On 3-regular subgraphs of 4-regular graphs with multiple edges^�

Victor Zinoviev^y

February 5, 1997

Abstract

For any 4-regular graph G (possibly with multiple edges and loops), we [1] proved recently that, if the number N of distinct Euler orientations of G is such that N ≢ 1 (mod 3), then G has a 3-regular subgraph. Using this approach here we prove a conjecture of Carsten Thomassen [9] that any 4-regular connected graph with multiple edges and loops has a 3-regular subgraph, whenever the number of vertices of the graph is even.

1 Introduction

The Berge-Sauer conjecture (see [4,5]) says that any simple (no multiple edges and loops) 4-regular graph contains a 3-regular subgraph. This conjecture was proved in [7,9]. In [2,3] the Chevalley-Warning theorem was used to extend this result to the graphs with multiple edges, that are 4-regular plus an edge. Our main result of the previous paper [1] Theorem 2.3, presents

�Work supported by the fond “Diskrete Strukturen in der Mathematik” of the University of Bielefeld. AMS subject classification code (1991): 05C75, 05C45, 05C10 yInstitute for Problems of Information Transmission of the Russian Academy of Sciences, Bol’shoi Karetnyi 19, GSP-4, Moscow 101447, RUSSIA

the sufficient condition for a 4-regular graph with multiple edges to have a 3-regular subgraph. It gives the infinite families of the 4-regular graphs for which we can write out exactly the numbers of distinct Euler orientations. The conjecture of Thomassen [9] says that any 4-regular connected graph with multiple edges and loops has a 3-regular subgraph, whenever the number of vertices is even. In the mentioned above paper [1] we reduce this conjecture to the same conjecture for graphs with only multiple edges. Here we give a proof of this conjecture. So, any 4-regular connected graph G with multiple edges and loops has a 3-regular subgraph, if the number of vertices is even. This result was obtained when the author visited the Department of Mathematics of the University of Bielefeld. I would like to thank Professor Rudolf Ahlswede and Professor C. M. Ringel for the support of this research.

2 Preliminary Results

We consider the finite undirected graphs G = (V, E) with multiple edges and without loops. A graph G is k-regular if every vertex of G is incident with exactly k edges.

Definition 1 Let G be a 4-regular graph with the n vertices: v_1, v_2, · · · , v_n and 2n edges. An Euler orientation of G is a partition E = S^n_{i=1} A_i of the set E of edges such that: (i) any two A_i are disjoint, (ii) each A_i has exactly two edges both incident with v_i.

Two partitions A_i and A^0_i, i = 1, ..., n, of E are different if there is i such that A_i ≠ A^0_i. Denote by N = N(G) the number of different Euler orientations of the graph G. It is well known (see, for example [6]) that any connected graph, where every vertex has an even degree, has an Euler orientation. The following theorem [1] connects the number N(G) of Euler orientations of a 4-regular graph G with the property of G to have a 3-regular subgraph.

Theorem 1 A 4-regular graph G with n vertices has a 3-regular subgraph if N, the number of distinct Euler orientations of G, is such that N ≢ 1 (mod 3).

Note that the condition N ≢ 1 (mod 3) in Theorem 1 is only sufficient, but not necessary (see [1]).

Now we need two standard transformations for graphs which we considered in [1].

Lemma 1 Let G_1 and G_2 be any graphs and let N_1 and N_2 be the numbers of distinct Euler orientations of G_1 and G_2 respectively. Choose any two edges e_1 and e_2 of the graphs G_1 and G_2 respectively and define a new graph G = G_1 ⊕ G_2 (we say, G is a pasting of G_1 and G_2) according to Fig. 1. Then: (a) The number N of distinct Euler orientations of G must be as follows: N = N_1N_2/2. (b) If G_1 and G_2 are 4-regular graphs, then at least one of the graphs G_1, G_2 and G has a 3-regular subgraph. s s G_1 y x e_1 s

G_2 u z e_2 s y x s s G = G_1 ⊕ G_2 u z

Fig. 1

Assume now that v is an arbitrary point of the 4-regular graph G (see Fig. 2). Let e_1, e_2, e_3, and e_4 be the corresponding edges incident to v. Now we define a new graph G_v which have instead of the vertex v three vertices u, u^0 and u^{00} and four new edges f_1, f_2, f_3, and f_4 (see Fig. 2).

� � � @@ @@ @ sG^{e1 e2}v_{e4 e3} s s ś̀ ıȷ́` ıȷ �^�_{@@@} � � @@ @ G_v e_1 e_2

e_3 e_4 f_1

f_4 f_2

f_3 u^0 u u^{00}

Fig.2

Lemma 2 Let G be any 4-regular graph with n ≥ 1 vertices and let the graph G_v be obtained from G according to Fig. 2 for any vertex v ∈ V (G). Then both graphs G and G_v have or do not have 3-regular subgraphs at the same time.

For a graph G and u arbitrary vertices v_1, . . . , v_u ∈ V (G) denote by G_{v1,�,vu} the graph, obtained from G by the same procedure, as shown on Fig. 2. If G has a loop in vertex v, i.e. if e_1 = e_2, then G_v does not have this loop. It gives the following result [1].

Theorem 2 Let G be any 4-regular graph G with n vertices and u loops, say v_1, v_2, . . . , v_u, where n ≥ u ≥ 1. Then a 4-regular graph G_{v1,v2,...,vu} without loops has or doesn’t have 3-regular subgraphs simultaneously with the original graph G.

Note [1] that Theorem 2 reduces the conjecture of Thomassen [9] for graphs only with multiple edges. This conjecture asserts that any 4-regular connected graph with an even number of vertices has a 3-regular subgraph. This is clear since, for even n, Theorem 2 gives us another graph with an even number of vertices also. We need one more concept. Different from the case of an (usual) edge e = e(x, y), when the edge e is incident with two vertices x and y, we shall use the concept of a half-edge e = e(x), when the edge e is incident with only one vertex x. We will say that we cut the edge e(x, y) on two half-edges e(x) and e(y), if we change the edge e(x, y) by two half-edges e(x) and e(y). See Fig. 3 for illustration of this concept. The following result from [7] is a modification of the result of Alon, Friedland and Kalai [2,3].

Lemma 3 A 4-regular graph G has a 3-regular subgraph if we cut any one edge of G on two half-edges.

We illustrate this lemma on Fig.3. Let D_s (s ≥ 1) denote a 4-regular graph obtained from a cycle with s vertices by replacing every edge by two parallel edges. It is well known [2,3] that D_s has no a 3-regular subgraph if s is an odd number. Consider the graph D_3 (Fig. 3.a). If we cut the edge e(x, v) on two half-edges e(x) and e(v) (Fig. 3.b), then this resulting graph contains a 3-regular subgraph (Fig. 3.c). s s ś ` ı ȷ́ ` ı ȷ ’ & $ %_v y x

e(x, v) D_3 Fig. 3.a s s ś ` ı ȷ́ ` ı ȷ $ % ’ &_v y x e(x)

e(v) Fig. 3.b s s s ı ȷ́ ` ı ȷ ’ $ %_v y x e(x)

Fig. 3.c We need one more result which follows directly from Lemmas 1 and 3.

Lemma 4 Let G_1 and G_2 be two arbitrary 4-regular graphs. Then their pasting, i.e. a graph G = G_1 ⊕ G_2, (see Fig. 1) always has a 3-regular subgraph.

3 On Validity of Thomassen’s Conjecture

The next theorem is the main result of this paper.

Theorem 3 Let G be an arbitrary 4-regular connected graph with multiple edges and with n vertices. If n is even, then G has a 3-regular subgraph.

Proof. Assume in contrary that the statement of the theorem is not right. Among all 4-regular connected graphs with multiple edges and with even numbers of vertices (which have no 3-regular subgraphs) we choose a graph G with the smallest, say n, number of vertices. It is clear that n ≥ 4 ( the only 4-regular connected graph with 2 vertices has 3-regular subgraphs). Assume that G has at least one pair of multiple edges. For simple graphs (i.e. for 4-regular graphs without multiple edges) the result is known [8,10]. Let e_1 and e_2 be one of such pairs of multiple edges which connect the vertices w and z; see Fig. 4.a. Now instead of the graph G we consider a 4-regular graph G_1 obtained from G according to Fig. 4.b. As G_1 has n − 2 vertices, this graph has a 3-regular subgraph, say H_1. We claim that G has a 3-regular subgraph also. Our proof will consist from the different cases which correspond to the cases of equalities between the vertices v, u, x and y.

s s s s s s ´ ` ı ȷ � �

@@ @ � �

@@ @

z w

x v

y u

e_1 e_2 e_3

e_5 e_4

e_6

G s s s s_x v

y u

f_1 f_2 G_1

Fig. 4.a Fig. 4.b

The case v ≠ u ≠ x ≠ y . First note that H_1, a 3-regular subgraph of G_1, should contain at least one of the edges f_1 and f_2 (see Fig. 4.b) (if not, then H_1 is a 3-regular subgraph of G). If f_1 or (and) f_2 is an edge of H_1, then H_1 is easily imbedded to the graph H, a 3-regular subgraph of G. Indeed, if H_1 contains f_1, then the graph H with vertices V (H) = V (H_1) ∪ {w, z} and edges E(H) = E(H_1) ∪ {e_1, e_2, e_3, e_5} \ {f_1} is a 3-regular subgraph of G. If the both edges f_1 and f_2 are edges of H_1, then the graph H with the sane set of vertices as in the previous case and with the set of edges E(H) = E(H_1) ∪ {e_1, e_3, e_4, e_5, e_6} \ {f_1, f_2} is a 3-regular subgraph of G also. So we have a contradiction that G has the minimal number of vertices.

The case v = u or x = y.

Instead of G consider a 4-regular graph G_1 (see Fig. 5) which has n − 2 vertices. But according to Lemma 2 both graphs G and G_1 have or do not have 3-regular subgraphs at the same time. Therefore G_1 does not have a 3-regular subgraph, i.e. we obtain a contradiction to the choice of G.

s s s s s s s ´ ` ı ȷ ´ ` ı ȷ � @@

@@ �

z w

x v = u

y v^0 u^0

G s s s s s � � � � �

AA AA AA AA AA

x v’

y u’

w G_1

Fig. 5

The case v = x (or u = y, or v = y, or u = x). This case is illustrated on Fig. 6. The graph G_1 has n − 2 vertices and should have a 3-regular subgraph H_1. Let us show that in all possible cases this subgraph might be imbedded to the graph H, a 3-regular sugraph of G. First consider the case when H_1 contains the edge f_1. Then the graph H with the set of vertices V (H) = V (H_1) ∪ {w, z} and the set of edges E(H) = E(H_1) ∪ {e_1, e_2, e_4, e_5} \ {f_1} is a 3-regular subgraph of G. Now assume that H_1 contain both of the edges f_1 and f_2.

Then the graph H with the same set of vertices as in the previous case and with the set of edges E(H) = E(H_1) ∪ {e_1, e_3, e_4, e_5, e_6} \ {f_1, f_2} is a 3-regular subgraph of G also. It contradicts to the choice of G.

s s s � � @@ @@ v

y u f_1

f_2

G_1 s s s s ’ & ´ ` ı ȷH_{HHH} � � v = x

y u

z w e_1 e_2 e_3 e4

e_5 e_6 G

Fig. 6

The case v = x and u = y (or v = y and x = u). Instead of G we consider the graph G_1 (Fig. 7), which has n − 2 vertices and therefore has a 3-regular subgraph. In all possible cases the graph H_1 might be imbedded to the graph H, a 3-regular subgraph of G. If H_1 contains the edge f_1 then H has the set of vertices V (H) = V (H_1) ∪ {w, z} and the set of edges E(H) = E(H_1) ∪ {e_1, e_2, e_3, e_6} \ {f_1}. If H_1 contains both of the edges f_1 and f_2, then H has the same set of vertices as in the previous case and the set of edges E(H) = E(H_1) ∪ {e_1, e_3, e_4, e_5, e_6} \ {f_1, f_2}. So we again have a contradiction. s s ’ $ & % v = x u = y f_2 f_1

G_1 s s s s ’ $ & % ´ ` ı ȷ v = x u = y z w e_1 e_2

e_5 e_3

e_6 e_4

G

Fig. 7 The case v = u and x = y. According to Lemma 2 the graphs G and G_1 (Fig. 8) have or do not have 3-regular subgraphs simultaneously. As G_1 has n − 2 vertices, it gives a contradiction.

s s s s s sff � ff� � @@@

@@ @ � �

x^0 y^0 x = y z w v = u v^0 u^0

G s s s s s s ı ȷ ´ ` � �

@@ @ � �

@@ @

x v

x^0 v^0

y^0 u^0

G_1

Fig. 8

The case v = u = x.

The graph G (Fig. 9) might be presented as pasting (see Fig. 1) of two graphs G_1 and D_3:

G = G_1 ⊕ D_3 (see Fig. 9). According to Lemma 4 the graph G should have a 3-regular subgraph. We again obtain a contradiction. s s s s s ff � � � ff � � � $ % y v^0 e^3

e_4 v w

z

G s s_{f1} y v^0

G_1 s s s ´ ` ı ȷ ´ ` ı ȷ ’ & $ % z w v f_2

D_3

Fig. 9

The case v = u = x = y. In this case G is the graph D_3 (see Fig. 9), which has an odd number of vertices. This finishes the proof of Theorem 3.

4 References

[1] O. Moreno and V.A. Zinoviev, “3-Regular subgraphs of 4-regular graphs”, European Journal of Combinatorics”, to appear.

[2] N. Alon, S. Friedland and G. Kalai, “Every 4-regular graph plus an edge contains a 3-regular subgraph”, J. Combin. Theory Ser. B 37 (1984), pp. 92–93.

[3] N. Alon, S. Friedland and G. Kalai, “Regular subgraphs of almost regular graphs”, J. Combin. Theory Ser. B 37 (1984), pp. 79–91. [4] J. A. Bondy and U. S. R. Murty, Graph Theory with Applications, p. 246, Macmillan and Co., London, 1976.

[5] V. Chvatal, H. Fleischner, J. Sheehan and C. Thomassen, “Three regular subgraphs of four regular graphs”, J. Graph Theory, 3 (1979), pp. 371–386. [6] H. Fleischner, “Eulerian Graphs”, Selected Topics in Graph Theory 2, pp. 17–53, edited by L. W. Beineke and R. J. Wilson, Academic Press, London, 1983.

[7] O. Moreno and V.A. Zinoviev, “Some sufficient conditions for 4-regular graphs to have 3-regular subgraphs,” Proceeding of First French-Israeli Workshop on Algebraic Coding, Lecture Notes in Computer Science, No. 781, Springer Verlag, pp. 164-171, 1994.

[8] V. A. Tâskinov, “Regular subgraphs of regular graphs”, Soviet Math. Dokl., 26 (1982), pp. 37–38.

[9] Carsten Thomassen, personal communication, 1993.

[10] Zhang Limin, “Every 4-regular simple graph contains a 3-regular subgraph”, Journal of Changsha Railway Institute, 1, (1985), pp. 130 - 154.