ON A PROBLEM OF H. BASS FOR CHEVALLEY GROUPS OF TYPE E_7

Eugene Plotkin Department of Mathematics and Computer Science Bar Ilan University Ramat Gan, 52900, Israel

1991 Mathematics Subject Classification. 20G35, 20G15. Key words and phrases. Chevalley groups, K_1-functor, surjective stability. The author gratefully acknowledges the support of the SFB 343 an der Universität Bielefeld and the Minerva Foundation through the Emmy Noether Institute during the preparation of the present article.

Typeset by AMS-TEX 1

Abstract. This paper is devoted to the study of the surjective stability of the K_1–functor for Chevalley groups of type E_7. This is a particular case of the stability problem for Chevalley groups, which was posed by H. Bass. In the paper, surjective stability of the K_1–functor is proved under natural conditions on the dimension of the maximal spectrum of a ring and, independently, under a special condition which is meaningful from the point of view of equations defining a Chevalley group.

Introduction

The problem of K_1–functor stability for semisimple algebraic groups was mentioned by H. Bass in the book, ”Algebraic K–theory”[Ba2, p.278]. He proposed to formulate stability hypotheses in terms of relations between the dimension of the maximal spectrum of a ring and the rank of a maximal split torus of a group.

In the framework of Chevalley groups, this problem was studied by M. Stein [S1],[S2] who developed an approach that considers, in the same way, both classical and exceptional cases. Despite this, however, the problem is still open. It consists of two, in fact, independent tasks. These are surjective and injective stability questions.

Traditionally, injective stability was considered as a more difficult question. However, recently it has been completely investigated. N.A. Vavilov has shown that injective stability of K_1–functor for all regular embeddings of root systems holds under natural (depending on embedding) conditions on the stable rank of a ring. This result is based on the Suslin–Tulenbaev proof [ST] of the Dennis– Vasershtein decomposition [D1],[D2],[V2].

For surjective stability the situation is as follows. It is known [Ba1],[V1],[BMS] that for the embeddings A_{n−1} → A_n, C_{n−1} → C_n, surjective stability holds under stable rank conditions. However, the cases of the orthogonal groups B_{n−1} → B_n, D_{n−1} → D_n require stronger conditions on a ring [S2],[V2]. These are either the absolute stable rank condition ASR_n [S2], or some special condition V_n, introduced by L.Vaserstein [V2] for orthogonal and unitary groups, or just the condition on the maximal spectrum of a ring dimMax(R). Absolute stable rank condition turns out to be sufficient also for some other cases of Chevalley groups embeddings (A_1 → G_2, B_3, C_3 → F_4, D_5 → E_6, [S1],[S2], [P1],[P2]).

The aim of this paper is to prove surjective stability of K_1–functor for the embedding of Chevalley groups of the type E_6 → E_7 under some natural conditions on the ring. Then, for the embeddings of root systems of the same type, the only case that remains to be studied is E_7 → E_8.

§ 1. Preliminaries

Let Φ be a reduced irreducible root system of rank l, let G(Φ, ) be a simply connected Chevalley-Demazure group scheme over Z of type Φ (see [Ch],[DG]); and let T (Φ, ) be a split maximal torus in it. If R is a commutative ring with 1, the value of the functor G(Φ, ) on R is called the simply connected Chevalley group of type Φ over R and is denoted by G(Φ, R). To each root α ∈ Φ there correspond elementary (with respect to T ) root unipotent elements x_α(ξ), ξ ∈ R. All the elementary unipotents x_α(ξ), α ∈ Φ, ξ ∈ R, generate a group E(Φ, R) = ⟨x_α(ξ), α ∈ Φ, ξ ∈ R⟩, which is called the elementary subgroup of G(Φ, R).

It is well-known that if Φ is an irreducible root system of rank l ≥ 2, then E(Φ, R) is always normal in G(Φ, R) (see [Su], [SK], [Ko] for the classical groups and [Ta1], [Ta2],[A2],[V3],[Va1] for the Chevalley groups).

Thus, the K_1–functor of Chevalley group G(Φ, R) is naturally defined as the quotient group K_1(Φ, R) = G(Φ, R)/E(Φ, R),

(see [S1] – [S3], [A1]).

Any inclusion of root systems Δ ⊂ Φ induces the homomorphisms of groups G(Δ, R) → G(Φ, R), E(Δ, R) → E(Φ, R) taking roots into roots, and the homomorphism of the corresponding K_1–functors ν: K_1(Δ, R) → K_1(Φ, R).

The surjective stability question is to find conditions on the ring R, depending on Δ ⊂ Φ, which provide surjectivity of the homomorphism ν.

Since we consider surjective stability for not necessary infinite series of Chevalley groups, it is better to reformulate this question as a question of the conditions on R which provide the existence of the decomposition G(Φ, R) = E(Φ, R)G(Δ, R).

Denote by ⟨X⟩ the ideal generated by X if X ⊂ R; the subgroup generated by X if X is a subset of a group; the minimal closed subsystem of roots containing X if X ⊂ Φ.

We say that an element e ∈ E(Φ, R) preserves the ideal a = ⟨a_1, . . . , a_i⟩ if ⟨(ae)_1, . . . , (ae)_i⟩ = a, where a = (a_1, . . . , a_i) and i ≤ n, n is the dimension of a representation π of the group E(Φ, R).

Recall that a commutative ring R satisfies the absolute stable rank condition ASR_n if for any row (r_1, . . . , r_n) with coordinates in R, there exist elements t_1, . . . , t_{n−1} ∈ R, such that every maximal ideal of R containing the ideal ⟨r_1 + t_1r_n, . . . , r_{n−1} + t_{n−1}r_n⟩ contains also the ideal ⟨r_1, . . . , r_n⟩. This notion was introduced in [EO] and used in [S1],[S2] and then in [P1],[P2] for stability problems. The description of various properties of ASR_n, as well as numerous applications (for not necessary commutative rings), can be found in [MVkV].

It was mentioned by A. Bak that the absolute stable rank condition ASR_n is equivalent to the following one. Let (r_1, . . . , r_{n+1}) be a left unimodular vector. Then there are elements t_1, . . . , t_{n−1} ∈ R, such that (r_1 + t_1r_n, . . . , r_{n−1} + t_{n−1}r_n, r_{n+1} + tr_n) is unimodular for any t ∈ R.

If we assume that a row (r_1, . . . , r_n) is unimodular then the absolute stable rank condition is transformed into stable rank condition [Ba1],[V1]. Absolute stable rank condition satisfies the usual properties, namely for every ideal I C R it may be lifted to R/I, and if n ≥ m, then ASR_m implies ASR_n. Finally, it is well-known that if the dimension of the maximal spectrum dimMax(R) is n − 2, then both the conditions ASR_n and SR_n are fulfilled [EO],[S2],[MVkV].

§ 2. Weight diagrams and basic representations

Let us fix an order on Φ, and let Φ^+, Φ^− and Π = {α_1, . . . , α_l} be the sets of positive, negative, and fundamental roots respectively. Our numbering of the fundamental roots follows that of [Bu1]. By ω_1, . . . , ω_l one denotes the corresponding fundamental weights. Let W = W (Φ) be the Weyl group of the root system Φ, i.e., the group generated by the set of fundamental reflections w_{α1} , . . . , w_{αl} .

Recall that an irreducible representation π of the complex semi-simple Lie algebra L is called basic [M] if the Weyl group W = W (Φ) acts transitively on the set Λ(π) of non-zero weights of the representation π. This is equivalent to saying that if for any two non-zero weights λ, ν their difference is a fundamental root α = λ − ν, then w_αλ = ν for the corresponding fundamental reflection w_α ∈ W .

In this paper we can restrict ourselves to the basic representations without zero weight. In this case, Λ(π) is the set of all weights of π, and the weights Λ(π) form the one Weyl orbit. Such representations are called microweight or minuscule representations, and the list of these representations is very well-known (see [Bu2]).

To each complex representation π of a simple Lie algebra L of type Φ there corresponds a representation π of the Chevalley group G = G(Φ, R) on the free R–module V = V_R = VZ ⊗Z R ([M],[Sb]). We identify G with its image π(G) = G_π(Φ, R) under this representation and omit the symbol π in the action of G on V . Thus, for an x ∈ G and v ∈ V we write xv for π(x)v. If we want to specify that the group G = G(Φ, R) is considered in the basic representation π with the highest weight μ, the notation (G(Φ, R), μ) is used. In the sequel, μ always stands for the highest weight of representation.

Decompose the module V into the direct sum of its weight submodules V = ⊕ ∑ V^λ, λ ∈ Λ(π). It follows from the definition of microweight representation that all V^λ, λ ∈ Λ(π) are one-dimensional. H. Matsumoto [M, Lemma 2.3] has shown that there is a special base of weight vectors v^λ ∈ V^λ, λ ∈ Λ(π), such that the action of the root unipotents x_α(ξ), α ∈ Φ, ξ ∈ R, is described by the following simple formulae:

i. if λ ∈ Λ^∗(π), λ + α ∉ Λ(π), then x_α(ξ)v^λ = v^λ; (∗)

ii. if λ, λ + α ∈ Λ^∗(π), then x_α(ξ)v^λ = v^λ ± ξv^{λ+α};

For any v ∈ V in the chosen base, we have v = ∑ c_λv^λ, λ ∈ Λ(π), and Matsumoto’s lemma provides explicit formulae for the action of x_α(ξ) on v and on its coordinates c_λ.

Now if g ∈ G = G(Φ, R), then the ν-th column g_{∗,ν} of the corresponding matrix π(g) ∈ (G(Φ, R), μ), where μ is the highest weight of π, consists of the coefficients in the expansion of π(g)e^ν with respect to e^λ, λ ∈ Λ(π). We may conceive any element g ∈ G as a matrix g = g_{λ,ν} , where λ and ν range over all the weights of the representation π. Then the columns above are obtained by freezing the second index in such a matrix. These columns may be identified with the corresponding elements of V . Analogously, the rows g_{λ,∗} are obtained by freezing the first index and correspond to the vectors from the dual module V^∗.

As a rule, in stability questions all the calculations use only one (say, the first) column of the matrix. We denote by λ(g) the λ–th coordinate of the first column g_{λμ}, λ ∈ Λ(π), of the matrix g. As we know from the formulae (∗), one can very efficiently perform calculations with such columns (and rows) and calculate x_α(ξ)g. Moreover, we can obtain further simplification of calculations, using the machinery of weight diagrams (see [PSV],[S2],[Va1-Va3],[PR], [Ho], etc., for the detailed description of these diagrams and references). Let us recall here the corresponding definitions.

It is well-known that a choice of a fundamental system Π defines a partial order of the weight lattice P (Φ) as follows: λ ≥ ν if and only if λ − ν is a linear combination of the fundamental roots with non-negative integral coefficients. Let us associate with a representation π a graph which is in fact the Hasse diagram of the set Λ(π) of its weights with respect to the above order.

We construct a labeled graph in the following way. Its vertices correspond to the weights λ ∈ Λ(π) of the representation π, and the vertex corresponding to λ is actually marked by λ (usually these labels are omitted).

We read the diagram from right to left and from bottom to top, which means that a larger weight tends to stand to the left of and higher than a smaller one, with the landscape orientation being primary. The leftmost vertex corresponds to the highest weight μ of a representation.

The vertices corresponding to the weights λ, ν ∈ Λ(π) are joined by a bond marked α_i (or simply i) if and only if their difference λ − ν = α_i ∈ Π is a fundamental root. We draw the diagrams in such a way that the marks on the opposite sides of a parallelogram are equal, and, in that case, at least one of them is omitted. Thus, all paths of minimal length connecting two vertices have the same sum of labels and correspond to one root.

Now one may conceive a vector v ∈ V as such a weight diagram which has an element of R attached to every node. A standard weight vector e^λ has 1 in the λ-th node and zeros elsewhere; an arbitrary vector v has its λ-th coordinate v^λ with respect to this weight base as the label at the λ-th node. The above-mentioned Matsumoto’s lemma gives a very simple rule describing what happens with such a vector v under the action of x_α(ξ). If π is minuscule and the root α = α_i is fundamental, then x_α(ξ) adds or subtracts (always adds for a clever choice of the weight base) ξv^λ to v^ν along each edge labeled with i. For other roots one merely has to trace all paths in the diagram which have the same labels at their edges as the root α in its linear expansion with respect to the fundamental roots. For example, if α = 2α_1 + α_2, one has to look at the paths which have the labels 1,1,2, in any order (the order of the labels on such a path starting in λ together with the structure constants of the Lie algebra is responsible for the sign with which x_α(ξ) acts on v^λ).

In this paper we can use only microweight representations; that is we do not care about weight diagrams with zero weights. The details of how to construct and operate with weight diagrams in case of presence of zero weight can be found in [Va1],[PSV]. Weight diagrams for the aims of stability of K_1 and K_2–functors were introduced by M.Stein in [S2].

§ 3. Stability theorems for E_6 → E_7

Stability of the K_1–functor is closely related to the fact known as the Chevalley– Matsumoto decomposition theorem (see [Ch],[M],[S2]). Let us formulate the particular case of this theorem used for the stability problem.

Consider a basic representation π of the group G(Φ, R) with the highest weight μ. Denote by α_k ∈ Π the fundamental root, such that μ − α_k is a weight, and by Δ the subsystem in Φ generated by all fundamental roots except α_k. Further, let Σ = Φ Ø Δ, Σ^+ = Φ^+ ∩ Σ, Σ^− = Φ^− ∩ Σ and U(Σ, R) = ⟨x_α(ξ), α ∈ Σ^+, t ∈ R⟩, V (Σ, R) = ⟨x_α(ξ), α ∈ Σ^−, t ∈ R, ⟩. Now take a matrix g ∈ G(Φ, R), μ) and suppose that g_{μμ} is an invertible element in R. Then, the Chevalley–Matsumoto theorem states that g can be expressed in the form g = vg_1u, where v ∈ V (Σ, R), u ∈ U(Σ, R), g_1 ∈ T (Φ, R)G(Δ, R) and all the factors are uniquely determined. Moreover, if g_{μμ} = 1 then g_1 ∈ G(Δ, R).

The set Φ is the disjoint union of sets:

Φ = Σ^+ ∪ Δ ∪ Σ^−,

and, in other words, the Chevalley–Matsumoto theorem says that if g_{μμ} is invertible, then an element g of Chevalley group G(Φ, R) can be expressed as a product of the element from a Levy factor of the proper parabolic subgroup G(Δ, R) and two factors from the unipotent radicals of this parabolic subgroup and its opposite ([Va1]).

Thus, the Chevalley–Matsumoto theorem yields, that getting by elementary transformations a unit of the ring in the left corner of the matrix g ∈ (G(Φ, R), μ), we get the surjective stability of the K_1–functor for the embedding Δ → Φ, where Δ and Φ are of the same type.

Therefore, the problem is to transform a matrix g ∈ (G(Φ, R), μ) using multiplications by elements e ∈ (E(Φ, R), μ) to a matrix with the invertible element g_{μμ}. Let us agree to use the notation e ∈ E(Δ → Φ, R) for the element e ∈ E(Δ, R) ⊂ G(Φ, R) and the notation e ∈ (E(Δ → Φ, R), μ) if we want to specify the representation.

Denote by Eq(Φ, μ, ν) a set of equations which are satisfied by the elements of the ν–th column of the matrix g ∈ (G(Φ, R), μ). In other words, this is a generating set of the ideal of all such equations. Since for microweight representations all columns of a matrix are equivalent, we can suppress ν in the notation and write Eq(Φ, μ). Thus, Eq(Φ, μ) is the set of equations which determine the orbit of the highest weight vector v^μ in the representation with the highest weight μ. It is known (see [Li],[Va4]) that this set consists of quadratic equations which are characteristic-free, and, therefore, they are the same for rings and fields.

Now we can define three types of vectors. Denote by Um_μ(R, Φ) the set of unimodular columns (rows) of the length n = dim π; by Um^′_μ(R, Φ) the set of unimodular columns (rows) of the length n which satisfy the set of equations Eq(Φ, μ); and by Um^{′′}_μ(R, μ) the set of unimodular columns (rows) of the length n which can be completed up to a matrix g ∈ (G(Φ, R), μ). It is clear that Um^{′′}_μ(R, Φ) ⊂ Um^′_μ(R, Φ) ⊂ Um_μ(R, Φ). If R = K is a field then, obviously, Um^{′′}_μ(K, Φ) = Um^′_μ(K, Φ), but, in fact, the difference between Um^′_μ(R, Φ) and Um^{′′}_μ(R, Φ) is measured by the corresponding K–functor.

The following result can be derived from the proof of the Chevalley-Matsumoto theorem.

Proposition 1. Let (g_1, ..., g_n) ∈ Um^′_μ(R, Φ) and g_1 ∈ R^∗. There exists an element e ∈ (E(Φ, R), μ), such that (eg)_i = 0, i ≠ 1.

Consider now the weight diagram of the type (E_7, ω_7), i.e., the diagram of the microweight representation of G(E_7, R) with the highest weight ω_7 (see Figure 3). Let us number the weights of the representation according to Figure 4.

Lemma 1. Let (g_1, . . . , g_i, . . . , g_{−i}, . . . , g_{−1}) ∈ Um^′_{ω7} (R, E_7) , i = 1, . . . , 28. Suppose g_1 = 0. Then (g_1, . . . , g_{28}) ∈ Um^′_{ω6} (R, E_6).

Proof. The proof immediately follows from the full description of the sets Eq(Φ, μ) in [As],[Co],[Va4]. Here we consider some particular approach.

The algebraically independent equations of the set Eq(E_7, ω_7) can be obtained explicitly by using the Chevalley-Matsumoto theorem.

Take an element g ∈ G(E_7, R)) with the invertible entry g_{μμ}. There exists an element e ∈ E(E_7, R), e = ∏ x_α(ξ), α ∈ E_7, ξ ∈ R, such that eg ∈ G(E_6, R).

This means that (eg)_{λμ} = 0 for all λ ≠ μ. In particular, the matrix entries of eg corresponding to the weights λ such that μ−λ are not roots, should also be zeroes. Using diagrams 3 and 4 we see that these are exactly (eg)_{iμ}, i = −28, . . . , −1. It remains to notice, that multiplying g by e, we can get zeroes only for (eg)_{iμ}, i = 1, . . . , 28, which means that all other matrix entries are zeroes according to the defining equations.

Straightforward calculations of the entries (eg)_{iμ}, i = −28, . . . , −1 by formulae (∗) and Figure 3 yield that up to the choice of signs, which is immaterial in this case (and which can be determined using the algorithm described in [Va3]), the set of algebraically independent equations in Eq(E_7, ω_7) is the following t_1t_{−28} ± t_8t_5 ± t_9t_4 ± t_{10}t_3 ± t_{11}t_2 ± t_7t_6 = 0 t_1t_{−27} ± t_{12}t_6 ± t_{13}t_5 ± t_{14}t_4 ± t_{15}t_3 ± t_{16}t_2 = 0 t_1t_{−26} ± t_{12}t_8 ± t_{13}t_7 ± t_{17}t_4 ± t_{18}t_3 ± t_{19}t_2 = 0 t_1t_{−25} ± t_{12}t_9 ± t_{14}t_7 ± t_{20}t_3 ± t_{17}t_5 ± t_{21}t_2 = 0 t_1t_{−24} ± t_{12}t_{10} ± t_{15}t_7 ± t_{18}t_5 ± t_{20}t_4 ± t_{22}t_2 = 0 t_1t_{−23} ± t_{12}t_{11} ± t_{16}t_7 ± t_{19}t_5 ± t_{21}t_4 ± t_{22}t_3 = 0 t_1t_{−22} ± t_{13}t_9 ± t_{14}t_8 ± t_{17}t_6 ± t_{23}t_3 ± t_{24}t_2 = 0 t_1t_{−21} ± t_{13}t_{10} ± t_{15}t_8 ± t_{18}t_6 ± t_{23}t_4 ± t_{25}t_2 = 0 t_1t_{−20} ± t_{13}t_{11} ± t_{16}t_8 ± t_{24}t_4 ± t_{25}t_3 ± t_{19}t_6 = 0 t_1t_{−19} ± t_{14}t_{10} ± t_{15}t_9 ± t_{20}t_6 ± t_{23}t_5 ± t_{26}t_2 = 0 t_1t_{−18} ± t_{14}t_{11} ± t_{16}t_9 ± t_{21}t_6 ± t_{24}t_5 ± t_{26}t_3 = 0 t_1t_{−17} ± t_{15}t_{11} ± t_{16}t_{10} ± t_{22}t_6 ± t_{25}t_5 ± t_{26}t_4 = 0 t_1t_{−16} ± t_{17}t_{10} ± t_{18}t_9 ± t_{20}t_8 ± t_{23}t_7 ± t_{27}t_2 = 0 t_1t_{−15} ± t_{17}t_{11} ± t_{19}t_9 ± t_{21}t_8 ± t_{24}t_7 ± t_{27}t_3 = 0 t_1t_{−14} ± t_{18}t_{11} ± t_{19}t_{10} ± t_{22}t_8 ± t_{25}t_7 ± t_{27}t_4 = 0 t_1t_{−13} ± t_{20}t_{11} ± t_{21}t_{10} ± t_{22}t_9 ± t_{26}t_7 ± t_{27}t_5 = 0 t_1t_{−12} ± t_{23}t_{11} ± t_{24}t_{10} ± t_{25}t_9 ± t_{26}t_8 ± t_{27}t_6 = 0 t_1t_{−11} ± t_{17}t_{15} ± t_{18}t_{14} ± t_{20}t_{13} ± t_{28}t_2 ± t_{23}t_{12} = 0 t_1t_{−10} ± t_{16}t_{17} ± t_{19}t_{14} ± t_{21}t_{13} ± t_{24}t_{12} ± t_{28}t_3 = 0 t_1t_{−9} ± t_{18}t_{16} ± t_{19}t_{15} ± t_{22}t_{13} ± t_{25}t_{12} ± t_{28}t_4 = 0 t_1t_{−8} ± t_{20}t_{16} ± t_{21}t_{15} ± t_{22}t_{14} ± t_{26}t_{12} ± t_{28}t_5 = 0 t_1t_{−7} ± t_{23}t_{16} ± t_{24}t_{15} ± t_{25}t_{14} ± t_{26}t_{13} ± t_{28}t_6 = 0 t_1t_{−6} ± t_{20}t_{19} ± t_{21}t_{18} ± t_{22}t_{17} ± t_{27}t_{12} ± t_{28}t_7 = 0 t_1t_{−5} ± t_{23}t_{19} ± t_{24}t_{18} ± t_{25}t_{17} ± t_{27}t_{13} ± t_{28}t_8 = 0 t_1t_{−4} ± t_{23}t_{21} ± t_{24}t_{20} ± t_{26}t_{17} ± t_{27}t_{14} ± t_{28}t_9 = 0 t_1t_{−3} ± t_{23}t_{22} ± t_{25}t_{20} ± t_{26}t_{18} ± t_{28}t_{10} ± t_{27}t_{15} = 0 t_1t_{−2} ± t_{24}t_{22} ± t_{25}t_{21} ± t_{26}t_{19} ± t_{27}t_{16} ± t_{28}t_{11} = 0 This agrees with the results of [Se], [LS], that all equations of microweight representations come from the systems of type D_n. For modulo t_1 the equations above coincide with the set Eq(E_6, w_6) (see [CC],[Va3],[Va4]) – they are exactly 27 quadratic equations defining the orbit of the highest weight vector for the minimal representation of E_6.

Consider the diagram of microweight representation (E_6, ω_6)

Figure 1. (E_6, ω_6)

with the following numbering of weights

Figure 2. (E_6, ω_6)

Figure 3. (E_7, ω_1)

Figure 4. (E_7, ω_7)

Lemma 2. Let the ring R satisfy the condition dimMax(R) ≤ 4. Then for any row a = (a_{λ1} , . . . , α_{λ27} ) ∈ Um^′_{ω6} (E_6, R) there exists e ∈ (E(E_6, R), ω_6), such that ⟨(ae)_{λ1} , (ae)_{λ18} ⟩ = R.

Proof. Denote by Γ the set of weights λ_i, such that μ − λ_i ∉ Φ. It is easy to see that these are the weights λ_i, i = 18, . . . , 27.

Consider a = (a_{λ1} , . . . , α_{λn} ) ∈ Um^′_{ω6} (E_6, R). Let us choose in each irreducible component A_i of the space MaxSpec (R) a maximal ideal u_i which does not belong to other components, and set u = ∏_{ui} . The ring R/u is semilocal and we can find an element e ∈ (E(E_6, R), ω_6), such that (ae)_{λ1} ≡ 1(mod u). Since a = (a_{λ1} , . . . , α_{λ27} ) ∈ Um^′_{ω6} (E_6, R), using Proposition 1 we can choose e, such that (ae)_{λi} ≡ 0(mod u), i ≠ 1. Let ae = a_1. Applying the condition ASR_6 to the subrow ((a_1)_{λ1} , . . . , (a_1)_{λ4} , (a_1)_{λ6} , (a_1)_{λ10} ) of the row a_1, we can find e_1 ∈ E(A_5 → E_6, R), ω_1), such that the row ((e_1a_1)_{λ2} , . . . , (e_1a_1)_{λ27} ) is unimodular. Since α_2 ∉ A_5 → E_6 we have

(e_1a_1)_{λi} ≡ 0(mod u), i = 5, 7, 8, 9, 11, . . . , 27.

Let e_1a_1 = a_2. Set a = ⟨(a_2)_{λi} ⟩, λ_i ∈ Γ. The row ((a_2)_{λ2} , . . . , (a_2)_{λ17} is unimodular modulo ideal a. Thus, there exist t_2, . . . , t_{17} ∈ R, such that t_2(a_2)_{λ2} + · · · + t_{17}(a_2)_{λ17} ≡ 1 − (a_2)_{λ1} (mod a). Since μ − λ_i ∈ Φ, i = 2, . . . , 17, we can find e_2 ∈ E(E_6, R), ω_6) preserving a, such that (a_2e_2)_{λ1} ≡ 1(mod a). Therefore, the row ((a_2e_2)_{λ1} , (a_2e_2)_{λ18} , . . . , (a_2e_2)_{λ27} ) is unimodular. Besides, (a_2e_2)_{λi} ≡ 0(mod u), i = 18, . . . , 27. Set ⟨(e_2a_2)_{λ1} ⟩ = m and consider R/m. Since m + a = R where a ⊂ u, standard argumentation with the multiplicative system S = R Ø ∪u_i ([Ba1],[V1],[V2]) shows that dimMax(R)/m ≤ 3. Let e_2a_2 = a_3. The row ((a_3)_{λ18} , . . . , (a_3)_{λ27} ) is unimodular modulo m. It remains to mention that Theorem 2.1 of [S2] (case D_{n−1} → D_n) does not require that a row (a_1, . . . , a_n) belongs to Um^′_{ω1} (D_n, R), but only that the group G(D_n, R) acts on Um_{ω1} (D_n, R). Since dimMaxR = 3 implies ASR_5, there exists e_3 ∈ (E(D_5 → E_6, R), ω_1), such that (e_3a_3)_{λ18} ≡ 1(mod m). At last, obviously, (e_3a_3)_{λ1} = (a_3)_{λ1} . Therefore, ⟨(e_3a_3)_{λ1} , (e_3a_3)_{λ18} ⟩ = R.

Theorem 1. Let dimMax(R) ≤ 4. Then the homomorphism

ν: K_1(E_6, R) → K_1(E_7, R)

is surjective.

Proof. Let g ∈ (G(E_7, R), ω_7). Then (λ_1(g), . . . , λ_{−1}(g)) ∈ Um^{′′}_{ω7} (E_7, R). Let a = ⟨(λ_6(g), λ_8(g), . . . , λ_{11}(g), λ_{13}(g), . . . , λ_{28}(g), λ_{−28}(g), . . . , λ_{−1}(g)⟩.

The row (λ_1(g), . . . , λ_5(g), λ_7(g), λ_{12}(g)) is unimodular modulo a, and using SR_7 we can find e ∈ (E(A_6 → E_7), R), ω_1), such that (λ_2(eg), . . . , λ_5(eg), λ_7(eg)) is unimodular modulo a. Since e preserves the ideal a, the row (λ_2(eg), . . . , λ_{−1}(eg)) is unimodular.

Set eg = g_1. Now let a = ⟨λ_{−28}(g_1), . . . , λ_1(g_1)⟩. Then ⟨λ_2(g_1), . . . , λ_{28}(g_1)⟩ + a = R. Thus, there exist t_2, . . . , t_{28} ∈ R, such that ∑ λ_i(g_1)t_i ≡ 1−λ_1(g_1)(mod a), i = 2, . . . , 28. Denote by Γ the set of weights λ_i, i = 2, . . . , 28. Let us set

e_1 = ∏ x_{βi} (t_i), β_i = μ − λ_i, λ_i ∈ Γ. Applying formulae (∗) we have

λ_1(e_1g_1) = λ_1(g_1) + 28∑ i=2 λ_i(g_1)t_i + u,

where u ∈ a. Thus, λ_1(e_1g_1) ≡ 1(mod a) and the row

(λ_1(e_1g_1), λ_{28}(e_1g_1), . . . , λ_{−1}(e_1g_1))

is unimodular.

Let g_2 = e_1g_1 and a = ⟨λ_1(g_2), λ_{−1}(g_2)⟩. The row (λ_{−28}(g_2), . . . , λ_{−2}(g_2)) is unimodular modulo a. From the proof of surjective stability of the K_1–functor for the embedding D_5 → E_6 (see [P1]) it follows that there exists e_2 ∈ (E(E_6 → E_7, R), ω_6), such that (λ_{−28}(e_2g_2), λ_{−11}(e_2g_2), . . . , λ_{−2}(e_2g_2)) is unimodular modulo a. Since e_2 preserves a, the row

(λ_1(e_2g_2), λ_{−28}(e_2g_2), λ_{−11}(e_2g_2) . . . , λ_{−2}(e_2g_2), λ_{−1}(e_2g_2))

is unimodular. Then, the row

(λ_1(e_2g_2), . . . , λ_{11}(e_2g_2), λ_{28}(e_2g_2), λ_{−28}(e_2g_2), λ_{−11}(e_2g_2), . . . , λ_{−1}(e_2g_2))

is also unimodular.

Let g_3 = e_2g_2 and a = ⟨λ_1(g_3), λ_{11}(g_3), λ_{−28}(g_3)⟩. Take the row

(λ_{28}(g_3), λ_{−11}(g_3), . . . , λ_{−1}(g_3)).

Arguing as in [S2] and using the condition ASR_6, we can obtain e_3 ∈ (E(D_6 → E_7, R), ω_1), such that

λ_{28}(e_3g_3) ≡ 1(mod a), λ_{−11}(e_3g_3) ≡ 0(mod a), . . . , λ_{−2}(e_3g_3) ≡ 0(mod a).

Since e_3 preserves a, the row (λ_1(e_3g_3), . . . , λ_{11}(e_3g_3), λ_{−28}(e_3g_3), λ_{28}(e_3g_3)) is unimodular.

Let g_4 = e_3g_3. Let us apply condition ASR_6 to the elements

λ_1(g_4), . . . , λ_{11}(g_4), λ_{−28}(g_4).

There exist t_7, . . . , t_{11} ∈ R, such that every maximal ideal, containing the ideal

⟨λ_7(g_4) + t_7λ_{−28}(g_4), . . . , λ_{11}(g_4) + t_{11}λ_{−28}(g_4)⟩,

also contains ⟨λ_7(g_4), . . . , λ_{−28}(g_4)⟩. Let e_4 ∈ (E(A_5 → E_7, R), ω_1) be the corresponding element making these transformations. Since ⟨λ_1(g_4), . . . , λ_6(g_4)⟩ = ⟨λ_1(e_4g_4), . . . , λ_6(e_4g_4)⟩, every maximal ideal n containing ⟨λ_1(g_5), . . . , λ_4(g_5)⟩, where g_5 = e_4g_4, also contains the ideal a = ⟨λ_1(g_4), . . . , λ_{11}(g_4), λ_{−28}(g_4)⟩. Besides, λ_{28}(g_5) ≡ 1(mod a). Therefore, the row

(λ_1(g_5), . . . , λ_{11}(g_5), λ_{28}(g_5))

is unimodular. Thus, the row (λ_1(g_5), . . . , λ_{28}(g_5)) is unimodular.

Denote a = ⟨λ_1(g_5)⟩. By Lemma 1 we have

λ_2(g_5), . . . , λ_{28}(g_{28}) ∈ Um^′_{ω6} (E_6, R/a),

where g_i ∈ R/a. Lemma 2 provides that there exists e_5 ∈ (E(E_6 → E_7, R), ω_6), such that the row (λ_2(e_5g_5), λ_{11}(e_5g_5)) is unimodular modulo a. Since α_7 ∉ E_6 → E_7, the element e_5 preserves a. Therefore, we have the unimodular row

(λ_1(e_5g_5), λ_2(e_5g_5), λ_{11}(e_5g_5)).

Let g_6 = e_5g_5. It is clear that there exists e_6 ∈ (E(E_7, R), ω_7), such that λ_3(e_6g_6) = 1. Now we introduce the condition on a ring which generalizes Vaserstein’s condition used in the proof of surjective stability of the K_1–functor for the case of the ortogonal groups B_{n−1} → B_n, D_{n−1} → D_n (see [Va2]).

Recall how Vaserstein’s condition looks for the particular case Φ = D_n. A ring R satisfies the condition V_n if for any unimodular row (a_1, . . . , a_n, a_{−n}, . . . , a_{−1}) with elements in R there exist elements t_1, . . . , t_n, t_{−n}, . . . .t_{−1} from R, such that 1. ∑_{−1} i=1 t_ia_i = 1, 2. (t_1, . . . , t_n, t_{−n}, . . . , t_{−1}) ∈ Um^′_{ω1} (D_n, R). The second condition means that elements t_i, i = 1, . . . , −1 satisfy the equality ∑_n i=1 t_it_{−i} = 0.

Suppose that a ring R satisfies both the conditions SR_n and V_{n−1}. Then the proof of surjective stability for D_{n−1} → D_n goes as follows (compare [Va2]).

Consider the diagram of the representation (D_n, ω_1) with the natural numbering of weights

Figure 5. (D_n, ω_1)

Figure 6. (D_n, ω_1)

Let g ∈ (G(D_n, R), ω_1) and (g_1, . . . , g_n, g_{−n}, . . . , g_{−1}) be its first row. Using the condition SR_n we can find elements t_2, . . . , t_n ∈ R, such that the row (g^′_2, . . . , g^′_n, g^′_{−n}, . . . , g^′_{−1}) is unimodular, where g^′_i = g_i + t_ig_1, i = 2, . . . , n, g^′_i = g_i, i = −n, . . . , −2, g^′_{−1} = g_{−1} + n∑ i=2 t_ig_{−i}. Let e ∈ (E(D_n, R), ω_1) make these transformations and denote g^′ = ge. Analogously, using SR_n one can choose t^′_2, . . . , t^′_n ∈ R, such that the row (g^{′′}_2 , . . . , g^{′′}_n, g^′_{−n}, . . . , g^{′′}_{−2}) is unimodular, where g^{′′}_i = g^′_i, i = 2, . . . , n, g^{′′}_i = g^′_i + t^′_ig_{−1}, i = −n, . . . , −2, Let element e_1 ∈ (E(D_n, R), ω_1) make these transformations and denote g^{′′} = g^′e_1. Applying V_{n−1} to the unimodular row (g^{′′}_2 , . . . , g^{′′}_n, g^{′′}_{−n}, . . . , g^{′′}_{−2}) one can find t^{′′}_2 , . . . , t^{′′}_n, t^{′′}_{−n}, . . . , t^{′′}_{−2}, such that 1. ∑_{−2} i=2 t^{′′}_i g^{′′}_i = 1 − g^{′′}_1 , 2. (t^{′′}_2 , . . . , t^{′′}_n, t^{′′}_{−n}, . . . , t^{′′}_{−2}) ∈ Um^′_{ω1} (D_{n−1}, R).

Let β_i = ω_1 − λ_i, i = 2, . . . , −2 and set

e_2 = −2∑ i=2 x_{−βi} (t_i).

Denote g^{′′′} = g^{′′}e_2. Calculating g^{′′′}_1 , we have

g^{′′′}_1 = g^{′′}_1 + n∑ i=2 t^{′′}_i g^{′′}_i + n∑ i=2 (g^{′′}_{−i} + t^{′′}_i g^{′′}_{−1})t^{′′}_{−i} =

g^{′′}_1 + −2∑ i=2 t^{′′}_i g^{′′}_i + g^{′′}_1 n∑ i=2 (t^′_it^{′′}_{−i}) = g^{′′}_1 + 1 − g^{′′}_1 = 1,

which finishes the proof.

Let n be the dimension of the basic representation π with the highest weight μ.

Definition. We say that the ring R satisfies the condition V_μ(Φ, R) if for each unimodular vector (r_1, . . . , r_n) there exist elements t_1, . . . , t_n ∈ R, such that 1. ∑_n i=1 t_ir_i = 1. 2. (t_1, . . . , t_n) ∈ Um^′_μ(Φ, R). For the case Φ = D_n and μ = ω_1, this condition is converted to V_n. The following theorem combines the condition used by M.Stein and the generalized L.Vaserstein condition for the particular case of E_6 → E_7 embedding.

Theorem 2. Let the ring R satisfy the conditions ASR_6 and V_{ω6} (E_6, R). Then the homomorphism ν: K_1(E_6, R) → K_1(E_7, R)

is surjective.

Proof. Let g ∈ (G(E_7, R), ω_7). Then (λ_1(g), . . . , λ_{−1}(g)) ∈ Um^{′′}_{ω7} (E_7, R). Analogously to Theorem 1, one can get a unimodular row (λ_1(g), λ_{−28}(g), . . . , λ_{−1}(g)), using the condition SR_7. Moreover, the row (λ_1(g), . . . , λ_6(g), λ_{−28}(g), . . . , λ_{−1}(g)) is also unimodular. Let a = ⟨λ_i(g)⟩, i = 1, . . . , 6, −28, . . . , −7. Applying SR_6 to the elements λ_{−6}(g), . . . , λ_{−1}(g), one can find e ∈ (E(A_5 → E_7, R), ω_1) preserving the ideal a, such that (λ_{−6}(eg), . . . , λ_{−2}(eg)) is unimodular modulo a. Then the row (λ_1(eg), . . . , λ_6(eg), λ_{−28}(eg), . . . , λ_{−2}(eg)) is unimodular.

Set eg = g_1 and a = ⟨λ_1(g_1), . . . , λ_6(g_1)⟩. Using the condition V_{ω6} (E_6, R) in respect to the row (λ_{−28}(g_1), . . . , λ_{−2}(g_2)), one can find (t_2, . . . , t_{28}) ∈ Um^′_{ω6} (E_6, R), such that_{28} ∑ i=2 t_ir_i = 1 − λ_{−1}(g_1)(mod a).

Let β_i = λ_i − λ_1, i = −28, . . . , −1 and

e_1 = −28∏ i=2 x_{−βi} (t_i).

Computing λ_{−1}(g_2) where g_2 = e_1g_1, we have

λ_{−1}(g_2) = λ_{−1}(g_1) + t_2λ_{−2}(g_1) + · · · + t_{28}λ_{−28}(g_1) + 28∑ i=2 u_it_i + v_1g_1,

where u_i = u_i(t_i), v_1 = v(t_i).

Straightforward computations using formulae (∗) yield that u_i = 0, since (t_2, . . . , t_{28}) ∈ Um^′_{ω6} (E_6, R) and v_1 = 0 as a linear combination of u_i.

Therefore,

λ_{−1}(g_2) = λ_{−1}(g_1) + 28∑ i=2 t_iλ_{−i}(g_1) + a = 1 − λ_{−1}(g_1) + λ_{−1}(g_1) + a = 1 + a,

where a ∈ a. Since the ideal ⟨λ_1(g_2), . . . , λ_6(g_2)⟩ is still a, then the row (λ_1(g_2), . . . , λ_6(g_2), λ_{−1}(g_2)) is unimodular. It follows immediately, that the row (λ_1(g_2), . . . , λ_{11}(g_2), λ_{−28}(g_2), λ_1(g_2)) is unimodular. Replacing g_2 by appropriate e_2g_2 = g_3, e_2 ∈ (E(D_6 → E_7, R), ω_1), we find that the row (λ_1(g_3), . . . , λ_{11}(g_3), λ_{−28}(g_3), λ_{28}(g_3)) is unimodular and λ_i(g_3) ≡ 0(mod a), i = −11, . . . , −2, where a = ⟨λ_1(g_3), . . . , λ_{11}(g_3), λ_{−28}(g_3)⟩. Now, arguing as in Theorem 1 and applying ASR_6, we can find e_3 ∈ (E(D_6 → E_7, R), ω_1), such that the row

(λ_1(e_3g_3), . . . , λ_{11}(e_3g_3), λ_{−28}(e_3g_3))

is unimodular. Let g_4 = e_3g_3. Using SR_6, one can get a unimodular row

(λ_2(g_5), . . . , λ_{11}(g_5), λ_{28}(g_5))

where g_5 = e_4g_4 and e_4 ∈ (E(A_5 → E_7, R), ω_1).

Consider now the unimodular row (λ_2(g_5), . . . , λ_{28}(g_5)). Using the condition V_{ω6} (E_6, R), we can find (t_2, . . . , t_{28}) ∈ Um^′_{ω6} (E_6, R), such that 28∑ i=2 t_iλ_i(g_5) = 1 − λ_1(g_1).

Take the element e_5 ∈ (E(E_7, R), ω_7), which adds all the elements of

(λ_2(g_5), . . . , λ_{28}(g_5))

to the element λ_1(g_5) with the coefficients t_i.

Then g_1(e_5g_5) = 1 since (t_2, . . . , t_{28}) ∈ Um^′_{ω6} (E_6, R), and e_5 adds all the elements λ_i(g_5), i = −28, . . . , −1 to λ_1(g_5) with zero coefficients.

In the conclusion we formulate the theorem concerning the stability of the K_1- functor for the embedding D_5 → E_6. The proof uses arguments, similar to those in Theorem 2 and the description of the sets Eq(D_5, ω_5) and Eq(E_6, ω_6).

Theorem 3. Let the ring R satisfy the conditions SR_5 and V_{ω5} (D_5, R). Then the homomorphism ν: K_1(D_5, R) → K_1(E_6, R)

is surjective.

Acknowledgements

The author acknowledges his deep gratitude to N. Vavilov for his ongoing encouragement of this work. I would also like to thank A. Semenov for the preparation of TeX versions of pictures of representations, and Dr. Shifra Hochberg for editorial assistance.

References

[A1] Abe E., Whitehead groups of Chevalley groups over polynomial rings, Comm.

Algebra 11 (1983), no. 12, 1271–1308.

[A2] Abe E., Normal subgroups of Chevalley groups over commutative rings, Contemp. Math. 83 (1989), 1–17.

[As] Aschbacher M., Some multilinear forms with large isometry groups, Geom.

Dedicata 25 (1988), 417–465.

[Ba1] Bass H., K-theory and stable algebra, Publ. Math. Inst. Hautes Et. Sci. (1964), no. 22, 5–60.

[Ba2] Bass H., Algebraic K-theory, Benjamin, N.Y. et al, 1968. [Bu1] Bourbaki N., Groupes et algèbres de Lie. Ch. 4–6, Hermann, Paris, 1968. [Bu2] Bourbaki N., Groupes et algèbres de Lie. Ch. 7–8, Hermann, Paris, 1975. [BMS] Bass H., Milnor J., Serre J.–P., Solution of the congruence subgroup problem for SL_n (n ≥ 3) and Sp_{2n} (n ≥ 2), Publ. Math. Inst. Hautes Et. Sci. (1967), no. 33, 59–137.

[Ch] Chevalley C., Certain schemas des groupes semi-simples, Sem. Bourbaki (1960– 1961), no. 219, 1–16.

[CCu] Cohen A.M., Cushman R.H., Gröbner bases and standard monomial theory, Computational algebraic geometry, Progress in Mathematics 109, Birkhäuser, 1993, pp. 41–60.

[Co] Cooperstein B., The Fifty-Six-Dimensional Module for E_7., J. of Algebra 173 (1995), 361–389.

[D1] Dennis K., K_2 and the stable range condition, Manuscript, Princeton (1971), 1–28.

[D2] Dennis K., Stability for K_2, Proc. Conf. of the Conference on Orders, Group Rings and related topics, 1972,, Springer, LNM 353,, Berlin et al., 1973, pp. 85– 94. [DG] Demazure M., Gabriel P., Groupes algèbriques, I, North Holland, Amsterdam et al., 1970.

[EO] Estes D., Ohm J., Stable range in commutative rings, J. Algebra 7 (1967), no. 3, 343–362.

[Ho] Howe R., Perspectives on invariant theory: Schur duality, multiplicity-free actions and beyond, Israel Math. Conf. Proc. 8 (1995), 1–182.

[Li] Lichtenstein W., A system of quadrics describing the orbit of the highest weight vector, Proc. Amer. Math. Soc. 84 (1982), no. 4, 605–608.

[LS] Lakshmibai V., Seshadri C.S., Geometry of G/P . V, J. Algebra 100 (1986), 462-557.

[M] Matsumoto H., Sur les sous-groupes arithmétiques des groupes semi-simples deployés, Ann. Sci. Ecole Norm. Sup., 4ème sér. 2 (1969), 1–62.

[MVkV] Magurn B.A., Wan dar Kallen, Vaserstein L.N., Absolute stable rank and Witt cancellation for noncommutative rings, Inventiones Mathematicae 91 (1988), 525–542.

[P1] Plotkin E.B., Stability theorems for K_1-functors for Chevalley groups, Proc.

Conf. Nonassociative algebras and related topics. Hiroshima – 1990, World Scientific, Singapore et al., 1991, pp. 203–217.

[P2] Plotkin E.B., Surjective stabilization for K_1-functor for some exceptional Chevalley groups, J. of Soviet Math. 64 (1993), no. 1, 751–767.

[PSV] E. Plotkin, A.Semenov, N.Vavilov, Visual basic representations. An Atlas, Universitaat Bielefeld, Preprint 95 –030 (1995), 1–43.

[PR] Parker C., Röhrle G., Miniscule Representations, Preprint Universität Bielefeld (1993), no. 72.

[Se] Seshadri C.S., Geometry of G/P . I. Standard monomial theory for minuscule P , C.P.Ramanujan: a tribute, Tata Press, Bombay, 1978, pp. 207–239.

[Sb3] Steinberg R., Some consequences of the elementary relations in SL_n, Contemp.

Math. 45 (1985), 335–350.

[S1] Stein M.R., Matsumoto’s solution of the congruence subgroup problem and stability theorems in algebraic K-theory, Proc. 19th Meeting Algebra Section Math. Soc. Japan, 1983, pp. 32–44.

[S2] Stein M.R., Stability theorems for K_1, K_2 and related functors modeled on Chevalley groups, Japan J. Math. 4 (1978), no. 1, 77–108.

[S3] Stein M.R., Surjective stability in dimension 0 for K_2 and related functors, Trans. Amer. Math. Soc. 178 (1973), no. 1, 165–191.

[Su] Suslin A.A., On the structure of general linear group over polynomial ring, Soviet Math. Izv. 41 (1977), no. 2, 503–516.

[SK] Suslin A.A., Kopeiko V.I., Quadratic modules and orthogonal groups over polynomial rings, J. Sov. Math. 20 (1982), no. 6, 2665–2691.

[ST] Suslin A.A., Tulenbaev M.S., Stabilization theorem for the Milnor K_2-functor, J. Sov. Math. 17 (1981), 1804–1819.

[Ta1] Taddei G., Schémas de Chevalley–Demazure, functions représentatives et théorème de normalité, Thèse, Univ. de Genève, 1985.

[Ta2] Taddei G., Normalité des groupes élémentaire dans les groupes de Chevalley sur un anneau. – Contemp. Math. 55 (1986), no. II, 693–710.

[V1] Vaserstein L.N., On the stabilization of the general linear group over a ring, Math. U.S.S.R. Sbornik 8 (1969), 383–400.

[V2] Vaserstein L.N., Stabilization of unitary and orthogonal groups over a ring, Math. U.S.S.R. Sbornik 10 (1970), 307–326.

[V3] Vaserstein L., On normal subgroups of Chevalley groups over commutative rings, Tôhoku Math. J. 38 (1986), 219–230.

[Va1] Vavilov N.A., Structure of Chevalley groups over commutative rings, Proc.

Conf. Nonassociative algebras and related topics. Hiroshima – 1990, World Scientific, Singapore et al., 1991, pp. 219–335.

[Va2] Vavilov N.A., The ubiquity of microweights, Rendiconti Seminario Matematico e Fisico di Milano.

[Va3] Vavilov N.A., Third look at the weight diagrams (to appear). [Va4] Vavilov N.A., Chevalley groups over commutative rings. III. Defining equations (to appear).