Admissible vector fields and related diffusions on infinite dimensional manifolds

K. D. Elworthy^{1)} Zhi-Ming MA^{2)} 1) Mathematics Institute, University of Warwick, Coventry CV4 7AL, U.K. 2) Inst. Appl. Math., Academia Sinaca, P.O. Box 2734, Beijing 100080, China

§1 Introduction

The late 1960’s saw the remarkable paper of Dalecky and Shnaiderman [DS69] constructing measures on certain infinite dimensional Lie groups via stochastic differential equations (with infinite dimensional noise) and discussing their quasi-invariance properties. Analysis on infinite dimensional spaces was also developing with discussions of differentiability of measures(cf. e.g. [DF91], [SW93]), a topic of increasing importance with continuing work by Professor Dalecky and his co-workers. In both of those advances, the idea of “admissible” derivatives plays an important role: in the curved space case the “derivatives” are given by vector fields. Such ideas are now fundamental to infinite dimensional analysis having been joined with developments in the work on H-differentiability by Gross[Gr67] and on Malliavin calculus[M76], with Driver’s work[Dr92] leading the way to recent advances in analysis on path and loop space.

There have been many variations on the notion of “admissibility”. Here we will describe that given in [EM96], showing how it leads to the construction of associated diffusions and Markov semi-groups on the state space. We will also show often infinite dimensional stochastic differential equations appear naturally: however in practice the coefficients are not regular enough for existence theorems in their present stage of development, so we have to rely on Dirichlet form theory(cf. [MOT94], [MR92]) to construct our processes. We give a class of concrete examples using results from [ELL 96], [ELL 97] to extend earlier work such as [DR 92].

§2 Admissible vector fields on C-F manifolds

In this section we assume that M is a separable C^1 manifold modeled on a Banach space and equipped with a given Finsler structure τ ([AL78],[Pa66]). Let T M := ∪_{x∈M} T_xM denote the tangent bundle of M.

We write |v|_x = τ(v) for v ∈ T_xM. Then T_xM equipped with the norm |·|_x is a Banach space. Let f be a C^1 map from M to another Finsler manifold N. We set ||df|| := sup_{x∈M} ||df(x)||_{L(Tx M,Tf (x)N)}. (2.1) We write f ∈ C^1_b (M; N) if ||df|| < ∞. In particular we write f ∈ C^1_1 (M; N) if ||df|| < 1. We introduce a pseudo metric ρ_M (Carathéodory metric[Ca69]) on M as follows

ρ_M (x, y) := sup{f(y) − f(x) : f ∈ C^1_1 (M; R)}. (2.2)

Definition 2.1 We say that M is a Caratheodory-Finsler manifold (C-F manifold in short) (w.r.t. τ) if ρ_M is an admissible metric on M (i.e., ρ_M generates the original topology on M) and is complete.

Research supported in part by Chinese NNSFC, EPSRC grant GR/H67263 and EC Science Plan ERB 4002PL910459

Below we collect some facts and examples concerning C-F manifolds without proof. For details see [EM96].

Proposition 2.2 ([EM96, 2.2]) Suppose that there exists a C-F manifold N and a closed embedding map J ∈ C^1_b (M; N), then M is a C-F manifold.

The following results was communicated to us by C. J. Atkin.

Proposition 2.3 (Atkin) Suppose that the separable manifold M is modeled on a Banach space with a separable dual, then ρ_m = d_M where d_M is the metric induced by the given Finsler structure. Thus if in addition d_M is complete, then M is a C-F manifold.

Example 2.4 (i) Let M be a separable Banach space with Finsler structure given by the Banach norm. then M is a C-F manifold.

(ii) Let M be a finite dimensional complete Riemannian manifold and the Finsler structure be given by the Riemannian metric. Then by Nash’s embedding theorem M has a closed isometric embedding into a Euclidean space IR^N . Hence by (i) and proposition 2.2 M is a C-F manifold. See also Remark 2.5 below in this connection.

(iii) It follows directly from proposition 2.2 that any closed submanifold of a C-F manifold is again a C-F manifold.

The manifolds we are interested in will be C-F manifolds by the above results. They will be spaces of maps of a compact metric space S into a C-F manifold M. For example path or loop spaces if S = [0, 1] or S^1. Set E = C(S; M) the space of all continuous mappings with the compact open topology. Then E is a C^1 manifold (e.g. see [Pa 66], [Eli 66] for the case of M a Hilbert manifold and [Pe 67], [Ki 72] for more general M). Moreover, spaces of based loops and based paths are closed submanifolds of C([0, 1]; M). For σ ∈ E, the tangent vector space T_σE can be identified with the space of all continuous map v : S → T M such that v(s) ∈ T_{σ(s)}M for all s ∈ S. A natural Finsler structure on E is given by |v|_σ := sup_{σ∈S} |v(s)|_{σ(s)}, ∀σ ∈ E, v ∈ T_σE. (2.3) One can easily check that T_σE equipped with the norm | · |_σ is a Banach space.

Proposition 2.5 (EM 96, 2.6) The mapping space E constructed above is a C-F manifold with respect to the Finsler structure given by (2.3), as are all its closed submanifolds with their induced Finsler structure.

In what follows let E := C(S; M) be the mapping space specified in Proposition 2.5 or a closed submanifold of it. Let σ ∈ E and v ∈ T_σE. For f ∈ C^1(E; R) we shall write ∂_v f(σ) := df(v)(σ), the Fréchet derivative of f at σ along the direction v.

For a vector field v on E we write ∂_v f(σ) for ∂_{v(σ)}f(σ). Let FC^1_b (E) be the space of cylindrical functions in C^1_b (E; R); so they are compositions of evaluations at a finite number of points of S with a C^1_b function on a product of copies of M with its product Finsler. A monotone class argument shows that FC^1_b is dense in L^2(E; μ) for any finite Borel measure μ on E.

We shall always use the Borel σ-algebra of our manifolds. A vector field will be called measurable if ∂_vf is measurable for all C^1 functions f : E → IR. From now on we assume a finite measure μ is given on E. As usual we use f to denote the μ-a.s. equivalence class of a measurable function f on E

We need to specify a class of test functions for our Dirichlet forms. The standard example will be FC^1_b (E) but other choices could sometimes be more useful (e.g. see [EM 96] and below).

Definition 2.6 Let D be a linear subspace of C^1_b (E; R) ∩ L^2(E, μ) such that D is dense in L^2(E, μ). We say that a B-measurable tangent vector field v is D-Admissible, if the following three conditions are satisfied.

(i) f ∈ D, f = 0 μ-a.e. implies ∂_vf = 0 μ-a.e. (ii)∂_v f ∈ L^2(E, μ) for all f ∈ D. (iii)∂_v is a closable operator in L^2(E, μ).

The above definition goes over to μ-a.s. equivalence classes of vector fields. In our examples the vector fields will only be defined off some μ-null set in E and admissibility will mean admissibility for some (and hence any) measurable extension.

Below is a sufficient condition for v to be D-admissible

Proposition 2.7 ([EM 96, 3.5]) Suppose that D is an algebra with pointwise multiplication. Let v be a B-measurable vector field such that ∂_v f ∈ L^2(E, μ) for all f ∈ D and there exists an element div v (called the divergence of v) in L^2(E, μ) satisfying ∫ E ∂_vfμ(dσ) = − ∫ E fdiv vμ(dσ), ∀f ∈ D, (2.4) then v is D-admissible. In this case we say that v is strongly D-admissible strongly D-admissible

Proposition 2.8 [EM 96, 3.6] Let v be a strongly D-admissible vector field. Then for any bounded element f ∈ D, fv is again a strongly D-admissible vector field.

Remark 2.9 In the situation of Proposition 2.5 and definition 2.6, let A be a countable or finite family of D-admissible vector fields. Suppose that ∫ E ∑ v∈A |∂_vf|^2μ(dσ) < ∞, ∀f ∈ D (2.5)

then one can easily check that the symmetric form (E, D) defined by E(f, g) = ∫ E ∑ v∈A (∂_v f)(∂_vg)μ(dσ), ∀f, g ∈ D (2.6)

is closable in L^2(E, μ) and the closure (E, D(E)) is a Dirichlet form on L^2(E, μ). (see [EM 96, 4.1])

The following theorem plays an important role in our further discussion.

Theorem 2.10 In the situation of Remark 2.9 suppose that in addition to (2.5) the following three conditions are also fulfilled.

(i) If φ ∈ C^∞_b (R), φ(0) = 0, then φ ∘ f ∈ D for all f ∈ D. (ii)If f, g are bounded functions in D, then fg ∈ D.

(iii)D_0 ∈ D and there exists Φ ∈ L^2(E, μ) such that for all φ ∈ C^1_b (M, R), s ∈ S, ∑ v∈A |dφ(σ(s))(v_s (σ))|^2 ≤ ||dφ||^2Φ^2(σ), μ-a.e. (2.7)

where ||dφ|| is defined by (2.1) and

D_0 := {f ∈ FC^1_b (E) : f(σ) = φ(σ(s)) for all σ ∈ E, for some φ ∈ C^1_b (M, R) and some s ∈ S}.

(2.8)

Then there exists a diffusion process (ξ_t)_{t≥0} on E properly associated with (E, D(E)). That is, if (L, D(L)) is the generator of (E, D(E)), then

E.[f(ξ_t)] is an E-quasi-continuous μ-version of e^{Lt} f for all f ∈ L^2(E, μ).

Moreover, (ξ_t)_{t≥0} is conservative and hence μ is an invariant measure for e^{Lt} .

The proof of the above theorem goes back to [RS95] but relies heavily on the fact that E := C(S; M) is a C-F manifold. For details see [EM 96, Th. 4.2].

Theorem 2.11 below is a consequence of the above theorem; see [EM 96, 4.8] for its proof.

Theorem 2.11 Let X : E × H → T E be measurable with, for μ-almost all σ with X(σ, ·) : H → T_σE continuous linear and satisfying |X(σ, h)|_σ ≤ Φ(σ)||h||_H where H is a separable Hillbert space and Φ ∈ L^2(E, μ). Suppose X(·, h) is D-admissible for all h ∈ H.

For f : E → R in C^1_b define, for μ-almost all σ, ∇f(σ) ∈ H by < ∇f(σ), h >_H = df(X(σ, h)). Set E_X (f, g) = ∫ E < ∇f(σ), ∇g(σ) >_H μ(dσ), ∀f, g ∈ D. Then (E_X , D) is closable in L^2(E, μ) with closure (E_X , D(E_X )) a Dirichlet form. If also conditions (i), (ii) of theorem 2.10 hold then (E_X , D(E_X )) is quasi-regular and local, and in particular there is a properly associated diffusion as in the conclusion of Theorem 2.10.

Remark In Theorems 2.10 and 2.11 we could equally say that there exists a diffusion (ξ_t)_{t≥0} associated with (E, D(E)) (i.e. E.[f(ξ_t)] is an μ-version of e^{Lt}f) instead of saying properly associated, because by the last assertion of V.Theorem 5.1 of [MR 92] ,which extends an earlier result by Fukushima [Fu 80], association always implies proper association in our context.

§3 Dirichlet forms and diffusions on path spaces

A. Preliminaries

In this section let M be a C^∞n-dimensional compact Riemannian manifold and T > 0. Let E := C_{x0} ([0, T ]; M), a based path space for some fixed point x_0 ∈ M. Then, being a closed submanifold of the C-F manifold C([0, T ]; M), E is a C-F manifold (c.f.Proposition 2.5). For σ ∈ E, the tangent space T_σ E consists of all continuous paths v : [0, T ] → T M such that v(0) = 0 and v(t) ∈ T_{σ(t)}M. A natural Finsler structure on T_σE is given for v as above by |v|_σ := sup_{0≤t≤T} |v(t)|_{Tσ(t) M} . (3.1) We choose a Borel measure μ on E to be the law of a M-valued diffusion {ξ_t : t ≥ 0} starting from x_0 with generator^1_2 Δ + Z where Δ is the Laplace-Beltrami operator on M and Z a smooth vector field. In particular if Z ≡ 0 then μ is the usual Wiener measure on E which has been considered by many authors.

Let {x_t : 0 ≤ t ≤ T } be the coordinate process on E(i.e., x_t(σ) = σ_t), and F.^{x0} = {F^{x0}_t : 0 ≤ t ≤ T } the natural filtration generated by {x_t}. Then {x_t} is a semi-martingale on the filtered probability space (E, F^{x0}_T , F.^{x0} , μ).

Let ^▽ be a smooth linear connection on M of which the dual ˘▽ is a metric connection for the Riemannian structure of M. There is then another vector field A on M with 1 2 (Δ + Z)f = 1 2 trace ^▽df + Af (3.2) or equivalently 1 2 (Δ + Z)f = 1 2 trace ˘▽gradf + Af. (3.3) It follows from a result of [ELL 97] that one can always construct a stochastic differential equation dξ_t = X(ξ_t) ∘ dB_t + A(ξ_t)dt (3.4)

for some m-dimensional (m is not necessarily equal to n), Brownian motion (B_t)_{t≥0} on a probability space (Ω, F, P ) and some C^∞ map X : IR^m × M → T M. with X(x) ∈ L(IR^m; T_xM) all x ∈ M, in such a way that ˘▽ equals the LeJan-Watanabe connection induced from (3.4), and consequently the law of the solution to S.D.E.(3.4) starting from x_0 coincides with the prespecified measure μ.

In what follows we fix an orthogonal frame of T_{x0} M and hence identify T_{x0} M as Euclidean space IR^n. In this point of view a fibre of the linear frame bundle over x ∈ M is identified with

GL_x(M) ≡ {u : T_{x0} M → T_xM| u is a linear bijection},

in particular GL_{x0} (M) ≡ GL(IR^n).

For any smooth connection ~∇, there exists a unique horizontal lift ξ̃ of ξ, starting from (x_0, id) ([EI82 13C]), which gives a stochastic parallel translation ~//. along μ-a.s. paths σ ∈ E. There is also a damped parallel translation W. with respect to the connection ^▽, defined by the covariant equation D̂ ∂t (W_tv_0) = − 1 2 R̆ic^#(W_tv_0) + ˘▽A(W_tv_0) (3.5)

for v_0 ∈ T_{x0} M. Here R̆ic^# : T M → T M is defined by R̆ic^#(v) = traceR̆(v, −)−, with R̆ being the curvature tensor of ˘▽. It is known that ([ELL 97])

W_t = E[T_{x0} ξ_t|F^{x0}_T ] a.s. (3.6)

where T_{x0} ξ_t is the derivative flow generated by (3.4).

We shall use the following results.

Lemma 3.1

Lemma 3.1 Let W be specified by (3.5). Then sup 0≤t≤T |//^{−1}_t W_t|_{H.S.} + sup_{0≤t≤T} |W^{−1}_t //_t|_{H.S.} ∈ L^p(E, μ), ∀p ≥ 1.

Also for any smooth linear connection ~∇, we have sup 0≤t≤T |//^{−1}_t ~//_t|_{H.S.} + sup_{0≤t≤T} |~//^{−1}_t //_t|_{H.S.} ∈ L^p(E, μ), ∀p ≥ 1.

The proof of Lemma 3.1 will appear elsewhere. Here we mention only that the fact sup_{0≤t≤T} |//^{−1}_t W_t|_{H.S.} ∈ L^p(E; μ) can be derived also form the fact that sup_{0≤t≤T} |T_{x0} ξ_t|_{H.S.} ∈ L^p(E; μ)(see e.g. [Li 94]) and (3.6).

B. Damped Dirichlet forms

Let D = C^1_b (E; IR). Let H be the Cameron-Martin space L^{2,1}_0 ([0, T ]; T_{x0} M) with the norm |h|_H = ∫_T 0 (|ḣ_t|^2dt)^{12} and let f ∈ D. For μ-a.s. σ ∈ E we have |df(W.h.)(σ)| ≤ ||df|| |W.h.(σ)|_σ ≤ ||df||Φ(σ)T^{12} |h|_H , ∀h ∈ H (3.7) where ||df|| is defined by (2.1) and

Φ(σ) := sup_{0≤t≤T} |W_t(σ)|_{H.S.}. (3.8)

Hence there exists ∇f(σ) ∈ H such that < ∇f(σ), h >_H = df(W.h.)(σ), ∀h ∈ H. (3.9) We call ∇f a damped gradient of f damped gradient of f damped gradient of f (related to the connection ^∇ and the drift A). See e.g.

[Fa 95] for the history of the notion of damped gradient. More generally, Let S be a L(H; H)- valued random variable on (E, F^{x0}_T , μ). Then for μ-a.s. σ ∈ E, there exists ∇^S f(σ) ∈ H such that < ∇^S f(σ), h >_H = df(W.(Sh))(σ), ∀h ∈ H. (3.10) Lemma 3.2 Let ∇f and ∇^S f be defined as above. Then for μ-a.s. σ ∈ E, ∇^S f(σ) = S(σ)^∗∇f(σ) where S(σ)^∗ is the adjoint of S(σ).

Proof For h ∈ H, we have < ∇^S f(σ), h >_H =df(W.(σ)S(σ)h) =< ∇f(σ), S(σ)h >_H = < S(σ)^∗∇f(σ), h >_H . Definition 3.3 An H-valued random variable k is said to be F.^{x0} -adaptedF.^{x0} -adaptedF.^{x0} -adapted, if it can be regarded as an F.^{x0} -adapted process k : E × [0, T ] → T_{x0} M. An L(H; H)-valued random variable S is said to be F.^{x0} -adapted

F.^{x0} -adapted F.^{x0} -adapted if Sh is adapted for each h ∈ H.

Lemma 3.4 Let k be an F.^{x0} -adapted H-valued random variable such that |k(−)|_H ∈ L^{2+δ}(E, μ) for some δ > 0. Then the vector field W k := W.(−)k(−) is strongly D-admissible in the sense of [EM 96]. If ^∇ is metric compatible for some Riemannian metric on M, then it suffices to have |k(−)|_H ∈ L^2(E, μ).

Proof Write v(σ) for W.(σ)k(σ). Clearly we have |v(σ)|_σ ≤ Φ(σ)|k(σ)|_H for μ-a.s. σ ∈ E where Φ is specified by (3.8). Thus ∫ |v(σ)|^2_σ μ(dσ) < ∞ since by Lemma 3.1 Φ ∈ L^p(E, μ) all p ≥ 1. Moreover, by [EL 96] we have ∫ E ∂_v f μ(dσ) = ∫ E f [∫_T 0 < W_sk̇_s, ˘//_sdB̆_s >_{Tσ(s)M} ] μ(dσ) where {B̆_s : 0 ≤ s ≤ T } is the martingale part of the anti- development of {x_s : 0 ≤ s ≤ T } using ˘//_s, a Brownian motion on T_{x0} M. One can check that (∫_T 0 |W_sk̇_s(σ)|_{Tσ(s)M} ds ) 1_2 ≤ Φ(σ)|k(σ)|_H .

Hence if we set divv = − ∫_T 0 < W_sk̇_s, ˘//_sdB̆_s >_{Tσ(s)M} , then div v ∈ L^2(E; μ). Thus by Proposition 2.7 v is strongly D -admissible. The last assertion follows from the fact that if ^∇ is metric compatible for some Riemannian metric, then Φ ∈ L∞(E; μ).

Theorem 3.5 Let S be an F.^{x0} -adapted L(H; H)-valued random variable such that |S(−)|_{L(H;H)} ∈ L^{2+δ}(E, μ) for some δ > 0 and let ρ ∈ D and L ∈ L(H; H). Define E(f, g) = ∫ E < L∇^S f, L∇^Sg >_H ρ^2(σ)μ(dσ), f, g ∈ D. (3.11) Then (E, D) is closable in L^2(E, μ) and the closure (E, D(E)) is a quasi-regular and local Dirichlet form on L^2(E, μ). In particular there is a diffusion, with μ as invariant measure, properly associated with (E, D(E)). If ^∇ is metric compatible for some Riemannian metric on M, then it suffices to have |S(−)|_{L(H;H)} ∈ L^2(E, μ).

Proof For h ∈ H we set k(−, h) = L^∗S(−)h. By Lemma 3.4 W.k(−, h) is strongly D-admissible. We now define X(σ, h) = ρ(σ)W.(σ)k(σ, h). By Proposition 2.8 X(−, h) is strongly D-admissible for each h ∈ H. One can check that X satisfies all the conditions specified in Theorem 2.11. Hence if we define ∇^{ρL�S} f(σ) by requiring < ∇^{ρL�S} f(σ), h >_H = df(X(σ, h)) all h ∈ H. Then the form E_X (f, g) = ∫ E < ∇^{ρL�S} f, ∇^{ρL�S} g >_H μ(dσ), f, g ∈ D is closable in L^2(E, μ), and there is a diffusion associated with its closure. Similarly to the proof of Lemma 3.2 one can show that ∇^{ρL�S} f = ρL∇^S f for f ∈ D. Therefore E_X coincides with E defined by (3.11), which completes the proof.

Corollary 3.6 Let k be an F.^{x0} -adapted L(H; H)- valued random variable such that k(σ) is nonnegative definite self-adjoint for μ-a.s. σ ∈ E, and |k(−)|_{L(H;H)} ∈ L^{1+δ}(E; μ) for some δ > 0 (if ^∇ is metric compatible for some Riemannian metric, then δ may be zero). Let ρ ∈ D. Define E(f, g) = ∫ E < k∇f, ∇g > ρ^2(σ)μ(dσ), f, g ∈ D. (3.12) Then all the conclusion of the above theorem holds true.

Proof Let S = k^{12} Then we can check that E(f, g) = ∫ E < ∇^S f, ∇^S g > ρ^2(σ)μ(dσ), f, g ∈ D and S meets the conditions specified in the above theorem. Hence the required conclusion follows.

Remark 3.7 Note that in the above corollary k may be degenerate, e.g. kernel k(σ) ≠ {0} for μ-a.s. σ ∈ E.

C. Undamped Dirichlet forms.

Let D and H be as in Subsection B. We now give a version of the integration by parts formula in the original form given by Driver [Dr92] for the torsion skew symmetric case. Lemma 3.8 (Integration by parts formula)

Let k be an F.^{x0} -adapted H-valued process such that

|k(−)|_H ≤ L^{1+δ}(E, μ) for some δ > 0.

Then for f ∈ D we have ∫ E df(^//.k.)(σ)μ(dσ) = ∫ E f ∫_T 0 < 1 2 R̆ic^#(σ)^//_tk_t − ˘∇A(σ_t)^//_tk_t + ^//_tk̇_t, ˘//_tdB̆_t > μ(dσ). (3.13)

Proof Let us set h_t = a^{−1}_t k_t where a^{−1}_t = W^{−1}_t ^//_t. Then W_th_t = ^//_tk_t and

W_tḣ_t = 1 2 R̆ic^#(σ)^//_tk_t − ˘∇A(σ_t)^//_tk_t + ^//_tk̇_t, (3.14) Let C = sup_{x∈M} |R̆ic^#(x)|_{O.P.} + sup_{x∈M} | ˘∇A(x)|_{O.P.}. Then (3.14) yields (∫_T 0 |W_tḣ_t(σ)|^2_{Tσ(t) M} dt ) 1_2 ≤C sup_{0≤t≤T} |^//_t(σ)|_{H.S.} (∫_T 0 |k_t(σ)|^2dt ) 1_2 + (∫_T 0 k̇_t(σ)|^2dt ) 1_2

≤C sup_{0≤t≤T} |^//_t(σ)|_{H.S.}(1 + T^{12} )|k(σ)|_H . Therefore by the Burkholder-Davis-Gundy inequality and Lemma 3.1 we have for some constant C_1,

E [ | ∫_T 0 ⟨ W_tḣ_t, ˘//_tdB̆_t ⟩ | ] ≤C_1E (∫_T 0 |W_tḣ_t|^2dt ) 1_2

≤C_1 ( E [ sup 0≤t≤1 (^//_t)^{1+δδ}_{H.S.} ]) δ_{1+δ} ( E [ |k|^{1+δ}_H ])^1_{1+δ} <∞. Thus all the arguments of [EL 96 Th 3.3] goes through in our case and the corresponding results are available here. In particular we obtain (3.13) by [EL 96, (23)]

One can easily check that for μ-a.s. σ ∈ E there exist constants c(σ) > 0 such that for f ∈ D |df( ^//.h.)(σ)| ≤ ‖df‖c(σ)|h|_H ∀h ∈ H. (3.15) Hence there exists Df(σ) ∈ H such that < Df(σ), h >_H = df( ^//.h.)(σ), ∀h ∈ H. (3.16) We call Df the gradient of f gradient of f gradient of f (related to the connection ^∇). More generally, let S be an L(H, H)-valued random variable. Then for μ-a.s. σ ∈ E there exists D^S f(σ) ∈ H such that < D^S f, h >_H = df( ^//.S.h)(σ), ∀h ∈ H. (3.17) The following Lemma 3.9 and Theorem 3.10 are consequences of Lemma 3.8. Their proof are similar to those of Lemma 3.4 and Theorem 3.5 respectively. We leave the details to the reader.

Lemma 3.9 Let k be an F.^{x0} -adapted H-valued random variable such that |k(·)|_H ∈ L^{2+δ}(E, μ) for some δ > 0. Then the vector field ^//.k. is strongly D-admissible. If ^∇ is metric compatible with some Riemannian metric on M, then it is sufficient to have |k(·)|_H ∈ L^2(E, μ) Theorem 3.10 Let S be an F.^{x0} -adapted L(H, H)-valued random variable such that |S(·)|_{L(H,H)} ∈ L^{2+δ}(E, μ) for some δ > 0, and let ρ ∈ D and L ∈ L(H, H). Define E(f, g) = ∫ E < LD^S f, LD^Sg > ρ^2(σ)μ(dσ), ∀f, g ∈ D (3.18) Then (E, D) is closable in L^2(E, μ) and the closure (E, D(E)) is a quasi-regular and local Dirichlet form on L^2(E, μ). In particular there is a diffusion, with μ as invariant measure, properly associated with (E, D(E)). If ^∇ is metric for some Riemannian metric on M, then it suffices to have |S.(−)|_{L(H;H)} ∈ L^2(E, μ).

Corollary 3.11 Let K be an F.^{x0} -adapted L(H, H)- valued random variable such that K(σ) is nonnegative definite self-adjoint for μ-a.s. σ ∈ E, and |K(−)|_{L(H,H)} ∈ L^{2+δ}(E, μ) for some δ > 0 (if ^∇ is metric compatible for some Riemannian metric then δ may be zero). Let ρ ∈ D. Define E(f, g) = ∫ E < KDf, Dg > ρ^2(σ)μ(dσ), ∀f, g ∈ D (3.19) Then all the conclusion of theorem 3.10 holds true.

Remark 3.12 It is worthwhile to point out that the above results are related to the connection ^∇ which is not required to be metric compatible as in [DR 92]. Also our conditions for K and ρ in (3.19) are different from those in the literature concerning “gradient type” Dirichlet forms on infinite dimensional spaces (see [R96] and references therein for historical remarks and a recent survey in this connection) where K and ρ are assumed to be strictly positive for μ-a.s. σ ∈ E, while in our case we may allow kernel K(σ) ≠ {0} for μ-a.s. σ ∈ E and μ{ρ^2 = 0} > 0. But for the price of this degeneracy we have to assume that K is adapted and ρ ∈ C^1_b (E).

§4 Degenerate case

Let M be a compact C^∞ manifold with dimension n. As before let E := C_{x0} ([0, T ]; M) be a based path space for some fixed point x_0 ∈ M and some T > 0. In this section we consider a Borel measure μ on E which is the law of a degenerate diffusion {ξ_t : t ≥ 0} starting from x_0 with a semi-elliptic generator L based on a subbundle I of T M. More precisely I is a smooth subbundle of T M and ξ. := ξ.(x_0) is the solution to some S.D.E.

dξ_t = X(ξ_t) ∘ dB_t + A(ξ_t)dt (4.1)

similar to (3.4) but with Image X(x) = I_x. Note that if also A(x) ⊂ I_x all x ∈ M then there exists a Borel subset E_0 ⊂ E such that μ(E\E_0) = 0 and the paths in E_0 can be uniformly approximated by piecewise smooth paths which are tangential to I. Therefore in some case μ may be singular to the usual Wiener measure on E. But it is difficult to find the exact “geometric shape” of E_0, which is perhaps even not a manifold in general.

The map X in (4.1) induces a Riemannian metric {<, >_x, x ∈ M} and a metric compatible connection ˘∇ (the LeJan-Watanabe connection) on the subbundle I. Taking any Riemannian metric and metric compatible connection on T M which extend <, >_x and ˘∇ respectively (they will be denoted again by <, >_x and ˘∇ in the sequel), we may construct a horizontal lift ξ̆ of ξ, starting from (x_0, id), which gives a stochastic parallel translation ˘//. The restriction of ˘//_t to I_{x0} maps it isometrically onto I_{xt} . As in the previous section let W_t = E[T_{x0} ξ_t |F^{x0}_T ] be the conditional expectation of the derivative flow T_{x0} ξ_t. Then it follows from [ELL 96] that there is a continuous version of W . satisfying the covariant equation:

DW_t = ∇X (W_t, X^∗(ξ_t)X(ξ_t) ∘ dB_t) + ( ∇A − 1 2 R̆ic ) W_tdt (4.2)

using the Levi-Civita connection for <, >. Note that X(ξ_t)dB_t can be represented by ˘//_tdB̆_t with B̆ being the martingale part of the stochastic anti-development of {ξ_t : 0 ≤ t ≤ T }, hence the solution to (4.2) is F^{x0}_T -measurable. From (4.2) one can show that sup 0≤t≤T |˘//_tW_t|_{H.S.} + sup_{0≤t≤T} |W^{−1}_t ˘//_t|_{H.S.} ∈ L^p(E; μ), ∀p ≥ 1. (4.3) The proof of (4.3) follows from the same argument used in the proof of Lemma 3.1 and will appear in a separate paper. One can also describe W. using the adjoint object of ˘∇. For details we refer to [ELL 96].

Let Ω = C_0([0, T ]; IR^m). The solution to (4.1)(starting from x_0) defines a measurable map J : Ω → E with J(w) = ξ.(w) all w ∈ Ω. Let H^m be the Cameron-Martin space L^{2,1}_0 ([0, T ]; IR^m). By the Cameron-Martin Theorem J is differentiable along h ∈ H^m at a.s. w ∈ Ω. The differential is given by

(dJ(h))_t = T_{x0} ξ_t ∫_t 0 (T_{x0} ξ_s)^{−1}X(ξ_s)ḣ_sds, 0 ≤ t ≤ T. (4.4)

The conditional expectation of the above differential gives a map S from H^m to the space of vector fields on E. Using (4.4) and (4.2) one obtains

(Sh)_t : = E [(dJ(h))_t|F^{x0}_t ] = W_t ∫_t 0 W^{−1}_s X(σ_s)ḣ_sds, μ-a.s.. (4.5)

See [ELL 96] for the proof of (4.5).

We are now in a position to state the following

Theorem 4.1 (i) Let D = C^1_b (E; R). Then Sh is strongly D-admissible for h ∈ H^m.

(ii) Let f ∈ D. Then for μ-a.s. σ ∈ E there exists D^#f(σ) ∈ H^m such that < D^#f(σ), h >_Hm = df(Sh)(σ), ∀h ∈ H^m. (iii) The bilinear form

E^#(f, g) = ∫ < D^#f, D^#g >_Hm μ(dσ), f, g ∈ D is closable in L^2(E; μ) and the closure (E^#, D(E^#)) is a quasi-regular local Dirichlet form on L^2(E; μ). Hence there is a diffusion process properly associated with (E^#, D(E^#)).

Proof (i) Let h ∈ H^m and write v for Sh. From (4.5) and (4.3) we see that ∂_vf := df(Sh) ∈ L^2(E; μ) for all f ∈ D. Also by [ELL 96. (9)] we have the integration by parts formula: ∫ E ∂_vfμ(dσ) = − ∫ E f div vμ(dσ), ∀f ∈ D with div v := − ∫_T 0 < X(σ_s)ḣ_s, ˘//_sdB̆_s >_{Tσ(s)M} . Clearly div v ∈ L^2(E; μ) since B̆ is a I_{x0} -valued Brownian motion. Thus by Proposition 2.7 v is strongly D-admissible.

(ii) For f ∈ D and h ∈ H^m we have by (4.5) |df(Sh)(σ)| ≤ ||df|| sup_{0≤t≤T} |Sh(σ)|_{Tσ(t)M} ≤ ||df||ϕ(σ)|h|_Hm (4.6) with ϕ(σ) := sup 0≤s≤t≤T |W_tW^{−1}_s (σ)|_{H.S.}. (4.7) In the last step of 4.6 we used the fact that |X(σ_s)ḣ_s|_{Tσ(s)M} ≤ |ḣ_s|_Rm since the Riemannian metric on I_x is induced by X(x). By (4.3) we have ϕ(σ) < ∞ for a.s. σ ∈ E. Thus the desired conclusion follows from Riesz representation theorem.

(iii) By (4.3) we have ϕ ∈ L^2(E; μ) for ϕ specified by (4.7). Hence if X(σ, h) is defined by Sh(σ) for σ ∈ E and h ∈ H^m, then X meets all the conditions stated in Theorem 2.11 from which the desired conclusion follows.

§5 Diffusion on paths of mapping groups

As another example we go back to the sort of situation discussed in [DS 69]. Let A be a compact Lie group with bi-invariant metric and K be a compact n-dimensional manifold. Set G = H^s(K; A), where s >^n_2 , i.e. the Hilbert manifold of maps g : K → A of class H^s, e.g. see [Pa 68]. Let A be the Lie algebra of A. Then if 2(r − s) > n the inclusion of Sobolev spaces H^r(K; A) → H^s(K; A) is Hilbert-Schmidt and there is an associated Gaussian measure and Wiener process {W_t : t ≥ 0} on H^s(K; A), the tangent space to the Lie group G at the identity. In fact instead of H^r(K; A) we could take any subspace H_0 of H^s(K; A) with Hilbert structure which has a Hilbert-Schmidt inclusion into H^s(K; A). See [Ba 76]. We can therefore consider the left invariant equation on G:

dg_t = X_0(g_t) ∘ dW_t with g_0 given, where X_0 : H^s(K; A) → T_gH^s(K; A) is given by left translation just as in [DS 69], see also [El 75]. Solutions exist for all time, for example by the uniform cover technique as used in [El 82] or [BE96] for diffeomorphism groups. Let μ be the law of the solution process restricted to the time interval [0,1], so μ is a Borel measure on E := C_{g0} ([0, 1]; G).

Set H = H^1_0 ([0, 1]; H_0), the Cameron-Martin space of {W_t : 0 ≤ t ≤ 1}. Define X : E × H → T E by (X(σ)h)_t = T R_{σt} ∫_t 0 ad(σ^{−1}_s )ḣ_sds where R_g : G → G denotes right multiplication for g in G and ad(g) : H^s(K; A) → H^s(K; A) is the adjoint representation of g for g ∈ G. (This means that (ad(g)α)(x) = ad_A(g(x))α(x), x ∈ K, α ∈ H^s(K; A) for ad_A the adjoint representation of A on A).

Let D be the subset of L^2(E, μ; R) consisting of BC^1 functions using the right invariant Finsler on E: |v|_σ = sup_{0≤t≤1} ||T R^{−1}_{σt} v_t||_Hs_{(K;A)}, v ∈ T_σE. Certainly E with the above Finsler structure is a C-F manifold by Atkin’s result. Moreover the argument in [EL 96] similarly to that in [DS 69], shows that each X(·)h is strongly D-admissible. However although X(σ) : H → T_σE is bounded for each σ it is not clear that it will satisfy the integral condition of Theorem 2.11. To be safe, we can change the state space E to ~E := C_{g0} ([0, 1] × K; A) the infinite dimensional Lie group of continuous maps

σ : [0, 1] × K → A with σ(0, x) = g_0(x), x ∈ K

i.e. the space of homotopies of g_0. Taking the natural Finsler, | | say , we have a C-F manifold again. Let ~D be the corresponding space of BC^1 functions on ~E. Since E is included in ~E(as a dense subset and by a C^∞ inclusion), we have an induced probability measure ~μ on ~E and X extends to a measurable ~X : ~E × H → T ~E. The strong admissibility property is retained under such an extension of state space. Moreover now, by the right invariance of the metric on A, | ~X(σ)h.|^2_σ = sup 0≤t≤1, x∈K | | | ∫_t 0 ad_A(σ_s(x)^{−1})ḣ_s(x)ds | | | A ≤ ∫_1 0 sup_x |ḣ_s(x)|_Ads

since ad_A is an orthogonal representation. Thus | | ~X(σ)h | | σ ≤ [∫_1 0 sup_x |ḣ_s(x)|^2_Ads

]^1_2

≤const. (∫_1 0 |ḣ_s|^2_{H0} ds )^1_2

=const.||h||_H . It follows from Theorem 2.11 that the form

E_X (f, f) := ∫ ~E ⟨ df ∘ ~X(σ), df ∘ ~X(σ) ⟩ L(H;IR) ~μ(dσ), f ∈ ~D.

is closable with closure a quasi-regular, local, Dirichlet form on ~E. In particular there is an associated diffusion on ~E.

Remark (i) We are not claiming that the above example has importance other than that of illustrating the possibilities of the approach described and showing the sort of problems which can arise (e.g. when does the diffusion lie on E ?).

(ii) Instead of using the Hilbert manifolds H^s(K; A) it should be possible to use more general spaces of maps as in [BE96].

(iii) For related constructions of infinite dimensional diffusions see [Ba 80] (iv) As alternatives to D and ~D we could equally well have used functions cylindrical in the [0, 1] variable but BC^1 on H^s(K; A) or C(K, A), or used functions cylindrical on [0, 1] × K. It is probably difficult to discover if, or when, they lead to the same Dirichlet forms. For the “classical” case of path spaces, when A is a point, see [Ac 94].

References

[Ac 94] Acosta,E., On the essential self-adjointness of Dirichlet operators on group-valued path spaced, Proc. Amer. Math. Soc., 122, 581-590, 1994.

[ALR 93] Albeverio, S., Leandre, S., Röckner, R., Construction of a rotational invariant diffusion on the free loop space, C. R. A. S., 316, 287-292, 1993.

[AMR] Albeverio, S., Ma,Z.M. and Röckner, M., Quasi-regular Dirichlet forms and Markov processes, J. Funct. Anal., 111, 118-154, 1992.

[At 78] Atkin, C. J., Bounded complete Finsler structures 1 Studia Math, LXII, 219-228, 1978. [Ba 76] Baxendale, P., Gaussian measures on function spaces. Amer. J. Math., 98, 891-925, 1976.

[Ba 80] Baxendale, P., Wiener processes on manifolds of maps, Proc. Royal Soc. Edinburgh, 87A, 127-152, 1980.

[BE 96] Brzezniak,Z., Elworthy,K.D., Stochastic flows of diffeomorphisms, Stochastic Analysis and applications, eds I.M.Davies et al., 107-138, World Scientific, 1996 [Ca 09] Caratheodory, C., Untersuchungen über die Grundlagen der Thermodynamik, Math, Ann., 67, 355-386, 1909.

[DF 91] Dalecky, Yu. L., Fomin, S. V., Measures and differential equations in infinite dimensional spaces, Kluwer, 1991. -337 p.

[DS 69] Dalecky,Yu.L., Shnaiderman, Ya.I., Diffusions and quasi-invariant measures on infinitedimensional Lie groups, Funktsional’nyi Analiz i Ego Prilozheniya, 3(1969) 88-90, English translation: Funct. Anal. and its Appl., 3, 156-158, 1969.

[Dr 92] Driver, B., A Cameron-Martin type quasi-invariance theorem for Brownian motion on a compact Riemannian manifold, J. Funct. Anal., 100, 272-377, 1992.

[DR 92] Driver, B., and Röckner, M., Construction of diffusions on path and loop spaces of compact Riemannian manifold C. R. A. S., t. 315, 603-608, 1992.

[El 75] Elworthy, K. D., Measures on infinite dimensional manifolds, Proc. Inter. Conference on Functional Integration and its Applications, 60-68, Oxford Univ. Press, 1975.

[El 82] Elworthy, K. D., Stochastic differential equations on manifolds, Cambridge Univ Press, London, 1982. -326 p.

[Eli 66] Eliasson, H., Geometry of manifolds of maps, J. Diff. Geom., 1, 169-194, 1966. [EL 96] Elworthy, K. D., Li, X. M., A class of integration by parts formulae in stochastic analysis, Ito’s stochastic calculus and probability theory, eds N.Ikeda et al., Springer- Verlag, 15-30, 1996.

[ELL 96] Elworthy, K. D., LeJan, Y., Li, X. M., Integration by parts formulae for degenerate diffusion measures on path spaces and diffeomorphism groups, C. R. A. S., t. 323. 921-926, 1996.

[ELL 97] Elworthy, K. D., LeJan, Y., Li, X. M., Concerning the geometry of stochastic differential equations and stochastic flows, Proc. Taniguchi Symposium (1994), eds. K.D.Elworthy et al., World Scientific Press, 1997.

[EM 96] Elworthy, K. D., Ma, Z. M., Vector fields on mapping spaces and related Dirichlet forms and diffusions, Warwick Preprint: 24/1996, to appear in Osaka J. Math.

[Fa 95] Fang, S., Stochastic anticipative integrals on a Riemannian Manifold, J. Funct. Anal.

131, 228-253, 1995.

[Fu 80] Fukushima, M., Dirichlet forms and Markov processes, Amsterdam-Oxford-New York, North Holland, 1980. -196 p.

[FOT 94] Fukushima, M., Oshima, Y., Takeda, M., Dirichlet forms and symmetric Markov processes, Walter de Gruyte, Berlin, 1994. -392 p.

[G 67] Gross, L., Potential theory on Hilbert spaces, J. Funct. Anal. 1. 123-181, 1967 [Ki 72] Krikorian, N., Differentiable structures on function spaces, Trans Amer. Math. Soc., 17, 67-82, 1972.

[Li 94] Li, X. M., Stochastic differential equations on noncompact manifolds: moment stability and its topological consequences, Prob. Theory and related F., 100(4), 417-428, 1994.

[M 76] Malliavin, P., Stochastic calculus of variation and hypoelliptic operators, Proc. Inst.

Symp. S.D.E. Kyoto(1976) 195-264, Wiley and Sons, Now York, 1978 [MR 92] Ma, Z. M., Röckner, M., Introduction to the Theory of (nonsymmetric) Dirichlet Forms, Springer, Berlin, 1992. -209 p.

[Pa 66] Palais, R. S., Lusternik-Schnirelman theory on Banach manifolds, Topology, 5, 115-132, 1966.

[Pa 68] Palais, R. S., Foundations of global non-linear analysis, W. A. Benjamin, Inc., 1968.

-131 p.

[Pe 67] Penot, J. P., Varietés differentiables d’applications et de chemins, C. R. Acad. Sci Paris, Ser. A-B 264, A1066-A1068, 1967.

[R 96] Röckner, M., Dirichlet forms on infinite-dimensional “manifold-like”state spaces: A survey of recent results and some prospects for the future, preprint SFB 343, 96-026.

[RS 95] Röckner, M., Schmuland, M., Quasi-regular Dirichlet forms, Examples and counterexamples, Canadian J. Math. 47, 165-200, 1995.

[SW 93] Smolyanov, O. G., Weizsacker, H. V., Differentiable families of measures, J.Funct.Anal., 118, 454-476, 1993