A Visualization of the Isometry Group Action

on the F omenk o–Matv eev–W eeks Manifold

Alexander M EDNYKH a, 1

and Andrei V ESNIN a,b, 2

a

Sob olev Institute of Mathematics, SB RAS

No v osibirsk-90, 630090, Russia

b

Departmen t of Mathematics, Pusan National Univ ersit y ,

Pusan 609-735, Korea

Abstract

The smallest kno wn three-dimensional closed orien table h yp erb olic manifold M

1

,

whic h v olume is equal to 0 . 94 . . . , w as obtained indep enden tly b y A. F omenk o and

S. Matv eev and b y J. W eeks. It is kno wn, that the isometry group of the manifold

M

1 is isomorphic to the dihedral group I D

6 of order 12. W e study the lattice of

the action of the isometry group on the manifold M

1 and obtain all orbifolds whic h

arised as the quotien t spaces.

1. In tro duction

In the presen t pap er w e study the prop erties of the smallest kno wn three-dimensional

closed orien table h yp erb olic manifold M

1

, whic h w as constructed indep enden tly b y A. F o-

menk o and S. Matv eev [ 7 ] and b y J. W eeks [ 13 ].

A three-dimensional h yp erb olic manifold can b e defined as a quotien t space M =

H I

3

/ Γ, where Γ is a discrete group of isometries of the three-dimensional Lobac hevsky

space H I

3

, acting without fixed p oin ts. The concept of the v olume in H I

3

is carried

o v er naturally to M . F urther w e will consider three-dimensional orien table h yp erb olic

manifolds of finite v olume.

The structure of the set of v olumes of three-dimensional h yp erb olic manifolds w as

describ ed b y W. Th urston and T. Jørgensen. According to the Th urston–Jørgensen

theorem [ 12 ], v olumes of three-dimensional h yp erb olic manifolds form a w ell-ordered

0

This researc h w as supp orted in part b y the Russian F oundation for Basic Researc h.

1

E-mail address: me dnykh@math.nsc.ru .

2

E-mail address: vesnin@math.nsc.ru and vesnin@arir ang.math.pusan.ac.kr .

non-discrete subset of the real line of the order t yp e ω ω

. In particular, there exists a

closed manifold with the smallest v olume.

The first manifold whic h pretended to b e the smallest closed manifold w as constructed

b y W. Th urston [ 12 ]. This manifold w as obtained b y (5 , − 1) Dehn surgery on the figure-

eigh t knot, and its v olume is equal to 0 . 98 . . . . But sev eral y ears later the another pre-

tender app eared.

In [ 13 ] J. W eeks calculated v olumes of h yp erb olic manifolds, obtained b y Dehn sur-

geries on h yp erb olic knots and links of the small order. It w as p ossible due to his nice

computer program SnapP ea [ 11 ]. As the result of the calculations, the closed h yp erb olic

manifold M

1 with the v olume equals to 0 . 94 . . . w as founded. The manifold M

1 w as

obtained b y Dehn surgeries with parameters (5 , − 2) and (5 , − 1) on b oth comp onen ts of

the Whitehead link. A t the same time, n umerous computer calculations of v olumes w ere

giv en b y A. F omenk o and S. Matv eev [ 7 ]. The manifold M

1 also w as app eared in their

list (but it w as obtained b y another w a y). F urther the manifold M

1 will b e referred to

as the F omenk o–Matv eev–W eeks manifold .

Moreo v er, A. F omenk o and S. Matv eev [ 7 ] conjectured the structure of the initial seg-

men t of the set of v olumes of three-dimensional h yp erb olic manifolds. In [ 5 ] C. Ho dgson

and J. W eeks refined the smallest manifolds computing a lot of v olumes b y SnapP ea

program.

In [ 9 ] E. Molnar constructed the fundamen tal p olyhedron in H I

3

for the fundamen tal

group of the manifold M

1 and remark ed, that the isometry group of this manifold con tains

the dihedral group I D

6 of order 12. Using computer calculation, it w as sho wn in [ 5 ], that

the isometry group of M

1 has exactly 12 elemen ts.

The aim of the presen t pap er is to describ e the lattice of the action of the isometry

group Isom ( M

1

) on the manifold M

1

. W e will obtain all orbifolds whic h arise as quotien t

spaces of M

1 b y the action of the subgroups of Isom ( M

1

). In particular, w e will describ e

the manifold M

1 as the t w o-fold co v ering of the 3-sphere, branc hed o v er the knot 9

49 and

as the cyclic three-fold co v ering of the 3-sphere, branc hed o v er the t w o-bridge knot 5

2

.

2. The lattice of the isometry group’s action

Let us consider the fundamen tal group Γ = π

1

( M

1

) of the F omenk o-Matv eev-W eeks

manifold M

1

. According to [ 9 ], the group Γ has the follo wing presen tation:

Γ = ⟨ a, b | abab

2

a

− 2

b

2

= baba

2

b

− 2

a

2

= 1 ⟩ . (1)

It w as observ ed b y E. Molnar [ 9 ], that the group Γ has the follo wing three automor-

phisms

{

a → a

− 1

,

b → b

− 1

,

{

a → b,

b → a, and

{

a → a,

b → a

− 1

b

− 1

.

(2)

By the Mosto w rigidit y theorem, there exist isometries r , s and t of the Lobac hevsky

space H I

3

suc h that

{

r a r

− 1

= a

− 1

,

r b r

− 1

= b

− 1

,

{

s a s

− 1

= b,

s b s

− 1

= a, and

{

t a t

− 1

= a,

t b t

− 1

= a

− 1

b

− 1

.

(3)

F rom (3) w e get the prop erties of the pro ducts of the isometries r , s and t :

{

r

2

a r

− 2

= a,

r

2

b r

− 2

= b,

{

s

2

a s

− 2

= a,

s

2

b s

− 2

= b,

{

t

2

a t

− 2

= a = a

− 1

aa,

t

2

b t

− 2

= a

− 1

ba,

{

( r s ) a ( r s )

− 1

= b

− 1

,

( r s ) b ( r s )

− 1

= a

− 1

,

{

( r s )

2

a ( r s )

− 2

= a,

( r s )

2

b ( r s )

− 2

= b,

{

( r t ) a ( r t )

− 1

= a

− 1

,

( r t ) b ( r t )

− 1

= ab,

{

( r t )

2

a ( r t )

− 2

= a,

( r t )

2

b ( r t )

− 2

= b,

{

( st ) a ( st )

− 1

= b,

( st ) b ( st )

− 1

= b

− 1

a

− 1

,

{

( st )

2

a ( st )

− 2

= b

− 1

a

− 1

,

( st )

2

b ( st )

− 2

= a,

{

( st )

3

a ( st )

− 3

= a,

( st )

3

b ( st )

− 3

= b.

Because the cen tralizer of an y discrete co compact subgroup of the group Isom ( H I

3

) is

trivial, w e ha v e Inn (Γ)

∼

= Γ. Whence, using the ab o v e form ulae, w e get:

r

2

= s

2

= ( r s )

2

= ( r t )

2

= ( st )

3

= 1 , t

2

= a

− 1

. (4)

W e recall, that the group of isometries of a h yp erb olic 3-manifold is canonically iso-

morphic to the group of outer automorphisms of its fundamen tal group. Therefore,

Isom ( M

1

)

∼

= N (Γ) / Γ ,

where N (Γ) is the normalizer of the group Γ in the isometry group Isom ( H I

3

).

Let us consider the cosets R = r Γ, S = s Γ and T = t Γ in the group N (Γ) / Γ, and

denote b y G the subgroup of N (Γ) / Γ generated b y R , S and T . According to (4), the

group G is a Co xeter group with the follo wing Co xeter diagram:

R S T

Therefore, the group G is isomorphic to the dihedral group I D

6 of order 12. Hence,

the group Isom ( M

1

) con tains the subgroup of order 12.

By the other side, it w as sho wn b y C. Ho dgson and J. W eeks [ 5 ] using computer pro-

gram SnapP ea [ 11 ], that the group Isom ( M

1

) consists of 12 elemen ts exactly . Therefore,

Isom ( M

1

)

∼

= G = ⟨ R , S , T ⟩

∼

= I D

6

, (5)

and

N (Γ)

∼

= ⟨ a, b, r , s, t ⟩ , (6)

where relations b et w een generators a , b , r , s , and t are giv en b y (1), (3) and (4).

The aim of the presen t pap er is to describ e the action of the group Isom ( M

1

) on the

manifold M

1

.

Theorem. The lattice of the action of the isometry group Isom ( M

1

) on the manifold

M

1 is presen ted in Fig. 1,

M

1

L

5 , − 2

(2)

Θ

2

(2 , 2 , 3)

T (2 , 2 , 2 , 2 , 2 , 3)

9

49

(2)

Θ

3

(2 , 2 , 2) L

5 , − 1

(2) 7

2

1

(2 , 3) 5

2

(3)

Θ

1

(2 , 2 , 3)

3

(3)

(3)

(3)

3

Fig. 1. The lattice of the action.

where 9

49

(2) , 5

2

(3) , 7

2

1

(2 , 3) , Θ

1

(2 , 2 , 3) , Θ

2

(2 , 2 , 3) , Θ

3

(2 , 2 , 2) , and T (2 , 2 , 2 , 2 , 2 , 3) are

three-dimensional h yp erb olic orbifolds whose underlying space is the 3-sphere, and whose

singular sets are pictured in Figures 3 – 9; L

5 , − 1

(2) and L

5 , − 2

(2) are orbifolds whose

underlying spaces are the lens spaces L

5 , − 1 and L

5 , − 2

. In this diagram notations A − → B ,

A

3

− → B and A

(3)

− → B corresp ond to a t w o-fold co v ering, to a regular three-fold co v ering

and to an irregular three-fold co v ering, resp ectiv ely .

3. The lattice of subgroups of the group G

In this section w e consider the subgroup structure of the group G

∼

= Isom ( M

1

). W e

observ e, that the group G = ⟨ R , S , T ⟩

∼

= I D

6 has exactly 10 subgroups, up to conjugation

in G . These subgroups are the follo wing: the trivial group ⟨ 1 ⟩ ; the three subgroups

⟨ R ⟩ , ⟨ S ⟩ and ⟨ T ⟩ of order 2; the subgroup ⟨ S T ⟩ of order 3; the subgroup ⟨ R , S ⟩ of

order 4; the three subgroup ⟨ S , T ⟩ , ⟨ R S , R T ⟩ and ⟨ R , R T ⟩ of order 6; and the group

G = ⟨ R , S , T ⟩ of order 12. By direct considerations w e see that these subgroups of the

group G form the lattice with resp ect to set inclusion, whic h is pictured in Fig. 2. In this

diagram notations A − → B , A

3

− → B and A

(3)

− → B corresp ond resp ectiv ely to the case

when A is a subgroup of index 2 in B ; to the case when A is a normal subgroup of index

3 in B ; and to the case when A is a subgroup of index 3 in B , but not normal.

⟨ 1 ⟩

⟨ R S ⟩

⟨ R S , S T ⟩

⟨ R , S , T ⟩

⟨ R ⟩

⟨ R , S ⟩ ⟨ S ⟩ ⟨ R , S T ⟩ ⟨ S T ⟩

⟨ S , T ⟩

3

(3)

(3)

(3)

3

Fig. 2. The lattice of subgroups.

W e will form ulate the ab o v e-men tioned prop ert y of the group G as the follo wing

Prop osition 1. The lattice of subgroups of the group G up to conjugation is presen ted

in Fig. 2.

Recall the w ell-kno wn close relations b et w een subgroups of the isometry group G of a

manifold M = H I

3

/ Γ and its quotien t spaces.

Denote b y φ the canonical epimorphism

φ : N (Γ) − → N (Γ) / Γ

∼

= G,

defined b y

φ : r → R , s → S , t → T .

W e note that the exact sequence defined b y the epimorphism φ :

1 − → Γ − → N (Γ) φ

− → G − → 1

do es not split.

Prop osition 2. Assume that M , Γ , and G are as ab o v e.

(1) Let H < G and Γ

H

= φ

− 1

( H ) . Then the orbifold M /H is isometric to the quotien t

space H I

3

/ Γ

H and its orbifold group is π

1

( M /H )

∼

= Γ

H

.

(2) Let H

1

< H

2

< G . Then the orbifold co v ering M /H

1

→ M /H

2

, induced b y the

group inclusion H

1

< H

2

, is regular if and only if H

1

◁ H

2

.

(3) Let Γ

H b e a group suc h that Γ < Γ

H

< N (Γ) and H = φ (Γ

H

) . Then the orbifold

H I

3

/ Γ

H is isometric to the orbifold M /H .

4. The orbifolds arising under the group G action

4A. The orbifold 9

49

( 2 )

W e recall [ 7 ], [ 13 ] that the F omenk o-Matv eev-W eeks manifold M

1 can b e obtained b y

the Dehn surgeries on the comp onen ts of the Whitehead link with surgery parameters

(5 , − 1) and (5 , − 2). The co v ering prop erties of the manifolds obtained b y Dehn surgeries

on the Whitehead link w ere studied in [ 8 ], where these manifolds w ere describ ed as the

t w o-fold branc hed co v erings of the 3-sphere. In particular, it w as sho wn in [ 8 ] that the

manifold M

1 is the t w o-fold co v ering of the 3-sphere, branc hed o v er the knot 9

49

(see

Fig. 3).

l m

r

Fig. 3. The knot 9

49

.

Denote b y 9

49

(2) the orbifold whose underlying space is the 3-sphere and whose sin-

gular set is the knot 9

49 with branc h index 2. In this case can sa y that the manifold

M

1 is the t w o-fold co v ering of the orbifold 9

49

(2). As one can see from the diagram

in Fig. 2, there are three subgroups of order 2 in the group G . Therefore, the co v ering

M

1

2

− → 9

49

(2) can b e induced either b y the in v olution r , b y the in v olution s , or b y the

in v olution r s . In these cases w e will get either the orbifold M

1

/ ⟨ R ⟩ = H I

3

/ ⟨ Γ , r ⟩ , the

orbifold M

1

/ ⟨ S ⟩ = H I

3

/ ⟨ Γ , s ⟩ , or the orbifold M

1

/ ⟨ R S ⟩ = H I

3

/ ⟨ Γ , r s ⟩ .

In virtue of the Armstrong theorem [ 1 ], the fundamen tal group of the underlying

space of a orbifold H I

3

/ Δ is isomorphic to the factor group Δ / Δ

0

, where Δ

0 is the

normal subgroup of Δ, generated b y all elemen ts of finite order. No w w e will find the

fundamen tal groups of the underlying spaces of three ab o v e orbifolds. Firstly w e consider

the underlying space of the orbifold M

1

/ ⟨ R ⟩ and its fundamen tal group ⟨ Γ , r ⟩ / Ncl ( r ),

where Ncl ( r ) denotes the normal closure of r in the group ⟨ Γ , r ⟩ . Analogously , w e use notations Ncl ( s ) and Ncl ( r s ) for normal closures of elemen ts s and r s in groups ⟨ Γ , s ⟩

and ⟨ Γ , r s ⟩ , resp ectiv ely . F rom (1) and (3) w e ha v e

⟨ Γ , r ⟩ / Ncl ( r ) = ⟨ a, b, r | abab

2

a

− 2

b

2

= baba

2

b

− 2

a

2

= 1 ,

r a r

− 1

= a

− 1

, r b r

− 1

= b

− 1

, r = 1 ⟩

= ⟨ a, b | a

2

= b

2

= 1 , aba = bab = 1 ⟩ = ⟨ 1 ⟩ . (7)

Analogously , w e find

⟨ Γ , s ⟩ / Ncl ( s ) = ⟨ a, b, s | abab

2

a

− 2

b

2

= baba

2

b

− 2

a

2

= 1 ,

s a s

− 1

= b, s b s

− 1

= a, s = 1 ⟩

= ⟨ a | a

5

= 1 ⟩ = Z Z

5

. (8)

By the same argumen ts, w e get

⟨ Γ , r s ⟩ / Ncl ( r s ) = ⟨ a, b, r s | abab

2

a

− 2

b

2

= baba

2

b

− 2

a

2

= 1 ,

( r s ) a ( r s )

− 1

= b

− 1

, ( r s ) b ( r s )

− 1

= a

− 1

, r s = 1 ⟩

= ⟨ a | a

5

= 1 ⟩ = Z Z

5

. (9)

Because only one of the groups (7), (8) and (9) is trivial, w e get, that the co v ering

M

1

2

− → 9

49

(2) is induced b y the in v olution r .

Let us demonstrate the same b y the direct calculation. More exactly , let us sho w that

the orbifold groups of the orbifold M

1

/ ⟨ R ⟩ and of the orbifold 9

49

(2) are isomorphic.

Indeed, from (1) and (3) w e get

π

1

( M

1

/ ⟨ R ⟩ ) = ⟨ Γ , r ⟩ = ⟨ a, b, r | abab

2

a

− 2

b

2

= baba

2

b

− 2

a

2

= 1 ,

r a r

− 1

= a

− 1

, r b r

− 1

= b

− 1

, r

2

= 1 ⟩ (10)

If w e denote l = ar and m = r b , then from (10) w e get

π

1

( M

1

/ ⟨ R ⟩ ) = ⟨ l , m, r | l

2

= m

2

= r

2

= 1 ,

( l m )

2

( l r )

2

( mr )

2

l r = 1 , ( r l )

2

( r m )

2

( l m )

2

r m = 1 ⟩ , (11)

what is the group of the orbifold 9

49

(2), where l , m and r corresp ond to the notations

in Fig. 3. Because b oth compact orbifolds M

1

/ ⟨ R ⟩ and 9

49

(2) are h yp erb olic and their

groups are isomorphic, they are isometric b y the rigidit y theorem. Th us, the follo wing

statemen t is pro v ed.

Lemma 1. In the ab o v e notations w e ha v e

⟨ Γ , r ⟩

∼

= π

1

(9

49

(2)) and

M

1

/ ⟨ R ⟩

∼

= 9

49

(2) .

4B. The orbifold 5

2

( 3 )

The group G = Isom ( M

1

) con tains only one subgroup of order three, whic h is genera-

ted b y the elemen t S T . Let us consider the orbifold group of the corresp onding quotien t

space:

π

1

( M

1

/ ⟨ S T ⟩ ) = ⟨ Γ , st ⟩ = = ⟨ a, b, st | abab

2

a

− 2

b

2

= baba

2

b

− 2

a

2

= 1 ,

( st ) a ( st )

− 1

= b, ( st ) b ( st )

− 1

= b

− 1

a

− 1

, ( st )

3

= 1 ⟩

= ⟨ a, b, u | abab

2

a

− 2

b

2

= baba

2

b

− 2

a

2

= 1 ,

u a u

− 1

= b, u b u

− 1

= b

− 1

a

− 1

, u

3

= 1 ⟩ ,

where u = st . Denote v = ua , then a = u

− 1

v and b = v u

− 1

. Hence,

π

1

( M

1

/ ⟨ S T ⟩ ) = ⟨ u, v | uv

− 1

uv

− 1

u

− 1

v u

− 1

v

− 1

uv

− 1

uv u

− 1

v = 1 ,

u

3

= v

3

= 1 ⟩ . (12)

By direct calculations, using the Wirtinger algorithm, w e see that the group (12) is

the orbifold group of the orbifold whose underlying space is the 3-sphere and the singular

set is the knot, pictured in Fig. 4, with branc h index equals three.

u

v s

r s r

Fig. 4. The knot 5

2

.

Moreo v er, generators u and v from (12) corresp ond to the lo ops in Fig. 4. The knot

diagram in Fig. 4 is non-alternativ e. Using Reidemeister mo v es, one can simplify this

diagram to the diagram of the knot 5

2

. Let us denote b y 5

2

(3) the orbifold with the 3-

sphere as its underlying space and as the knot 5

2 with the branc h index 3 as its singular

set. Because the orbifold 5

2

(3) is h yp erb olic [ 12 ], summarizing the ab o v e considerations,

w e get

Lemma 2. In the ab o v e notations w e ha v e

⟨ Γ , st ⟩

∼

= π

1

(5

2

(3))

and

M

1

/ ⟨ S T ⟩

∼

= 5

2

(3) .

4C. The isometries of the orbifold 5

2

( 3 )

It w as sho wn in [ 4 ] and [ 6 ]that the symmetry group of the complemen t S

3

\ 5

2 of the

knot 5

2 in the 3-sphere consists of four elemen ts, and all non-trivial symmetries are in v o-

lutions. W e will sho w that these in v olutions induce the in v olutions of the orbifold 5

2

(3),

whic h lifts to the in v olutions r , s and r s on the univ ersal co v ering space H I

3

. W e recall

that the group π

1

(5

2

(3)) of the orbifold 5

2

(3) is isomorphic to the group π

1

( M

1

/ ⟨ S T ⟩ )

and b y (12) it has the follo wing presen tations:

π

1

(5

2

(3)) = ⟨ u, v , | uv

− 1

uv

− 1

u

− 1

v u

− 1

v

− 1

uv

− 1

uv u

− 1

v = 1 , u

3

= v

3

= 1 ⟩ , (13)

where u = st and v = ua = sta . By (4) w e ha v e t

2

= a

− 1

, so w e get v = st

− 1

. Considering

the action of the in v olutions r , s and r s on the generators u and v , w e will get:

r u r

− 1

= r st r

− 1

= st

− 1

= v , r v r

− 1

= r st

− 1

r

− 1

= st = u, (14)

s u s

− 1

= s st s

− 1

= ts

− 1

= v

− 1

, s v s

− 1

= s st

− 1

s

− 1

= t

− 1

s

− 1

= u

− 1

, (15)

( r s ) u ( r s )

− 1

= r v

− 1

r

− 1

= u

− 1

, ( r s ) v ( r s )

− 1

= r u

− 1

r

− 1

= v

− 1

, (16)

where w e used (4). Denote isometries of 5

2

(3) defined b y (14), (15) and (16) also b y r , s

and r s in the corresp ondence to the notations of the isometries of H I

3

. The axes of the

in v olutions s and r s are pictured in Fig. 4, and the axe of the in v olution r is p erp endicular

to b oth ab o v e axes.

W e will consider the quotien t spaces of the orbifold 5

2

(3) b y the isometries r , s and

r s , and denote these orbifolds b y

7

2

1

(2 , 3) = 5

2

(3) / ⟨ r ⟩ , (17)

Θ

1

(2 , 2 , 3) = 5

2

(3) / ⟨ s ⟩ , (18) and

Θ

2

(2 , 2 , 3) = 5

2

(3) / ⟨ r s ⟩ . (19)

4D. The orbifold 7

2

1

( 2 , 3 )

By the definition, the orbifold 7

2

1

(2 , 3) is the quotien t space of the orbifold 5

2

(3) b y

the action of the in v olution r . Therefore, the underlying space of 7

2

1

(2 , 3) is the 3-sphere.

Because the axis of the in v olution r and the singular set of 5

2

(3) are disjoin t, the singular

set of the quotien t space is a t w o-comp onen t link, one comp onen t of whic h has the

branc h index 2, and other has the branc h index 3. One can c hec k directly , that this

t w o-comp onen t singular set is the t w o-comp onen t link with sev en cross-p oin ts whic h is

noted b y 7

2

1 in the table of knots and links [ 10 ]. This explains the notation 7

2

1

(2 , 3) used

for this orbifold.

Lemma 3. In the ab o v e notations w e ha v e

⟨ Γ , r , st ⟩

∼

= π

1

(7

2

1

(2 , 3))

and

M

1

/ ⟨ R , S T ⟩

∼

= 7

2

1

(2 , 3) .

Pr o of. According to the action of the automorphisms r and st on the group Γ, w e ha v e:

⟨ Γ , r , st ⟩ = ⟨ a, b, r , st | abab

2

a

− 2

b

2

= baba

2

b

− 2

a

2

= 1 ,

( st ) a ( st )

− 1

= b, ( st ) b ( st )

− 1

= b

− 1

a

− 1

, ( st )

3

= 1 ,

r a r

− 1

= a

− 1

, r b r

− 1

= b

− 1

, r

2

= 1 ⟩

= ⟨ u, v , r | uv

− 1

uv

− 1

u

− 1

v u

− 1

v

− 1

uv

− 1

uv u

− 1

v = 1 , u

3

= v

3

= 1 ,

r u r

− 1

= v , r v r

− 1

= u, r

2

= 1 ⟩ ,

where u = st , v = ua = st

− 1

. Whence

⟨ Γ , r , st ⟩ = ⟨ u, r | ur u

− 1

r ur u

− 1

r u

− 1

r ur u

− 1

r u

− 1

r ur u

− 1

r ur ur u

− 1

r ur = 1 , ⟩ . (20)

As one can see b y direct calculations, the group ⟨ Γ , r , st ⟩ is isomorphic to the group

of the orbifold 7

2

1

(2 , 3), where generators u and r corresp ond to the lo ops in Fig. 5.

2

3

α u β

γ δ

ϵ r

Fig. 5. The link 7

2

1

.

Indeed, b y the Wirtinger algorithm, α = r u

− 1

r , β = α

− 1

uα , γ = β

− 1

α β , δ = r γ r ,

ϵ = r β r , and from the relation ϵ

− 1

= β

− 1

δ β w e will get the non-trivial relation from the

presen tation (20) for the group ⟨ Γ , r , st ⟩ . □

Corollary . The follo wing diagram of the regular orbifold co v erings is comm utativ e:

M

1

3 2

9

49

(2) 5

2

(3)

3 2

7

2

1

(2 , 3)

Pr o of. W e recall, that b y virtue of lemmata 1 – 3, w e ha v e the follo wing descriptions of

the orbifolds: 9

49

(2) = M

1

/ ⟨ R ⟩ , 5

2

(3) = M

1

/ ⟨ S T ⟩ and 7

2

1

(2 , 3) = M

1

/ ⟨ R , S T ⟩ . The

comm utativ et y of the ab o v e diagram follo ws from the fact that the groups ⟨ R ⟩

∼

= Z Z

2

and ⟨ S T ⟩

∼

= Z Z

3 are normal subgroups of the group ⟨ R , S T ⟩

∼

= Z Z

2

⊕ Z Z

3 of indices 3 and

2 resp ectiv ely . □

4E. The orbifold Θ

1

( 2 , 2 , 3 )

Let us consider the orbifold Θ

1

(2 , 2 , 3) = 5

2

(3) / ⟨ s ⟩ .

Lemma 4. In the ab o v e notations w e ha v e

⟨ Γ , s, t ⟩

∼

= π

1

(Θ

1

(2 , 2 , 3))

and

M

1

/ ⟨ S , T ⟩

∼

= Θ

1

(2 , 2 , 3) .

Pr o of. The pro of of the lemma follo ws from the definition of the orbifold Θ

1

(2 , 2 , 3) and

Prop osition 2. □

Because the underlying space of the orbifold 5

2

(3) is the 3-sphere and the isometry s is

an in v olution, w e get that the underlying space of the orbifold Θ

1

(2 , 2 , 3) is the 3-sphere

also. The singular set Θ

1 of Θ

1

(2 , 2 , 3) is pictured in Fig. 6.

s

p

f

Fig. 6. The Θ

1

-curv e.

F rom (1), (3) and (4) w e get the follo wing presen tation:

⟨ Γ , s, t ⟩ = ⟨ a, b, s, t | abab

2

a

− 2

b

2

= baba

2

b

− 2

a

2

= 1 ,

s

2

= ( st )

3

= 1 , t

2

= a

− 1

,

s a s

− 1

= b, s b s

− 1

= a, t a t

− 1

= a. t b t

− 1

= a

− 1

b

− 1

⟩

= ⟨ p, s | p

3

= s

2

=

[

( sp

− 1

)

3

( sp )

4

]

2

= 1 ⟩ , (21)

where p = st . The elemen ts s , p and f = ( sp

− 1

)

3

( sp )

4

corresp ond to the lo ops in

Θ

1

(2 , 2 , 3) whic h are sho wn in Fig. 6. W e remark that the singular set of the orbifold

Θ

1

(2 , 2 , 3) is a Θ-curv e in the terminology of [ 14 ], that is a spatial Θ-graph with 2 v ertices

and 3 edges. If w e delete the edge, corresp onding to the lo op f , then w e will get the torus

knot 7

1

. Hence, w e can regard the singular set of the orbifold Θ

1

(2 , 2 , 3) as the knot 7

1

with a bridge. The relations p

2

= 1, s

3

= 1, and f

2

= 1 in the group of the orbifold

Θ

1

(2 , 2 , 3) corresp ond to the lo ops around the three edges of the spatial Θ-graph.

By the other hand, as w e see from the presen tation (21), the group ⟨ Γ , s, t ⟩ is a

generalized triangle group in the terminology of [ 2 ]. W e recall that some connections

b et w een generalized triangle groups and 3-orbifolds with a t w o-bridge knot with a bridge

as the singular set, w ere studied in [ 3 ].

4F. The orbifold Θ

2

( 2 , 2 , 3 )

Let us consider the orbifold Θ

2

(2 , 2 , 3) = 5

2

(3) / ⟨ r s ⟩ .

Lemma 5. In the ab o v e notations w e ha v e

⟨ Γ , r s, st ⟩

∼

= π

1

(Θ

2

(2 , 2 , 3)) and

M

1

/ ⟨ R S , S T ⟩

∼

= Θ

2

(2 , 2 , 3) .

Pr o of. The pro of of the lemma follo ws from the definition of the orbifold Θ

2

(2 , 2 , 3) and

Prop osition 2. □

Because the underlying space of the orbifold 5

2

(3) is the 3-sphere and the isometry

r s is an in v olution, w e get that the underlying space of the orbifold Θ

2

(2 , 2 , 3) is the

3-sphere also. The singular set Θ

2 of Θ

2

(2 , 2 , 3) is pictured in Fig. 7.

α

β h

Fig. 7. The Θ

2

-curv e.

F rom (1), (3) and (4) w e get the follo wing presen tation:

⟨ Γ , r s, st ⟩ = ⟨ a, b, r s, st | abab

2

a

− 2

b

2

= baba

2

b

− 2

a

2

= 1 ,

( r s ) a ( r s )

− 1

= b

− 1

, ( r s ) b ( r s )

− 1

= a

− 1

, ( r s )

2

= 1 ,

( st ) a ( st )

− 1

= b, ( st ) b ( st )

− 1

= b

− 1

a

− 1

, ( st )

3

= 1 ⟩ . (22)

In resp ect to generators α and β pictured in Fig. 7, this group has presen tation:

⟨ Γ , r s, st ⟩ = ⟨ α , β | α

3

= β

2

=

[

( α β )

2

( α

− 1

β ) ( α β )

2

( α

− 1

β )

2

]

2

= 1 ⟩ , (23)

where h = ( α β )

2

( α

− 1

β ) ( α β )

2

( α

− 1

β )

2

. W e remark that the singular set of the orbifold

Θ

2

(2 , 2 , 3) is the t w o-bridge knot 5

2 with a bridge; the orbifold group with the presen tation

(23) is a generalized triangle group; and the relations α

3

= 1, β

2

= 1 and h

2

= 1

corresp ond to the lo ops around the edges of the spatial Θ-graph.

4G. The orbifold Θ

3

( 2 , 2 , 2 )

According to [ 5 ] and [ 6 ], the symmetry group of the knot 9

49 is the dihedral group

I D

3 of order 6. This group consists of three elemen ts whic h form the cyclic group of

order 3 and of the three m utually conjugated in v olutions. W e will sho w that one of these

in v olutions is induced b y the in v olution r s of the space H I

3

.

Indeed, from (1), (3) and (4), using the relations l = ar and m = r b from subsection

4A, w e ha v e:

( r s ) l ( r s )

− 1

= m, ( r s ) r ( r s )

− 1

= r , ( r s ) m ( r s )

− 1

= l ,

l

2

= m

2

= r

2

= ( r s )

2

= 1 .

Therefore, the isometry r s induces an isometry of the orbifold 9

49

(2) whic h in terc hange

the arcs corresp onding to l and m , and preserv es the arc corresp onding to r in v arian t

(see Fig. 3).

The quotien t space of the orbifold 9

49

(2) = H I

3

/ ⟨ Γ , r ⟩ b y the action of the isometry

r s is the orbifold Θ

3

(2 , 2 , 2) whose underlying space is the 3-sphere and whose singular

set, pictured in Fig. 8, is the Θ-curv e, eac h arc of whic h has branc h index 2 (that is suc h

called π -orbifold).

l

r

s r s

Fig. 8. The Θ

3

-curv e.

Because of (1), (3) and (4), using that

Θ

3

(2 , 2 , 2) = 9

49

(2) / ⟨ r s ⟩ = H I

3

/ ⟨ Γ , r , r s ⟩ = H I

3

/ ⟨ Γ , r , s ⟩ ,

the group π

1

(Θ

3

(2 , 2 , 2)) is isomorphic to the group ⟨ Γ , r , s ⟩ and has the follo wing pre-

sen tation:

⟨ Γ , r , s ⟩ = ⟨ a, b, r , s | abab

2

a

− 2

b

2

= baba

2

b

− 2

a

2

= 1 ,

r

2

= s

2

= ( r s )

2

= 1 , r a r

− 1

= a

− 1

, r b r

− 1

= b

− 1

, s a s

− 1

= b, s b s

− 1

= a ⟩

= ⟨ l , r , s | l

2

= r

2

= s

2

= ( r s )

2

= ( sr l )

2

( r l sl ) r ( l sl r )( l r s )

2

l = 1 ⟩ , (24)

where generators l = ar , r and s corresp ond to Fig. 8.

Summarizing ab o v e considerations, w e get

Lemma 6. In the ab o v e notations w e ha v e

⟨ Γ , r , s ⟩

∼

= π

1

(Θ

3

(2 , 2 , 2)) and

M

1

/ ⟨ R , S ⟩

∼

= Θ

3

(2 , 2 , 2) .

4H. The orbifolds L

5 , − 1

( 2 ) and L

5 , − 2

( 2 )

It is clear that the group π

1

(Θ

3

(2 , 2 , 2)) = ⟨ Γ , r , s ⟩ with the presen tation (24) has

three subgroups of index 2, whic h can b e deriv ed as k ernels of the three epimorphisms

φ

s

, φ

l s and φ

l r s of the group ⟨ Γ , r , s ⟩ to Z Z

2

= ⟨ α | α

2

= 1 ⟩ . These epimorphisms are

defined b y

φ

s

( s ) = α , φ

s

( l ) = φ

s

( r ) = 1 , (25)

φ

l r

( s ) = 1 , φ

l r

( l ) = φ

l r

( r ) = α , (26)

and

φ

l r s

( l ) = φ

l r s

( r ) = φ

l r s

( s ) = α . (27)

By the Reidemeister–Sc hreier metho d, using form ulae (1), (3) and (4), w e ha v e:

Ker φ

s

∼

= ⟨ l , r , sl s ⟩

∼

= ⟨ ar , r , br ⟩

∼

= ⟨ Γ , r ⟩ , (28)

Ker φ

l r

∼

= ⟨ l r , s ⟩

∼

= ⟨ a, s ⟩

∼

= ⟨ Γ , s ⟩ , (29)

and

Ker φ

l r s

∼

= ⟨ l r , r s ⟩

∼

= ⟨ a, r s ⟩

∼

= ⟨ Γ , r s ⟩ . (30)

The singular set Θ

3 of the orbifold Θ

3

(2 , 2 , 2) is pictured in Fig. 8. Similar to [ 14 ], w e

can corresp ond to the Θ-curv e Θ

3 three constituen t knots K

1

, K

2 and K

3

. The first knot

K

1

, whic h w e will get after deleting from Θ

3 the edge corresp onding to r (see Fig. 8), is

a trivial knot 0 . The second knot K

2

, corresp onding to the deleting of the edge s , is the

torus knot 5

1

, that is the t w o-bridge knot K ( − 5 / 1). The third knot K

3

, corresp onding

to the deleting of the edge r s , is the figure-eigh t knot 4

1

, that is the t w o-bridge knot

K ( − 5 / 2).

The corresp onding orbifolds H I

3

/ Ker φ

s

= H I

3

/ ⟨ Γ , r ⟩ , H I

3

/ Ker φ

l r

= H I

3

/ ⟨ Γ , s ⟩ and

H I

3

/ Ker φ

l r s

= H I

3

/ ⟨ Γ , r s ⟩ can b e obtained as the t w o-fold co v erings of the orbifold

Θ

3

(2 , 2 , 2) branc hed o v er the constituen t knots K

1

= 0 , K

2

= − 5 / 1 and K

3

= − 5 / 2,

resp ectiv ely . Therefore, the underlying space of the orbifold H I

3

/ ⟨ Γ , r ⟩ is the 3-sphere,

the underlying space of the orbifold H I

3

/ ⟨ Γ , s ⟩ is the lens space L

5 , − 1 and the underlying

space of the orbifold H I

3

/ ⟨ Γ , r s ⟩ is the lens space L

5 , − 2

.

The singular set of the orbifold H I

3

/ ⟨ Γ , r ⟩ is the knot 9

49 with branc h index 2. Hence

H I

3

/ Ker φ

s

= 9

49

(2) (see Lemma 1) and this orbifold w as discussed in subsection 4A.

The singular sets of the orbifolds H I

3

/ ⟨ Γ , s ⟩ and H I

3

/ ⟨ Γ , r s ⟩ ha v e branc h index 2, so w e

denote these orbifolds b y L

5 , − 1

(2) and L

5 , − 2

(2), resp ectiv ely . M. Sakuma kindly informed

the authors, that using his approac h, one can describ e the singular sets of the orbifolds

L

5 , − 1

(2) and L

5 , − 2

(2) b y lifting them on the 5-fold co v erings of L

5 , − 1 and L

5 , − 2 whic h are

already the 3-sphere.

Using Prop osition 2, from ab o v e discussions w e get the follo wing statemen ts.

Lemma 7. In the ab o v e notations w e ha v e

⟨ Γ , s ⟩

∼

= π

1

( L

5 , − 1

(2))

and

M

1

/ ⟨ S ⟩

∼

= L

5 , − 1

(2) .

Lemma 8. In the ab o v e notations w e ha v e

⟨ Γ , r s ⟩

∼

= π

1

( L

5 , − 2

(2))

and

M

1

/ ⟨ R S ⟩

∼

= L

5 , − 2

(2) .

4I. The orbifold T ( 2 , 2 , 2 , 2 , 2 , 2 , 3 )

W e remark that the orbifold Θ

1

(2 , 2 , 3) has the non-trivial symmetry of order t w o. This

is the in v olution whic h in terc hanges the t w o v ertices of the spatial Θ-curv e Θ

1 sho wn in

Fig. 6.

W e will pro v e that one of the liftings of this in v olution on the univ ersal co v ering H I

3

is the isometry r . Indeed, from (1), (3), (4) and (21), using the notation p = st , w e get

r pr

− 1

= st

− 1

= sp

− 1

s

− 1

, r

2

= 1 . (31)

Whence, the group ⟨ Γ , s, t ⟩ with the presen tation (21) is in v arian t under the conjugation

b y r . Therefore r induces the isometry of the orbifold Θ

1

(2 , 2 , 3) with the quotien t space

T (2 , 2 , 2 , 2 , 2 , 3) = Θ

1

(2 , 2 , 3) / ⟨ r ⟩ = ⟨ Γ , r , s, t ⟩ .

Because r is the in v olution and the underlying space of the orbifold Θ

1

(2 , 2 , 3) is the

3-sphere, the underlying space of the quotien t orbifold is also the 3-sphere. The singular

set of the quotien t orbifold is the knotted 1-sk eleton of the tetrahedron, that is a spatial

full graph on four v ertices K

4

(see Fig. 9). One of its edges has the branc h index 3, and

all other ha v e the branc h indices 2. This explains the notation T (2 , 2 , 2 , 2 , 2 , 3) for this

quotien t orbifold.

r

p

s

Fig. 9. The spatial graph K

4

.

According to the definition of the orbifold T (2 , 2 , 2 , 2 , 2 , 3) and b y Prop osition 2 w e

get

Lemma 9. In the ab o v e notations w e ha v e

⟨ Γ , r , s, t ⟩

∼

= π

1

( T (2 , 2 , 2 , 2 , 2 , 3))

and

M

1

/ ⟨ R , S , T ⟩

∼

= T (2 , 2 , 2 , 2 , 2 , 3) .

Using (4), (21), and (31), one can deriv e the follo wing presen tation for the fundamen tal

group of the orbifold T (2 , 2 , 2 , 2 , 2 , 3):

⟨ Γ , r , s, t ⟩ = ⟨ p, r , s | s

2

= r

2

= p

3

=

[

( sp )

4

( sp

− 1

)

3

]

2

= 1 ,

r sr

− 1

= s. r pr

− 1

= sp

− 1

s

− 1

⟩ .

where the generators p , r and s of the group π

1

( T (2 , 2 , 2 , 2 , 2 , 3)) are corresp ond to Fig. 9.

4J. The pro of of the theorem

The pro of of the theorem is the immediate consequence of Prop osition 1 and Lem-

mata 1 – 9.

References

[1] M. A. Armstrong, The fundamental gr oup of the orbit sp ac e of a disc ontinuous gr oup,

Pro c. Cam b. Phil. So c., 64 (1968), 299–301.

[2] G. Baumslag, J. Morgan, and P . Shalen, Gener alize d triangle gr oups, Math. Pro c.

Cam b. Phil. So c., 102 (1987), 25–31.

[3] M. Hagelb erg and A. V esnin, On the One F amily of Hyp erb olic Dihe dr al Θ( p/q ) -

Orbifolds, Vyc hisliteln y e sistem y , No v osibirsk, 155 (1996), 15–36 (in Russian).

[4] S. Henry and J. W eeks, Symmetry gr oups of hyp erb olic knots and links, Journal of

Knot Theory and Its Ramifications, 1 (1992), 185–201.

[5] C. Ho dgson and J. W eeks, Symmetries, isometries and length sp e ctr a of close d hy-

p erb olic thr e e-manifolds, Exp erimen tal Mathematics, 3 (1994), 101–113.

[6] K. Ko dama and M. Sakuma, Symmetry gr oups of prime knots up to 10 cr ossings,

Knots 90 (ed. A. Ka w auc hi), de Gruyter, 1992, 323–340.

[7] S. V. Matv eev and A. T. F omenk o, Constant ener gy surfac es of Hamiltonian systems,

enumer ation of thr e e-dimensional manifolds in incr e asing or der of c omplexity, and

c omputation of volumes of close d hyp erb olic manifolds, Russian Math. Surv eys, 43

(1988), 1, 3–24.

[8] A. Medn ykh and A. V esnin, Hyp erb olic 3-manifolds as 2-fold c overings ac c or ding to

Montesinos, preprin t, Univ ersit¨ at Bielefeld, Bielefeld, 1995, no. 95-010 , 23 pp.

[9] E. Molnar, On isometries of sp ac e forms, in: Differen tial Geometry and its Appli-

cations (Eger, 1989), North-Holland, Amsterdam, 1992. 509–534.

[10] D. Rolfsen, Knots and links, Publish or P erish Inc., Berk ely Ca., 1976.

[11] SnapPe a, V ersion 5/18/92, A program of J. W eeks for Macin tosh to compute h y-

p erb olic structures on 3-manifolds, a v ailable b y ftp from geom.umn.edu .

[12] W. Th urston, The ge ometry and top olo gy of 3-manifolds, Lecture Notes, Princeton

Univ ersit y 1980.

[13] J. W eeks, Hyp erb olic structur es on 3-manifolds, Princeton Univ. Ph. D. Thesis,

1985.

[14] K. W olcott, The knotting of theta curves and other gr aphs in S

3

, Geometry and

T op ology , 1987, V ol. 105, 325–346.