R), whose elements have compact support. If f ∈ C^m_b (R^d, R) we set |‖f|‖_m := max ℓ1 +·+ℓd =|ℓ| |ℓℓ|≤m sup_{r∈Rd} |∂^{|ℓℓ|}_{ℓ1,...ℓd} f(r)|,

where ∂^{|ℓℓ|}_{ℓ1...ℓd} f(r) =^{∂ℓ1+·+ℓd} (∂r_{ℓ1} )^ℓ1 ...(∂r_{ℓq} )^ℓd f(r) and rℓ^i , is the ℓi-th coordinate of r. If we take only one partial

derivative, say, with respect to r_ℓ, we will just write “∂_ℓ”.

We now define the coefficients for the microscopic equations (SODE’s):

F : R^d × M × H̃_{0,λ} → R^d and J : R^d × R^d × M × H̃_{0,λ} → M_{d×d},

where M_{d×d} are the d×d-matrices over R. Endowing the domains and ranges of F and J with the Borel σ-algebras, we assume F and J to be measurable. We will consider two types of microscopic equations: dr(t) = F (r(t), Ỹ(t), Z̃(t))dt + ∫ J (r(t), p, Ỹ(t), Z̃(t))w(dp, dt) r(s) = r_s ∈ R_{d,s}, Ỹ ∈ M_{b,[0,∞)}, Z̃ ∈ W̃_{0,λ,[0,∞)}, } (1.10)

where R_{d,s} is the space of R^d-valued, F_s-measurable random variables r_s such that E|r_s|^2 < ∞, and W̃_{0,λ,[0,∞)} is the inductive limit of W̃_{0,λ,[0,T ]}, T ↑ ∞ (and the same for M_{b,[0,∞)}). (1.10) describes the motion of a diffusing particle in a random environment (represented by (Ỹ, Z̃)). The integration in the stochastic integral is over R^d, and in what follows we will never indicate the integration domain, if it is R^d. dr^i(t) = F (r^i(t), X_N (t), Z̃(t))dt + ∫ J (r^i(t), p, X_N (t), Z̃(t))w(dp, dt) r^i(s) = r^i_s ∈ R_{d,s}, i = 1, . . .N , X_N (t) := ∑_N i=1 b_iδ_ri_{(t)}, Z̃ ∈ W̃_{0,λ,[0,∞)}, } (1.11)

where b_i ∈ R (implying X_N (t, w) ∈ M_b for all (t, ω), if b = (b^+, b^−) and b^+ := ∑ b_i≥0 bi, b − = − ∑ b_i<0 bi·). (1.11) represents the motion of N interacting and diffusing particles in a random environ-

ment (represented by Z̃). δ_ri is the point measure concentrated in r^i.

Let us assume that the following functions are given:

B ∈ C^3_b (R; R) such that for all x ∈ R, |B(x)| ≤ |x|, B(x) = B(−x), B^′(x) > 0 and |B^{(3)}(x)x^3| + |B^{′′}(x)x^2| ≤ c_1|B^′(x)| · |x| ≤ c_2|B(x)|, where B^{(3)}, B^{′′} and B^′ are the third, second and first derivatives of B, respectively, and c_1 and c_2 are finite constants.

Λ_L ∈ C_b(R^{2d}; R_+) such that Λ^2_L(r, ·)λ^{−1}(·) as a function of r belongs to C(R^d; W_{0,1,1}), L ∈ {F, J }; K ∈ C^1_b (R^{3d}; R_+);

Γ ∈ C^2_b (R^{4d}; R_+), and sup_{q,p} ∫ (Γ(q, p̃, p, p) − Γ(q, p̂, p, p))^2dp ≤ c_J ϱ^2(p̃, p̂). (1.12) All constants will denoted by c_F , c_J , c_{J ,T} etc. and will be assumed to be nonnegative and finite.

Hypothesis 1.3

Suppose (r_ℓ, μ_ℓ, η̃_ℓ) ∈ R^d × M_b × H̃_{0,λ}, ℓ = 1, 2, where b = (b^+, b^−) and b^+ ≠ 0 ≠ b^−. Then with η̃_ℓ = (η_ℓ, η̂_ℓ)

|F (r, μ_1, η̃_1) − F (r_2, μ_2, η̃_2)| ≤ c_F {ρ(r_1, r_2) + ‖B(η_1) − B(η_2)‖_{0,λ} + sup_p ∑ +,− | ∫ K(r_2, p̃, p)(μ^±_1 (dp̃) − μ^±_2 (dp̃))| + ∫ Λ_F (r_2, p)|B(η̂_1(p)) − B(η̂_2(p))|dp};

(1.13)

∑_d k,ℓ=1 ∫ (J_{kℓ}(r_1, p, μ_1, η̃_1) − J_{kℓ}(r_2, p, μ_2, η̃_2))^2dp ≤ c_J {ρ^2(r_1, r_2) + ‖B(η_1) − B(η_2)‖^2_{0,λ} + sup_p ∑ +,− ∫ ( ∫ Γ(r_2, p, p̃, p)(μ^±_1 (dp̃) − μ^±_2 (dp̃)))^2dp +( ∫ Λ_J (r_2, p)|B(η̂_1(p)) − B(η̂_2(p))|dp)^2}.

(1.14)

Example 1.4

F (r, μ, η̃) := F^1(r, μ) + F^3(r, η̂) (1.15)

We assume:

F^1(r, μ) is the functional from Kotelenez (1995b, (1.11)) and (1.16)

F^3(r, η̂) := ∫ K(r − p)B(η̂(p))dp (1.17) where K_ℓ(r) := c exp(−|r|^2/γ^2), c > 0, γ^2 > 0, ℓ = 1, . . . , d.

Since by Kotelenez (loc. cit.) F^1(r, μ) implies (1.13) with B ≡ 0 we have only to verify (1.13) for F^3(r, η̂). We easily see that Λ_F (r, p) := K_1(r − p) satisfies (1.12), whence

|F^3(r, η̂_1) − F^3(r, η̂_2)| ≤ c_F ∫ Λ_F (r, p)|B(η̂_1(p)) − B(η̂_2(p))|dp. (∗) Next,

| exp(− |r − p|^2 γ^2

) − exp(− |q − p|^2 γ^2 )| = | | | | | ∫ |r−p|_γ |q−p| γ αe^{− α22} dα | | | | | ∧ 1

= | | | | | ∫^{|r−p|−|q−p|}_γ 0 (β + |q − p| γ ) exp(−(β + |q − p| γ )^2 1 2 )dβ | | | | | ∧ 1 (if |r − p| ≥ |q − p|) ≤ ( 2 ∫^{|r−q|}_γ 0 exp(−(β + |q − p| γ )^2 1 4 )dβ ) ∧ 1 ≤ (2 |r − q| γ exp(− |q − p|^2 γ^2 1 4 )) ∧ 1 .

So by symmetry in r and q we obtain | exp(−^{|r−p|2}_{γ2} ) − exp(−^{|q−p|2}_{γ2} )| ≤ (2^{|r−q|}_γ (exp(−^{|q−p|2}_γ^1_4 ) + exp(−^{|r−p|2}_γ^1_4 ))) ∧ 1 . } (∗∗) Hence, | ∫ (K_1(r − p) − K_1(q − p))B(η̂(p))dp| ≤ c_{B,γ} ρ(r, q) . (∗ ∗ ∗) Now (∗) and (∗ ∗ ∗) in addition to the choice of F^1 imply (1.13). Example 1.5 J (r, p, μ, η̃) := J^1(r, p, μ) + J^2(r, p, η) (1.18) Again we assume

J^1(r, p, μ) is the functional from Kotelenez, loc. cit. ((1.11)). (1.19)

J^2(r, p, η) = ∫ Γ(r − p − p̃)λ(p̃)B(η(p̃))dp̃, (1.20) where Γ = (Γ_{kℓ}) ∈ M_{d×d} and Γ_{kℓ}(r) := c exp(−^{|r|2}_{γ2} ) as in Example 1.4. ∫ (J^2_{kℓ}(r, p, η) − J^2_{kℓ}(q, p, η))^2dp ≤ c_{J ,B} ρ^2(r, q) (∗) by (∗∗) of Example 1.4 and the integrability of λ. Further,

∫ (J^2_{kℓ}(r, p, η_1) − J^2_{kℓ}(r, p, η_2)^2)dp ≤ c_{J ,λ}‖B(η_1) − B(η_2)‖^2_{0,λ} } (∗∗) by the Cauchy-Schwarz inequality and the integrability of λ and Γ^2_{kℓ}.

Again (∗) and (∗∗) in addition to the choice of J^1 imply (1.14). Example 1.6

F (r, μ, η̃) := F^1(r, μ) + F^2(r, η) (1.21) where

F^2(r, η) := ∫ K(r − p)λ(p)B(η(p))dp (1.22) with K and F^1(r, μ) as in Example 1.4. Example 1.7 J (r, p, μ, η̃) := J^1(r, p, μ) + J^3(r, p, η̂), (1.23) where

J^3(r, p, η̂) := Γ(r − p) ∫ Γ(p − p̃)B(η̂(p̃))dp̃. (1.24)

Again we take Γ and J^1(r, p, μ) as in Example 1.5. Set f(p̃) := |B(η̂_1(p̃)) − B(η̂_2(p̃))| and note that

λ(r)λ^{−1}(q) ≤ c · λ^{−1}(r − q). (1.25) Then Γ_{kj}(r − p) ∫ Γ_{jℓ}(p − p̃)f(p̃)dp̃ = Γ_{kj}(r − p) ∫ Γ_{jℓ}(p − p̃)λ^{−1}(r − p̃)λ(p̃ − p)λ^{−1}(p̃ − p)λ(r − p̃)f(p̃)dp̃ ≤ cΓ_{kj}(r − p)λ^{−1}(r − p) ∫ Γ_{jℓ}(p − p̃)λ^{−1}(p − p̃)λ(r − p̃)f(p̃)dp̃. (∗) Since |‖Γ_{jℓ}λ^{−1}|‖ + ‖Γ_{kj}λ^{−1}‖^2_0 < ∞, (∗) implies ∫ (Γ_{kj}(r − p) ∫ Γ_{jℓ}(p − p̃)f(p̃)dp̃)^2dp ≤ c_{Γ,λ}( ∫ λ(r − p̃)f(p̃)dp̃)^2. } (1.26)

Setting Λ_J (r, p) := λ(r − p), we verify (by (1.25)) ∫ λ^2(r − p)λ^{−1}(p)dp ≤ cλ^{−1}(r) ∫ λ(r − p)dp = cλ^{−1}(r). (∗∗) Hence, J satisfies (1.14). Remark 1.8

(i) Let {ϕ̃_n}_{n∈N} be a complete orthonormal system (CONS) in H_0 and define an M_{d×d}-valued function ϕ_n whose entries on the main diagonal are all ϕ̃_n and whose other entries are all 0. Then for any Ỹ ∈ M_{b,[0,∞)}, Z̃ ∈ W̃_{0,λ,[0,∞)} and r(·) ∈ R_{d,[0,∞)} (the spaces of Rd-valued adapted continuous processes)

∫ J (r(t), p, Ỹ(t), Z̃(t))w(dp, dt) = ∞∑ n=1 ∫ J (r(t), p, Ỹ(t), Z̃(t))ϕ_n(p)dpdβ^n(t), (1.27) where β^n(t) are R^d-valued i.i.d. standard Wiener processes. The right hand side of (1.27) defines the increment of an R^d-valued square integrable continuous martingale M , which can be verified as the corresponding statement in Kotelenez (1995b), Remark 1.2. In particular, (1.14) implies for the mutual quadratic variation of the one-dimensional components of M (t) := M (r(t), Ỹ(t), Z̃(t))

[M_k(t), M_ℓ(t)] ≤ c_J t. (1.28) (ii) For the analysis of equivalent distributions it is convenient to have a nice state space for w(dp, dt).

The representation (1.27) suggests for fixed t a state space on which we can define spatial Gaussian standard white noise as a countably additive Gauss measure. One way is to set for some fixed α > d

H_w := Dom((−△ + |r|^2)^{−α}), where △ is the Laplacian on H_0, |r|^2 is a multiplication operator, and “Dom” is the domain of the fractional power (−α) of (−△ + |r|^2), which itself determines a “natural” Hilbert norm ‖ · ‖_w on H_w. Then with 1 = (1, . . . , 1)

∂^1w(·, t) ∈ C([0, ∞); H_w) =: H_{w,[0,∞)} a.s. (1.29) (cf., e.g., Kotelenez (1985)).

Following Kotelenez (1995b) we now introduce the mezoscopic equations (or stochastic partial differential equations (SPDE’s)) associated with (1.10) and (1.11). The empirical process associated with (1.10) is given by

Y_N (t) := N∑ i=1 a_iδ_{r(t,r}i_{s)}, (1.30)

where r(t, r^i_s) is the solution of (1.10) starting at r^i_s and a_i ∈ R (assuming that a solution exists). The empirical process associated with (1.11) is X_N (t), as given in (1.11).

We easily see that the mutual quadratic variation [M_k(t), M_ℓ(t)] is differentiable in t. Set for (μ, η̃, r) ∈ M × H̃_{0,λ} × R^d D_{kℓ}(μ, η̃, r) := d dt [M_k(r, μ, η̃), M_ℓ(r, μ, η̃)], (1.31) and abbreviate ∂^2_{kℓ} :=

∂^2 ∂r_k∂r_ℓ . Then the empirical process associated with (1.10), Y_N (t), is a solution of the bilinear SPDE

dY = (^1_2 ∑_d k,ℓ=1 ∂ 2 kℓ(D_{kℓ}(Ỹ, Z̃)Y) − ▽ · (YF (Ỹ, Z̃)))dt − ▽ ·(Y ∫ J (·, p, Ỹ, Z̃)w(dp, dt)) } (1.32)

with initial condition Y(s) = ∑_N i=1 a_iδ_ri_s .

The empirical process associated with (1.11), X_N (t), is a solution of the quasilinear SPDE dX = (^1_2 ∑_d k,ℓ=1 ∂ 2 kℓ,r(Dkℓ(X , Z̃)X ) − ▽ · (X F (X , Z̃)))dt − ▽ ·(X ∫ J (·, p, X , Z̃)w(dp, dt)), } (1.33)

with initial condition X (s) = ∑_N i=1 a_iδ_ri_s .

A solution of (1.32) and (1.33) will always be a weak solution (in the sense of partial differential equations, cf. Kotelenez (1995b)), where the test functions are from C^3_b (R^d; R).

Remark 1.9

(i) If the coefficients F and J are independent of η̃ = (η, η̂), then (1.32) and (1.33) are a straightforward generalization of the SPDE’s considered by Kotelenez (1995b). The only remarkable difference then is our more abstract formulation which allows us also to consider, e.g., interaction of three and more particles by using the scheme (for the one-dimensional components of the forces) ∫ . . . ∫ K_1(r − q_1)K_2(q_1 − q_2) . . . K_n(q_{n−1} − q_n)μ(dq_n) . . . μ(dq_1), (1.34)

which was not explicitly considered in Kotelenez (loc. cit.). Moreover, we allow here spatially inhomogeneous “interaction” for the microscopic and mezoscopic models.

(ii) The real novelty, however, is the dependence on η̃ = (η, η̂), which can be considered as densities of possibly non-finite measures. Note that the derivation of the mezoscopic SPDE’s from the particle distribution in Kotelenez (loc. cit.) crucially depended on the Wasserstein metric, which is a metric on probability measures, but can be easily extended to finite measures with the same mass. Since we do not know a (convenient) extension of the Wasserstein metric to non-finite measures (which we need, if we want to derive spatially homogeneous random fields as solutions!), we have introduced η̃ as “external” fields at the microscopic level. This means that (1.33) would be bilinear, if the coefficients were independent of μ (resp. Ỹ). Once we derive “smooth” solutions for (1.32) and (1.33), generalizing the procedure of Kotelenez (1995b), we may afterwards try to “identify”, say, η with an “extended” version of the smooth solution. This strategy is successfully applied in Section 6 (Theorem 6.13) under the assumption that F and J are independent of μ. So, basically μ and η represent the same physical phenomenon, namely the mass distribution of the “heavy” particles, whose positions are described by the microscopic SODE’s.

(iii) The rôle of η̂ in η̃ = (η, η̂) is at this stage confined to act as a shift absorbing medium for (1.32) or (1.33). Indeed, let us define the shift operator U_h (acting on suitable functions f : R^d → R) by

(U_hf)(r) := f(r + h), h ∈ R^d. (∗) Then, with F^3 given by (1.17) and Ẑ ∈ H_{0,λ,[0,∞)},

U_hF^3(r, Ẑ(t)) = ∫ K(r + h − p)B(Ẑ(t, p))dp = ∫ K(r − p)B(Ẑ(t, p + h))dp. } (1.35)

So, if the distribution of Ẑ(t, p) is the same as that of Ẑ(t, p + h) for all t and p, i.e., if Ẑ(t) is spatially shift invariant or homogeneous for all t, then we might hope to obtain homogeneous solutions for (1.32), provided similar calculations hold for the diffusion part and F^1_k ≡ J^1_{kℓ} ≡ 0 for k, ℓ = 1, . . .d. We also see that the preceding arguments do not apply to F^2 given by (1.22) because of the factor λ(p).

Now take J^2, defined by (1.20), Z ∈ H_{0,λ,[0,∞)}, integrate J^2(r, p, Z(t)) against the Brownian sheet and apply U_h; U_h ∫ J^2(r, p, Z(t))w(dp, dt) = ∫ ∫ Γ(r + h − p − p̃)λ(p̃)B(Z(t, p̃))dp̃ w(dp, dt) = ∫ ∫ Γ(r − p − p̃)λ(p̃)B(Z(t, p̃))dp̃w_h(dp, dt), (1.36) with w_h(r, t) := w(r + h, t) (using (1.27) and Fubini’s theorem). In other words, we could absorb the shift into the Brownian sheet and leaving λ(p̃)B(Z(t, p̃)) unchanged. Since we easily see that w_h ∼ w (are equivalent in distribution—cf. Kotelenez (1995c)) one may expect to derive spatially homogeneous solutions for (1.33) provided F = F^3 and J = J^2 both in the “bilinear” case (Z is an external field) and in the quasilinear case (Z is “identified” with the solution). Under some additional assumptions we actually derive homogeneous solutions both for the bilinear and the quasilinear cases in Section 7 (Theorems 7.2 and 7.3).

Remark 1.10

(I) A particle approach to derive mezoscopic equations was, to our knowledge, first used by Dawson (1975) for a system of branching and diffusing particles. In a recent paper Dawson and Vaillaneourt (1995) derived mezoscopic equations for diffusing particles with mean field interaction by methods different from ours. The total mass in that model equals 1. Our approach was first developed for a model of interacting and diffusing vortices in a 2D-fluid (Kotelenez (1995a)).

(II) Since in this paper we derive homogeneous and isotropic solutions of quasilinear SPDE’s describing the mass distribution of diffusing particles with mean field interaction there are several natural problems arising:

(i) Shift invariance in t in addition to the spatial homogeneity (s. Dorogovtsev and Kotelenez (in preparation))

(ii) Analysis of the spectral properties of the fields and comparing to “inverse” approaches, where one starts with the spectrum etc. (cf. Dobrushin (1979)).

(iii) Introduction of more singular interaction (cf., for the microscopic equations, Skorohod (in preparation))

(iv) Inclusion of a reaction scheme (creation and annihilation). For a simple model of diffusing and branching particles this was done by Goncharuk and Kotelenez (1996). In that paper a fractional step method was used to include creation and annihilation, since the Wasserstein metric approach seems to work only for fixed (finite) mass. It would be nice to use the fractional step method to include nonlinear reaction using, e.g., the recent diffusion approximation results by Blount (1995).

Let us we now briefly describe the content. In Section 2 we analyze the microscopic equations. Apart from existence and uniqueness we obtain versions of the solutions which are measurable with respect to (μ(·), η̃(·), r, s) ∈ M_{b,[0,∞)} × H̃_{0,λ,[0,∞)} × R^d × [0, t), where the σ-algebras are the cylinder set σ-algebras on the first two spaces and the Borel σ-algebras on R^d × [0, t). This generalizes the well known result for Markovian SODE’s to the non-Markovian case. We also derive the backward SODE in Section 2. Complicated, resp. technical proofs are given in Appendix II (Section 10).

In Section 3 we derive general solutions for the mezoscopic equations. In Section 4 we derive smoothness for the mezoscopic equations under smoothness assumptions on the coefficients and assuming J (r, p, . . .) = J (r − p, . . .), i.e., assuming homogeneity in r and p. The latter assumption can be easily discarded, and we just assumed it to reduce the calculations to a minimum. The proofs for Section 4 are given in Appendix I (Section 9). In Section 5 we derive the Itô-formula for ‖Y (t)‖^p_{m,p,Φ}, where Y is the function valued solution of (1.32) (we identify densities Y with the measure Y—cf. Kotelenez (1995b)). In Section 6 we extend the mezoscopic equations (1.32) and (1.33) to initial conditions from W_{m,p,Φ,s}, where for (1.33) we have to assume the independence of F and J of μ. In Section 7 we derive homogeneous and isotropic solutions for (1.32) and (1.33).

Section 8 provides a simple comparison to the variational approach (cf. Pardoux (1975) as well as Krylov and Rozovski (1979)). Moreover, we also show that (1.32) is equivalent to a first order SPDE, if we use Stratonovich integration instead of Itô integration. That this should be the case was first pointed out to the author by J.P. Fouque (1994). Sections 9 and 10 are the appendices with technical proofs.

Some more notation:

Differential operators with respect to the space variable are usually denoted by ∂^j, j ∈ (N ∪ {0})^d, but if there are several space variables, like (r, p, q) etc.), we will write ∂^j_r, ∂^j_q etc. to indicate the variable on which ∂^j is acting. Partial derivatives of first and second order may also be denoted by ∂_k, ∂^2_{kℓ}, resp. ∂_{k,r}, ∂^2_{kℓ,r} (indicating again in the latter cases the relevant space variables). G_{s,t} (resp. G_t) is the σalgebra generated by the Brownian sheet between s and t (resp. 0 and t) for t ≥ s. G_{w,s,t} and G_{w,t} are the corresponding cylinder set σ-algebras on H_{w,[0,∞)}. We will use a bar on top of a σ-algebra to indicate that this σ-algebra is complete. The corresponding cylinder set filtrations on M_{a,[0,∞)}, H_{0,λ,[0,∞)}, H̃_{0,λ,[0,∞)} are denoted F_{a,s,t}, F_{0,λ,s,t}, F̃_{0,λ,s,t} etc. [ · ] will denote the (scalar) quadratic variation of R^m-valued martingales, where m ≥ 1. Moreover, for m ∈ N, R_{m, [s,∞)} := C([s, ∞); R^m). Finally, if B_i, i = 1, 2 are Banach spaces, L(B_1, B_2) are the bounded linear operators from B_1 into B_2. If B_1 = B_2 = B, then L(B) = L(B, B). Finally, we set W (t) := ∂^1w(·, t) , (1.37) where 1 = (1, . . . , 1) (cf. (1.29)). Note that W is an H_0-valued standard cylindrical Brownian motion.

2 The Microscopic Equations

Existence and uniqueness are derived for a class of SODE’s of type (1.11) as well as the measurability of its solution with respect to (ω, μ, η̃, r). This generalizes the well known result for SODE’s of Markovian type (measurability in (ω, r)) to our setting. As a consequence, equivalence in distribution of the solutions of SODE’s driven by different “inputs” (w_i, Ỹ_i, Z̃_i, r_{s,i}), i = 1, 2 is derived, provided that the “inputs” are equivalent in distribution (Theorem 2.2). In Theorem 2.3 the SODE for interacting particles is solved, and in Theorem 2.7 the “backward” SODE is derived. The proofs of Theorem 2.7 and of a part of Theorem 2.1 are given in Appendix II.

Let F̃ and J̃ satisfy the assumptions (1.13) and (1.14), w̃ be an F_t-adapted Brownian sheet (as in (1.27)) and consider the following R^d-valued SODE on [s, ∞): dr(t) = F̃ (r(t), Ỹ(t), Z̃(t))dt + ∫~ J (r(t), p, Ỹ(t), Z̃(t))w̃(dp, dt) r(s) = r_s, Ỹ ∈ M_{b,[0,∞]}, Z̃ ∈ W̃_{0,λ,[0,∞)}. } (2.1)

Denote a solution of (2.1), if it exists, by r(t, Ỹ, Z̃, r_s, s). Further, if f is a stochastic process on [s, ∞) with values in some metric space, we set for t ≥ s (π_{s,t}f)(u) := f(u ∧ t), (u ≥ s), where “∧” denotes “minimum”.

Theorem 2.1

1) To each s ≥ 0, r_s ∈ R_{d,s}, Ỹ ∈ M_{b,[s,∞)}, Z̃ ∈ W̃_{0,2,λ,[s,∞)} (2.1) has a unique solution r(·, Ỹ, Z̃, r_s, s) ∈ R_{d,[s,∞)}. 2) Let Ỹ_i ∈ M_{b,[s,∞)}, Z̃_i ∈ W̃_{0,2,λ,[s,∞)} and r_{s,i} ∈ R_{d,s}, i = 1, 2. Then for any T ≥ s and any stopping time τ ≥ s E sup_{s≤t≤T ∧τ} ρ^2(r(t, Ỹ_1, Z̃_1, r_{s,1}, s), r(t, Ỹ_2, Z̃_2, r_{s,2}, s)) ≤ c_{T,F,J} {Eρ^2(r_{s,1}, r_{s,2}) + E ∫_{T ∧τ} s (γ^2 (Ỹ_1(u), Ỹ_2(u)) + ‖Z_1(u) − Z_2(u)‖^2_{0,λ})du + ∑ L∈{F̃ J̃ ) E ∫_{T ∧τ} s ( ∫ Λ_L(r(u, Ỹ_2, Z̃_2, r_{s,2}, s), p)|B(Ẑ_1(u, p)) − B(Ẑ_2(u, p))|dp)^2du}. (2.2)

Further, with probability 1 uniformly in t ∈ [s, ∞) r(t, Ỹ_1, Z̃_1, r_{s,1}, s) ≡ r(t, π_{s,t}Ỹ_1, π_{s,t}Z̃_1, r_{s,1}, s). (2.3) 3) For any N ∈ N there is a R^{dN} -valued map in (t, ω, μ(·), η̃(·), r_N , s), 0 ≤ s ≤ t < ∞ such that for any fixed s ≥ 0 r_N (·, . . ., ·, s) : Ω × M_{b,[s,∞)} × H̃_{0,λ,[s,∞)} × R^{dN} → C([s, ∞); R^{dN} ), and the following holds:

(i) For any t ≥ s r_N (t, ·, . . ., ·, s) is G_{s,t} ⊗ F_{b,s,t} ⊗ F̃_{0,λ,s,t} ⊗ B^{dN} ⊗ B_{[0,t]} − B^{dN} -measurable. (ii) The i-th d-vector of r_N = (r^1, . . . , r^i, . . . r^N ) depends only on the i-th d-vector initial condition r^i_s ∈ R_{d,s}, and with probability 1 (uniformly in t ∈ [s, ∞)) r^i(t, ·, Ỹ, Z̃, r^i_s, s) ≡ r(t, Ỹ, Z̃, r^i_s, s), (2.4) where the right hand side of (2.4) is the solution of (2.1).

(iii) If u ≥ s is fixed, then with probability 1 (uniformly in t ∈ [u, ∞)) r_N (t, ·, π_{u,t}Ỹ, π_{u,t}Z̃, r_N (u, ·, π_{s,u}Ỹ, π_{s,u}Z̃, r_{N,s}, s), u) ≡ r_N (t, ·, π_{s,t}Ỹ, π_{s,t}Z̃, r_{N,s}, s). } (2.5)

Proof

We will prove statements 1) and 2) without loss of generality on [0, T ] for fixed T > 0 and s = 0 and statement 3) on [s, T ], and whenever possible we will suppress the dependence on s = 0 in our notation.

(i) Let q_ℓ ∈ R_{d,[0,∞)} and set

q̃_ℓ(t) := q_ℓ(0) + ∫_t 0 F̃ (q_ℓ(s), Ỹ_ℓ(s), Z̃_ℓ(s))ds + ∫_t 0 ∫ J̃ (q_ℓ(s), p, Ỹ_ℓ(s), Z̃_ℓ(s))w̃(dp, ds). (ii) By (1.13) we obtain ρ( ∫_t 0 F̃ (q_1(s), Ỹ_1(s), Z̃_1(s))ds, ∫^t_0 F̃ (q_2(s), Ỹ_2(s), Z̃_2(s))ds) ≤ c_F { ∫_t 0 ρ(q_1(s), q_2(s))ds + ∫_t 0 ‖B(Z_1(s)) − B(Z_2(s))‖_{0,λ}ds + ∫_t 0 sup_p ∑ +,− | ∫ K(q_2(s), p̃, p)(Ỹ^±_1 (s, dp̃) − Ỹ^±_2 (s, dp̃))|ds + ∫_t 0 ∫ Λ_F (q_2(s), p)|B(Ẑ_1(s, p)) − B(Ẑ_2(s, p))|dpds}. (2.6)

(iii) By (1.14) [ ∫_t 0 ∫ {J̃ (q_1(s), p, Ỹ_1(s), Z̃_1(s)) − J̃ (q_2(s), p, Ỹ_2(s), Z̃_2(s))}w̃(dp, ds)] ≤ c_{J̃} { ∫_t 0 ρ^2(q_1(s), q_2(s))ds + ∫_t 0 ‖B(Z_1(s)) − B(Z_2(s))‖^2_{0,λ}ds + ∫_t 0 sup_p ∑ +,− ∫ ( ∫ Γ(q_2(s), p, p̃, p)(Ỹ^±_1 (s, dp̃) − Ỹ^±_2 (s, dp̃)))^2dpds + ∫_t 0 ( ∫ Λ_{J̃} (q_2(s), p)|B(Ẑ_1(s, p)) − B(Ẑ_2(s, p))|dp)^2ds}. (2.7)

(2.6), (2.7), the Cauchy-Schwarz and Doob inequalities imply

E sup_{0≤t≤T ∧τ} ρ^2(q̃_1(t), q̃_2(t)) ≤ c̃_{F,J ,T} {Eρ^2(q_1(0), q_2(0)) + E ∫_{T ∧τ} 0 (ρ^2(q_1(s), q_2(s)) + ‖B(Z_1(s)) − B(Z_2(s))‖^2_{0,λ})ds E ∫_{T ∧τ} 0 sup_p ∑ +,−[( ∫ K(q_2(s), p̃, p)(Ỹ^±_1 (s, dp̃) − Ỹ^±_2 (s, dp̃)))^2 + ∫ ( ∫ Γ(q_2(s), p̃, p, p)(Ỹ^±_1 (s, dp̃) − Ỹ^±_2 (s, dp̃)))^2dp]ds + ∑ L∈{F̃ ,J̃ } E ∫_{T ∧τ} 0 ( ∫ Λ_L(q_2(s), p)|B(Ẑ_1(s, p)) − B(Ẑ_2(s, p))|dp)^2ds}. (2.8)

(iv) Next we note that

( ∫ Γ(q_2(s), p̃, p, p)(Ỹ^±_1 (s, dp̃) − Ỹ^±_2 (s, dp̃)))^2 = 1 (b^±)^2 ( ∫ ∫ Q^±(s, dp̃, dp̂)[Γ(q_2(s), p̃, p, p) − Γ(q_2(s), p̂, p, p)])^2 with Q^±(s) ∈ C(Ỹ^±_1 (s), Ỹ^±_2 (s)) arbitrary) ≤ ∫ ∫ Q^±(s, dp̃, dp̂)[Γ(q_2(s), p̃, p, p) − Γ(q_2(s), p̂, p, p)]^2 (by the Cauchy-Schwarz inequality).

Hence, by (1.12) ∑ +,− ∫ ( ∫ Γ(q_2(s), p̃, p, p)(Ỹ^±_1 (s, dp̃) − Ỹ^±_2 (s, dp̃)))^2dp ≤ ∑ +,− ∫ ∫ Q^±(s, dp̃, dp̂) ∫ (Γ(q_2(s), p̃, p, p) − Γ(q_2(s), p̂, p, p))^2dp ≤ c_J ∑ +,− ∫ ∫ Q^±(s, dp̃, dp̂)ρ^2(p̃, p̂). Estimating similarly the term with K in (2.8) we obtain by (1.12)

sup_p ∑ +,−[( ∫ K(q_2(s), p̃, p)(Ỹ^±_1 (s, dp̃) − Ỹ^±_2 (s, dp̃)))^2 + ∫ ( ∫ Γ(q_2(s), p̃, p, p)(Ỹ^±_1 (s, dp̃) − Ỹ^±_2 (s, dp̃)))^2dp] ≤ c_{F,J} ∑ +,− ∫ ∫ Q^±(s, dp̃, dp̂)ρ^2(p̃, p̂) = c_{F,J} γ^2 (Ỹ_1(s), Ỹ_2(s)).

(2.9)

since Q^±(s) ∈ C(Ỹ^±_1 (s), Ỹ^±_2 (s)) was arbitrary.

(v) (2.8) and (2.9) imply

E sup_{0≤t≤T ∧τ} ρ^2(q̃_1(t), q̃_2(t)) ≤ c̃_{F,J} {Eρ^2(q_1(0), q_2(0)) + E ∫_{T ∧τ} 0 ρ^2(q_1(s), q_2(s))ds +E ∫_{T ∧τ} 0 γ^2 (Ỹ_1(s), Ỹ_2(s))ds + E ∫_{T ∧τ} 0 ‖B(Z_1(s)) − B(Z_2(s))‖^2_{0,λ}ds +E ∫_{T ∧τ} 0 ∑ L∈{F̃ ,J̃ }( ∫ Λ_L(q_2(s), p)|B(Ẑ_1(s, p)) − B(Ẑ_2(s, p))|dp)^2ds} . (2.10)

(vi) Choosing first Ỹ_1 ≡ Ỹ_2, Z_1 ≡ Z_2, Ẑ_1 ≡ Ẑ_2 and τ = T the existence of a unique continuous solution follows from (2.10) and the contraction mapping principle. Having thus established the existence of unique (continuous) solutions r(·, Ỹ_ℓ, Z̃_ℓ, r_{0,ℓ}), ℓ = 1, 2, (2.2) follows from (2.10) and Gronwall’s lemma.

(vii) The relation (2.3) follows immediately from the construction. (viii) Statement 3 is proved in Addendum 10.1 of Appendix II.

If f and g are random variables with values in some measurable space, we will write f ∼ g, if f and g have the same distribution. Recall that by (1.37) W is an element of H_{w,[0,∞)}. Now suppose for s ≥ 0 there are two sets of random variables (w_i, Ỹ_i, Z_i, r_{s,i}), i = 1, 2, on (Ω, F, P ) such that (i) w_i are Brownian sheets with W_i in H_{w,[0,∞)} such that in the (weak) representation (1.27) W_i(·, t) = ∑_∞ n=1 ϕ_n(·)β_{n,i}(t), where {β_{n,i}(·)}_{n∈N} are two families of independent R^d-valued standard Brownian motions;

(ii) Ỹ_i ∈ M_{b,[s,∞)} and for any t ≥ u ≥ s

π_{u,t}(Ỹ_1) ∼ π_{u,t}(Ỹ_2);

(iii) Z̃_i ∈ H̃_{0,λ,[s,∞)} and for any t ≥ u ≥ s π_{u,t}(Z̃_1) ∼ π_{u,t}(Z̃_2);

(iv) r_{i,s} ∈ R_{d,s} and r_{1,s} ∼ r_{2,s}. In what follows we will denote by r(·, w_i, Ỹ_i, Z̃_i, r_{s,i}, s) the unique continuous solutions of (2.1) with input variables (w_i, Ỹ_i, Z̃_i, r_{i,s}), i = 1, 2. Moreover, r_N (·, w_i, Ỹ_i, Z̃_i, r_{N,i,s}, s) := (r(·, w_i, Ỹ_i, Z̃_i, r^1_{s,i}, s), . . . , r(·, w_i, Ỹ_i, Z̃_i, r^N_{s,i}, s)) is a collection of N solutions, considered as an R^{dN} -valued process (cf. (2.4)). Theorem 2.2

Suppose

(W_1, Ỹ_1, Z̃_1, r_{N,1,s}) ∼ (W_2, Ỹ_2, Z̃_2, r_{N,2,s}) on C([s, ∞); H_w × M_b × H̃_{0,λ}) × R^{dN} . (2.11) Then r_N (·, w_1, Ỹ_1, Z̃_1, r_{N,1,s}, s) ∼ r_N (·, w_2, Ỹ_2, Z̃_2, r_{N,2,s}, s) on C[s, ∞); R^{dN} ). (2.12) In particular, for any t ≥ s

r_N (t, w_1, Ỹ_1, Z̃_1, r_{N,1,s}, s) ∼ r_N (t, w_2, Ỹ_2, Z̃_2, r_{N,2,s}, s). (2.13) Proof

Assume without loss of generality s = 0 and N = 1. Set G_{t,i} := G(w_i(s), s ≤ t). Further, let G_{w,t} be the completion of G_{w,t} with respect to π_tW_1P (the probability measure induced by π_tW_1 on (H_{w,[0,∞)}, G_{w,∞}), which by equivalence equals π_tW_2P ). r(·, w_i(·), ·, ·, ·) are the general solution maps from Theorem 2.1, i = 1, 2.

It is now more convenient to “lift” the stochastic analysis to the “canonical” probability space (H_{w,[0,∞)}), G_{w,∞}, G_{w,t}, w_1P ). Then, by the results of Theorem 2.1, there is a map = r: H_{w,[0,∞)} × M_{b,[0,∞)} × H̃_{0,λ,[0,∞)} × R^d → C([0, ∞); R^d) such that for all t ≥ 0

(π_t^=r)(·, ·, ·, ·) is G_{w,t} ⊗ F_{b,t} ⊗ F̃_{0,λ,t} ⊗ B^d − F_Rd_{,t}-measurable, (2.14)

where F_Rd_{,t} is the σ-algebra of cylinder sets on C([0, t]; R^d). Moreover, with probability 1 uniformly in t ≥ 0 = r (t, π_tW_i, π_tỸ, π_tZ̃_i, r_{i,0}) ≡ r(t, w_i, Ỹ_i, Z̃_i, r_{i,0}), i ≡ 1, 2, (2.15) (cf. Ikeda and Watanabe (1981), Ch. IV). (2.11), (2.14) and (2.15) imply (2.12) and (2.13).

Next, we assume

M_a = M_b (i.e., a^± = b^±)

and take Ỹ(t) := X_N (t) := ∑_N i=1 a_iδ_ri_{(t)}, i.e., we consider the R^{dN} -valued system of coupled SODE’s (1.11). By a direct generalization of the proof of Theorem 2.2 in Kotelenez (1995b) we obtain:

Theorem 2.3

To each F_s-adapted initial condition r_N (s) ∈ R^{dN} and Z̃ ∈ W̃_{0,2,λ,[s,∞)} (1.11) has a unique solution r_N (·, Z̃, r_N (s)) ∈ R_{d,[s,∞)}. Let us now choose F̃ := F , J̃ := J and w̃ := w. Then (2.1) becomes the SODE (1.10) for the random “forward” flow. Next we will follow the procedure in Ikeda and Watanabe (1981), Ch. V, to construct the random “backward” flow. Fix T > s and consider dr(t) = −F (r(t), Ỹ(T + s − t), Z̃(T + s − t))dt + ∫ J (r(t), p, Ỹ(T + s − t), Z̃(T + s − t))w̌(dp, dt), r(s) = r (deterministic), t ∈ [s, T ],

(2.16)

where w̌(dp, t) := w(dp, T − t) − w(dp, T ). (2.17) Setting now F̃ (r, Ỹ(t), Z̃(t)) := −F (r, Ỹ(T + s − t), Z̃(T + s − t)), J̃ (r, p, Ỹ(t), Z̃(t)) := J (r, p, Ỹ(T + s − t), Z̃(T + s − t)) and w̃ := w̌ Theorem 2.1 implies the existence of a unique Itô-solution of (2.16). Moreover, setting G_t := Ǧ_t := σ(W̌ (u), u ≤ t) (where σ(·) is the completed σ-algebra) this solution can be represented through the Ǧ_t ⊗ F_{b,t} ⊗ F̃_{0,λ,t} ⊗ B^d– B^d-measurable map ř(t, ·, ·, ·, s, w̌) of part 3 of Theorem 2.1 with N = 1, provided Z̃ ∈ H̃_{0,λ,[s,∞)}. Then the measurability properties of ř allow us to define ξ → ř(·, Ỹ, Z̃, ξ, s, w̌) (2.18) for any R^d-valued random variable ξ such that for deterministic ξ = r ř(·, Ỹ, Z̃, r, s, w̌) is the unique Itô-solution of (2.16) with ř(s, Ỹ, Z̃, r, s, w̌) = r.

Remark 2.4

(i) In general, ř(·, Ỹ, Z̃, ξ, s, w̌) cannot be interpreted as an Itô-solution of (2.16) with initial condition ξ at time s, since ξ can be anticipating with respect to w̌.

(ii) Since in (2.18) we do not need the measurability in μ and η̃, we may always assume Z̃ ∈ W̃_{0,2,λ,[0,∞)} etc. and assume that ř(t, Ỹ, Z̃, ·, s, w̌) is measurable with respect to (ω, r).

We will now show that (2.16) is indeed the SODE for the backward flow under an additional smoothness assumption on the coefficients of (2.1).

Abbreviate for u ∈ [0, T ] F̃_k(r, u) := F̃_k(r, Ỹ(u), Z̃(u)), k = 1, . . . , d; J̃_{kℓ}(r, p, u) := J̃_{kℓ}(r, p, Ỹ(u), Z̃(u)), k, ℓ = 1, . . . , d. } (2.19)

Hypothesis 2.5

For some m ≥ 1 max 1≤k,ℓ≤d ess sup ω∈Ω, 0≤u≤T {|‖F̃_k(·, u, ω)|‖_m + |‖ ∫ J̃^2_{kℓ}(·, p, u, ω)dp|‖_{m+1}} < ∞. (2.20)

Remark 2.6

For homogeneous kernels J_{kℓ}(r − p, u) condition (2.20) reduces to (4.2) on D̂ (cf. Section 4). Indeed, using the homogeneity in the first step of the calculations below we obtain for any q̃(u) ∈ R_{d,[0,∞)} (assuming |j| ≤ m + 1) ∫ (∂^j_r J_{kℓ})^2(q̃(u) − p, u)dp = ∫ (∂^j_r J_{kℓ})^2(q, u)dq

= (−1)^{|j|} ∫ (∂^{2j}_r J_{kℓ}(q, u))J_{kℓ}(q, u)dq ≤ ess sup ω∈Ω, u∈[0,T ] |‖D̂_{kℓ}(u, ω)|‖_{2(m+1)} ≤ d_{1,T} < ∞.

Theorem 2.7

Fix T > s and assume (2.20) with m ≥ 1. Then with probability 1 r(T − t, Ỹ, Z̃, r, s, w) = ř(t, Ỹ, Z̃, r(T − s, Ỹ, Z̃, r, s, w), w̌), (2.21) uniformly in r ∈ R^d and t ∈ [s, T ], where the left hand side in (2.21) is the (ω, r)-measurable version of the solution of the “forward” SODE (1.10), and the right hand side is the measurable version (in (ω, r)) of the “backward” SODE (2.16). Proof

(10.35), (10.40) and (10.41) in Appendix II imply (2.21).

3 The Mezoscopic Equation–Existence

Existence for the mezoscopic equation (1.32) is obtained through extension by continuity on the space of finite signed measures. The “mass” is conserved but it can depend on ω. Finally, we derive existence for the quasilinear SPDE (1.33) on M_{[s,∞)}.

Let Ỹ ∈ M_{b,[0,∞)}, Z̃ ∈ W̃_{0,2,λ,[0,∞)}, r^i_s ∈ R_{d,s}, i = 1, . . . N . Consider on [s, ∞) the N -system of R^d-valued SODE’s:

dr^i(t) = F (r^i(t), Ỹ(t), Z̃(t))dt + ∫ J (r^i(t), p, Ỹ(t), Z̃(t))w(dp, dt) r^i(s) = r^i_s, i = 1, . . ., N ; } (3.1) where F and J satisfy assumptions (1.13) and (1.14). By Theorem 2.1 (3.1) has unique continuous solutions r^i(t), i = 1, . . . , N . Set

Y_N (t) := N∑ i=1 a_iδ_ri_{(t)}, (3.2)

where a_i ∈ R. Further, set a^+ := ∑ a_i≥0 ai, a − := ∑ a_i<0 ai and a := (a

+, a^−). Then Y_N ∈ M_{a,[s,∞)}, (3.3) and (by Itô’s formula, cf. Kotelenez (1995b)) Y_N is a solution of (1.32) with initial condition

Y_N (s) = N∑ i=1 a_iδ_ri_{(s)} =: X_{a,s}. (3.4)

Now let X_{a,s} be any initial condition which can be represented by (3.4) and Y(t, Ỹ, Z̃, X_{a,s}) the empirical process Y_N (t, X_{a,s}) given by (3.2). Let B ∈ F_s. Then both X^±_{a,s}1_B and X^±_{a,s}1_Bc are F_s-measurable (where B^c := Ω\B). Set Y^±(t, Ỹ, Z̃, X^±_{a,s}1_B ) := 1_BY^±(t, Ỹ, Z̃, X^±_{a,s}). We immediately verify that Y^±(·, Ỹ, Z̃, X^±_{a,s}1_B) solves (1.32) with initial condition X^±_{a,s}1_B, where now for all t ≥ s Y^±(t, Ỹ, Z̃, X^±_{a,s}1_B) ∈ { M_a± , if ω ∈ B, {0_μ}, if ω ∉ B. (3.5)

Here, M_a± are the non-negative Borel measures of mass a^±, and 0_μ(A) = 0 for all Borel sets A. This observation together with the fact that the solution of a bilinear equation (on some vector space) defines a linear operator on the space of initial conditions allows us to “extend” our solutions of (1.32) with deterministic mass a to solutions with F_s-measurable random mass a as follows: Let a_i ∈ R^2, B_i ∈ F_s and X_{ai,s} given by (3.4), i = 1, . . .n. Then Y(t, Ỹ, Z̃, n∑ i=1 1_{Bi} X_{ai,s}) := n∑ i=1 1_{Bi} Y(t, Ỹ, Z̃, X_{ai,s}) (3.6) is a solution of (1.32) with initial condition

X_s := n∑ i=1 1_{Bi} X_{ai,s}, a(ω) := n∑ i=1 a_i1_{Bi} (ω). (3.7) Set M_{s,d} := {X_s ∈ M_s : X_s =: X_{s,n,N} can be represented by (3.7), (3.4); n, N ∈ N}. (3.8) We restrict the metric (Eγ^2(·, ·))^{12} on M_s to M_{s,d}.

Theorem 3.1

(I) For any fixed Ỹ ∈ M_{b,[s,∞)}, Z̃ ∈ W̃_{0,2,λ,[s,∞)} the map X_{s,n,N} → Y(·, Ỹ, Z̃, X_{s,n,N} ) from M_{s,d} into M_{[s,∞)} extends uniquely to a map X_s → Y(·, Ỹ, Z̃, X_s) from M_s into M_{[s,∞)}. Moreover, if a^±(ω) := X^±_s (ω, R^d) is the random mass at time s, then with probability 1 uniformly in t ∈ [s, ∞) Y(t, ω, Ỹ, Z̃, X_s(ω)) ∈ M_{a(ω)}, (3.9) where a(ω) := (a^+(ω), a^−(ω)),

(II) Let X_{s,ℓ} ∈ M_s, Ỹ_ℓ ∈ M_{b,[s,∞)}, Z̃_ℓ ∈ W̃_{0,2,λ,[s,∞)} a.s., ℓ = 1, 2, where X^±_{s,1}(ω, R^d) = X^±_{s,2}(ω, R^d) =: a^±(ω). Then for any bounded stopping time τ ≥ s

E sup_{s≤t≤τ} γ^2(Y(t, Ỹ_1, Z̃_1, X_{s,1}), Y(t, Ỹ_2, Z̃_2, X_{s,2})) ≤ c_{τ,F,J} {Eγ^2(X_{s,1}, X_{s,2}) E|a|^2 ∫_τ s (γ^2(Ỹ_1(u), Ỹ_2(u)) + ‖B(Z_1(u)) − B(Z_2(u))‖^2_{0,λ})du + ∑ L∈{F,J } ∑ +,− E|a| ∫_τ s ∫ Y^±_2 (u, dr)( ∫ Λ_L(r(u, Ỹ_2, Z̃_2, r, s) − p)|B(Ẑ_1(u, p)) − B(Ẑ_2(u, p))|dp)^2du. (3.10)

Proof

(i) Suppose the mass parameters of X_s, X_{s,1} and X_{s,2} are discrete random variables a_n, a_{n,1} and a_{n,2} respectively (i.e., they take only finitely many values). Then we can restrict the analysis to the case, where a_n, a_{n,1} and a_{n,2} are all constant in ω. However, for constant mass parameters statements (I) and (II) are straight forward generalizations of Lemma 3.1 and Corollary 3.2 of Kotelenez (1995b), where the main difference comes from the last term on the right hand side of (2.2).

(ii) First we bound the mass away from 0 and ∞. Let ε ϵ (0, 1) and recall

(M_{ε,ε}−1 , γ) is complete and separable. (3.11)

Clearly, ⋃ ε∈(0,1) M_{ε,ε}−1 = {μ ∈ M : μ^±(R^d) > 0} . (3.12)

(iii) Assume for notational convenience s = 0. Let M_{ε,ε}−1_{,0} and M_{ε,ε}−1_{,[0,∞)} the restrictions of M_0 and M_{[0,∞)}, respectively, to random variables, resp. random processes, with values in M_{ε,ε}−1 . Let X_0 ∈ M_{ε,ε}−1_{,0} with mass a. Take a sequence of discrete random variables a_n with a^+_n , a^−_n ∈ (ε, ε^{−1}) a.s. and Eρ^2(a_n, a) → 0, as u → ∞. Set

X^±_{0,n} := a^±_n a^± X^±_0 .

Then, γ̃^2(X_0, X_{0,n}) = 0, whence

Eγ^2(X_{0,n}, X_0) = Eρ^2(a_n, a) → 0, as n → ∞. (3.13)

Hence,

M_{0,d} dense in M_0

with respect to the metric (Eγ^2(·, ·))^{12} .

The completeness of (M_{ε,ε}−1 , γ) implies the completeness of M_{ε,ε}−1_{,0} and M_{ε,ε}−1_{,[0,∞)}. Step (i) implies

E sup_{0≤t≤τ} γ^2(Y(t, Ỹ_1, Z̃_1, X_{0,n}), Y(t, Ỹ_2, Z̃_2, X_{0,m})) ≤ c_{τ,F,J ,ε}{Eγ^2(X_{0,n}, X_{0,m}) +E ∫_τ 0 |a|^2(γ^2(Ỹ_1(s), Ỹ_2(s)) + ‖B(Z_1(s)) − B(Z_2(s))‖^2_{0,λ})ds ∑ L∈{F,J } ∑ +,− E ∫_τ 0 ∫ |a|Y^±_2 (s, dr)( ∫ Λ_L(r(u, Ỹ_2, Z̃_2, r) − p)|B(Ẑ_1(s, p)) − B(Ẑ_2(s, p)))dp)^2ds} (3.14) for any X_{0,n}, X_{0,m} ∈ M_{ε,ε}−1_{,0} ∩ M_{0,d}. Hence for any X_0 ∈ M_{ε,ε}−1_{,0}, Ỹ ∈ M_{b,[s,∞)} and Z̃ ∈ W̃_{0,2,λ,[s,∞)} there is a unique extension Y(·, Ỹ, Z̃, X_0) ∈ M_{ε,ε}−1_{,[0,∞)}. Moreover, the inequality extends by continuity to arbitrary initial conditions X_{0,1} and X_{0,2} from M_{ε,ε}−1_{,0}.

(iv) Since ε ∈ (0, 1) was arbitrary and Y(t, Ỹ, Z̃, X_s) is linear in the initial condition (cf. (3.6)) (3.10) extends to all X_s ∈ M_s (where the right hand side in (3.10) may be infinite and where we set Y^±(t, Ỹ, Z̃, 0_μ) ≡ 0_μ). (3.9) follows from the construction of the extension.

Next, we consider the mezoscopic equation (1.33) associated with the coupled system of SODE’s (1.11). Let for b > 0

M_{0,b} := {μ ∈ M : μ^+(R^d) + μ^−(R^d) ≤ b}

and let M_{0,b,s} denote the restriction of M_s to M_{0,b}. By a trivial generalization of Theorem 2.1 we obtain that (1.11) has a unique solution even if Ỹ ∈ M_{0,b,[s,∞)} (the restriction of M_{[s,∞)} to M_{0,b}- valued processes) such that (2.2) holds. We denote the empirical process of the N -particle system by X (t, Z̃, X_{s,N} ), with X_{s,N} being its initial state. A combination of such states as given by (3.7) will be denoted X_{s,N,n}. Note that X (t, Z̃, X_{s,N,n}) = Y(t, Y, Z̃, X_{s,N,n}), if we set Y := X (·, Z̃, X_{s,N,n}). Theorem 3.2 (I) Let Z̃ ∈ W̃_{0,2,λ,[s,∞)}. Then for any b > 0 the map X_{s,N,n} → X (·, Z̃, X_{s,N,n}) from M_{0,b,s} ∩ M_{s,d} into M_{[s,∞)} extends uniquely to a map X_s → X (·, Z̃, X_s) from M_{0,b,s} into M_{[s,∞)}. Moreover, if a^±(ω) := X^±_s (ω, R^d) is the random mass at time s, a(ω) := (a^+(ω), a^−(ω)), then with probability 1 for all t ≥ s

X (t, ω, Z̃, X_s(ω)) ∈ M_{a(ω)}. (3.15)

(II) Suppose for ℓ = 1, 2 Z̃_ℓ ∈ W̃_{0,2,λ,[s,∞)} and X_{s,ℓ} ∈ M_{0,b,s} such that X^±_{s,1}(ω, R^d) = X^±_{s,2}(ω, R^d) = a^±(ω) a.s. Then, for any bounded stopping time τ ≥ s

E sup_{s≤t≤τ} γ^2(X (t, Z̃_1, X_{s,1}), X (t, Z̃_2, X_{s,2})) ≤ c_{τ,F,J ,b}{Eγ^2(X_{s,1}, X_{s,2}) +E|a|^2 ∫_τ s ‖B(Z_1(u)) − B(Z_2(u))‖^2_{0,λ}du + ∑ L∈{F,J } ∑ +,− E|a| ∫_τ s ∫ X^±_2 (u, dq)( ∫ Λ_L(r(u, X_2, Z̃_2, q, s) − p)|B(Ẑ_1(u, p)) − B(Ẑ_2(u, p))|dp)^2du} (3.16) with X_2 := X (·, Z̃_2, X_2).

Proof

Theorem 3.1 and Kotelenez (1995b), Theorem 3.4.

Theorem 3.3

Let Z̃ ∈ W̃_{0,λ,[s,∞)}. Then the following statements hold:

(I) Suppose Ỹ ∈ M_{0,b,[s,∞)}, X_s ∈ M_s. Then Y(·, Ỹ, Z̃, X_s), the process obtained in Theorem 3.1., is a solution of (1.32) (cf. Kotelenez (1995b), (3.9)).

(II) Suppose X_s ∈ M_{0,b,s} for some b > 0. Then X (·, Z̃, X_s), the process obtained in Theorem 3.2., is a solution of (1.33) (cf. Kotelenez (1995b), (1.27)).

The proof is a simple generalization of the proofs of Theorems 3.5 and 3.6 in Kotelenez (1995b).

4 The Mezoscopic Equation—Smoothness

Under the smoothness assumptions (4.2) on the coefficients of (1.10) the solution of (1.32) (resp. of (1.33)) is shown to live on corresponding smooth Sobolev-Hilbert spaces H_m provided the initial condition lives on H_m. The proof is given in Appendix I.

Note that smoothness for the bilinear SPDE (1.32) implies smoothness for the quasilinear SPDE (1.33) (by taking Y ≡ X ∈ M_{0,b,[s,∞)}, provided X_s ∈ M_{0,b,s} for some b > 0). In Kotelenez (1995b) H_0-valued solutions for both SPDE’s were derived under the absence of the “input” (Ẑ, Z) and for deterministic mass parameter a. Moreover, the kernel J was assumed to be homogeneous. Since the arguments become more transparent in the homogeneous case, we will make the same assumption here. It will, however, become obvious that with minor changes in the proof one can also derive smoothness for inhomogeneous J . Hypothesis 4.1

J (r, p, ·) = J (r − p, ·) for all r, p ∈ R^d. (4.1)

Then we abbreviate: D_{kℓ}(s) := D_{kℓ}(Ỹ(s), Z̃(s)), F_k(r, s) := F_k(r, Ỹ(s), Z̃(s)), J (r, s) := J (r, Ỹ(s), Z̃(s)), dM (s) := ∫ J (· − p, s)w(dp, ds), D̃_{kℓ}(s, r − q) :=^d_{ds} [M_k(s, r), M_ℓ(s, q)], D̂_{kℓ}(s, r − q) := D_{kℓ}(s) − D̃_{kℓ}(s, r − q). (∗)

Hypothesis 4.2

Fix m ∈ N ∪ {0}, T > 0 and suppose there are finite constants d_{i,T} , i = 1, 2, 3 such that max 1≤k,ℓ≤d ess sup (t,ω)∈[0,T ]×Ω |‖D̂_{kℓ}(t, ω)|‖_{(m+1)2} ≤ d_{1,T} ; max 1≤k,ℓ≤d ess sup (t,ω)∈[0,T ]×Ω |D_{kℓ}(t, ω)| ≤ d_{2,T} ; max 1≤k≤d ess sup (t,ω)∈[0,T ]×Ω |‖F_k(t, ω)|‖_{m+1} ≤ d_{3,T} . (4.2)

We will call m the smoothness degree of the coefficients F and J .

Theorem 4.3

Let m ∈ N ∪ {0} and suppose (4.2) in addition to (4.1) and

Y_s ∈ W_{m,2,1,s} ∩ M_{0,b,s} for some b > 0. (4.3) Then, the unique (weak) solution of (1.32) has a density with respect to the Lebesgue measure Y (·, Y_s) := Y (·, Ỹ, Z̃, Y_s) such that for any T > s Y (·, s) ∈ W_{m,2,1,[s,T ]} ∩ M_{0,b,[s,T ]}. (4.4) Moreover, there is a finite constant c_{T,m} := c_{T,m}(d_1, d_2, d_3) such that uniformly in Ỹ ∈ M_{0,b,[s,T ]} and Z̃ ∈ W̃_{0,λ,[s,∞)}. sup s≤t≤T E‖Y (t, Ỹ, Z̃, Y_s)‖^2_m ≤ c_{T,m}E‖Y_s‖^2_m, (4.5) where d_1, d_2 and d_3 are the bounds in (4.2) evaluated at T .

The proof is given in the Appendix I (Section 9).

5 The Itô formula for k � k^p_{m,p,Φ}

The Itô formula for ‖Y (t)‖^p_{m,p,Φ} is derived under smoothness assumption on the coefficients and the initial conditions.

Theorem 5.1 (Itô formula)

Let Φ ∈ {1, λ}, p > 0, if Φ = λ and p ≥ 2, if Φ ≡ 1, m ∈ N ∪ {0}, m an even integer such that m >^d_2 + m + 2 and assume (4.2) with smoothness degree m (instead of m). in addition to (4.1). Further, assume

Y_s ∈ W_{m,2,1,s} ∩ M_{0,b,s} for some b > 0. (5.1)

Let Y (·) := Y (·, Y_s) := Y (·, Ỹ, Z̃, Y_s) be the (smooth) solution of (1.32) (derived in Section 4). Then for any multiindex m with |m| ≤ m ∫ (∂^mY (t, r))^pΦ(r)dr = ∫ (∂^mY (s, r))^pΦ(r)dr +^1_2 ∑_d k,ℓ=1 ∫_t s ∫ (∂^mY (u, r))^p∂^2_{kℓ}Φ(r)drD_{kℓ}(s)ds −^p_2 ∑_d k,ℓ=1 ∫_t s ∫ (∂^mY (u, r))^{p−1}{ ∑ n<m_k (∂ nY (u, r))L_{kℓ,mk−n}(u)∂_ℓΦ(r) + ∑ n<m_ℓ ∂ nY (u, r)(−1)^{|mℓ−n|+1}L_{kℓ,mℓ−n}(u)∂_kΦ(r)}drdu +^{p(p−1)}_2 ∑_d k,ℓ=1 ∫_t s ∫ (∂^mY (u, r))^{p−2} ∑_{n<mk} ñ<m_ℓ

(∂^nY (u, r)) (∂^ñY (u, r))(−1)^{|mℓ −ñ|+1}· ·L_{k,ℓ,mk+mℓ −n−ñ}(u)Φ(r)drdu + ∑_d ℓ=1 ∫_t s ∫ (∂^mY (u, r))^p((∂_ℓF_ℓ)(r, u)Φ(r) + F_ℓ(r, u)∂_ℓΦ(r))drdu − p ∑_d ℓ=1 ∫_t s ∫ (∂^mY (u, r))^{p−1} ∑ n<m_ℓ (∂ nY (u, r))(∂^{mℓ−n}F_ℓ(r, u))Φ(r)drdu + ∑_d ℓ=1 ∫_t s ∫ (∂^mY (u, r))^p((d∂_ℓM_ℓ(u, r))Φ(r) + dM_ℓ(u, r)∂_ℓΦ(r))dr − p ∑_d ℓ=1 ∫_t s ∫ (∂^mY (u, r))^{p−1} ∑ n<m_ℓ (∂ nY (u, r))d(∂^{mℓ−n}M_ℓ(u, r))Φ(r)dr, =: ∑_8 i=1 C_{m,i}(t),

(5.2)

where m_k := m + 1_k, m_ℓ := m + 1_ℓ and

L_{k,ℓ,n}(s) := ∂^nD̂_{kℓ}(s, r)|_{r=0}. Proof

(i) If p ≥ 2, Theorem 4.3 and the definition of m imply Y (t), ∂_kY (t), ∂^2_{kℓ}Y (t) are in W_{m,p,1} ⊂ W_{m,p,Φ} for k, ℓ = 1, . . . , d. For Φ = λ Hölder’s inequality implies W_{m,p,λ} ⊃ W_{m,2,λ} if 0 < p ≤ 2. Again we assume s = 0. Further, since we can always choose a decomposition {B_n}_{n∈n} of Ω with B_n ∈ F_0 such that ess sup_ω ‖Y_0‖_m1_{Bn} < ∞ for n ≥ 2 and P (B_1) = 0 we may without loss of generality assume ess sup_ω ‖Y_0(ω)‖_m ≤ c < ∞. (∗) By (5.1) we may stop ‖Y (t)‖_{m−2} at the first exit time τ := τ_N for the ball with center 0 and radius N > c (where τ_N (ω) = ∞, if sup_{0≤t<∞} ‖Y (t)‖_{m−2} < ∞). Hence, ‖Y (t ∧ τ_N )‖_{m−2} ≤ N a.s. for all t ≥ 0. By the smoothness result we obtain the analogue of (9.11) with μ = ∞, i.e., R^{m2}_μ replaced by I and t ∧ τ instead of t. We now proceed as in the proof of Theorem 4.3. Let us also use the same abbreviations as in that proof (with μ = ∞, t → t ∧ τ and setting here Y_m(t) := ∂^mY (t)).

(ii) Integration by parts yields

A_{2,m}(t) = −^{p(p−1)}_2 ∑_d k,ℓ=1 ∫_{t∧τ} 0 ∫ (Y_m(s, r))^{p−2}(∂_kY_m(s, r))(∂_ℓY_m(s, r))Φ(r)drD_{kℓ}(s)ds +^1_2 ∑_d k,ℓ=1 ∫_{t∧τ} 0 ∫ (Y_m(s, r))^p∂^2_{kℓ}Φ(r)drds (5.3)

=: A_{2,m,1}(t) + A_{2,m,2}(t), where the second term comes from p ∫ Y^{p−1}(s, r)(∂_ℓY_m(s, r))∂_kΦ(r)dr = ∫ ∂_ℓ(Y^p_m(s, r))∂_kΦ(r)dr and integration by parts. Next, note that the n ≤ m_k, ñ ≤ m_ℓ d[∂^{mk−n}M_k(s, r), ∂^{mℓ−ñ}M_ℓ(s, r)] = L_{kℓ,mk+mℓ −n−ñ}(s)(−1)^{|mℓ −ñ|+1}ds, } (5.4) and −L_{kℓ,0}(s) = D_{kℓ}(s). Therefore, [∂_k∂^m(Y (s, r)dM_k(s, r)), ∂_ℓ∂^m(Y (s, r)dM_ℓ(s, r))] = (∂_kY_m(s, r))(∂_ℓY_m(s, r))D_{kℓ}(s)ds + ∑_{n<mk} ñ<m_ℓ (∂^nY (s, r))(∂^ñY (s, r))(−1)^{|mℓ −n|+1}L_{kℓ,mk+mℓ −n−ñ}(s)ds + ∑ ñ<m_ℓ (∂kYm(s, r))(∂ ñY (s, r))(−1)^{|mℓ −ñ|+1}L_{kℓ,mℓ−ñ}(s)ds + ∑ n<m_k (∂ℓYm(s, r))(∂ nY (s, r))L_{kℓ,mk−n}(s) ds =: ∑_4 i=1 B_{kℓ,i}(s, r)ds.

(5.5)

The decomposition of the left hand side of (5.5) into

∑_4 i=1 B_{kℓ,i}(s, r)ds induces a decomposition

A_{5,m}(t) = 4∑ i=1 A_{5,m,i}(t). Clearly, A_{2,m,1}(t) + A_{5,m,1}(t) ≡ 0. (5.6) By the same trick, which lead to a simplification of A_{2,m,2}(t) we easily see that 4∑ i=3 A_{5,m,i}(t) = C_{m,3}(t ∧ τ ). Moreover, A_{5,m,2}(t) = C_{m,4}(t ∧ τ ).

(iii) Similarly to (ii) (in particular (5.3)) we obtain A_{3,m}(t) = C_{m,5}(t ∧ τ ) + C_{m,6}(t ∧ τ ) (5.7) and A_{4,m}(t) = C_{m,7}(t ∧ τ ) + C_{m,8}(t ∧ τ ). (5.8) So we obtain (5.2) with t replaced by t ∧ τ .

(iv) Since τ_N ↑ ∞ a.s., as N → ∞, (5.2) holds for any t ≥ s.

6 Extension of the Mezoscopic Equations to W_{m,p,Φ} – Existence and Uniqueness

First, under certain smoothness assumptions the solution of the bilinear SPDE (1.32) is extended to initial conditions in W_{m,p,Φ,s} and shown to live on W_{m,p,Φ,[s,∞)}. (Theorem 6.2). Then, F and J are assumed to depend only on r and Z̃ = (Ẑ, Z). A representation of the solution of (1.32) in terms of the backward SODE (2.16) is derived (Lemma 6.4). Hence, microscopic estimates can be used to derive a unique solution X of the quasilinear SPDE (1.33), where Ẑ is treated as a fixed random input, the initial condition X_0 does not depend on r and is bounded and Z in the bilinear SPDE is replaced by X (Theorem 6.13).

Theorem 5.1 implies: Lemma 6.1

Under the assumptions of Theorem 5.1 there is a finite c_{m,F,J ,Φ,p} such that for any T > s sup s≤t≤T E‖Y (t, Y_s)‖^p_{m,p,Φ} ≤ exp((T − s)c_{m,F,J ,Φ,p})E‖Y_s‖^p_{m,p,Φ}. (6.1)

Proof

Apply (5.2), Hölder’s inequality as well as Gronwall’s and Fatou’s lemmas. Theorem 6.2

Let Φ ∈ {1, λ}, p an even number ≥ 2, m ∈ N ∪ {0}, m an even integer with m >^d_2 + m + 2 and suppose (4.2) with smoothness degree m in addition to (4.1). Further, let Ỹ ∈ M_{0,b,[s,∞)} for some b > 0 and Z̃ ∈ W̃_{0,2,λ,[s,∞)}. Assume Y_s ∈ W_{m,p,Φ,s}. (6.2) Then, there is a unique weak solution Y (·) := Y (·, Y_s) := Y (·, Ỹ, Z̃, Y_s) ∈ W_{m,p,Φ,[s,∞)} of (1.32) with Y (s) = Y_s, and for any T > s (6.1) holds with c_{m,F,J ,Φ,p} independent of Ỹ and Z̃. Proof

(i) Again we may without loss of generality assume s = 0. Since Y (·, Y_0) is linear in the initial condition, (6.1) implies that Y (·, Y_0) is a uniformly continuous map from D ⊂ W_{m,p,Φ,0} into W_{m,p,Φ,[0,T ]} for any T > 0. Here D is the set of linear combinations of initial conditions satisfying (5.1)with smoothness degree m and s = 0, endowed with the norm of W_{m,p,Φ,0}. It is shown in Lemma 9.6 that D is dense in W_{m,p,Φ,0}, whence there is a unique extension of the map Y (·, Y_0) to W_{m,p,Φ,0}, which also satisfies (6.1).

(ii) In this step we show that the extension Y (·, Y_0) also satisfies (1.32). Let Y_{0,N} be the approximation of Y_0 as constructed in Lemma 9.6 and set h_N (t) := Y (t, Y_{0,N} ) − Y (t, Y_0). Further, abbreviate J (s, r) := J (r, Ỹ (s), Z̃(s)), let φ ∈ C^2_c (R^d, R) and set c_{Φ,φ} := sup_{r∈supp φ} Φ^{−2}(r), where “supp φ” is the support of φ. Then, in case Φ = λ, we obtain

[ ∫_t 0 ⟨h_N (s), ∫ J (s, · − p)w(dp, ds) · ▽φ⟩] = d∑ j,k,ℓ=1 ∫_t 0 ∫ ∫ h_N (s, r)h_N (s, q) ∫ J_{kj}(s, r − p)J_{ℓj} (s, q − p)dp∂_kφ(r)∂_ℓφ(q)dqdrds

≤ d^2c_{Φ,φ}|‖φ|‖^2_1c ∫_t 0 ( ∫ |h_N (s, r)|Φ(r)dr)^2ds (using | d∑ j=1 ∫ J_{kj}(s, r − p)J_{ℓj}(s, q − p)dp| ≤ |D̃_{kℓ}(s, r − q)| ≤ c)

≤ d^3c_{Φ,φ}|‖φ|‖^2_1c̃ ∫_t 0 ‖1‖_{0,} p−1_{p ,Φ} · ‖h_N (s)‖^2_{0,p,Φ}ds. But sup_{0≤s≤T} E‖h_N (s)‖^2_{0,p,Φ} ≤ sup_{0≤s≤T} (E‖h_N (s)‖^p_{0,p,Φ})^{2p} → 0 by step (i).

The convergence of the deterministic integrals can be proved by the same method. Since Y (·, Y_{0,N} ) satisfies (1.32) for all N the same holds for Y (·, Y_0). The case Φ ≡ 1 can be proved by similar arguments.

(iii) The uniqueness is a trivial generalization of Theorem 5.1 in Kotelenez (1995b) and Theorem 5.2 in Kotelenez (1995c).

To solve the quasilinear SPDE (1.32) on H_{0,λ} we assume Hypothesis 6.3

The functions F and J from (1.11) depend only on r and Z̃. (6.3)

In what follows next we will treat Z̃ as a fixed parameter and suppress in the notation the explicit dependence of F, J etc. on Z̃. ř(u, r) will be the measurable version of the backward SODE (2.16) on [0, t] (i.e., with t instead of T ) in the sense of Remark 2.4 (ii). We abbreviate ψ(u, r) := |det ∂ ∂r ř(u, r)|, (6.4) i.e., the left hand side is the absolute value of the Jacobian determinant of ř(u, r), which is well-defined by Lemma 10.4 of Appendix II, if we suppose (2.20), resp. (4.2), with m ≥ 1. Suppose

X_0 ∈ W_{0,2,Φ,0} ∩ L_0(Ω; C(R^d; R)). (6.5)

Lemma 6.4

Suppose (4.2) with m >^d_2 + 2, (4.1), (6.3) and (6.5). Let Y (t) := Y (t, Z̃, X_0) be the weak solution of (1.32) with Y (0) = X_0. Then, for fixed t dr ⊗ dp a.e.

Y (t, r) = X_0(ř(t, r))ψ(t, r) (6.6)

with ψ(t, r) defined by (6.4).

Proof

Let A be a compact subset of R^d. Further, set r(t, A) := ∪_{q∈A}r(t, q). Since ř(t, r(t, A)) = A, r(t, A) is also compact. Moreover, by continuity, if diam (A) → 0, then diam (r(t, A)) → 0, for a sequence of compact sets A, where diam (A) := sup_{r,q∈A} |r − q|. Then we have a.s. ∫ r(t,A) Y (t, q)dq = ∫ A X_0(q)dq = ∫ r(t,A) X_0(ř(t, q))ψ(t, q)dq. (∗) Here, the first equality results from the definition of our measure process Y(t, A) and the backward flow. The second equality is just the change of variable formula. Since our assumptions imply by Corollary 10.10 that also ř_ℓ(t, ·), ℓ = 1, . . ., d, and ψ(t, ·) are in L_0(Ω; C(R^d; R)), differentiation in (*) yields (6.6) for all r ∈ R and almost all ω.

Let δ be the Fréchet derivative of differentiable functions defined on R^d. Set for u ∈ [0, t] F^−_i (r, u) := −F_i(r, t − u) A(r, u) := (δF^−)(ř(u, r), u) B_ℓ(r, p, u) := (δJ_{·ℓ})(ř(u, r) − p, t − u), ℓ = 1, . . . , d, (6.7)

where J_{·ℓ} is the ℓ-th column of the matrix process J , F_i(r, t − u) := F_i(r, Z̃(t − u)), J_{ij}(r, t − u) := J_{ij}(r, Z̃(t − u)) etc. (cf. Section 4). Let “Tr” denote the trace of a d × d-matrix.

Lemma 6.5

Suppose (4.2) with m ≥ 2 and (4.1). Then, with probability 1 uniformly in u ∈ [0, t] and r ∈ R^d ψ(u, r) = exp( ∫_u 0 T r{(A(r, v) −^1_2 ∑_d ℓ=1 ∫ B^2_ℓ (r, p, v)dp)dv + ∑_d ℓ=1 ∫ B_ℓ(r, p, v)w̌_ℓ(dp, dv)}), } (6.8)

where w̌ is given by (2.17) (with t instead of T ).

Proof

(i) Assumption (4.2), m ≥ 2, implies that A(r, u), ∫ B^2_ℓ (r, p, u)dp etc. are bounded uniformly in u ∈ [0, t], ω ∈ Ω, r ∈ R^d. Set φ(u, r) :=^∂_{∂r} ř(u, r). Then, by (10.23), φ(·, r) is the solution of the bilinear M_{d×d}-valued SODE (on [0, t]) dφ(u, r) = A(u, r)φ(u, r)du + ∑_d ℓ=1 ∫ B_ℓ(r, p, u)φ(u, r)w̌_ℓ(dp, du) φ(0, r) = I. } (6.9)

We consider (6.9) as an SODE on R^{d2} and approximate it by random ODE’s as defined in Appendix II (Section 10) (and Ikeda and Watanabe (1981)–cf. our Remark 10.6). As in Appendix II we expand the martingale term into an infinite expansion, cut this off at level M (obtaining thus M i.i.d. R^d-valued Brownian motions β_n) and replace these β_n by the (smooth) piecewise linear approximations β_{n,L} from (10.42). The resulting random ODE is given by φ̇_{M,L}(u, r) = Ã_M (r, u)φ_{M,L}(u, r) + ∑_M n=1 ∑_d ℓ=1(δσ_{n,·ℓ})(ř(u, r), t − u)^{dβ̌n,L,ℓ}_{du} (u)φ_{M,L}(u, r) φ_{M,L}(0, r) = I, (6.10)

with Ã_M (r, u) := A(r, u) − 1 2 M∑ n=1 d∑ ℓ=1 ((δσ_{n,·ℓ})(ř(u, r), t − u))^2. (6.11) (ii) Next, we easily see that M∑ n=1 ((δσ_{n,·ℓ})(ř(u, r), t − u))^2 → ∫ B^2_ℓ (r, p, u)dp, (6.12) as M → ∞ (on M_{d×d} with the Euclidean norm), which implies (as M → ∞) T r M∑ n=1 ((δσ_{n,·ℓ})(ř(u, r), t − u))^2 → ∫ T r(B^2_ℓ (r, p, u)dp. (6.13) (iii) From Appendix II by (4.2), m ≥ 2 (cf. Remark 2.6), (10.56) and (10.50)) for any K > 0 E sup_{|r|≤K} sup_{0≤u≤t} |φ_{M,L}(u, r) − φ(u, r)| → 0, as L → ∞, M → ∞, (6.14) which implies convergence of the sequence (sup_{|r|≤K} . . .) in probability.

(iv) Now (6.8) is correct, if we replace in the left hand side det φ by det φ_{M,L} and in exp{ } the right hand side of (6.13) by the approximating trace in the left hand side of (6.13), which is just a classical result of ODE’s (cf. Coddington and Levinson (1955), Ch. I, Section 7, (7.18)). Application of step (iii) and (6.12) finishes the proof.

Corollary 6.6

Suppose (4.2) with m ≥ 2 and (4.1). Then ψ(u, r) defined by (6.4) is the unique solution of the R-valued bilinear Itô SODE (on [0, t]) dψ(u, r) = T r(A(r, u))ψ(u, r)du + ∑_d ℓ=1 ∫ T r(B_ℓ(r, p, u))ψ(u, r)w̌_ℓ(dp, du) +^1_2 ∑_d ℓ=1 ∫ ((T r(B_ℓ(r, p, u)))^2 − T rB^2_ℓ (r, p, u))dpψ(u, r)du ψ(0, r) = 1. (6.15)

Proof

The definition of the independent Brownian sheets w̌_ℓ, ℓ = 1, . . . , d, and Itô’s formula imply (6.15).

Let us now check, whether the coefficients in (6.15) as functions of ř(u, r) and Z̃(t − u) are Lipschitz. Let q_i ∈ R^d, η_i ∈ H̃_{0,λ}, i = 1, 2. Then, a typical element of (T rB_ℓ(r, p, u))^2 or T rB^2_ℓ (r, p, u) with q_i = ř(u, Z̃_i, r), η_i := Z̃_i(t), i = 1, 2) can be written as follows: ∫ ∂_mJ_{kℓ}(q_i − p, η_i)∂_nJ_{k̃ℓ}(q_i − p, η_i)dp. (∗∗) An elementary calculation—using integration by part and the Cauchy-Schwarz inequality—yields | ∫ {(∂_mJ_{kℓ})(q_1 − p, η_1)(∂_nJ_{k̃ℓ})(q_1 − p, η_1) − (∂_mJ_{kℓ})(q_2 − p, η_2)∂_nJ_{k̃ℓ}(q_2 − p, η_2)}dp| ≤ max_{k=1,...,d}( ∫ {(∂^2_{m,n}J_{kℓ})^2(q_1 − p, η_1) + (∂^2_{m,n}J_{kℓ})^2(q_2 − p, η_2)}dp)^{12} · · max_{k̃=1,...,d}( ∫ (J_{k̃ℓ}(q_1 − p, η_1) − J_{k̃ℓ}(q_2 − p, η_2))^2dp)^{12} ≤ max_{k̃=1,...,d}(2d_{1,T} )^{12} ( ∫ (J_{k̃ℓ}(q_1 − p, η_1) − J_{k̃ℓ}(q_2 − p, η_2))^2dp)^{12} ,

(6.16)

assuming (4.2) with m ≥ 2. So the Lipschitz assumption (1.14) on J_{k̃ℓ} in addition to (4.1) and (4.2) with m ≥ 2, implies the (global) Lipschitz property for (T rB_ℓ)^2 and T rB^2_ℓ .

The Lipschitz property of ∂_kF_k(q, η), k = 1, . . ., d, cannot be directly derived from (4.1), (4.2) and the Lipschitz property of F_k. So we will assume it and verify that this condition holds in our Examples 1.4, 1.6, if we take smooth kernels.

Hypothesis 6.7

Suppose that for any k = 1, . . . , d, (q_i, η̃_i) ∈ R^d × H̃_{0,λ}, i = 1, 2

ρ^2(∂_kF_k(q_1, η̃_1), ∂_kF_k(q_2, η̃_2)) ≤ c_F {ρ^2(q_1, q_2) + ‖B(η_1) − B(η_2)‖^2_{0,λ} + ( ∫ Λ_F (q_2 − p)|B(η̂_1(p)) − B(η̂_2(p))|dp)^2}. } (6.17)

Lemma 6.8

Suppose (4.2), m ≥ 2, in addition to (4.1) and (6.17). Let Z̃_i ∈ W̃_{0,2,λ,[0,∞)} and set ψ_i(u, r) := ∂ ∂r ř(u, Z̃_i, r), i = 1, 2. Then, for u ≤ t (≤ T )

E sup_{0≤v≤u}(B(ψ_1(v, r)) − B(ψ_2(v, r)))^2 ≤ c_{F,J ,B,T} E ∫_u 0 {‖B(Z_1(t − v)) − B(Z_2(t − v))‖^2_{0,λ} + ∑ L∈{F,J }( ∫ Λ_L(ř(v, Ẑ_2, r) − p)|B(Ẑ_1(t − v, p)) − B(Ẑ_2(t − v, p))|dp)^2}dv. (6.18)

Proof

(i) The coefficients in (6.15) now explicitly depend on Z̃_i, i = 1, 2. Let a_i(u) be the sum of all 3 drift coefficients from (6.15), where we suppress the dependence on r. Further, we abbreviate b_{ℓ,i}(u, p) := T r(B_{ℓ,i}(r, p, u)). Itô’s formula yields:

(B(ψ_1(u)) − B(ψ_2(u)))^2 = ∫_u 0 2(B(ψ_1(v)) − B(ψ_2(v)))d(B(ψ_1 (v)) − B(ψ_2(v))) + ∫_u 0 d⟨B(ψ_1(v)) − B(ψ_2(v))⟩, (6.19)

where, again by Itô’s formula,

B(ψ_i(u)) = ∫_u 0 B^′(ψ_i(v))a_i(v)ψ_i(v)dv + ∑_d ℓ=1 ∫_u 0 B^′(ψ_i(v)) ∫ b_{ℓ,i}(v, p)ψ_i(v)w̌_ℓ(dp, dv) +^1_2 ∑_d ℓ=1 ∫_u 0 B^{′′}(ψ_i(v)) ∫ b^2_{ℓ,i}(v, p)dpψ^2_i (v)dv. } (6.20)

(ii) Hence,

⟨B(ψ_1(u)) − B(ψ_2(u))⟩ = ∑_d ℓ=1 ∫_u 0 ∫ (B^′(ψ_1(v))ψ_1(v)b_{ℓ,1}(v, p) − B^′(ψ_2(v))ψ_2(v)b_{ℓ,2}(v, p))^2dpdv ≤ 2 ∑_d ℓ=1 ∫_u 0 (B^′(ψ_1(v))ψ_1(v) − B^′(ψ_2(v))ψ_2(v))^2 ∫ b^2_{ℓ,1}(v, p)dpdv + 2 ∑_d ℓ=1 ∫_u 0 B^′(ψ_2(v))ψ_2(v) ∫ (b_{ℓ,1}(v, p) − b_{ℓ,2}(v, p))^2dpdv. (6.21)

Now the properties of B (cf. (1.12)), the boundedness of ∫ b^2_{ℓ,1}(v, p)dp and (6.16) in addition to (1.14) imply for u ≤ t(≤ T )

⟨B(ψ_1(u)) − B(ψ_2(u))⟩ ≤ c_{J ,B,T} ∫_u 0 (B(ψ_1(v)) − B(ψ_2(v)))^2dv + c_{J ,B,T} ∫_u 0 {ρ^2(ř(v, Z̃_1, r), ř(v, Z̃_2, r)) +‖B(Z_1(t − v)) − B(Z_2(t − v))‖^2_{0,λ} + ∑ L∈{F,J }( ∫ Λ_L(ř(v, Ẑ_2, r) − p)|B(Ẑ_1(t − v, p)) − B(Ẑ_2(t − v, p))|dp)^2} ·B^′(ψ_2(v))ψ_2(v)dv. (6.22)

(iii) Let us abbreviate the second integral of the right-hand side of (6.22) by H_{1,2}(u). Note that our assumptions on B imply (by the mean value theorem) |B^′(y)y − B^′(x)x| + |B^{′′}(y)y^2 − B^{′′}(x)x^2| ≤ c_B |B(y) − B(x)| for all x, y ∈ R. In particular, sup_{x∈R}{|B^′(x)x + B^{′′}(x)x^2|} < ∞ . Hence, by an elementary calculation, using the Cauchy-Schwarz inequality and |ab| ≤^{a2}_2 +^{b2}_2 , a, b ∈ R, (1.4), (6.16) and (6.17) imply 2 ∫_u 0 |B(ψ_1(v)) − B(ψ_2(v))|· ·{|B^′(ψ_1(v))ψ_1(v)a_1(v) − B^′(ψ_2(v))ψ_2(v)a_2(v)| + 1 2 d∑ l=1 |B^{′′}(ψ_1(v))ψ_1(v) ∫ b^2_{l,1}(v, p)dp − B^{′′}(ψ_2(v))ψ^2 (v) ∫ b^2_{l,2}(v, p)dp|}dv ≤ c_{F,J ,B,T} {∫_u 0 (B(ψ_1(v)) − B(ψ_2(v)))^2 + H_{1,2}(u) } . (6.23)

(iv) Let M_i(v) be the martingale part of B(ψ_i(v)), i = 1, 2. Since ⟨M_1(v) − M_2(v)⟩ = ⟨B(ψ_1(v)) − B(ψ_2))⟩ we obtain (using, e.g., Ikeda and Watanabe, loc. cit., Ch. II, §2, (2.11) and an elementary calculation) c[ ∫_u 0 2(B(ψ_1(v)) − B(ψ_2(v)))d(M_1(v) − M_2(v))]^{12} ≤^1_2 sup_{v≤u}(B(ψ_1(v)) − B(ψ_2(v)))^2 + 8c^4⟨B(ψ_1(u)) − B(ψ_2(u))⟩, } (6.24)

where c > 0 is an arbitrary positive constant.

(v) Since |B^′(x)x| is bounded we obtain from (6.19)-(6.24), the Burkholder-Davis-Gundy inequality and Gronwall’s lemma

E sup_{v≤u}(B(ψ_1(v)) − B(ψ_2(v)))^2 ≤ c_{F,J ,B,T} E ∫_u 0 {ρ^2(ř(v, Z̃_1, r), ř(v, Z̃_2, r)) + ‖B(Z_1(t − v)) − B(Z_2(t − v))‖^2_{0,λ} + ∑ L∈{F,J }( ∫ Λ_L(ř(v, Ẑ_2, r) − p)|B(Ẑ_1(t − v, p)) − B(Ẑ_2(t − v, p))|dp)^2}dv. (6.25)

Now, (2.2) in addition to (6.25) implies (6.18).

In order to derive a solution of the quasilinear SPDE (1.33) we will now assume:

Hypothesis 6.9

Ẑ ∈ W_{0,2,λ,[0,∞)} is a fixed random input. (6.26)

Remark 6.10

Hypothesis 6.9 excludes F^3 and J^3 from Examples 1.4 and 1.7 as coefficients for the quasilinear SPDE (1.33). A derivation of quasilinear SPDE’s with those coefficients is planned for another paper.

Since we want to be conceptual rather than computational we make an assumption on the initial condition which could be relaxed with some additional effort.

Hypothesis 6.11

X_0 is F_0-measurable, and it does not depend on r ∈ R^d. Moreover, there are constants 0 < c < c < ∞ such that a.s. c ≤ |X_0(ω)| ≤ c. (6.27) Lemma 6.12

Suppose (4.2) with m >^d_2 + 2, in addition to (4.1), (6.3), (6.26) and (6.27). Let Z_i ∈ W_{0,2,λ,[0,∞)} and set Y_i(t, r) := Y (t, Z_i, X_0, r) := Y (t, Ẑ, Z_i, X_0, r) i = 1, 2. Then, for any t > 0 sup 0≤t≤T E‖B(Y_1(t)) − B(Y_2(t))‖^2_{0,λ} ≤ c_{F,J ,λ,T,X0} ∫_T 0 E‖B(Z_1(s)) − B(Z_2(s))‖^2_{0,λ}ds. (6.28)

Proof

Fix t ∈ [0, T ]. Then, by (6.6) and the properties of B

(B(Y_1(t, r)) − B(Y_2(t, r)))^2 ≤ c(B(ψ_1(t, r)) − B(ψ_2(t, r)))^2.

Application of (6.18) with change of variables t − v → s and integration against λ(r)dr implies (6.28).

Now we can solve the quasilinear SPDE (1.33) on H_{0,λ} under the previous assumptions.

Theorem 6.13

Suppose (4.1), (4.2), m >^d_2 + 2, (6.3), (6.26) and (6.27). Then (1.33) has a unique weak (Itô) solution X(·, X_0) ∈ H_{0,λ,[0,∞)}. Proof

(i) By Theorem 6.2 the solution of the bilinear SPDE (1.32) satisfies the relation Y (·, Z, X_0) := Y (·, Ẑ, Z, X_0) ∈ H_{0,λ,[0,∞)} for any Ẑ, Z ∈ W_{0,2,λ,[0,∞)}. Hence, suppressing the dependence on Ẑ in our notation, we iteratively define Y_{n+1}(·, Y_n, X_0), n ≥ 1, Y_1 ≡ X_0.

(6.28) implies that this sequence has a unique fixed point X̃ := lim_{n→∞} B(Y_n) on W_{0,2,λ,[0,∞)}. Set X(t, r) := B^{−1}(X̃(t, r)). (6.29) (ii) Let f : R → R be bounded and continuous. Then we easily verify that E‖f(Y_n(t)) − f(X(t))‖^2_{0,λ} → 0, as n → ∞. (6.30) In particular, choosing f such that |f|(x) ≤ |x| for all x ∈ R, we obtain by (6.1) E‖f(X(t))‖^2_{0,λ} ≤ lim inf_{n→∞} E‖Y_n(t)‖^2_{0,λ} ≤ c_{F,J ,λ,T} E|X_0|^2. (6.31) Choosing f_m ≥ 0 such that f_m(x) ≤ |x| and f_m(x) ↑ |x| for all x ∈ R, monotone convergence implies sup 0≤t≤T E‖X(t)‖^2_{0,λ} ≤ c_{F,J ,λ,T} E|X_0|^2. (6.32) In particular, X ∈ W_{0,2,λ,[0,∞)}. (6.33) Next, set μ(dr) := λ(r)dr and let d_T be the Lebesgue measure on [0, T ]. Then μ and d_T are finite Borel measures and by Chebyshev’s inequality and (6.1) d_T ⊗ μ ⊗ P {(t, r, ω) : |Y_n(t, r, ω)| ≥ N } ≤ c_{F,J ,λ,T} E|X_0|^2 N^2

. (6.34) Hence, |Y_n|^2 is uniformly integrable on L_1([0, T ] × R^d × Ω, d_T ⊗ μ ⊗ p) By (6.30) and (6.32) this implies ∫_T 0 E‖Y_n(t) − X(t)‖^2_{0,λ}dt → 0, as n → ∞. (6.35) (iii) Repeating the arguments of the proof of Theorem 6.2, it follows that X(·, X, X_0) is a solution of the bilinear SPDE (1.32) in H_{0,λ} with Z ≡ X and that it is an element of W_{m,2,λ,[0,∞)}. Hence, X(·, X, X_0) is a strong solution of (1.33) on H_{0,λ} (for the definition, cf. Da Prato and Zabczyk (1992)) and, therefore, X(·, X, X_0) ∈ H_{0,λ,[0,∞)}. The uniqueness follows directly from Theorem 6.2.

7 Homogeneous and Isotropic Solutions

First, using Theorem 2.2, homogeneous and isotropic solutions of the bilinear SPDE (1.32) are derived (Theorem 7.2). This result is used to show that under the assumptions of Theorem 6.13 the solution of the quasilinear SPDE (1.33) is homogeneous and isotropic, provided the distribution of the ensemble of “input” processes is shift and rotational invariant (Theorem 7.3).

Let SO(d) := {σ ∈ M_{d×d} : det σ = ±1}. For σ ∈ SO(d) we define the rotation operator S_σ on H_{0,λ} by (S_σ f)(r) := f_σ (r) := f(σr).

Similarly, we define the shift operator U_h on H_{0,λ}, where h ∈ R^d, by

(U_hf)(r) := f_h(r) := f(r + h).

Moreover, we will use f_{σh}(r) to denote the image of the composition S_σ ∘ U_h:

(S_σ ∘ U_hf)(r) := f_{σh} (r) := f(σ(r + h)).

If the coefficients F and J are generated by homogeneous kernels, then they may give rise to homogeneous solutions. If, in addition, F (r, ·) and J (r, ·) do depend only on |r| (as, e.g., G(u, r), the fundamental solution of the heat equation), we also expect to obtain isotropic solutions of (1.32).

In this section we will distinguish between Ẑ and Z.

For h ∈ R^d and σ ∈ SO(d) h̃ and σ̃ will denote arbitrary elements from {h, 0} and {σ, I}, respectively, where I is the identity matrix. We define for f ∈ H_{0,λ}

U^∼_h f := f_{h̃}, S^∼_σ f := f_{σ̃} . } (7.1) Set Q(r, Ẑ(t), Z(t), w(d·, dt)) := (F (r, Ẑ(t), Z(t))dt, ∫ J (r − p, Ẑ(t), Z(t))w(dp, dt)). } (7.2)

Ẑ, Z and w will be called the coordinates of Q or of the pair (F, J ).

Definition 7.1

Let σ ∈ SO(d) and h ∈ R^d. The pair (F, J ) is called σ-h-admissible, if J satisfies (4.1) and (S_σ U_hQ)(r, Ẑ(t), Z(t), w(d·, dt)) = Q(r, Ẑ_{σ̃h̃}(t), Z_{σ̃h̃}(t), w_{σ̃h̃}(d·, dt)), (7.3) where σ̃ and h̃ may vary with coordinates. (F, J ) is called admissible, if it is σ-h-admissible for all (σ, h) ∈ SO(d) × R^d. (F^2, J^i), F^2 from (1.22) and J^i, i = 2, 3, from (1.20), resp. (1.24) are not admissible pairs (unless Z is independent of r). On the other hand (F^3, J^i), i = 2, 3, F^3 from (1.17), are admissible. The coordinates in (7.3), where h̃ = h, combined with the coordinates, where σ̃ = σ, determine a type of the admissible pair (F, J ).

We easily see that a given pair may have several types. Since we can obviously restrict the notion of a type to any of the two components in the right hand side of (7.2), admissibility implies that, neglecting the additional coordinate w(d·, dt) of the second component of Q, F and ∫ J (·−p, ·, ·)w(dp, dt) must have at least one common type. Next note that U_h and S_σ are homomorphisms (on the group of functions with pointwise multiplication). Therefore, the types of the mutual quadratic variations d[M_k(t), M_ℓ(t)] coincides with the types of dM (t) := ∫ J (· − p, ·, ·)w(dp, dt). Theorem 7.2

Suppose (4.2), m ≥ 0, (6.3) and Ẑ, Z ∈ H_{0,λ,[0,∞)}. Further, let h ∈ R^d and σ ∈ SO(d) and assume F, J is σ-h-admissible. Let Y (·, Ẑ, Z, Y_0, w) be the solution of (1.32) with Y_0 ∈ W_{0,2,λ,0} and w the Brownian sheet from (1.10). Let (σ̃, h̃) be a collection of (coordinate-dependent) values so that (7.3) holds. In addition to the preceding assumptions suppose that on H_{0,λ,[0,∞)} × H_{0,λ,[0,∞)} × H_{0,λ} × H_{w,[0,∞)}

(S^∼_σ U^∼_h Ẑ, S^∼_σ U^∼_h Z, S_σ U_hY_0, S^∼_σ U^∼_h W ) ∼ (Ẑ, Z, Y_0, W ). (7.4) Then, for any t ≥ 0 on H_{0,λ,[0,∞)} × W_{0,2,λ,[0,∞)} × H_{0,λ,[0,∞)} × H_{0,λ} × H_{w,[0,∞)} (S^∼_σ U^∼_h Ẑ, (π_tS_σ U_hY )(·, Ẑ, Z, Y_0, W ), S^∼_σ U^∼_h Z, S_σU_hY_0, S_σU_hW ) ∼ (Ẑ, (π_tY )(·, Ẑ, Z, Y_0, W ), Z, Y_0, W ). } (7.5)

Proof

(i) We will only show the shift invariance, assuming σ = I, since the proof for σ ≠ I follows the same pattern. Again we assume s = 0.

(ii) Further, let φ ∈ C^2_c (R^d; R). Since differentiation and shift commute on C^2_c (R^d; R) we obtain from the preceding remarks

⟨(U_hY )(t, Ẑ, Z, Y_0, W ), φ⟩_0 = ⟨Y (t, Ẑ, Z, Y_0, W ), U_{−h}φ⟩_0 = ⟨Y_0, U_{−h}φ⟩_0 + ∫_t 0 1 2 d∑ k,ℓ=1 ⟨Y (s, Ẑ, Z, Y_0, W ), D_{kℓ}(Ẑ(s), Z(s))U_{−h} ∂^2_{kℓ} φ⟩_0ds

+ ∫_t 0 ⟨Y (s, Ẑ, Z, Y_0, W ), F (·, Ẑ(s), Z(s)) · (U_{−h} ▽ φ)⟩_0ds + ∫_t 0 ⟨Y (s, Ẑ, Z, Y_0, W ), ∫ J (· − p, Ẑ(s), Z(s))w(dp, ds) · (U_{−h} ▽ φ)⟩_0ds = ⟨Y_{0,h}, φ⟩_0 + ∫_t 0 1 2 d∑ k,ℓ=1 ⟨Y_h(s, Ẑ, Z, Y_0, W ), D_{kℓ}(Ẑ^∼_h (s), Z^∼_h (s))∂^2_{kℓ}φ⟩_0ds

+ ∫_t 0 ⟨Y_h(s, Ẑ, Z, Y_0, W ), F (·, Ẑ^∼_h (s), Z^∼_h (s)) · ▽φ⟩_0ds + ∫_t 0 ⟨Y_h(s, Ẑ, Z, Y_0, W ), ∫ J (· − p, Ẑ^∼_h (s), Z^∼_h (s))w_h(dp, ds) · ▽φ⟩_0. Here, w^∼_h (r, t) = w(r + h̃, t) (the shifted Brownian sheet). So, a.s., (U_hY )(·, Ẑ, Z, Y_0, W ) = Y (·, Ẑ^∼_h , Z^∼_h , Y_{0,h}, W^∼_h ). (7.6)

(iii) We want to apply Theorem 2.2. Therefore, we discretize H_{0,λ} as follows: Set C_n := {r ∈ R^d : −n ≤ r_k < n for k = 1, . . . d}, where n ∈ N. Then we partition C_n into N boxes of equal volume

(2n)^d

N (cf. Kotelenez (1988)), where we assume that the left end points of those boxes (or d-dimensional intervals) belong to the box and the right end points are excluded. Let us denote the left end points by {r^1, . . . , r^N } and identify the i-th box with r^i, i = 1, . . ., N . If f ∈ H_{0,λ} we set (π_{N,n}f)(r) := {_N (2n)^d ∫ [r^i ) f(q)dq, r ∈ [r i), i = 1, . . .N, 0, r ∉ C_n, } (7.7)

where [r^i) is the i-th box. Lebesgue’s differentiation theorem and Lebesgue’s dominated convergence theorem imply for any f ∈ H_{0,λ} ‖f − π_{N,n}f‖_{0,λ} → 0, as N → ∞, n → ∞, (7.8) and also for any X_0 ∈ W_{0,2,λ,0} E‖X_0 − π_{N,n}X_0‖^2_{0,λ} → 0, as N → ∞, n → ∞. (7.9) Moreover, for fixed n and N we define a map

g_N : π_{N,n}H_{0,λ} → R^N π_{N,n}f → a(N, f) } (7.10)

where the i-th component of a(N, f) is the integral in (7.7) (the “weight”). We easily check that g_N is continuous, where π_{N,n}H_{0,λ} is endowed with ‖ · ‖_{0,λ}. Since π_{N,n} is a projection into a closed subspace of H_{0,λ}, (7.4) implies

(U^∼_h Ẑ, U^∼_h Z, g_N π_{N,n}U_hY_0, U^∼_h W ) ∼ (Ẑ, Z, g_N π_{N,n}Y_0, W ) (7.11) on H_{0,λ,[0,∞)} × H_{0,λ,[0,∞)} × R^N × H_{w,[0,∞)}.

(iv) By the proof of Theorem 2.2 there is a solution map^=r_N for (2.1) (on the “canonical” probability space) such that for any t ≥ 0 the following map is measurable as indicated: (η̂, a(N ), r_N , η, W) → (η̂, a(N ), (π_t^=r_N )(·, W , η̂, η, r_N ), η, W ) F_{0,λ,∞} ⊗ B^N ⊗ B^{dN} ⊗ F_{0,λ,∞} ⊗ G_{w,∞} −F_{0,λ,∞} ⊗ B^N ⊗ F_RdN_{,t} ⊗ F_{0,λ,∞} ⊗ G_{w,∞}, } (7.12)

where W denotes a typical element of H_{w,[0,∞)}. Then, by (7.11), for any t ≥ 0

(U^∼_h Ẑ, g_N π_{N,n}U_hY_0, (π_t^=r_N )(·, U^∼_h W, U^∼_h Ẑ, U^∼_h Z, r_N ), U^∼_h Z, U^∼_h W ) ∼ (Ẑ, g_N π_{N,n}Y_0, (π_t^=r_N )(·, W, Ẑ, Z, r_N ), Z, W ) } (7.13)

on H_{0,λ,[0,∞)} × R^N × R_{dN,[0,∞)} × H_{0,λ,[0,∞)} × H_{w,[0,∞)}.

(v) Let a(N ) := (a_1, . . . , a_N ) ∈ R^N (the “weights”) and q_N := (q^1, . . . , q^N ) ∈ R^{dN} (the “positions”). Then,

h_N (a(N ), q_N ) := N∑ i=1 a_iδ_qi (7.14)

is continuous from R^N × R^{dN} into (M, γ). Let Y(·) denote the empirical process associated with^=r_N (·). Then (7.13) and (7.14) imply

(U^∼_h Ẑ, π_{N,n}U_hY_0, (π_tY)(·, U^∼_h W, U^∼_h Ẑ, U^∼_h Z, π̃_{N,n}U_hY_0), U^∼_h Z, U^∼_h W ) ∼ (Ẑ, π_{N,n}Y_0, (π_tY)(·, W, Ẑ, Z, π̃_{N,n}Y_0), Z, W ) } (7.15)

on H_{0,λ,[0,∞)} × H_{0,λ} × M_{[0,∞)} × H_{0,λ,[0,∞)} × H_{w,[0,∞)}, where we used the fact that g_N from (7.10) has a continuous inverse. Moreover, π̃_{N,n}Y_0 and π̃_{N,n}U_hY_0 are the point measures associated with the discretization.

(vi) The Cauchy-Schwarz inequality implies that Y_0 (and U_hY_0), restricted to C_n is in W_{0,1,1,0}(⊂ M_0!). Therefore,

Eγ^2(π̃_{N,n}Y_0, 1_{Cn} Y_0) → 0, as N → ∞ (7.16) and, trivially,

E‖1_{Cn} Y_0 − Y_0‖^2_{0,λ} → 0 as n → ∞. (7.17) The same holds for U_hY_0.

Since Y is the solution of the bilinear SPDE (1.32), it follows from Theorem 4.2 that Y(·, . . . , 1_{Cn} Y_0) = Y (·, . . . , 1_{Cn} Y_0) ∈ M_{[0,∞)} ∩W_{0,2,λ,[0,∞)}, and similarly for 1_{Cn} U_hY_0. Hence, (7.16) implies the equivalence, as stated in (7.15), but with π_{N,n} and π̃_{N,n} replaced by 1_{Cn} and M_{[0,∞)} replaced first by M_{[0,∞)} ∩ W_{0,2,λ,[0,∞)} and then by W_{0,2,λ,[0,∞)}. Then, (7.17) in addition to (7.6) yields (7.5).

We now extend the results of Theorem 7.2 to the solution X of the quasilinear SPDE (1.33) under the assumptions of Theorem 6.13. Theorem 7.3

Suppose (4.2), m >^d_2 + 2, (6.3), (6.26), (6.27). Let h ∈ R^d and σ ∈ SO(d) and assume that (F, J ) is σ-h-admissible. Further, assume Ẑ ∈ H_{0,λ,[0,∞)} and let (σ̃, h̃) be a collection of (coordinate-dependent) values so that (7.3) holds with Z := X. Further, suppose we have that on H_{0,λ,[0,∞)} × H_{0,λ} × H_{w,[0,∞)}

(S_σ U_hẐ, X_0, S_σU_hW ) ∼ (Ẑ, X_0, W ). (7.18) Then, for any t ≥ 0 on H_{0,λ,[0,∞)} × H_{0,λ,[0,∞)} × H_{0,λ} × H_{w,[0,∞)} (S^∼_σ U^∼_h Ẑ, (π_tS_σU_hX)(·, Ẑ, X, X_0, W ), X_0, S^∼_σ U^∼_h W ) ∼ (Ẑ, (π_tX)(·, Ẑ, X, X_0, W ), X_0, W ). } (7.19)

In particular, (7.19) implies (on H_{0,λ,[0,∞)}) (S_σ U_hX)(·, Ẑ, X, X_0, W ) ∼ X(·, Ẑ, X, X_0, W ). (7.20) Proof

We approximate X(·, Ẑ, X, X_0) by Y_{n+1}(·, Ẑ, Y_n, X_0) with Y_1 ≡ 0, as done in the proof of Theorem 6.13. Although this procedure uses the topology of W_{0,2,λ,[0,∞)}, the smoothness of X_0 in addition to (4.2) implies that for each n Y_{n+1}(·, Ẑ, Y_n, X_0) ∈ H_{0,λ,[0,∞)}. So we may apply (7.5), with W_{0,2,λ,[0,∞)} replaced by H_{0,λ,[0,∞)}. Then (7.5), (7.18) and the independence of X_0 of r imply for any t ≥ 0

(S^∼_σ U^∼_h Ẑ, (π_tS_σU_hY_{n+1})(·, Ẑ, Y_n, Y_0, W ), S^∼_σ U^∼_h Y_n, X_0, S^∼_σ U^∼_h W ) ∼ (Ẑ, (π_tY_{n+1})(·, Ẑ, Y_n, Y_0, W ), Y_n, X_0, W ). } (7.21)

Since by (6.35) Y_n → X, S_σ U_hY_n → S_σ U_hX, S^∼_σ U^∼_h Y_n → S^∼_σ U^∼_h X on W_{0,2,λ,[0,∞)} and since X ∈ H_{0,λ,[0,∞)}, (7.21) implies (7.19) and (7.20).

Remark 7.4

The presence of the shift invariant Ẑ allows to absorb the shift F (r + h, Ẑ, ·) into F (r, Ẑ_h, ·). This is not necessary for J , since the shift can be absorbed by w, which is shift invariant. So we could simplify the SPDE (1.33) by assuming that J is independent of Ẑ. Then Ẑ would play the same role for the “slowly varying” forces, modeled by F , as w does for the “rapidly varying” forces, modeled by J , namely the role of a shift absorbing medium (cf. (1.35), (1.36)).

8 Relations to other SPDE’s

Under the assumption of nondegeneracy of the diffusion coefficients of the bilinear SPDE (1.32) we show that this SPDE can be considered as the limit of a sequence of SPDE’s, which satisfy the variational assumptions. Further, we show that the solution of the bilinear SPDE (1.32) is the solution of a bilinear first order SPDE if we use Stratonovich differentials.

First we want to show the relation to the variational approach of Pardoux (1975) and Krylov and Rozovski (1979). We will confine ourselves to the bilinear SPDE (1.32) with solution Y (·) := Y (·, Y_0) and use the abbreviations from (*) in Section 4.

Proposition 8.1

Suppose (4.1), (4.2), m ≥ 1, and Y_0 ∈ W_{0,2,1,0}. Further, assume ess inf w∈Ω; t∈[0,∞) min k,ℓ=1,...d D_{kℓ}(t, ω) > 0. (8.1) Then Y is the solution of the following “variational” integral equation:

Y_α(t) = Y_0 +^1_2 ∫_t 0 ∑_d k,ℓ=1 Dkℓ(s)∂ 2 kℓY_α(s)ds − ∫_t 0 ▽(Y_α(s)F (s))ds −(1 − α) ∫_t 0 ▽(Y_α(s) ∫ J (· − p, s))w(dp, ds) +φ_α(t)

(8.2)

where φ_α(t) := −α ∫_t 0 ▽ · (Y (s) ∫ J (· − p, s))w(dp, ds) and α ∈ [0, 1).

Proof

The Itô-formula (5.2) (or its simpler version for n = 1 in Kotelenez (1995b), Theorem 4.13) implies that the right hand side of (8.2) without φ_α satisfies the monotonicity and coercivity conditions of Krylov and Rozovski (loc. cit.), Section 2, whence (8.2) has a unique solution Y_α in the variational sense by Theorem 2.1 of Krylov and Rozovski (loc. cit.). But Y (t) is (trivially) a solution of (8.2). So, by uniqueness,

Y (t) = Y_α(t) for all α ∈ [0, 1). (8.3)

Next, let “∘” denote Stratonovich integration.

Proposition 8.2

Suppose Y_0 ∈ M_0 and let Y(·) := Y(·, Y_0) be the Itô-solution of the bilinear SPDE (1.32). Then Y(·) is a solution of the bilinear first order SPDE in Stratonovich form: dY = − ▽ ·(YF (t)) − ▽ · (Y ∫ J (·, p, t)) ∘ w(dp, dt) Y(0) = Y_0. } (8.4)

Proof

Let r_N (t, r_N (0)) be the solution of (3.1) at s = 0, r_N = (r^1, . . ., r^N ). For sufficiently smooth φ we obtain dφ(r^i(t)) = ∑_d k=1 ∂_kφ(r^i(t)) ∘ dr^i_k(t) =: ▽φ(r^i(t)) ∘ dr^i(t) i = 1, . . . , N } (8.5)

(cf. Ikeda and Watanabe, loc. cit., Ch. III, 2) (8.5) implies—as in Section 3—that the empirical process Y_N (t) associated with (3.1) is a solution of (8.4) (and, of course, of (1.32)). The same holds for the extensions.

9 Appendix I

For n = (n_1, . . . , n_d) ∈ Z^d we set

π_n(r) := { Π^d_{i=1}r^{ni}_i , if for all i = 1, . . ., d n_i ≥ 0 0, otherwise.

If α ∈ R, then we set [α] := max{k ∈ Z : k ≤ α}. Further, we abbreviate

G(u, r) := (2πu)^{− d2} exp ( −|r|^2 2u ) , u > 0 (9.1)

with the other usual assignments for the cases u = 0 and (|r| = 0 or |r| > 0). Lemma 9.1

For any n ≥ 0 there are finite constants γ_i, with γ_0 = (−1)^{|n|}, ∂^nG(u, r) = ∑ 0≤2i≤n γ_i π_{n−2i}(r) u^{|n|−|i|} G(u, r). (9.2)

Proof

We use induction in |n|. (9.2) is obviously correct for |n| = 0. Assume (9.2) is correct for all n such that |n| ≤ m − 1 and m − 1 ≥ 0. Take n with |n| = m. Then, ∂^nG(u, r) = ∂_k∂^{n−1k} G(u, r) for some k ∈ {1, . . . , d}

= ∂_k [^|n^{|−1}_2 ]∑

|i|=0 γ_i π_{n−1k−2i}(r) u^{|n|−1−|i|} G(u, r)

(by induction hypothesis)

= |n|−1_2 ∑ |i|=0 γ_i 1 u^{|n|−1−|i|} ( c_kπ_{n−2·1k−2i}(r) − π_{n−1k−2i}(r)r_k u ) G(u, r) (where c_k := (n_k − 1) ∨ 0) = [ n_2 ]∑

|i|=0 γ̃_i π_{n−2i}(r) u^{|n|−|i|} G(u, r) for some finite constants γ̃_i (depending on n ), where γ̃_0 = (−1)γ_0. Lemma 9.2

For any n ≥ 0 there are finite constants γ_i such that G(u, r)π_n(r) = ∑ 0≤2i≤n u^{|n|−|i|}γ_i∂^{n−2i}G(u, r). (9.3)

Proof

(9.3) is obvious for |n| = 0 and |n| = 1. Assume (9.3) is correct for all n ≥ 0 with |n| ≤ m − 1, m − 1 ≥ 1. Choose n with |n| = m. Then, by Lemma 9.1

G(u, r) π_n(r) u^{|n|} − (−1)^{|n|}∂^nG(u, r) = ∑ 0<2i≤n γ_i u^{|n|−|i|} π_{n−2i}(r)G(u, r)

= ∑ 0<2i≤n γ_i u^{|n|−|i|} ∑ 0≤2j≤n−2i u^{|n|−2|i|−|j|}γ̃_j∂^{n−2i−2j}G(u, r)

(by induction hypothesis with finite constants γ̃_j and by |n − 2i| = |n| − 2|i| for 0 ≤ 2i ≤ n) = ∑ 0<2k≤n β_ku^{−|k|}∂^{n−2k}G(u, r) (with k = i + j and β_k finite constants). This implies (9.3). Lemma 9.3

Let n, m ≥ 0. Then there are finite constants β_k such that

(∂^mG(u, r)) π_n(r) = ∑ 0≤k≤m β_k∂^{m−k} (G(u, r)π_n(r)) . (9.4)

Proof

(9.4) is correct for |m| = 0 and arbitrary n ≥ 0. Suppose (9.4) holds for all k ≥ 0 such that |k| ≤ |m| − 1, |m| − 1 ≥ 0, and arbitrary n ≥ 0. Then,

(∂^mG(u, r))π_n(r) = ∂^m(G(u, r)π_n(r)) − ∑ 0<k≤m γ_k(∂^{m−k}G(u, r))π_{n−k}(r), where γ_k are finite constants. Using the induction hypothesis finishes the proof. Corollary 9.4

Let n, m ≥ 0. Then there are finite constants γ_i such that

(∂^mG(u, r))π_n(r) = ∑ 0≤2i≤n u^{|n|−|i|} ∑ 0≤k≤m γ_iβ_k∂^{m+n−k−2i}G(u, r). (9.5)

Proof

(9.3) and (9.4).

Addendum 9.5—Proof of Theorem 4.3

(i) Assume for notational simplicity s = 0. Note that Y_0 ∈ W_{0,2,1,0} implies by a simple generalization of Kotelenez (1995b), Theorem 4.11, Y (·, Y_0) ∈ W_{0,2,1,[0,T ]}. Throughout the proof let μ ≥ 1, and let (μ −^1_2 △)^{−1} be the resolvent of^1_2 △ at μ. Set R_μ := μ(μ −^1_2 △)^{−1} and G(t, r) := (2πt)^{d/2}e^{− |r|22t} . The Hausdorff-Young inequality implies that the heat semigroup T (t), defined for “suitable” f by

(T (t)f)(r) := ∫ G(t, r − q)f(q)dq , is a strongly continuous semigroup on W_{n,p,Φ}, n ∈ N ∪ {0}, p ∈ [1, ∞), Φ ∈ {1, λ}. The n-th power of the resolvent of^1_2 △ has the representation (μ − 1 2 △)^{−n} = 1 (n − 1)! ∫_∞ 0 u^{n−1}e^{−μu}T (u)du (9.6) (cf. Pazy (1983)), and we set

R^n_μ := μ^n(μ − 1 2 △)^{−n}. The definition of R^n_μ and the Hausdorff-Young inequality imply for f ∈ W_{0,p,Φ}, p ≥ 2 ‖R^n_μf‖_{0,p,Φ} ≤ c_Φ‖f‖_{0,p,Φ}, (9.7) with c_Φ = 1, if Φ ≡ 1. By Triebel (1978) (cf. also Kotelenez (1995b)) for any n >^d_2 + 1 M_a ⊂ H_{−n} (9.8) with continuous inclusion, where H_{−n} is the strong dual of H_n. For^m_2 ≥ n the extension of R^{m2}_μ to H_{−n} is a bounded linear operator from H_{−n} into H_{m−n}. (cf. Kotelenez (1985)). Abbreviate

m := min{n ∈ N : n even and n > m + 3 + d}. (9.9) Let f ∈ C^m_c (R^d; R). The definition of ‖ · ‖_{i,p,Φ}, the Sobolev imbedding theorem and an elementary calculation imply for i = 0, 1, 2, p ≥ 2 and m̃ := m −^d_2 − 1

‖f‖^p_{i,p,Φ} ≤ ‖f‖^p_{i,p} ≤ |‖f|‖^{p−2}_i · ‖f‖^2_i ≤ c_2‖f‖^{p−2}_{m̃−2+i−m} · ‖f‖^2_i ≤ c_2‖f‖^p_{m̃−2+i−m}.

Hence, for i = 0, 1, 2 and p ≥ 2

H_{m̃−m} ⊂ H_{m̃−2+i−m} ⊂ W_{i,p,Φ} (9.10) with continuous (and dense) imbeddings. Further, let m ≥ 0 such that |m| = m. For 0 ≤ n ≤ m we set

Q^n_μ := ∂^nR^{m2}μ , Y_{μ,n}(t) := Q^n_μY (t). We obtain (on H_0–cf. Kotelenez (1995b))

Y_{μ,n}(t) = Y_{μ,n}(0) + ∫_t 0 1 2 d∑ k,ℓ=1 D_{kℓ}(s)∂^2_{kℓ}Y_{μ,n}(s)ds

− ∫_t 0 ▽ · Q^n_μ(Y (s)F (s))ds − ∫_t 0 ▽ · Q^n_μ(Y (s)dM (s)). (9.11)

We easily verify that Y_{μ,n}(·) ∈ C([0, ∞); H_{m−m−2}) a.s. (since Q^n_μ ∈ L(H_0, H_{m−m}) and Y (·) ∈ W_{0,2,1,[0,T ]}), whence ‖Y_{μ,n}(·)‖_{m−m−2} ∈ C([0, ∞); R) a.s. Moreover, by the choice of m and m̃ there is a c_μ < ∞ such that uniformly in (t, ω), 0 ≤ n ≤ m ‖Y_{μ,n}(t)‖_{m̃−m−2} ≤ c_μ‖Y (t)‖_{−α}, for some α > d 2 + 1.

Since Y (t, ω) ∈ M_{0,b} for some b > 0 (9.8) implies max 0≤n≤m ess sup_ω sup_{t≥s} ‖Y_{μ,n}(t, ω)‖_{m̃−m−2} ≤ c_{μ,b,ρ} < ∞. (9.12) Then by (9.10) ‖Y_{μ,n}(t, ω)‖^p_{0,p,Φ} is integrable with respect to dt ⊗ dP . Hence, we may apply Itô’s formula: ‖Y_{μ,m}(t)‖^p_{0,p,Φ} = ‖Y_{μ,m}(0)‖^p_{0,p,Φ} +^p_2 ∑_d k,ℓ=1 ∫_t 0 ⟨Y^{p−1}_{μ,m} (s), ∂^2_{kℓ}Y_{μ,m}(s)⟩_{0,Φ}D_{kℓ}(s)ds − p ∫_t 0 ⟨Y^{p−1}_{μ,m} (s), ▽ · Q^m_μ (Y (s)F (s))⟩_{0,Φ}ds − p ∫_t 0 ⟨Y^{p−1}_{μ,m} (s), ▽ · Q^m_μ (Y (s)dM (s))⟩_{0,Φ} +^{p(p−1)}_2 ∫_t 0 ⟨Y^{p−2}_{μ,m} (s), [▽ · Q^m_μ (Y (s)dM (s))]⟩_{0,Φ} =: ∑_5 i=1 A_{i,m}(t),

(9.13)

where we now assumed p to be an even integer ≥ 2. We now specialize to p = 2 and Φ ≡ 1.

(ii) Following Kotelenez (1995b) we first bound ∑ 0≤n≤m (A_{2,n}(t) + A_{5,n}(t)) .

Integration by parts implies

[ ∫_t 0 ▽Q^n_μ(Y (s)dM (s))] = ∑_d k,ℓ=1 μ^m (m−1)! ∫_t 0 ∫_∞ 0 duu^{m−1}e^{−μu}(−1)^{|n|}· · ∫ ∫ (∂^2_{kℓ,r}∂^{2n}_r G(u, r − p))Y (s, p)Y (s, r){D̂_{kℓ}(s, r − p) − D_{kℓ}(s)}dpdrds =: ∑_d k,ℓ=1 μ^m (m−1)! ∫_t 0 ∫_∞ 0 duu^{m−1}e^{−μu}{B_{5,1}(s, u) − B_{5,2}(s, u)}ds. (9.14)

We easily see that A_{2,n}(t) + d∑ k,ℓ=1 μ^m (m − 1)! ∫_t 0 ∫_∞ 0 duu^{m−1}e^{−μu}B_{5,2}(s, u)ds = 0. (9.15) Next we define for n ≥ 0 with |n| ≤ 2(m + 1) L_{kℓ,n}(s) := ∂^nD̂_{kℓ}(s, r)|_{r=0}. (9.16) Since D̂_{kℓ}(s, r) = D̂_{kℓ}(s, −r), L_{kℓ,n}(s) = 0, if |n| is odd. Taylor’s expansion yields D̂_{kℓ}(s, r) = m∑ i=1 ∑ |j|=2i L_{kℓ,j}(s)π_j(r) |j|! + R_{2(m+1)}(s, r). (9.17) We first estimate the terms coming from the substitution of L_{kℓ,j}(s)π_j(r) for D̂_{kℓ}(s, k) in (9.14).

Note that by assumption max 0≤|n|≤2(m+1) ess sup_ω sup_{0≤s≤T} |L_{kℓ,n}(s, ω)| < ∞ for any T > 0. (9.18) Further, by (9.5) (∂^2_{kℓ}∂^{2n}G(u, r))π_j = ∑ 0≤2i≤j u^{|j|−|i|} ∑ 0≤ñ≤2n+1_k+1_ℓ

γ_{i,ñ}∂^{2n+1k+1ℓ+j−2i−ñ}G(u, r). (9.19) Suppose there are n̂, m̂ ≥ 0 such that |n̂| ≤ |j|, |m̂| ≤ |m| and 2i ≤ j. Then, |n̂+ j − 2i| ≤ |n̂| + |j| − 2|i| ≤ 2|j| − 2|i|. Hence, (by extension) sup_{μ≥1} ‖∂^{n̂+j−2i}(μ − 1 2 △)^{−(|j|−|i|)}‖_{L(H0 )} ≤ c_{n̂,j,i} < ∞. (9.20) Let us abbreviate the multiindex in the right hand side of (9.19) m̃ := 2n + 1_k + 1_ℓ + j − 2i − ñ (∗) Then, |m̃| − 2|n| ≤ 2 + |j| − 2|i|, whence there is an n̂ ≥ 0, with |n̂| ≤ 2(≤ |j|), and m̂ ≥ 0 with |m̂| ≤ |m| such that μ^m (m − 1)! ∫_∞ 0 u^{|j|−|i|+m−1}e^{−μu} ∫ ∂^{m̃}_r G(u, r − q)Y (s, q)dq = c_{m,m̂}∂^{n̂+j−2i}(μ − 1 2 △)^{−(|j|−|i|)}∂^nR^{m/2}_μ Y_{μ,m̂}(s). So substituting L_{kℓ,j}(s)π_j(r) for D̂_{kℓ}(s, r) in (9.14) yields μ^m (m − 1)! ∫_t 0 ∫_∞ 0 duu^{m−1}e^{−μu}L_{kℓ,j}(s) ∫ ∫ (∂^2_{kℓ,q}∂^{2n}_q G(u, q − p))Y (s, p)Y (s, q)π_j(q − p)dpdqds = c_{m,m̂} ∑ 0≤2i≤j (−1)^{|n|} ∫_t 0 L_{kℓ,j}⟨∂^{n̂+j−2i}(μ − 1 2 △)^{−(|j|−|i|)}Y_{μ,m̂}(s), Y_{μ,n}(s)⟩_0ds

≤ c_{m,m̂} ∫_t 0 ‖Y_{μ,m̂}(s)‖_0 · ‖Y_{μ,n}(s)‖_0ds by (9.18) and (9.20) with |m̂| ≤ |m|. This implies |^{μm}_{(m−1)!} ∫_t 0 ∫_∞ 0 duu^{m−1}e^{−μu} ∫ ∫ (∂^2_{kℓ,q}∂^{2n}_q G(u, q − p))Y (s, p)Y (s, q)· ·(D̂_{kℓ}(s, q − p) − R_{2(m+1)}(s, q − p))dpdqds | ≤ c̃_m ∫_t 0 ∑ |i|≤|m| ‖Yμ,i(s)‖ 2 0ds . (9.21)

(iv) Set

n̂ := 2n + 1_k + 1_ℓ. (∗∗) Then, |n̂| ≤ 2|m| + 2. We have the following decomposition:

R_{2(m+1)}(s, r) = α(s, r) ∑ |m̃|=|m| π_{2(m̃+1)}(r), (9.22)

where by assumption ess sup ω,r;s∈[0,T ] |α(s, r, ω)| < ∞ for any T > 0. (9.23) We can factor π_{2(m̃+1)}(r) by π_ñ(r) · π_j(r) with |ñ| = |n̂| and |j| ≥ 0. Then, by (9.2) and

sup_{r;u≥0} | π_k(r) u^{|k|/2} exp(− |r|^2 u )| ≤ c_k < ∞ (9.24)

for any k, we obtain

|(∂^{n̂}G(u, r))π_{2(m̃+1)}(r)| ≤ c_mu^{|j|2} G(2u, r). (9.25) So (with some finite constants γ_j)

| ∑_d k,ℓ=1 μ^m (m−1)! ∫_t 0 ∫_∞ 0 duu^{m−1}e^{−μu} ∫ ∫ (∂^2_{kℓ,q}∂^{2n}_q G(u, q − p)Y (s, p))Y (s, q)· ·R_{2(m+1)}(s, q − p)dpdqds| ≤ ∑ |j|≤2|m|+1 γj ∫_t 0 μ^m (m−1)! ∫_∞ 0 duu^{|j|2 +m−1}e^{−μu} ∫ ∫ G(2u, q − p)|Y (s, p)‖Y (s, q)|dpdqds ≤ c_m ∫_t 0 ‖R^{m/2}_μ |Y (s)| ‖^2_0ds. (9.26)

Altogether, we obtain | ∑ 0≤n≤m A_{2,n}(t) + A_{5,n}(t)| ≤ c_m ∫_t 0 ( ∑ |i|≤|m| ‖Y_{μ,i}(s)‖^2_0 + ‖R^{m/2}_μ |Y (s)| ‖^2_0)ds. (9.27)

(v) Now we estimate ∑ n≤m A_{3,n}.

Taylor’s expansion yields

F_ℓ(s, q) = F_ℓ(s, r) + |m|∑ |j|=1 γ_j(∂^jF_ℓ(s, r))π_j(q − r) + R_{|m|+1}(s, q − r). (9.28)

Then, for n ≤ m (cf. Kotelenez (1995b), (4.11))

⟨Y_{μ,n}(s), (∂_ℓY_{μ,n}(s))F_ℓ(s)⟩_0 = − 1 2 ⟨Y^2_{μ,n}(s), ∂_ℓF_ℓ(s)⟩_0. (9.29)

Next, we use (9.5) to derive a convenient representation of (∂_ℓ∂^nG(u, r))π_j as in (9.19). We abbreviate (cf. (9.19) and (*))

m̃ := n + 1_ℓ + j − 2i − ñ. (∗ ∗ ∗) Then we have |m̃| − |n| ≤ 1 + |j| − 2|i| , whence there is an n̂ ≥ 0 with |n̂| ≤ 1 and m̂ ≥ 0, with |m̂| ≤ |m|, such that (cf. (9.20))

∂^{m̃}R^{m2}_μ Y (s) = c_{m,m̂}∂^{n̂+j−2i}(μ − 1 2 △)^{−(|j|−|i|)}Y_{μ,m̂}(s). (9.30) Since |j| ≥ |n̂| and 0 ≤ 2i ≤ j, we have |n̂ + j − 2i| ≤ 2|j| − 2|i|. So substituting (∂^jF_ℓ(s, r))π_j(q − r) for F_ℓ(s, q) in A_{3,n}(t) and using (9.21) yields μ^m ((m/2−1)!)^2 ∫_t 0 ∫_∞ 0 ∫_∞ 0 dudvu^{m2 −1}v^{m2 −1}e^{−μ(u+v)}· ∫ ∫ ∫ (∂^n_r G(u, r − p)Y (s, p))(∂_{ℓ,r} ∂^n_r G(v, r − q))Y (s, q)(∂^jF_ℓ(s, r))π_j(q − r)dqdpdrds = c_{m,m̂}⟨(∂^jF_ℓ(s))Y_{μ,n}(s), ∂^{n̂+j−2i}(μ −^1_2 △)^{−(|j|−|i|)}Y_{μ,m̂}(s)⟩_0 ≤ c_{m,m̂}|‖F_ℓ(s)|‖_{|j|} · ‖Y_{μ,n}(s)‖_0 · ‖Y_{μ,m̂}(s)‖_0. (9.31)

Finally, we write R_{|m|+1}(s, r) = β(s, r) ∑ |m̃|=|m| π_{m̃+1}(r), (9.32)

where by assumption ess sup ω,r;s∈[0,T ] |β(s, r, ω)| < ∞ for any T > 0. (9.33) Now, as in (9.26),

| ∑_d ℓ=1 μ^m ((m/2−1)!)^2 ∫_t 0 ∫_∞ 0 ∫_∞ 0 dudvu^{m2 −1}v^{m2 −1}e^{μ(u+v)}· · ∫ ∫ ∫ (∂^n_r G(u, r − p))Y (s, p)(∂_{ℓ,r}∂^n_r G(v, r − q))Y (s, q)R_{|m|+1}(s, q − r)dqdpdrds| ≤ ∑ |j|≤|m|+1 γj ∫_t 0 μ^{m/2} ((m/2−1)!)^2 ∫_∞ 0 dv v^{|j|2 + m2 −1}e^{−μv} ∫ ∫ G(2v, r − p)|Y (s, p)‖Y_{μ,n}(s, r)|dpdrds ≤ c_m ∫_t 0 ‖R^{m2}_μ |Y (s)| ‖_0 · ‖Y_{μ,n}(s)‖_0ds. (9.34)

Altogether, (the substitution of F_ℓ(s, r) for F_ℓ(s, q) implying an estimate similar to (9.31) – cf. Kotelenez (1995b, (4.1))) | ∑ n≤m A_{3,n}(t)| ≤ ĉ_m ∫_t 0 | ∑ |i|≤|m| ‖Y_{μ,i}(t)‖^2_0 + ‖R^{m2}_μ |Y (s)| ‖^2_0)ds. (9.35)

(vi) The previous steps imply E ∑ n≤m ‖Y_{μ,n}(t)‖^2_0 ≤ c_mE ∑ n≤m ‖Y_{μ,n}(0)‖^2_0 + c_m ∫_t 0 (E ∑ n≤m ‖Y_{μ,n}(s)‖^2_0 + E‖R^{m2}μ |Y (s)| ‖^2_0)ds, } (9.36)

with c_m = c_m(F_ℓ, D̂_{kℓ}, k, ℓ = 1, . . ., d) < ∞. Since by Kotelenez (1995b) and (9.7) ∑ 0≤s≤T E‖R^{m2}_μ |Y (s)| ‖^2_0 ≤ c_T E‖Y (0)‖^2_0, (9.37)

the definition of ‖ · ‖_m and the Gronwall lemma imply sup 0≤t≤T E‖R^{m2}_μ Y (t)‖^2_m ≤ e^{cmT} {E‖R^{m2}_μ Y (0)‖^2_m + c_T E‖Y (0)‖^2_0}. (9.38)

Fatou’s lemma implies (as μ → ∞) (4.5). The statement (4.4) is a simple consequence of the fact that sup_{0≤t≤T} E‖f(t)‖^2_m is stronger than ∫_T 0 E‖f(t)‖^2_mdt for suitable f(·) and the dP ⊗ dt-measurability of R^{m2}_μ Y (·) as an H_m-valued process.

Let m be given by (9.9), where m ∈ N ∪ {0}. Lemma 9.6

For any p ≥ 2 and Φ ∈ {1, λ} M_s ∩ W_{m,2,1,s} ⊂ W_{m,p,Φ,s} (9.39) with dense and continuous imbedding. Proof

(i) For notational simplicity let s = 0 and Y_0 ∈ W_{m,p,Φ,0}. Choose η_N ∈ C^{m+1}(R; R) such that

η_N (x) := x, |x| ≤ N, N + 1, x > N + 1, −(N + 1), −x > N + 1 and such that max 1≤n≤m+1 sup_N sup_{x∈R} | d^n dx^n η_N (x)| < ∞. Set η̃_N (r) := d dx η_N (x)_{|x=|r|}. Next, define for M ∈ N mollifiers φ_M ∈ C^∞(R^d; R) through φ_M (r) := { cM^d exp{^{−1}_{1−|r|2M 2} }, |r| <^1_M , 0, |r| >^1_M , where c := ‖φ_1‖^{−1}_{0,1} (with φ_1 := φ_{M|M=1}). Set Y_{0,N} := Y_0 · η̃_N Y_{0,N,M} (r, ω) := φ_M ∗ Y_{0,N} (ω)(r), where “∗” denotes the convolution. By the boundedness of η̃_N and the fact that η̃_N has compact support as well as by the Hausdorff-Young and Hölder inequalities E( ∫ |Y_{0,N,M} (r)|dr)^2 ≤ c_N (E ∫ |Y_0|^p(r)dr)^{2p} . (9.40) Since by assumption the right hand side of (9.40) is finite Y_{0,N,M} ∈ M_0. (9.41) Define finite constants by c_{Φ,N} := sup_{|r|≤N+1} Φ^{−1/p}(r); c_{m,q,N} := { ‖η̃_N ‖_{m,}^p_{p−q ·q}, if q ∈ [1, p) |‖η̃_N |‖_m, if q = p; c_{m,N} := sup_{1≤q≤p} c_{m,q,N} . Let i be a multiindex with |i| ≤ m.

Then, 1 ≤ c^q_{Φ,N} Φ^{qp} (r) on {|r| ≤ N + 1}, the support of ∂^iη̃_N . Hölder’s inequality for q < p and the definition of c_{m,N} imply for q ∈ [1, p] and f ∈ W_{0,p,Φ} ‖f · ∂^iη̃_N ‖_{0,q} ≤ c_{Φ,N} c_m‖f‖_{0,p,Φ}. (9.42) Now let m be a multiindex with |m| ≤ m and j be an arbitrary multiindex. Integration by parts implies ∂^{j+m}φ_M ∗ Y_{0,N} = ∂^jφ_M ∗ ∂^mY_{0,N} (∗) and ∂^mY_{0,N} = ∑ i≤m ∂^{m−i}Y_0 · ∂^iη̃_N . (∗∗)

Choosing f := f_i := ∂^{m−i}Y_0(ω), (9.42) and the Hausdorff-Young inequality imply for q ∈ [1, p] ‖∂^{j+m}Y_{0,N,M} (ω)‖^q_{0,q} ≤ (c_{Φ,N} c_{m,N} )^q ‖∂^jφ_M ‖^q_{0,1} · ∑ i≤m ‖∂^iY_0‖^q_{0,p,Φ}. (9.43)

Hence for q ∈ [1, p] E‖Y_{0,N,M} ‖^q_{m,q} ≤ (c_{Φ,N,m,p})^q · ‖φ_M ‖^q_{m−m,1} · (E‖Y_0‖^p_{m,p,Φ})^{qp} . (9.44)

Again, by assumption the right hand side of (9.44) is finite, whence Y_{0,N,M} ∈ W_{m,p,Φ}. (9.45) Let ε > 0 be given. By (9.42) and (∗∗) Y_{0,N} ∈ W_{m,p,Φ} and by Lebesgue’s dominated convergence theorem there is an N (ε) such that for N ≥ N (ε) (E‖Y_{0,N} − Y_0‖^p_{m,p,Φ})^{1p} ≤ ε 2 . (9.46) Let m be a multiindex with |m| ≤ m. By (∗) and (∗∗) ∂^mY_{0,N,M} − ∂^mY_{0,N} = ∑ n+i=m

(φ_M ∗ ∂^nY_0∂^iη̃_N − ∂^nY_0∂^iη̃_N ).

Set f_n := ∂^nY_0, η̃_{N,i} := ∂^iη̃_N . Then φ_M ∗ f_nη̃_{N,i} − f_nη̃_{N,i} = φ_M ∗ (f_nη̃_{N,i} − η_N (f_n)η̃_{N,i}) + φ_M ∗ (η_N (f_n)η̃_{N,i}) − η_N (f_n)η̃_{N,i} + η_N (f_n)η̃_{N,i} − f_nη̃_{N,i}

(9.47)

=: 3∑ ℓ=1 A_{M,N,ℓ}(r). The following simple observation will be used to estimate the first term. Let α ≥ 0. Then, by change of variables r_i := q_iM^{−1}, i = 1, . . . , d, ∫ φ_M (r)|r|^αdr ≤ M^{−α}c ∫ |q|<1 exp( −1 1−|q|^2 )|q| αdq ≤ M^{−α} ≤ 1. } (9.48) Moreover, we easily see that there is an α > 0 and a c ≥ 1 such that λ^{− 1p} (r) ≤ c(1 + |r|^α) (∗ ∗ ∗) Then, ∫ |A_{M,N,1}(r)|^pΦ(r)dr ≤ c_Φ ∫ | ∫ φ_M (r − q)Φ^{−1/p}(r − q)(f_n(q)η̃_{N,i}(q) − η_N (f_n(q)) · η̃_{N,i}(q))Φ^{1p} (q)dq|^pdr ≤ c_Φ · c‖f_nη̃_{N,i} − η_N (f_n) · η̃_{N,i}‖^p_{0,p,Φ} (by the Hausdorff-Young inequality, (***) and (9.48)) ≤ c_Φc_{m,p} · ‖f_n − η_N (f_n)‖^p_{0,p,Φ} (c_{m,p} := c|‖η̃_{N,i}|‖^p). Since f_n ∈ W_{0,p,Φ} f_n(r, ω) − η_N (f_n(r, ω)) → 0 dr ⊗ dP a.e.

Since |f_n − η_N (f_n)|(r) ≤ (1 + c)|f_n|(r), Lebesgue’s dominated convergence theorem in addition to the previous estimates implies sup_M E ∫ |A_{M,N,1}(r)|^pΦ(r)dr ≤ c_Φc_{m,p}E‖∂^nY_0 − η_N (∂^nY_0)‖^p_{0,p,Φ} → 0, as N → ∞. } (9.49)

|‖Φ|‖ = 1 and the fact that ‖φ_M ‖_{0,1} = 1 yield ∫ |A_{M,N,2}(r)|^pΦ(r)dr ≤ ∫ | ∫ φ_M (r − q)(η_N (f_n(q)) · η̃_{N,i}(q) − η_N (f_n(r))η̃_{N,i}(r))dq|^pdr

→ 0, as M → ∞ for any N ∈ N, n + i = m, a.s. (cf. Adams (1975), Lemma 2.18). For δ > 0 set B_{M,N,2,δ} := {ω : ∫ |A_{M,N,2}(r, ω)|^pdr ≥ δ}. By the boundedness of η_N and η̃_{N,i} and the fact that η̃_{N,i} has compact support, η_N (f_n)η̃_{N,i} ∈ W_{0,2p,1}. Moreover, for all ω the support of A_{M,N,2}(r, ω) in R^d is contained in B(0, N + 2), the ball with center 0 and radius N + 2. So the Cauchy-Schwarz and Hausdorff-Young inequalities imply (E ∫ |A_{M,N,2}(r)|^pdr)^{1p} ≤ (E1_{BM,N,2,δ})^{12p} (c_{N,p}c_m)^{1p} (E‖η_N (f_n)‖^{2p}_{0,2p})^{12p} + δ^{1p} . } (9.50)

A_{M,N,3}(r) does not depend on M and we obtain the same bound as for A_{M,N,1}(r) (cf. (9.49)). Now we choose N (ε) such that for all N ≥ N (ε)

2 · 4^{(m+1)d} · c_Φ · c_{m,p} max_{|n|≤m} E‖∂^nY_0 − η_N (∂^nY_0)‖^p_{0,p,Φ} ≤ ( ε 4 )_p (9.51)

(where 4^{(m+1)d} = (2^{(m+1)d} )^2 comes from all possible multiindices m with |m| ≤ m and decompositions n + i = m, and the factor 2 comes from using the right hand side of (9.49) both for A_{N,M,1} and A_{N,M,3}). Then choose δ := (^ε_8 )^p in (9.50) and M = M (N̂ , δ) = M (N̂ , δ(ε)) = M (N̂ , ε) large enough (N̂ := N (ε) ∨ N (ε)) so that

(E1_{BM,N,2,δ})^{12p} (4^{(m+1)d} c_{N,p}c_m)^{1p} max_{|n|≤m}(E‖η_N (f_n)‖^{2p}_{0,2p})^{12p} ≤ ε 8 . (9.52)

Altogether, we obtain N̂ := N̂ (ε) and M (N̂ , ε) such that E‖Y_{0,M(N̂,ε),N̂(ε)} − Y_0‖^p_{m,p,Φ} ≤ ε. (9.53)

10 Appendix II

Addendum 10.1—Proof of Statement 3 of Theorem 2.1

(i) For this proof we may without loss of generality assume N = 1 and F and J independent of μ, since the following proof can be easily generalized from η̃ to (μ, η̃) taking values in the separable metric space M_{b,[0,T ]} ×H̃_{0,λ,[0,T ]}. We adjust the classical proof of the Markov property for certain SODE’s to our setting (cf., e.g., Dynkin (1965), Ch. VI, §2). Let “diameter” be defined as usually for metric spaces (cf.

”diam” in the proof of Lemma 6.4). C^1([0, T ]; H̃_{0,λ}) is the space of continuously differentiable functions from [0, T ] into H̃_{0,λ}, and note that C^1([0, T ]; H̃_{0,λ}) is dense in H̃_{0,λ,[0,T ]}, which itself is separable. So for each n ∈ N we may define a countable decomposition of H̃_{0,λ,[0,T ]} into disjoint Borel sets D^n_ℓ of diameter ≤ 3^{−n}, ℓ, n ∈ N, such that each D^n_ℓ contains an η̃^n_ℓ ∈ C^1([0, T ]; H̃_{0,λ}). By the separability of R^d there is a sequence of countable decompositions {E^m_k }_{k∈N}, where E^m_k are non-empty Borel sets of diameter ≤ 3^{−m} for all k ∈ N and m ∈ N. In each E^m_k we choose an arbitrary but fixed element r^m_k , k, m ∈ N. Finally, we decompose [0, T ) into intervals [s^N_j , s^N_{j+1}), j = 0, 1, . . ., where s^N_j := (3^{−N} j) ∧ T . Now we define maps:

f_m : R^d → R^d, f_m(r) = r^m_k , if r ∈ E^m_k ;

h_n : H̃_{0,λ,[0,T ]} → H̃_{0,λ,[0,T ]}, h_n(η̃) = η̃^n_ℓ ∈ C^1([0, T ]; H̃_{0,λ}) ∩ D^n_ℓ , if η̃ ∈ D^n_ℓ ; g_N : [0, T ) → [0, T ), g_N (s) = s^N_{j−1}, if s ∈ [s^N_{j−1}, s^N_j ); k, ℓ, j = 1, 2, . . . (10.1)

Let H̃_{0,λ,[0,T ],N} be the space of H̃_{0,λ}-valued functions on [0, T ], which are constant on [s^N_{j−1}, s^N_j ), j = 1, 2, . . . and set

Ĥ_{0,λ,[0,T ]} := H̃_{0,λ,[0,T ]} ∪^∞ ⋃ N=1 H̃_{0,λ,[0,T ],N} . We endow Ĥ_{0,λ,[0,T ]} with the metric |‖η̃_1 − η̃_2|‖_T := sup_{0≤t≤T} ‖η̃_1(t) − η̃_2(t)‖_{H̃0,λ} . Then we define π_N : H̃_{0,λ,[0,T ]} → H̃_{0,λ,[0,T ],N} ⊂ Ĥ_{0,λ,[0,T ]} η̃(·) → π_N η̃(·) := η̃(g_N (·)) . } (10.2)

Let B̃_{0,λ,[0,t]} and F̃_{0,λ,t} be the σ-algebras of the Borel sets and the cylinder sets on H̃_{0,λ,[0,t]}, respectively, t ≤ T . The corresponding σ-algebras on Ĥ_{0,λ,[0,t]} will be denoted B̂_{0,λ,[0,t]} and F̂_{0,λ,t}, respectively. By the separability of H̃_{0,λ} and the definition of |‖ · |‖_T we have for all t ≤ T B̃_{0,λ,[0,t]} = F̃_{0,λ,t}, B̂_{0,λ,[0,t]} = F̂_{0,λ,t} } (10.3)

(cf., e.g., Kuo (1975), Ch. 1, §3, whose proof can be easily generalized to our setting). The continuity of the imbedding H̃_{0,λ,[0,t]} → Ĥ_{0,λ,[0,t]} implies B̂_{0,λ,[0,t]} ∩ H̃_{0,λ,[0,t]} = B̃_{0,λ,[0,t]}, (10.4) where the left hand side of (10.4) is the trace of B̂_{0,λ,[0,t]} in H̃_{0,λ,[0,t]}. Since for π_t := π_{0,t} π_tF̃_{0,λ,T} = F̃_{0,λ,t}, π_tF̂_{0,λ,T} = F̂_{0,λ,t} we obtain D^n_{k,t} := π_tD^n_k ∈ F̃_{0,λ,t}, D^{n,N}_{k,t} := π_tπ_N D^n_k ∈ F̂_{0,λ,t}. (10.5) (ii) Denote by r̃(·, ω, π_N h_n(η̃), f_m(r), g_N (s)) the unique continuous (Itô-)solution of (2.1) with fixed deterministic input (π_N h_n(η̃), f_m(r), g_N (s)). By (2.3) with probability 1 (uniformly in t ∈ [g_N (s), T ]) r̃(t, ω, π_N h_n(η̃), f_m(r), g_N (s)) ≡ r̃(t, ω, π_tπ_N h_n(η̃), f_m(r), g_N (s)). (10.6) Let B ∈ B^d. By adaptedness A_{t,πN hn (η̃),fm(r),gN (s)} := {ω : r̃(t, ω, π_N h_n(η̃), f_m(r), g_N (s)) ∈ B} ∈ G_t. } (10.7) Set r̃^{−1}(t, ·, ·, ·, ·)(B) := ⋃ k,ℓ,j A_{t,πN η}n_{ℓ ,r}m_{k ,s}N_j × D^{n,N}_{ℓ,t} × E^m_k × [s^N_{j−1}, s^N_j ) (the subindex t at D^{n,N}_ℓ is justified by (10.6) for the inverse image). Then, by (10.5) r̃^{−1}(t, ·, ·, ·, ·)(B) ∈ G_t ⊗ F̂_{0,λ,t} ⊗ B^d ⊗ B_{[0,t]}. (10.8) (iii) We need a “nice” continuous dependence of the solution of (2.1) on all “parameters” Ỹ, Z̃, r_0.

This would follow from (2.2) provided we can “nicely” estimate the convolution integral with kernel Λ_L, L ∈ {F, J }. Set Ψ_L(r) := ∫ Λ^2_L(r − p)λ^{−1}(p)dp. (10.9)

Let ∂^j be an arbitrary differential operator of order |j|. Since |∂^jλ^{−1}(p)| ≤ c_jλ^{−1}(p) with c_j ∈ (0, ∞) we obtain for m = 1, 2 |∂^jψ^m_L (r)| ≤ c_{j,m}ψ^m_L (r) with finite c_{j,m}. Suppose temporarily ess sup_ω |r_0(ω)| =: M < ∞. (∗ ∗ ∗) Abbreviate r(·) := r(·, Z̃, r_0) (which is the solution of (2.1) with “input” (Z̃, r_0)). By our assumptions of F and J ((1.13) and (1.14)), Itô’s formula and (∗ ∗ ∗) we obtain for m = 1, 2 sup 0≤s≤T EΨ^m_L (r(s)) ≤ c_{T,m}EΨ^m_L (r_0) ≤ c_{T,m,M} < ∞ (10.10)

with finite c_{T,m} := c_{T,m}(λ, F, J ) (independent of Ỹ, Z̃, r_0), c_{M,m} := max_{L∈{F,J }}(sup_{|r|≤M} Ψ_L(r))^m < ∞ and c_{T,m,M} := c_{T,m} · c_{M,m}. (iv) We will now use (2.2) and the Borel-Cantelli lemma to remove step by step the discretization of our input variables, extending the proof given in Dynkin (loc. cit., Ch. XI, §2, (11.44), (11.45)) to our setting. The first step is the limit m → ∞, and we may directly copy the proof in Dynkin (loc. cit.). This step yields the existence of a function ≈ r: 0 ≤ s ≤ t ≤ T × Ω × Ĥ_{0,λ,[0,T ]} × R^d → R^d and sets Ω̃_{η̃,r,s} with P (Ω̃_{η̃,r,s}) = 1 such that uniformly in t ∈ [g_N (s), T ] ≈ r (t, ω, π_N h_n(η̃), f_m(r), g_N (s)) :≡ { r̃(t, ω, π_N h_n(η̃), f_m(r), g_N (s)), if ω ∈ Ω̃_{η̃,r,s} 0, if ω ∉ Ω̃_{η̃,r,s)} } (10.11)

and for any ω, η̃, r, s uniformly on [g_N (s), T ] lim m→∞ ≈ r (·, ω, π_N h_n(η̃), f_m(r), g_N (s)) =^≈r (·, ω, π_N h_n(η̃), r, g_N (s)). (10.12) (10.11) and (10.12) imply that both^≈r (t, ·, π_N h_n(·), f_m(·), g_N (·)) and^≈r (t, ·, π_N h_n(·), ·, g_N (·)) are G_t ⊗ F̂_{0,λ,t} ⊗ B^d ⊗ B_{[0,t]} − B^d measurable. Further, ≈ r (t, ·, π_N h_n(η̃), r_{gN (s)}, g_N (s)) is a solution of (2.1) for any r_{gN (s)} ∈ R_{d,gN (s)}, η̃ ∈ H̃_{0,λ,[0,T ]}. } (10.13)

(v) In this step we will show that^≈r (t, ·, π_N h_n(Z̃), r_{gN (s)}, g_N (s)) is a solution of (2.1) for r_{gN (s)} ∈ R_{d,gN (s)}, Z̃ ∈ H̃_{0,λ,[0,T ]}. Without loss of generality let g_N (s) = 0. Since on [0, s^N_1 ) π_N h_n(Z̃)(s) = h_n(Z̃)(0) is F_0-measurable we may again copy the proof in Dynkin (loc. cit.) to show that^≈r (t, · , π_N h_n(Z̃), r_0, 0) is a solution of (2.1) on [0, s^N_1 ) and, by a continuity argument, also on [0, s^N_1 ].

Set r_sN_1 := lim_{t↑s}N_1^≈r (t, ·, π_N h_n(Z̃), r_0, 0). As before we conclude that ≈ r (t, ·, π_Nh_n(Z), r_sN_1 ) solves (2.1) on [s^N_1 , s^N_2 ]. Set Ω_{k0} := {ω : π_N h_n(Z̃)(0) = η^n_{k0} (0)}, Ω_{k1} := {ω : π_N h_n(Z̃)(s^N_1 ) = η^n_{k1} (s^N_1 )} Then, since Ω_{k0} ∈ F_0 and Ω_{k1} ∈ F_sN_1 , a.s. for t ∈ [s^N_1 , s^N_2 ] ≈ r (t, ·, π_N h_n(Z̃), r_sN_1 )1_{Ωk0 ∩Ωk1} =^≈r (t, ·, π_N η^n_{k1}^≈r (s^N_1 , ·, π_N η^n_{k0} , r_0, 0), s^N_1 )1_{Ωk0 ∩Ωk1} =^≈r (t, ·, π_N η^n_{k0,k1} , r_0, 0)1_{Ωk0∩Ωk1}

with η^n_{k0,k1} ∈ Ĥ_{0,λ,[0,T ]} such that π_N η^n_{k0,k1} (0) = η^n_{k0} (0) and π_N η^n_{k0,k1} (s^N_1 ) = η^n_{k1} (s^N_1 ). The second identity comes from the unique continuation property of solutions of (2.1) and (10.13). So we obtain a.s. for t ∈ [s^N_1 , s^N_2 ] ≈ r (t, ·, π_Nh_n(Z̃), r_sN_1 , s^N_1 )1_{Ωk0 ∩Ωk1} =^≈r (t, ·, π_N h_n(Z̃), r_0, 0)1_{Ωk0 ∩Ωk1} .

Since Ω = ⋃ k_0,k_1 Ωk0 ∩ Ωk1 , this implies that a.s. for any t ∈ [s N 1 , s^N_2 ] ≈ r (t, ·, π_N h_n(Z̃), r_sN_1 , s^N_1 ) ≡^≈r (t, ·, π_N h_n(Z̃), r_0, 0),

whence^≈r (·, ·, π_N h_n(Z̃), r_0, 0) is a solution of (2.1) on [0, s^N_2 ]. Repeating this procedure a finite number of times finishes step (v).

(vi) We easily verify that for any n and k (α) ∫_T 0 ‖π_N η^n_k (s) − η^n_k (s)‖_{H̃0,λ} ds ≤ c_T |‖^∂_{∂t} η^n_k |‖^2_T e^{−N} and for any s, η̃, and r (β)E|r(s, η̃, r, g_N (s)) − r|^2 ≤ c_T 3^{−N} . (10.14)

Hence, as in step (iv) using (2.2) and the Borel-Cantelli lemma we obtain a function = r: 0 ≤ s ≤ t ≤ T × Ω × Ĥ_{0,λ,[0,T ]} × R^d → R^d and sets^≈Ω_{η̃,r,s} with P (^≈Ω_{η̃,r,s}) = 1 such that uniformly in t ∈ [g_N (s), T ]

= r (t, ω, π_N h_n(η̃), f_N (r), g_N (s)) :≡ {_≈ r (t, ω, π_N h_n(η̃), f_N (r), g_N (r)), if ω ∈^≈Ω_{η̃,r,s} 0, if ω ∉^≈Ω_{η̃,r,s}; } (10.15)

and for any ω, η̃, r, s uniformly in t ∈ [g_N (s), T ] lim N→∞ = r (·, ω, π_N h_n(η̃), f_N (r), g_N (s)) =^=r (·, ω, h_n(η̃), r, s). (10.16)

Clearly,^=r has the same measurability properties as^≈r. Moreover, setting Ω̃ := ⋂ ℓ,k,j ≈ Ω_{η̃}n_{ℓ ,r}N_{k ,s}N_j we have P (Ω̃) = 1, whence^=r (·, ·, π_N h_n(Z̃), f_N (r_{gN (s)}), g_N (s)) is a solution of (2.1) (being a.s. equal to ≈ r (·, ·, π_Nh_n(Z̃), f_N (r_{gN} (s)), g_N (s))). Next, we may suppose E|r_{gN (s)}|^2 → E|r_s|^2, as N → ∞. Using the usual technique of cutting off we may without loss of generality assume ess sup_ω sup_{0≤t≤T} ‖Z̃(t, ω)‖_{H̃0,λ} < ∞. Then we choose a subsequence Ñ (N ) → ∞ such that E ∫_T 0 ‖π_Ñ h_n(Z̃(t)) − h_n(Z̃(t))‖^2dt ≤ c_T 3^{−N} . (10.17)

The choice of Ñ (N ) implies that a.s. uniformly on [s, T ] = r (·, ·, π_Ñ h_n(Z̃), f_Ñ (r_{gÑ (s)}), g_N (s)) → r(·, h_n(Z̃), r_s, s), (10.18) the solution of (2.1).

(10.15) and (10.18) imply that a.s. = r (·, ·, h_n(Z̃), r_s, s) ≡ r(·, h_n(Z̃), r_s, s), i.e.,^=r (·, ·, h_n(Z̃), r_s, s) solves (2.1).

(vii) Now we proceed as before. By (2.2) and the Borel-Cantelli lemma we obtain r : 0 ≤ s ≤ t ≤ T × Ĥ_{0,λ,[0,T ]} × R^d × [0, t] → R^d and sets Ω_{η̃,r,s} with P (Ω_{η̃,r,s}) = 1 such that uniformly in t ∈ [g_N (s), T ] r(t, ω, h_N (η̃), f_N (r), g_N (s)) := {_= r (t, ω, h_N (η̃), f_N (r), g_N (s)), if ω ∈ Ω_{η̃,r,s}, 0, if ω ∉ Ω_{η̃,r,s}; } (10.19)

and for any ω, η̃, r, s uniformly in t ∈ [g_N (s), T ] lim N→∞ r(·, ω, h_N (η̃), f_N (r), g_N (s)) ≡ r(·, ω, η̃, r, s). (10.20) This implies the G_t ⊗ F̂_{0,λ,t} ⊗ B^d ⊗ B_{[0,t]} − B^d-measurability of r(t, ·, ·, ·, ·), and, as before, r(t, ·, h_N (Z̃), f_N (r_{gN (s)}), g_N (s)) is a solution of (2.1).

Again, by (2.2) and the Borel-Cantelli lemma we obtain now that r(t, ·, Z̃, r_s, s) is a solution of (2.1). This finishes the proof of properties (i) and (ii) under the assumption (***).

(viii) Note that for r_{s,N} := r_s · 1_{{|rs|≤N‖} satisfying (***) (at s) r(·, ·, Z̃, r_{s,N} , s) ≡ r( · , Z̃, r_{s,N} , s) a.s. and that for some subsequence Ñ , r(·, Z̃, r_{s,Ñ} , s) → r(·, Z̃, r_s, s) a.s. Hence, r(t, ·, Z̃, r_s, s) solves (2.1). (2.5) follows from uniqueness.

Let (B, ‖ · ‖_B) be some Banach space with norm ‖ · ‖_B. A B-valued random field is by definition a B^d ⊗ F − B_B -measurable map from R^d × Ω into B, where B_B is the Borel σ-algebra on B. Definition 10.2

Let p ≥ 1. A B-valued random field is said to be an element of L_{p,loc}(R^d × Ω; B), if for any L < ∞ E ∫ |q|≤L ‖f(q)‖^p_B dq < ∞. Let r(·, q) := r(·, Ỹ, Z̃, s, q, w̃) be the measurable version of the solution of (2.1) with r(s, q) = q, as derived by Theorem 2.1. Lemma 10.3

(I) For any p ≥ 2 and T > s, r(·, ·) ∈ L_{p,loc} (R^d × Ω; C([s, T ]; R^d). (II) Let q, q̃ ∈ R^d. Then, for any p ≥ 2 and T > s E sup_{s≤t≤T} |r(t, q) − r(t, q̃)|^p ≤ c_{T,F,J ,p}|q − q̃|^p. (10.21) Proof

(i) Theorem 2.1 implies that r(·, ·) is C([s, T ]; R^d)-valued random field for any T > s. The integrability with respect to (q, ω) follows from the boundedness and integrability assumptions on the coefficients F̃ and J̃ .

(ii) (10.21) follows from our assumptions and the Cauchy-Schwarz and Burkholder-Davis-Gundy inequalities.

Endow M_{d×d}, the space of d × d-matrices over R, with the Euclidean metric of R^{d2} and let δ denotes the Fréchet derivative. Lemma 10.4

Suppose the coefficients of (2.1) satisfy condition (2.20) with m ≥ 1. Then, r(t, ·) is at least once differentiable with respect to q_k in the generalized sense, k = 1, . . . , d, and for any p ≥ 2, T > s φ(·, ·) := ∂ ∂r r(·, ·) ∈ L_{p,loc}(R^d × Ω; C([s, T ]; M_{d×d})). (10.22) Moreover, for any q ∈ R^d, φ(·, q) is the Itó-solution of the following bilinear M_{d×d}-valued SODE: dφ(t, q) = (δ F̃ )(r(t, q), t)φ(t, q)dt + ∑^d_{ℓ=1} ∫ (δJ̃_ℓ)(r(t, q), p, t)φ(t, q)w̃_ℓ(dp, dt) φ(s, q) = I for all q ∈ R^d, } (10.23)

where I is the identity matrix in M_{d×d}.

Proof

We adjust the proof of Theorem 12, Ch. 4, of Gihman and Skorohod (1982) to our setting. (i) Assumption (2.20) (m ≥ 1) implies that for each q ∈ R^d (10.23) has a unique solution φ(·, q) ∈ C([s, T ]; M_{d×d}) a.s. Moreover, for each p ≥ 2 there is a finite c_{T,F,J ,p,d} such that sup_{q∈Rd} E sup_{s≤t≤T} |φ(t, q)|^p ≤ c_{T,F,J ,p,d}. (10.24) (ii) First we need some notation. For q ∈ R^d and △_j ∈ R set q_{+△j} := (q_1, . . . , q_{j−1}, q_j+△_j , q_{j+1}, . . . , q_d)^T .

Now let f : R^d → R. Set ∂_{△,j}f(q) =^1_{△j} (f(q_{+△j} ) − f(q)). Next, assume f to be differentiable and define the “quotient” map for f, Q_△f : R^{2d} → R^d, as follows: (r, r̂) → (Q_△f)_k(r, r̃) = {_{f(r̃1 ,...,r̃k−1 ,rk,...rd )−f(r̃1 ,...,r̃k,rk+1 ,...rd )} r_k −r̃_k , if rk ≠ r̃k ∂_kf(r̃_1, . . . , r̃_k, r_{k+1}, . . . , r_d), if r_k = r̃_k, } (10.25)

k = 1, . . . , d, where f(r̃_1, . . . , r̃_j, r_{j+1}, . . . , r_d) means: the first j coordinates are those of r̃ and the last d − j coordinates are those of r. Moreover, if j = 0, then we have f(r_1, . . . r_d) and for j = d we obtain f(r̃_1, . . . , r̃_d). By assumption (Q_△F̃_i)_k(r(u, q_{+△j} ), r(u, q), u), (Q_△J̃_{iℓ})_k(r(u, q_{+△j} ), p̃, r(u, q), p̃, u) are well defined for i, j, ℓ, k = 1, . . . d. They are also adapted processes and (for fixed △_j ) measurable in (u, q, ω) (as a consequence of the measurability and adaptedness of r(·, ·) with respect to (u, q, ω) and the continuous differentiability of F̃ and J̃ ). We have to verify that these “quotients” are also “nicely” integrable.

By Taylor’s formula (Q_△J̃_{iℓ})_k(r(u, q_{+△j} ), p̃, r(u, q), p̃, u) = ∂_{k,r}J̃_{iℓ}(r̃, p̃, u) +^1_2 ∂^2_{kk,r}J̃_{iℓ}(r̂, p̃, u)(r_k(u, q_{+△j} ) − r_k(u, q)), } (10.26)

where r̃ = (r_1(u, q), . . ., r_k(u, q), r_{k+1}(u, q_{+△j} ), . . . , r_d(u, q_{+△j} )) =: r̃(u, q, j) (∗) and

r̂ = (r_1(u, q), . . ., r_{k−1}(u, q), θ(r_k(u, q_{+△j} ) − r_k(u, q)) + r_k(u, q), r_{k+1}(u, q_{+△j} ), . . . , r_d(u, q_{+△j} )) (∗∗) =: r̂(u, q, j) with θ ∈ (0, 1).

By (2.20) ∫ (∂^2_{kk,r}J̃_{iℓ})^2(r, p̃, u)dp̃_{|r=r̂(u,q,j)} ≤ d_{1,T} (10.27) uniformly in i, k, ℓ, j, ω, r and u ≤ T . (10.27) allows us to reduce the integrability properties of (Q_△J̃_{iℓ})_k(r(u, q_{+△j} ), p̃, r(u, q), p̃, u) to those of ∂_kJ̃_{iℓ}(r̃(u, q, j), p̃). In particular, (10.26) and (10.27) imply

∫ {(Q_△J̃_{iℓ})_k(r(u, q_{+△j} ), p̃, r(u, q), p̃, u) − ∂_kJ̃_{iℓ}(r̃(u, q, j), p̃, u)}^2dp̃ ≤ d_{1,T} |r_k(u, q_{+△j} ) − r_k(u, q)|^2 } (10.28)

for i, j, k, ℓ ∈ {1, . . ., d}, where we used the abbreviations from (*) and (**). With the same abbreviations we obtain immediately |(Q_△F̃_i)_k(r(u, q_{+△j} ), r(u, q), u)) − ∂_kF̃_i(r̃(u, q, j), u)| ≤ d_{3,T} |r(u, q_{+△j} ) − r(u, q)|. } (10.29)

(iii) Now we define the M_{d×d}-valued process η_△(t, q) by η_{△,i,j}(t, q) = ∂_{△,j}r_i(t, q), (10.30) where ∂_{△,j} acts on the j-th component of q.

Then, with J̃_{·ℓ} being the ℓ-th column of J̃ , η_△(t, q) = I + ∫_t s (Q_△F̃ )(r(u, q_{+△j} ), r(u, q), u)η_△(u, q)du + ∑_d ℓ=1 ∫_t s ∫ (Q_△J̃_{·ℓ})(r(u, q_{+△j} ), p̃, r(u, q), p̃, u)η_△(u, q)w̃_ℓ(dp̃, du), } (10.31)

which can be rewritten as an integral equation associated with (10.23) plus two error terms. Setting ψ_△(t, q) := φ(t, q) − η_△(t, q), we have ψ_△(t, q) = ∫_t s (δF̃ )(r(u, q), u)ψ_△(u, q)dq + ∑_d ℓ=1 ∫_t s ∫ (δJ̃_{·ℓ})(r(u, q), p̃, u)ψ_△(u, q)w̃_ℓ(dp̃, du) + ∫_t s D_{F̃} (r(u, q), △, u)du + ∑_d ℓ=1 ∫_t s ∫ D_{J̃} (r(u, q), p̃, △, u)w̃_ℓ(dp̃, du). (10.32)

(iv) Now, by the Burkholder-Davis-Gundy inequality in addition to (10.21), (10.28) and (10.29) we obtain E sup_{s≤t≤T} |ψ_△(t, q)|^p ≤ c_{T,F,J ,p}|(△_1, . . . , △_d)^T |^p. (10.33) Thus, φ(·, ·) =^∂_{∂r} r(·, ·). The measurability of φ with respect to q follows from the measurability of η_△(·, ·) in q, since by (10.33) η_△(t, q) approximates φ(t, q) uniformly in q, and so, a fortiori, also in L_{p,loc} ( ), where the local integrability is trivial.

Next, we set J̃_M (r, p, u) := M∑ n=1 ∫ J̃ (r, q, u)ϕ_n(q)dqϕ_n(p), (10.34) with ϕ_n from (1.27). This implies ∫ J̃_M (r, p, u)w̃(dp, du) =^M ∑ n=1 σ̃_n(r, u)dβ_n(u), (10.35) where σ̃_n(r, u) := ∫~ J (r, q, u)ϕ_n(q)dq. Hence (2.1) with J̃_M instead of J̃ , becomes an SODE driven by finitely many Brownian motions. We easily see that the validity of the conditions (1.14) and (2.20) on J̃ entail the validity of the same conditions for J̃_M . Hence, Theorem 2.1 and Lemmas 10.3 and 10.4 hold for (2.1), if we replace J̃ by J̃_M . Moreover, all these results also carry over to the SODE for the backward flow (2.16) associated with (J̌_M , ř) and w̌(dp, t) defined by (2.17) for fixed T > 0, and t ∈ [0, T ]. We will denote the measurable versions of the solutions of the forward and backward flows associated with J̃_M and derived by Theorem 2.1 by r_M (·, q) := r_M (·, Ỹ, Z̃, s, q, w̃) and ř_M (·, q) = ř(·, Ỹ, Z̃, s, q, w̌), respectively. The solutions of (10.23) associated with r_M and ř_M will be denoted by φ_M and φ̌_M , respectively.

If B is some metric space, then L_0(Ω; B) is by definition the space of B-valued random variables. Fix T > s. Lemma 10.5

Let m ≥ 1 and suppose (2.20). Let j and ℓ be multiindices with |j| ≤ m and |ℓ| ≤ m − 1. Then for any r̃_M ∈ {r_M , ř_M } and p ≥ 2

∂^jr̃_M ∈ L_{p,loc} (R^d × Ω; C([s, T ]; R^d)) (10.36) and ∂^{ℓℓ}r̃_M ∈ L_0(Ω; C(R^d × [s, T ]; R^d). (10.37)

Proof

(10.36) for |j| ≤ 1 is a consequence of Lemmas 11.2 and 11.3. For |j| > 1 we can (repeatedly) apply the procedure of the proof of Lemma 10.4 to SODE’s in increasing dimensions. So to prove (10.36) for m = 2 we consider the R^{d2+d}-valued SODE for (r, φ) and obtain a bilinear SODE for ▽((r, φ)^T ) on M_{(d}2_{+d)×(d}2_{+d)} (▽ now being the (d^2 + d)-dimensional gradient). (10.37) follows from a straightforward generalization of Lemma 2.1 and Propositions 2.1 and 2.2 in Ch. V of Ikeda and Watanabe (1981).

Next, we are going to show that ř_M indeed defines the flow inverse to r_M . We will follow the procedure of Ikeda and Watanabe (loc. cit) and approximate r_M and ř_M by solutions of suitably chosen random ODE’s (Wong-Zakai approximations), for which the invertibility will follow from uniqueness.

Remark 10.6

Note that for a time-variant diffusion coefficient there are inconsistent definitions of Stratonovich SODE’s in the literature (cf. Arnold (1973), Ch. 10.3 and Ikeda and Watanabe (loc. cit.), Ch. III, 1, Theorem 1.4). For time-independent coefficients Ikeda and Watanabe (loc. cit.) provide nice approximations of Itô SODE’s by random ODE’s. An analysis of the proof of the approximation theorems in Ikeda and Watanabe (Ch. V, 2, Ch. VI, 7) shows the following: (i) No explicit use of Stratonovich SODE’s is made. Instead, random ODE’s with different coefficients (containing the “correction” term) approximate the Itô-SODE’s (ii). The independence of time and chance of the coefficients is not necessary—the “correction” term has the same form for time (and chance)-dependent coefficients and for those which do not depend on t or ω (cf. the following (10.38)). (iii) Arnold’s definition of a Stratonovich SODE gives this correction term in both the time-invariant and the time-variant cases.

Now we define the coefficients for the drift of the forward random ODE, resp. of the backward random ODE:

F̃^+_i (r, t) = F_i(r, t) −^1_2 ∑^M_{n=1} ∑^d_{j,k=1}(∂_kσ̃_{n,ij}(r, t))σ̃_{n,kj}(r, t)) (forward), F̃^−_i (r, t) = F_i(r, T − t) +^1_2 ∑^M_{n=1} ∑^d_{j,k=1}(∂_kσ̃_{n,ij}(r, T − t))σ̃_{n,kj}(r, T − t) (backward). } (10.38)

Lemma 10.7

Suppose (2.20) with m ≥ 1. Then F̃^+_i and F̃^−_i are globally Lipschitz with Lipschitz constants independent of t and ω. Proof (i) |(∂_kσ̃_{n,ij}(r, t))σ_{n,kj}(r, t) − (∂_kσ̃_{n,ij}(q, t))σ̃_{n,kj}(q, t)| ≤ |∂_kσ̃_{n,ij}(r, t) − ∂_kσ̃_{n,ij}(q, t)| · |σ̃_{n,kj}(r, t)| + |σ̃_{n,kj}(r, t) − σ̃_{n,kj}(q, t)| · |∂_kσ̃_{n,ij}(q, t)| =: A_{1,n}(t, r, q) + A_{2,n}(t, r, q). (ii) M∑ n=1 A_{1,n}(t, r, q) ≤ ( ∞∑ n=1 σ̃^2_{n,kj}(r, t))^{12} ( ∞∑ n=1 (∂_kσ̃_{n,ij}(r, t) − ∂_kσ̃_{n,ij}(q, t))^2)^{12} . Further, ∞∑ n=1 σ̃^2_{n,kj}(r, t) = ∫ J̃^2_{kj}(r, p, t)dp̂ ≤ d_{1,T} uniformly in t ∈ [s, T ] and ω by (2.36). Next, (∂_kσ̃_{n,ij}(r, t) − ∂_kσ̃_{n,ij}(q, t))^2 = ( ∫ (∂_kJ̃_{ij}(r, p̃, t) − ∂_kJ̃_{ij} (q, p̃, t))ϕ_n(p̃)dp̃)^2

= (_d ∑ ℓ=1 ∫_{rℓ} q_ℓ ∫ ∂^2_{kℓ}J̃_{ij}((q, r, α)_ℓ, p̃, t)ϕ_n(p̃)dp̃dα )_2

(where (q, r, α)_ℓ = (q_1, . . . , q_{ℓ−1}, α, r_{ℓ+1}, . . . r_d) with the usual interpretation for ℓ = 1 and ℓ = d - cf. (10.25)) ≤ d|r − q| · d∑ ℓ=1 ∫_{rℓ} q_ℓ ( ∫ ∂^2_{kℓ}J̃_{ij}((q, r, α)_ℓ, p̃, t)ϕ_n(p̃)dp̃)^2dα by the Cauchy-Schwarz inequality, where r_ℓ = r_ℓ, q_ℓ = q_ℓ if r_ℓ ≥ q_ℓ and r_ℓ = q_ℓ, q_ℓ = r_ℓ if q_ℓ > r_ℓ). Summing up from n = 1, . . ., ∞ implies:

∞∑ n=1 (∂_kσ̃_{n,ij}(r, t) − ∂_kσ̃_{n,ij}(q, t))^2

≤ d|r − q| · d∑ ℓ=1 ∫_{rℓ} q_ℓ ∫ (∂^2_{kℓ}J̃_{ij}((q, r, α)_ℓ, p̃, t))^2dp̃dα ≤ d_{1,T} d^2|r − q|^2 by (2.20).

Hence, M∑ n=1 (A_{1,n}(t, r, q)) ≤ d̃_{1,T} d|r − q|. (10.39) uniformly in t and ω (and M ).

(iii)_∞ ∑ n=1 (∂_kσ̃_{n,ij})^2(r, t) = ∫ (∂_kJ̃_{ij}(r, p̃, t))^2dp̃ ≤ d_{1,T} . So, repeating the derivation of (10.39) (with the obvious changes) M∑ n=1 |A_{2,n}(t, r, q)| ≤ d̃_{1,T} d|r − q| (10.40) (uniformly in t, ω and M ).

(iv) Since F_i, i = 1 . . . d, are globally Lipschitz by assumption, the lemma is proven. Lemma 10.8

Under the assumption (2.20), m ≥ 1, for any T > s with probability 1

r_M (T − t, r) = ř_M (t, r_M (T − s, r)) (10.41) uniformly in r ∈ R^d and t ∈ [s, T ]. Proof

(i) We take the Wong-Zakai approximations to the SODE’s for r_M and ř_M with piecewise linear approximations β_{n,L}(t) of β_n, n = 1, . . . M , L ∈ N, where

β_{n,L}(t) = L{(^{j+1}_L − t)β_n(^j_L ) + (t −^j_L )β_n(^{j+1}_L )} if^j_L ≤ t ≤^{j+1}_L , j = 0, 1, . . .. . . . . } (10.42)

By Lemma 10.7 the Wong-Zakai approximations of the forward and backward flows have unique solutions r_{M,L}(t, r) and ř_{M,L}(t, r), respectively. Moreover, r_{M,L}(T − t, r), the solution of the approximate forward random ODE, evaluated at T − t, satisfies the random ODE dr(t) dt = −F̃^+(r(t), T − t) − M∑ n=1 σ̃_n(r(t), T − t) dβ_{n,L} dt (t), (10.43) which is the backward random ODE for ř_{M,L}(t, ·). By uniqueness (10.41) follows if we replace r_M and ř_M by r_{M,L} and ř_{M,L}, respectively, uniformly in r ∈ R^d and t ∈ [s, T ].

(ii) Next, we check that we may (trivially) generalize Lemma 7.2 in Ikeda and Watanabe (loc. cit.), Ch. VI, to our equations with time—and ω—dependent coefficients, which implies for any multiindex j with |j| ≤ m), any N ∈ N, p ≥ 2 and any r̃_{M,L} ∈ {r_{M,L}, ř_{M,L}}. sup |r|≤N sup_L E sup_{s≤t≤T} |∂^jr̃_{M,L}(t, r)|^p < ∞ (10.44)

The same estimates (without L) hold for r_M (·, r) and ř_M (·, r) and their partial derivatives up to order m by (10.36). Hence, we truncate all involved processes using stopping times σ_{k,L} and σ_k such that for j with |j| ≤ m and (r̃_{M,L}, r̃_M ) ∈ {(r_{M,L}, r_M ), (ř_{M,L}, ř_M )} sup s≤t≤T ∧σ_{k,L} |∂^jr̃_{M,L}(t, r)| + sup_{s≤t≤T ∧σk} |∂^jr̃_M (t, r)| ≤ K < ∞, (10.45) whence sup_{s≤t≤T ∧σk,L∧σk} |∂^jr̃_{M,L}(t, r) − ∂^jr̃_M (t, r)|^p ≤ (2K)^{p−2} · sup_{s≤t≤T ∧σk,L∧σk} |∂^jr̃_{M,L}(t, r) − ∂^jr̃_M (t, r)|^2. } (10.46)

The estimates (10.44) and (10.34) imply that for any N ∈ N sup_{|r|≤N} E sup_{T ∧σk,L∧σk ≤t≤T} |∂^jr̃_{M,L}(t, r) − ∂^jr̃_M (t, r)|^p ≤^2_K sup_{|r|≤N} E sup_{s≤t≤T} (|∂^jr̃_{M,L}(t, r)| + |∂^jr̃_M (t, r))|)^{p+1} → 0, as K → ∞ (10.47)

(cf. Ikeda and Watanabe (loc. cit.), Ch. V, Proof of Lemma 2.1 therein).

(iii) Now we check that Theorem 7.2, Ch. VI, in Ikeda and Watanabe (loc. cit.) generalizes to our equations, which implies by (10.46) and (10.47) for any multiindex j with |j| ≤ m, N ∈ N and p ≥ 2 sup |r|≤N E sup_{s≤t≤T} |∂^jr̃_{M,L}(t, r) − ∂^jr̃_M (t, r)|^p → 0, as L → ∞, (10.48) which, of course, implies for any N ∈ N, |j| ≤ m and p ≥ 2 E ∫ |r|≤N sup s≤t≤T |∂^jr̃_{M,L}(t, r) − ∂^jr̃_M (t, r)|^pdr → 0, as L → ∞. (10.49) (iv) Choose p > d∨2 (where “∨” denotes “maximum”). Then (10.49) implies by the Sobolev imbedding theorem (cf., e.g., Triebel (1978)) that for any N ∈ N and |j| ≤ m − 1 E sup_{|r|≤L} sup_{s≤t≤T} |∂^jr̃_{M,L}(t, r) − ∂^jr̃_M (t, r)| → 0, as L → ∞. (10.50) (v) (10.41) follows now from steps (i)-(iv) and (10.37).

Lemma 10.9

Assume (2.20), m ≥ 1, and let p ≥ 2. Then, for any (r̃_M , r̃) ∈ {(r_M , r), (ř_M , ř)} and any L < ∞ sup_{|q|≤L} E sup_{s≤t≤T} |r̃_M (t, q) − r̃(t, q)|^p → ∞, as M → ∞. (10.51)

Proof

(i) Assume without loss of generality (r̃_M , r̃) = (r_M , r). By the Burkholder-Davis-Gundy and Hölder inequalities E sup_{s≤t≤T} |r(t, q) − r_M (t, q)|^p ≤ c_{T,p}{ ∫_T s E|F (r(u, q), u) − F (r_M (u, q), u)|^pdu + ∫_T s E{ ∑_M n=1 |σ̃_n(r(u, q), u) − σ̃_n(r_M (u, q), u)|^2}^{p2} du + ∫_T s E{ ∑_∞ n=M+1 |σ̃n(r(u, q), u)| 2}^{p2} du} =: c_{T,p}{ ∑_3 i=1 A_{i,M} (T )}. (10.52)

(ii)

A_{2,M} (T ) ≤ ∫_T s E{ ∞∑ n=1 |σ̃_n(r(u, q), u) − σ̃_n(r_M (u, q), u)|^2}^{p2} du

≤ c_{J ,p} ∫_T s E|r(u, q) − r_M (u, q)|^pdu by assumption (1.14) on J̃ (r, p, u).

(iii) Since ∑_∞ n=1 |σ̃_n(r(u, q), u)|^2 = ∑_d k,ℓ=1 ∫~ J^2_{kℓ}(r(u, q), p̃, u)^2dp̃ < ∞ uniformly in u, ω and q the monotone convergence theorem implies that for any ε > 0 there is an M (ε) such that for all M ≥ M (ε) A_{3,M} (T ) ≤ ε. (iv) A_{1,M} (T ) ≤ c_{F,p} ∫_T s E|r(u, q) − r_M (u, q)|^pdu by the Lipschitz condition on F .

(v) Hence, for all M ≥ M (ε) E sup_{s≤t≤T} |r(t, q) − r_M (t, q)|^p ≤ c̃_{T,F,J ,p}ε. (10.53)

Let φ(t, q) and φ̌(t, q) be the solutions of (10.23) associated with the forward flow r(t, q) and backward flow ř(t, q), respectively.

Lemma 10.10

Assume (2.20), m ≥ 1, and let p ≥ 2. Then for any (φ̃_M , φ̃) ∈ {(φ_M , φ), (φ̌_M , φ̌)} and any L < ∞ sup_{|q|≤L} E sup_{s≤t≤T} |φ̃_M (t, q) − φ̃(t, q)|^p → ∞, as M → ∞. (10.54) Proof

(i) Assume without loss of generality (φ̃_M , φ̃) = (φ_M , φ). Set ψ_M := φ − φ_M . Then ψ_M (t, q) = ∫_t s δF (r(u, q), u)ψ_M (u, q)du + d∑ ℓ=1 ∫_t s ∫ δJ̃_{M,·ℓ}(r(u, q), p̃, u)ψ_M (u, q)w_ℓ(dp̃, du)

+ ∫_t s (δF (r_M (u, q), u) − δF (r(u, q), u))(ψ_M (u, q) − φ(u, q))dq + d∑ ℓ=1 ∫_t s ∫ (δJ̃_{M,·ℓ}(r_M (u, q), p̃, u) − δJ̃_{M,·ℓ}(r(u, q), p̃, u))(ψ_M (u, q) − φ(u, q))w_ℓ(dp̃, du)

+ d∑ ℓ=1 ∞∑ n=M+1 ∫_t s δσ̃_{n,·ℓ}(r(u, q), u)dβ_{n,ℓ}(u)

= 5∑ i=1 B_{i,M} (t).

(ii) By the assumptions on J̃ we obtain as in the previous proof of the previous lemma (step iv) (cf. also the proof of Lemma 10.7) that for any p ≥ 2 and ε > 0 sup_q E sup_{s≤t≤T} |B_{5,M} (t, q)|^p ≤ ε provided M ≥ M (ε).

(iii) We easily see that for any p ≥ 2 and L < ∞ sup_M sup_{|q|≤L} E sup_{s≤t≤T} |φ_M (t, q)|^p < ∞. (10.55) Therefore, the boundedness and continuity of all coefficients in addition to Lemma (10.9) imply (10.54). Corollary 10.11

Assume (2.20) with m ≥ 1. Then, for any (r̃_M , r̃) ∈ {(r_M , r), (ř_M , ř)}, L < ∞ and |j| ≤ m − 1 E sup_{|q|≤L} sup_{s≤t≤T} |∂^jr̃_M (t, q) − ∂^jr̃(t, q)| → 0, as M → ∞. (10.56) Moreover, for any multiindex j with |j| ≤ m − 1 ∂^jr̃ ∈ L_0(Ω; C(R^d × [s, T ]; R^d)). (10.57) Proof

(10.56) follows in the same way as (10.50). (10.57) follows from (10.56) and (10.37).

Acknowledgement This paper was finished during the author’s stay at the SFB 343 of the University of Bielefeld, Germany, in summer ’96. The hospitality of the SFB 343 is gratefully acknowledged.

References

[1] Adams, R.A. (1975): Sobolev spaces. Academic Press, New York—San Francisco—London. [2] Arnold, L. (1973): Stochastische Differentialgleichungen-Theorie und Anwendungen. R. Oldenburg, München-Wien (English translation: Stochastic differential equations and applications, Wiley).

[3] Blount, D. (1996): Diffusion limits for a nonlinear density dependent space-time population model.

Ann. Probab., Vol. 24, No. 2, 639–659.

[4] Coddington, E.A., Levinson, N. (1955): Theory of ordinary differential equations. McGraw-Hill, New York—Toronto—London.

[5] Da Prato, G., Zabzyk, J. (1992): Stochastic equations in infinite dimensions. Cambridge University Press, Cambridge.

[6] Dawson, D.A. (1975): Stochastic evolution equations and related measure processes. J. Multivariate Analysis, 5, 1-52.

[7] Dawson, D.A., Vaillancourt, J. (1995):Stochastic McKean-Vlasov Equations. No. DEA 2. 199-229. [8] De Acosta, A. (1982): Invariance principles in probability for triangular arrays of B-valued random vectors and some applications. Ann. Probab., No. 2, 346-373.

[9] Dobrushin, R.L. (1979): Gaussian and their subordinated self-similar random generalized fields. Ann.

Probab. Vol. 7, No. 1, 1-28.

[10] Dorogovtsev, A., Kotelenez, P. (1996): (manuscript in preparation).

[11] Dudley, R.M. (1989): Real analysis and probability. Wadsworth and Brooks, Belmont, California. [12] Dynkin, E.B. (1965): Markov processes. Vol. I. Springer Verlag, Berlin-Göttingen-Heidelberg. [13] Fife, P.: Models for phase separation and their mathematics. To appear in: Nonlinear Partial Differential Equations and Applications, M. Mimura and T. Nishida (eds.) Kinokuniya Pubs., Tokyo.

[14] Fouque, J.-P. (1994): private communication.

[15] Gihman, I.I., Skorohod, A.V. (1982): Stochastic differential equations and their applications.

Naukova Dumka, Kiev (in Russian).

[16] Goncharuk, N., Kotelenez, P. (1996): Fractional step method for stochastic evolution equations. Case Western Reserve University, Department of Mathematics, Preprint # 96-144.

[17] Ikeda, N., Watanabe, S. (1981): Stochastic differential equations and diffusion processes. North Holland Publishing Company. Amsterdam - New York.

[18] Il’in, A.M., Khasminskii, R.Z. (1964): On equations of Brownian motion. Probab. Th. and Appl., Vol. IX, No. 3, (in Russian).

[19] Kotelenez, P. (1985): On the semigroup approach to stochastic evolution equations. In L. Arnold and P. Kotelenez (eds.): Stochastic space-time models and limit theorems. D. Reidel, 95-139.

[20] Kotelenez, P. (1988): High density limit theorems for nonlinear reactions with diffusion. Probab.

Theory Relat. Fields 78, 11-37.

[21] Kotelenez, P. (1992):Existence, uniqueness and smoothness for a class of function valued stochastic partial differential equations. Stochastics and Stochastic Reports, Vol. 41, 177-199.

[22] Kotelenez, P. (1995a):A stochastic Navier-Stokes equation for the vorticity of a two-dimensional fluid. Ann. Appl. Probab. (to appear).

[23] Kotelenez, P. (1995b): A class of quasilinear stochastic partial differential equations of McKean- Vlasov type with mass conservation. Probab. Theory Relat. Fields 102, 159-188.

[24] Kotelenez, P. (1995c): Particles, vortex dynamics and stochastic partial differential equations. In:

Robert J. Adler et al., eds., Stochastic Modelling in Physical Oceanography. Birkhäuser, Boston, 271-294.

[25] Kotelenez, P., Wang, K. (1994): Newtonian particle mechanics and stochastic partial differential equations. In D.A. Dawson (eds.) “Measure Valued Processes, Stochastic Partial Differential Equations and Interacting Systems”, Centre de Recherche Mathematiques, CRM Proceedings and Lecture Notes, Volume 5, 139-149.

[26] Krylov, N.V., Rozovskii, B.L. (1979): On stochastic evolution equations. Itogi Nauki i tehniki, VINITI, 71-146.

[27] Kuo, H.H. (1965): Gaussian measures in Banach spaces. Springer-Verlag. Berlin—New York.

[28] Lebowitz, J.L., Rubin, E. (1963): Dynamical study of Brownian motion. The Physical Review, Vol.

131, No. 6, 2381-2396.

[29] Nelson, E. (1972): Dynamical theories of Brownian motion. Princeton University, Press, Princeton, N.J.

[30] Pardoux, E. (1975):Equations aux derivées partielles stochastique non linéaires monotones. Etude de solutions fortes de type Itô. These.

[31] Pazy, A. (1983): Semigroups of linear operators and applications to partial differential equations.

Appl. Math. Sci., vol. 44, Springer-Verlag, New York.

[32] Skorohod, A.V. (in preparation).

[33] Triebel, H. (1978): Interpolation theory, function spaces, differential operators. VEB Deutscher Verlag der Wissenschaften. Berlin.

[34] Walsh, J.B. (1986):An introduction to stochastic partial differential equations. In P.L. Hennequin (ed.) Ecole d’Ete de Probabilities de Saint-Flour XIV- 1984. LN in Mathematics 1180. Berlin- Heidelberg-New York, Springer.