Exceptional Sequences in Hall Algebras and Quantum Groups^�

Xueqing Chen and Jie Xiao Department of Mathematics Beijing Normal University Beijing 100875. P.R.China

Abstract. Let Λ be a finite dimensional hereditary algebra over a finite field k, H(Λ) and C(Λ) be respectively the Hall algebra and the composition algebra of Λ, P be the isomorphism classes of finite dimensional Λ-modules and I the isomorphism classes of simple Λ-modules. We define δ_α and_αδ, α ∈ P, to be the right and left derivations of H(Λ) respectively. By using these derivations and the action of the braid group on the set of exceptional sequences of Λ-mod , we provide an effective algorithm of calculating root vectors. This means that we get an inductive method to express u_λ as the combinations of elements u_i in the Hall algebra, where i ∈ I and λ ∈ P is any exceptional Λ-module. Because of the canonical isomorphism between the Drinfeld-Jimbo quantum group and the generic composition algebra, our algorithm is applicable directly to quantum groups.

1 Introduction

1.1 Let g be a semisimple Lie algebra over the complex field C, U(g) be the universal enveloping algebra of g. It is well-known that g has a root space decomposition

g = g_0 ⨁ ∐ α∈Φ g_α

with the root system Φ. Moreover , for any α ∈ Φ, dim_C g_α = 1. Choose a complete set of simple roots in Φ and denote it by I, then the root system Φ is divided into two parts: Φ = Φ^+ ⋃ Φ^−, where Φ^+ and Φ^− are positive and negative roots respectively. Therefore g has a triangular decomposition g = g^− ⨁ g_0 ⨁ g^+.

For any α ∈ Φ^+, choose nonzero x_α ∈ g_α such that {x_α ∈ g_α|α ∈ Φ^+} constitute a basis of g^+. Moreover, it is possible to choose x_α ∈ g_α(α ∈ Φ^+) such that {x_α ∈ g_α|α ∈ Φ^+} is a Chevalley basis of g^+. The vectors {x_α ∈ g_α|α ∈ Φ^+} are called root vectors. Of course g ⊂ U(g) as Lie subalgebra and U(g) has the triangular decomposition

U(g) = U^− ⊗ U^0 ⊗ U^+

which satisfies g^+ ⊂ U^+, g^− ⊂ U^− and g_0 ⊂ U^0.

∗The research was supported in part by the National Natural Science Foundation of China

It is well-known that the semisimple Lie algebra g itself can not be quantized, but according to Drinfeld and Jimbo, the universal enveloping algebra U(g) of g admits a nontrivial quantization with q as a parameter, that is the so-called quantum group or the quantum enveloping algebra U_q(g) of g. When q ≠ 1, there is no longer g ⊂ U_q(g). However according to Lusztig [L], there is an action of the braid group on U_q(g). It is still possible to obtain a family of linearly independent elements of U^+_q (g) by applying the braid group action in an admissible order on the generators of U^+_q (g). Those elements obtained are degenerated into a basis of g along q → 1. So we also call those elements the root vectors of U^+_q (g).

1.2 Given any Dynkin diagram Δ of type A_n, B_n, C_n, E_i(i = 6, 7, 8), F_4 and G_2 and any finite field k, there exists a finite dimensional hereditary k-algebra Λ corresponding to Δ. Let P be the set of isomorphism classes of finite dimensional Λ-modules. The Hall algebra H = H(Λ) is by definition the free Z[v, v^{−1}]-module with the basis {u_α|α ∈ P} where v^2 = q and q = |k|; the multiplication is given by u_αu_β = v^{⟨α,β⟩} ∑ λ∈P g^λ_{αβ}u_λ for all α, β ∈ P, where

⟨α, β⟩ = dim_k Hom_Λ(V_α, V_β) − dim_k Ext_Λ(V_α, V_β)

with V_α ∈ α, V_β ∈ β and g^λ_{αβ} is the number of submodules X of V_λ such that V_λ/X and X lie in the isomorphism classes α and β respectively. Let I ⊂ P be the set of isomorphism classes of simple Λ-modules. Ringel [R2,R3] has proved there exists a canonical isomorphism η between the Lusztig’s quantum group f and H(Λ) such that η(θ_i) = u_i, i ∈ I, if they enjoy a common Dynkin diagram. Furthermore, the generic form H(Δ) of H(Λ) is canonically isomorphic to the Drinfeld-Jimbo quantum group U^+_q (g) if the both enjoy a common Dynkin diagram. Under the canonical isomorphism, Ringel has shown that the set {u_λ|λ ∈ P, V_λ indecomposable} just provide a complete set of root vectors of U^+_q (g).

1.3 One may ask the question: how to decompose the root vectors into the combinations of the generators of U^+_q (g). If we apply the Lusztig’s braid group operations on U^+_q (g) to deal with this question, a trouble appears immediately. Namely we can not expect that the computation is undertaken in the interior of U^+_q (g). Oppositely, it often goes across into the negative part U^−_q (g), although the final result of the calculation lies in U^+_q (g). Ringel has pointed out in [R4] that the braid group action on the exceptional sequences of Λ-mod in the sense of Crawley- Boevey [CB] may provide an inductive constructure of root vectors. We will give a refinement of his idea in the present paper. Namely we will give an accurate recursive formula to express u_λ as the combinations of u_i(i ∈ I) for any exceptional module λ ∈ P. According to our formula, the whole calculation is going on in the interior of U^+_q (g), moreover, it does not depend on the constructure of the exceptional sequences.

It is well-known that any indecomposable Λ-module is exceptional if Λ is finite representation type. So our result is suitable for the quantum enveloping algebra of semisimple Lie algebra. In fact our research is made in the Hall algebras and the composition algebras of any type. Because of the fundamental theorem of Green and Ringel, namely, there exists a canonical isomorphism between U^+_q (g) and the generic composition algebra (see [Gr],[R5]), our result is also suitable for the quantum enveloping algebra of any symmetrizable Kac-Moody algebra.

A complete statement of our result is Theorem 5.1.

1.4 Acknowledgement The final form of this work was written up during the stay of J.X. at SFB343, Universität Bielefeld. He is grateful to SFB343, in particular, to Professor C.M.Ringel for the kind hospitality and support.

2 The Hall algebra of a hereditary algebra

2.1 Let Λ be a finite dimensional hereditary algebra over a finite field k, P be the set of isomorphism classes of finite dimensional Λ-modules, I ⊂ P the set of isomorphism classes of simple Λ-modules. We choose a representative V_α ∈ α for any α ∈ P. Given Λ-modules M, N, let ⟨M, N⟩ = dim_k Hom_Λ(M, N) − dim_k Ext_Λ(M, N).

Since Λ is hereditary, ⟨M, N⟩ depends only on the dimension vectors dimM and dimN. For α, β ∈ P we write ⟨α, β⟩ = ⟨V_α, V_β⟩. So the Ringel form ⟨−, −⟩ is defined on Z[I]. The Ringel symmetric form (−, −) is given by (α, β) = ⟨α, β⟩ + ⟨β, α⟩ on Z[I].

2.2 Let R be a commutative integral domain containing Q(v), where v^2 = q, q = |k| and Q(v) is the rational function field of v. The Hall algebra H(Λ) is by definition the free R-module with the basis {u_α|α ∈ P} and the multiplication given as u_αu_β = v^{⟨α,β⟩} ∑ λ∈P g^λ_{αβ}u_λ for all α, β ∈ P. It is easy to verify that H(Λ) is an associative N[I]-graded R-algebra with the identity element u_0. The grading H(Λ) = ⊕_{r∈N[I]}H_r is defined as follows: for each r ∈ N[I], H_r is the R-span of the set {u_λ|λ ∈ P, dimV_λ = r}. Ringel[R2,R3] has proved that the elements u_i, i ∈ I satisfy the quantum Serre relations 1−a_{ij}∑ t=0 (−1)^t [ 1 − a_{ij} t ] ε_i u^t_iu_ju^{1−aij −t} i = 0

for any i ≠ j in I, where a_{ij} = 2^{(i,j)}_{(i,i)} , ε_i = dim_k End(V_i).

2.3 Of course, a strong feature of a quantum group is its Hopf algebra structure. According to Ringel-Green theory, we can get the Hopf algebra structure on the Hall algebra by adding the torus algebra T to it. Let H(Λ, T) be a free R-module with the basis {K_αu_λ|α ∈ Z[I], λ ∈ P}, it is a Hopf algebra under the following operations (see[X]).

(1) Multiplication: u_αu_β = v^{⟨α,β⟩} ∑ λ∈P g^λ_{αβ}u_λ for any α, β ∈ P

K_αu_β = v^{(α,β)}u_βK_α for α ∈ Z[I], β ∈ P K_αK_β = K_{α+β} for α, β ∈ Z[I]

with identity element u_0 = K_0 = 1

(2) Comultiplication:

r(u_λ) = ∑ α,β∈P v^{⟨α,β⟩} a_αa_β a_λ g^λ_{αβ}u_αK_β ⊗ u_β where λ ∈ P

r(K_α) = K_α ⊗ K_α where α ∈ Z[I]

with counit ϵu_λ = 0 for any λ ≠ 0, λ ∈ P and ϵK_α = 1 for any α ∈ Z[I].

(3) Antipode:

σ(u_λ) = δ_{λ0} + ∑ m≥1 (−1)^m ∑ π∈P λ1,···,λm∈P1 V^2 ∑ i<j ⟨λ_i,λ_j ⟩ aλ_1 · · · aλ_m a_λ g^λ_{1···λm} g^π_{λ1···λm} K_{−λ}u_π

σ(K_α) = K_{−α} where λ ∈ P, α ∈ Z[I] and P_1 = P − {0}.

We denote by C(Λ) the R-subalgebra of H(Λ) which is generated by u_i (i ∈ I), by C(Λ, T) the subalgebra of H(Λ, T) which is generated by u_i (i ∈ I) and K_α (α ∈ Z[I]). Clearly C(Λ, T) is a Hopf subalgebra of H(Λ, T). C(Λ) is called the composition algebra.

As an important case, when Λ is finite representation type, i.e, the corresponding Lie algebra g is finite dimensional complex semi-simple, the Hall algebra coincides with its composition subalgebra.

2.4 The above fact depends on the following Green formula.

For any α, β, α_1, β_1 ∈ P, let

N_1 = N_1(α, β, α_1, β_1) = ∑ λ∈P g^λ_{αβ}g^λ_{1β1} a_αa_βa_{α1} a_{β1} a_λ N_2 = N_2(α, β, α_1, β_1) = ∑ ρ,σ,σ_1,τ_1∈P q^{−⟨ρ,τ⟩}g^α_{ρσ}g^{α1}_{ρσ1} g^β_{σ1τ} g^{β1}_{στ} a_ρa_σa_{σ1} a_τ

then N_1 = N_2 ( see [Gr])

2.5 Let k̄ be the algebraic closure of k. For any n ∈ N, let F (n) be a subfield of k̄ such that [F (n) : k] = n. We define Λ(n) = Λ ⊗_k F (n), then Λ(n) is a finite dimensional hereditary F (n)-algebra corresponding to the same Cartan datum as that of Λ. We also have the Hall algebra H_n = H_n(Λ(n)) of Λ(n). Define Π = ∏ n>0 H_n. Let v = (v_n)_n ∈ Π where v_n = √ |F (n)|. Obviously v lies in the center of Π and is transcendental over the rational field Q. Let u_i = (u_i(n))_n ∈ Π satisfy that u_i(n) is the element of H(Λ(n)) corresponding to V_i(n), where V_i(n) is the simple Λ(n)-module which lies in the class i. The generic composition algebra C(Δ) of the Cartan datum Δ is defined to be the subring of Π generated by the elements v, v^{−1} and u_i (i ∈ I). Let U^+_q (g) be the positive part of the Drinfeld-Jimbo quantum group corresponding to the Cartan datum Δ. A fundamental theorem of Green and Ringel concludes that the mapping η : U^+_q (g) → C(Δ) with η(E_i) = u_i (i ∈ I) is a bijection as associative algebras. Moreover, if we extend U^+_q (g) to the Borel part of U_q(g) and C(Δ) to C(Δ, T), then η can be extended canonically to be a bijection as Hopf algebras.

In the following, our results are stated for the Hall algebra H(Λ) and for the composition algebra C(Λ). Without any changes, the same conclutions hold for the corresponding generic composition algebra C(Δ). For any Cartan datum Δ = (I, (, )) (see [L]) and any finite field k, there exists a finite dimensional hereditary k-algebra Λ such that the symmtric Ringel form (−, −) of Λ together with the index set I of simple Λ-modules gives a realization of Δ ( see [R5] ). So our result is really for the quantum group U^+_q (g) of any symmetrizable Kac-Moody algebra g.

2.6 An indecomposible Λ-module V_α is called exceptional provided Ext^1_Λ(V_α, V_α) = 0. Note that the endomorphism ring of an exceptional Λ-module is always a division ring ; in our case, it is a finite field. A pair (V_α, V_β) of exceptional Λ-modules is called an exceptional pair provided we have in addition Hom_Λ(V_β, V_α) = Ext^1_Λ(V_β, V_α) = 0.

A sequence (V_{α1} , V_{α2} , · · · , V_{αn} ) is called exceptional provided any pair (V_{αi} , V_{αj} ) with i < j is exceptional. An exceptional sequence (V_{α1} , V_{α2} , · · · , V_{αn} ) is said to be complete provided n = |I| : the number of isomorphism classes of simple Λ-modules.

For any exceptional sequence (V_{α1} , V_{α2} , · · · , V_{αs} ), let C(α_1, α_2, · · · , α_s) be the smallest full subcategory of Λ-mod which contains V_{α1} , V_{α2} , · · · , V_{αs} and is closed under extensions, kernels of epimorphisms and cokernels of monomorphisms. By Crawley-Boevey [CB] and Ringel [R6], we know that C(α_1, α_2, · · · , α_s) is equivalent to the module category of a finite dimensional hereditary algebra with precisely s isomorphism classes of simple modules. Moreover, the functor from C(α_1, α_2, · · · , α_s) to this module category is exact and induce isomorphisms on both Hom and Ext. Thus we can talk about simple objects, projective and injective objects of C(α_1, α_2, · · · , α_s), exceptional sequence for C(α_1, α_2, · · · , α_s), etc.

Since the endomorphism ring of any simple object of C(α_1, α_2, · · · , α_s) is a finite field, C(α_1, α_2, · · · , α_s) is equivalent to the module category of a finite dimensional hereditary algebra over a finite field. In particular, if (V_α, V_β) is an exceptional pair, then C(α, β) is equvilent to the module category of a finite dimensional hereditary algebra over a finite field with 2 isomorphism classes of simple modules. Since this kind of algebras have no regular exceptional module, (see [R1] ), (V_α, V_β) must be one of the following cases:

(1) (V_α, V_β) are slice modules in the preprojective component of C(α, β). (2) (V_α, V_β) are slice modules in the preinjective component of C(α, β). (3) (V_α, V_β) is orthogonal pair, i,e

Hom_Λ(V_α, V_β) = Hom_Λ(V_β, V_α) = 0

in this case V_α is the simple injective object and V_β is the simple projective object of C(α, β).

2.7 If (V_α, V_β) is an exceptional pair, then there are unique modules L(α, β) and R(α, β) with the property that (L(α, β), V_α) and (V_β, R(α, β)) are exceptional pair in C(α, β). Moreover, if A = (V_{α1} , V_{α2} , · · · , V_{αn} ) is a complete exceptional sequence, let 1 ≤ i < n, there are uniquely determined exceotional sequences B = (V_{β1} , V_{β2} , · · · , V_{βn} ) and D = (V_{γ1} , V_{γ2} , · · · , V_{γn} ) such that V_{βj} = V_{γj} = V_{αj} for all j ∉ {i, i + 1} and V_{βi+1} = V_{αi} , V_{βi} = L(α_i, α_{i+1}), V_{γi} = V_{αi+1} , V_{γi+1} = R(α_i, α_{i+1}). Recall that the braid group B_n in n − 1 generators σ_1, σ_2, · · · , σ_{n−1} is the free group with these generators and the relations σ_iσ_{i+1}σ_i = σ_{i+1}σ_iσ_{i+1} for all 1 ≤ i < n − 1 and σ_iσ_j = σ_jσ_i for j ≥ i + 2. We define σ_iA = D, σ^{−1}_i A = B, in this way, we obtain an action of the braid group B_{n−1} on the set of complete exceptional sequences ( see [CB] [R6] ). The above result is valid for arbitrary hereditary Artin algebra, It is not necessary to assume the basis field is an algebric closed field ( see [R6] ).

We have the following facts:

(1) Any exceptional module can be enlarged to a complete exceptional sequence.( Bongartz Lemma ).

(2) The action of the braid group B_{n−1} on the set of complete exceptional sequences is transitive.( the theorem of Crawley-Boevey ).

(3) Let V_λ and V_ρ be two exceptional modules, if dimV_λ = dimV_ρ, then V_λ ≃ V_ρ. ( for example, see [Ke] ).

2.8 In the quantum group and the Hall algebra, the following notations and relations are often used. (1) [s] = v^s − v^{−s} v − v^{−1} = v^{s−1} + v^{s−3} + · · · + v^{−s+1}

[s]! = s∏ r=1 [r] [ s r ] = [s]! [r]![s − r]! |s] = q^s − 1 q − 1 = q^{s−1} + · · · + q + 1 |s]! = s∏ r=1 |r] | | | | s r ] = |s]! |r]! |s − r]! We set q = v^2, there are the following relations: |s] = v^{s−1}[s] |s]! = v^{s(s−1)2} [s]! | | | | s r ] = v^{r(s−r)} [ s r ]

If we assume q = |k|, then | | | | s r ] is just the number of r-dimensional subspaces of k^s. For given

a polynomial f ∈ Z[v, v^{−1}] and an integer a, we denote by f_a the polynomial obtained from f by replacing v by v^a.

The following formula is often used too. (2)_s ∑ t=0 (−1)^tv^{t(s−1)} [ s t ] = 0, for s > 0

(3) For any exceptional module V_λ, set u^{(t)}_λ =^1_{[t]!ε(λ)} u^t_λ in Hall algebras, where ε(λ) = dim_k End_ΛV_λ. We have the following identites: u^{(t)}_λ = (v^{ε(λ)})^{t(t−1)}u_{tλ}, where u_{tλ} = uλ ⊕ λ · · · ⊕ λ t .

2.9 Let A, B, X ∈ Λ-mod, there is a homological formula to calculate the filtration number g^X_{A,B} according to Riedtmann [Rie] and Peng [P].

Lemma For any X, A, B ∈ Λ-mod, we have g^X_{A,B} = |Ext^1_Λ(A, B)_X ||Aut_ΛX| |Aut_ΛA||Aut_ΛB||Hom_Λ(A, B)|

where Ext^1_Λ(A, B)_X is the set of all exact sequence in Ext^1_Λ(A, B) with middle term X.

3 The derivations of a Hall algebra

3.1 For any α ∈ P, we denote by δ_α and_αδ such that δ_α,_αδ ∈ Hom_R(H(Λ), H(Λ)) given by respectively, αδ(u_λ) = ∑ β∈P v^{⟨α,β⟩}g^λ_{αβ} a_β a_λ u_β = v^{⟨α,λ⟩−⟨α,α⟩} ∑ β∈P g^λ_{αβ} a_β a_λ u_β δ_α(u_λ) = ∑ β∈P v^{⟨β,α⟩}g^λ_{βα} a_β a_λ u_β = v^{⟨λ,α⟩−⟨α,α⟩} ∑ β∈P g^λ_{βα} a_β a_λ u_β where λ, α ∈ P. In particular, for any i ∈ I, iδ(u_λ) = ∑ β∈P v^{⟨i,β⟩}g^λ_{iβ} a_β a_λ u_β δ_i(u_λ) = ∑ β∈P v^{⟨β,i⟩}g^λ_{βi} a_β a_λ u_β where λ ∈ P. It is easily checked that for i, j ∈ I, iδ(u_j) = δ_{ij} a_i = δ_{ij} (v^{(i,i)} − 1)

δ_i(u_j) = δ_{ij} a_i = δ_{ij} (v^{(i,i)} − 1) .

3.2 Proposition For any i ∈ I and λ_1, λ_2 ∈ P, we have

(1)_iδ(u_{λ1} u_{λ2} ) =_iδ(u_{λ1} )u_{λ2} + v^{(i,λ1)}u_{λ1} (_iδ)(u_{λ2} ) (2) δ_i(u_{λ1} u_{λ2} ) = v^{(i,λ2)}δ_i(u_{λ1} )u_{λ2} + u_{λ1} δ_i(u_{λ2} ).

Proof : We only prove (1), It is similar for (2). iδ(u_{λ1} u_{λ2} ) =_iδ( ∑ λ∈P v^{⟨λ1,λ2⟩}g^λ_{1λ2} u_λ) = ∑ λ∈P v^{⟨λ1,λ2⟩}g^λ_{1λ2 i}δ(u_λ) = ∑ λ,β∈P v^{⟨λ1,λ2⟩+⟨i,β⟩}g^λ_{1λ2} g^λ_{iβ} a_β a_λ u_β iδ(u_{λ1} )u_{λ2} = ( ∑ β_1∈P v^{⟨i,β1⟩}g^{λ1}_{iβ1} a_{β1} a_{λ1} u_{β1} )u_{λ2} = ∑ β,β_1,∈P v^{⟨i,β1⟩+⟨β1,λ2⟩}g^{λ1}_{iβ1} g^β_{1λ2} a_{β1} a_{λ1} u_β u_{λ1} (_iδ)(u_{λ2} ) = u_{λ1} ( ∑ β_2∈P v^{⟨i,β2⟩}g^{λ2}_{iβ2} a_{β2} a_{λ2} u_{β2} ) = ∑ β_2,β∈P v^{⟨i,β2⟩+⟨λ1,β2⟩}g^{λ2}_{iβ2} g^β_{λ1β2} a_{β2} a_{λ2} u_β. In order to prove (1), we only need to prove the following equation (∗) : (∗) ∑ λ∈P v^{⟨λ1,λ2⟩+⟨i,β⟩}g^λ_{1λ2} g^λ_{iβ} a_β a_λ = ∑ β_1∈P v^{⟨i,β1⟩+⟨β1,λ2⟩}g^{λ1}_{iβ1} g^β_{1λ2} a_{β1} a_{λ1} + v^{(i,λ1)} ∑ β_2∈P v^{⟨i,β2⟩+⟨λ1,β2⟩}g^{λ2}_{iβ2} g^β_{λ1β2} a_{β2} a_{λ2} Let N_1 = N_1(λ_1, λ_2, i, β) = ∑ λ∈P g^λ_{1λ2} g^λ_{iβ} a_{λ1} a_{λ2} a_ia_β a_λ N_2 = N_2(λ_1, λ_2, i, β) = ∑ ρ,σ,ρ_1,σ_1∈P |k|^{−⟨ρ,σ1⟩}g^{λ1}_{ρρ1} g^{λ2}_{σσ1} g^i_{ρσ}g^β_{ρ1σ1} a_ρa_σa_{ρ1} a_{σ1}

We know that g^i_{ρσ} ≠ 0 if and only if ρ = 0, σ = i or ρ = i, σ = 0. ρ = 0, σ = i implies ρ_1 = λ_1. ρ = i, σ = 0 implies σ_1 = λ_2. Thus

N_2(λ_1, λ_2, i, β) = ∑ ρ_1∈P |k|^{−⟨i,λ2⟩}g^{λ1}_{iρ1} g^β_{ρ1λ2} a_ia_{ρ1} a_{λ1} + ∑ σ_1∈P g^{λ2}_{iσ1} g^β_{λ1σ1} a_ia_{λ1} a_{σ1} .

By replacing ρ_1 by β_1 and σ_1 by β_2, we have

N_2(λ_1, λ_2, i, β) = ∑ β_1∈P |k|^{−⟨i,λ2⟩}g^{λ1}_{iβ1} g^β_{1λ2} a_ia_{β1} a_{λ2} + ∑ β_2∈P g^{λ2}_{iβ2} g^β_{λ1β2} a_ia_{λ1} a_{β2}

In order to prove (∗), we need to show the following identity: ∑ λ∈P g^λ_{1λ2} g^λ_{iβ} a_ia_βa_{λ1} a_{λ2} a_λ = ∑ β_1∈P v^{⟨i,β1⟩+⟨β1,λ2⟩−⟨λ1,λ2⟩−⟨i,β⟩}g^{λ1}_{iβ1} g^β_{1λ2} a_ia_{β1} a_{λ2}

+ ∑ β_2∈P v^{⟨i,β2⟩+⟨λ1,β2⟩+(i,λ1)−⟨λ1,λ2⟩−⟨i,β⟩}g^{λ2}_{iβ2} g^β_{λ1β2} a_{β2} a_{λ1} a_i We may assume here that dimV_{λ1} = dimV_i + dimV_{β1} dimV_β = dimV_{β1} + dimV_{λ2} dimV_{λ2} = dimV_i + dimV_{β2} dimV_β = dimV_{λ1} + dimV_{β2} thus ⟨i, β_1⟩ + ⟨β_1, λ_2⟩ − ⟨λ_1, λ_2⟩ − ⟨i, β⟩ = ⟨i, β_1 − β⟩ + ⟨β_1 − λ_1, λ_2⟩ = ⟨i, −λ_2⟩ + ⟨−i, λ_2⟩ = −2⟨i, λ_2⟩ ⟨i, β_2⟩ + ⟨λ_1, β_2⟩ + (i, λ_1) − ⟨λ_1, λ_2⟩ − ⟨i, β⟩ = ⟨i, β_2⟩ + ⟨λ_1, β_2⟩ + ⟨i, λ_1⟩ + ⟨λ_1, i⟩ − ⟨λ_1, λ_2⟩ − ⟨i, β⟩ = ⟨i, β_2 + λ_1⟩ + ⟨λ_1, β_2 + I⟩ − ⟨λ_1, λ_2⟩ − ⟨i, β⟩ = ⟨i, β⟩ + ⟨λ_1, λ_2⟩ − ⟨λ_1, λ_2⟩ − ⟨i, β⟩ = 0. So in order to prove (∗), we just verify the following identity ∑ λ∈P g^λ_{1λ2} g^λ_{iβ} a_ia_βa_{λ1} a_{λ2} a_λ = ∑ β_1∈P v^{−2⟨i,λ2⟩}g^{λ1}_{iβ1} g^β_{1λ2} a_ia_{β1} a_{λ2} + ∑ β∈P g^{λ2}_{iβ2} g^β_{λ1β2} a_ia_{λ1} a_{β2}

But we have set v^2 = |k|, so v^{−2⟨i,λ2⟩} = |k|^{−⟨i,λ2⟩}. This is just the equation N_1(λ_1, λ_2, i, β) = N_2(λ_1, λ_2, i, β) by the Green formula in 2.4.

3.3 We call_iδ (δ_i) the left (right) derivation of the Hall algebra H(Λ). In general, if α ∉ I, αδ, δ_α have not the property as the same as_iδ, δ_i in Proposition 3.2. We call_αδ, δ_α the high order derivations of H(Λ).

3.4 We consider the following linear maps: ϕ_1 : H(Λ) −→ Hom_R(H(Λ), H(Λ)) u_λ −→_λδ ϕ_2 : H(Λ) −→ Hom_R(H(Λ), H(Λ)) u_λ −→ δ_λ where λ ∈ P.

Proposition (1) ϕ_1 is an anti-homomorphism, i.e ϕ_1(u_{λ1} u_{λ2} ) = ϕ_1(u_{λ2} )ϕ_1(u_{λ1} ) (2) ϕ_2 is a homomorphism, i.e ϕ_2(u_{λ1} u_{λ2} ) = ϕ_2(u_{λ1} )ϕ_2(u_{λ2} ).

Proof We only prove (1), the proof of (2) is similar. ϕ_1(u_{λ1} u_{λ2} ) = ϕ_1( ∑ λ_3∈P v^{⟨λ1,λ2⟩}g^{λ3}_{λ1λ2} u_{λ3} ) = ∑ λ_3∈P v^{⟨λ1,λ2⟩}g^{λ3}_{λ1λ2} ϕ_1(u_{λ3} ) ϕ_1(u_{λ1} u_{λ2} )(u_λ) = ∑ λ_3∈P v^{⟨λ1,λ2⟩}g^{λ3}_{λ1λ2} ϕ_1(u_{λ3} )(u_λ) = ∑ λ_3∈P v^{⟨λ1,λ2⟩}g^{λ3}_{λ1λ2} (_{λ3} δ)(u_λ) = ∑ λ_3∈P v^{⟨λ1,λ2⟩}g^{λ3}_{λ1λ2} ( ∑ β_1∈P v^{⟨λ3,β1⟩}g^λ_{3,β1} a_{β1} a_λ u_{β1} ) = ∑ λ_3,β_1∈P v^{⟨λ1,λ2⟩+⟨λ3,β1⟩}g^{λ3}_{λ1λ2} g^λ_{3,β1} a_{β1} a_λ u_{β1} ϕ_1(u_{λ2} )ϕ_1(u_{λ1} )(u_λ) = ϕ_1(u_{λ2} )(_{λ1} δ(u_λ)) = ϕ_1(u_{λ2} )( ∑ β∈P v^{⟨λ1,β⟩}g^λ_{1β} a_β a_λ u_β) = ∑ β∈P v^{⟨λ1,β⟩}g^λ_{1,β} a_β a_λ (_{λ2} δ)(u_β) = ∑ β,β_1∈P v^{⟨λ1,β⟩}g^λ_{1,β} a_β a_λ (v^{⟨λ2,β1⟩}g^β_{λ2β1} a_{β1} a_β u_{β1} ) = ∑ β,β_1∈P v^{⟨λ1,β⟩+⟨λ2,β1⟩}g^λ_{1β}g^β_{λ2β1} a_{β1} a_λ u_{β1} At the same time we have dimV_β = dimV_{λ2} + dimV_{β1} dimV_λ = dimV_{λ1} + dimV_β dimV_λ = dimV_{λ3} + dimV_{β1} dimV_{λ3} = dimV_{λ1} + dimV_{λ2} . So ⟨λ_1, β⟩ + ⟨λ_2, β_1⟩ = ⟨λ_1, λ_2 + β_1⟩ + ⟨λ_2, β_1⟩ = ⟨λ_1, λ_2⟩ + ⟨λ_1 + λ_2, β_1⟩ = ⟨λ_1, λ_2⟩ + ⟨λ_3, β_1⟩ In order to prove (1), we only need to prove ∑ λ_3∈P v^{⟨λ1,λ2⟩+⟨λ3,β1⟩}g^{λ3}_{λ1λ2} g^λ_{3β1} a_{β1} a_λ = ∑ β∈P v^{⟨λ1,β⟩+⟨λ2,β1⟩}g^λ_{1β}g^β_{λ2β1} a_{β1} a_λ It is reduced to ∑ λ_3∈P g^{λ3}_{λ1λ2} g^λ_{3β1} = ∑ β∈P g^λ_{1β}g^β_{λ2β1}

The two sides of the above equal to g^λ_{1λ2β1} . This completes the proof.

3.5 Remark From the propositions in 3.2 and 3.4, if u_α ∈ C(Λ), then_αδ(C(Λ)) ⊆ C(Λ) δ_α(C(Λ)) ⊆ C(Λ). Moreover if u_α is expressed as the combinition of u_i, i ∈ I, then_αδ(δ_α) is immediately expressed as the corresponding combinitions of_iδ(δ_i), i ∈ I.

4 Exceptional pair

Let (V_α, V_β) be an exceptional pair of Λ-mod, we denote by n(α, β) = ⟨α, β⟩ ⟨α, α⟩ = 2 (α, β) (α, α) m(α, β) = ⟨α, β⟩ ⟨β, β⟩ = 2 (α, β) (β, β)

4.1 The case of n(α, β)dimV_α > dimV_β.

4.1.1 Lemma In C(α, β) there exist the relative AR-sequence 0 −→ V_γ −→ n(α, β)V_α −→ V_β −→ 0 where L(α, β) ≃ V_γ

Proof If n(α, β)dimV_α > dimV_β, then (V_α, V_β) are the slice modules in the preprojective component or in the preinjective compopent of C(α, β). The relative irreducible map space Irr_{C(α,β)}(V_α, V_β) equals to Hom_Λ(V_α, V_β).Assume 0 −→ V_γ −→ nV_α −→ V_β −→ 0 to be an relative AR-sequence in C(α, β), then we know that n = [Irr_{C(α,β)}(V_α, V_β) : End_Λ(V_α)] = [Hom_Λ(V_α, V_β) : End_Λ(V_α)]. Since Ext^1_Λ(V_α, V_α) = 0, Ext^1_Λ(V_α, V_β) = 0, we have n = n(α, β). This completes the proof.

4.1.2 Lemma Let V_α, V_β, V_γ be the same as those in Lemma 4.1.1, if f : n(α, β)V_α → V_β is an epimorphism, then kerf ≃ V_γ or kerf ≃ V_{λi} ⊕ iV_α with 1 ≤ i ≤ n − 1, moreover here V_{λi} does not contain the direct summand which is isomorphic to V_α and there exists a monomorphism V_{λi} → V_γ .

Proof We know that there exists a relative AR-sequence in C(α, β) 0 −→ V_γ^b−→ n(α, β)V_α^a−→ V_β −→ 0 and f is a nonsplit epimorphism, so the diagram 0 −→ kerf −→ n(α, β)V_α^f−→ V_β −→ 0 ↓ d ↓ c ‖ 0 −→ V_γ^b−→ n(α, β)V_α^a−→ V_β −→ 0 commutates. The morphism c has the form c = (c_{ij})_{n×n} with n = n(α, β) and c_{ij} ∈ End_ΛV_α. But End_ΛV_α is a finite field ,so there exist inverse transformation h_1, h_2 ∈ M_n(End_ΛV_α) such that h_1ch_2 = ( I 0 0 0 ) , where I is an unit matrix. We consider the following diagram

0 −→ kerf^{gh} −1 1−→ n(α, β)V_α^{h1f}−→ V_β −→ 0 ↓ d ↓ ( I 0 0 0 ) ‖ 0 −→ V_γ^{bh2}−→ n(α, β)V_α^h −1 2 a −→ V_β −→ 0 The second exact sequence is also a relative AR-sequence in C(α, β). If c is non-degenerate, i.e I = I_{n×n}, then kerf ≃ V_γ . If c is degenerate, then kerf ≃ kerh_1f ≃ ker( ( I 0 0 0 ) h^{−1}_2 a). This completes the proof.

4.1.3 Lemma Let V_α, V_β, V_γ , V_{λi} be the same as those in Lemma 4.1.2, then we have

[Ext^1_Λ(V_β, V_γ) : End_ΛV_β] = [Ext^1_Λ(V_β, V_{λi} ⊕ iV_α) : End_ΛV_β] = [Ext^1_Λ(V_β, V_{λi} ) : End_ΛV_β] = 1

Proof We know that Hom_Λ(V_β, V_α) = Hom_Λ(V_β, V_γ ) = Hom_Λ(V_β, V_{λi} ⊕iV_α) = 0, Ext^1_Λ(V_β, V_α) = Ext^1_Λ(V_β, V_β) = Ext^1_Λ(V_α, V_α) = 0,so dim_k Ext^1_Λ(V_β, V_γ ) = −⟨β, γ⟩ = −⟨β, n(α, β)α + β⟩ = −⟨β, n(α, β)α⟩ + ⟨β, β⟩ = dim_k End_ΛV_β. It follows [Ext^1_Λ(V_β, V γ) : End_ΛV_β] = 1. By the same reason, we have [Ext^1_Λ(V_β, V_{λi} ⊕ iV_α) : End_ΛV_β] = 1. Since Ext^1_Λ(V_β, V_α) = 0, we also have [Ext^1_Λ(V_β, V_{λi} ) : End_ΛV_β)] = 1.

For any exceptional module V_λ, we denote by ε(λ) = ⟨λ, λ⟩ =^1_2 (λ, λ) = dim_k End_ΛV_λ and for any exceptional pair (V_α, V_β), n = n(α, β) for convinience.

4.1.4 Lemma Let V_α, V_β, V_γ be the same as those in Lemma 4.1.1, then in the Hall algebra u_βu_γ = v^{⟨β,γ⟩} (q^{ε(β)} − 1)a_{nα} a_βa_γ u_{nα} + v^{⟨β,γ⟩} a_{β⊕γ} a_βa_γ u_{β⊕γ}, where a_π = |Aut_ΛV_π| for π ∈ P.

Proof By defination u_βu_γ = v^{⟨β,γ⟩} ∑ λ∈P g^λ_{βγ} u_λ. According to the homological formula in 2.9, g^λ_{βγ} =^{|Ext1Λ(Vβ ,Vγ )Vλ |aλ} a_β aγ |Hom_Λ(V_β ,Vγ )| , where Ext 1 Λ(V_β, V_γ)_{Vλ} means the set of all exact sequences in

Ext^1_Λ(V_β, V_γ ) with middle term V_λ. We know that [Ext^1_Λ(V_β, V_γ ) : End_ΛV_β] = 1 by Lemma 4.1.3 and End_ΛV_β is a finite field, thus any nonsplit exact sequence is equivalent to an exact sequence of the form 0 −→ V_γ −→ nV_α −→ V_β −→ 0 So we have |Ext^1_Λ(V_β, V_γ )_{nVα} | = |Ext^1_Λ(V_β, V_γ )|−1 = q^{ε(β)}−1. Also by the fact Hom_Λ(V_β, V_γ ) = 0. This completes the proof.

4.1.5 Lemma In the Hall algebra H_(Λ), we have βδ(u_{nα}) = v^{−ε(β)} ∑ λ∈P gnαβλ ≠0 u_λ = v^{−ε(β)}(u_γ + n−1∑ i=1 ∑ λi∈P gnαβλ i⊕iα ≠0 u_{λi⊕iα})

where λ_i for 1 ≤ i ≤ n − 1 and α, β, γ, λ_i are the same as those in Lemma 4.1.2.

Proof By defination of the derivation, we know that βδ(u_{nα}) = v^{⟨β,nα⟩−⟨β,β⟩} ∑ λ∈P g^{nα}_{βλ} a_λ a_{nα} u_λ Since (V_α, V_β) is an exceptional pair, i.e Hom_Λ(V_β, V_α) = 0 and Ext^1_Λ(V_β, V_α) = 0, it follows that ⟨β, nα⟩ = 0. Because C(α, β) is equivalent to the module category of a finite dimensional hereditary algebra with two simple modules and (V_α, V_β) are slice modules, then Hom_Λ(V_β, V_λ) = 0 if g^{nα}_{βλ} ≠ 0. ¿From Lemma 4.1.3 we know that [Ext^1_Λ(V_β, V_λ) : End_ΛV_β] = 1. As same as in the proof of Lemma 4.1.4, any nonsplit exact seguence in Ext^1_Λ(V_β, V_λ) is equivalent to an exact sequence of the form 0 −→ V_λ −→ nV_α −→ V_β −→ 0 By the homological formula in 2.9 We have g^{nα}_{βλ} a_λ a_{nα} = |Ext^1_Λ(V_β, V_λ)_{nα}| a_β|Hom_Λ(V_β, V_λ)| = q^{ε(β)} − 1 a_β = 1,

then βδ(u_{nα}) = v^{−ε(β)} ∑ λ∈P gnαβλ ≠0 u_λ.

According to Lemma 4.1.2, βδ(u_{nα}) = v^{−ε(β)}(u_γ + n−1∑ i=1 ∑ λi∈P gnαβλ i⊕iα ≠0 u_{λi⊕iα}).

This completes the proof.

In general, if g^{nα}_{βλ⊕iα} ≠ 0, then [Ext^1_Λ(V_β, V_λ) : End_ΛV_β] = 1 by Lemma 4.1.3 . In fact g^{nα}_{βλ⊕iα} ≠ 0 if and only if g^{(n−i)α}_{βλ} ≠ 0. We also have g^{(n−i)α}_{βλ}^{aλ}_{a(n−i)α} = 1, accordingly we have the following results.

4.1.6 Lemma In the Hall algebra H(Λ), we have βδ(u_α) = v^{−ε(β)} ∑ λn−1∈P gαβλ n−1 ≠0 u_{λn−1}

βδ(u_{2α}) = v^{−ε(β)}( ∑ λn−1∈P gαβλ n−1 ≠0 u_{λn−1⊕α} + ∑ λn−2∈P g2αβλ n−2 ≠0 u_{λn−2} )

· · · βδ(u_{iα}) = v^{−ε(β)} i∑ j=1 ∑ λn−j ∈P gjαβ,λ n−j ≠0 u_{λn−j ⊕(i−j)α}

for 1 ≤ i ≤ n and α, β, λ_{n−i} are the same as those in Lemma 4.1.2, in particular we take λ_0 = γ.

Proof It is the direct consequence of the above consideration.

The following Lemma is well-known.

4.1.7 Lemma (1) Let V_λ be an indecomposable Λ-module with dim_k End_ΛV_λ = s and dim_k radEnd_ΛV_λ = t,then a_λ = (q^{s−t} − 1)q^t.

(2) Let V_λ ≃ s_1V_{λ1} ⊕ · · · ⊕ s_tV_{λt} such that V_{λi} ≄ V_{λj} for any i ≠ j, then a_λ = q^sa_{s1λ1} · · · a_{stλt} , where s = ∑ i≠j sisj dimk HomΛ(Vλi , Vλj ). (3) Let V_λ = sV_ρ with End_ΛV_ρ = F and F is a field,then a_λ = |GL_s(F )| = ∏ 1≤t≤s(d s −d^{t−1}), where d = |F | = q^{[F :k]}.

4.1.8 We follow Lemma 4.1.6, if g^{jα}_{βλn−j} ≠ 0, then V_{λn−j} is isomorphic to a submodule of V_γ. We have Ext^1_Λ(V_{λn−j ⊕(i−j)α}, V_α) ≃ Ext^1_Λ(V_{λn−j} , V_α) = 0 by Auslander- Reiten formula. By defination u_{λn−j ⊕(i−j)α}u_{(n−i)α} = v^{⟨λn−j ,(n−i)α⟩+⟨(i−j)α,(n−i)α⟩}g^{λn−j ⊕(n−j)α}_{λn−j ⊕(i−j)α,(n−i)α}u_{λn−j ⊕(n−j)α} Since dimV_{λn−j} + dimV_{(i−j)α} = dimV_{iα} − dimV_β and ⟨β, α⟩ = 0, we obtain ⟨λ_{n−j}, (n − i)α⟩ + ⟨(i − j)α, (n − i)α⟩ = ⟨iα, (n − i)α⟩ − ⟨β, (n − i)α⟩ = i(n − i)ε(α). We claim that g^{λn−j ⊕(n−j)α} λ_{n−j} ⊕(i−j)α,(n−i)α = a_{λn−j ⊕(n−j)α} a_{λn−j ⊕(i−j)α}a_{(n−i)α}|Hom_Λ(V_{λn−j ⊕(i−j)α}, V_{(n−i)α})| By using the fact Ext^1_Λ(V_{λn−j} , V_α) = 0 and Hom_Λ(V_α, V_{λn−j} ) = 0, it follows from Lemma 4.1.7 that a_{λn−j ⊕(n−j)α} = q^{⟨λn−j ,(n−j)α⟩}a_{λn−j} a_{(n−j)α}. Also ⟨λ_{n−j}, (n − j)α⟩ = ⟨jα − β, (n − j)α⟩ = j(n − j)ε(α), then q^{⟨λn−j ,(n−j)α⟩} = (q^{ε(α)})^{j(n−j)}. Thus a_{λn−j ⊕(n−j)α} = (q^{ε(α)})^{j(n−j)}a_{λn−j} a_{(n−j)α} Similarly a_{λn−j ⊕(i−j)α} = (q^{ε(α)})^{j(i−j)}a_{λn−j} a_{(i−j)α} Recall that |Hom_Λ(V_{λn−j ⊕(i−j)α}, V_{(n−i)α})| = q^{⟨λn−j +(i−j)α,(n−i)α⟩} = q^{⟨jα−β+(i−j)α,(n−i)α⟩} = (q^{ε(α)})^{i(n−i)}, we obtain g^{λn−j ⊕(n−j)α} λ_{n−j} ⊕(i−j)α,(n−i)α = (q^{ε(α)})^{j(n−j)}a_{λn−j} a_{(n−j)α} (q^{ε(α)})^{j(i−j)}a_{λn−j} a_{(i−j)α}a_{(n−i)α}(q^{ε(α)})^{i(n−i)} = a_{(n−j)α} a_{(i−j)α}a_{(n−i)α}(q^{ε(α)})^{(i−j)(n−i)} = g^{(n−j)α} (i−j)α,(n−i)α = | | | | n − j i − j ] ε(α) = (v^{ε(α)})^{(i−j)(n−i)} [ n − j i − j ] ε(α)

So we have the following Lemma.

4.1.9 Lemma u_{λn−j ⊕(i−j)α}u_{(n−i)α} = (v^{ε(α)})^{i(n−i)} | | | | n − j i − j ] ε(α) u_{λn−j ⊕(n−j)α}

4.1.10 Proposition Assume (V_α, V_β) to be an exceptional pair of Λ-mod and n = n(α, β) = ⟨α,β⟩ ⟨α,α⟩ = 2 (α,β) (α,α) . If n(α, β)dimVα > dimVβ and γ ∈ P such that L(α, β) ≃ Vγ , then in the Hall

algebra H(Λ), we have

u_γ = n−1∑ r=0 (−1)^r(v^{ε(β)})(v^{−ε(α)})^{(n−r)(n−1)}_βδ(u^{(n−r)}_α )u^{(r)}_α .

Proof Let f(r) = (−1)^r(v^{ε(β)})(v^{−ε(α)})^{(n−r)(n−1)}_βδ(u^{(n−r)}_α )u^{(r)}_α , we only need to prove u_γ = ∑n−1 r=0 f(r). By using the notation in 2.8 u^{(t)}α = (v^{ε(α)})^{t(t−1)}u_{tα}, we have f(r) = (−1)^r(v^{ε(β)})(v^{ε(α)})^{−(n−r)(n−1)+(n−r)(n−r−1)+r(r−1)}_βδ(u_{(n−r)α})u_{rα}

By Lemma 4.1.6 and Lemma 4.1.9, we see f(r) = (−1)^r(v^{ε(β)})(v^{ε(α)})^{−(n−r)(n−1)+(n−r)(n−r−1)+r(r−1)}v^{−ε(β)} n−r∑ j=1 ∑ λn−j ∈P gjαβ,λ n−j ≠0

(v^{ε(α)})^{(n−r)r} | | | | n − j n − r − j ] ε(α) u_{λn−j ⊕(n−j)α}

= (−1)^r(v^{ε(α)})^{r(r−1)} n−r∑ j=1 (v^{ε(α)})^{(n−j−r)r} [ n − j n − r − j ] ε(α) ∑ λn−j ∈P gjαβ,λ n−j ≠0 u_{λn−j ⊕(n−j)α}

So_{n−1} ∑ r=0 f(r) = n−1∑ r=0 n−r∑ j=1 (−1)^r(v^{ε(α)})^{(n−j−1)r} [ n − j n − r − j ] ε(α) ∑ λn−j ∈P gjαβ,λ n−j ≠0 u_{λn−j ⊕(n−j)α}.

Since n−1∑ r=0 n−r∑ j=1 (−1)^r(v^{ε(α)})^{(n−j−1)r} [ n − j n − r − j ] ε(α) ∑ λn−j ∈P gjαβ,λ n−j ≠0 u_{λn−j ⊕(n−j)α}

= n∑ j=1 n−j∑ r=0 (−1)^r(v^{ε(α)})^{(n−j−1)r} [ n − j n − r − j ] ε(α) ∑ λn−j ∈P gjαβ,λ n−j ≠0 u_{λn−j ⊕(n−j)α}

By using the equaltion in 2.8 (2): n−j∑ r=0 (−1)^r(v^{ε(α)})^{(n−j−1)r} [ n − j n − r − j ] ε(α) = 0 for any n − j > 0. We have λ_0 = γ, so n−1∑ r=0 f(r) = u_γ + n−1∑ j=1 n−j∑ r=0 (−1)^r(v^{ε(α)})^{(n−j−1)r} [ n − j n − r − j ] ε(α) ∑ λn−j ∈P gjαβ,λ n−j ≠0 (v^{ε(α)})^{(n−r)r}u_{λn−j ⊕(n−j)α}

= u_γ + 0 = u_γ

This completes the proof.

4.2 The case of 0 ≤ n(α, β)dimV_α < dimV_β.

In fact, in this case V_α, V_β are the two projective objects in C(α, β), moreover V_α is the simple projective object of C(α, β), let γ ∈ P such that L(α, β) ≃ V_γ , we also know that V_γ is the simple injective object of C(α, β).

Proposition Let (V_α, V_β) be an exceptional pair , denote by n = n(α, β) = 2^{(α,β)}_{(α,α)} . If 0 ≤ ndimV_α < dimV_β, let γ ∈ P such that V_γ ≃ L(α, β), then in the Hall algebra

u_γ =

(v^{ε(α)})^n [n]!_{ε(α)}

(δ_α)^n(u_β).

Proof In C(α, β), there exists an exact sequence 0 −→ nV_α −→ V_β −→ V_γ −→ 0 If there is another exact sequence of the form 0 −→ nV_α −→ V_β −→ V_λ −→ 0 then V_λ ≃ V_γ. By defination, δ_{nα}(u_β) = v^{⟨γ,nα⟩}g^β_{γnα}^{aγ}_{aβ} u_γ. We also have g^β_{γnα} = 1 and ⟨β, α⟩ = 0, ⟨γ, nα⟩ = ⟨β − nα, nα⟩ = −n^2⟨α, α⟩, n^2⟨α, α⟩ − n⟨α, β⟩ = 0, a_β = q^{ε(β)} − 1, a_γ = q^{ε(γ)} − 1. Thus a_γ = q^{ε(γ)} − 1 = q^{⟨γ,γ⟩} − 1 = q^{⟨β−nα,β−nα⟩} = q^{⟨β,β⟩} − 1, theorfore a_γ = a_β. So we have u_γ = v^{−⟨γ,nα⟩}δ_{nα}(u_β) = (v^{ε(α)})^{n2} δ_{nα}(u_β). Since we have known u_{nα} =^{(vε(α))−n(n−1)}_{[n]!ε(α)} (u_α)^n, thus we have δ_{nα} =^{(vε(α))−n(n−1)}

[n]!_{ε(α)} (δα)

n from Proposition 3.4, then

u_γ =

(v^{ε(α)})^n [n]!_{ε(α)}

(δ_α)^n(u_β).

The proof is finished.

4.3 The case of ⟨α, β⟩ ≤ 0

In this case V_α, V_β are the two simple modules in C(α, β), V_β is the simple projective object and V_α the simple injective object. Without loss of generality, we may assume ⟨α, β⟩ < 0. In C(α, β), there exists the standard exact sequence 0 −→ V_β −→ V_γ −→ nV_α −→ 0 where V_γ is the other indecomposible injective object and n = −n(α, β) = −^{⟨α,β⟩}_{⟨α,α⟩} = −2^{(α,β)}_{(α,α)} ; in fact n =^{⟨γ,α⟩}_{⟨α,α⟩} and ⟨α, γ⟩ = 0, then −⟨α, β⟩ = −⟨α, γ − nα⟩ = n⟨α, α⟩. We also know ⟨γ, α⟩ = ⟨β + nα, α⟩ = n⟨α, α⟩, thus −⟨α, β⟩ = ⟨γ, α⟩. 4.3.1 Lemma For ⟨α, β⟩ < 0 and n = −n(α, β), if there exists an exact sequence 0 −→ V_β −→ V −→ nV_α −→ 0 then V ≃ V_{λn−i} ⊕ iV_α, 0 ≤ i ≤ n, where V_{λn−i} does not contain the direct summand which is isomorphic to V_α, moreover there exist monomorphisms V_{λi} −→ V_γ , for 0 ≤ i ≤ n, in particularly V_{λn} ≃ V_γ and V_{λ0} ≃ V_β.

Proof Since V_γ is the other indecomposible injective object, We have the following commutative diagram 0 −→ V_β −→ V −→ nV_α −→ 0 ‖ ↓ f ↓ g 0 −→ V_β −→ V_γ −→ nV_α −→ 0 By the same reason as those in Lemma 4.1.2, without loss of generalty we may assume g = ( I 0 0 0 ) , where I is the unit matrix with rank n − i, so kerg ≃ iV_α. The following diagram 0 −→ kerf^≃−→ iV_α ↓ ↓ ↓ 0 −→ V_β −→ V −→ nV_α −→ 0 ‖ ↓ f ↓ ( I 0 0 0 )

0 −→ V_β −→ V_γ −→ nV_α −→ 0 is commutative, where kerf ≃ iV_α, thus V ≃ V_{λn−i} ⊕ iV_α. This completes the proof.

4.3.2 By defination u_{nα}u_β = v^{n⟨α,β⟩} n∑ i=0 ∑ λn−i∈P g λn−i⊕iα nαβ ≠0 g^{λn−i⊕iα} nαβ u_{λn−i⊕iα}

We also know g^{λn−i⊕iα} nαβ = g^{λn−i}_{(n−i)αβ} and V_{λn−i} has a unique simple subobject which is isomorphic to V_β in C(α, β), so g^{λn−i⊕iα}_{nαβ} = g^{λn−i}_{(n−i)αβ} = 1, therefore u_{nα}u_β = v^{n⟨α,β⟩} n∑ i=0 ∑ λn−i∈P g λn−i⊕iα nα,β ≠0 u_{λn−i⊕iα}

Moreover, in general, for 0 ≤ j ≤ n we have u_{(n−j)α}u_β = v^{(n−j)⟨α,β⟩} n−j∑ i=0 ∑ λn−j−i∈P g λn−j−i (n−j−i)αβ ≠0 u_{λn−j−i⊕iα}

where α, β and λ_{n−j−i} are the same as in Lemma 4.3.1.

Since any extension of the form 0 −→ jV_α −→ V^′ −→ V_{λn−j−i} ⊕ iV_α −→ 0 is split, then u_{λn−j−i⊕iα}u_{jα} = v^{⟨λn−j−i+iα,jα⟩}g^{λn−j−i⊕(i+j)α} λ_{n−j−i}⊕iα,jα uλn−j−i⊕(i+j)α. Because that ⟨λ_{n−j−i} + iα, jα⟩ = ⟨β + nα − jα, jα⟩ = j(n − j)⟨α, α⟩ and g^{λn−j−i⊕(i+j)α} λ_{n−j−i}⊕iα,jα = g (i+j)α iα,jα = | | | | | i + j j ] ε(α) , therefore u_{λn−j−i⊕iα}u_{jα} = (v^{ε(α)})^{j(n−j)} | | | | i + j j ] ε(α) u_{λn−j−i⊕(i+j)α}. Thus u_{(n−j)α}u_βu_{jα} = v^{(n−j)⟨α,β⟩} n−j∑ i=0 ∑ λn−j−i∈P g λn−j−i (n−j−i)α,β ≠0 u_{λn−j−i⊕iα}u_{jα}

= v^{(n−j)⟨α,β⟩}(v^{ε(α)})^{j(n−j)} n−j∑ i=0 | | | | i + j j ] ε(α) ∑ λn−j−i∈P g λn−j−i (n−j−i)α,β ≠0 u_{λn−j−i⊕(i+j)α}

= (v^{ε(α)})^{−n(n−j)+j(n−j)} n−j∑ i=0 (v^{ε(α)})^{ij} [ i + j j ] ε(α) ∑ λn−j−i∈P g λn−j−i (n−j−i)α,β ≠0 u_{λn−j−i⊕(i+j)α}.

4.3.3 Proposition Let (V_α, V_β) be an exceptional pair of Λ-mod. If ⟨α, β⟩ ≤ 0 and γ ∈ P such that V_γ ≃ L(α, β), then in the Hall algebra H(Λ)

u_γ = n∑ j=0 (−1)^j(v^{ε(α)})^{n−j}u^{(n−j)}_α u_βu^{(j)}_α

where n = −n(α, β) = −^{⟨α,β⟩}_{⟨α,α⟩} = −2^{(α,β)}_{(α,α)} . Proof Let f = n∑ j=0 (−1)^j(v^{ε(α)})^{n−j}u^{(n−j)}_α u_βu^{(j)}_α

Then by 4.3.2 f = n∑ j=0 (−1)^j(v^{ε(α)})^{n−j}(v^{ε(α)})^{(n−j)(n−j−1)}(v^{ε(α)})^{j(j−1)}(u_{(n−j)α}u_βu_{jα})

= n∑ j=0 n−j∑ i=0 (−1)^j(v^{ε(α)})^{j(i+j−1)} [ i + j j ] ε(α) ∑ λn−j−i∈P g λn−j−i (n−j−i)α,β ≠0 u_{λn−j−i⊕(i+j)α},

since (n − j) + (n − j)(n − j − 1) + j(j − 1) − n(n − j) + j(n − j) + ij = j(i + j − 1). Let t = i + j, since_n ∑ j=0 n−j∑ i=0 = n∑ t=0 t∑ j=0 , then f = n∑ t=0 t∑ j=0 (−1)^j(v^{ε(α)})^{j(t−1)} [ t j ] ε(α) ∑ λn−t∈P g λn−t (n−t)α,β ≠0 u_{λn−t⊕tα}.

According to 2.8 (2),_t ∑ j=0 (−1)^j (v^{ε(α)})^{j(t−1)} [ t j ] ε(α) = 0 for t > 0, and λ_n = γ, we obtain f = u_γ. The proof is completed.

By completely similar proofs, we have a sequence of propositions which are dual to the above ones.

4.4 Proposition Let (V_α, V_β) be an exceptional pair of Λ-mod, m = m(α, β) =^{⟨α,β⟩}_{⟨β,β⟩} = 2^{(α,β)}_{(β,β)} . Let λ ∈ P such that V_λ ≃ R(α, β). If mdimV_β > dimV_α, then in the Hall algebra H(Λ),

u_λ = m−1∑ r=0 (−1)^rv^{ε(α)}(v^{−ε(β)})^{(m−r)(m−1)}u^{(r)}_β δ_α(u^{(m−r)}_β ).

Proof This is dual to Proposition 4.1.10.

4.5 Proposition Let (V_α, V_β) be an exceptional pair of Λ-mod, m = m(α, β) =^{⟨α,β⟩}_{⟨β,β⟩} = 2^{(α,β)}_{(β,β)} . Let λ ∈ P such that V_λ ≃ R(α, β). If 0 < mdimV_β < dimV_α, then in the Hall algebra H(Λ),

u_λ =

(v^{ε(β)})^m [m]!_{ε(β)}

(_βδ)^m(u_α).

Proof This is dual to Proposition 4.2.

4.6 Proposition Let (V_α, V_β) be an exceptional pair of Λ-mod and λ ∈ P such that V_λ ≃ R(α, β). If ⟨α, β⟩ < 0, then in the Hall algebra H(Λ),

u_λ = m∑ j=0 (−1)^j(v^{ε(β)})^{m−j} u^{(j)}_β u_αu^{(m−j)}_β where m = −m(α, β) = −^{⟨α,β⟩}_{⟨β,β⟩} = −2^{(α,β)}_{(β,β)} . Proof This is dual to Proposition 4.3.3.

4.7 Remark Let (V_i, V_j) be an exceptional pair consisting of two simple modules.

(1) In Proposition 4.3.3, since − dim_k V_γ + ε(γ) = −ε_in where ε_i = ε(i), then

v^{− dimk Vγ +ε(γ)}u_γ = n∑ r=0 (−1)^rv^{−εir}u^{(n−r)}_i u_ju^{(r)}_i where n = −a_{ij}. It exactly corresponds to the braid group operation T^{′′}_{i,1} on θ_j in the sense of Lusztig ( see [L] Chapter 37 ).

(2) In Proposition 4.6, since − dim_k V_λ + ε(λ) = −ε_jm, then v^{− dimk Vλ+ε(λ)}u_λ = m∑ r=0 (−1)^rv^{−εj r}u^{(r)}_j u_iu^{(m−r)}_j where m = −a_{ji}. It exactly corresponds to the braid group operation T^′_{j,−1} on θ_i in the sense of Lusztig ( see [L] Chapter 37 ).

These facts were first observed by Ringel in [R4].

5 Exceptional sequences in a Hall algebra

For 1 ≤ s ≤ |I|, where |I| is the number of isomorphism classes of simple Λ-modules, let B_{s−1} = ⟨σ_1, · · · , σ_{s−1}⟩ be the braid group on the s − 1 generators, which define relations are the following:

σ_iσ_{i+1}σ_i = σ_{i+1}σ_iσ_{i+1} for 1 ≤ i ≤ s − 1 σ_iσ_j = σ_jσ_i for |i − j| ≥ 2. According to Crawley-Boevey and Ringel, there exists an action of the group B_{s−1} on the set of exceptional sequences of length s in Λ-mod ( see [CB] and [R6] ). The action is given as follows.

Let A = (V_{α1} , · · · , V_{αs} ) be an exceptional sequence in Λ-mod, then σ_iA = (V_{β1} , · · · , V_{βs} ) such that V_{βj} = V_{αj} for all j ∉ {i, i + 1}, V_{βi} = V_{αi+1} and V_{βi+1} ≃ R(α_i, α_{i+1}); σ^{−1}_i A = (V_{γ1} , · · · , V_{γs} ) such that V_{γj} = V_{αj} for all j ∉ {i, i + 1}, V_{γi} ≃ L(α_i, α_{i+1}) and V_{γi+1} = V_{αi} . The action is transitive if s = |I|.

Our main result is the following.

5.1 Theorem For 1 ≤ s ≤ |I|, let B_{s−1} = ⟨σ_1, · · · , σ_{s−1}⟩ be the braid group on s − 1 generators, A = (V_{α1} , · · · , V_{αs} ) any exceptional sequence of length s in Λ-mod. Denoted by m(i, i + 1) =^{⟨αi,αi+1⟩} ⟨α_{i+1},α_{i+1}⟩ = 2

(α_i,α_{i+1}) (α_{i+1},α_{i+1}) and n(i, i + 1) = ⟨α_i,α_{i+1}⟩ ⟨α_i,α_i⟩ = 2 (α_i,α_{i+1}) (α_i,α_i) and assume that

σ_iA = (V_{β1} , · · · , V_{βs} ) and σ^{−1}_i A = (V_{γ1} , · · · , V_{γs} ) for 1 ≤ i ≤ s − 1. Then, in the Hall algebra H(Λ), we have

(1) If m(i, i + 1)dimV_{αi+1} > dimV_{αi} , then

u_{βi+1} = m(i,i+1)−1 ∑ r=0 (−1)^rv^{ε(αi)}(v^{−ε(αi+1)})^{(m(i,i+1)−r)(m(i,i+1)−1)}u^{(r)}_{αi+1} δ_{αi} (u^{(m(i,i+1)−r)}_{αi+1} ) (2) If 0 < m(i, i + 1)dimV_{αi+1} < dimV_{αi} , then

u_{βi+1} = (v^{ε(αi+1)})^{m(i,i+1)} [m(i, i + 1)]!_{ε(αi+1)}

(_{αi+1} δ)^{m(i,i+1)}(u_{αi} )

(3) If m(i, i + 1) ≤ 0, then

u_{βi+1} = −m(i,i+1) ∑ r=0 (−1)^r(v^{ε(αi+1)})^{−m(i,i+1)−r}u^{(r)}_{αi+1} u_{αi} u^{(−m(i,i+1)−r)} α_{i+1} (1^′) If n(i, i + 1)dimV_{αi} > dimV_{αi+1} , then

u_{γi} = n(i,i+1)−1 ∑ r=0 (−1)^rv^{ε(αi+1)}(v^{−ε(αi)})^{(n(i,i+1)−r)(n(i,i+1)−1)}(_{αi+1} δ(u^{(n(i,i+1)−r)}_{αi} ))u^{(r)}_{αi} (2^′) If 0 < n(i, i + 1)dimV_{αi} < dimV_{αi+1} , then u_{γi} = (v^{ε(αi)})^{n(i,i+1)} [n(i, i + 1)]!_{ε(αi)} (δ_{αi} )^{n(i,i+1)}(u_{αi+1} )

(3^′) If n(i, i + 1) ≤ 0, then

u_{γi} = −n(i,i+1) ∑ r=0 (−1)^r(v^{ε(αi)})^{−n(i,i+1)−r}u^{(−n(i,i+1)−r)} α_i uαi+1 u (r) α_i

Proof It is the sum of the last section.

Obviously, all possibilities are listed by Theorem 5.1. Combining with Proposition 3.4, we obtain an algorithm which starts from the complete exceptional sequence consisting of simple modules. The algorithm being effective and complete also depends on the properties (1), (2) and (3) in 2.7. We stress here that our algorithm in fact only depends on the Cartan datum, in the language of representation theory of Λ, that is, the symmtric Ringel form and dimension vectors.

5.2 Corollary (Ringel, see[Z]) If λ ∈ P is an exceptional module, then the corresponding element u_λ lies in the composition subalgebra C(Λ).

Proof Because the action of the braid group on the set of complete exceptional sequences is transitive and any exceptional module belongs to some complete exceptional sequence.

Remark In fact, we may have a stronger assertion than Corollar 5.2. Let λ ∈ P be an exceptional module, our algorithm provides a universal formula to express u_λ as a combination of monomials of u_i, i ∈ I, that is, the formula is unchanged whenever we chose different k for the realization of Λ corresponding to a given Δ. So the element u_λ belongs to the generic composition, that is, quantum group.

Let S be a R-subalgebra of C(Λ). If for any x ∈ S we have ϕ_1(x)(S) ⊂ S and ϕ_2(x)(S) ⊂ S, where ϕ_1 and ϕ_2 are given in Proposition 3.4, then S is called a derivation subalgebra of C(Λ). 5.3 Corollary Let A = (V_{α1} , · · · , V_{αn} ) be any complete exceptional sequence of Λ-mod. Then the derivation subalgebra generated by {u_{α1} , · · · , u_{αn} } coincides with the whole C(Λ). Proof Since we can get the complete exceptional sequence consisting of simple modules by the action of the braid group on A. References [CB] Crawley-Boevey,W., Exceptional sequences of representations of quivers, Can. Math. Soc.

Conference Proc. 14(1993), 117-124.

[DR] Dlab,V. and Ringel,C.M., Indecomposable representations of graphs and algebras, Mem.

Amer. Math. Soc. 173(1976).

[Gr] Green,J.A., Hall algebras, hereditary algebras and quantum groups, Invent. Math. 120(1995), 361-377.

[Hu] Humphreys,J.E., Introduction to Lie algebras and representation theory, Springer Graduate Texts in Math. 9(1972).

[K] Kac,V., Infinite dimensional Lie algebras, third edition, Cambridge University Press 1990. [Ke] Kerner,O., Representations of wild quivers, Proc. Workshop Mexico 1994, CMS Con.

Proc. 19(1996), 65-107.

[L] Lusztig,G., Introduction to quantum groups, Progress in Math. 110, Birkhäuser, 1993. [P] Peng,L.G., Lie algebras determined by finite Auslander-Reiten quivers, SFB343 Bielefeld preprint 94-054.

[Rie] Riedtmann,Chr., Lie algebras generated by indecomposables, J. Algebra 170(1994), 526- 546.

[R1] Ringel,C.M., Representations of K-species and bimodules, J. Algebra 41(1976), 269-302. [R2] Ringel,C.M., Hall algebras and quantum groups, Invent. Math. 101(1990), 583-592. [R3] Ringel,C.M., Hall algebras revised, Israel Math. Conference Proc. 7(1993), 171-176. [R4] Ringel,C.M., PBW-bases of quantum groups, J. reine angew. Math. 470(1996), 51-88.

[R5] Ringel,C.M., Green’s theorem on Hall algebras, Preprint.

[R6] Ringel,C.M., The braid group action on the set of exceptional sequences of a hereditary artin algebra, Contemporary Math. 171(1994), 339-352.

[Ru] Rudakov,A.N., Helices and vector bundles, London Math. Soc. LNS 148. [Xi] Xi,N.H., Root vectors in quantum groups, Comment Math. Helv. 69(1994), 612-639. [X] Xiao,J., Drinfeld double and Ringel-Green theory of Hall algebras, to appear in J. Algebra. [Z] Zhang,P., Triangular decomposition of the composition algebra of the Kronecker algebra, to appear in J. Algebra.