A New Upper Bound for the Isoperimetric Number of deBruijn Networks

Jörg Bültermann Fakultät für Mathematik Universität Bielefeld Universitätsstraße 25 33615 Bielefeld e-mail: buelter@Mathematik.Uni-Bielefeld.DE

Abstract

C. Delorme and J.-P. Tillich found an upper bound and a lower bound for the isoperimetric number i^n(d) of deBruijn Networks over the alphabet {0, 1, . . . , d − 1} using eigenvalue techniques (see [DT 96]). We improve their upper bound for i^n(d) and give constructions for the sets of vertices of the de- Bruijn Network, which lead to our bound.

1 Introduction

The d-ary deBruijn Network {0, 1, . . . , d − 1}^n_{dB} is an undirected graph

without loops and without multiple edges. The set of vertices V^n consists of all n-tuples over the alphabet {0, 1, . . . , d − 1}. Let u, v ∈ V^n with u ≠ v. Assume that v = [v_0, . . . , v_{n−1}].

The vertices u and v are connected by an edge, if u ∈ {[b, v_0, . . . , v_{n−2}], [v_1, . . . , v_{n−1}, b] | b ∈ {0, 1, . . . , d − 1}}.

u u u u u u

� � @@ @@

� � @@ @@

u u u u u u

� � @@ @@

� � @@ @@

u u

� � � � @@ @@ @@ @

@@ @@ @@ @ � � � � u u

@@ @@ @@ @@ @@ @@ @

� � � � � � �

� � � � � � �

@@ @@ @@ @@ @@ @@ @ ((((((((

(((((((( ( hhhhhhhh hhhhhhhh h hhhhhhhh hhhhhhhh h (((((((( (((((((( (

[0, 0, 0, 0]

[1, 1, 1, 1]

[0, 0, 0, 1] [1, 0, 0, 0]

[0, 1, 1, 1] [1, 1, 1, 0]

[0, 1, 0, 0]

[0, 0, 1, 0]

[1, 0, 1, 1] [1, 1, 0, 1]

[1, 0, 0, 1]

[0, 1, 1, 0]

[1, 0, 1, 0]

[0, 1, 0, 1] [1, 1, 0, 0]

[0, 0, 1, 1]

Figure 1: The {0, 1}^4_{dB}

We define the isoperimetric number i^n(d) of the deBruijn Network {0, 1, . . . , d − 1}^n_{dB} by i^n(d) := min_{S ⊂ V n} 1 ≤ |S| ≤ V n/2 |N(S)| |S| .

where N(S) is the set of vertices of V^n \ S which are connected to some vertex

in S.

2 A Construction of Sets with Small Neighbourhoods

It is convenient to compress the elements in V^n in the following way: A substring with a constant symbol is represented by the symbol and by the length of this substring.

For instance [0, 0, . . . , 0, 0] ∈ V^n becomes [0^n], and [1, 0, . . . , 0, 1] ∈ V^n becomes [1, 0^{n−2}, 1]. By “∗” we denote any element of {0, 1, . . . , d − 1}, and by “+” we denote any element of {1, . . . , d − 1}. For instance if d = 3 and n = 3 then [+, 0, ∗] = {[1, 0, 0], [1, 0, 1], [1, 0, 2], [2, 0, 0], [2, 0, 1], [2, 0, 2]}. With the help of this notation we formulate the following two theorems. Theorem 2.1 Consider the deBruijn Network {0, . . . , d − 1}^n_{dB} for n = 4m + 1 and m ≥ 2. Let S be a subset of V^n with S = m−1⋃ k=0 [∗^{m+k}, +, 0^{2m}, ∗^{m−k}] ∪ [∗^m, 0^{2m+1}, ∗^m] ∪ m−1⋃ k=0 [∗^{m−k}, 0^{2m}, +, ∗^{m+k}]. Then |S| = d^{2m} + 2m(d − 1)d^{2m} and |N(S)| = 2(d − 1)d^{2m} − (d − 1). Proof: Without loss of generality it suffices to check only three cases: Case 1:

N([∗^m, 0^{2m+1}, ∗^m]) = [∗^{m−1}, 0^{2m+1}, ∗^{m+1}] ⊂S ∪ [∗^{m+1}, 0^{2m+1}, ∗^{m−1}] ⊂S . Case 2: Let 0 ≤ k ≤ m − 2. Then N([∗^{m+k}, +, 0^{2m}, ∗^{m−k}]) = [∗^{m+k−1}, +, 0^{2m}, ∗^{m−k+1}] ⊂S ∪ [∗^{m+k+1}, +, 0^{2m}, ∗^{m−k−1}] ⊂S . Case 3:

N([∗^{2m−1}, +, 0^{2m}, ∗]) = [∗^{2m−2}, +, 0^{2m}, ∗^2] ⊂S ∪ [∗^{2m}, +, 0^{2m}] ⊄S . According to the symmetry of S, we have N(S) = [∗^{2m}, +, 0^{2m}] ∪ [0^{2m}, +, ∗^{2m}]. Since [0^{2m}, +, ∗^{2m}]∩[∗^{2m}, +, 0^{2m}] = [0^{2m}, +, 0^{2m}] we obtain |N(S)| = (d−1)d^{2m} + (d − 1)d^{2m} − (d − 1) = 2(d − 1)d^{2m} − (d − 1). 2

Theorem 2.2 Consider the deBruijn Network {0, . . . , d−1}^n_{dB} for n = 4m+1+f, for f ∈ {1, 2, 3} and m ≥ 2. Let S be a subset of V^n with S = m−1⋃ k=0 [∗^{m+k}, +, 0^{2m+f} , ∗^{m−k}] ∪ [∗^m, 0^{2m+f+1}, ∗^m] ∪ m−1⋃ k=0 [∗^{m−k}, 0^{2m+f} , +, ∗^{m+k}].

Then |S| = d^{2m} + 2m(d − 1)d^{2m} and |N(S)| = 2(d − 1)d^{2m}.

Proof: With the same calculation as in the proof of Theorem 2.1 we obtain N(S) = [∗^{2m}, +, 0^{2m+f} ]∪[0^{2m+f} , +, ∗^{2m}]. Since [0^{2m+f} , +, ∗^{2m}]∩[∗^{2m}, +, 0^{2m+f} ] = ∅ we get |N(S)| = (d − 1)d^{2m} + (d − 1)d^{2m} = 2(d − 1)d^{2m}. 2 3 A New Upper Bound for the Isoperimetric Number of deBruijn Networks

C. Delorme and J.-P. Tillich used the spectrum of deBruijn Networks to calculate upper and lower bounds for the isoperimetric number^1 (see [DT 96]). They have shown that the following inequalities hold: 1 n ≤ i^n(d) ≤ 2 √ dπ (n + 1) √ 1 −^{2dπ2}_{(n+1)2} .

Their proof is a proof of existence, but not constructive. With the constructions of section 2 we are able to improve their upper bound.

We have |S| = d^{2m} + 2m(d − 1)d^{2m} ≤^{dn}_2 . If n = 4m + 1 we get |N(S)| = 2(d − 1)d^{2m} − (d − 1). Using this equality we get the following quotient: |N(S)| |S| = 2(d − 1)d^{2m} − (d − 1) d^{2m} + 2m(d − 1)d^{2m} ≤ 2(d − 1)d^{2m} d^{2m} + 2m(d − 1)d^{2m}

1They call the isoperimetric number magnifying coefficient

= 2(d − 1) 1 + 2m(d − 1) ≤ 2(d − 1) 2m(d − 1) = 2 2m = 1 m .

Substitution of m by^{n−1}_4 yields^{|N(S)|}_{|S|} ≤^1_{n−14} ≤^4_{n−1} . If n = 4m + 1 + f we get |N(S)| = 2(d − 1)d^{2m}. We have |N(S)| |S| = 2(d − 1)d^{2m} d^{2m} + 2m(d − 1)d^{2m} = 2(d − 1) 1 + 2m(d − 1) ≤ 2(d − 1) 2m(d − 1) = 2 2m = 1 m .

Substitution of m by^{n−1−f}_4 yields^{|N(S)|}_{|S|} ≤^1_{n−1−f4} ≤^4_{n−4} . Summarizing the calculations above yields our main result.

Theorem 3.1 Consider the deBruijn Network {0, 1, . . . , d − 1} for n ≥ 9. Then i^n(d) ≤ 4 n − 4 . In contrast to C. Delorme and J.-P. Tillich we have have explicitly constructed the sets which lead to our upper bound.

Acknowledgement

I thank C. Delorme and J.-P. Tillich for giving me their preprint. Especially, thanks are due to Prof. Althöfer for stimulating my work on deBruijn Networks.

References

[AM 85] N. Alon, V. D. Milman,λ_1, Isoperimetric Inequalities for Graphs, and Superconcentrators, Journal of Combinatorial Theory, Series B 38, pp. 73-88, (1985).

[CDS 80] D. M. Cvetković, M. Doob, H. Sachs, Spectra of graphs, Academic Press, New York 1980

[DT 96] C. Delorme, J.-P. Tillich, The spectrum of deBruijn and Kautz graphs, Rapport de Recherche No. 943, 12/1994, Université de Paris Sud, Centre d’Orsay

[DS 91] P. Diaconis, D. Strook, Geometric Bounds For Eigenvalues of Markov Chains, The Annals of Applied Probability, No. 1, pp. 36-61, (1991).

[Moh 89] B. Mohar, Isoperimetric Numbers of Graphs, Journal of Combinatrorial Theory, Series B 47, pp. 274-291, (1989).

[Moh 91] B. Mohar, Eigenvalues, Diameter, and Mean Distance in Graphs, Graphs and Combinatorics 7, pp. 53-64, (1991).

[Bül 96] J. Bültermann, Isoperimetric Numbers and Local Search in deBruijn Networks, dissertation, University of Bielefeld, Faculty of Mathematics, in preparation (1996).