ASYMPTOTIC DISTRIBUTION OF QUADRATIC FORMS II

F. Götze^1 and A.Tikhomirov^{1,2}

University of Bielefeld^1 Syktyvkar State University and the Mathematical Department of Komi RC of the Russian Academy of Sciences^2

November 1996

Abstract. We consider the quadratic forms Qn = ∑ 1ˇj,kˇn^{ajk} ( X_jX_k − E X_j X_k ) ,

where X_j are i.i.d. random variables with finite sixth moment. For a large class of matrices a_{jk} the distribution of Qn can be approximated by the distribution of a second order polynomial in Gaussian random variables. We provide optimal bounds for the Kolmogorov distance of these distributions, extending previous results for matrices with zero diagonals to the general case.

1. Introduction and results

Let A = A^{(n)} = {a^{(n)}_{jk} }^n_{j,k=1} denote a sequence of symmetric matrices such that n∑ j,k=1 (a^{(n)}_{jk} )^2 = 1. (1.1)

In order to simplify the notation we will drop in the following, the index n.

X, X_1, X_2, . . . denote independent identically distributed (i.i.d.) random variables (r.v.) such that E X = 0. Consider the quadratic form Q = n∑ j,k=1 a_{jk} ( X_j X_k − E X_j X_k ) .

1991 Mathematics Subject Classification. 60F05.

Key words and phrases. independent random variables, quadratic forms, asymptotics of distribution, limit theorems, Berry–Esseen bounds.

1Research supported by the SFB 343 at Bielefeld.

2Partially supported by Russian Foundation for Fundamental Research. Grant N96–01–00201. Partially supported by INTAS-RFBR, DFG-RFBR.

Typeset by AMS-TEX 2

The aim of this paper is to bound the error of approximation of the distribution of the quadratic form Q by that of a suitable polynomial of second order in Gaussian random variables, for sufficiently general classes of matrices.

Introduce μ_k = E X^k and assume that

μ_6 < ∞, (1.2)

and μ_2 > 0. Let Y, Y_1, Y_2, . . . denote a sequence of independent Gaussian random variables. Consider the polynomial

G = μ_2 ∑ 1≤j≠k≤n a_{jk}Y_j Y_k + μ_3μ^{−1/2}_2 n∑ j=1 a_{jj} Y_j + √ μ_4 − μ^2 − μ^2_3μ^{−1}_2 V Y,

where V^2 =^n ∑ j=1 a^2_{jj}. The inequality |E (X^2 − E X^2)X|^2 ≤ E (X^2 − E X^2)^2E X^2 implies

that μ_4 − μ^2 − μ^2_3μ^{−1}_2 ≥ 0. Without loss of generality we may assume that μ_2 = 1. Let us denote L^2_j = ∑ k≠j k=1,... ,n a^2_{jk}, L^2 = max_{1≤j≤n} L^2_j , M = max_{1≤j≤n} |a_{jj}|,

and δ(A, F ) := sup_x | |P { Q ≤ x } − P { G ≤ x }| |. We will write Φ(x) for the standard Gaussian distribution function and denote

Δ(A, F ) := sup_x | | P { Q ≤ x } − Φ(x) | |, where F is the distribution function (d.f.) of X, i.e. F (x) = P {X ≤ x}. Throughout this paper C (with index or without it) denote absolute constants, whereas C(·, ·) is used for constants depending on the arguments in parentheses. Introduce the matrix A_0 with elements A_0(j, k) = a_{jk} for 1 ≤ j ≠ k ≤ n, and A_0(j, j) = 0. By λ_k, k = 1, 2, . . . , n, we denote the eigenvalues of the matrix A_0 ordered so that |λ_1| ≥ · · · ≥ |λ_n|. Note that, by

(1.1),^n ∑ k=1 λ^2_k = 1.

Define log^+ x = max{1/2, | log x|}, x > 0. The main results of this paper are contained in the following theorems.

Theorem 1. Assume that the conditions (1.1)–(1.2) hold. Then there exists an absolute constant C such that max { δ(A, F ), Δ(A, F ) } ≤ C μ_6 (| λ_1 | + M ) .

Theorem 2. Assume that the conditions (1.1)–(1.2) hold and | |λ_q | | ≥ b_0 (1.3)

for some positive constant b_0 and q ≥ 2. Then there exist a constant C(b_0) such that

δ(A, F ) ≤ C(b_0)μ_6 ( L^{4/(16−q)} n + M_n ) , if 2 ≤ q ≤ 11,

C(b_0)μ_6 (L + M ) log^+ L, if q = 12, C(b_0)μ_6 (L + M ) , if q ≥ 13. In the literature only special cases of quadratic forms with non-zero diagonal part were considered so far: Rotar’ (1973) proved that the distribution of Q is close to that of G assuming the condition (1.3) and the additional assumption V_n → 0 as n → ∞; a similar result was proved by Wet and Venter (1973), but under a more restrictive assumption on the matrix of the quadratic form. Guttorp and Lockhard (1988) obtained some modification of Rotar’s result, but in the zero-diagonal case only. Rotar’ (1978, 1985) gave an estimate of the rate of convergence of δ_n(A, F ). Optimal bounds for the case V = 0 were obtained in Götze and Tikhomirov (1996), called GT for shot in the following. Here we extend this result for quadratic forms with non-zero diagonal part.

The proof is based on the results of paper by GT. We use a basic symmetrization inequality due to Götze (1979) and the differential equation method of Tikhomirov (1991, 1993) for small frequencies of the characteristic function (ch.f.) of Q_n.

We denote by X , Y the random vectors in R^n with coordinates X_1, . . . , X_n; Y_1, . . . , Y_n respectively. Let ⟨ ·, · ⟩ and ‖ · ‖ denote the Euclidean scalar product and the Euclidean norm in R^n respectively. Introduce the vector D with coordinates d_1, . . . , d_n, where d_i = a_{ii} for all i, and the diagonal matrix D with diagonal elements D(i, i) = d_i. Hence we may split A as A = A_0 + D.

In this notation we have Q = ⟨ AX , X ⟩ , G = ⟨ A_0Y, Y ⟩ + μ_3 ⟨ D, Y ⟩ + √ μ_4 − 1 − μ^2_3 V Y.

In the sequel we will write e{x} := exp{itx}. Thus, the ch.f. of Q and G can be written as f(t) = E exp{itQ} = E e{Q}, g(t) = E exp{itG} = E e{G}. 2. The method of symmetrization

In this section we consider the bounds of |f(t)| and |g(t), and for some auxiliary functions. Let ξ_j denote the vector with zero coordinates except for the j^{th} coordinate, where ξ^{(j)}_j = X_j and let ζ_j denote a similar vector with ζ^{(j)}_j = Y_j . Introduce the notation

X_j = X − ξ_j , Q_j = ⟨ AX_j , X_j ⟩ , Y_j = Y − ζ_j , G_j = ⟨ Y_j, A_0Y_j ⟩ + μ_3 ⟨ D, Y_j ⟩ + √ μ_4 − μ^2_3 − μ^2 ⟨ D, Z ⟩ , Δ_j = Q − Q_j = 2 ⟨ ξ_j, AX_j ⟩ + ⟨ ξ_j , Aξ_j ⟩ , ~Δ_j = G − G_j = 2⟨ζ_j, A_0Y_j ⟩ + μ_3⟨D, A_0ζ_j⟩.

For j = 1, . . . , n introduce the functions H_j (p, q, η, ζ) = | | E ⟨ η, R_tA_0X_j ⟩_p⟨ η, R_tA_0X_j ⟩_q e { Q_j + ⟨ ζ, A_0X_j ⟩}| |, and for the Gaussian r.v.’s ~H_j (p, q, η, ζ) = | | E ⟨ η, R_tA_0Y_j ⟩_p⟨ η, R_tA_0Y_j ⟩_q e { G_j + ⟨ ζ, A_0Y_j ⟩}| |. In this section we called some results of GT.

Theorem 2.1. Let ε_1, · · · , ε_n be i.i.d. Bernoulli r.v.’s with

P {ε_1 = 1} = 1 − P {ε_1 = 0} = p.

Then for all t ≥ 0, K > 0, and H > 0 | | f(t) | | 4 ≤ E exp { 1 4 i(t ∧ T_0)σ(H) ∑ 1≤j,k≤n a_{jk}ε_k(1 − ε_j )Y_j Y_k } + I {|t| > γL^{−1}} + L^{KH} �1_{−2−p}– + p^{K/H} L^{−2}(log^+ L)^{−2K/H} ,

where T_0 = γL^{−1}(log^+ L)^{−1/2}, t ∧ T_0 = min{t, T_0} and γ = σ(H) 2 √ Kμ4(H) . Theorem 2.2. Let J_0, J_1 denote non-intersecting subsets of {1, 2, . . . , n} such that J_0 ∪

J_1 = {1, 2, . . . , n} and let J_{i1}, . . . , J_{i5} denote non-intersecting subsets in J_i, i = 1, 2, such

that ∪^5_{j=1}J_{ij} = J_i. Then

H^2_j (p, q, η, ζ) ≤ C max_{i=0,1} max_{1≤l≤5} ( E | |⟨η, R_tAZ_{i,l}⟩ | |^p | |⟨η, AZ_{i,l}⟩ | |^q )_2

× ( max 1≤l≤5 E exp { 2it ⟨ ~ Z_0, A ~Z_{1,l} ⟩} + max 1≤l≤5 max 1≤m≤5 E exp { 2it ⟨ ~ Z_{1l}, A ~Z_{0m} ⟩}) , where Z_l := ∑ k∈J_l,k≠j ξ_k, Z_{0l} := ∑ k∈J_{0l},k≠j ξ_k, l = 1, . . . , 5 .

Replacing the r.v.’s X_k, k = 1, . . . , n by corresponding Gaussian ones, we obtain the

following result.

Theorem 2.3. Let the conditions of Theorem 2.2 be satisfied. Let r, q ≥ 0 denote

integers such that r + q ≤ 3. Then ~H^2_j (r, q, η, ζ) ≤ C max_{i=0,1} max_{1≤l≤5} ( E | |⟨η, AZ_{i,l}⟩ | |^r | |⟨η, AZ_{i,l}⟩ | |^q )_2

× ( max 1≤l≤5 E exp { 2it ⟨ ~ Z_0, A ~Z_{1,l} ⟩} + max 1≤m≤5 max 1≤l≤5 E exp { 2it ⟨ ~ Z_{1m}, A ~Z_{0l} ⟩}) , where Z_l := ∑ k∈J_l,k≠j ζ_k, Z_{0l} := ∑ j∈J_{0l},k≠j ζ_k, l = 1, . . . , 5.

For j = 1, . . . , n introduce the functions H_j (p, q, ξ_j) := H_j (p, q, ξ_j, τξ_j), and ~H_j (p, q, ζ_j) := H_j (p, q, ζ_j, τζ_j).

Theorem 2.4. Assume that the conditions of Theorem 2.1 are fulfilled. Then

max{ ~H^2_j (p, q, ζ_j), H^2_j (p, q, ξ_j)} ≤ L^{2(p+q)}_j β^{2(p+q)3}_3 –_1(t), (2.1)

where

–1(t) =^(exp{−δ^′t^2} + L^6 exp{−δ^′T^2_0 }^) + I {|t| ≥ γ|λ1| log^+ |λ1|}.

If we additionally assume (1.3), then max { ~ H_j (p, q, ζ_j) , H_j(p, q, ξ_j) } ≤ Cβ^{p+q/3}_3 L^{(p+q)}_j –_2(t) (2.2)

with

–2(t) =^{( 1}_{1 + |t|q/4} + L^{6)} + I^{|t| ≥ Ln| ln Ln|^}.

Proof of Theorem 2.1. Note that the inequality |f(t)| ≤ E exp{it^n ∑ j,k=1 a_{jk}(ε_j − ε_k)^2 ~X_j ~X_k} (2.3)

still holds if a_{jj} ≠ 0. Moreover, the right hand side of (2.3) is independent of diagonal part

of the matrix A. The conclusion of Theorem 2.1 follows now from Lemmas 3.2, 5.1 and

5.2 in GT. �

Proof of Theorem 2.2. We have ⟨ R_tAη, X_j ⟩_p⟨ Aη, X_j ⟩_q = ∑ α_0+α_{1,1}+α_{1,2}+...+α_{1,5}=p

α0_{+α}0_{1,1+α}0_{1,2+...+α}0_{1,5=q} ⟨ R_tAη, Z_0 ⟩_{α0} ⟨ Aη_k, Z_0 ⟩_α0

× 5∏ i=1 ⟨ R_tAη, Z_{1,i} ⟩_{α1,i} ⟨ Aη_k, Z_{1,i} ⟩_α0_{1,i} . (2.4)

The equality (2.4) implies E ⟨ R_tAη, X_j ⟩_p⟨ Aη, X_j ⟩_q exp { iz ⟨ Aζ, X_j ⟩ + itQ^′_{n,k} } = ∑ α_0+α_{1,1}+α_{1,2}+...+α_{1,5}=p

α0_{+α}0_{1,1+α}0_{1,2+...+α}0_{1,5=q}

H(α_0, α_{1,1}, . . . , α_{1,5}, α^′_0, α^′_{1,1}, . . . , α^′_{1,5}), (2.5)

where

H(α_0,α_{1,1}, . . . , α_{1,5}, α^′_0, α^′_{1,1}, . . . , α^′_{1,5}) = E ⟨ Aη, Z_0 ⟩_{α0} ⟨ R_tAη, Z_0 ⟩_α0

× 5∏ i=1 ⟨ Aη, Z_{1,i} ⟩_α0_{1,i} ⟨ R_tAη, Z_{1,i} ⟩_α0_{1,i} exp { iz ⟨ Aζ, X_j ⟩ + itQ^′_{n,k} } .

We have α_0 + α^′_0 + α_{1,1} + α^′_{1,1} + . . . + α_{1,5} + α^′_{1,5} = p + q ≤ 3.

From this point on the rest of the proof is similar to the proof of Lemmas 3.3 and 3.4 in

GT. �

Proof of Theorem 2.4. We first note that max 1≤l≤5 E |⟨ ξ_j , R_tAZ_{i,l} ⟩|_r|⟨ ξ_j, AZ_{i,l} ⟩|_q

≤ |ξ_j|^{r+q}β^{r+q/3}_3 ( ∑ l≠J |R_tA(l, j)|^2 )r/2( ∑ l≠J |A(l, j)|^2 )q/2 . Since the spectrum of the operator R_t is contained in the unit circle, we have ∑ l≠J |R_tA(l, j)|^2 ≤ ∑ l≠J |A(l, j)|^2. From here it follows that max 1≤l≤5 E | |⟨ξ_j , R_tAZ_{i,l}⟩ | |^r | |⟨ξ_j , AZ_{i,l}⟩ | |^q ≤ |ξ_j |^{r+q}L r + q 2 j . Now we can repeat the proof of Theorem 1 in GT. The inequality (2.1) follows from Lemmas 3.4, and inequalities (6.8)–(6.13), in this paper. If (1.3) is fulfilled, the inequalities (6.16)– (6.19) in GT imply (2.2). �

3. An error bound for the differential equation of f(t)

In this Section we shall assume that the conditions Theorem 1 are fulfilled. Let R_t be the operator R_t = ( I − 2itA )_{−1} , where I is identity operator in R^n , and D^{(t)} denotes the vector with coordinates D^{(t)}(j) = R_tA(j, j), for j = 1, . . . , n. In the following θ denotes different complex number with |θ| ≤ 1. Set –(t) = min{–_1(t), –_2(t)}, and N (t) = θCt^2 ( L + M ) –. The main result of the Section is the following Theorem.

Theorem 3.1. The characteristic function f(t) satisfies the following differential equation f^′(t) = iJ (t)f(t) + δ(t) with

J (t) = Tr(R_tA) + it(μ_4 − 1) Tr(R_tAD) − Tr(A)

− t^2μ^2_3 ⟨ D, R^2_t AD ⟩ − 2t^2μ^2_3 ⟨ D, R_tAD^{(t)} ⟩ and δ(t) = θ_1 C|t|^2 ( L + M ) –(t). The proof of Theorem 3.1 is based on Lemmas 3.2–3.5. To study the behavior of f(t), we need to investigate auxiliary functions h(t) = E ⟨ R_tAX , X ⟩ e {⟨ AX , X ⟩} , (3.1) and φ(η) = E ⟨ η, AX ⟩ e {⟨ AX , X ⟩} , η ∈ R^n . (3.2)

Lemma 3.2. We have φ(η) = itμ_3 ⟨ D, R_tAη ⟩ f(t) + N (t) for any η ∈ R^n .

Represent the function h(t) in the form

h(t) = h^{(1)}(t) + h^{(2)}(t),

where

h^{(1)}(t) = n∑ j=1 E ⟨ ξ_j, R_tAX_j ⟩ e { Q } , h^{(2)}(t) = n∑ j=1 E ⟨ ξ_j , R_tAξ_j ⟩ e { Q } .

Lemma 3.3. The function h^{(1)}(t) satisfies the following relation

h^{(1)}(t) = 2itE ⟨ X , AR_tAX ⟩ e{Q} + J_1(t)f(t) + N (t)

with

J_1(t) = −t^2μ^2_3 ⟨ D, R^2_t AD ⟩ − 2it Tr{R_tA^2}. Denote by I {B} the indicator function of an event B.

Lemma 3.4. The function h^{(2)}(t) satisfies

h^{(2)}(t) = J_2(t)f(t) + N (t),

with

J_2(t) = Tr(R_tA) + it Tr { R_tAD } + itμ_4 Tr{R_tAD} − 2it Tr(R_tAD)μ_4 − 2t^2μ^2_3 ⟨ D, R_tAD^{(t)} ⟩ . Introduce the function r(t) = 2itE ⟨ X , DR_tAX ⟩ e{Q}. Lemma 3.5. The function r(t) satisfies the following relation

r(t) = J_3(t)f(t) + N (t)

with J_3(t) = 2it Tr{DR_tA}.

Below we will use the notation

E_j = ⟨ η, R_tAξ_j ⟩ , T_j = ⟨ ξ_j, Aξ_j ⟩ , F_j = ⟨ ξ_j , AX_j ⟩ , S_j = ⟨ ξ_j , R_tAX_j ⟩ . Proof of Lemma 3.2. Consider the function

q(η) = E ⟨ η, R_tAX ⟩ e {⟨ AX , X ⟩} .

Since ξ_j and Q_j are independent, we have ∑_n j=1 E E_j e { Q_j } = 0, and we can represent

q(η) in the form

q(η) = q_1(η) + q_2(η) + q_3(η), (3.3)

where

q_1(η) = n∑ j=1 E E_j (e { 2F_j } − 1) e { Q_j } , q_2(η) = n∑ j=1 E E_j(e { T_j } − 1) e { Q_j } ,

q_3(η) = n∑ j=1 E E_j ( e { 2F_j } − 1 )( e { T_j } − 1 ) e { Q_j } .

Note that

F_j = X_j ∑ l≠j a_{lj} X_l, T_j = d_j X^2_j . (3.4)

Since E | |∑_{l≠j} a_{lj} X_l | | ≤ ( ∑ l≠j a 2 lj )1/2 = L_j, we obtain the inequality | |q_3(η) | | ≤ C t^2 ‖η‖ ‖D‖ max_{1≤j≤n} E |X_j|^3H_j (0, 1, ξ_j). Theorem 2.4 and the last inequality together imply that | |q_3(η) | | ≤ C t^2 ‖η‖ ‖D‖ L –(t) ≤ N (t) (3.5) Furthermore we can represent the function q_1(η) in the form

q_1(η) = q_4(η) + q_5(η), (3.6)

where

q_4(η) = 2it n∑ j=1 E E_jF_j e { Q_j } , q_5(η) = −4t^2 n∑ j=1 E (1 − τ)^2E_jF^2_j e { Q_j + 2τF_j } .

For the function q_5(η) we get the bound | |q_5(η) | | ≤ C t^2 ‖η‖ L n∑ j=1 E X^2_j H_j (0, 2, ξ_j). (3.7)

From Theorem 2.4 and (3.7) it follows that | q_5(η) | ≤ Cμ_4|t|^2L–(t) ≤ N (t). (3.8)

In order to investigate the function q_4(η), we decompose it as follows

q_4(η) = q_6(η) + q_7(η) + q_8(η), where

q_6(η) = 2it n∑ j=1 E ⟨ η, R_tA^ξ_j ⟩⟨^ ξ_j, AX ⟩ e { Q } ,

q_7(η) = −2it n∑ j=1 E ⟨ η, R_tA^ξ_j ⟩⟨^ ξ_j , AX ⟩( e{Δ_j } − 1 ) e { Q_j } ,

q_8(η) = −2it n∑ j=1 E ⟨ η, R_tA^ξ_j ⟩⟨^ ξ_j , Aξ_j ⟩ e { Q_j } ,

and ^ξ_j is an independent copy of ξ_j. It is easy to see that

q_6(η) = 2itE ⟨ η, R_tA^2X ⟩ e { Q } . (3.9)

Similarly as in (3.5), (3.8), we prove that | |q_7(η) | | ≤ C‖η‖|t|^2L n∑ j=1 ( |a_{jj}|E X^2_j H_j (0, 1, ξ_j) + E H_j (0, 2, ξ_j) ) . (3.10)

It is evident that

q_8(η) = 0. (3.11)

From (3.7)–(3.11) it follows that

q_1(η) = 2itE ⟨ η, R_tA^2X ⟩ e { Q } + S_3. (3.12)

Representing the function q_2(x) in the form

q_2(η) = q_9(η) + q_{10}(η),

where

q_9(η) = it n∑ j=1 E E_j T_j e { Q_j } , q_{10}(η) = −t^2 n∑ j=1 E (1 − τ)^2E_jT^2_j e { Q_j + τT_j } ,

and proceeding similarly as in (3.5), (3.8) and (3.10), we obtain that |q_{10}(η)| ≤ C‖η‖|t|^2L n∑ j=1 a^2_{jj}E |X_j|^3H_j (0, 0, ξ_j).

The last inequality and Theorem 2.4 together imply that

|q_{10}(η)| ≤ μ_4‖η‖N (t). (3.13)

Finally, we shall determine an asymptotic approximation of q_9(η). As since ξ_j and X_j are

independent, we can write the following identity

q_9(η) = it (_n∑ j=1 E E_j T_j ) E e { Q } + q_{11}(η). (3.14)

Here q_{11}(η) = −t^2 ∑_n j=1 E E_jT_j E Δ_j e { Q_j + τΔ_j } . Similarly as in (3.5), (3.8), (3.10) we

obtain |q_{11}(η)| ≤ C‖η‖|t|^2P_1, (3.15) where

P_1 = max_{1≤j≤n} ( |a_{jj}| E X^2_j H_j (0, 0, ξ_j) + E H_j (0, 1, ξ_j) ) . Using Theorem 2.4 and inequality (3.15) we show that |q_{11}(η)| ≤ ‖η‖N (t). (3.16) From (3.14)–(3.16) it follows that

q_2(η) = itμ_3 ⟨ D, R_tAη ⟩ E e { Q } + ‖η‖N (t). (3.17) Relations (3.3), (3.12) and (3.17) together imply

q(η) = E ⟨ η, R_tAX ⟩ e {⟨ AX , X ⟩} = 2itE ⟨ η, R_tA^2X ⟩ e { Q } + itμ_3 ⟨ D, R_tAη ⟩ E e { Q } + ‖η‖N (t). (3.18) Since A^2 = A_0A + DA and R_t(I − 2itA_0) = I, we derive from (3.18) that φ(η) = itμ_3 ⟨ D, R_tAη ⟩ E e { Q } + q_{12}(η) + ‖η‖N (t), where

q_{12}(η) = 2itE ⟨ η, R_tDAX ⟩ e { Q } . Since ∑_n j=1 E ⟨ η, R_tDAξ_j ⟩ e { Q_j } = 0, we have |q_{12}(η)| ≤ C‖η‖|t|^2LP^{1/2}_2 , (3.19) where P_2 = ∑_n j=1 ( |a_{jj} |^2E^2 |X_j|^3H_j (0, 0, ξ_j) + E^2 |X_j|H_j (0, 1, ξ_j) ) . Similarly as in (3.5),

it follows |q_{12}(η)| ≤ ‖η‖N (t). (3.20) The result of Lemma 3.2 now follows from (3.19) and (3.20). �

Proof of Lemma 3.3. Consider the function h^{(1)}(t). Since ξ_j and X_j , Q_j are independent,

we get ∑_n j=1 E S_j e { Q_j } = 0. Decomposing h^{(1)}(t) we have

h^{(1)}(t) = u_1(t) + u_2(t) + u_3(t), where

u_1(t) = n∑ j=1 E S_j ( e{2T_j } − 1 ) e{Q_j},

u_2(t) = n∑ j=1 E S_j ( e{T_j } − 1 ) e { Q_j } ,

u_3(t) = −2t^2 n∑ j=1 E T_j S_j F_j e { Q_j + τ_1T_j + τ_2F_j } .

Proceeding similarly as in (3.5), we obtain the estimate | u_3(t) | ≤ C|t|^2μ_4 n∑ j=1 |a_{jj}|E X^2_j H_j (1, 1, ξ_j). (3.21)

The function u_1(t) can be written as

u_1(t) = u_4(t) + u_5(t), (3.22)

where

u_4(t) = 2it n∑ j=1 E S_j F_j e { Q_j } , u_5(t) = −4t^2 n∑ j=1 E (1 − τ)^2S_j F_j e { Q_j + τF_j } .

It is easy to see that

u_4(t) = 2it n∑ j=1 E ⟨ B_jR_tAX_j , AX_j ⟩ e { Q_j } ,

where B_j is the covariance operator of ξ_j, j = 1, . . . , n. Represent u_4(t) in the form

u_4(t) = u_6(t) + u_7(t) + u_8(t),

where

u_6(t) = 2it n∑ j=1 E ⟨ B_j R_tAX , AX ⟩ e { Q } ,

u_7(t) = −2it n∑ j=1 E ⟨ B_jR_tAX , AX ⟩( e { Δ_j } − 1 ) e { Q_j } ,

u_8(t) = −2it n∑ j=1 E ⟨ B_jR_tAξ_j, Aξ_j ⟩ e { Q_j } .

Since^n ∑ j=1 B_j = I, we get u_6(t) = 2itE ⟨ X , AR_tAX ⟩ e{Q} (3.26) Similarly as in (3.5), we derive u_7(t) ≤ C|t|^2P_2, (3.24) where P_2 = n∑ j=1 ( |a_{jj}|E X^2_j H_j (1, 1, ξ_j) + E H_j (1, 2, ξ_j) ) . An easy computation shows that u_7(t) ≤ C|t|^2 ( L + M ) –(t). Using the independence of ξ_j and Q_j, and replacing Q_j by Q, we can obtain

u_8(t) = −2it n∑ j=1 E ⟨ B_j R_tAξ_j , Aξ_j ⟩ e { Q } + N (t) = −2it Tr{R_tAD}f(t) + N (t) (3.28) The function u_5(t) can be bounded as follows |u_5(t)| ≤ C|t|^2 n∑ j=1 E H_j (1, 2, ξ_j). (3.26)

Combined with the results of Theorem 2.4 the inequality (3.26) implies |u_5(t)| ≤ C|t|^2L–(t). (3.27) The relations (3.23)–(3.27) together imply u_1(t) = −2it Tr{R_tAD}f(t) + 2itE ⟨ X , AR_tAX ⟩ e{Q} + N (t). (3.31) Consider now the function u_2(t). Write u_2(t) = u_9(t) + u_{10}(t), where

u_9(t) = it n∑ j=1 E S_j T_j e { Q_j } , u_{10}(t) = n∑ j=1 E (1 − τ)^2S_j T^2_j e { Q_j + τT_j } .

It is easy to see that |u_{10}(t)| ≤ C|t|^2‖D‖^2 max_{1≤j≤n} E H_j (1, 0, ξ_j). (3.32)

Using that ξ_j and Q_j are independent, we get

u_9(t) = it n∑ j=1 E ⟨ ξ_j , Dξ_j ⟩ φ(R_tξ_j) + θC|t|^2E |X|^3P_{11}, (3.30)

where

P_{11} = n∑ j=1 ( |a_{jj} |^2E X^4_j H_j (1, 0, ξ_j) + |a_{jj}|E X^2_j H_j (1, 1, ξ_j) ) . Applying Lemma 3.2 and results of Theorem 2.4 to the right hand side of (3.30), we see

that

u_9(t) = μ_3(it)^2 n∑ j=1 E ⟨ ξ_j, Dξ_j ⟩⟨ D, R_tAR_tξ_j ⟩ f(t) + N (t) = −t^2μ^2_3 ⟨ D, R^2_t AD ⟩ f(t) + N (t). (3.31)

By (3.29)–(3.31) we obtain that

u_2(t) = −t^2μ^2_3 ⟨ D, R^2_t AD ⟩ f(t) + N (t). (3.32)

Combining (3.21), (3.28) and (3.32), we get

h^{(1)}(t) = − t^2μ^2_3 ⟨ D, R^2_t AD ⟩ f(t) − 2it Tr{R_tAD}f(t) + 2itE ⟨ X , AR_tAX ⟩ e{Q} + N (t). (3.33) � Proof of Lemma 3.4. Represent the function h^{(2)}(t) in the form

h^{(2)}(t) = v_1(t) + v_2(t),

where

v_1(t) = n∑ j=1 E E_j e { Q_j } , v_2(t) = n∑ j=1 E E_j(e{Δ_j } − 1) e { Q_j } . We shall study these functions separately. Consider first v_1(t). We have

v_1(t) = v_3(t) + v_4(t) + v_5(t), (3.34)

where

v_3(t) = Tr(R_tA)f(t), v_4(t) = −it n∑ j=1 E E_jE T_j E e { Q_j } ,

v_5(t) = n∑ j=1 E E_jE (1 − τ)^2Δ^2_j e { Q_j + τΔ_j } .

Here we used that E F_j e { Q_j } = 0. It is easy to show that

|v_5(t)| ≤ C|t|^2LP_3, (3.35)

where

P_3 = n∑ j=1 ( |a_{jj}|^2E X^4_j H_j (0, 0, ξ_j) + 2|a_{jj}|E X^2_j H_j (0, 1, ξ_j) + E H_j (0, 2, ξ_j) ) .

This gives |v_5(t)| ≤ N (t) (3.36)

Using the independence of ξ_j and X_j , approximating Q_j by Q, and using (3.39), we conclude

v_4(t) = −it Tr { R_tAD } f(t) + θC|t|^2μ_4P_5. (3.37)

The relations (3.34) and (3.37) imply that

v_1(t) = Tr(R_tA)f(t) − it Tr { R_tAD } f(t) + N (t). (3.38)

Now write the function v_2(t) in the form

v_2(t) = v_6(t) + v_7(t) + v_8(t),

where

v_6(t) = n∑ j=1 E E_j (e{2F_j} − 1) e { Q_j } , v_7(t) = n∑ j=1 E E_j (e{T_j } − 1) e { Q_j } ,

v_8(t) = −2t^2 n∑ j=1 E E_jT_j F_j e { Q_j + τ_1T_j + τ_2F_j } .

It is easy to see that |v_8(t)| ≤ C|t|^2μ_6 max_{1≤j≤n} E H_j (0, 1, ξ_j), (3.39)

and by Theorem 2.4 |v_8(t)| ≤ C|t|^2μ_6N (t). (3.40)

The functions v_6(t) and v_7(t) may be written in the form

v_6(t) = v_9(t) + v_{10}(t),

where

v_9(t) = 2it n∑ j=1 E E_j F_j e { Q_j } , v_{10}(t) = 2it n∑ j=1 E (1 − τ)^2E_jF_j e { Q_j + τF_j } , and v_7(t) = v_{11}(t) + v_{12}(t), (3.41)

where

v_{11}(t) = it n∑ j=1 E E_jT_j e { Q_j } , v_{12}(t) = it n∑ j=1 E (1 − τ)^2E_j T^2_j e { Q_j + τT_j } .

The asymptotic approximation of these functions can be determined in the same way as for the function u_{11} above. Replacing ξ_j , j = 1 . . . , n, by their independent copies, and approximating Q_j and X_j by Q and X respectively, we get

v_9(t) = v_{13}(t) + v_{14}(t),

where

v_{13}(t) = 2it n∑ j=1 E E_j φ(ξ_j),

v_{14}(t) = −2t^2 n∑ j=1 E ⟨^ ξ_j , R_tA^ξ_j ⟩⟨^ ξ_j , AX_n ⟩ Δ_j e { Q_j + τΔ_j ⟩} , (3.42)

and v_{11}(t) = v_{15}(t) + v_{16}(t),

where

v_{15}(t) = itμ_4 Tr{R_tAD}f(t), v_{16}(t) = −t^2 n∑ j=1 E E_j T_j E Δ_j e{Q_j + τΔ_j }.

Using Lemma 3.2 and the results of Theorem 2.4, we get

v_9(t) = −2t^2μ^2_3 ⟨ D, R_tAD^{(t)} ⟩ f(t) + N (t). (3.43)

Form (3.39)–(3.43) it follows that

v_2(t) = −2t^2μ^2_3 ⟨ D, R_tAD^{(t)} ⟩ f(t) + itμ_4 Tr{R_tAD}f(t) + N (t). (3.44) Next, by (3.38) and by (3.44), we have

h^{(2)}(t) = Tr(R_tA)f(t) + it Tr { R_tAD } f(t) + itμ_4 Tr{R_tAD}f(t) − 2t^2μ^2_3 ⟨ D, R_tAD^{(t)} ⟩ f(t) + N (t). (3.45) �

Proof of Lemma 3.5. Represent the function r(t) in the form r(t) = r_1(t) + r_2(t), where

r_1(t) = 2it n∑ j=1 E ⟨ ξ_j , DR_tAX_j ⟩ e{Q}, r_2(t) = 2it n∑ j=1 E ⟨ ξ_j , DR_tAξ_j ⟩ e{Q}. Since E ⟨ ξ_j , DR_tAX_j ⟩ e{Q_j} = 0, (3.48) we have r_1(t) = −2t^2 n∑ j=1 E ⟨ ξ_j, DR_tAX_j ⟩ Δ_j e{Q_j + τΔ_j }.

An easy computation shows that |r_1(t)| ≤ C|t|^2P_7, (3.46) where P_4 = n∑ j=1 |a_{jj}|E X^2_j H(1, 1, ξ_j) + max_{1≤j≤n} E X^2_j H_j (1, 0, ξ_j).

Applying Theorem 2.4, we obtain |r_1(t)| ≤ C|t|^2N (t). We decompose the function r_2(t) as follows r_2(t) = r_3(t) + r_4(t), where

r_3(t) = 2it n∑ j=1 E ⟨ ξ_j, DR_tAξ_j ⟩ E e{Q_j},

r_4(t) = 2it n∑ j=1 E ⟨ ξ_j, DR_tAξ_j ⟩ Δ_j e{Q_j + τΔ_j }.

The function r_4(t) satisfies |r_4(t)| ≤ C|t|^2 max_{1≤j≤n} E X^2_j H_j (0, 1, ξ_j). (3.47) Replacing E e{Q_j} by f(t) and estimating the error as above, we find the asymptotic behaviour of r_3(t). We get r_3(t) = 2it Tr ( DR_tA ) f(t) + N (t) (3.48) The relations (3.47) and (3.48) together complete the proof. � Proof of Theorem 3.1. From Lemmas 3.2–3.5 it follows that h(t) = 2itE ⟨ X , A_0R_tAX ⟩ e{Q} + (J_1(t) + J_2(t) + J_3(t))f(t) + δ(t). (3.49) As since (I −2itA_0)R_t = I, the equality (3.49) implies f^′(t) = iE ⟨ X , AX ⟩ e{Q} − Tr(A)f(t) = iJ (t)f(t) + δ(t).�

4. A differential equation for g(t)

Theorem 4.1. The characteristic function g(t) satisfies the following equality g^′(t) = i ~J (t)g(t) + N (t), where

~J (t) = iT r(R_tA_0) − it^2μ^2_3⟨D, R^2_t A_0D⟩

− tμ^2_3 ⟨ D, D ⟩ − t(μ_4 − μ^2_3 − μ^2) ⟨ D, D ⟩

To investigate g^′(t), we consider the functions

φ(t) = E ⟨ Y, A_0Y ⟩ e{G}, ~φ(t) = E ⟨ Y, R_tA_0Y ⟩ e{G}, ψ(η) = E ⟨ η, Y ⟩ e{G}, ~ψ(η) = E ⟨ η, R_tY ⟩ e{G}. The following lemmas are similar to Lemmas 3.2–3.5.

Lemma 4.2. The function ψ(η) satisfies the relation ψ(η) = itμ_3 ⟨ η, R_tD ⟩ g(t) + θCt^2 ‖η‖N (t) Lemma 4.3. The function ~φ(t) can be represented as follows ~φ(t) = itE ⟨ Y, AR_tA_0Y ⟩ e{G} + T r ( R_tA ) g(t) − t^2μ^2_3 ⟨ D, R^2_t D ⟩ g(t) + θC|t|^2N (t). Similarly to Section 3 we will use the notation ~E_j = ⟨η, R_tζ_j⟩, ~T_j = ⟨D, ζ_j⟩, ~F_j = ⟨ζ_j , A_0Y_j⟩, ~S_j = ⟨ζ_j , R_tA_0Y_j ⟩. Proof of Lemma 4.2. Represent the function ~ψ(η) in the form

~ψ(η) = ~ψ_1(η) + ~ψ_2(η) + ~ψ_3(η), (4.1)

where

~ψ_1(η) = 2it^n ∑ j=1 E ~E_j ~F_j e{G_j },

~ψ_2(η) = itμ_3^n ∑ j=1 E ~E_j ~T_j e{G_j },

~ψ_3(η) =^n ∑ j=1 E (1 − τ)^2 ~E_j ~Δ^2_j e{G_j + τ ~Δ_j }.

We rewrite the functions ~ψ_i(η), i = 1, 2, as follows ~ψ_1(η) = 2itE ⟨η, R_tA_0Y⟩ e{G} + ε_2(t, η) (4.2) and ~ψ_2(η) = itμ_3⟨η, R_tD⟩g(t) + ε_3(t, η), (4.3) where ε_2(t, η) = −2t^2 n∑ j=1 E ⟨ B_j η, R_tA_0Y_j ⟩ ~ Δ_j e{G_j + τ ~Δ_j } and ε_3(t, η) = −t^2μ_3 n∑ j=1 ⟨ B_jη, R_tD ⟩ E ~Δ_j e{G_j }. Here B_j denotes the covariance operator of ζ_j . It is not difficult to prove that |ε_2(t, η)| ≤ C|t|^2‖η‖P^{1/2}_5 , (4.4) where P_5 = n∑ j=1 ( |μ_3|^2|a_{jj}|^2E Y^2_j ~H^2_j (1, 0, ζ_j) + E ~H^2_j (1, 1, ζ_j) ) . By Theorem 2.4, |ε_2(t, η)| ≤ ‖η‖N (t). For ε_3(t, η) we have |ε_3(t, η)| ≤ C|t|^2‖η‖‖D‖P_6(t), where P_6 = max_{1≤j≤n} ( |μ_3||a_{jj}|E Y^2_j ~H_j (0, 0, ζ_j) + E ~H_j (1, 0, ζ_j) ) . The relations (4.1)–(4.4) imply that ~ψ(η) = 2itE ⟨η, R_tA_0Y⟩ e{G} + itμ_3⟨R_tη, R_tD⟩g(t) + N (t). (4.5) Proceeding similarly as in Lemma 3.2, we derive from (4.5) that ψ(η) = itμ_3 ⟨ AR_tη, D ⟩ g(t) + N (t). � Introduce the abbreviation Z_j = ⟨ ζ_j , R_tA_0ζ_j ⟩ . Proof of Lemma 4.3. We write ~φ(t) in the form

~φ(t) = ~φ^{(1)}(t) + ~φ^{(2)}(t), where ~φ^{(1)}(t) = n∑ j=1 E Z_j e{G} ~φ^{(2)}(t) = n∑ j=1 E ~S_j e{G}. Furthermore, we have ~φ^{(1)}(t) = u_{11}(t) + u_{12}(t), where u_{11}(t) = n∑ j=1 E Z_j e{G_j }, u_{12}(t) = n∑ j=1 E Z_j (e{Δ_j } − 1) e{G_j }.

Since ζ_j and G_j are independent, we obtain

u_{11}(t) = Tr(R_tA_0)f(t) + n∑ j=1 E Z_j E (1 − e{Δ_j }) e{G_j }. (4.6)

Since in the Gaussian case E ~Δ_j e{G_j } = 0, we can write u_{11}(t) = Tr(R_tA_0)f(t) + ε_4(t), (4.7) where ε_4(t) = −t^2 n∑ j=1 E Z_j E (1 − τ)^2 ~Δ^2_j e{G_j + τ ~Δ_j }.

Note that | |ε_4(t) | | ≤ C t^2LP_7, (4.8) where

P_7 = n∑ j=1 ( |a_{jj}|^2 E Y^4_j ~H_j (0, 0, ζ_j) + |μ_3||a_{jj}| E Y^2_j ~H_j (0, 1, ζ_j) + E ~H_j (0, 2, ζ_j) ) .

From here it follows that | |ε_4(t) | | ≤ N (t). As since Y_j , j = 1, . . . , n, are Gaussian, we have

E Z_j ~F_j e{G_j } = 0 and E Z_j ~T_j e{G_j } = 0. Hence, u_{12}(t) = n∑ j=1 E (1 − τ)Z_j ~Δ^2_j e{G_j + τ ~Δ_j }.

Similarly as above we deduce | |u_{12}(t) | | ≤ N (t). (4.9) The relations (4.5)–(4.9) together imply that ~φ^{(1)}(t) = Tr ( R_tA_0 ) g(t) + N (t). (4.10)

Now we shall study the asymptotic approximations of the function ~φ^{(2)}(t). We write ~φ^{(2)}(t) = v_{12}(t) + v_{13}(t), where v_{12}(t) = n∑ j=1 E ~S_j e{G_j } = 0,

v_{13}(t) = n∑ j=1 E ~S_j (e{ ~Δ_j} − 1) e{G_j }.

Expand the function v_{13}(t) as follows v_{13}(t) = v_{14}(t) + v_{15}(t) + v_{16}(t), (4.11) where v_{14}(t) = 2it n∑ j=1 E ~S_j ~F_j e{G_j }, v_{15}(t) = itμ_3 n∑ j=1 E ~S_j ~T_j e{G_j },

v_{16}(t) = −2t^2 n∑ j=1 E (1 − τ)^2 ~S_j ~Δ^2_j e { G_j + τ ~Δ_j } . It is not difficult to prove that |v_{16}(t)| ≤ C|t|^2 n∑ j=1 E ~H_j (1, 2, ζ_j). (4.12)

This implies |v_{16}(t)| ≤ N (t). The functions v_{14}(t) and v_{15}(t) may be written in the form v_{14}(t) = 2itE ⟨ Y, A_0R_tY ⟩ e{G} + ε_5(t), v_{15}(t) = itμ_3E ⟨ R_tA_0D, Y ⟩ e{G} + ε_6(t), where ε_5(t) = 2it n∑ j=1 E ~S_j ~F_j ~Δ_j } e{G_j + τ ~Δ_j },

ε_6(t) = itμ_3 n∑ j=1 E ~S_j ~T_j ~Δ_j e{G_j + τ ~Δ_j }.

Similarly as in (4.6), we have | |ε_5(t) | | ≤ C|t|^2 n∑ j=1 E ~H_j (1, 2, ζ_j) (4.13) and | |ε_6(t) | | ≤ C|t|^{2 n} ∑ j=1 |a_{jj}|E |Y_j| ~H_j (1, 1, ζ_j). (4.14) By Lemma 8 and by Theorem 2.4

v_{15}(t) = itμ_3 ~ψ(R_tA_0D) + N (t) = −t^2μ^2_3 ⟨ D, R^2_t A_0D ⟩ g(t) + N (t). Now (4.11)–(4.14) imply ~φ(t) = itE ⟨ Y, A_0R_tA_0Y ⟩ e{G} + T r ( R_tA_0 ) g(t) − t^2μ^2_3 ⟨ D, R^2_t A_0D ⟩ g(t) + N (t). (4.15) � Proof of Theorem 4.1. Note that

g^′(t) = iφ(t) + iμ_3ψ(D) + i √ μ_4 − 1 − μ^2_3 V E Y e{G}.

Since Y is a Gaussian independent of ⟨ Y, A_0Y ⟩ + μ_3 ⟨ D, Y ⟩ , it follows that i √ μ_4 − 1 − μ^2_3 E Y e{G} = −t(μ_4 − 1 − μ^2_3) ⟨ D, D ⟩ g(t). (4.16)

Now Lemmas 4.2, 4.3 and the equality (4.16) together imply

g^′(t) = i Tr(R_tA_0)g(t) − it^2μ^2_3 ⟨ D, R^2_t A_0D ⟩ g(t) − tμ^2_3 ⟨ D, D ⟩ g(t) − t(μ_4 − μ^2_3 − 1) ⟨ D, D ⟩ g(t) + N (t). � Introduce the function

α(t) = J (t) − ~J (t). (4.17)

We have

α(t) = α_1(t) + α_2(t) + α_3(t),

where

α_1(t) = Tr(R_tA) − Tr(R_tA_0) − Tr A,

α_2(t) = it(μ_4 − 1) Tr{R_tAD} − it(μ_4 − 1) ⟨ D, D ⟩ α_3(t) = −t^2μ^2_3 ⟨ D, R^2_t AD ⟩ − 2t^2μ^2_3 ⟨ D, R_tAD^{(t)} ⟩ + t^2μ^2_3 ⟨ D, R^2_t A_0D ⟩ − itμ^2_3 ⟨ D, (R_t − I)D ⟩ . A bound for |α(t)| is given in the following Lemma.

Lemma 4.4. There exist an absolute constant C such that |α(t)| ≤ Cμ_4|t|^2 ( L + M). Proof of Lemma 4.4. We derive separate bounds for the functions α_j(t), j = 1, 2, 3,. Throughout the proof we shall use the identity

R_t − I = 2itR_tA_0 (4.18)

which implies that

α_1 = Tr(R_tD) − Tr(A) = Tr((R_t − I)D) = 2it Tr(R_tA_0D).

Since Tr(A_0D) = 0, using (4.18) again we obtain that

α_1(t) = −4t^2 Tr(R_t(A_0)^2D). (4.19)

The spectrum of the operator R_t is contained inside the unit circle, since A_0 is a symmetric operator. Therefore |α_1(t)| ≤ 4t^2 Tr(A^2_0D^′) ≤ 4t^2L. (4.20) Here D^′ denotes the diagonal matrix such that D^′(j, j) = |D(j, j)| for all j. Using ⟨ D, D ⟩ = Tr(D^2), (4.21)

we can write α_2(t) = it(μ_4 − 1) ( Tr(R_tA_0D) + Tr(R_tD^2) − Tr(D^2) ) . From (4.18) it follows that

α_2(t) = (μ_4 − 1) ( 1 2 α_1(t) − 2t^2 Tr(R_tA_0D^2) ) . (4.22)

Furthermore, | Tr(R_tA_0D^2)| ≤ 2|t| Tr(A_0^2D^2) ≤ 2|t|L^2. (4.23) By (4.18),

α_3(t) = −t^2μ^2_3 (⟨ D, R^2_t DD ⟩ + 2 ⟨ D, R^2_t DD^{(t)} ⟩ + 2 ⟨ D, R_tA_0 ( D − D^{(t)} )⟩) . (4.24)

Note that | |⟨D, R^2_t DD⟩ | | ≤ ‖R^2_t D‖‖DD‖ ≤ ‖D‖‖DD‖ ≤ M. (4.25) Using Cauchy’s inequality, we see that max 1≤j≤n |D^{(t)}(j)| = max_{1≤j≤n} |R_tA(j, j)| ≤ L. (4.26)

Therefore, | ⟨ D, R^2_t DD^{(t)} ⟩ | ≤ ‖DD^{(t)}‖ ≤ L. (4.27) Let D^{(1)}, D^{(2)} denote the vectors with coordinates D^{(1)}(j) = R_tA^2_0(j, j) and D^{(2)}(j) = R_tA_0D(j, j) for all j. Using (4.18), we obtain with this notation ⟨ D, R_tA_0 ( D − D^{(t)} )⟩ = 2it ⟨ D, R_tA_0D^{(1)} ⟩ + 2it ⟨ D, R_tA_0D^{(2)} ⟩ . It is easy to see that

D^{(2)} = DD^{(0)},

where D^{(0)} denote the vector with coordinates D^{(0)}(j) = R_tA_0(j, j), and ‖D^{(2)}‖ ≤ L Hence | |⟨D, R_tA_0D^{(2)}⟩ | | ≤ L. (4.28)

Let U = {u_{ij} }^n_{i,j=1} denote an orthogonal matrix and let D_0 denote a diagonal matrix, with D_0(i, i) = λ_i such that A_0 = U D_0 U^′

where U^′ denotes the transposed matrix. Thus

D^{(1)}(i) = n∑ j=1 |u_{ij} |^2(1 − 2itλ_j )^{−1}λ^2_j

Thus_n ∑ i=1 |D^{(1)}(i)| ≤ n∑ i=1 n∑ j=1 |u_{ij} |^2(λ^{(0)}_j )^2 ≤ n∑ i=1 n∑ j=1 |a_{ij}|^2 = 1,

and | ⟨ D, R_tA_0D^{(1)} ⟩ | ≤ max 1≤k≤n n∑ l=1 |D(l)||R_tA_0(l, k)| ≤ L (4.29)

The relations (4.22)–(4.29) together imply that

|α_3(t)| ≤ μ^2_3|t|^2 ( L + M ) . �

5. Proof of Theorem 1

Put β(t) = f(t) − g(t). Theorems 3.1, 4.1 and Lemma 4.4 together imply that β(t) satisfies the differential equation

β^′(t) = ~J (t)β(t) + δ(t), (5.1)

with β(0) = 0 and δ(t) = N (t) + θα(t)g(t). It is easy to see that |g(t)| ≤ –(t). Hence, we can write δ(t) = N (t). The equation (5.1) has the unique solution β(t) = ∫_t 0 exp { ∫_t u ~J (z)dz } δ(u) du. (5.2) Let us derive Theorem 1 and 2 from (5.2).

Proof of Theorem 1. If λ_1 is small, we can use the following bound Re (i ~J (t)) ≤ −t ( (μ_4 − 1) ⟩ D, D ⟩ + 2 Tr ( A^2_0 )) + I { |t| ≥ γ|λ_1|^{−1} } , (5.3)

for some small positive constant γ. The inequality (5.3) implies that for |u| ≤ |t| ≤ γ|λ_1|^{−1} | | | exp { ∫_t u ~J (z)dz }| | | ≤ exp { − γ_1 ( t^2 − u^2 )} . (5.4)

From Theorem 3.1, 4.1 and Lemma 10 it follows that for |t| ≤ γ ( |λ_1| log^+ |λ_1| )_{−1} N (t) ≤ C ( L + M ) |t|^2 exp{−γ^′t^2} Combining (5.1), (5.3) and (5.4), we obtain that for |t| ≤ γ_1 ( |λ_1| log^+ |λ_1| )−1 and some small positive constant γ that |β(t)| ≤ C ( L + M ) |t| exp{−γt^2}. (5.5) For γ ( |λ_1| log^+ |λ_1| )−1 ≤ |t| ≤ γ|λ_1|^{−1} the inequality (6.14) from GT implies that |f(t)| ≤ exp{− 1 8 (t ∧ T_0)^2L^{1/4}} + I {t > 1 8 β^{−1}_3 L^{−1}} + CL^{−9/8} + I {t > |λ_1|^{−1}}, (5.6)

with T_0 = γ_1 ( |λ_1| | ln |λ_1| |)_{−1} . An application of Esseen’s inequality together with (5.5) and (5.6) completes the proof of Theorem 1. �

Proof of Theorem 2. Assuming the conditions of Theorem 2 we have, for t ≥ 0, Re (i ~J (t)) ≤ −q λ2_q t 1 + 4λ2_q t2 . (5.7)

The inequality (5.7) implies that

| exp { ∫_t u ~J (z)dz } | ≤ ( 1 + 4u2λ2_q )_{q/}8 ( 1 + 4t2λ2_q )_{q/}8 , for all u, t such that |u| ≤ |t|. Thus we get |β(t)| ≤ 1 ( 1 + 4t2λ2_q )_{q/}8 ∫_{|t|} 0 |N (u)| ( 1 + 4u^2λ^2_q )_{q/8} du. (5.8) By Theorem 2.4 for |t| ≤ γL^{−1}/| ln L| we have N (t) ≤ C ( L + M )( t2 1 + α|t|^{q/}4 + L 4 ) . (5.9)

Substituting (5.8) in (5.9) and integrating over t, we obtain |β(t)| ≤ C ( L + M )( |t|_3 1 + α|t|^{q/}4 + |t|L 4 ) (5.10)

for |t| ≤ γL^{−1}/| ln L|. Applying Esseen’s inequality and the inequality (5.10) with T = γL^{−1}/| ln L|, the result of Theorem 2 follows for q ≤ 12. Theorem 2.1 implies that, for |t| ≤ γL^{−1}, |f(t)|^4 ≤ E exp { i(t ∧ T_0)δ_1 n∑ l,j=1 a_{lj} ε_l(1 − ε_j )Y_lY_j } + C(β)L^β . (5.11)

This together with inequality (6.19) of GT yields for γL^{−1}/‖ ln L| ≤ |t| ≤ γL^{−1} and q > 8

|f(t)|^≤CL^3_kt^3( 1 (1 + 2δt2)^{q/}4 + L

6). (5.12)

Combining Esseen’s inequality and the inequalities (5.11) and (5.12), completes the proof of Theorem 2 for q ≥ 13. �

References

1. V. Bentkus, F. Götze, Optimal rates of convergence in the CLT for quadratic forms, Annals of Probab.

24 (1996), 466-490.

2. N. G. Gamkrelidze, V. I. Rotar’, On the rate of convergence in the limit theorem for quadratic forms, Theory Prob. Appl., 22 (1977), 394–397.

2. F. Götze, A. N. Tikhomirov, Asymptotic distribution of quadratic form I.

3. P. Guttorp, R. Lockhart, On the asymptotic distribution of quadratic forms in uniform order statistics, Ann. Stat., 16 (1988), 433–449.

4. T. Mikosch, On the lower estimate in the law of the iterated logarithm for Gaussian quadratic forms, Theory Prob. Appl. 35 (1990), 363–367.

5. V. I. Rotar’, Some limit theorems for polynomials of second degree, Theory Prob. Appl., 18 (1973), 499–507.

6. V. I. Rotar’, T. L. Shervashidze, Some estimates of distributions of quadratic forms, Theory Prob.

Appl., 30 (1985), 585–591.

7. B. A. Sevast’yanov, A class of limit distribution for quadratic forms of normal stochastic variables, .

Theory Prob. Appl., 6 (1961), 337–340.

8. D. E. Varberg, Convergence of quadratic forms in independent random variables, Ann. Math. Stat., 37 (1966), 567–575.

9. J. H. Venter, T. de Wet, Asymptotic distribution for quadratic forms with applications to test of fit, Ann. Stat., 1 (1973), 380-387.

Friedrich Götze Fakultät für Mathematik Universität Bielefeld 33501 Bielefeld 1 Germany E-mail address: goetze@mathematik.uni-bielefeld.de

Aleksander Tikhomirov Fakulty of Mathematics Oktjabrskyi prospekt 55 167001, Syktyvkar Russia E-mail address: tikhomi@ssu.komitex.ru