Series Logo Volume 00, Number 00, Xxxx 19xx

SUBMODULE STRUCTURE OF GENERALIZED VERMA MODULES INDUCED FROM GENERIC GELFAND-ZETLIN MODULES

VLADIMIR MAZORCHUK AND SERGEI OVSIENKO

Abstract. For complex Lie algebra sl(n, C ) we study the submodule structure of generalized Verma modules induced from generic Gelfand-Zetlin modules over some subalgebra of type sl(k, C ). We obtain necessary and sufficient conditions for the existence of a submodule generalizing the BGG theorem for the Verma modules.

1. Introduction

One of the basic facts in the theory of highest weight representations of finite - dimensional complex Lie algebras, established by Bernstein - Gelfand - Gelfand ([1], [4]) is the description of the submodule structure of Verma modules in terms of the Weyl group action on the weight space, considered as a parameter space of the isomorphism classes of Verma modules. The original theorem asserts that

if M(λ) and M(μ) are Verma modules with highest weights λ − ρ and μ − ρ, then M(μ) ⊆ M(λ) if and only if there exist reflections w_{β1} , w_{β2} , . . . , w_{βr} in the Weyl group such that μ = w_{βr} w_{βr−1} . . . w_{β1} (λ) ≤ w_{βr−1} . . . w_{β1} (λ) ≤ . . . ≤ w_{β1} (λ) ≤ λ. A generalization of these results in the case of generalized Verma modules (GVM), induced from the infinite-dimensional irreducible weight sl(2, C )-modules without highest and lowest weight, was obtained in the case of sl(n, C ) in [11] and in the case of arbitrary simple algebra except G_2 in [8]. Those articles deal with the so-called α-stratified GVM, i.e. induced from the irreducible weight sl(2, C )-module without highest and lowest weight. The criterion of the existence of a non-trivial homomorphism between α-stratified Generalized Verma modules is formulated (as in the classical case) in terms of the Weyl group action on some algebraic variety, parametrizing the set of corresponding GVM’s.

We note the peculiar features of that description:

• the space of parameters A is a 2-sheets covering of the variety of the isomorphism classes of GVM’s;

• the submodules are parametrized by the coset W/H, where H is the subgroup of W , corresponding to the root systems {α, −α};

• the action of the Weyl group on A is not originated from the action on the weight space H^∗ and does not induce an action on the isomorphisms classes of GVM.

© 0000 American Mathematical Society 0000-0000/00 $1.00 + $.25 per page 1

2 VLADIMIR MAZORCHUK AND SERGEI OVSIENKO

In the present paper we try to develop the technique from [11], [8] for a new class of modules. We consider the standard inclusion sl(k, C ) → sl(n, C ) on the first k rows and columns and investigate the submodule structure of the GVM’s, associated with this inclusion. The simple sl(k, C )-modules V , from which we induce generalized Verma sl(n, C )- module M(λ, V ), are the so called generic Gelfand-Zetlin modules ([5]). It seems to be a natural generalization of the results disscused above. Especially, the answer is obtained in the same terms as in [1],[11],[8]. Moreover, our results coincide with the classical BGGtheorem in the case k = 1 and with the results from [11],[8] in the case k = 2.

Remark, that the modules appeared in our paper, are not “weight modules” in a standard sense. More precisely, in the case k > 2 their weight spaces (with respect to Cartan subalgebra) are infinite-dimensional.

We follow closely the original proof from [1] because it does not require extra techniques (i.e. translation functors, Shapovalov determinant, Jantzen filtration etc.), that is not yet developed in a non-highest weight case.

For our goals we need a technique of Gelfand - Zetlin modules developed in [5]. This modules defined by some conditions of finite-dimensionality, but with respect to the so called Gelfand - Zetlin subalgebra, in spite of S(H) in classical case.

We define a special partial order on the new parameters of GVM and give our answer in terms of the Weyl group action on the set, parametrizing the family of GVMs. We also reformulate our results in terms of Bruhat order on the quotients S_n/S_k where S_k is the Weyl group corresponding to the subalgebra sl(k, C ), and give the criterion for GVM to be irreducible.

Let us briefly describe a structure of the paper. In section 2 we give some previous notations and results about Generalized Verma Modules. In section 3 we collect all the preliminaries about Gelfand-Zetlin modules, following closely [5] (see also [13]). The only difference is the way of parametrizing of these modules. Section 4 is dedicated to modules, induced from algebra of corank one. In the section 5 we introduce the set, parametrizing GVM and the action of the Weyl group on this set. Theorem 3 of this section is an analogue of Harish-Chandra isomorphism theorem ([4, Theorem 7.4.5]). In section 6 we define an analogue of the Kostant function in the relative situation and show that it describes the growth of GVM considered. It allows us to prove some analogue of [4, Theorem 7.6.6]. Finally, in section 7 we obtain the BGG-like criterion for the existence of a submodule in GVM, induced from the generic GZ-module. As a corollary we give a criterion for GVM to be irreducible and some results, related to the Bruhat order on the quotients of the Weyl group.

2. Generalized Verma Modules

Let C denotes the complex numbers, Z denotes the ring of integers, N denotes the set

of all positive integers and Z_+ denotes the set of all non-negative integers.

For a Lie algebra A we will denote by U = U(A) the universal enveloping algebra of A, by Z(A) the center of U and by A-mod its category of finitely generated modules.

STRUCTURE OF GENERALIZED VERMA MODULES 3

We fix a Cartan subalgebra H in G. Let Δ be the corresponding root system, W be the Weyl group of Δ. For some base π of Δ let Δ = Δ_+ ∪Δ_− be the partition of Δ into positive and negative roots with respect to π. For α ∈ Δ we denote by G_α the corresponding root

space in G. Set ρ = 1 2 ∑ α∈Δ_+ α and let < · , · > be the standard form on H^∗. For α ∈ Δ we

denote by X_α ∈ G_α an element from the fixed Weyl-Chevalle basis.

Let n± be the Lie subalgebras in G, generated by X±α, where α runs through the sets

of all positive roots. Then we have the following triangular decomposition of G:

G = n− ⊕ H ⊕ n+.

Consider a subset S ⊂ π and let Δ_S = (Δ_S)_+ ∪ (Δ_S)_− be the root system generated by vectors of S with the standard decomposition with respect to the base S. Denote W_S the Weyl group of Δ_S (W_S is a subgroup of W ). Let G_S be a semisimple Lie subalgebra of G, generated by X_α for all α ∈ Δ_S. We will denote by H_S its Cartan subalgebra and by U_S its enveloping algebra. We denote by n_S (= n^+_S ) the subalgebra of n_+ generated by vectors

Gα for α ∉ ΔS, by n^−_S the corresponding subalgebra of n− and set BS = GS + H + nS.

For a G-module V and λ ∈ H^∗ set V_λ = {v ∈ V : hv = λ(h)v, ∀h ∈ H} . If V_λ ≠ 0, then we will call λ the weight of V and V_λ the corresponding weight space. We will call the G – module V a weight module if it is the direct sum of V_λ (we remark, that we do not assume the finite-dimensionality of the spaces V_λ.) For a weight module V and λ ∈ H^∗ a non-zero element v ∈ V_λ is called S-primitive (with respect to π) provided n_S v = 0.

Consider a weight G_S-module V and λ ∈ (H^S)^∗, where H^S = (H_S)^⊥ is the orthogonal

subspace in H with respect to the standard form on H. Let ρ_S = 1 2 ∑ β∈(Δ_S )_+

β and ρ^S = ρ−ρ_S .

Putting n_Sv = 0 for all v ∈ V and hv = (λ − ρ^S)(h)v for all h ∈ H^S we turn V into B_Smodule. Then we can define a G-module M(λ, V ) = U(G) ⨂ U(BS)^{V.} This module is called Generalized Verma Module (GVM) corresponding to the module V

and H^S-weight λ provided V is irreducible.

From now on all the modules of the form M(λ, V ) are assumed to be Generalized Verma Modules.

First of all we recall basic properties of GVM M(λ, V ):

Proposition 1. 1. M(λ, V ) is a weight module.

2. M(λ, V ) has a unique maximal submodule.

3. Every S-primitive vector of M(λ, V ) generates a submodule isomorphic to some module M(μ, V_1), where μ ∈ (H^S)^∗ and V_1 is a weight G_S-module.

4 VLADIMIR MAZORCHUK AND SERGEI OVSIENKO

4. Let T be a weight G-module generated by S–primitive vector v of weight λ− ρ and T_S = U_Sv. Then there exists a canonical epimorphism φ : M(λ^S , T_S) → T , where λ^S = λ|HS , such that φ(1 ⊗ t_s) = t_s, t_s ∈ T_S.

5. If X ⊂ M(λ, V ) is a nontrivial submodule, then X contains a submodule Y , generated by S-primitive vector.

6. The module M(λ, V ) is U(n^−_S )-free with V as a space of free generators.

Proof. 1 follows easily from the fact that the module, generated by a weight vector over parabolic subalgebra is a weight module. The proof of 2 is quite analogues to that of [4, Proposition 7.1.11]. 3 follows from the PBW theorem by standard arguments. 4 follows from the universal property of tensor product. 5, 6 are obvious.

We denote by L(λ, V ) the unique irreducible quotient of M(λ, V ). In this paper we will consider the case G = sl(n, C ) with a Cartan subalgebra H consisting of all diagonal matrices with zero trace. We denote by {α_1, . . . , α_{n−1}} the set of simple roots. The root space, corresponding to the root γ = ±(α_i+ · · · + α_j), is generated by X_γ , that is matrix unit e_{i j+1} or e_{j+1 i} in the case + or − respectively.

3. Gelfand-Zetlin algebra and Gelfand-Zetlin modules

From now on we consider the Lie algebras G_m = gl(m, C ) and fix the notation U_m =

U(Gm) and Zm = Z(Gm), m ≥ 1. Let us fix some n ≥ 1, set G = Gn, U = Un and identify Gm for m ≤ n with the Lie subalgebra of G generated by the matrix units {eij | i, j =

1, . . . , m}. Then we obtain the inclusions

G1 ⊂ G2 ⊂ . . . Gn = G

and the induced inclusions

U_1 ⊂ U_2 ⊂ . . . U_n = U.

Let Γ (= Γ_n) be the subalgebra of U generated by {Z_m | m = 1, . . . , n}. We will call it Gelfand-Zetlin subalgebra (GZ-subalgebra) of U.

Proposition 2 ([13]). The algebra Z_m is a polynomial algebra in m variables {c_{mk}| k = 1, . . . , m}, where c_{mk} = ∑ i_1,...,i_k=1,...,m e_{i1i2} e_{i2i3} . . . e_{iki1}

The algebra Γ is a polynomial algebra in n(n + 1) 2 variables c_{ij}, 1 ≤ j < i ≤ n.

We need more convenient set of generators in GZ-algebra Γ. Following [13] to present the generators for Γ we will use the notion of tableaux.

Let L = C^{n(n+1)}2 . The elements of L will be called tableaux and considered as double indexed families [ l ] = {l_{k m} | k = 1, . . . , n; m = 1, . . . , k}.

STRUCTURE OF GENERALIZED VERMA MODULES 5

We denote by δ^{kl} the Kronecker tableaux, i.e. δ^{kl}_{kl} = 1 and other coordinates are equal 0.

For arbitrary tableaux [ l ] we will denote • [ l ]_i = {l_{i j} | j = 1, 2, . . . , i} — the i-th row of [ l ];

• [ l ]^i = {l_{k j} | k = 1, 2, . . . , i; j = 1, 2, . . . , k} — the tableaux formed by the first i rows of [ l ].

For a vector a = (a_1, . . . , a_n) ∈ C^n we denote L < a >= {l ∈ L | l_{ni} = a_i, i = 1, . . . , n}. We consider the polynomial algebra Λ in^{n(n+1)}_2 variables λ_{mi}, where m = 1, . . . , n and i = 1, . . . , m. Putting λ_{mi}([ l ]) = l_{mi} we identify Λ with the algebra of polynomial functions on L. The product of the symmetrical groups G = S_1× S_2× . . . ×S_n acts on L as follows: S_k permutes elements of [ l ]_k. Clearly this induces the action of G on the algebra Λ.

Proposition 3. ([13],[5]) Let i : Γ → Λ be a homomorphism, which maps c_{mk} → m∑ i=1 (λ_{mi} + m)^k ∏ j≠i ( 1 − 1 λ_{mi} − λ_{mj} ) . (1) The image of i coincides with the set of G-invariant elements in Λ.

We will identify Γ with it’s image in Λ.

We choose a new set {γ_{ji}}, 1 ≤ i ≤ j ≤ n of generators of the polinomial ring Γ, where γ_{ij} denotes i−th elementary symmetric function on λ_{j1}, . . . , λ_{jj}.

By [ l ] we denote the universal tableaux which contains element λ_{ij} on the place ij. Let us write for any n ≥ 1 L_0(n) = {[ l ] | l_{ij} ∈ Z, 1 ≤ j ≤ i ≤ n − 1; l_{nj} = 0, 1 ≤ j ≤ n} ; L_1(n) = {[ l ] | l_{mi} − l_{mj} ∉ Z, 1 ≤ i < j ≤ m ≤ n − 1} ; L_2(n) = L_1(n)∩ {[ l ] | l_{mi} − l_{m+1 j} ∉ Z, 1 ≤ i ≤ m; 1 ≤ j ≤ m + 1; 1 ≤ m ≤ n − 1} ; L_3(n) = L_2(n)∩ {[ l ] | l_{ni} − l_{nj} ∉ Z , 1 ≤ i < j ≤ n} . Remark that if [ l ] ∈ L_2(n) then [ l ]^{n−1} ∈ L_3(n − 1).

The set L_0(n) is obviously a lattice in C^{n(n+1)}2 . Since n will be fixed, to simplify the notations, we write L_i instead of L_i(n), i = 0, 1, 2, 3.

Denote by S_i, i = 1, 2, 3, the multiplicative sets in Λ, where • S_1 is generated by (λ_{mi}− λ_{mj} − t ), 1 ≤ m ≤ n− 1, i ≠ j, t ∈ Z; • S_2 is generated by S_1 and (λ_{mi}− λ_{m+1 j} − t ), 1 ≤ i ≤ m, 1 ≤ j ≤ m + 1, 1 ≤ m ≤ n − 1, t ∈ Z;

• S_3 is generated by S_2 and (λ_{ni}− λ_{nj}− t), 1 ≤ i < j ≤ n, t ∈ Z.

Let Λ_i be the localization of Λ by S_i, i = 1, 2, 3. Obviously, L_i can be identified with the set of maximal ideals of Λ_i.

6 VLADIMIR MAZORCHUK AND SERGEI OVSIENKO

An U-module V is called Gelfand-Zetlin module (GZ-module) provided it is a direct sum of finite - dimensional modules, when viewed as a Γ –module. For χ : Γ → C set

V^χ = { v ∈ V | (c − χ(c))^tv = 0 for all c ∈ Γ and some t ∈ N } . We will call V^χ the GZ-root subspace corresponding to the root χ ∈ Γ^∗. Then the direct sum above can be rewritten as ⨁ χ∈Γ^∗ V^χ. We write Supp V for the set of all non-zero GZ-roots

of V , i.e. the set of all χ ∈ Γ^∗ such that V^χ ≠ 0.

The subspace V^χ is called GZ - weight subspace provided the action of Γ is diagonalizable on it. We will denoted it by V_χ.

For a commutative algebra A (over C ) we define a family V of U-modules over A as a U-A-bimodule (equivalently, as U_A = U ⊗ A-module), free as A-module. Denote by Specm A the space of maximal ideals of A endowed with Zariski topology. For a point χ ∈ Specm A, which we identify with the corresponding homomorphism χ : A → C , we define the specialization V_χ of V in the point χ as V ⊗_A C_χ , where C_χ is the field C endowed by χ with an A-module structure. As an example of such family over S[H^S] one can consider, following the PBW theorem, the family of all modules M(λ, V ) with fixed V .

We will identify L_i with Specm Λ_i and will consider the families of U-modules over Λ_i. We will also say that such a family is parametrized by L_i.

The GZ-formulae allows us to define a universal GZ-module as a family over Λ_1 and a universal generic GZ-module as a family over Λ_2.

Proposition 4. Consider a free Λ_1-module V with a free generators {v_{[ l ]}| [ l ] − [ l ] ∈ L_0}.

1. The following formulae defines the U ⊗ Λ_1 – module structure on V:

c_{mk}v_{[ l ]} = c_{mk}([ l ])v_{[ l ]}, E^±_mv_{[ l ]} = m∑ i=1 a^±_{mi}([ l ])v_{[ l±δ}mi_] where E^+_m = e_{m,m+1}, E^−_m = e_{m+1,m}, m = 1, . . . , n − 1 and

c_{mk}([ l ]) = m∑ i=1 (l_{mi} + m)^k ∏ j≠i ( 1 − 1 l_{mi} − l_{mj} )

a^±_{mi}([ l ]) = ∓ ∏ j(l_{m±1j} − l_{mi}) ∏ j≠i(lmj − lmi) . 2. If [ l ], [ l^′ ] ∈ L_1, then V_{[ l ]} ≃ V_{[ l}′_] if and only if there exists g ∈ G, such that [ l^′ ]− g[ l ] ∈ L_0.

3. The specialization V_{[ l ]} of V, where [ l ] ∈ L_2 is a simple U-module.

Proof. Follows from [5, Proposition 21] and Harish-Chandra theorem [5, Proposition 22].

A simple module V_{[ l ]} will be called generic GZ-module provided [ l ] ∈ L_2 and strongly generic provided [ l ] ∈ L_3.

STRUCTURE OF GENERALIZED VERMA MODULES 7

We can consider V_{[ l ]} as sl(n, C )-modules by restriction. Fix the standard inclusion map sl(n, C ) ⊂ gl(n, C ). This inclusion allows us to consider every gl(n, C )-module as a sl(n, C )-module. Then the sets L_i will also parametrize the corresponding sets of sl(n, C )- modules with only difference, that the layer of an isomorphism class is not countable (as for gl(n, C )), but 1-dimensional. Analogously, tableaux will parametrize the weights of GZ–algebra Γ ∩ U(sl(n, C )) for sl(n, C ).

From now on we will consider all modules as sl(n, C )-modules, but keep all the notation from this chapter. It will not lead us to the ambiguity. The main goal of our paper is to describe the submodule structure of M(λ, V ) for a generic GZ-module V .

Let S be the subset of π corresponding to the subalgebra sl(k, C ). Let V be the generic GZ-module over sl(k, C ) generated by the tableaux [ l ] and M(λ, V ) be the corresponding GVM. The modules M(λ, V ) in a natural way form a family over Specm Λ^S_1 , where Λ^S_1 = Λ_1⊗ S(H^S) . Let U_i = U_i(G) ( U^S_i (B_S)) denotes the algebra U(G)⊗ Λ_i (U(B_S )⊗ Λ^S_i ), i = 1, 2, 3.h Then V^S = V⊗ S(H^S) is endowed with the natural structure of U^S_i (B_S)-module by setting n_SV = 0. Denote M(V) = U_i ⨂ U^S_i (B)

V^S.

We will call the L^S_2 -family M(V) universal generic GVM. At the same way we will call universal strongly generic GVM the restriction of this family on the parameter set L^S_3 . Clearly, we can obtain GVM M(λ, V ), induced from generic GZ-module V = V_{[ l ]} by specialization of M(V), that corresponds to [ l ] and λ.

For a GZ-module V we will also denote by V_l the root space corresponding to a tableaux [ l ], and say that v ∈ V_l has GZ-tableaux [ l ].

Corollary 1. (of Theorem 30 in [5]) For [ l ] ∈ L_1 there exists a unique simple GZ-module V with V_l ≠ 0.

We will also need the following lemma [5, lemma 2.2].

Lemma 1. If V is a GZ-module, V_l is it’s root space with the tableaux [ l ] ∈ L, then

e_{i i+1}(V_l) ⊂ i⨁ j=1 V_{l+δ}ij , i = 1, . . . , n − 1; e_{i i−1}(V_l) ⊂ i⨁ j=1 V_{l−δ}ij , i = 2, . . . , n. For a vector x = (x_1, x_2, . . . , x_n) we define π_ix = (x_1, . . . , x_{i−1}, x_{i+1}, . . . , x_n). We will write x ≃ y if there exists σ ∈ S_n such that x = (y_{σ(1)}, . . . , y_{σ(n)}).

Theorem 1. Let V be a simple GZ-module over sl(k, C ) and λ ∈ (H^S)^∗. A module M(λ, V ) is GZ-module over sl(n, C ).

Proof. Since the module M(λ, V ) is generated over sl(n, C ) by some eigenvector for Γ it should be GZ-module ([5]).

4. Modules induced from the algebra of corank one

The aim of this section is to establish some sufficient conditions for the existence of a submodule in M(λ, V ) in some special case (see below). Theorem 2 is a substitution in our

8 VLADIMIR MAZORCHUK AND SERGEI OVSIENKO

case (in the proof of the main theorem 8) of the theory of finite-dimensional representations of the algebra sl(2, C ) (see [4, proposition 7.1.15]), as it used in [1],[4].

Let G = gl(n + 1, C ), π = {α1, . . . , αn} be the standard set of simple roots, S = {α1, . . . , α_{n−1}}, G_S = gl(n, C ) ⊂ gl(n + 1, C ). Consider a strongly generic GZ-module V over G_S.

In this case we give an alternative construction of GVM induced from strongly generic GZ-module over G_S as a family over the polynomial ring Λ_3[p], where p is a free variable. Let v ∈ V be a GZ vector which has a tableaux [ l ]. Since V is strongly generic it follows that so is [ l ].

For p ∈ C consider an algebra homomorphism Φ_{n,p} : Λ_1(n + 1) → Λ_3[p](n) induced from the following map of tableaux: [ l ] → [ l|p ], where ([ l|p ])^n = [ l ] and [ l|p ]_{n+1} = ([ l ]_n, p).

Lemma 2. Let T ⊂ L_0 T = { [ t ] | t_{n+1 j} = 0 ∀ j; t_{nj} ∈ Z^− ∪ {0} ∀j; t_{ij} ∈ Z ∀j, i < n } . and I = {[ l|p ] + [ t ] | [ t ] ∈ T } = I([ l|p ]). Then for Λ_3[p](n)–family Vp = V ⨂ Λ_1 Λ3[p] a Λ3[p]–submodule Mp = Vp|I is also U–

submodule.

Proof. Follows from proposition 4.

A specialization of Mp in the point [ l|p ] will be denoted by M_{[ l|p ]}. The following statement is an easy corollary of GZ-formulae.

Lemma 3. A restriction of the module M_{[ l|p ]} on the GZ-weights [ l|p ] + {[ t ] ∈ T | t_{nj} = 0, j = 1, 2, . . . , n} , is a simple G_S-module, isomorphic to V = V_{[ l ]}.

Remark, that for a GZ-module M and for any S–primitive element v ∈ M with the decomposition v = ∑ a_{[ t ]}v_{[ t ]} (v_{[ t ]} ∈ M_t) all the components v_{[ t ]} are also S–primitive.

We will call an element [ s ] ∈ I S-primitive tableaux if there exists j ∈ {1, . . . , n + 1} such that [ s ]_n ≃ π_j[ s ]_{n+1}.

Lemma 4. An element v_{[ s ]} ∈ M_{[ l|p ]} which has a tableaux [ s ] is S-primitive if and only if the tableaux [ s ] is S-primitive.

Proof. Let v_{[ s ]} be a S-primitive vector. Then by GZ-formulae (proposition 4, lemma 1)

e_{n n+1}v_{[ s ]} = n∑ i=1 a_{ni}(s)v_{[ l+δ}ni_] = 0

so a_{ni}(s) = 0 for all i. Thus [ s ] is S-primitive.

STRUCTURE OF GENERALIZED VERMA MODULES 9

Conversely, if [ s ] is a S-primitive tableaux, then it follows easely from GZ–formulae, that e_{n n+1}v_{[ s ]} = 0. Suppose that for some 1 < i < n + 1 holds e_{i n+1}v_{[ s ]} = 0. We will show that e_{i−1 n+1}v_{[ s ]} = 0. We have

e_{i−1 n+1}v_{[ s ]} = [e_{i−1 i}, e_{i n+1}]v_{[ s ]} = e_{i−1 i}e_{i n+1}v_{[ s ]} − e_{i n+1}e_{i−1 i}v_{[ s ]} =

0 − e_{i n+1}(e_{i−1 i}v_{[ s ]}) = 0.

Hence v_{[ s ]} is S-primitive.

Lemma 5. 1. If for all i, l_{ni} − p ∉ N, then M_{[ l|p ]} is irreducible.

2. If there exists k, 1 ≤ k ≤ n, such that l_{nk} − p ∈ N, then M_{[ l|p ]} contains a unique submodule isomorphic to M_{[ s|lnk ]}, where [ s ] is defined as follows:

[ s ]_i = [ l|p ]_i, i ≠ n ; [ s ]_{nj} = [ l|p ]_{nj}, j ≠ k ; [ s ]_{nk} = p.

Moreover, such k is uniquely defined.

Proof. By lemma 4 the reducibility of M_{[ l|p ]} causes the existence of a non-trivial S-primitive tableaux in I. But in the case 1 there were no S-primitive tableaux in I except of the form [ l|p ] + [ t ], where

[ t ] ∈ T^′ = {[ t_{ij} ] ∈ T : t_{nj} = 0} .

This proves 1.

The same arguments imply that there exists a unique (up to shift on T^′) tableaux [ s ] which is S-primitive so it defines a unique submodule M_{[ s ]}, which complets the proof.

Lemma 6. Let V be an irreducible generic GZ-module over G_S and λ ∈ (H^S)^∗. Then M(λ, V ) has a composition series.

Proof. We denote by v some GZ-weight vector, generating V . For μ ∈ Supp M(λ, V ) we consider the G_S – module N = U_SM(λ, V )_μ. Obviously N is GZ-module over G_S. From lemma 1 it follows that there exist, up to a shift on T^′ (see proof of lemma 5) only a finite number of GZ-weights in N. But then we obtain N = ∑ (α_1,...,αs) X_{α1} . . . X_{αs} U_Sv where each α_i ∈ Δ_− \ (Δ_S)_−.

Following lemma 1 for a fixed GZ-tableaux [ t^′ ] of N there exist finitely many GZtableaux [ t ] of V such that if v_{[ t ]} has the tableaux [ t ]

ΓX_{α1} . . . X_{αs} v_{[ t ]} ∩ N_{[ t}′_] ≠ 0.

This means that all GZ-root spaces of N are finite - dimensional and they belong to a finite number of the cosets [ u ]+ L_0(n), therefore N has a composition series as U_S -module. But by [6, Proposition 3] there exist only finitely many cosets μ+ (H_S)^∗, such that there can exist a subfactor of M(λ, V ) with S-primitive vector of weight in μ + (H_S)^∗. This implies that U-module M(λ, V ) has a composition series.

10 VLADIMIR MAZORCHUK AND SERGEI OVSIENKO

Lemma 7. Let M_{[ l|p ]}, generated by GZ-weight S-primitive vector v, satisfies the conditions of lemma 5,1. Denote V_{[ l ]} = U_Sv and let λ− ρ^S be a H^S-weight of v. Then the canonical epimorphism p : M(λ, V_{[ l ]}) −→ M_{[ l|p ]} is an isomorphism (Note that the weight λ does not depend on the choice of v.)

Proof. Let us consider the composition series of M(λ, V_{[ l ]}). By corollary 1 there exists a unique irreducible module that can be a subquotient in the composition series of M(λ, V_{[ l ]}), which is isomorphic to M_{[ l|p ]}. The observation that (M(λ, V_{[ l ]}))_{l|p} is one-dimensional completes the proof.

Lemma 8. Let M_{[ l|p ]} contains a unique submodule M_{[ s ]} (this means that M_{[ l|p ]} satisfies conditions of lemma 5,2)) and λ and V_{[ l ]} are defined as in lemma 7. Then there exists an S-primitive element in M(λ, V_{[ l ]}) that has GZ-tableaux [ s ].

Proof. Using the universal property of M(λ, V_{[ l ]}) consider an epimorphism φ : M(λ, V_{[ l ]}) → M_{[ l|p ]}. The same arguments as in lemma 7 imply that the composition series of ker φ contains only M_{[ s ]} as subfactors. Let v be an element of M(λ, V_{[ l ]}) such that φ(v) = v_{[ s ]} of M_{[ l|p ]}. Then e_{i n+1}v ∈ ker φ, since φ(e_{i n+1}v) = e_{i n+1}v_{[ s ]} = 0. But by lemma 1 any GZ-weight of e_{i n+1}v does not belong to Supp ker φ thus e_{i n+1}v = 0. Finally we obtain that v is S-primitive vector.

Let M(λ, V ) be GVM generated by S-primitive vector v which has the GZ-tableaux [ l|p ] (note that now we consider the case of generic, not necessary strongly generic module V ). We assume that there exists j ∈ {1, . . . , n} such that [ l ]_{nj} − p ∈ N and denote by [ s ] a tableaux defined as follows:

[ s ]_{ik} = [ l ]_{ik}, i ≠ n; [ s ]_{nk} = [ l ]_{nk}, k ≠ j; [ s ]_{nj} = p.

Theorem 2. Under the conditions above there exists S-primitive vector v in the module M(λ, V ) which has GZ-tableaux [ s|l_{nj} ] which is S-primitive tableaux.

Proof. It follows from lemmas 7,8 that the statement is true in the case of strongly generic tableaux [ l ].

We consider the modules M(λ, V ) as a Λ^S_2 -family. Put [ t ] = [ l|p ] − [ s|l_{nj} ]. First of all we will show that the set { [ u ] : there exists S-primitive vector in M(λ, V_{[ u ]}^n ) which has the tableaux [ u ] − [ t ] } is Zariski closed in (H^S)^∗ × L_2(n).

For π = {α_1, . . . , α_n} and 1 ≤ k ≤ n we denote

γ_k = α_k + · · · + α_n ∈ Δ.

For N ∈ N we consider a finite dimensional space F_N ⊂ U consisting of elements of the form f(k_1, . . . , k_n) = X^{k1}_{−γn} X^{k1}_{−γn−1} . . . X^{kn}_{−γ1} ,

STRUCTURE OF GENERALIZED VERMA MODULES 11

such that n∑ i=1 k_i = N. One can choose N such that an U_S-module U_SF_N v contains non-zero

element which has GZ-tableaux [ s ].

By lemma 1 there exists finitely many GZ-weights corresponding to tableauxes [ q ] in the module V such that

ΓF_N v_{[ q ]} ∩ M(λ, V )_{[ s ]} ≠ 0,

and this intersection depends only on N and [ t ]. By the PBW-theorem there exists a Λ^S_2 -free submodule N of finite rank in M(V) containing all such tableaux for every specialization of M(V). Then we can rewrite the condition of the existence of non-trivial Sprimitive element wich has the GZ-tableaux [ p ]−[ t ] as a closed condition in (H^S)^∗ ×L_2(n). Clearly, for some k ∈ N it is equivalent to the condition that Λ^S_2 -linear operators x_{γs} , s = 1, . . . , n x_{γs} : F_N N −→ (U(n_−))^k, m → X_{γs} m have (after a specialization) a common non-trivial kernel. And the last is equivalent to the condition that some determinant with coefficients from Λ^S_2 equals zero.

To complete the proof we only need to note that the set of strongly generic modules is dense in topology considered.

5. Weyl group action and Generalized Harish-Chandra isomorphism

Here we introduce a space parametrizing considered GVM and define an action of the Weyl group on it. We prove an analogue of the classical Harish-Chandra isomorphism theorem that gives us some necessary conditions for the existence of a submodule in GVM.

The following statement follows easely from previous section, so we ommit the proof:

Lemma 9. Let V be a G_n-module, generated by S-primitive vector v. Suppose that v is GZ-weight vector having a tableaux [ l ]. Consider a G_{n+1}-module V_1 = M(λ, V ) for some λ ∈ (H^S)^∗. Then the module V_1 is generated by S-primitive vector v_1 = 1 ⊗ v, moreover v_1 is a GZ-vector and there exists p ∈ C (depending on λ) such that v_1 has the tableaux [ s ] = [ l|p ].

This statement allows us to introduce the main construction. We return to the situation where G_S = gl(k, C ) ⊂ gl(n, C ) = G. Consider a map Φ : C^n ⊕ L(k − 1) → L(n) defined as follows: for (x, [ y ]) ∈ C^n ⊕ L(k − 1), x = (x_1, . . . , x_n) we define Φ(x, [ y ]) = [ l ], where

[ l ]^{k−1} = [ y ]; [ l ]_{ij} = x_j, i ≥ k,

and we will denote Φ(x, [ y ]) by [ y↑x ]. We will also denote by A the image of Φ. Define an action of the symmetric group S_n = W (recall that it is the Weyl group of Δ) on the set A at the following way: for σ ∈ S_n [ y↑x ]^σ = [ y↑σx ],

12 VLADIMIR MAZORCHUK AND SERGEI OVSIENKO

where σx = (x_{σ(1)}, . . . , x_{σ(n)}). The group W acts also on the quotient space A_S = A/Φ(0 ⊕ L(k − 1)). We will call this action the action of the Weyl group on the space of parameters of GVM and denote it by W_{Γ,S}.

The following lemma is obvious:

Lemma 10. 1. Let [ y ] ∈ L_3(k − 1), x ∈ C^n . Let V be simple GZ-module over G_S, generated by vector which has the tableaux [ y↑x ]^k. Then there exists a unique λ ∈ (H^S)^∗ such that M(λ, V ) is generated by GZ-weight vector which has tableaux [ y↑x ].

2. Let V be simple GZ-module over G_S generated by some S-primitive element which has tableaux [ y ]. If for some λ ∈ (H^S)^∗ the module M(λ, V ) is generated by GZ-weight vector v_{[ l ]} which has tableaux [ l ], then [ l ] is of the form [ [ y ]^(k − 1)↑x ] for suitable

x ∈ C^n .

We will work also with the set B, B ⊂ A, a subset of parameters corresponding to the modules that are induced from generic GZ-module. Clearly, B is invariant under the action of W_{Γ,S}. Lemma 10 allows us to define GVM M([ l ]) for [ l ] ∈ B. In this way the action of W on the set of parameters of GVM is correctly defined (note, that this action does not induce the action on the isomorphism classes).

Lemma 11. Consider a natural inclusion W_S ≃ S_k → W ≃ S_n as a subgroup, permuting first k components. Then for σ ∈ W_S holds M_{[ l ]} ≃ M_{[ l ]}^σ .

Proof. Follows from the second part of proposition 4.

Let φ_S denotes an S-homomorphism of Harish-Chandra (see [5] for more details). Consider an automorphism γ of S(H) defined as γ(p)(λ) = p(λ − ρ) for λ ∈ H^∗ and polynomial function p on H^∗. Similary define an automorphism γ_S of S(H_S) by putting γ_S(p)(λ) = p(λ − ρ_S). Set γ^S = γ|_{S(}HS_).

Define a homomorphism i_S : Z(G_S) ⊗ S(H^S) → S(A^∗) as a composition

Z(GS) ⊗ S(H^S)^p−→ Γ^i−→ S(A^∗)

where i is defined in (1) and p is the canonical inclusion. We consider the following commutative diagram: S(A^∗)^j−−−→ S(H) i_S Z(G)^{(1⊗γS )∘φS} −−−−−−→ Z(G_S) ⊗ S(H^S)^{(γS ∘φS)⊗1}−−−−−−→ S(H_S)^{WS} ⊗ S(H^S) where j is an isomorphism which commutes with the actions of W on S(A^∗) and on S(H) respectively, and which makes the diagram above commutative. One can construct such homomorphism j by applying this diagram to the primitive generator of classical Verma module.

STRUCTURE OF GENERALIZED VERMA MODULES 13

We can extend our commutative diagram by the row of the invariant algebras: S(A^∗)^j−−−→ S(H) i_S Z(G)^{(1⊗γS )∘φS} −−−−−−→ Z(G_S) ⊗ S(H^S)^{(γS ∘φS)⊗1}−−−−−−→ S(H_S)^{WS} ⊗ S(H^S) q S(A^∗)^{WΓ,S jS}−−−→ S(H)^W here q denotes a canonical inclusion and j_S is isomorphism. Consider the composition ψ_S = q^{−1} ∘ (1 ⊗ γ^S) ∘ φ_S, which is a well defined map. The commutativity of the diagram above gives us the following generalization of Harish-Chandra theorem: Theorem 3. Z(G)^{ψS}≃ S(A^∗)^{WΓ,S} Denote M([ l ]) the GVM generating by GZ-weight S-primitive element which has GZtableaux [ l ]. Assume that [ l ]^k ∈ L_2. Denote by θ_{[ l ]} the central character of GVM module M([ l ]).

Corollary 2. The following statements are equivalent

1. θ_{[ l ]} = θ_{[ l}′_];

2. there exists g ∈ W_{Γ,S} such that Φ^{−1}([ l ] − g[ l^′ ]) ∈ L_0(k − 1). Proof. Proof is analogues to [4, Proposition 7.4.7] and [8, Theorem 6.3].

Corollary 3. Let M(λ, V ) be a GVM, isomorphic to M([ l ]) for some [ l ] with [ l ]^k ∈ L_2(k). Then

1. For arbitrary tableaux [ t ] ∈ Supp M(λ, V ) holds [ t ]^k − [ l ]^k ∈ (L_0(k + 1))^k; 2. for any S-primitive element v and for any c ∈ Z(G) holds cv = ψ_S(c)v. 6. Kostant S-function and Gelfand-Kirillov dimension In this section we establish two basic facts (corollary 4, 5) about GVM those are the analogues of [4, proposition 7.6.3] and [4, proposition 7.6.6]. To prove these facts we need some S -analogue for the notion of the dimension of the weight space. As a substitution of this notion we propose the length of some composition series and we calculate it’s value using the notion of Kostant S -function.

Let Δ^′ be some root system with a fixed base π^′. Consider some S^′ ⊂ π^′. For γ = ∑ β∈π^′ a_ββ

14 VLADIMIR MAZORCHUK AND SERGEI OVSIENKO set ψ_S′ (γ) = ∑ β∈(π^′\S^′) a_ββ.

We recall that π = {α_1, . . . , α_{n1} }, S = {α_1, . . . , α_{k−1}}, π \ S = {α_k, . . . , α_{n−1}}. Define the Kostant S-function c_S : (Z_+)^{n−k} → N as follows: for x = {x_k, . . . , x_{n−1}} ∈ (Z_+)^{n−k} set c_S(x) to be a number of the following decompositions

x_kα_k + x_{k+1}α_{k+1} + . . . x_{n−1}α_{n−1} = ∑ α∈Δ_+\(Δ_S )_+ n_αψ_S(α) with integer n_α ≥ 0.

Let M(λ, V ) be GVM induced from the generic GZ-module V with S-primitive generator v_{[ l↑x ]} which has tableaux [ l↑x ] ∈ A (see lemma 10). For the non-negative integers s_k, . . . , s_{n−1} we define the growth function H_{[ l↑x ]}(s_k, . . . , s_{n−1}) ∈ Z as the length of the G_S – module U_SM(λ, V )_μ, μ = λ − ρ^S− s_kα_k− · · · − s_{n−1}α_{n−1}. Theorem 4. 1. H_{[ l↑x ]}(s_k, . . . , s_{n−1}) is a polinomial growth function H(s_k, . . . , s_{n−1}) that does not depend on [ l↑x ]. 2. H(s_k, . . . , s_{n−1}) = c_S(s_k, . . . , s_{n−1}) Proof. Let M(λ, V ) be a GVM generated by S–primitive vector v_{[ l↑x ]} which has tableaux [ l↑x ] such that [ l↑x ]^k ∈ L_3. Suppose that M(λ, V ) is irreducible. Then, following lemma 7 and general construction of tableaux modules from section 4, one can consider the module M(λ, V ) as a tableaux module M_{[ l↑x ]}, which is a submodule of the corresponding specialization V_{[ l↑x ]}. In this case it follows from GZ-formulae, that the restriction U_SM(λ, V )_μ is a direct sum of simple generic modules over U_S. Then both statements of the theorem can be easily obtained by direct calculations.

Following corollary 1 one can check, that all of the subquotients of G_S-module V^{S,μ} = U_SM(λ, V )_μ are generic GZ-modules. If a simple generic G_S – module T generated by GZvector v_{[ t ]} has the multiplicity μ_T (V^{S,μ}) in the composition series of V^{S,μ} then dim_C V^{S,μ}_{[ t ]} = μ_T (V^{S,μ}).

Consider the modules M(λ, V ) as specializations of the Λ^S_2 -family M(V). At the same way as in theorem 2 one can show, that for any [ s ] ∈ L_0(n) there exists a free Λ^S_2 -direct summand N^{[ s ]} of M(V) such that after any specialization M_{[ l↑x ]} all GZ-root subspaces of the weight [ t ] = [ l↑x ]+ [ s ] belong to the subspace N^{[ s ]}_{[ l↑x ]} ⊂ M_{[ l↑x ]}. Consider a Λ^S_2 -linear

map X : N^{[ s ]} → M(V)^{k(k+1)}2 defined by x → ((γ_{ij} − l_{ij})^N x)_{1≤i<j≤k} for N large enough. Then every specialization M_{[ l↑x ]}(V) induces a linear map X_{[ l↑x ]}. The kernel of X_{[ l↑x ]} is, obviously, the root space of M_{[ l↑x ]}(V). Thus the property of X_{[ l↑x ]} to have the smallest possible dimension of the kernel is open in L_2(k)^S = L_2(k) ⊕ (H^S)^∗.

STRUCTURE OF GENERALIZED VERMA MODULES 15

We will prove that the function H_{[ l↑x ]}(s_k, . . . , s_{n−1}) with fixed s_k, . . . , s_{n−1} can only increase in some neighborhood of any [ l↑x ]. Then the last two facts together with the observation, that there exists irreducible M([ l^′↑x^′ ]) in every neighborhood of [ l↑x ] complete the proof.

Fix some GVM M(λ^′, V ) generated by S-primitive vector of weight λ^′ − ρ^S and some s_k, . . . , s_{n−1}. Denote μ = λ^′ − ρ^S − s_kα_k − · · · − s_{n−1}α_{n−1}. Let {f_1, . . . , f_c} ⊂ U be the set of all elements of the form X^{t1}_{−β1} . . . X^{tl}_{−βl} , where β_i ∈ Δ_S ∪ Δ_+, such that

t_1β_1 + · · · + t_lβ_l = s_kα_k + · · · + s_{n−1}α_{n−1}.

It is obvious that U_SM(λ, V )_μ = b∑ i=1 U_Sf_iv_{[ l↑x ]}, where v_{[ l↑x ]} is an S-primitive generator of M(λ, V ). Consider the standard filtration of U_S: U_{S,0} ⊂ U_{S,1} ⊂ . . . where U_{S,i} is the set of all linear combinations of monomials whose length less or equal i.

By PBW theorem we have U_S = ∞⋃ i=0 U_{S,i}. Denote by p(i) the dimension of the space P_i = < U_{S,i}f_1v_{[ l↑x ]}, . . . , U_{S,i}f_tv_{[ l↑x ]} >. One can easily check that if for two modules M(λ_1, V_1) and M(λ_2, V_2) holds H_1(s_{k+1}, . . . , s_n) ≥ H_2(s_{k+1}, . . . , s_n), then there exists j such that for all i > j holds p_1(i) > p_2(i). Conversly, if for all i large enough p_1(i) ≥ p_2(i), then H_1(s_{k+1}, . . . , s_n) ≥ H_2(s_{k+1}, . . . , s_n). On the other hand consider the Λ^S_2 -module P_i ⊂ M(V) generated by U_{S,i}f_1v_{[ l↑x ]}, . . . , U_{S,i}f_tv_{[ l↑x ]}. It’s specialization coincides with P_i. Thus the property of P_i to have the specialization of maximal possible dimension is an open property in Λ^S_2 . So our function p(i) can not decrease in a small neighborhood and neither can H(s_{k+1}, . . . , s_n).

Let A and B be associative algebras, B ⊂ A, A is finitely generated over B, A = B{x_1, x_2, . . . , x_m}. One can assosiate with this pair a filtration of B − B bimodules

B = B_0 ⊂ B_1 ⊂ B_2 ⊂ . . .

where

B_i = ∑ 1≤j_1,...,js≤m;s≤i Bx_{j1} Bx_{j2} B . . . Bx_{js} B. Let M be an A-module, N ⊂ M be a B-submodule such that M = AN and for every i the module B_iN is of finite length l(B_iN) as B-module. We define B-Gelfand-Kirillov dimension d_B of A-module M through

d_B(M) = lim_{i→∞} log l(B_iN)

log i . (2) One can check that d_B(M) does not depend on the choice of N and on the choice of {x_1, . . . , x_m}.

16 VLADIMIR MAZORCHUK AND SERGEI OVSIENKO

For a module M we will write ST (M) = lim_{i→∞} l(B_iN) i^{dB (M)} , in the case when this limit exists.

In our case one can calculate the U(G_S )-Gelfand-Kirillov dimension of the module M(λ, V ). For s = (s_{k+1}, . . . , s_n) set |s| = s_{k+1}+ · · · + s_n. Let G(l) = ∑ s:|s|≤l H(s) for l ≥ 0. Obviously, G is a polynomial growth function. Let D_S(M(λ, V )) be a growth grade of G.

Lemma 12. For generic GZ-modules V, W and λ, μ ∈ (H^S)^∗ holds

1. D_S(M(λ, V )) = d_{U(}G_{S)}(M(λ, V )); 2. d_{U(}G_{S )}(M(λ, V )) = d_{U(}G_{S )}(M(μ, W )); 3. ST (M(λ, V )) = ST (M(μ, W )). 4. d_{U(}G_{S )}(M(λ, V )/N) < d_{U(}G_{S )}(M(λ, V )) for every non-trivial N ⊂ M(λ, V ).

Proof. The first statement can be obtained by direct calculation using (2), where A = U(G), B = U(GS ), x1 = ek k+1, . . . , xn−k = en−1 n, xn−k+1 = ek+1 k, . . . , x2(n−k) = en n−1, N = V . In this case it is easy to see that l(B_iV ) = G(i).

The second and the third statements follows from the fact that G is a polinomial function and theorem 4.

Every non-trivial submodule N of M(λ, V ) contains some S-primitive vector. Thus we have d_{U(}G_{S)}(N) ≥ D_S(M(λ, V )) and from N ⊂ M(λ, V ) we obtain, that d_{U(}G_{S )}(N) = D_S(M(λ, V )). Moreover, ST (N) ≥ ST (M(λ, V )) and from N ⊂ M(λ, V ) we obtain, that ST (N) = ST (M(λ, V )). Thus the last statement follows.

Corollary 4. Let M(λ, V ) be GVM induced from generic simple GZ-module V . Every two non-trivial submodules of M(λ, V ) have a non-trivial intersection. In particular there exists the minimal submodule in M(λ, V ).

Proof. Using lemma 12,4 one can prove this following the proof of analogues statement [9, Lemma 2.2.2].

The last corollary immediately implies the following.

Corollary 5. Let M(λ_i, V_i) be GVMs induced from generic simple generalized Verma modules V_i, i = 1, 2. Then dim Hom_U (M(λ_1, V_1), M(λ_2, V_2)) ≤ 1 and every non-zero element of this space is an injective map.

Proof. First we note that for every v ∈ M(λ_i, V_i) (i = 1, 2) there exists such a S-primitive generator w and such an element u ∈ U(n_−) that v = uw. Now the proof is analogues to the proof of [4, Theorem 7.6.2].

STRUCTURE OF GENERALIZED VERMA MODULES 17

7. The submodule structure of M(λ, V )

We are now in position to obtain our main result: the criterion of M([ l↑x ]) to be a submodule of M([ s↑y ]).

We have to note that the methods we will use to prove our main results are similar to the original methods in [1]. For today there exists simple modern technique to obtain the BGG theorem for Verma modules, which use the notion of Shapovalov form and Jantzen filtration (see for example [12]). It seems to be rather non-trivial to develop an analogue of Shapovalov form on GVMs induced from generic GZ-modules since Γ has no bimodule complement in U. This easely follows from the existence of irreducible GZ-module, which has non-trivial GZ-root (not weight!) subspace ([7]).

Recall that for [ l ] ∈ A we will denote M([ l ]) the GVM, generated by S-primitive GZ-vector which has tableaux [ l ].

Let Π : A → L(k − 1) be a canonical projection Π([ l ]) = [ l ]^{k−1}. For r ∈ L_2(k − 1) denote A_r = Π^{−1}(r). It is obvious that W_{Γ,S}A_r ⊂ A_r. One can prove the following by standard arguments:

Lemma 13. Let r − r^′ ∉ L_0(k − 1) and [ l ] ∈ A_r, [ s ] ∈ A_r′ . Then

dim Ext^i_U (M([ l ]), M([ s ])) = 0, i ≥ 0.

Lemma 14. A module M generated by S-primitive GZ-weight vector v such that the module U_Sv is a generic GZ-module will be a GVM if and only if M is U(n^−_S )-free.

Proof. The necessity of this condition is obvious. To prove it’s sufficiency consider a GVM M([ l ]), generating by S-primitive GZ-weight element w which has the same tableaux as v. Clearly [ l ] ∈ B. Then under the lemma conditions a map ψ : M([ l ]) → M, (w → v) is a monomorphism and thus M ≃ M([ l ]).

Lemma 15. Let r ∈ L_2(k − 1) and [ l ] ∈ A. Then the set {[ s ] ∈ A_r : M([ s ] − [ l ]) ⊂ M([ s ])} is Zariski closed in A_r.

Proof. Based on lemma 14 the proof is quite analogues to the proof of theorem 2 from section 4 and to the proof of [8, Proposition 7.1] and [4, Proposition 7.6.12].

For x, y ∈ C^m we will write x ≤ y if there exists z ≃ x such that y − z ∈ Z^m_+ . We define a partial order on A_r by setting [ l ] ≤ [ s ] provided [ l ]^i ≤ [ s ]^i holds for all i, k ≤ i ≤ n.

Lemma 16. 1. Consider a subset T_k ⊂ L_0 T_k = {[ t ] | t_{n j} = 0, ∀ j; t_{ij} ∈ −Z_+, ∀j ≤ i, k ≤ i < n; t_{ij} ∈ Z, ∀ j ≤ i < k } . For x ∈ C^n such that x_i − x_j ∉ Z for i ≠ j; i, j < n and for y ∈ L_3(k − 1) denote I^x_y = {[ y↑x ] + [ t ] | [ t ] ∈ T_k} .

Then for Λ_3[x_1, . . . , x_n](k)–family Vx = V ⊗_{Λ1} Λ_3[x_1, . . . , x_n] a Λ_3[x_1, . . . , x_n]–submodule Mx = V_x|_I is also U–submodule.

18 VLADIMIR MAZORCHUK AND SERGEI OVSIENKO

2. If x ∈ C^n such that there exists i < n with property x_i − x_n ∈ N then the module Mx has the unique submodule for every y ∈ L_3(k − 1).

Proof. Follows immediately from GZ-formulae.

Proposition 5. If w is a reflection in W_{Γ,S} and w[ l ] ≤ [ l ] for some [ l ] ∈ A then M(w[ l ]) ⊂ M([ l ]).

Proof. We fix t = [ l ]_n− w[ l ]_n. It follows from lemma 15 that the set

C(t) = {[ s ] ∈ A_r | M([ s^′ ]) ⊂ M([ s ]); [ s ]_n − [ s^′ ]_n = t, s^′ ∈ A_r} is Zariski closed in A_r. Consider a set C^t_w = {[ s ] ∈ A_r | ([ s ] − w[ s ])^n = t} .

Using lemma 16 and following the proof of [11, Lemma 4.3] one can show that there exists a set D ∈ A_r such that the closure of D in Zariski topology contains C^t_w and for every [ s ] ∈ D holds M([ s^′ ]) ⊂ M([ s ]) for [ s^′ ] ∈ A_r with [ s ]^n − [ s^′ ]^n = t.

For the next step we need the following fact from [10].

For a verma module M(λ), λ ∈ H^∗ we will denote be χ_λ its central character. Theorem 5. [10] Let

• V be a G-module with a central character χ_λ for some λ ∈ H^∗; • V_μ be a finite-dimensional module with the set of all distinct weights {μ_1, . . . , μ_s}.

Then for any c ∈ Z(G) an element s∏ i=1 (c − χ_{λ+μ}(c)) annihilates V ⊗ V_μ.

This theorem immediately implies the following:

Corollary 6. Let V be irreducible GZ-module and F be finite dimensional module over U. Then Supp V ⊗ F ⊂ Supp V + Supp F . In particular, if Supp V ⊂ [ s ]+ L_0, then Supp V ⊗ F ⊂ [ s ]+ L_0. Moreover V ⊗ F is Γ-diagonalizable as soon as V is strongly generic.

Proof. Proof can be easily obtained by the restriction of V ⊗ F to subalgebras sl(m, C ) for m ≤ n. Lemma 17. Let F be a finite-dimensional U(G)-module and [ l ] ∈ A. Then there exists a filtration 0 ⊂ M_0 ⊂ M_1 ⊂ · · · ⊂ M_m = M([ l ]) ⊗ F such that for all i = 1, . . . , m holds M_i/M_{i−1} ≃ M([ l_i ]) for some [ l_i ] ∈ A. Proof. Using corollary 6 and lemma 14 one can obtain the statement following the proof of [11, Lemma 4.7].

STRUCTURE OF GENERALIZED VERMA MODULES 19

The followind statement easely follows from the comparing a dimensions of GZ-root spaces

Corollary 7. For all p_i ∈ Supp F the module M([ l ]) ⊗ F has a subquotient, isomorphic to M([ l ] + [ p_i ]).

Consider a complex vector space A_0 of dimension n. One can choose the base {x_1, x_2, . . . , x_n} in such a way that W_{Γ,S} acts as the Weyl group of the root system of type A_{n−1} with the base {x_1, . . . , x_{n−1}} and W_{Γ,S}⟨x_n⟩ = ⟨x_n⟩. Define the Weyl chambers in ⟨x_1, . . . , x_{n−1}⟩ as connected components in ⟨x_1, . . . , x_{n−1}⟩ \ E, where E denotes the set of all points x satisfying the condition < ℜx, x_i >= 0 for some i, 1 ≤ i ≤ n − 1 (here < ·, · > denotes the standard W_{Γ,S}-invariant form). For a Weyl chamber C in ⟨x_1, . . . , x_{n−1}⟩ we will say that C + ⟨x_n⟩ is a Weyl chamber in A_0. For r ∈ L(k − 1) and a Weyl chamber C in A_0 we define C + [ r↑0 ] to be a Weyl chamber in A_r.

The proof of the subsequent theorem 7 is based on the following reformulation of [1, Theorem 2] (see also [4, Theorem 7.6.23]):

Theorem 6. Let A be an algebraicaly open subspace of a C −space, parametrizing (not necessary one-to-one) the set of isomorphism classes of G-modules {M(x) ∈ G-mod, x ∈ A}. Suppose that there exists an action of W on A, satisfying the following conditions:

1. W is a Weyl group of some root system Σ ⊂ A with a fixed base B. 2. The stabilizer of isomorphism class is a subgroup W_1, which is a Wyel group of the root system, generated by some C ⊂ B.

3. If < denotes the standard ordering on A corresponding to B then for any simple root β ∈ B such that w_βx < x holds M(w_βx) ⊂ M(x).

4. For any x ∈ A and any finite-dimensional module F the module M(x) ⊗ F has a filtration with quotients of type M(x_i), i = 1, . . . , k. Moreover the set {x − x_i; i = 1, . . . , k} depends only on module F and is a subset of ZB.

5. The central characters of the modules M(x) and M(y) coincides if and only if x ∈ W y, where x, y ∈ A. 6. If the module N has the filtration with quotients {M(x_i) : i = 1, . . . , k} and x_j is maximal in the set W x_j ∩ {x_i : i = 1, . . . , k} then M(x_j ) ⊂ N.

7. dim Hom(M(x), M(y)) ≤ 1 for any x, y ∈ A and every nonzero homomorphism is a monomorphism.

Then Hom(M(x), M(y)) ≠ 0 implies that there exists a sequence β_1, . . . , β_s ∈ Σ_+, such that x < w_{β1} x < · · · < w_{βs} . . . w_{β1} x = y. Proof. One can prove this theorem following step by step the proof of [1, Theorem 2].

Theorem 7. Let [ l ], [ s ] ∈ A_r ∩ B for some r ∈ L_2(k − 1). If M([ l ]) ⊂ M([ s ]) then there exist w_1, . . . , w_t — reflections in W_{Γ,S} such that

[ l ] ≤ w_1[ l ] ≤ · · · ≤ w_t . . . w_1[ l ] = [ s ].

20 VLADIMIR MAZORCHUK AND SERGEI OVSIENKO

Proof. The proof follows immediately from theorem 6 and previous lemmas. We set A = B ∩ A_r on which W_{Γ,S} acts as a Weyl group of the choosen fixed root systems and the Weyl chambers defined above. Then 1,5 follows from Generalized Harish-Chandra theorem (section 5); 3 follows from the theorem 2; 4 follows from lemma 17 and corollary 6; 2 follows from lemma 11; 6 is obvious and 7 follows from the corollary 5.

Combining the results obtained in this section one can prove the following main theorem:

Theorem 8. Let [ l ], [ s ] ∈ B ∩ A_r for some r ∈ L_2(k − 1). Then the following statements are equivalent:

1. M([ l ]) ⊂ M([ s ]);

2. M([ s ]) has L([ l ]) as a subquotient in composition series; 3. There exists reflections w_1, . . . , w_t in W_{Γ,S} such that

[ l ] ≤ w_1[ l ] ≤ · · · ≤ w_t . . . w_1[ l ] = [ s ].

As a corollary we obtain the criteria for M([ l ]) to be irreducible:

Corollary 8. M([ l↑x ]) is irreducible if and only if for all i > k and all j < i holds x_j − x_i ∉ N. 8. Some relations with Bruhat order

Consider the subset P^{++}_S ⊂ A containing all such [ l ] that for all w ∈ W_S holds w[ l ] ≤ [ l ]. We will call P^{++}_S the set of S-dominant weights. Recall that W_S denotes the Weyl groop of the root system with base S.

Theorem 9. For w_1, w_2 ∈ W_{Γ,S} and [ l ] ∈ P^{++}_S , M(w_1[ l ]) ⊂ M(w_2[ l ]) if and only if

w_1W_S ≥_B w_2W_S

(here ≥_B denotes the Bruhat order on the quotients of W_{Γ,S}/W_S, see [2] fore more details).

Proof. It follows immediately from theorem 8 and definition of the Bruhat order on the quotients of Coxeter group [2].

9. Acknowledgments

The authors would like to thank Yu. A. Drozd and V. M. Futorny for helpful discussions. For the first author the work is partially supported by ISSEP, Grant Number PSU051083. Paper was completed during the visit of the first author to SFB 343, Bielefeld University, whose financial support is gratefuly acknowledges.

References

[1] I. N. Bernstein, I. M. Gelfand and S. I. Gelfand, The structure of representation generated by vector of highest weight, Functional Anal. Appl. 5, 1-9 (1971) [2] A. Bjorner, M. Wachs Generalized quotients in Coxeter group, Trans. Amer. Math. Soc. 308 (1988), 1-37.

[3] A. J. Coleman, V. M. Futorny, Stratified L–modules, J. Algebra, 163, (1994), 219-234

STRUCTURE OF GENERALIZED VERMA MODULES 21

[4] J. Dixmier, ”Enveloping Algebras”, North-Holland Math. library, v. 14, North-Holland Publ., Amsterdam, 1977.

[5] Yu. A. Drozd, S. A. Ovsienko and V. M. Futorny, Harish-Chandra Subalgebras and Gelfand-Zetlin modules, Math. and Phys. Sci., v. 424, 1994.

[6] Yu. A. Drozd, S. A. Ovsienko and V. M. Futorny, S–homomorphism of Harish–Chandra and G– modules generated by semiprimitive elements// Ukrainian Math. J. 42, 1032-1037 (1990) [7] V. M. Futorny, A generalization of Verma modules and irreducible representations of the Lie algebra sl(3, C ), Ukrainian Math. J., 38 (1986), 422-427.

[8] V. M. Futorny, V. S. Mazorchuk, Structure of α-stratified modules for finite-dimensional Lie algebras I, J.Algebra, 183 (1996), 456-482.

[9] A.Joseph, The primitive spectrum of an enveloping algebra, in Orbites Unipotents at representations, Asterisque 173-174, Paris, 1989, 13-54.

[10] B. Kostant, On the tensor product of a finite and an infinite dimensional representation, J.Func.Anal.

20, 257-285 (1975).

[11] V. S. Mazorchuk, The structure of an α-stratified generalized Verma module over Lie Algebra sl(n, C ),Manuscripta Mathematica, 88, 59-72(1995).

[12] R. V. Moody, A. Pianzola, Lie Algebras with Triangular Decomposition, CMS series, Wiley, New York, 1995.

[13] D. P. Zelobenko, Compact Lie groups and their representation, Nauka,Moscow,1974.

Mechanics and Mathematics Department Kyiv Taras Shevchenko University 64, Volodymyrska st. 252033 Kyiv Ukraine