Asymptotic Properties of Additive Functionals of Brownian Motion

Masayoshi Takeda Tusheng Zhang^∗

Summary

In this paper, we study the asymptotic behavior of additive functionals of Brownian motion which are not necessarily of bounded variation. The result is then applied to the Hilbert transform of the Brownian local time.

AMS Subject Classification (1991) Primary : 60J55, 60F10 Secondary: 31C25 Key words: additive functionals, Dirichlet forms , large deviations. Running head: asymptotic behavior of additive functionals.

∗Present address: Department of Engeneering, HSH, Skaregt 103, 5500 Haugesund, Nor- way 1

1 Introduction and Framework

A Borel measure μ on R^d is said to be in the Kato class K_d if

(i) lim_{α→0} [ sup_x ∫ |y−x|≤α |μ|(dy) |x − y|^{d−2} ] = 0 when d ≥ 3.

(ii) lim_{α→0} [ sup_x ∫ |y−x|≤α |μ|(dy)| ln(|y − x|^{−1}) ] = 0, when d = 2.

(iii) sup_x ∫ |y−x|≤1 |μ|(dy) < +∞ , when d = 1. Let ρ ∈ H^1_2 (R^d) with |∇ρ|^2 ∈ K_d, and let μ be a measure in the Kato class K_d. We introduce the following quadratic form on L^2(R^d):

Q(u, v) =^1_2 ∫ R^d ∇u(x) · ∇v(x)dx + 1 2 ∫ R^d ∇(uv)∇ρ(x)dx + ∫ R^d u(x)v(x)μ(dx) D(Q) = H^1_2 (R^d) (the Sobolev space of order 1)

(1.1)

This quadratic form is studied in [9] when d ≥ 3. It is shown that (Q, D(Q)) is a closed semibounded form on L^2(R^d). Although the results in [9] are stated for d ≥ 3 ,they still hold for d ≤ 2. For our applications we would like to mention several facts in the case d = 1. It is well-known that for any ϵ > 0, there exists c(ϵ) such that |u(x)|^2 ≤ ϵ ∫ x+1 x u^′(y)^2dy + c(ϵ) ∫ x+1 x |u(y)|^2dy , u ∈ H^1_2 (R) . (1.2)

Given any μ ∈ K_d; integrating both sides of (1.2) with respect to μ, we get ∫ R |u(x)|^2|μ|(dx) ≤ ϵ ∫ R u^′(y)^2dy ∫ y y−1 |μ|(dx) + c(ϵ) ∫ R u^2(y)dy ∫ y y−1 |μ|(dx)

≤ ϵ sup_x ∫ |x−y|≤1 |μ|(dy) ∫ R u^′(y)^2dy + c(ϵ) sup_x ∫ |x−y|≤1 μ(dy) ∫ R u^2(y)dy (1.3)

Applying (1.3) to ρ^′(x)^2, we obtain that for any ϵ > 0, | ∫ u^′(x)v(x)ρ^′(x)dx| ≤ (∫ u^′(x)^2dx

) 1_2 (∫

v(x)^2ρ^′(x)^2dx

) 1_2

≤ 1 2 ϵ ∫ u^′(x)^2dx + 1 2 1 ϵ ∫ v(x)^2ρ^′(x)^2dx (1.4)

≤ 1 2 ϵ ∫ u^′(x)^2dx + 1 2 1 ϵ sup_x ∫ |x−y|≤1 ρ^′(y)^2dy [ ϵ^2 ∫ v^′(x)^2dx + c(ϵ^2) ∫ v(x)^2dx ]

≤ 1 2 ϵ ∫ u^′(x)^2dx + 1 2 ( sup_x ∫ |x−y|≤1 ρ^′(y)^2dy ) [ ϵ ∫ v^′(x)^2dx + c(ϵ^2) ϵ ∫ v(x)^2dx ]

¿From this it is easy to deduce that the quadratic form (Q, D(Q)) is well defined, closed and lower semibounded.

Let (Ω, F, F_⊔, P) be a probability space with filtration F_⊔ satisfying the usual conditions.

Definition 1: A real valued stochastic process A_t on (Ω, P ) is said to be of zero-quadratic variation if lim_{n→∞} ∑ t_i∈τ^n (A_{ti+1} − A_{ti} )^2 = 0 (1.5)

in measure with respect to P for any sequence τ^n of partitions on [0, T ] with δ(τ^n) → 0, where T > 0 is any fixed constant, δ(τ^n) denotes the maximum length of the partition τ^n.

Definition 2: We say that a continuous stochastic process Y_t is a Dirichlet process if the following decomposition holds

Y_t = M_t + A_t , (1.6)

where M_t is a continuous local martingale and A_t is of zero-quadratic variation.

It is clear from the definition that the decomposition (1.6) is unique for a given Dirichlet process. Let M = (Ω, X_t, P_x) denote the Brownian motion on R^d. It is well known that the Dirichlet form associated with M_t is given by ε^0(u, v) = ∫ R^d ∇u · ∇vdx D(ε^0) = H^1_2 (R^d).

(1.7)

For u ∈ H^1_2 (R^d), let ũ denote a quasi-continuous version of u. Then Fukushima [8] showed that the additive functional A^{[u]}_t = ũ(X_t) − ũ(X_0) admits the following decomposition

A^{[u]}_t = M^u_t + N^u_t P_x − a.s., for q.e. x ∈ R^d, (1.8)

where M^u is a martingale additive functional of finite energy and the process N^u is a continuous additive functional of zero energy. In particular, A^u_t is a Dirichlet process under P_m(·) = ∫ R^d Px(·)dx. Let ρ ∈ H 1 2 (R^d). We assume that ρ is bounded and continuous. Let μ ∈ K_d. The additive functional with Revuz measure μ is denoted by A^{[μ]}_t . Let N^ρ_t be the continuous additive functional of zero energy defined in the Fukushima decomposition (1.8) for A^{[ρ]}_t . Introduce the following generalized Schrödinger semigroup T_tf(x) = E_x [ e^{N ρt −Aμt} f(X_t) ] , f ∈ B_⌊(R^⌈) (1.9)

The following theorem is the main result proved in [9]:

Theorem 1.1

(i) T_t extends to a strongly continuous semigroup on L^2(R^d). (ii) T_t has a symmetric continuous integral kernel q(t, x, y) such that q(t, x, y) ≤ ce^{βt}t^{− d2} (1.10) (iii) The quadratic form associated with T_t is given by (Q, D(Q)) in (1.1).

In this paper, we are concerned with the asymptotic properties of additive functionals of zero energy. More precisely, we are going to study the limits of the following type lim_{t→∞} 1 t log E_x [ e^{N ρt −Aμt} ] . (1.11)

If ρ = 0, the above type asymptotic behavior has been studied in [12]. We note that N^ρ_t in general is not of bounded variation any more. Our strategy is the same as that in [12]. We first prove a modified Donsker-Varadhan large deviation principle. It is then applied to the study of the limit of type (1.11). This will be carried out in Section 2. We apply our results in Section 3 to the Hilbert transform of Brownian local time, which has been extensively studied both by mathematicians and physicists (see [2], [6], [7] and [11]).

2 A large deviation principle

Let (L, D(L)) be the generator of the semigroup T_t in L^2(R^d). Then, D(L) ⊂ D(Q) = H^1_2 (R^d), and Q(u, v) = (−Lu, v) , u ∈ D(L), v ∈ D(Q). Denote by {R_α, α > β} the resolvent operators associated with (Q, D(Q)). For f ∈ B_⌊(R^⌈), it holds that R_αf(x) = E_x [∫ ∞ 0 exp(−αt + N^ρ_t − A^μ_t )f(X_t)dt ] (2.1) and L(R_αf) = αR_αf − f . Define D^2_+(L) = {R_αf, α > β, f ∈ C_0(R^d), f ≥ 0, f ≢ 0} . (2.2) We note that by the property of Brownian motion, any function ϕ in D^2_+(L) is strictly positive. Now, we can state the following crucial

Proposition 2.1

For ϕ = R_αf ∈ D^2_+(L). Let M^ϕ denote the martingale part in Fukushima’s decomposition (1.8). Then C^ϕ_t = e^{N ρt −Aμt ϕ(Xt)}_{ϕ(X0)} exp ( − ∫ t 0 Lϕ ϕ (X_s)ds ) is a supermartingale multiplicative functional and

C^ϕ_t = exp ( M_t − 1 2 < M >_t ) P_x − a.s, q.e. x ∈ R^d, (2.3) where M_t = ∫ t 0 1 ϕ(Xs) dM ϕ s . Proof. We first prove that (2.3) holds under P_m. Define M^{ρ,ϕ}_t = e^{N ρt −Aμt} ϕ(X_t) − ϕ(X_0) − ∫ t 0 e^{N ρs −Aμs} Lϕ(X_s)ds (2.4)

Then it follows from the semigroup property that E_x [ M^{ρ,ϕ}_t ] = 0 and M^{ρ,ϕ}_{t+s} = M^{ρ,ϕ}_s + e^{N ρs −Aμs} M^{ρ,ϕ}_t (θ_s) This particularly implies that M^{ρ,ϕ}_t is a martingale. Applying Itô’s formula to the semimartingale e^{N ρt −Aμt} ϕ(X_t), we get that log ( e^{N ρt −Aμt} ϕ(X_t) ) − log(ϕ(X_0)) = ∫ t 0 e^{−N ρs +Aμs} 1 ϕ(X_s) dM^{ρ,ϕ}_s + ∫ t 0 1 ϕ(X_s) Lϕ(X_s)ds − 1 2 ∫ t 0 e^{−2N ρs +2Aμs} 1 ϕ^2(X_s) d < M^{ρ,ϕ} >_s . (2.5) It is easy to see from (2.5) that (2.3) will follow if we can prove that M^{ρ,ϕ}_t = ∫ t 0 e^{N ρs −Aμs} dM^ϕ_s . (2.6) We note that N^ρ_s is not a bounded variation process in general; (2.6) cannot be directly derived form Itô’s formula. By the uniqueness of the decomposition of the Dirichlet process, in order to prove (2.6) it sufficies to show that Y_t := e^{N ρt −Aμt} ϕ(X_t) − ϕ(X_0) is a Dirichlet process and the martingale part is given by ∫ t 0 e^{N ρs −Aμs} dM^ϕ_s . This follows if we can show that

B_t := Y_t − ∫ t 0 e^{N ρs −Aμs} dM^ϕ_s is a process of zero quadratic variation. Now let τ^n = {0 = t^n_0 < t^n_1 < t^n_2 < . . . < t^n_{Kn} = T } be any sequence of partitions on [0, T ] (T is a fixed constant) with δ(τ^n) → 0 as n → +∞. We have ∑ t_i∈τ^n (B_{ti+1} − B_{ti} )^2

= ∑ t_i∈τ^n [ e^{N ρti+1 −Aμti+1} ϕ(X_{ti+1} ) − e^{N ρt}i^{−Aμt}i ϕ(X_{ti} ) − ∫ t_{i+1} t_i e^{N ρs −Aμs} dM^ϕ_s ]2

= ∑ t_i∈τ^n [ ( e^{N ρti+1 −Aμti+1} − e^{N ρt}i^{−Aμt}i ) ϕ(X_{ti+1} ) + e^{N ρt}i^{−Aμt}i ( ϕ(X_{ti+1} ) − ϕ(X_{ti} ) )

−e^{N ρt}i^{−Aμt}i (M^ϕ_{ti+1} − M^ϕ_{ti} ) + ∫ t_{i+1} t_i [e^{N ρt}i^{−Aμt}i − e^{N ρs −Aμs} ]dM^ϕ_s ]2

≤ c [ ∑ t_i∈τ^n ( e^{N ρti+1 −Aμti+1} − e^{N ρt}i^{−Aμt}i )2 ϕ^2(X_{ti+1} ) + ∑ t_i∈τ^n e^{2N ρt}i^{−2Aμt}i (N^ϕ_{ti+1} − N^ϕ_{ti} )^2

+ ∑ t_i∈τ^n (∫ t_{i+1} t_i (e^{N ρt}i^{−Aμt}i − e^{N ρs −Aμs} )dM^ϕ_s )2 ] , (2.7) where N^ϕ_t = ϕ(X_t) − ϕ(X_t) − M^ϕ_t is defined in the Fukushima decomposition (1.8).

We use I_n, II_n, III_n to denote the terms on the right hand side of the above inequality. We are going to prove that each term goes to zero in P_m. First I_n ≤ c ∑ t_i∈τ^n sup_{s≤T} ϕ^2(X_s)e^{2 sups}ˇ^{T |N ρs −Aμs |} [ N^ρ_{ti+1} − A^μ_{ti+1} − (N^ρ_{ti} − A^μ_{ti} ) ]2

≤ c sup_{s≤T} ϕ^2(X_s)e^{2 sups}ˇ^{T |N ρs −Aμs |} ∑ t_i∈τ^n [ (N^ρ_{ti+1} − A^μ_{ti+1} ) − (N^ρ_{ti} − A^μ_{ti} ) ]2 . (2.8)

Since N^ρ_t − A^μ_t is of zero quadratic variation, I_n −→ 0 in P_m.

By the same arguments, II_n −→ 0 in P_m.

To deal with III_n , we introduce some notations. Define Z^n_t = ∑ t_i∈τ^n 1_{[ti,ti+1)}(t)e^{N ρt}i^{−Aμt}i . (2.9) It is clear that Z^n_t −→ e^{N ρt −Aμt} . Put T^m = inf{t ≥ 0, sup_{s≤t} e^{N ρs −Aμs} > m} for m ∈ N. (2.10)

Then T^m is a stopping time, T^m → +∞ as m → +∞ and |Z^n_{t∧T} m | ≤ m . (2.11) Thus for any ϵ > 0, P_m (III_n > ϵ) ≤ P_m ( III_m > ϵ, T < T^k ) + P_m ( T^k ≤ T )

≤ P_m ∑ t_i∈τ^n (∫ t_{i+1} t_i 1_{[s<T} k_] ( e^{N ρt}i^{−Aμt}i − e^{N ρs −Aμs} ) dM^ϕ_s )2 > c ϵ

+P_m(T^k ≤ T )

≤ 1 cϵ ∑ t_i∈τ^n P_m [∫ t_{i+1} t_i 1_{[s<T} k_] ( e^{N ρt}i^{−Aμt}i − e^{N ρs −Aμs} )2 |∇ϕ|^2(X_s)ds ]

+P_m ( T^k ≤ T )

= 1 cϵ P_m [∫ T 0 1_{[s<T} k_] ( Z^n_s − e^{N ρs −Aμs} )2 |∇ϕ|^2(X_s)ds ]

+P_m ( T^k ≤ T ) (2.12) Note that, 1_{[s<T} k_] ( Z^n_s − e^{N ρs −Aμs} )2 |∇ϕ|^2(X_s)ds ≤ (2k)^2|∇ϕ|^2(X_s)ds , and P_m [∫ T 0 |∇ϕ|^2(X_s)ds ] = T ∫ R^d |∇ϕ|^2(x)dx . Applying the dominated convergence theorem, letting first n → ∞, then, k → ∞ we get from (2.12) that III_n −→ 0 in P_m.

Namely we have proven that B_t is of zero quadratic variation. Thus we obtain

C^ϕ_t = exp(M_t − 1 2 < M >_t) , P_x-a.s., for allmost all x ∈ R^d. (2.13) We are now going to refine the above equality to quasi-everywhere x ∈ R^d. Set Λ = {ω : there exists t ≥ 0 , C^ϕ_t ≠ exp(M_t − 1 2 < M >_t} . Then θ_tΛ ⊂ Λ, θ_tΛ ↑ Λ as t ↓ 0. This implies that function P_x(Λ) is excessive, and hence quasi-continuous. On the other hand, P_x(Λ) = 0 almost surely by (2.13). By the properties of quasi-continuous functions we conclude that P_x(Λ) = 0 quasi-everywhere, which completes the proof. 2 Proposition 2.2 (i) For any p > 0, there exist constants M_p and c such that E_x [ e^{pN ρt −pAμt} ] ≤ c e^{Mpt}. (2.14) (ii) T_t maps B_⌊(R^⌈) into C_b(R^d).

(iii) There exists a constant ϵ > 0 such that R_α 1(x) ≥ ϵ > 0, for α > β . (2.15) Proof. (i) Note that N^ρ_t = ρ(X_t) − ρ(X_0) − ∫ t 0 ∇ρ(X_s)dX_s. We have E_x [ e^{pρ(Xt)−pρ(X0)−p} ∫_t 0 (∇ρ)(Xs)dXs−pA^μ_t ]

≤ c_1E_x [ e^{−p} ∫_t 0 ∇ρ(Xs)dXs−p2 ∫_t 0 |∇ρ|2(Xs)ds+p2 ∫_t 0 |∇ρ|2(Xs)ds−pA^μ_t ]

≤ c_1E_x [ e^{−2p} ∫_t 0 ∇ρ(Xs)dXs−2p2 ∫_t 0 |∇ρ|2(Xs)ds ] 1_2 × E_x [ e^{2p2} ∫_t 0 |∇ρ|2(Xs)ds−2pA^μ_t ] 1_2 ≤ c e^{Mpt} , where we have used the fact that e^{−2p} ∫_t 0 ∇ρ(Xs)dXs−2p2 ∫_t 0 |∇ρ|2(Xs)ds is a mar- tingale and E_x [ e^{2p2} ∫_t 0 |∇ρ|2(Xs)ds−2pA^μ_t ] ≤ e^{cpt} (which follows from a general result for additive functionals corresponding to a Kato class measure ν_ρ).

(ii) Fix any f ∈ B_⌊(R^⌈). We see from (i) that T_tf(x) ∈ B_⌊(R^⌈). It remains to prove that T_tf(x) is continuous. For this end, we fix a point x_0 in R^d. Let x_n ∈ R^d be any sequence sucht that x_n → x_0. We need to show

T_tf(x_n) → T_tf(x_0) . (2.16)

For any c > 0, we have

T_tf(x_n) = ∫ q(t, x_n, y)f(y)dy = ∫ |y|>c q(t, x_n, y)f(y)dy+ ∫ |y|≤c q(t, x_n, y)f(y)dy . (2.17) ¿From Theorem 1.1 and the dominated convergence theorem, lim xn→x0 ∫ |y|≤c q(t, x_n, y)f(y)dy = ∫ |y|≤c q(t, x_0, y)f(y)dy for any c > 0. Thus to prove (2.16) it sufficies to show that for any ϵ > 0, there exists c_ϵ such that sup_n | | | | ∫ |y|>cϵ q(t, x_n, y)f(y)dy | | | | ≤ ϵ . (2.18) In fact, we can see (2.18) by | | | | ∫ |y|>c q(t, x_n, y)f(y)dy | | | | = | |E_{xn} [ e^{N ρt −Aμt} f(X_t) 1_{[|Xt|>c]} ]| | ≤ E_{xn} [ e^{2N ρt −2Aμt} ] 1_2 E_{xn} [ f^2(X_t) 1_{[|Xt|>c]} ] 1_2

≤ e^{M2t}‖f‖_∞ 1 c^2 E_{xn} [ |X_t|^2 ] ≤ e^{M2t}‖f‖^2_∞ 2t + x^2_n c^2 .

(iii) Applying (i) to −ρ and −μ, we have E_x [ e^{N ρt −Aμt} ] ≥ 1 E_x [ e^{−N ρ}t^{+Aμ}t ] ≥ 1 e^{Mt} = e^{−Mt} (2.19)

Thus,

R_α 1(x) = ∫ ∞ 0 e^{−αt}E_x [ e^{N ρt −Aμt} ] dt ≥ ∫ ∞ 0 e^{−αt}e^{−Mt}dt = 1 α + M = ϵ > 0 . Now we introduce some notations. Let M_∞(R^⌈) denote the space of all probability measures on R^d. Define a rate function I_ϵμ (ν) on M_∞(R^⌈) by

I_ϵμ (ν) = { Q(ϕ, ϕ) , if ν ≪ dx , and ϕ = √ dν dx ∈ D(Q) +∞ , otherwise

(2.20)

Let L_t(A) =^1_t ∫ t 0 χ_A(X_s) ds , A ∈ B_⌊(R^⌈), denote the occupation measure of the Bronian motion.

After preparing the above two crucial propositions, following the same arguments as in [3], [4], [12] we have

Theorem 2.3

(i) For any open set G ∈ M_∞(R^⌈), and x ∈ R^d, lim t→+∞ 1 t log E_x [ e^{N ρt −Aμt} , L_t ∈ G ] ≥ − inf_{ν∈G} I_ϵμ (ν) (2.21)

(ii) For any compact set K ∈ M_∞(R^⌈) and x ∈ R^d,

lim sup t→∞ 1 t log E_x [ e^{N ρt −Aμt} ; L_t ∈ K ] ≤ − inf_{ν∈K} I_ϵμ (ν)

Proof of (i): Let ϕ = R_αf ∈ D^2_+(L) with ϕ^2dx ∈ G. Denote by M^ϕ = (Ω, X_t, P^ϕ_x , ξ) the transformed process of M by the supermartingale multiplicative functional C^ϕ_t defined in Proposition 2.1, i.e., P^ϕ_x = C^ϕ_t P_x. Then it is shown in [12] that M^ϕ is ergodic with invariant measure ϕ^2 · dx. We have E_x [ e^{N ρt −Aμt} , L_t ∈ G ] = E^ϕ_x [ (C^ϕ_t )^{−1}e^{N ρt −Aμt} , L_t ∈ G ]

≥ exp ( t ∫ R^d ϕLϕ dx − ϵ ) ϕ(x) ‖ϕ‖_∞ ( 1 − P^ϕ_x (Ω − S(t, ϵ) ) (2.22) where S(t, ϵ) = { ω ∈ Ω : | | | | ∫ R^d Lϕ ϕ (X_s)L_t(ω, dx) − ∫ R^d ϕLϕdx | | | | < ϵ } ∩{ω : L_t(ω) ∈ G} . By the ergodic property,

P^ϕ_x (Ω − S(t, ϵ)) −→ 0 , as t → ∞, for all x ∈ R^d.

Thus by (2.22)

lim inf t→+∞ 1 t log E_x [ e^{N ρt −Aμt} ; L_t ∈ G ] ≥ ∫ R^d ϕLϕ dx − ϵ since ϵ is arbitrary and D^2_+(L) is dense in D(Q), (i) follows.

To prove (ii), we define a modified I-functional. Put D_{++}(L) = {ϕ = R_αg, α > β, g ∈ C_b(R^d), g ≥ ϵ for some ϵ > 0}. Introduce a functional I on M_∞(R^⌈) by I(ν) = − inf_{ϕ∈D++(L)} ∫ R^d Lϕ ϕ dν . Proof of (ii): Let ϕ ∈ D_{++}(L). Since E_x[C^ϕ_t ] ≤ 1, we have E_x [ exp ( N^ρ_t − A^μ_t − ∫ t 0 Lϕ ϕ (X_s)ds )] ≤ ϕ(x) inf_{x∈R}d ϕ(x) . Note that inf ϕ(x) > 0, because of Proposition 2.2 . Hence, for any Borel set C ∈ M_∞(R^⌈),

lim sup t→∞ 1 t log E_x [exp(N^ρ_t − A^μ_t ); L_t ∈ C] ≤ inf_{ϕ∈D++(L)} sup_{ν∈C} ∫ R^d Lϕ ϕ dν . (2.23) Now let K be a compact subset of M_∞(R^⌈). Put

l = sup_{ν∈K} inf_{ϕ∈D++(L)} ∫ R^d Lϕ ϕ dν . Then for any δ > 0, and using the fact that Lϕ ∈ C_b(R^d) and K is compact, we can find a finite number of ν_1, . . . , ν_k ∈ K, ϕ_{νi} ∈ D_{++}(L) and neighbourhoods N(ν_i) of ν_i such that K ⊆ ∪^k_{j=1}N(ν_j) and sup ν∈N(ν_i) ∫ R^d Lϕ_{νi} ϕ_{νi} dν ≤ l + 2δ .

Thus

lim sup t→+∞ 1 t log E_x [exp(N^ρ_t − A^μ_t ), L_t ∈ K] ≤ max_{1≤j≤k} inf_{ϕ∈D++(L)} sup_{ν∈Nj} ∫ Lϕ ϕ dν ≤ l+2δ . Since δ is arbitrary, we have

lim sup t→∞ 1 t log E_x [exp(N^ρ_t − A^μ_t ), L_t ∈ K] ≤ l

Therefore, (ii) follows from the fact that I(ν) = I_ϵμ (ν), which can be proven similarly as in [12].

Corollary 2.4 lim_{t→∞} 1 t log E_x [ e^{N ρt −Aμt} ] = − inf u∈D(Q),‖u‖2=1 Q(u, u) . (2.24) By noting that ‖T_t‖_{1,∞} < ∞, the proof of this corollary is just repeating that of Theorem 6.1 in [12].

3 Applications

3.1 Asymptotic property of Cauchy principal values of Brownian local time

Let M_t = (Ω, X_t, P_x, x ∈ R) be the one-dimensional Brownian motion. Define H_t = lim_{ϵ→0} ∫ t 0 X^{−1}_s 1_{[|Xs|≥ϵ]}ds (3.1) Then it is well-known that H_t defines a continuous additive functional, which is called the Cauchy principal values of Brownian local time. We have Theorem 3.1 lim_{t→∞} 1 t log E_x[e^{Ht} ] = − inf u∈D(Q),‖u‖2=1 Q(u, u) , (3.2)

where { Q(u, v) =^1_2 ∫ ∇u · ∇v dx + p.v. ∫ uv^1_x dx D(Q) = H^1_2 (R)

Proof: It is known (see [8]) that the additive functional H_t is the zero energy part N^ϕ_t of Fukushima’s decomposition (1.8) for A^{[ϕ]}_t , where ϕ(x) = x log |x| − x. Since (ϕ′(x)^2) = (log |x|)^2 is not in the Kato class, we can not directly apply Corollary 2.4. But we can write ϕ as

ϕ(x) = ρ_1(x) + ρ_2(x) , (3.3)

where ρ_1(x) = ϕ_R(x)ϕ(x) , ρ_2(x) = (1 − ϕ_R(x))ϕ(x) , R > 0, and ϕ_R(x) is any function in C^∞_0 (R) such that ϕ_R(x) = 1 on |x| ≤ R, ϕ_R(x) = 0 on |x| ≥ R + 1. Note now that (ρ^′(x))^2 = [ϕ^′_R(x)ϕ(x) + ϕ^′(x)ϕ_R]^2 is in the Kato class, and ρ^{′′}_2(x) = ϕ^′(x)(1 − ϕ_R(x)) + 2ϕ^′_R(x)ϕ^′(x) + ϕ^{′′}_R(x)ϕ(x) is bounded. Hence μ = −^1_2 ρ^{′′}_2(x)dx ∈ Kato. Then it follows that

H_t = N^ϕ_t = N^{ρ1}_t + N^{ρ2}_t = N^{ρ1}_t − A^μ_t .

Now we can apply Corollary 2.4 to get lim_{t→∞} 1 t log E_x[e^{Ht} ] = lim_{t→∞} 1 t log E_x[e^{N ρ1t −Aμt} ] = − inf u∈D(Q), ‖u‖2=1 Q(u, u) , where Q(u, u) = 1 2 ∫ ∇u · ∇v dx + 1 2 ∫ ∇(uv) · ∇ρ_1(x) dx − 1 2 ∫ ρ^{′′}_2(x)uv dx = 1 2 ∫ ∇u · ∇v dx + p.v. ∫ uv 1 x dx . This proves Theorem 3.1. 2

3.2 Cauchy principal values of local time. More general case.

Let α > −^3_2 and α ≠ 1. Define

H^α_t = lim_{ϵ→0} ∫ t 0 |X_s|^α(sgn(X_s)) 1_{[|Xs|≥ϵ]}ds Then it is a known fact that H^α is well defined and continuous. It is the so called Hilbert transform of the local time. We have

Theorem 3.2 lim_{t→∞} 1 t log E_x [ e^{Hαt} ] = − inf u∈D(Q^α), ‖u‖2=1 Q^α(u, u) , where Q^α is defined as { Q^α(u, v) = ∫ R ∇u · ∇v dx + p.v. ∫ R(u v)|x|^αsgn(x)dx, D(Q^α) = H^1_2 (R)

Proof. We define ϕ(x) = 1 α + 1 ∫ x 0 |y|^{α+1}dy = x^α+2 (α+2)(α+1) x ≥ 0 −^{(−x)α+2} (α+2)(α+1) x < 0

By Yamada [13], [14], H_t = N^ϕ_t (Note that ϕ ∈ H^1_{2,}loc(R)). As we did in (3.3) we write ϕ = ρ_1 +ρ_2, where ρ_1(x) = ϕ(x)ϕ_1(x), ρ_2(x) = ϕ(x)(1−ϕ_1(x)). Since α > −^3_2 , it follows that ρ^′_1(x)^2 ∈ L^1(R), hence ρ^′_1(x)^2 ∈ Kato. Note that μ := −^1_2 ρ^{′′}_2(x)dx ∈ Kato (this is due to the fact ρ^{′′}_2(x) ∈ B_⌊(R)). Applying Corollary 2.4 to N^ϕ_t = N^{ρ1}_t − A^μ_t , we finish the proof. 2

Acknowledgements

This work was done when the first named author visited the Faculty of Mathematics, University of Bielefeld. He would like to thank gratefully Professors S. Albeverio, Z.M. Ma and M. Röckner for their kind invitation. The work of the second named author is supported by SFB 343 (Bielefeld) and by VISTA, a research cooperation between the Norwegian Academy of Science and Statoil.

References

[1] Bertoin.J.(1989). Applications des processus de Dirichlet aux temps locaux et temps locaux d’intersection d’un mouvement brownien. Prob. Rel. Fields 80, 433-460 .

[2] Bertoin.J.(1990). Complements on the Hilbert transform and the fractional derivative of Brownian local times. J. Math. Kyoto Univ. 30, 651-670.

[3] Donsker.M.D. and Varadhan.S.R.S.(1974). Asymptotic evaluation of certain Wiener integrals for large time. Proceedings of the International Conference on Function space. Ed. A.M. Arthure. Oxford .

[4] Donsker.M.D. and Varadhan.S.R.S.(1975). Asymptotic evaluation of certain Markov process expectations for large time I. Comm. Pure Appl. Math. 28, 1-47 .

[5] Donsker.M.D and Varadhan.S.R.S.(1976). Asymptotic evaluation of certain Markov process expectations for large time III. Comm. Pure Appl. Math. 29, 389-461 .

[6] Ezawa.H., Klauder.J.R. and Shepp.L.A.(1975). Vestigial effects of singular potentials in diffusion theory and quantum mechanics. J. Math. Phys. 16 (4), 783-799 .

[7] Ezawa.H., Klauder.J.R. and Shepp.L.A.(1974). A path space picture for Feynman-Kac averages. Ann. Phys. 88 (2), 588-620.

[8] Fukushima.M. , Oshima.Y. and Takeda.M.(1994). Dirichlet forms and symmetric Markov processes. de Gruyter .

[9] Glover.J., Rao.M., Sikic.H. and Song.R.(1994). Quadratic forms corresponding to the generalized Schrödinger Semigroups. J. Funct. Anal. 125:2, 358-379 .

[10] Lyons.T.J. and Zhang.T.S.(1994). Decomposition of Dirichlet processes and its applications. Ann. Prob. 22, 494-524 .

[11] Revuz.D. and Yor.M.(1991). Continuous martingales and Brownian motion. Springer Verlag. Berlin-Heidelberg-New York .

[12] Takeda.M.(1995). Asymptotic properties of generalized Feynman-Kac functions. Preprint. Osaka .

[13] Yamada.T.(1985). On the fractional derivative of Brownian local time.

J. Math. Kyoto Univ. 15, 49-58 .

[14] Yamada.T.(1986). On some limit theorems for occupation times of one dimensional Brownian motion and its continuous additive functionals locally of zero energy. J. Math. Kyoto Univ 26, 309-322 .

Masayoshi Takeda Tusheng Zhang Department of Mathematical Sciences Fakultät für Mathematik Faculty of Engeneering Science Universität Bielefeld Osaka University Postfach 100131 33501 Bielefeld Japan Germany